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Abstract

We prove a-posteriori error-estimates for reduced-order modeling of quasilinear par-
abolic PDEs with non-monotone nonlinearity. We consider the solution of a semi-
discrete in space equation as reference, and therefore incorporate reduced basis-,
empirical interpolation-, and time-discretization-errors in our consideration. Numer-
ical experiments illustrate our results.

Keywords Quasilinear parabolic partial differential equation - Reduced basis -
Proper Orthogonal Decomposition - A-posteriori error

Mathematics Subject Classification 35K59 - 65M15

1 Introduction

In the present paper we are concerned with a-posteriori error estimation for model
order reduction applied to a semi-discrete in space quasilinear parabolic partial dif-
ferential equation (PDE) with non-monotone nonlinearity. The PDE appears for
instance as state equation in the optimal control problems from [9, 35], and is used
in the modeling of heat conduction, when the thermal conductivity of the material
under consideration is temperature-dependent, cf. e.g. [48, 49, 58].

The numerical treatment of evolution equations and related problems is challeng-
ing. For instance, the discretization of associated optimal control problems leads to
large-scale optimