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We prove a version of the fundamental theorem of asset
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transaction costs. We consider a market with a single
risky asset whose ask price process is higher than or
equal to its bid price process. Neither the concatenation
property of the set of wealth processes, that is used in the
proof of the frictionless FTAP, nor some boundedness
property of the trading volume of admissible strate-
gies usually argued within models with a nonvanishing
bid-ask spread need to be satisfied in our model.

KEYWORDS
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1 | INTRODUCTION

In frictionless financial market models with finitely many assets and a single probability measure,
the arbitrage theory can be considered to be fully understood in principle. The fundamental the-
orem of asset pricing (FTAP) by Delbaen and Schachermayer (1998) states that a market model
satisfies no free lunch with vanishing risk (NFLVR) iff there exists an equivalent probability mea-
sure under which discounted asset prices are o-martingales. A variant of this theorem by Yan
(1998) provides even true martingales by considering a credit line that is a multiple of the sum
of all asset prices in the market. For a detailed discussion of the arbitrage theory in frictionless
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markets, we refer the reader to Delbaen and Schachermayer (2006) and Eberlein and Kallsen
(2019, Subsection 11.7).

The picture for models with proportional transactions costs that generalize frictionless markets
by allowing for bid-ask spreads is different. The picture is clear-cut in finite discrete time and for a
finite probability space: in a general “currency model,” Kabanov and Stricker (2001) show that no-
arbitrage (NA) is equivalent to the existence of a so-called consistent price system (CPS), which is
a multidimensional martingale under the objective probability measure taking values within the
dual of the cone of solvent portfolios at each point in time. In the special case of only one risky
asset that we consider in the present paper, a CPS is a pair of an equivalent probability measure
and a martingale under this measure that lies between the (discounted) bid and the (discounted)
ask price of the risky asset. For infinite probability spaces, this equivalence fails; Schachermayer
(2004, Example 3.1) provides an example for an arbitrage-free market, which allows an approxi-
mate arbitrage, that is, a nonzero and nonnegative portfolio which is the limit in probability of a
sequence of portfolios attainable from zero endowment, and consequently a CPS cannot exist. This
raises the obvious question under which stronger no-arbitrage conditions the existence of a CPS
can be guaranteed. Schachermayer (2004) introduces the concept of robust no-arbitrage (NA")—
a no-arbitrage condition which is robust with respect to small changes in the bid-ask spreads.
Loosely speaking, if the bid-ask spread (of a pair of assets) does not vanish, there have to exist
more favorable bid-ask prices, leading to a smaller spread, such that the modified market still
satisfies NA. Schachermayer (2004) shows that NA" implies that the set of terminal portfolios
attainable from zero endowment is closed in probability, and that NA" is equivalent to the exis-
tence of a strictly consistent price system (SCPS), that is, a martingale taking values within the
relative interior of the dual of the cone of solvent portfolios at each point in time. For general
probability spaces but only one risky asset (in addition to a bank account), it is shown by Grig-
oriev (2005) that NA already implies the existence of a CPS, although the set of attainable portfolios
need not be closed in probability; see also Bayraktar and Zhang (2016) for a different proof that
holds in the more general framework of model uncertainty.

Most of the literature on continuous time models is based on the NA" concept. Guasoni et al.
(2010) derive a FTAP for a continuous mid-price process and small deterministic transaction costs.
This means that the equivalence between no-arbitrage and the existence of a CPS holds asymp-
totically for small transaction costs. Guasoni et al. (2012) prove a FTAP under a continuous time
extension of NA" called robust no free lunch with vanishing risk (RNFLVR). The condition states
that the bid-ask market has to satisfy NFLVR also for slightly more favorable bid and ask prices.
The reduction of the spread is uniformly in time but not uniformly in the scenario. The closed-
ness required for portfolio optimization is shown under similar conditions, see Czichowsky and
Schachermayer (2016).

Introduced by Guasoni (2006), another popular sufficient condition to obtain an arbitrage-free
model is stickiness. It is formulated in the special case that the investor pays deterministic trans-
action costs when she buys or sells at a stochastic (mid-)price process. Roughly speaking, the
condition states that there are positive probabilities that the mid-price stays in neighborhoods of
its starting value. The appeal of the condition is that it is satisfied for many of the stochastic pro-
cesses usually considered in stochastic modeling (e.g., for fractional Brownian motion). On the
other hand, it is of course far away from being necessary.

An alternative to NA is the strict no-arbitrage (NA®) condition introduced by Kabanov et al.
(2002). Loosely speaking, a market model satisfies NA® if any claim which is attainable from zero
endowment up to some intermediate time ¢t and can be liquidated in ¢ for sure can also be attained
from zero endowment by trading at time ¢ only. Property NA® alone does not imply the existence
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of a CPS, see Schachermayer (2004, Example 3.3) for the existence of an approximate arbitrage
under NA®. For a detailed discussion, we refer to the monograph of Kabanov and Safarian (2009).
More recently, Kiihn and Molitor (2019) introduced (in discrete time) a variant of NA® that is
called prospective strict no-arbitrage (NAP*). A market model satisfies NAP*® if any claim which is
attainable from zero endowment by trading up to some intermediate time ¢ and can subsequently
be liquidated for sure can also be attained from zero endowment in the subsequent periods (here,
“subsequent” is not understood in a strict sense). This means that in contrast to the NA® criterion,
one does not distinguished between a trade that can be realized at time ¢ and a trade from which
one knows at time ¢ for sure that it can be realized in the future. NA?* is slightly weaker than NA”,
but it guarantees that the set of terminal portfolios attainable from zero endowment is closed in
probability (see Kiithn and Molitor, 2019, Theorem 2.6).

The aim of the present paper is to extend Kiihn and Molitor (2019) to continuous time. We
consider a single risky asset with cadlag bid and ask price processes that may or may not coincide
depending on the scenario and time. An essential preparatory work is the paper by Kithn and
Molitor (2022). Under no unbounded profit with bounded risk (NUPBR) for simple strategies, it is
shown that there exists a semimartingale price system, that is a semimartingale lying between the
bid and ask price processes. Then, Kiihn and Molitor (2022) show how these semimartingales can
be used to construct gains of general trading strategies that are not necessarily of finite variation.
For the continuous time extension of Kiihn and Molitor (2019) that we consider in the present
paper, it is very natural to merge the NAP® condition with no unbounded profit with bounded
risk (NUPBR). The latter is needed for the frictionless FTAP (the combination of NA and NUPBR
isequivalent to NFLVR). Very loosely speaking, a market model satisfies the new condition that we
call prospective strict no unbounded profit with bounded risk (NUPBR?®) if the set of cost values of
the portfolios that can be liquidated at maximal loss of 1 is bounded in probability. The cost value
was introduced by Bayraktar and Yu (2018) as the cost to enter the portfolio position. It is the
counterpart of the liquidation value. In the special cases of a discrete time model or a frictionless
model, NUPBR?* coincide with NAP® and NUPBR, respectively. As in almost all FTAPs, we prove
that the set of attainable terminal portfolios is closed. This property is of independent use.

In plain English, the key idea of our proof is that if a stock position is built up at a time with
positive spread (in terms of the “actual” bid and ask prices), there is a positive worst-case risk
taken by the investor that cannot be eliminated by smart trading at a later stage. This restricts
the amount of shares that can be hold at that time. Of course, the restriction also depends on the
current wealth of the investor (whereby we value positions at their cost/purchase price). Once
the number of assets is bounded on an interval, a semimartingale price system can be used to
show that trading costs cannot explode. The same holds for the total variation of strategies as
long as the spread is bounded away from zero. Then, we can apply the stochastic version of
Helly’s theorem by Campi/Schachermayer, and after passing to forward convex combinations,
any sequence of strategies converges pointwise to a finite limit. By contrast, the worst-case risk
described above disappears if the spread is zero since then a stock can be liquidated again imme-
diately at the same price as it has been purchased. But, for frictionless intervals, we can apply the
(completely different) results used for the proof of the frictionless FTAP by Delbaen and Schacher-
mayer (1998). Here, one directly analyzes the wealth processes (without having a good control over
the size of the strategies) and use that the investor can always switch between strategies without
transaction costs.

Unfortunately, although the basic intuition described above sounds not too complicated the
details are extremely technical. The main difficulties arises from the transition of frictionless
periods and periods with friction. This can occur continuously or by jumps that cause different
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mathematical difficulties. We nevertheless hope to make the main ideas accessible to a wider read-
ership. The above-mentioned worst-case risk is a new approach to the problem that is also rather
different to the arguments used under the RNFLVR condition. The latter use that any transaction
leads to costs that are added to the gains coming from a more favorable but still arbitrage-free
price system. This means that the starting point is to control the trading volume of the strategies.

The rest of the paper is organized as follows. In Section 2, we introduce the notation and the
financial model, discuss the assumptions, and state the main results of the paper (Theorems 2.22
and 2.23). Section 3 is devoted to their proofs. Appendix A consists of auxiliary statements and
their proofs that are not directly linked to a financial application.

2 | DEFINITIONS AND MAIN THEOREMS

Throughout the paper, we fix a terminal time T €R, and a filtered probability
space (Q,F,(Fyiefor),P) satisfying the usual conditions. The predictable o-algebra on
Q x[0,T] is denoted by P, the set of bounded predictable processes starting at zero by bP.
A stopping time 7 is allowed to take the value oo, but [[7]] :={(w,t) € QX [0,T] : t = t(w)}.
Especially, we use the notation 74, A € F;, for the stopping time that coincides with 7 on A
and is infinite otherwise. (In)equalities between stochastic processes are understood “up to
evanescence,” that is, up to a global P-null set not depending on time. The term VarZ(X ) denotes
the pathwise variation of a process X on the interval [a, b]. In the case that P(VarZ(X )< o0) =1,
X =X, + X' —X! is its Jordan-Hahn decomposition into two nondecreasing processes on
[a, b] with XZ = Xi = 0. A real-valued process X is called laglad if and only if all paths pos-
sess finite left and right limits (but they can have double jumps). We set AtX (=X, — X
and AX :=A"X :=X—-X_, where X;; :=limg, X and X,_ :=limy, X, (with the con-
vention X7, := X7 and X,_ := X;). For a random variable Y, we set Y := max(Y,0) and
Y™ :=max(-Y,0). The standard stochastic integral as defined in Jacod and Shiryaev (2003,
Definition I11.6.17) is denoted by ¢ « S for ¢ € L(S) with the convention @@ « S = (p@) « S.
It does not cause any ambiguity that by ¢ « S we also denote the integral of an almost sim-
ple integrand (cf.,, e.g., Kithn and Molitor, 2022, Definition 3.15) of the form, for example,
® = 1y, | With respect to a laglad process S (not necessarily a semimartingale and not even
right-continuous). The integral reads ¢ « S := (S~ —S™)1;, 5} and analog definitions are
canonical (the integral does not allow to “invest” separately in A*S). For laglad processes X and
Y, we define the metric d,,(X,Y) := E(supte[O,T] |X; — Y| A1) that metrizes the convergence
“uniformly in probability.” For semimartingales X and Y (that are by definition cadlag), the
Emery metric is defined by ds(X,Y) := SUD e, |H] | <1 E(supte[ |[H « (X —Y);| A1) that
metrizes convergence in the semimartingale topology.

The financial market consists of one risk-free asset or bank account that does not pay interest
and one risky asset with bid price S and ask price S expressed in units of the risk-free asset. We

0,T]

assume that S and S are adapted cadlag processes with
0<S<S and S;>0. D
The second condition is made to avoid confusion. Namely, a vanishing ask price would already

lead to an arbitrage in the multidimensional sense (see Definition 2.13 below) but not necessarily
in the one-dimensional sense, which is considered when the market is frictionless.
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Definition 2.1. The actual bid and ask price processes are defined as the cadlag versions of X =
essinf, SUP, et 1] S, and X, = esssupy, infyep 1) §u (whose existence is shown in Proposition A.1
that also provides the precise definition of the conditional essential infimum/supremum). The
actual bid-ask spread is denoted by X := X — X.

In discrete time transaction costs models, these processes that take certain future trading oppor-
tunities into account have already proven to be very useful. For the case of only one risky asset,
which we consider in this paper, Sass and Smaga (2014, equation before Lemma 4.1) introduce
them by a backward recursion. We leave it as an easy exercise to the reader to prove (by induction
on the number of periods) that in (finite) discrete time the processes from Definition 2.1 coincide
with the processes in Sass and Smaga (2014). In the general multidimensional Kabanov model,
the (discrete time) actual bid and ask price processes correspond to the set-valued processes that
are constructed in Rokhlin (2008, p. 95) by a more general backward recursion.

The random variable X is the highest price at which the investor can liquidate the stock at
present or in the future for sure—with the information she has at time ¢. One has X, > S . When
the inequality is strict, it is silly to liquidate the position right now. The continuous time counter-
part of the NA”® condition from Kiihn and Molitor (2019) has to be expressed in terms of (X, X)
since it captures trading opportunities in the future.

To work with the processes X and X is strongly related to freezing a portfolio position as it is
done in Guasoni et al. (2012). They start with almost simple strategies and consider associated
portfolios that are frozen after a transaction of the original portfolio if a better liquidation price
can be achieved for sure in the future. By introducing X and X, we can directly work with general
strategies that shortens the proofs. The relation to Guasoni et al. (2012) is discussed further after
Definition 2.13.

We decided to pass already now to the actual bid and ask price processes because in the spirit of
Guasoni et al. (2012), the admissibility condition has anyhow to be expressed in terms of these
processes, and also a meaningful definition of a “frictionless interval” is in terms of the actual
bid and ask prices X ,)_( rather than in terms of S. ,E themselves. But, for the motivation of the
admissibility condition, we keep the original processes S and S in mind. We note that the “actual
actual bid and ask prices” are just the actual bid and ask prices. For the price processes that are
commonly considered, we have that X = Sand X = S.

The arbitrage theory in continuous time frictionless markets is based on the set of general trad-
ing strategies, that is, on the set of predictable processes L(S) which are integrable against the
semimartingale S modeling the stock price. This set was generalized to models with transaction
costs beyond efficient friction by Kiihn and Molitor (2022). As in frictionless markets, but in con-
trast to models with efficient friction, the set contains strategies of infinite variation. Accordingly,
the present paper is based on this set and the corresponding self-financing condition. We only
outline the definitions that are needed to follow the present paper. For the rest of the paper, we
assume that there exists a semimartingale price system, that is, a semimartingale S such
that

X<S<X. ()

Remark 2.2. Of course, Equation (2) includes the condition that X < X. This condition is vio-
lated in a market with S = S and S generated by an unfavorable doubling strategy such that
S,=2and S, =1.Then,onehas X =S > X = 1 on a set that is not evanescent. But, the model
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is only arbitrage-free with the bank account as numéraire. In the present paper, we work with
a numéraire-free no-arbitrage condition that rules out such price processes and perfectly fits to
actual bid and ask price processes.

Under a mild NUPBR-condition for simple strategies in the bid—-ask model, it is shown in
Kiihn and Molitor (2022, Theorem 2.7) that a semimartingale price system exists. To motivate
Equation (2), we can apply this theorem to X, X. The assumptions we need in the present paper
to establish a FTAP are stronger—even if they were only required for simple strategies. Thus,
Equation (2) is no further restriction.

For the extension of the self-financing condition to general strategies, also the following
assumption is needed.

Assumption 2.3. Forevery (w,t) € Q X [0, T) with X (w)=X . (w), there exists an ¢ > 0 such that
Xy(@) = X () for all s € (t,(t + ) AT) or Xy(@) > X (@), X;_(w) > X _(w) for all s € (¢, (¢ +
e AT).

This means that each zero of the path t = X, (@) — X (@) is either an inner point from the right
of the zero set or a starting point of an excursion away from zero. We note that there starts no excur-
sion of the cadlag function f(t) := 22021(2_” — D)1(5-(n+1)<i<2-n) @t t = 0 since there are zeros of
the left limit. Assumption 2.3 incorporating left limits is already needed in the proof of Kiihn and
Molitor (2022, Lemma 5.1) to ensure that the constructed excursion has a positive length.

Under Assumption 2.3, it is shown in Kithn and Molitor (2022, Lemma 5.1 and Lemma 5.2) that
there exist sequences of stopping times (Ti)ieN and (ai)ieN that exhaust the set of starting times
of the excursions of the spread away from zero and the set of starting times of the frictionless
intervals, respectively. Hence, there is a decomposition

Qx[0,T] = Uien(I7 U Il.fc) up to evanescence, where

I8 =1 =op TEDIN ITED)x, <ol € P,
I =), —ollullel, AGD]

U(]](A(Gi)){xmi)w}, LA [TAG))ix D EeP, ieN, 3)

r(A@)-

and the stochastic intervals can be chosen such that they are disjoint. Here, F(‘L’i) :=inf{t > ‘ri :
X; =0 or X;_ =0} denotes the end time of the excursion starting in 7], and A(c}) := inf{t >
o)+ 3e>0Vse(t,(t+e)AT) X > 0} is the starting time of the next excursion after o}. The
interval 7} is with “costs,” and the interval Il.f © starts with a “frictionless” period that is followed
by a period with “costs” iff at the end of the frictionless interval, the spread is already positive.
By construction, the investor can rebalance her portfolio at the boundaries of Z; and Iicf without
costs (since the spread can jump away from zero at an unpredictable stopping time, this would not
be the case if a frictionless period was not sometimes followed by a period with costs). For X > 0,

there must exist a frictionless forerunner (possibly only consisting of the single point T;). Then,

the excursion is included in some I’ . For notational convenience, we fix the sequences in Equation
(3) for the rest of the paper, but we stress that the definitions below do not depend on their choice.
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For a ¢ € bP, specifying the number of risky assets the investor holds in her portfolio, Kiihn
and Molitor (2022, equation before (3.9)) constructed the corresponding self-financing position in
the bank account by the [—oo0, 00)-valued predictable process

() i=¢* e S—¢~ + 8" —C5(p*) = CY(—p7) — p*S + ¢S 4)

Here, S and S’ are arbitrary semimartingale price systems. The nondecreasing processes C* and
C5" model accumulated costs that occur when trades are executed at the less favorable bid and
ask prices but positions are evaluated with S and S’, respectively. The key discovery was that TI(¢)
does not depend on the choice of the semimartingale price system (see Kithn and Molitor, 2022,
Corollary 3.22). We consider the construction directly for the actual bid and ask prices X ,X and
not for S, S as in Kiihn and Molitor (2022). We apply the cost term C that is [0, co]-valued sepa-
rately to ¢ and —p~ and set C55'(p) := C5(p*) + C5'(—¢™). This definition makes sense: if one
applied C to ¢ € bP with only one semimartingale, one would obtain C(¢*) + C(—¢ ™) (see Kiithn
and Molitor, 2022, Step 3 in the proof of Theorem 4.5). The intuition for this is that ¢+ and —¢~
never trade in the opposite direction. Thus, executing them through different trading accounts
does not yield higher costs. Although the choice of the semimartingale is irrelevant for bounded
strategies, we provide more flexibility for the extension to unbounded strategies by allowing dif-
ferent semimartingales for long and short positions. Since in Kiihn and Molitor (2022) S’ = S,
one has to check that the proof of Kithn and Molitor (2022, Corollary 3.22) still holds for different
semimartingale price systems for the positive and the negative part. But this obviously follows by
the above-mentioned decomposition of the costs into C(¢*) and C(—¢™). The process

VSS' (@) i=TI(@) + ¢S — ™S =@t « S—p~ « 5 = CS(p™) = C¥'(—p")

is the wealth process if long positions are evaluated by S and short positions by S’. The wealth
process V55" is written as a function of ¢ only since the increments of the bank account ¢ result
from the self-financing condition. This direct relation exists only for the increments of ¢ and ¢°,
which is why the initial values are set to zero. They would have to be modeled separately. With
this background information, one can follow the present paper to a large extent without know-
ing the details of Kiihn and Molitor (2022). For a complete understanding, the reader is referred
to the construction of the cost term in Kiihn and Molitor (2022, Subsections 3.1 and 3.2).

Definition 2.4. Let S be a cadlag process. The lower and upper predictable envelopes of S,
denoted by essinfr_S and esssup,. S, are defined as the unique predictable processes such that
(essinfr_S); = essinfr_S; and (esssup;. S); = esssuprT_S, a.s., respectively, for all predictable
stopping times 7 (the definition makes sense by Proposition A.2).

Predictable envelopes are needed for a consistent valuation of portfolio positions after the port-
folio is rebalanced at some time ¢ but before prices move at t. Looking at both a semimartingale
price system S and its envelope can be seen as a splitting of time. In frictionless markets, these
envelopes are not needed since the wealth only changes due to price movements but not due to
portfolio rebalancing. The example below that is adapted from Larsson (Preprint) shows that S_
generally does not do the job well enough since S; can exceed S;_ for sure.
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Example 2.5 (Example 2.11 in Larsson, Preprint). Let ¢; € (0,T) and B be a standard Brown-
ian motion. Consider the bid price process S, = (IB;, | + B; — B; )1}, r)(¢) that coincides with
its actual bid price process, that is, X = S. Nevertheless, limm] )_([ is zero and differs from
essinf}»tl_)_(t1 = |B;, |-

If X were a frictionless price process, there would be an arbitrage, but as part of a bid—ask model,
it can make perfect sense. Now, consider an investor who buys ¢;, stocks at the ask price X t,— with
the information F; _. The quantity X t,— — essinf p[r)_( " is the minimal worst-case loss per share

she takes by building up this position. Neither X ,_horX, could provide this information.
L -

The set of unbounded strategies to which Equation (4) is extended is slightly different to Kiihn
and Molitor (2022). The main difference is that we do not require that the up-convergence of
wealth processes holds “globally” over all (countable many) excursions of the spread away from
zero. In the special case of a frictionless market, the set of course coincides with the set of
integrable processes in the semimartingale sense (see Proposition 2.10).

Definition 2.6. Let L(X, X) denote the subset of real-valued, predictable processes ¢ such that
there exists a sequence (¢"),eny € (BP)! :={h € bP : TI() > —oo} with

(a) @" — @ pointwise on Q X [0,T] and (p")* < ™, (¢p")” < ¢~ foralln €N,
(b) there exist semimartingales S, S’ with X<S<X,X< S’ < X, an optional laglad wealth
process V satisfying

(1Jn oV — V)l{X:()}, (1Jn e V_ — V—)l{X,:O} — 0 in dup as n — oo for all

sequences (J,,),en Of finite unions of (I);en; (Iifc)ieN

with 1; — 1gy(o,r] Up to evanescence as n — oo, (5)

and predictable processes £S and 7S’ with essinfy_S < 7S, IS’ < esssup;. S’ such that

lzic . VS’S,(¢H) - lllc vV, 1l.fc . VS’S,(gon) - ll.fc eV in dup asn — oo, (6)

and (1z: « (@™ + (") 5 = (") B5))

neN

<11ifc o (TI(p™) + (™) BS — (™)~ PS’)> are d,p-Cauchy foralli e N.  (7)

neN

Furthermore, for all competing sequences (¢"),en C (bP)! satisfying (a) and for all i € N,
there exists a (deterministic) subsequence (1)< Such that

+

4 ! + ! !
(115 . (V5SS (@) — VS (¢nk))> ’ <1z,fc . (VS (@) — VSS (gonk))) 50, ko oo,
(8)

up to evanescence.



KUHN

WILEY -2

We extend the self-financing operator IT to L(X, X) by setting
(p) :=V-9¢*'S+97S, ¢eLXX) ©

A self-financing strategy is a pair (¢°, ) of predictable processes specifying the number of bonds
and stocks in the portfolio such that ¢ — ¢, € L(X,X) and ¢° = gog + (¢ — ¢y). When the term
“bounded strategy” is used, it refers only to the position in the stock, unless otherwise stated.

Proposition 2.7. TI(p) is well-define_d, that is, it does not depend on the choice of S, S’, and V. In
addition, one has that (bP)" C L(X, X).

Proof. (i) Let V! and V2 be wealth processes that result from different approximating strategies
with regard to different semimartingales S', (S’)! and S2, (S)?, respectively. From Kiihn and
Molitor (2022, Proposition 4.2) applied to the strategy ¢1; , it follows that

1, e Vi=1; « V24 ¥t =52 - ((S) - (5')*) onJ, foralll,asin(5).

For this, it is crucial that by construction, at the boundaries of Il.C and Il.f ‘. the portfolio can
be rebalanced without costs (thus, the choice of the semimartingales does not matter there).
By Equations (5) and (6) (the latter is only needed for the last excursion), it follows that V! =
V2 + ot (St = 5?) — o= ((S")! = (S")?) up to evanescence.

(ii) For the second assertion, we take a ¢ € (bP)!! and consider it as a constant sequence.
The semimartingale price systems are arbitrarily chosenand V' := VS’S'(qo) =gt eS—p 5 -
C5(¢™) — €% (—¢7). Condition (5) holds since 1; «(p* «S) =@+ eS, 1; «(¢p~ +S)—
@~ + 8,1 « C5(p™) > C5(pT),and 1, » CS'(=p™) = C5'(=¢p™) converge separately in dyp as
n — oo by the dominated convergence theorem for stochastic integrals (cf., e.g., Cohen and Elliott,
2015, Theorem 12.4.10). For the cost processes that are only laglad, we refer to the notation and
the fact that there are no costs at the boundaries of J,,. Condition (8) is already shown in Kiihn
and Molitor (2022, Corollary 3.24). O

Remark 2.8. The combination of Equations (5) and (6) does not imply up-convergence of
(VS’S’(go”))neN to V on the whole time interval. Namely, we need not have control over the wealth
processes during the excursions uniformly in time.

Remark 2.9. In frictionless markets, the approximating sequence (¢"),en € bP = (bP)! from
Definition 2.6 can be chosen such that ¢” « S > —1foralln € Nifg « S > —1. To see this, one con-
siders for arbitrary € > 0 the stopping times 7,, :=inf{t >0 : ¢" « S, < ¢ « S, — €} and uses that
dyp(@" « S, «S) = 0,(¢")* <p*,and (¢")” < ¢~. Consequently, the approximating bounded
(not elementary!) strategies can be chosen to satisfy the admissibility conditions of the unbounded
strategy. By condition (7) that allows for a consistent valuation of the portfolio after the trade
but before the price movement (cf. Example 2.5), the same property can be shown in the bid-
ask model (see Lemma 3.5). Condition (7) is weak in the sense that it only requires minimal
consistency for the intermediate valuation of long and short positions by £S and £S’, respectively.
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Proposition 2.10. In the special case of a frictionless market, in the sense that X = X, condition (6)
implies condition (7) with the choice 'S := S_ v essinfz_S and FS’ :=S_ Aesssup, S’, and we
have L(X,X) = L(X).

Proof of Proposition 2.10. It is sufficient to show the first assertion. Then, the second one follows
along the lines of the proof of Kithn and Molitor (2022, Proposition 4.3).

LetS :=S' := X and (¢"),en € (bP)! be a sequence such that SUP; c(0.7] [(@" — ™) ¢ S;| —
0 in probability as n,m —co. This implies that sup,,(@)" — (@["))AS| +
SUP,;c(o.1] (/)™ = (go:")_)AS“ — 0 in probability. From Equation (A.2), it follows that
{PS>S_IN{PS>S} and {FS’' <S"}n{PS’ < S’} are evanescent, and we obtain that
SUp, (0.1 (@ — @T)I(ES, = 5,1 + sup,cpo.p (@7 = (@))(PS, = S/_)| - 0 in prob-
ability. Since I;(¢") + ¢;'S;— = ¢" + S, and sup, 7| [(¢" — ™) « S;_| — 0 in probability as
n,m — oo, we are done. |

Our admissibility condition is in the spirit of Guasoni et al. (2012). For a motivation, we refer
to Guasoni et al. (2012, Proposition 4.9) and Lemma 3.1 (and the text before the lemma).

Definition 2.11. Let M € R,.. A self-financing strategy (¢°, ¢) is called M-admissible iff ¢° +
M + (¢ + M)*X — (p + M)~X > 0. We write (¢°, p) € AM. A strategy is admissible iff it lies in
A 1= Uper, AM. We denote by Ag’ and A, the corresponding sets of strategies whi_ch start at
(0,0). The liquidation value process of (¢°, p) is defined as V1i9(p) : = ¢* + p*X — ¢~ X.

The following example shows that in Definition 2.11, the actual bid and ask prices (X, X ) cannot
be replaced by the original bid and ask prices (S, S) if the set of terminal (liquidation) values
that can be achieved by an admissible strategy should be Fatou-closed (cf. Theorem 2.23 for a
definition). This is an insight of Guasoni et al. (2012), but we did not find an explicit example in
the literature.

Example 2.12 (Admissibility). Let T = 2, B be a standard Brownian motion, and U be a random
variable that is uniformly distributed on (0,1) and independent of B. Define m, : = inf(<;<; B; and
7 :=inf{t > 0 : m; = —U} A 1. The original ask price is given by S; := 3+ B,,, and the bid price
by S, =1y + S:+2)/ 21457 The filtration is generated by B® and augmented by null sets.
We have that X = S and X, =2-1pqn+ (S; +2)/ 21y>3- The only nonsilly investment strategies
are to buy stocks before 7 has occurred and sell them at time 7 (or later). The market satisfies
the RNFLVR condition in Guasoni et al. (2012, Definition 5.2(ii)) (one considers the ask and bid
price processes 3/4S; +1/4 -2 and 3/ 21y +(2/ 35, +1/3- 2)1y>; that are uniformly in time
strictly more favorable than S, SbyP(-U > —-1) =1).

We define the function f(x) :=(1— x)"Y/2 -1 for x €[0,1) and consider the sequence
of nondecreasing strategies ¢;' := f((=m;x;) A (1 —1/n))lj0<;<7}, 1 € N. The stock position is
liquidated before T, and the terminal bond position results

(=my)A(1-1/n) 1
PO = f((=m) A (L= 1/m) T EEE / (- df(0)> - / (1 - ) df ).
0 0
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Following the strategies (¢"),en, stocks are purchased when S attains its running minimum
(above 3 — U), and the amount of stocks explodes when S approaches 2 before 7 stops. But, a share
purchased at price 2 + ¢ and liquidated at time T cannot produce losses larger than ¢. The example
was chosen such that M := /01(1 —x)df(x) < co. This means that go%" >—M € Rforalln € N.
We even have that (p*", ¢") is M-admissible in the sense of Definition 2.11. The strategies and
their terminal wealth converge pointwise to ¢;° := f(—=m;x;)lj0<;<7} and

0.0 1+ B, e ! _
or = f(—m,)T — / Q-=x)df(x) > —/ (1 —=x)df(x), respectively.
0 0

The limiting strategy (¢p**®, ™) is M-admissible as well (9> is not bounded anymore but
obviously in L(X, X)).

Now, we turn to admissibility in the sense of Definition 2.11 but with (X ,X) replaced by
(S, S). For each n € N, we want to determine the minimal M,, € R, such that (¢*", ¢") is M,,-
admissible. The most vulnerable time for the strategy is when B reaches —1+1/n and U >
1 — 1/n. If the stocks were sold at that time, the bond position would be — fol_l/ n(l —x)df(x)—
f(@ —1/n). The difference to above is one unit per share. Since the admissibility condition also
allows debts in the stock position, we arrive at M,, = (/01_1/n(1 —x)df(x)+ f(1-1/n))/2 e R,.
By the choice of f, we have that M,, — oo as n — . Thus, the sequence is not admissible with
regard to a joint M’ € R, and the limiting strategy (p**¢>) is not admissible at all.

This already gives a strong hint that one would not have Fatou-closedness of the set of termi-
nal portfolios, which can be achieved by admissible strategies if (X, X) were replaced by (S, S) in
Definition 2.11. The reason is that M, is too large compared to the worst-case risk at maturity.
However, it remains to show that the limiting wealth cpg’m cannot be achieved by an admissi-
ble strategy different from (¢*, ). Assume by contradiction that (1°,) is admissible with
(gb%, Yr) = (ga%m, 0). We leave it as an exercise for the reader to show that for each n € N, ¢ has
to coincide with ¢" on {U < 1 — 1/n}. By the minimality of M,,, it follows that (°, %) cannot be
M’-admissible for M’ < M,,. Since M,, — oo, (°, %) cannot be admissible at all.

For the rest of the paper, we follow the standard convention to assume that

Fr=Fr., S,=S,, and Sr=Sr_. (10)
For the actual bid and ask prices, this implies that X, = X, and X7 = X_ as well. The assump-
tion allows to identify (¢%, @) with the terminal portfolio that cannot be rebalanced anymore. It
is w.L.o.g. since it just avoids to introduce an additional time after T when the investor can trade
at prices S, Sr.

Definition 2.13. The market model satisfies the numéraire-free no-arbitrage condition (NA™)
iff there is no admissible strategy (¢°,¢) with @) = ¢y = 0, P(¢). > 0,7 > 0) = 1, and P({p. >
0}U{pr > 0}) > 0.

The condition is called “numéraire-free” since bounded short positions in both the bond and
the stock are allowed. Stating the admissibility condition in terms of X and X is equivalent to
freezing a portfolio position as it is done in Guasoni et al. (2012). On the other hand, freezing a



KUHN

” | WILEY

short position in a stock with a frictionless price modeled by a nonnegative strict local martingale
that behaves like a doubling strategy leads to an arbitrage. Thus, the freezing of positions better
fits to the numéraire-free arbitrage theory that leads to true martingale price processes.

As discussed in the introduction, we want to merge the conditions NUPBR and NAP® coming
from continuous time frictionless models and discrete time transaction costs models, respectively.
For this purpose, we consider the cost value process introduced by Bayraktar and Yu (2018) as the
cost to enter a portfolio position and defined as

Veosi(p) 1= " + "X —p~X for (¢°, p) self-financing with ¢} = ¢, = 0.

Definition 2.14. The market model satisfies the prospective strict no unbounded profit with
bounded risk (NUPBR?®) condition iff

{ sup V() : (qoo,go)eA(l)} is bounded in L, (11)
t€[0,T]

and for every sequence (¢°", ¢"),en C A such that (¢"),en € (bP)! and (@2, o) — (C°,C)
a.s., where (C?, C) is a maximal element (in the sense that the convergence of 1-admissible strate-
gies cannot hold for a random vector that strictly dominates (C°, C) with respect to the pointwise

.....

Zin:o /‘ln,k = 1, such that

K
sup sup Vf"St(z ") <00 as. (12)
neN tel0,T] k=0

Remark 2.15. In the special case that X = )T the condition NUPBR?® coincides with NUPBR
(the latter still considered for numéraire-free 1-admissible strategies). Namely, when the run-
ning supremum of a frictionless wealth process reaches a prespecified level, the value can be
conserved by liquidating the portfolio (for condition (12) in frictionless markets, we refer to the
proof of the second assertion of Theorem 2.22). This transfer of the cost value to time T is not
possible in models with friction, and the condition has to be stated directly in terms of pathwise
suprema. Condition (12) is weaker than assuming L°-boundedness of the convex hull in Equa-
tion (11). The latter would be needed to obtain a finite limit of forward convex combinations from
arbitrary sequences of 1-admissible strategies by the L’-version of Komloés’ theorem (see Delbaen
and Schachermayer, 1994, Lemma Al.1 and the counterexample in Delbaen and Schachermayer,
1994, Remark 4 in the appendix). Economically, convex combinations of pathwise suprema would
not be very meaningful and in general larger than the suprema of mixed strategies considered in
Equation (12).

Remark 2.16. From the subadditivity of CSS', it follows that the set (bP)! is convex and

R, with ZZ”:O Anjc = 1. The same holds for V19 and V5SS, On the other hand, in contrast to L(S),
the set L(X, X) need not be convex. The reason is that the wealth of a mixed strategy would have
to be +oo (which is excluded) if trading costs cancel by the mixing. We note that for the arbi-
trage theory, this is no problem: in the frictionless market with price process S, = ¢, the “arbitrage
strategy” ¢, = 1/t does not lie in L(S), but NUPBR is already ruled out by bounded strategies.
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By convention (10), we could reformulate the NUPBR?® condition by considering only 1-
admissible strategies with cpg, @7 > —1. This means that at T, the investor must actually limit
her debts, not just be able to do so. Thus, it makes sense to work with the pointwise order than
comparing terminal positions in Definition 2.14.

Remark 2.17 (Discrete time). In the case of only one risky asset, that we consider in this paper, the
discrete time NAP® condition from Kiihn and Molitor (2019, Definition 2.3) reduces to

Y ¢ predictable, t =0,1,...,T (Viiq(qo) >0 = ViSsl(p) = V:iq(go) =0)

(this follows by the arguments in the proof of Lemma 3.1). In discrete time, we have that
NUPBR?® & NAF®. The implication “=” follows from the fact that V,hq(qo) > 0 implies that

ng(qo) >0foru=0,1,..,t — 1, where (qoo, @) is a discrete time strategy not necessarily admissi-
ble ex ante (cf. again the proof of Lemma 3.1). Let us show “<.” On the set {X, = essinf 7 X} € Fos
a purchase at time 0 is reversible in the sense of Kiihn and Molitor (2019, Definition 3.2). Thus,
under NAP® we have X | = X = X, on {X, = essinf FoX 1}, and the purchase can be postponed to
time 1. On the complement {X, > essinf X, }, the number of risky assets of a 1-admissible strat-
egy is bounded by (1 + essinfr X 1)/()_(0 —essinfr X 1). For a short position in the risky asset,
one gets a similar random bound. Applying this argument inductively for ¢t = 0, 1, 2, ... we obtain
the following. For every sequence of 1-admissible strategies (9", "),cn., there is a correspond-
ing sequence (%", $"),cn With the same liquidation and cost value processes such that (@ nen
is LO-bounded for every t = 1,...,T (namely, when following the strategies, we only realize the
purely nonreversible parts of the orders in the sense of Kiihn and Molitor (2019, Lemma 3.3).
This means that, for example, at time 0 purchases are only realized on {X, > essinf FoX 1}). The
L%-boundedness of the adjusted positions yields that NUPBR?* is satisfied.

Assumption 2.18. Let 7 be a stopping time such that on {r < oo}, there starts an excursion of
the actual spread X :=X — X away from zero (cf. Equation 3). Then, there exist a stopping time
o with 0 > 7 and 0 > 7 on {r < c0, X, = 0} and probability measures Q' and Q? equivalent to P
such thatX —X isa Q!-supermartingale and X° — X" is a Q*-submartingale. Let L' and L? be
the stochastic logarithm of the corresponding density process z9" and ZQZ, respectively, that is,
79 =1+ 2% « Ll For each A € P, we define Z4 by Z4 = 1+ Z41, « L' + Z1 gyorpa * L2
and assume that Z4, A € P, are true martingales defining probability measures Q4, for which
we, in turn, assume that they are uniformly equivalent to P, that is,

Ve>038 >0VAePVBeF (P(B)<6 = Q4(B)<¢) 13)

and Ve>035§>0VAePVBeF (QAB)<JS = P(B)<¢). 14)

Let I'(t) be the end time of the excursion. Analogously to above, there exist a stopping time
¢ with ¢ <T'(r) and ¢ <TI'(r) on {I'(r) < 00, Xp(;)— = 0} and probability measures Q! and

(T) —F(T)_ =0 . ~N1 .
1{X£(T)7>0} +X Lixpe =0y —X isaQ -submartingale and

T
Q? equivalent to P such that X
X F(T)l{xm))o} +X r(f)_l{Xr(f);O} — X is a Q?-supermartingale. The pair (Q, Q?) satisfies the
same pasting conditions as (Q', Q%) from above.
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Remark 2.19. First of all, it should be noted that Assumptions 2.3 and 2.18 are automatically satis-
fied if the efficient friction condition in the sense of P(inf; (o 1 X, - X [) > 0) = 1holds. Thus, the
assumptions are weaker than those in the previous literature. In addition, they are automatically
satisfied if the spread can only move away from zero or come back by jumps.

But unfortunately, the situation is extremely complicated when this happens continuously.
Already to construct self-financing portfolios, Kithn and Molitor (2022) need Assumption 2.3 that
rules out Brownian local time behavior, and under which the starting times of excursions of the
spread away from zero are stopping times. Assumption 2.18 is for beginning and end, and it goes
beyond Assumption 2.3. It requires that for an arbitrarily short random duration at the beginning
of an excursion, the market would be arbitrage-free even if purchases could be liquidated at the
ask price and short positions could be closed at the bid price. This can be regarded as a local tight-
ening of the NUPBR?*® condition at the starting time of an excursion: The process V! values a
purchased position at the higher ask price as long as it is in the portfolio. In the fictitious fric-
tionless market described above, the position can even be liquidated at the ask price, that is, the
cost value can be realized. With short sells, it is the other way round, that is, the fictitious friction-
less market consists of different price processes for long and short positions. Since long and short
positions cannot be hold simultanously, there is a nonconvex trading constraint, and separation
theorems are not applicable. The condition is mirrored at the end of an excursion.

Remark 2.20. Condition (13) is equivalent to the condition that {Z‘T4 : A € P} is uniformly inte-
grable. By the Neyman-Pearson lemma, condition (14) is equivalent to inf{qE(Zﬁ) AEPI>0
forall e > 0, where qE(Z;‘) denotes the right e-quantile of the distribution of Z;‘ under P. For price
processes of the form X, = §t =B; +utand X =S, =B +ut with a standard Brownian motion
Band u > u, Assumption 2.18 can easily be verified by using Novikov’s condition.

Definition 2.21. A consistent price system (CPS) is a pair (S, Q) such that Q is a probability
measure equivalent to P and S is a Q-martingale with X < S < X (and thus a fortiori S < § < S).

Theorem 2.22. If the market model satisfies Assumption 2.3, Assumption 2.18, NA", and
NUPBRP, then there exists a CPS. Conversely, if (S, Q) is a CPS, then the bid-ask model with bid
price S and ask price S satisfies Assumption 2.3, Assumption 2.18, NA™ | and NUPBR?".

Theorem 2.23. Under Assumption 2.3, Assumption 2.18, NA"™ | and NUPBR?®, the cone Cy:=
{(go(%, or) - (0%, 0) € A} - LO(Q, F, P; Ri) is Fatou-closed in the sense that for every M € R, every
sequence (C%",C™),,en C Co with CO",C" > —M foralln € N, and every (C°,C) € L°(Q, F, P; R?)
with (C%",C") - (C°,C) a.s. asn — oo, there exists a (¢°, ) € A with (9%, ¢r) > (C°,C) a.s.

3 | PROOF OF THEOREMS 2.22 AND 2.23

The following lemma corresponds to Guasoni et al. (2012, Proposition 4.9). Intuitively, it states
that at any intermediate time, the credit line (in terms of bonds and stocks) required for the trad-
ing strategy (that is followed so far) is minimized by freezing the portfolio and close the stock
position at the best price that can be achieved for sure now or in the future. Put differently, con-
sider an investor who has built up a, say, positive stock position at some time ¢. Then, to minimize
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her worst-case risk, she just has to sell the stocks at price X , and complicated dynamic trading
strategies cannot improve the result.

Lemma 3.1. Let M € R,. Assume that the model satisfies NA". Let (¢°, @) be an admissible
strategy with P(go% > —M,pr > —M) = 1. Then, (¢°, ¢) is M-admissible.

Proof. 1t is sufficient to show the following seemingly weaker implication: for all t, € (0,T) and
for all admissible strategies (¢°, ¢) with go?O =0, ¢;, = 1, and ¢y = 0, we have essinf7ol0 cpg <X,
-0
(by symmetry, the arguments for an initial stock position below —M are the same). _
Since we already passed to the actual prices, we prefer not to use the processes S and S
anymore (even though this may be more appealing at this place). Instead, we observe that
X = essinfr, sup,eii X, and X, = esssupy. inf, ¢, 71 X,,- Wlo.g. let 7, be P-trivial. Assume
by contradiction that there exists ¢ > 0 such that P((p% 22X, + ¢) = 1. The interesting case is that
-0
Xy 2X to + ¢ since otherwise already (¢° — X 19> P)1¢o,r7 Would be an arbitrage, but we do not
have to make a case differentiation. Consider the stopping time

T i=1inf{t > t, : (X, s)_(to +2e/30rp, <0) and)_(u s)_(to +¢/3 Yu € (t, 1)} (15)

We have that P(t < o) > 0 since P(¢r =0, SUD,epr, 71 Xy < )_(to +¢/3) > 0 by the definition of
the conditional essential infimum. In addition, before time 7(w) < oo, the ask price is above X ‘o +
2¢/3 and the bid price below X o TE /3. Attime 7(w) < o0, either the investor can buy the stock ata
better price than ever before or she short-sells the stock for the first time. Under the contradiction
assumption, we can switch from strategy O to strategy ¢ at time 7 and obtain an arbitrage. To
formalize this, let us show several inequalities, at first only in the case that (¢°, ¢) is almost simple.
Here, S and S’ are arbitrary semimartingale price systems. The first inequality reads

Xy + VIS (@1, 1p) + 9. (X — S;) < X, +2¢/30n{r < 00, X, < X, +2/3,0. >0} (16)

The LHS are the costs to build up the position (¢, ¢,) at time 7 (note that Vg S ’(-) =0and X fo— T
Vts()’sl(gal[[,oj]]) is the wealth of (¢°, ) at time t,). For almost simple strategies, inequality (16)
follows from X, > X +2¢/3>X;and X, +¢/3>X forallt € [t,7), which means that the
0 0
initial stock position cannot be liquidated at a better price than X . TE /3 and further purchases
0

reduce the cost value. Next, we have again for (¢°, ¢) almost simple

)_(to_ + Vf’s,(qol[[tO,T]]) + cpf()_(f -S;) < )_(to +¢/30on{r <00, X, > )_(to +2¢/3,0, >0} (17)
The estimate is for the case that 7 is triggered by a nonpositive stock position but the infimum is
not attained. Since the long position is liquidated immediately afterwards at the lower bid price,

we do not need to have control over X, but X (<X, +e /3 holds on {T < oo}. Finally, one has for
4.4,
almost simple strategies

Xy + V22 @lpyrp) + 90 (X, =S ) S X, +e/30n{t < oo, ¢ <0}, (18)
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where the left limit ¢, _ also exists for p € L(X, X)since X — X >¢/30n|ty,7)ifT < o0, see (Kithn
and Molitor, 2022, Proposition 3.3) and Proposition 3.2(a).

Let us show how Equations (16)-(18) can successively be extended to strategles from (bP)!
and L(X, X X). Let @ € (bP)! and 7 from (15) belongs to this strategy. Since X_ —X isaway from
zero up to time 7 on {7 < oo}, ¢ can be approximated by almost simple strategies uniformly in
probability in the sense of Kiihn and Molitor (2022, proof of Proposition 3.17). The approximation
can be adjusted such that the almost simple strategies take the value zero if ¢ or its right limit
takes the value zero. We observe that 7 need not coincide with the stopping times in Equation (15)
for the almost simple strategies. But, Equations (16)—(18) still hold with the different stopping time
since we only need that the almost simple strategy does not become negative before the stopping
time. Thus, the inequalities carry over to ¢ by convergence of yss' uniformly in probability and
pointwise convergence of the strategies and their left limits at 7 (see Kiihn and Molitor (2022,
Theorem 3.19(ii) and Proposition 3.17)). Now, let ¢ € L(X, X). From the proof of Lemma 3.3, it
follows that the approximating sequence (¢"),en € (bP)! in Definition 2.6 can be chosen such
that (p")* A1 = ¢ A 1forall n € N. This means that the associated 7 is the same for ¢" and ¢
and the inequalities carry over to ¢ by Equation (6) and the fact that ¢! — ¢, on {X < S._}
by Proposition 3.2(b) after passing to a deterministic subsequence.

Putting inequalities (16)-(18) together implies that the self-financing strategy (3°,%) with
¥ =@l luler] is admissible and satisfies ¢r = ¢r =0, ¥ =0 on {r = oo}, and P9 >
qog -X . 2¢/3 on {r < oo}. Under the contradiction assumption, one has gog -X 0™ 2¢/3 >
€/3. As observed above, we have P(7 < o) > 0. Thus, (°,%) must be an arbitrage, which is a
contradiction. O

The following proposition describes jumps of general wealth processes at points with positive
spread. Here, strategies have to be of finite variation.

Proposition 3.2. (a) Let ¢ € L(X, X). On{X > X}, the paths of ¢ are of finite variation in right-hand
neighborhoods; consequently, the right-hand limit of ¢ exists, A ¢ is finite, and A+VS’S/(qo) =(S—
XAttt + (X = 8)(Atet) ™ + (X = 8" ) (AT e )T + (" — X)(AT9 ™)~ up to evanescence. Analo-
gously, on {X_ > X }, the paths of ¢ are of finite variation in left-hand neighborhoods, the left-hand
limit of @ exists, A~ is finite, and A"VSS () = p*AS — ¢~ AS' + (S_ = X_)A )" + (X —
S)A @) + (X —S.)(A @) +(S. —X_)(A~¢™)" up to evanescence.

(b) Let (9")pen € (BP)! be an “optimal” approximating sequence of ¢ in the sense of Defini-
tion 2.6. Then, one has that (A* (™))t = (A*et)T on {X > S}UX > X, (Ate™)* =0} and
(A= (@)t = (A~pH) T on {X_ > S_JU{X_>X , (A~¢*)* = 0} up to evanescence as k — oo
for some (deterministic) subsequence (n;)en- The analogous statements for all combinations of
negative/positive parts of the strategies and their jumps hold as well (cf. (a)).

Proof. Ad (a). Let (w,t;) € QX [0,T) with X () >X . (w) and, omitting w in the notation,
1
t, i=infft > t; 1 X, <2/3X, +1/3X orX >1/3X, +2/3X }AT.By theright-continuity of
1 1

X and X, we have that ¢, > ;. For an almost simple strategy ¢, elementary calculations show the
estimate

Vi) -vi¥(p) < -X,, - X, )/6Var (@) + (9, + lei, ) sup X, - inf X). (19)

teltyb] t€lty, ]
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(Having the “last in first out principle” in mind, we argue as follows: A stock position which is
both built up and liquidated between ¢; and ¢, cause a loss higher than x =X " )/3. Gains from
shares which are trades at most once can be estimated very roughly since their trading volume is
bounded by |¢;, | + |9y, ])-

It remains to extend (19) successively to (bP)! and to L(X, X). This follows by convergence up to
evanescence along subsequences (cf. Kithn and Molitor, 2022, Theorem 3.19(ii)) and Definition 2.6
and by the fact that the variation of the pointwise limiting strategy is dominated by the lim inf of
the variation processes. The arguments for the left-hand neighborhood are the same. For a strategy
path of finite variation the equations in (a) easily follow from the definition of the cost term (cf.
Kiithn and Molitor, 2022, Definition 3.2 and the proof of (A.3)).

Ad (b). Convergence in probability implies almost sure convergence along a subsequence. Thus,
by a diagonalization argument, we can find a (deterministic) subsequence (1 )ien (not depending
on i) such that for each i € N, the convergence in Equation (6) holds uniformly in time for almost
all w. By part (a), we know that on the set {X > X}, the right-hand limits of the strategies exist and
(S =X)@F @ + (X =)@ + X _SHAT @) + (8 = X)AH (™)) ~
(S —XATPHF + (X = SHATPH) ™ + (X - S)AT e +(S' = X)(Ate™)™ up to evanescence
by the above-mentioned uniform convergence of the wealth processes on a single excursion.
There remains the problem that A*¢"k can have the opposite sign of A*¢ although the jumps of
the cost terms are similar.

We fix an w € Q outside the P-null sets from above and omit it in the notation. Let ¢t; € [0, T).
To save space, we only write down the case that ¢, > 0, X 1, > Sy»and A*g, > 0. The other cases
follow analogously. Now, assume by contradiction that, in addition, there exist an € > 0 and a
(random) subsequence (k;);cn With

|(A+(¢Zkl T —(ate )| 2e forallleN. (20)
Define
ty :=inf{t >t 1 ¢ <@ — AT, /2 or Vf’s (@) < Vfli (p) — AJrchtl()_(t1 -S8,)/7

or X,<2/3X, +1/3S, or S;>1/3X, +2/3S,}AT.

By qo[nlk - @) A+Vf1’sl(¢”k) - A+Vtsl’S’ (p), and A+Vfl’sl(ga) < 0, we must have that A+¢Zkl <0
for all [ large enough (depending on w). Indeed, if A+qo:llk’ had the same sign as A*¢; , divergent
absolute values would be contrary to convergent jumps of the cost term. By qo(nt"lHZ) 27 Pl +))2

and the construction of t,, the loss of wealth that (¢ ),y necessarily produces on (¢, (t; + £,)/2]
to get closer to ¢ again can be estimated from below by 1/6(X; —S; )A*¢, forl — co. Since this

! !
dominates the possible losses of ¢ after t;+, we arrive at a contradiction to Vfl S (") - Vfl’s (@)

s, n 5.8
and Vi, @™ = Vi

direction of ¢, it would have to compensate for this promptly, which would lead to additional
transaction costs. The assertion for the left-hand jump follows analogously. O

(p) as k — 0. This means that if (¢™ ),y traded in the opposite

By definition of ¢ € L(X, X), its wealth process can be approximated by wealth pro-
cesses VS’S/(qo”) with bounded strategies ¢", n € N, satisfying (¢™)* < ¢*, (¢")” < ¢p~,and " —
@. However, ¢" need not be M-admissible if ¢ is M-admissible. Lemma 3.5 shows that we can
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choose the approximating bounded strategies such that they are M-admissible. The following two
lemmas prepare Lemma 3.5. Since the investor has a credit line of M stocks, the “safest short-
term strategy” is to hold —M stocks. This means that for M > 0, the inequalities (¢")" < p*
and (p")~ < ¢~ do not imply that ¢" is “safer than ¢ in the short term.” The following lemma
overcomes this problem.

Lemma 3.3. Letp € L()_(,)_() and M € R,. Then, the approximating sequence (¢™),cn € (bP)!
in Definition 2.6 can be chosen such that

(@) AM =9~ AM 2D
and thus (" + M)* < (¢ + M)* foralln € N.

We note that, by contrast, the inequality (¢" + M)~ < (¢ + M)~ already follows from (¢")~ <
®.

Proof of Lemma 3.3. Step 1. Let ¢ eL()_(,)_() and M € R,. By definition, there exists a
sequence (¢™"),en € (BP)! with (p")* < o™, (¢")” < ¢, ¢" = ¢, and semimartingale price
systems S, S’ such that Equations (5)-(7) hold and Equation (8) is satisfied for all competing
sequences. For any 3 € (bP)", we have that

C'(—97) = C5' (=@~ AM)) + C¥' (= + M)") (22)

since the strategies —(p~ AM) and —(3 + M)~ never trade in the opposite direction
(formally, one checks it for almost simple strategies and apply the approximation in Kiihn
and Molitor, 2022, proof of Theorem 3.19). Consequently, we can decompose: V5 (p") =
VS (")) + VS (=((9™")~ AM)) + V55" (—(¢" + M)™) and consider the alternative point-
wise approximation @" 1= ¢"lis0 — (@7 AM) — (9" + M)™ = ¢" A((=M) V @), n € N. Again
by Equation (22), we have that VS5 (") = VSS' ((o")") + VS (=(¢~ A M) + VS5 (—(¢" +
M)™) and thus V55" (@) — VS5 (p") = VSS' (=(p~ A M)) = VSS'(=((¢™)~ A M)). By the Fatou-
type estimate in Kiihn and Molitor (2022, Corollary 3.24), there exists a (deterministic)
subsequence (n;),cn such that

(VSS' (=(p= AM)) = VSS'(—((¢"™)~ AM)))~ — 0 up toevanescence ask — oco.  (23)

Now, we turn to a single interval I (the same for Il.f ‘) and define Y" 1= 15 » (VS’S'(—(go_ A
M)) — V5SS (=((¢")~ A M))). Equation (23) already implies that, with (¢"),cn, also (") ey is
better than all competing sequences in the sense of Equation (8). By Equation (8), there exists a
further subsequence (k;),cr such that (17¢ » (VS5 (%) — VS5 (¢"1)))* — 0, and together with
Equation (23), we arrive at

1;¢ » Y™ — 0 up to evanescence as | — oo. (24)

We continue by observing that

Y"=1ze + (@") AM = (9~ AM)) + 8’ =172 + C¥'(~(p™ AM)) + 172 + C%'(=((¢") A M)
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and define ¥ 1= 17¢ « C5'(=((¢")~ AM)) — 17¢ » C5'(=(¢~ A M)). There exists a further (deter-
ministic) subsequence (1;) jcn such that

sup |((@ 1" AM — (¢~ AM))+ /| >0, as. (25)
te[0,T]

(cf. Jacod and Shiryaev, 2003, Theorem 1.4.31(iii)) and Proposition 3.2(b) holds true for (ry, ) jen-
J
Putting Equations (24) and (25) together, we have

~Nn
Y% >0 up to evanescence as j — oo. (26)

n
Step 2: It remains to show that (¢ 9 )jen satisfies Equations (6) and (7), where the limiting
wealth process is of course the same as for the approx1mat1ng strategles (@")pen We started
with. By Equation (25), it is sufficient to show that SUD,¢(0.7] |Y | — 0as.as j —» co. Wlo.g.
~ = j. We assume by contradiction that there exists A € Fr with P(A) > 0 such that on A,
J
the sequence (supze[o’ﬂ |Y["Dnen does not tend to 0, but the convergence in Equation (26)
holds. We fix an w € A that is omitted in the following notation. There exists € > 0 such that
S |17t”| > ¢ for infinitely many n (depending on w). Define o, :=inf{t >0 : |17f| > g}
The sequence (0,),en has an accumulation point in [0, T] denoted by o. By Equation (26), we
have that

Y -0 asn— oo. 27)

At first, we consider the behavior of Y” in a right-hand neighborhood of o. By ¢ — ¢, and
Proposition 3.2(b), considering the cases Atp_; <0, ATps > 0, and A*¢, = 0, we obtain that
(S, =X )@ AM = (@ AM)™ + (X, — SL((@2,)" AM — ((9f)" AM)*  converges
to (S, —)_(C,)(qo;r AM —(ps AM))” + (X — Se)gs, AM —(p; AM))*. This means that
A+VS Sl( (")~ AM)) > A+VS S,( (qo_ A M)). By the right- continuity of stochastic integrals
and by Equation (27), we have that C +( (")~ AM)) > cs 5+(=(¢~ AM)). In addition, there
exists ¢’ > o such that the limit cost term CS ,(—=(¢~ A M)) is bounded from above by C +( (™ A
M)) +¢/2.By CU,( (")~ AM)) — CU,( (cp A M))asn — oo, Equation (27), and by the mono-
tonicity of the cost terms, we obtain sup,,, c(,.0/] ICS' (=((¢™)~ AM)) = C¥ (~(9p~ AM))| < ¢
for n, large enough. The left-hand neighborhood of ¢ can be handled in the same way. We arrive
at a contradiction to ,, — o¢. This shows that SUP;c(o.1] |17f| — 0 a.s. and thus Equation (6). Since
the differences of the cost terms and the semimartingale gains converge separately in d,,,, we can
argue as in Proposition 2.10 to derive Equation (7) with the same process £S’ that does the job for

(@n)neN- D
Lemma 3.4. Fory € L(X, X), we define the predictable process
L) :=T%) + M + ( + M)*essinfr X — () + M) esssup, X

(that models the liquidation value of I1(y) + M,y + M) after the portfolio is rebalanced but before
the prices jump at some time t). Then,

(TI(¥), P) is M-admissible = L() >0
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Proof. We suppose otherwise. Then, by a section theorem for predictable sets (see, e.g., He
et al., 1992, Theorem 4.8), there would exist a predictable stopping time 7 with P(t < o) > 0
and L.(%) < 0 on {r < co}. This implies P(IT;()) + M + (; + M)*X_— (%, + M)"X, < 0) >0,
a contradiction to the M-admissibility of (T1(), ¥). O

Lemma 3.5. Let ¢ € L(X ,X) such that (II(p), @) is M-admissible for some M € R,. Then, the
approximating sequence (¢"),en € (bP)! in Definition 2.6 can be chosen such that (I1(¢"), ™) are
also M-admissible for alln € N.

Proof of Lemma 3.5. Let ¢ € L(X, X) such that (II(p), ¢) is M-admissible. By Lemma 3.3, we can
and do choose an approximating sequence (¢"),cn C (bP)! such that Equation (21) holds. The
approximation holds with regard to the semimartingale price systems S and S’ and the associated
predictable processes by £S and £S’. We write %" : = I1(¢"), ¢° := I1(p), VS’S/(qo) := V and intro-
duce the predictable processes PV" 1= 0" + (") PS — (")~ PS', PV 1= ¢° + @t PS — = PS/,
L" :=L(¢"),and L := L(p).

Step 1: In the first step, we prove the lemma for the special case that ¢ invests only during
finitely many intervals Z; and Il.f ‘. Let 8 > 0. In this special case, Equations (6) and (7) imply
that P(supte[O,T](lVf’S/(qo”) — Vf’s,(qo)| + [PV = PV,]) > &) < § for n large enough. We define
ri=inf{t >0: VIS (p") < VIS (9) = 8 or PV <PV, — S} and A 1= {PV" > PV, — 8} € F,_.
Since 7 is the debut of a progressive set, it is a stopping time (see e.g., Cohen and Elliott, 2015,
Theorem 7.3.4). Consequently, [[0, T[[U[t4]] = [0, z]] n {PV" > PV — 8} € P, which allows us to
consider the strategy

" 1= 0" o cueal

At first, we compare liquidation values strictly before 7. By Equation (21), it is easy to check that
PO+ M+ (9" + MYTX = (" + M) X = (60 + M+ (p+ M)*X — (p + M) X )

=V (@M =V (@) + (7 = @S ~X) + (@ — (VX =5

2V (") -V (@2 -6 onfo,] (28)
and thus, by the M-admissibility of ¢,
P*" + M + (" + M)YX — (" + M) X > -6 on [0, z[. (29)

We proceed by analyzing the liquidation value of the portfolio I1(@") + M, " + M) at 7 if the
event Q \ A occurs. This means that long and short positions in the stock are liquidated at
the prices X and X,_, respectively. The paths of the processes ¢*" and ¢" must be of finite

variation in a left-hand neighborhood of 7 if X,_ > X (see Proposition 3.2(a)). Consequently,
on(Q\ A)N{X._ >X__} onereceives (pf_ + M)*X__—(pr + M) X._ > —(p; + M + 8) by
Equation (29). On (Q\ A)n{X,_ = )_(T_}, we use that Vf’sl (P"+M)+M>-S forall t<T
by Equation (29), VtS’S,(qo" +M) - fo’(¢n +M)ast 1 t,and fo’(¢n +M)+M = VS’_S,(qO" +
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M)+ M +A=C(¢" + M) = ¢2" + M + (97 + M)*X__ — (9" + M)~X,_. This yields that
G M= + M+ (@ +M)X — (@l + M) X,_2—8 onQ\A (30)

Finally, we analyze the liquidation on the event A, that is, we have to show that ¢®" + M +
(@"+M)*X —(¢" + M)"X >0 on the set [[74]. Analogously to Equation (28), again using
Equation (21), we estimate

L' =L =PV" =PV + (p* — (¢")")(ES — essinfr_X) + (¢~ — (¢"))(esssup;. X — P5")

> PYV" — PV on[t4]. (31)
By Lemma 3.4, we have that L > 0 up to evanescence. Together with Equation (31), we obtain that
L">L—-6>-38 on/[14]. (32)

In order to replace the predictable lower bound L" of the liquidation process by the process itself,
we pointwise distinguish the two cases below. Note that 7 is in general not predictable and thus,
(essinfr_X); need not coincide with essinfr X -

Casel: X > (essinfr X), if . + M > 0 (and X, < (esssup,,_)_( )z if ; + M < 0). This means
that the liquidation value becomes higher. Inequation (32) yields

PO + M+ (9" + M)*X — (9" + M)™X (33)
>L">-8 on[ran(p+M>0, X >essinfr X}U{p+M <0, X < esssupﬂ)_(}).

Case2: X < (essinfr X)), if o, + M > 0(and X, > (esssupr_)_( ) if ; + M < 0). This case can

only occur if 7 is an unpredictable stopping time with X <X (or X, > X,_). The liquidation
value becomes smaller than its predictable lower bound, but the decrease is smaller than that of
the limiting strategy:

PO+ M+ (" + M)TX — (¢" + M)™X (34)
=" +M+(@+M*X—(p+M) X +L"-L

+(@")" — pMX —essinfr X) + (¢~ — (") )X — esssup,. X)
> +M+(p+M*X —(p+M) X +L"—L

>—-0 on[ltalnfe+M >0, X <essinfr X}U{p+M <0, X > esssupp_)_(}),

where the equality holds by Equation (21) and the second inequality holds because (¢°, ¢) is M-
admissible.

Putting together, the strategy (II(@"), ") is (M + &)-admissible. By compression and since & >
0 is arbitrary, we find an approximating sequence (with a suitable null sequence (5,,),,cn) that is
also M-admissible.
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Step 2: We now proceed to the general case. Again, let § > 0. By Equation (5), one can
find a finite union J of intervals (I7);en;, (Il.fc)ieN such that P(supte[oﬂ 1y ¢V, = Vi|lx,—q; V
1« Vi = V,_|1ix, —oy > 6) < 6. Given 6 > 0, we modify the approximating strategies such that
they satisfy ¢" := —M on (Q X [0, T]) \ J. By construction of I}, Il.cf , there are no trading costs at
the boundaries of the intervals. In addition, by the semimartingale property of S’, J can be chosen
close enough to Q X [0, T] such that ds(—M1(qxo,r7)\s * S’,0) < 6. With these considerations in
mind, the proof is analog to Step 1. We note that on (Q X [0, T]) \ J, the strategies ¢" need not be
liquidated since they just hold —M stocks. O

Lemma 3.6. Let ¢", ¢ € L()_(,)_() for all n € N and let S,S’ be semimartingale price systems. If
@" is M-admissible for all n € N, V55 (") - VS5 () uniformly in probability, and ¢" — ¢ up to
evanescence on {X > X3}, then ¢ is M-admissible as well.

Proof. For any ¢ € L()_(,)_(), we define the process A(WY) :=TIY)+ M+ @ + M) X — (@ +
M)~X — V55 (1) and rewrite it to

A@) =M + 1yo(X = S) + MX) + Ly cp<y(®X — §') + MX)

X — 8') + MX).

Consequently, 9" — ¢ implies that A(¢") — A(p) pointwise. Since, I1(¢") + M + (¢p" + M)*X —
(" + M)"X >0 for all n € N and V55 (¢") — VS5 (¢) uniformly in probability, the assertion
follows. O

For the rest of the section, we fixan M € R, and a sequence

(@*", 9")pen C A such that 90", % > —M for all n € Nand (93", @) — (C°,C) as., (35)

where (C?,C) € L°(Q, F, P; R?) is a maximal element in the sense that Equation (35) cannot hold
for a random vector that strictly dominates (C°, C) in the pointwise order. For example, (2, —1)
does not dominate (0,0) even if S; = 1. By Equation (11), maximal elements exist following the
arguments in Delbaen and Schachermayer (1994, Lemma 4.3).

To prove Theorem 2.23, we have to show that there exists an M-admissible strategy with ter-
minal value (C°, C), but there is still a long way to go. We refer to Delbaen and Schachermayer
(1994, Remark 4.4) for an in-depth discussion for the need of maximal elements and also for the
argument why it is sufficient to consider sequences as in Equation (35) to prove Theorem 2.23.
We note that for these considerations, it does not make any difference that we consider a two-
dimensional framework here. Under convention (10), we can interpret (cpg’", @7) as the position
after the market has closed. Thus, positions in different “currencies” are analog to wealth in
different scenarios.

By Lemma 3.1, the sequence in Equation (35) has to be M-admissible. In addition, for each
n € N, there is a sequence of bounded processes (¢™),,cn that approximate ¢” in the sense of
Definition 2.6. By Lemma 3.5, the self-financing strategies (¢, ") with %" := TI(¢"™™)
can be chosen to be M-admissible as well. Conditions (5) and (6) in Definition 2.6 imply that
V?S’(cp"’m) — V7 in probability asm — co, which means that @™ + (¢}"™)* St — (9F™)~S], —

T
n,m 0,n,m

qog’" + (@) St — (¢})~S). in probability. By ¢ — @f. pointwise as m — oo, we get ¢ —
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qog’" in probability as m — oo for all n € N. Since the convergence in probability is metrizable,

there exists a subsequence (m,,),cn With (qog’"’m”, go?’m") — (C°,C) in probability as n — oo (one
can choose m,, such that P(|gog’"’m’l — gog’"| >1/nor |(p;f’m" —@7| > 1/n) <1/n). By passing to a

subsequence, we can also get almost sure convergence. This allows us to assume w.l.o.g. that there
exists a sequence (a,,),eny € R, such that already the sequence in Equation (35) satisfies

lp"| <a, and (¢, ¢")uen €AY, neEN. (36)

Of course, a, may explode as n — oo but for the analysis at the boundaries of the intervals with
friction, we want to argue with bounded strategies.

Note3.7. Let S be a semimartingale price system. Then, there exist semimartingale price systems S
and S’ such that for every starting time of an excursion 7, there exist stopping times o and &
satisfying the conditions from Assumption 2.18 with

(S, Sz rayy = KX e op + S o zp + XX 5100 (37)

Proof. There are at most countably many excursions. Since the processes X, X, and S are cadlag,
one can choose o and & close enough to T and I'(7), respectively, such that the correction terms
that occurs by replacing the semimartingale by Q*-super- and submartingales at the boundaries
are arbitrarily small in terms of the metric dg. O

For the rest of the section, we fix the semimartingale price systems S and S’ to evaluate long and
short positions in the risky asset, respectively, and construct a limiting strategy of the sequence in
Equation (35)/(36) using these semimartingales in Definition 2.6(b). This implies that if the spread
cannot move away from zero continuously or return to zero continuously, then one can take any
semimartingale price system to construct the limiting strategy.

3.1 | Fictitious dormant market

In the proof of the frictionless FTAP, the concatenation property of the set of wealth processes
plays a crucial role. This property is not available in models with transaction costs since on
{X; > 0}, one cannot switch between two strategies without additional costs. On the other hand,
frictionless markets are included in our model. To prove Theorem 2.23, we proceed in two steps. In
the first step, we consider a fictitious market that behaves similar to a frictionless market and sat-
isfies the concatenation property. When the bid-ask spread is positive, the market is dormant, but
at other times, one can switch between the strategies. More precisely, the gains that are obtained
during an excursion of the spread away from zero enter in the wealth processes but one cannot
switch from one strategy to another strategy during this time. Then, in the second step, the limiting
strategy is constructed separately for each excursion, and properties (6)-(8) are verified accord-
ingly. We stress that the second step is the main new step. However, the first step that is developed
in this subsection is not only needed to capture the frictionless intervals but also to paste the lim-
iting strategies of the countably many excursions together and obtain a suitable limiting strategy
along the whole interval.

Intuitively, the dormant model coincides with the original model if X_ = 0, and it is dormant
during excursions of the spread away from zero. When an excursion ends and a new frictionless
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interval begins, the model is restarted with the current frictionless wealth (including gains from
trades during the excursions). At the starting time of an excursion, two different cases can occur:
Either the spread is still zero. Then, we investor can still switch to another strategy using the infor-
mation that an excursion has just started. Or, the spread jumps away from zero. Then, the investor
is already in the midst of an excursion, and in the fictitious model, the gains at the jump time and
the gains during the rest of the excursion cannot be separated from each other. The easiest way to
model this is to allow in the first case for double jumps of the wealth process at the starting time of
an excursion: the left jump models movements triggered by a possible synchronous jump of the
semimartingale price systems, and the right jump models the anticipated gains during the excur-
sion. By contrast, if the spread jumps away from zero, the fictitious wealth already takes the value
after the excursion and remains constant up to the end of the excursion. Formally, we introduce
the generalized time change (z;, D;)c[o,r] by

T, 1= ‘ . .
! L) AT if X; > 0andforie Nwitht € [7],T(z)))

andD; :={X; > 0}ln (UieN{‘ri <t< F(Ti) ST, Xpgiy = 0}). We observe that (z;),c[o, 7 is @ non-
1

decreasing family of stopping times (not necessarily right-continuous). It is shown in Kiihn and

Molitor (2022, proof of Lemma 5.2) that F(Ti){Xr( =0} is a predictable stopping time. Together
)=

with {X; > 0} = {r; >t} € F,_ for t € [0,T), this implies that D, € 7 _ for all ¢ € [0, T], using
that Dy = (. We introduce the not necessarily right-continuous filtration F = (ft)te[O,T] by

Fii=0(F,_u(Q\D)NF,)), te0T]

For any 3 € (bP)™ with wealth process V55" (1) 1= 9+ « S— ¢~ « S’ = CS(p*+) = C5' (=9p™), the
dormant wealth process V¥ is defined as

v = vES @, +VES W)la\p, tE[0,TI. (38)

For the bounded strategies above, we write yn o= 79’", n € N. We note that the definition of V;p
on {r; = T}can depend on the choice of (S, S"), but these semimartingale price systems are already
fixed. The paths of the process V¥ are laglad but can have double jumps. The integration theory
for laglad integrators is comparatively little developed (see the monograph by Abdelghani and
Melnikov, 2022, for a survey). An integration theory that is tailor-made for trading models with
laglad price processes (not trading strategies!) is introduced in Kiihn and Stroh (2009). The key
idea is that one can separately invest in the part of the right jumps of the asset price process that
can be overlapped by countably many stopping times, that is, that is “accessible.”

Remark 3.8. It is quite natural to model the dormant market with double jumps since this allows

to keep the time domain [0, T]. However, a reader who prefers to follow the arguments of this

subsection within the standard framework of cadlag integrators may introduce at time (7} )gx ; —q}
1

an additional time shift of 27%: the movement in the original model is paused briefly, and the right

jump turns into a left jump taking place at a later point in time. Formally, this corresponds to the
: : ' ! : roe_ . QO H—iq .

generalized time change ((tot");1, D;)icfo,r) With 7; :=inf{lu >0 : u + Ei:l 2 ll{fll <, Xf'i —0p =

t}and D] := Xz >0tn {t; <T}n{X((rorr,,)- = O} fort € [0, T + 2;‘; 2—1'1{73 <1 x —o)-
1
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Lemma 3.9 (cf. Corollary 10.12 in Jacod (1979)). For every ) € (bP)Y, the process V¥ is an optional
semimartingale (see, e.g., Kiihn and Stroh, 2009, Definition 2.5) under the filtration [F.

Proof. We have to start with some preparatory work on stopping times regarding the two
filtrations. Let o be an F-stopping time.
Step I: Let us show that 7 is an (¥;);¢[o.r]-stopping time. By construction of (z;);¢[o 7], one has

{tr, <t}={X, =0n{o <tHhuuen({rl <3n{o<tl}), te€]0,TI. (39)

In addition, {g < T;} € F.i and{q < Ti} N qu C F_i imply that
1 1

T T
{o <7} =Ugeanor(fo <gtnig <i}) € Fu. (40)

By Equation (39), {X; = 0} n 7, C F,, and Equation (40), one obtains that {r, < t} € F,.
Step 2: Let us show that (7,)p_ is an (F;);¢[o.r)-predictable stopping time, where D, = {w €
Q : w € Dy} Since F(Ti){Xr( =0} is an (F;);e[o,r)- predictable stopping time (see Kiihn and
‘[1 —

Molitor, 2022, proof of Lemma 5.2), we have that {Ti <o< F(ri) ATIN {XF(TQ -= 0} e rr(ri -

and [[F(Ti ){Ti <o<r(zh) ATINX, i, =0} T] € P (cf., e.g., Jacod and Shiryaev, 2003, Proposition 1.2.10).
1

By [(zo)p,, T = Ujen HF(TD{rigKr(r;)AT}n{X —op T'll we are done.

I‘(‘rll)—

Step 3: Now, we come to the main part of the proof. Since the cost terms C%, CS" are nonde-
creasing adapted processes, yss' () is an optional semimartingale under (7;),c[o,r] Wwhich even
possesses a local martingale part M with cadlag paths. We can adapt the arguments of Jacod (1979,
Theorem 10.10). It is sufficient to analyze the time-changed process M, : = M, _1p, + M 1g\p,
t € [0, T], whereas the time-changed finite variation process is obviously of finite variation.

Let (Ty)ken be a localizing sequence of (F),c[or)-Stopping times such that Mk, k € N,
are martingales under (F;);c|o,r]- Let us show that the time-changed stopped process 1\7[" 1=
MTT[ k 1p, + MTT[ k lop,st € [0,T1], is an optional martingale under F. For this, let o be an arbitrary
F-stopping time. By Steps 1 and 2, we have that [(z)p, lVll7,, T]l € P and thus E(M? - MK =
E(l[[(TU)Dg]]U]]TU’T]] . M;") = 0, using that 7 = T and Dy = §.

Now, consider Sy, := 77, , k € N, which is a localizing sequence of F-stopping times by F, C F;
and Step 1. Since M = M¥ on [[0,sup{s > 0 : 7, < T} }[[ and M is constant on ]| sup{s > 0 : 7, <
Ty}, tr, [, the process M is an optional semimartingale under F, and the assertion of the lemma
follows (we note that one has no control over the left and rightjump atsup{s > 0 : 7, < T} }, which
is in general not even an F-stopping time, thus one cannot conclude that M is an optional local
martingale). O

Lemma3.10 ([cf. Lemma 4.5 in Delbaen and Schachermayer (1994)]). Let NA™ and NUPBR?* be
satisfied. Then,

sup |I7t" — Vtm| — 0 in probability asn,m — .
tel0,T]

This means that at the times the bid-ask spread vanishes, the wealth processes have to be
close together.
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Proof. The proof is analogous to that in the frictionless model by Delbaen and Schacher-
mayer (1994, Lemma 4.5), but a bit more technical since we have to deal with processes
that have double jumps. By Equation (35), we already know that (V?)neN is a Cauchy
sequence in probability. Now, assume by contradiction that there exists € > 0 and subse-
quences (n, mken With P(SUp,o )., V=V )>¢)>¢ for all k €N (note conven-
tion (10)). Let Ty :=inf{t >0 : 7, < T, Vt"k - 17:"" > ¢}. Define T), := T on {T) < co}Nn {ka =
0N {V;’; - V;V:‘ > ¢}, T := I(T)) elsewhere on {T} < oo}, and T := oo on {T} = co}. Consider
P = " pom il + Pl i, ry With A 1= {Ty < e}k 0 (X7, > 03UV -V

eHn {XF(T" )= = 0}. The process z,bk is predictable in the original model and thus generates a strat-
egy. If T, coincides with some 7}, there are two cases. In the case that X7 = 0 and V e V%n" >

<

one switches from ¢ to ¢"" before the excursion starts (using the information Ffl ). Otherwise,
one still follows the strategy ¢ during the excursion and switches to ¢™* at its end. In the fic-
titious model, the information about the excursion is already available at T' and the model is
dormant afterwards. We arrive at sz cpT , I (®F) > T (@™ ) 4 € on {T} < oo} and sz go?k,
I (*) = T (¢"*) on {Ty = oo} with P(T < o) > €. Now, we pass to forward convex combina-
tion of (¥¥),en (cf. Delbaen and Schachermayer, 1994, Lemma Al.1). Since (IT(%), ) € AM for
all k € N and the self-financing operator IT is concave on (bP)!, we arrive at a contradiction to
the maximality of (C°, C) in the above sense. O

Lemma 3.11. Let Y be an F-optional semimartingale whose right jumps only take place at

the stopping times (Ti){X .=op i € N. Then, the sequence Zf_l ATY i lix  —opl e TJJ) is dy)
21 - 1 21 1’ keN
Cauchy, and the limiting process Y8 := Zfil A*Y il =oplyei gy IS @ left-continuous [F-optional
- 1 51 1’

semimartingale. The process Y™ :=Y — Y% is a cadlag F-semimartingale.

Proof. By the continuity of the integral in Kiihn and Stroh (2009, Theorem 3.5), applied to the
optional semimartingale Y and the sequence of optional integrands H>* : = Zf_l Ly i —oy]l
= X =

k € N, the above sequence is d,,,-Cauchy, and its limit Y is the integral of the pointwise linllit of
(H?*),en With respect to the integrator Y. Then, the integral Y¢ is an optional semimartingale
by Galtchouk (1985, Theorem 2.3) and the arguments at the end of Step 2 in the proof of Kiihn and
Stroh (2009, Theorem 3.5) (the former is only for the case that the integrator is a locally square
integrable martingale). By construction, the process Y" has no right jumps. O

Next, we proceed towards convergence with respect to the semimartingale topology. Since
the processes are not cadlag but can have right jumps, the Emery metric has to be adjusted. To
avoid the introduction of too much notation, we write down dg only for F-optional semimartin-
gales Y, Y2 whose right jumps only take place at the stopping times (! ){X _0}, i € N, using the

decomposition in Lemma 3.11:

ds(Y1,Y?) := sup E(sup |H « ((Y') = (YD),
H F-predictable with [H|<1, G,eL0F ), gl<1 (€10
1

+ Z Gili o, x, _0}(A+Y1 A+in ) AL. (41)
i=1
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The integral in Equation (41) can be seen as a standard stochastic integral under F or F* (the
filtrations generate the same predictable sets). The sum in Equation (41) converges uniformly in
probability by the same arguments as in the proof of Lemma 3.11.

Remark 3.12. With the integral in Kiihn and Stroh (2009, Theorem 3.5), the definition of Jg for

arbitrary optional semimartingales is canonical. For the purposes of the present paper, however,

it is sufficient to consider optional semimartingales whose right jumps only take place at the stop-

ping times (Ti ){Xfi =0} 1 € N. By Lemma 3.9, the dormant wealth processes V¥ satisfy this property.
1

This special situation is much simpler since right jumps can then be treated as left jumps that take
place at separate times (cf. Remark 3.8).

Lemma 3.13 ([cf. Lemmas 4.7-4.11 in Delbaen and Schachermayer (1994)]). Let NA™Y and

thatis, 1, € Ry and Zt’;o Ank = 1, such that forp" = lezio A @K (V") en isa ds-Cauchy
sequence. In addition, there exists an F-optional semimartingale V whose right jumps only take place
at the stopping times (‘L'il){x . =op L € N, such that ds(V¥",V) - 0asn — .

o

As soon as the lemma is proven, we pass to these forward convex combinations and use that
ds(V",V) = 0as n — co. By concavity of II, the properties of (¢p*", 9™),.cr remain valid.

Proof of Lemma 3.13. By the time change 7/ from Remark 3.8, that pauses the movement at
the stopping times (ri dix i =op L EN, F-optional semimartingales Y, Y2 whose right jumps only
1

take place at the times (Ti){X,i —op» L €N, can be transformed into the processes (y/ ), = YT[/+,
t €10,T], j € {0,1}, that are cé:dlég semimartingales under the right-continuous filtration 7?[’ 1=
Ness fré for t €[0,T) and F). := 77};, By construction of 7/, it follows that ds((Y'),(Y?)) =
JS(Yl, Y?) (cf., for example, the proof of He et al., 1992, Theorem 5.55). This makes the results
below for cadlag semimartingales directly applicable to our setting.

Based on the analogon of Lemma 3.10, it is shown in Delbaen and Schachermayer (1994, proofs
of Lemmas 4.7 to 4.11) that after passing to forward convex combinations, the convergence holds in
the stronger Emery topology (when reading one must abstract from the fact that the semimartin-
gales are stochastic integrals). The proofs are reformulated in Kabanov (1997) in a more abstract
setting. It seems to be easier to adapt the arguments in Kabanov (1997) to our setting, which is
what we want to do in the following. We define the following set of [F-optional semimartingales:

X :={V¥ : ¢ € (bP)" such that (II(yh), ?) is M-admissible}.

This means that for Y € &, Y7 is the gain of an M-admissible strategy in the original model if on
{Xr > 0}, terminal stock positions are evaluated by (S, S”). We list key properties of the set X:

(i) By the estimate V5% ,( ) < VESY(3h) and condition (11), the set {Y; : Y € X} is L°-bounded.
T T
(ii) For any Y!,Y? € &, 1 € [0, 1], there exists Y> € X with Y> > AY! + (1 — 1)Y? (this holds
since the wealth process is concave in the strategy).
(iii) LetY!,Y? € X and (Y1), (Y?)" defined as in Lemma 3.11. For any [0,1]-valued F-predictable
processes H', H* with H'H? =0 and G/,G} € L°(F;[0,1]), i € N, with G/G} =0, the
1
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process

[s] (o]
1 1\r 1 . +v1 2 2\r 2 . +v2
H' « (YY) + ;Gi 1{XT§:0}1]]T§,T]]A lei +H? . (Y2) + ;Gi 1{Xfi1:0}1ﬂ,ll P YTi

is the dormant wealth process of a self-financing strategy (not necessarily M-admissible).
(iv) In the dormant market, one can consider the numéraire N; :=(1+S;_)lp, +(1+
Sz )1la\p,»> t € [0,T], that is the sum of 1 and the time-changed semimartingale price sys-

tem S. For an M-admissible strategy (3°, %) with ¢ € (bP)'l, we have that 17? /N, >—M on

{r, < T}forallt € [0,T) (for stopping at 7,— cf. Lemma 3.4 combined with NA"/ ). We refer
to the term of an “allowable strategy” introduced in (Yan, 1998, Definition 2.4).

With these four properties of X, one obtains a ds-Cauchy sequence along the lines of Kabanov
(1997, proofs of Lemmas 2.3-2.8 and Lemma 3.3). Let us only describe the minor adjustments
that are needed. By considering the dormant market, one switches from one strategy to another
strategy only at frictionless points. Here, one can express the difference of frictionless wealth as
multiple of N (cf. item (iv)) and control it as in Kabanov (1997). Then, during an excursion of
the spread away from zero, the number of stocks of a concatenated strategy coincides with some
¥, with (¥°, 1) admissible, and the position in the bank account coincides with ° shifted by the
difference of frictionless wealth before the excursion. This means that the difference of frictionless
wealth coming from past trades is invested in the bank account, which allows to estimate the
constant M’ with which the concatenated strategy is M’-admissible. On the technical level, the
arguments in the proof of Lemma 3.10 have to be repeated to concatenate strategies, using that
(TD{XTI'I —o}» 1 € N, are stopping times and the left limit process N_ is locally bounded. In that proof,

it can also be seen how the maximality of (C°, C) is used.

To prove the second assertion, we use the fact that the space of semimartingales is complete with
regard to the Emery topology (see Emery, 1979, Theorem 1 for cadlag semimartingales). Along the
lines of the proof of Emery (1979, Theorem 1), one can show that there exists a limiting F-optional
semimartingale V that shares with V¥ the property that right jumps only take place at (t))gx , g}

a

i € N. We stress that ¥ does in general not lie in X, which is generated by bounded strategies. []

Remark 3.14. In a more recent article, Cuchiero and Teichmann (2015, Theorem 3.3(ii)) show that
in the case of a frictionless market, Lemma 3.13 holds without passing to (further) forward convex
combinations. We leave it as an open problem if their arguments can also be adapted to our setting.
For the proof of Theorem 2.23, this question is not crucial, and the proofs of Kabanov (1997) can
be more easily adapted.

Proof of Theorem 2.23. So far, we made well-known results on frictionless markets accessible
to our model by considering a fictitious dormant market that ignores the problems that occur by
positive bid-ask spreads. We now turn to the construction of the limiting strategy when the spread
does not vanish. The random vector (C°, C) and the approximating sequence (¢p", ™),y are still
from Equation (35), and we have to show that (C°, C) is the terminal position of an M-admissible
strategy. We can assume that (9", "), satisfies Equation (36).
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Step 1: By Equation (12), the second part of the NUPBR”® condition, we can assume w.l.0.g. that

sup sup Vi%®(p") < oo. (42)
te[0,T] neN

If this does not already hold for the original sequence of cost value processes, we pass to
forward convex combinations. Equation (42) allows us to define the finite process A, :=
SUP 0.1 SUPeny VSt(p") that dominates all cost processes. Putting this together with the M-

admissibility of ¢", the later means that ¢*" + M + (¢" + M)*X — (¢" + M)"X > 0, we can
control the size of the strategies. Namely, we get

"X —X)<A+M+MX, VneN. (43)
Estimate (43) is used for the case that positions are built up during a frictionless interval but
the spread jumps away from zero. For the case that the portfolio is rebalanced under a positive
spread, we need another estimate. The finite process A is prelocally bounded, that is, there exists a

sequence of stopping times (T,)nen With P(T,, = o0) — 1 for m — oo and VCOS‘(qo”)l[[O,Tm[[ <m
for all n € N. Let us show that

<¢0,n + (@)X — (C/J”)_)_(_)l[[o,Tm]] <m, Vn,meN. (44)

Intuitively, this means that trading cannot increase the cost value of a portfolio. We have to prove
that 2" + (o)X, — (p)™X, < mfor all s < ¢ implies that go?’" +(@) X — ()X, <m.
On the set {X,_ > X ,_} ®§ converges to ¢;' , and the variation of ¢" on [s, t) vanishes as s T by
Proposition 3.2(a). This implies that

o+ (L)X - — (Pl )X, <m. (45)

In addition, the LHS of Equation (45) dominates go?’” +@ENTX,_ - ()X - On xX,_ =
!’ —_ !
X, }, we can use that VIS (") < o0 + ()X — (ps)™X <mforall s<tand VIS (o) —
! —_
VS (@M =" + (@) X - — (@)X, .
We can and do choose the sequence (T,),,en from above such that one has, in addition, that
X Ljog, ulor,] < m,  Vm EN.
From Equation (44), we subtract the inequality
%" + M + (¢" + M)*essinfr X — (" + M)‘esssupr_)_( >0

that holds by Lemma 3.4 and obtain the estimate

max{(p")t(X_ — essinfr X), ((p”)_(esssupr_)_( -X }<m+M+Mm on]o,T,].
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We arrive at

"X <m+M+Mm on]0,T,,]

where X := min(X_ — essinf r X, esssupr_)_( -X ). (46)

Estimate (46) is crucial to control the position in the risky asset during an excursion of the spread
away from zero.

Step 2: Lett := ‘ri be the starting time of an excursion (cf. Equation 3). The spread at 7 can be
zero or positive. Let us show that the end of an excursion can be rewritten as follows:

I(7) :=inf{t > 1 :)_(t=)_(t or)_(t_=)_(t_} (47)

=inf{t>7:X, = X, or X,_ = X, orX,_ = (essinfz X), or (esssup,. X), = X, )

Let 7; be a predictable stopping time with )_(Tl_ = (essinfr_X); on {r; < co}. Since )_(Tl >
(essinfr X),,, the NA"/ condition implies that X . X r,—- This means that a long stock posi-
tion built up at time 7;— can be liquidated for sure at time 7;. Consequently, we must have
that X =X ., on {r1 < oo} since otherwise the sequence " := nlj.,y, n € N, would violate the
NUPBR?® condition. This means that at t = 7, the first condition X, = X, is satisfied as well.

To complete the proof, we define the debut 7, := inf{t > 7 : X,_ = (essinf, X),}thatisa (not
necessarily predictable) stopping time with [[(‘[2){)_(12,=(essinf;; X, }]] € P. We have to show that
P(t, > T'(7)) = 1. Assume by contradiction that there exists an ¢ > 0 such that P(7, + € < I'(7)) >
0. By a section theorem for predictable sets (see, e.g., He et al., 1992, Theorem 4.8) applied to
the predictable set xX_= essinfr X} N [[7,, (1, +€) AT(7)], there exists a predictable stopping
time 75 with P(t3 < 00,7, +e <I'(7)) > 0, 7, <73 < 7, + € and )_(T3_ = (essinfr_X)., on {r3 <
00, T, + € < I'(7)}. Above, we have shown that this implies that X =X ., on {13 < 00,75+ €<
I'(t)}—a contradiction to the definition of I'(7). By exactly the same arguments, we get rid of the
condition (esssupr_)_( )r = X, in Equation (47).

In the following, we construct a double sequence of stopping times (7!, 72N)y ey with
which one can exhaust the excursion while keeping the spread away from zero. We set 7V :=
(t+1/N 1{77=L}) A o. Since the stopping time (F(T)){fr(ﬂf:)_(r(r)_} is predictable, it possesses an
announcing sequence. Thus, there exists a sequence (2N )yey With & < 72N < T'(7), >N < I'(r)
on {X - =X m)_}, and 7>V — T(r) a.s. as N — oo, where & comes from Assumption 2.18. For
fixed N € N, the event {r>" < 1N} can have positive probability, but we have

Ie. TOMN @), ) —x, 1= Unenle 727 (48)

For all N € N, we define

N = inf min {)_(t_ — (essinfr X);,

1,N 1N +2,N 2,N
1€l g oy JOET TGN oy

(esssup. X), —)_(t_,)_(t_ -X } (49)
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with the convention that inf §f : = co. Let us show that
7N >0 as. (50)

The NA"Y condition and a section theorem for predictable sets (see, e.g., He et al., 1992,
Theorem 4.8) imply that » > 0 a.s. Now, fix some N € N and define

B, := inf (X,_ — (essinfr X)) <1/ng, neN.

LN
te[r 2 U(rLN 72N
[{Xr=§,}J ( ]

In contrast to Equation (49), t = I'(7) is included in the infimum that makes B,, predictable.
Let € > 0. Again by a section theorem for predictable sets, there exists a sequence of pre-
dictable stopping times (0,,),en such that P(B, n{o, < co}) > P(B,) — 27", (essinfr X), >
X, - —1/n, N <0, <>V on {0, < o}, and N <0, on {X,; > X _}. In addition, o, can
be chosen such that it does not exceed the debut of B, by more than 27" 1t follows that
)_(Un 2)_(%_ —1/n on {0, < oo} which means that the strategies 3" :=nls j, n €N, are 1-
admissible. The NUPBR?® condition implies that the sequence (n()_( — _Un_)l{gn<oo})neN and
thus (n(X -X )l{on<w})neN is L-bounded. The latter implies thatX .~ X, _converges tozero

in probablhty on B = Nnen(By N{0, < oo}) asn — oo. Consequently, there ex1sts a (determinis-

tic) subsequence (11 )xen such that X Onp ™ X_ ~—OonBas.as k — 0. First, we observe that on
nk
{r>N < I'(r)}, the bid-ask spread is bounded away from zero and thus B C {r>N =T(7)} a.s. On

the other hand, on {r>N = I'(7)}, we have that X1~ > X X, _- Putting together, we obtain that
B C {0, = I(z) for all but finitely many k} a.s. Since the stopping times are close to the debuts of
B, and ¢ > 0 was arbitrary, we arrive at Equation (50) by symmetry.

We conclude this step with a remark. Following Example 2.5, it can happen that X I(r)— =

(essinfr_X)r(;) but X rio)- > X In this case, the point I'(z) is still considered to be part

=I(n)-"
of the regime with friction. However, on {X(;— = (essinfz_X)r(,)}, we must have anyway that

X - =X ) = X r(r)> and there are no investment opportunities between I'(7)— and I'(7).
Step 3a: In the following, we consider an interval I7, i € N, whose left endpoint (ril){xfi =0}
is the starting time of an excursion of the spread X away from zero but at which the spread is

still zero. This is the most tricky case in the proof since we do not have an upper bound for the
number of stocks of M-admissible strategies on {X_i = 0}. Assumption 2.18 is needed to show that
1

with n — oo the cost value processes V°%'(p™) cannot increase significantly “closer and closer”
to (Ti){X =0}

Let T : (7! ){X _0} be accompanied by the measures Q4, A € P, from Assumption 2.18. In
addition, we fix some m € Nand ¢ € (0, 1). By Proposition A.3(b), there exists y € (0, €) such that

for every A € P and every Q“-supermartingale Y on [0,T] with Y, =0 and Y > —m — M, the
following implication holds:

Q(sup Y |>y)<y = ds(Y,0)<é?, (51)
tel0,T]
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where dg denotes the Emery distance under P (the proposition is applied under the measures Q“,
but by Equation 14, ds is small if the Emery distance under Q4 is small). Next, there exists § €
(0,7/3) such that for every A € P and every Q“-supermartingale Y with Y, = 0andY > -m — M

P(Y; <=38)<38 = P(sup |Y,|>y)VQA(sup |Y;>y)<7. (52)
telo,T] telo,T]

Indeed, by Equation (13)/(14), we can switch between the measures P and Q“, and one has that
Eqa(Yy)<a+(m+M )QA(Y; < —a) for all a € R,. Since at every stopping time, the expected
loss of a supermartingale exceeds the expected gain, and the former is maximal at maturity, impli-
cation (52) follows by considering the stopping times inf{t >0 : Y; > y} and inf{t >0 : Y, <
—7}

By Lemma 3.10 and V" = Vf’s (™) = V(") on {r < oo} for all n €N, we have that
P(t < o0, |VESY(pm)— VS (pm)| > §) < § for all ny,n, large enough. Since the converging
sequence (go(%’”, @7 )nen is maximal, there exists n° € N such that for all ny, n, > nf, there exists
no M-admissible (¥°,9) with (2,%;) > (go%"l Apy™ o AQl?) and P(YY > @2 +8) 2 8
(cf. the end of the proof of Lemma 3.10). By |¢" | < a, (cf. Equation 36), we find an N € N such
that P(o > 7, inf,cp; civeg V19 ) — VES!(pn°) < 8) < & and P(r < o < 7N°) < ¢. Let us show
that

P( inf (VESi(pn) —V)Up")) < —8) <& foralln > ne. (53)
tefr,TLN?]

We suppose otherwise. Then, one can switch from ¢" to ¢" at a stopping time 7, with P(Z, <
w)>8and 7 <7, <7tV V%’St(go”) - V%?(go”s) < =& on {T, < oo} (such a stopping time exists
by a section theorem for optional sets, see, e.g., He et al. (1992, Theorem 4.7)). This generates a
superior strategy (°, %) of the type described above that is a contradiction. Putting together we
obtain that

P( inf (VE%(p") — VES'(p")) < =36) <36 foralln > n®. (54)
tel ]

T’TI,NE
But, Equation (54) implies that

P(_inf (@) 1 awey + X — (@) 1 onvey » X,) < —38) < 36. (55)
te[r,rLNE] ’ ’
The processes 1{Tm>f}((qo")+ Ljeoaney o X - (@")"1jraney * X), n € N, are bounded from below

by —m — M. By Assumption 2.18, the nth process is a supermartingale with respect to the
measure Q“n with A, := {¢" > 0}. Thus, we can derive from Equations (55) and (52) that

QAn(l{Tm>‘L'} sup |((Pn)+1]]r,TLN5]] ° )_(t - (qon)_l]]‘[,‘[LNEﬂ ° )—(t| > 7/) < Y. (56)
INE]

te[r,tl-

From Equation (51), it follows that

dg(l{Tm>T}((¢n)+1]].[’.[1,N€]] X — (@") e aney ¢ X),0) < ¢ foralln > n® (57)
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and ds taken with respect to P. By P(t < o < 7°N°) <¢, (X, X) coincides with (S, ") on [z, 7'N°]]
with high probability (cf. Note 3.7). Together with Equation (54), 36 < ¢, and Equation (57), we
conclude that

P(lyr, >7;  Sup |Vf’5,(go") — Vf’sl(qo”)| >¢) <3¢ foralln > n. (58)

te[r,7 LN

Step 3b: Let T'(t) be the end time of the excursion. The numbers ¢ and n® are still
given by Step 3a. Analogously to "N°, again using Equation (36), we find an N’ such that

2N te nt lig € lig ¢
P(T < F(T)a Sup[e[TZ,N’,r(T)) V[COS ((0" ) - VF(T)(an )1{Xr(.[)_>0} - VF(T)_(qon )1{Xr(,)_=0} > 5) < é.
Since Step 3a s a fortiori true if we reduce 7N we can assume that N/ = N¢. By similar arguments
as for Equation (53), we get

P( sup  (V)%p")—VES(pn)) > 8) <& foralln > nt. (59)

te[r2NE (1))

If Equation (59) did not hold, then one could switch from ¢" to " and improve the terminal
position. Economically, this means that it could be anticipated if the sequence of strategies per-
formed too bad at the foreseeable end of the excursion, and one would switch to qo”e before that
happens. By contrast, at the beginning of the excursion, one would switch from @™ to ¢" after a
bad performance of ¢", compare Equation (53). Consequently, towards the end of the excursion,
the liquidation values of the sequence of strategies can be controlled, instead of the cost values as
at the beginning of the excursion. Putting together, we obtain

li li li
P(V;?T)(¢n)1{Xr(f),>0} + V;?T)_(¢n)1{XF(T)7=O} _ te[ﬂs}\,lspr(f)) thq(cpn) < —38)<38 (60)

for all n > n®. Since the cost term C is nondecreasing, Equation (60) implies that
PU@™) ez i@y =l * X
~(@") e rONI sy, ol ® Xp<—38)<38  foralln>nt. (61)
The processes
Lt > (@ Lpeane roN @y ol * X~ @7 Lpe2n i Ny, ol * X

n € N, are bounded from below by —m — M, and the nth process is a supermartingale with respect
to the measure Q4 with A, :={p" > 0}. Thus, we can derive from Equations (61) and (52) that

QM (L, sp2ney  SUP @) Lje2n rNIC @iy, 0l * X
te[r2NE I(1)]

—(@") et roN Ty, ol * Xl >V) Sy forallnznfs (62)
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From Equations (62) and (51), it follows that

ds(lr,, 2@ v r NIy, ol * X~

@) e roN @y, ol * X1 0) S foralln>nt (63)

and ds taken with respect to P. Since 7>N° > &, we have that (X, X) = (S,5’) on [N, [(D)] \
[[(F(f)){XF(T)_ZO}]], compare Note 3.7. Together with Equations (60) and (63), we arrive at
s, li
Py, seney  sup (VP @M = VES@V (g, salVie, @) = Vi (0D

te[r2NE (1))

>¢) <2 foralln > nt. (64)

Step 4: Now, we fix m,N € N and show how a limiting strategy can be constructed on the
stochastic interval [lcN, 72N A T, ]| defined in Equation (48). By Equation (46)/(49), we have

9" [ LjeiNpT,, 2N AT, < (M + M +Mm)/pN =: Yoy VneEN, (65)

and by Equation (50), Y,  is a finite random variable (not necessarily bounded). First we observe
that by the semimartingale property of S and S, the set

{z,b‘“lﬂfl,w,fz,wu ¢ St =P 1N 2N e : 1 is a predictable process with || < YmN} (66)

is L-bounded (namely, for a given probability of error, Y,,, ,y can be estimated by a constant). This
implies that the set

conv(CSS' (", [t1N, 72N AT, ]);n € N) is also L°-bounded. (67)

Note that since L° is not locally convex, the L°-boundedness of (CS5'(¢", [z"N, 72N1])),en
would be potentially weaker. However, we can consider a convex combination of strategies
", ", qo"*k but executing them through different trading accounts. This means that we do
not benefit from the subadditivity of C $'. Since the resulting strategies are still M-admissible,
Equation (67) follows from Equations (65) and (66).

The processes X, X, S, and S’ are cadlag, and the paths of X — X are bounded away from
zero on [t'N,72N). The latter holds since 7>V < I'(t) on X =X X

have thatX — S > (X~ — X §)/3>00rS—X > Xan — X _,x)/3 > Oonaninterval with pos-
itive random length, and after finitely many analogous estimates, we arrive at 7>". The same
holds for X — §” and " — X. By Equation (67) and Kiithn and Molitor (2022, Proposition 3.3), this
1mp11es that ¢", n € N are processes of finite variation on [t**V, 7>V ]|. Furthermore, by |(ga")t
(oM — ((go”)i (cp”)s)| <2Y,yforallt"VN <s <t <t*N AT, andn € N(cf. Equatlon (65)), it
implies that conv(((p”)TZNAT (¢n)rlNAT ;n €N) and COHV((an)TZN,\T (cp”)TlNAT ;neN)
are L°-bounded, too.

Now, we can proceed as in Schachermayer (2014, proof of Theorem 3.4). It is a stochastic ver-
sion of Helly’s classic theorem that shows the existence of a converging subsequence of monotone
functions on the real line. We repeat only the results that are needed in the present paper. On

}. Consequently, we
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[%N, 72N AT, ], there exists a predictable process ¢ such that after passing to forward con-
vex combinations, ¢" — ¢ up to evanescence. If one applies the same construction for a larger
pair (N, m) (and thus on a larger subinterval of the excursion), the strategy coincides with ¢ on
the smaller subinterval up to evanescence. By P(T,, = o) — 1 as m — oo and Equation (48), we
arrive at a predictable process ¢ with

" - ¢ on],T(D]\ II(F(T)){XF(T)_zo}]] up to evanescence, n — oo, (68)

after passing to joint forward convex combinations using a diagonalization argument.
Step 5: In this step, we want to show that ¢+1HT-F(T)]]\H(F(T)){XF(T)_=O}]] € L(S) and

¢_1]]T’r(f)]]\[[(r(7)){xr( _— € L(S"), where the semimartingales S and S’ are defined in Note 3.7.

Let € > 0. We choose m € N such that P(T,, < o) < 2. The stopping times 7""N°, 72N° are from
Step 2. They actually also depend on m. Beforehand, we observe that the dg-distance of two
semimartingales is bounded from above by the probability that their paths do not coincide. Then,
by Equation (57) and the triangle inequality of the metric dg, we obtain

d§((§0n1)+1]]1,11s1\’5]] e X — (gonl)_l]]‘r,fl’l\”]] * )_(9 (§0n2)+1]]r,11’1\’5]] o X — ((Pnz)_ll]‘r,rl«f\’sl] * )_() < 3¢?
for all ny, n, > n®. By Equation (63), we have the analog estimate at the end of the excursion. Since
Q" Lpnepr, 28 a7, < Yimne foralln € N, all strategies are bounded by y € R, on [lr1N°, 728°])
outside the event {T,, < oo} U{Y, yc > y} that does not depend on n and has smaller probability
than 2¢? for y large enough (with a corresponding bound of the effect on ds). Consequently, we can

argue with the dominated convergence theorem for stochastic integrals (cf., for example, Cohen
and Elliott, 2015, Theorem 12.4.10) and the pointwise convergence (68) to deduce that

d§((¢n1)+1]]71,N5,1—2,N5]] «S— (@nl)_l]]leNE,Tz,Ne]] . Sl’

(@") " Ljpine caney o S = (@) Ljeine paney o 8') < 362

for n;, n, large enough. Since € > 0 was arbitrary and (¢™)*(¢™)~ = 0, we conclude that the
sequences

((¢n)+1]]T,F(T)]]\|I(F(T)){XF(T)_=0}]] * Spens ((qon)_1]]T,F(T)]]\[[(F(T)){XF(T)_=O}]] * Snen
and a fortiori the sequences
((@)* A (p+)1]]1,1"(1')]]\[[(F(T)){XF(T)_=0}]] * nens (@)™ A fP_)1]]r,r(r)]]\[[(r(z)){xr(f)_=0}]] * S nen
are dg-Cauchy. Therefore, together with Equation (68) and (¢™)" A @* < o™, (¢p")" Ap™ < o7,
we are in the position to apply Chou et al. (1980) (see also Kiihn and Molitor, 2022, Note 4.4) and

arrive at

P eIy, ol € L) and - @™ L roN @)y, ol € LE"- (69)
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Step 6: Let us show that (Plﬂf,l"(r)ﬂ\ﬂ(l"(f)){xr( <o eLX ,X) (this states that ¢, which is not yet

globally defined, satisfies the “local” properties (6)(8) of Definition 2.6 on the interval I7). As a
candidate for the “optimal” sequence (™)yen € bP, we take

YV := median(—yy, (D,yN)ln-[l,N’TZ,NATMN" € bP,

where my € N is large enough such that P(T,,, < c0) <1/N and yy € R, is large enough such
that P(Y,,,, v > yn) < 1/N.

Let ¢ > 0 and m large enough such that P(T,,, < o) < €. By Equations (57) and (58), we have
P(T,, = oo, Cfl’ijg (™) — Cfl’fvr(go”) > 2¢) < 4¢ for all n > n, and N > N¢. By the Fatou-type esti-
mate in Kithn and Molitor (2022, Proposition 3.11), the cost term of the limiting strategy cannot
be higher in the sense that

P(Tp, =00, Yun <IN Cfl’f\;e (o) — Cfl’f\;(qo) > 3¢) <4¢ forall N > N°&. (70)

By Equation (69) and again by the dominated convergence theorem for stochastic integrals, we
find N’ > N°¢ such that d§(go+1]]7’71,N/]] «S— @ 1y vy ¢ 8,0) < 2. Adding up the increments,
we get that

P(T,, = 0, Yyun < YN, sup |Vf’S, (p) — Vfl’i;(qo)| >4e)<5¢ forallN>N'. (71)

te[TLN 71N']

By Equations (63) and (64), the analog estimate holds for the end of the excursion. Since
S=X, S =X on [r,o]], the strategy %" does not produce trading costs at time t"N, and
we have that (VS’S'(le ))nen is an up-Cauchy sequence. Since trading gains and trading costs
converge separately, condition (7) follows from Equation (6) by the arguments in the proof of
Proposition 2.10.

Now let (%N)yen € (bP) be a competing sequence with (™)t < o™, (V)™ < ¢, and PN —
@ pointwise. Since, by Step 5, g1, ¢~ are integrable with respect to the semimartingale price
systems, it follows again from the dominated convergence theorem for stochastic integrals that
ds(@PN)r o S —@N)" « S, 0T « S—p~ + ') > 0as N — oo and thus

ds(@V)" « S—@N)" « S, @)« S—@N)"+5) >0, N . (72)

On the other hand, again by Kiihn and Molitor (2022, Proposition 3.11), the cost term of the
competing sequence can be estimated from below by

111511 inf C5"(PN) > ¢SS Ny — s @N')  forevery N’ € N. (73)

71N/

By Equation (70), Cfl’fv,, N ’) — 0in probability as N’ — oco. Thus, putting Equations (72) and (73)
together yields (8), and we arrive at

P @M@y, ol € LX,X) fort=(z i){xri —op L EN. (74)
1
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We define the wealth process starting in zero at time (ri){XTi —o} a8
1

VE = up—lim VS @N) on I} =1tk =op TEDIN [T(E))x

N-ooo

ol ieN ()

F(ri

(it corresponds to 17¢ « V, but the global wealth process V in Definition 2.6 is not yet defined).

Step 7: By Equation (43), we have that for fixed i € N, (qo/"\

passing once again to forward convex combinations, it converges a.s. to some ¥, ,i\-measurable
1

o )>0})neN is L°-bounded. After
1 1

finite random variable '. By a diagonalization argument, one finds a joint sequence for alli € N
(cf. the paragraph at the end of the proof). With this, one can argue as in Step 4, but starting
directly at the beginning of the excursion. Step 3a is not needed, and the arguments in Steps 5 and
6 only become simpler. Consequently, we obtain a predictable process ¢ that satisfies

(p— z'bi)1]]T,F(T)]]\[[(F(T)){XF(T)7=0}]] € L()_(,)_() where 7 .= (A(O’;)){X i >0 ieN. (76)

A(Gll)

On |z, T(D)] \ [[(F(T)){Xr(r>_=0}]], the limiting wealth process V! is defined as in Equation (75).
Observe that the convergence of the strategies at the starting time of the excursion on {X, > 0} fol-
lows from an analysis of the frictionless intervals whereas at the end the behavior can be explained
by considering only the excursion itself.

Step 8: Let Iif = [[(ai){xal.f:o}]]u]]ai, A(cD] be a frictionless interval. It is (F;)epo.1)-

predictable and thus a fortiori F-predictable, and we have that
0V — + — i
RO ICOE WP SCORWEY

Haeiylx

A

(7n (A + . n — l :
>0}(AVA(Ji ) (goA(Ui )) AS At + (cpA(CIi )) ASA(Cri )),1 eN, (77)
where V7" is defined in Equation (38) and (V")" is its “cadlag part” in the sense of Lemma 3.11. By
Lemma3.13,(1,7 * (V")"),en is ds-Cauchy and (AVX( l. ))neN is Cauchy with regard to the conver-
i 91

gence in probability. Together with the convergence of (cp/”\ ( l.)l{XA( i)>0})neN established in Step 7,

9 6t
we conclude with Equation (77) that ((¢n)+11.f «S—(p") 71y e S")pen is ds-Cauchy (and since
S and S’ are cadlag (F,)te[O,T]—semimartingalesl, the sequence ils also dg-Cauchy). This means that
although at the end of the frictionless interval, the spread can be positive, we have established a
corresponding Cauchy sequence in a purely frictionless market. By Mémin’s theorem (see Mémin,

1980, Theorem V.4), there exists a predictable process ¢ such that ™1 € L(S), ¢~ 1 € L(S,

and

ds((§0")+1l_f «S—=(")7 1, - S',¢+1l.f *S—¢ 1y §'Y=0 n- oo (78)
In fact, it only follows the existence of a limiting strategy in L((S, S")), the set of two-dimensional
predictable processes which are integrable with respect to (S, S’). But, by (¢")*(¢")~™ = 0, the

proof (that argues with M? ® .A) shows the stronger assertion above. We can and do assume that

@ = lim ¢" on the set{lim ¢" exists in R} N Il.f eP. (79)
n—oo n—oo
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To see this, define ¢ :=1lim,_, . ¢" if this limit exists in R and @ := ¢ otherwise. Then,
using that {¢ # ¢} = Uren{le”| < k Vn € N} N {p # ¢} it follows that the process 1ig+op+; ¢ S —
lg-+p-} * S’ must be evanescent by Equation (78) and the dominated convergence theorem for
stochastic integrals.

Step 9: Putting together the partial constructions of the previous steps, we have a candidate for
a global limiting strategy. Summing up:

according to Equation (78) on {X_ = 0}
@ := < according to Equation (74) on J|(z} )ix., —op TEOIN [T )){Xm‘ )7:0}]], ieN (80)

according to Equation (76) on ]](A(Gi)){XAw;PO}’ TAGDT [TAE))x —oll, i eN.

LA )~

We note that by Equation (79), one has that ! = ¢ A(o.i)l{XA( >0} 3. foralli € Nin Equation (76).
1 T
Using the process V from Lemma 3.13 that is the semimartingale limit in the coarser F-model
and the processes from Equation (75), we define the (F;);c|o,rj-adapted process V' by

Vii=Vi+ V' fort e (@), IG))), X =0

- ! 2,0 i i .
A(ai)ASA(Gi N + V" fort € [A(0}), [(A(d))), X A >0

V, :=V, otherwise.

By Steps 6 and 7, we have that V satisfies (6), (7), and the corresponding “optimal” sequences
satisfy Equation (8). Let V" be the “cadlag part” of V' as defined in Lemma 3.11. Since 17¢ « V =

A+I71§ 1{Xr§ :0}1“Til 71 and 1 e V=1, fe* V" both on {X = 0}, and Zif “ is F-predictable, it follows

from the continuity of the integral with respect to V (see Lemma 3.11 and its proof) that V satisfies
Equation (5). We arrive at ¢ € L(X, X).
. : 3 n . .
Step 10: Finally, we observe that by Equation (68) and goA(gi) = Pa@l) &S on X Ay > 0},

Lemma 3.6 is applicable, and thus (II(¢), ¢) is M-admissible. This completes the proof.

To construct g, it was necessary to pass to forward convex combinations of the sequence (¢"),en
introduced in Equation (35) at several places in the proof. Let us look at the whole picture.

Once we pass to forward convex combinations in Lemma 3.13. Once again we do it for the
cost value processes. Then, we pass to these combinations for each excursion (Step 4) and each
end time of a frictionless interval (Step 7). For the latter two, one again applies a diagonalization
argument to obtain a joint sequence of forward convex combinations. O

We reformulate the implication (i) = (ii) of Delbaen and Schachermayer (1994, Theorem 4.2)
to make it directly applicable to our two-dimensional setting:

Theorem 3.15. Ifa cone C, C LO(Q, F, P; R?) is Fatou-closed (in the sense of Theorem 2.23), then
C :=CyNL®(Q,F,P;R?) is a(L>®, L')-closed with respect to the measure space Q := Q x {0,1},
F:=F®20U u:=P® (S, + 8,), where 8,, 8, denote Dirac measures.

Theorem 3.16 (2-dimensional version of Kreps-Yan). Let C be a o(L®, L')-closed convex cone
in L*(Q,F,P;R?) containing L*(Q, F,P;R?) and such that C N L¥(Q, F,P;R%) = {0}. Then,
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there exists (G°,G) € LY(Q, F, P; (R, \ {0})?) with E(G°) = 1 such that E(C°G° + CG) < 0 for all
(c,c) ec.

Of course, Theorem 3.16 is completely standard. One may again consider the measure space
Q:=0x{0,1},F :=F ®2%U, 4 := P ® (8, + 8,) and apply the one-dimensional proof of “=”
in Delbaen and Schachermayer (2006, Theorem 5.2.2) (noting that only G° is normalized).

Proof of Theorem 2.22. (i) By Theorems 2.23, 3.15, and 3.16, there exists (G°, G) € LY(Q, F, P; (R, \
{0})?) with E(qJOTG0 + @rG) <0 for all (¢°, p) € A. For the convenience of the reader, we repeat
and adjust the arguments in Schachermayer (2014, Definition 4.1 and Proposition 4.2). One defines
cadlag P-martingales by Z = E(G°|F,), Z, = E(G|F,), and sets dQ/dP :=Z). > as., S :=Z/Z°.
By construction, S is a (true) Q-martingale. Let us show that X < S < X. Assume by contradiction
that there exists a stopping time 7 with P( < c0) > 0and Z,/Z° > X on{r < oo}. We consider the
strategy (¢°, 9) 1= (—(X; A1), 1A (1/X )1 [l thatis bounded in both components and satisfies

E(@Z9 + orZr) = E(92, 22 + 14 Z:)jz<oo}) > 0,

a contradiction. Analogously, for Z,/Z% < X _» one considers the bounded strategy @, p) :=
X, AL-QAQ/X D11y

(ii) Let Q ~ P, S be a Q-martingale, and S = S =S.The martingale property implies that X =
X = S. Thus, Assumptions 2.3 and 2.18 are automatically satisfied. It remains to show that the
model with bid price S and ask price S satisfies NA™ and NUPBR®. The 1-admissibility condition
boils down to ¢° + ¢S > —(1 + S). By Kallsen (2004, Lemma 3.3 and Proposition 3.1), V =¢ « S
has to be a Q-supermartingale for any admissible strategy. This means that for every (¢°, ) € A
either P(gog +@rSr=0)=1or P((pg + ¢St < 0) > 0. Together with the condition P(Sy > 0) =
1, compare Equation (1), we obtain NA"Y.

For (¢, ¢) € A(l) anda € R,,wedefiner, :=inf{t > 0 : V;(¢) > a}.Since S is a Q-martingale
and V is a Q-supermartingale, one has

aQ(Ta < oo) < EQ(VTHAT(§0)+) < EQ(V‘raAT((p)_) <1+ EQ(STG/\T) =1+ SO'

Since the RHS does not depend on ¢, the market satisfies Equation (11). Since we have a frictionless
market satisfying NFLVR with numéraire 1 + S, we can apply (Delbaen and Schachermayer, 1994,
Proposition 3.2 and Lemma 4.5) and any “maximal” sequence of wealth processes is d,,,-Cauchy.
This implies condition (12), and we arrive at NUPBR?*. O
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APPENDIX A
Proposition A.1. There exists a cadlag process X with X = essinfr, SUp,ce 1) S, @S- forallt €
[0, T], where

essinfr sup S :=esssup{Z: Q- R: Zis F;-measurableand Z < sup S as.}. (Al)
uelt,T] uelt,T] "

Proof. Let D be a dense countable subset of [0,T] with T € D. Let Xt, t € D, be versions
of essinfr, SUP,epr 1S, (for existence and uniqueness up to null sets cf., e.g., He et al. (1992,
Definition 1.12 and Theorem 1.13)) and

A:={X, <X, + sup S —S  forallty,t, € Dwitht; <t,}.
uelt ] " 2

For every F; -measurable random variable Z with Z < SUD,ep, 1] §u, the random variable Z’ :=
Z+S 6, ~ SUPucl 1] §u is an F; -measurable lower bound of SUD,e(r,.7] §u. This implies that
P(A) = 1, and by the usual conditions, we can define the adapted process X (up to evanescence)
by

lim X (w) foroeAandt<T
X (CU) - qeD,g>t,q—t “>q .
=t S (@) otherwise.
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Namely, for w € A, the above limit exists by the right-continuity of S. The existence of finite
left limits carries over from S to X, and the process X is cadlag. It remains to show that for
everyt € [0,T), X , is a version of essinfr, SUp,ci S, =t X,. The estimate P(X, < X t) =1 fol-
lows from the same arguments which lead to P(A) = 1 combined with the right-continuity of
S. For the opposite estimate, we follow an argument from Larsson (Preprint, Lemma 2.8(iv)):
for a sequence (g,,)nen € D with g, > t and g,, — t, one has inf ¢y essinqun SUP,erir) S, = X,
a.s., since NpenFy, = F;. Together with )?qn < essinfrqn SUp,c; 1) S,» We arrive at P(X, = )_([) =

1. [l

Proposition A.2. Let X be a cadlag process. Then, there exists a unique (up to evanescence) pre-
dictable process Y with Y, = essinfr_ X a.s. for all predictable stopping times T (where essinfr_ ...
is defined analogously to (A.1) with the c-algebra F._).

Proof. The set {AX # 0} is thin, that is, there exists a sequence of stopping times with {AX # 0} =
UneN [T,.] (cf., e.g., He et al., 1992, Theorem 3.32). For each n € N, let (¢, ;5 );nen be @ maximal
sequence of predictable stopping times that access the accessible part of the graph of T,, (in the
sense of He et al., 1992, proof of Theorem 4.20). This means that [T, ]| \ U,y [, ] cannot be
overlapped by the graph of a predictable stopping time with positive probability. We pass to a
single sequence (0} )xen and obtain the same property for {AX # 0} \ U, [0k ]l We can and do
choose the sequence such that P(cy, = 0, < 00) = 0 for all k; # k,. Let us define the process

X_ on (Qx[0,T]) [ow
yi=d \ Ukenllox (A2)
essinf ng_Xc,-k on [o,] for some k € N
that is obviously predictable. Now, let 7 be a predictable stopping time. We have that
Y: = X1y, vieny Z essinfp%fng 1o,y as. (A.3)

keN

In Equation (A.3), X;_ can be replaced by X or essinfr_ X, since the sequence (o} )iep is maxi-
mal which implies that X does not jump on this set with positive probability. On {7 = o} € P, we
have that essinf T’ak_Xak = essinfr_ X; a.s. (we leave it to the reader to check this “local property”
of essinf). Together, we obtain that Y satisfies the properties of the proposition. Almost-sure-
uniqueness along predictable stopping times follows in the same way. Then, an application of
a section theorem for predictable sets (see, e.g., He et al., 1992, Theorem 4.8) shows uniqueness of
the predictable process up to evanescence. [

Proposition A.3. (a) Let ¢1,&,,63 > 0 and Y be a supermartingale starting at zero with —1 <
Y <& and P(Yr < —¢,) < €. Then, the Doob—Meyer decomposition Y = M — A (i.e., M is a mar-
tingale, and A is a nondecreasing, predictable process with M, = A, = 0) satisfies E(A%) <(g +
1)(e; + €3)and E(M%) < Ef +e + E% + 2e3 + 3¢1€, + 3¢, €3, that is, the second moments are of order
max(g;, &, £3).

(b) There exists a C € R, such that for all ¢ > 0 and all supermartingales Y starting at zero with
-1<Yand P(suple[o’ﬂ |Y,| > ¢€) < ¢ onehas ds(Y,0) < C\/E.
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Proof. Step 1: We show assertion (a) for the discrete time Doob(-Meyer) decomposition along a
finite deterministic grid, w.l.o.g. 0,1, ...,T — 1, T with T € N. For the first moment of Ay, we have
E(A7) = E(-=Y7) < €, + £3. Following the proof of Meyer (1972, Theorem I1.45), we use this for an
estimate of the second moment:

T T T
E(A2) <2E()) D (As— A 1)(A; — A1) = 2 ) B((Ag — A1 )(Ar — Ag_y))

s=1t=s s=1

T
=2 ) E((Ay — A 1)E(Ar — Ay | Fi_))
s=1
T
= E((As — Ay DE(Yr = Y1 | Fs_1))
s=1
T

< ZE((AS —Ag_1)(e + 1) = (e + DE(Ar) < (g1 + 1)(ez + &3),
s=1

where for the second equation, it is used that A, — A,_; is F,_;-measurable. This yields E(M %) <
E(Y;))+E(Ar + 1)) <3 + &5+ (51 + D)y + &3) + 2(e2 + £3)g; + €5

Step 2: The continuous time extension follows by an inspection of the proof of Beiglbock et al.
(2012, Theorem 1.1) in which the mesh of the grid in Step 1 tends to zero. The arguments are
easier than in the original proof since we know from the estimate in Step 1 that the sequence of
terminal values of the discrete time martingales is L?(P)-bounded. Thus, it is sufficient to apply
the Komlds theorem for Hilbert spaces, and one obtains L?-convergence to the terminal value
of the continuous time martingale part (cf. Beiglbock et al., 2012, Equation 6). This implies L?-
convergence of the terminal values of the drift parts, and the estimates from Step 1 also hold for
the continuous time Doob-Meyer decomposition. This yields (a).

Step 3: Let & :=inf{t >0 :Y, >¢}. Consider the (pre-)stopped process Y; := Y[I(KQ +
Ye_1(5¢). Since Y is a supermartingale and AY; > 0, Y has to be a supermartingale as well. The
process Y is bounded from above by € and we have that P(Y; < —¢) < P(supte[o’ﬂ Y| >¢) <e.
This allows us to apply part (a) with ¢ = ¢, = €3 = ¢ to Y, and we obtain for its Doob-Meyer
decomposition that E (M%) < 3¢ +8¢? and E(A%) < 2¢ + 2¢2. By the corollary to Protter (2004,

Theorem 24 of Chapter IV), we have sup,,» H <1 \/E(supte[0 7] |H « Y;|2) < 3\/E(M%) +

31/ E(A%), which implies that ds(Y, 0) < V/27¢ + 72¢2 + V/18¢ + 18¢2. Since the paths of ¥ and Y

coincide at least with probability 1 — ¢, we have that ds(Y, Y) < ¢, and (b) follows with the triangle
inequality of dg. O




	The fundamental theorem of asset pricing with and without transaction costs
	Abstract
	1 | INTRODUCTION
	2 | DEFINITIONS AND MAIN THEOREMS
	3 | PROOF OF THEOREMS 2.22 AND 2.23
	3.1 | Fictitious dormant market

	ACKNOWLEDGMENTS
	DATA AVAILABILITY STATEMENT

	ORCID
	REFERENCES
	APPENDIX A


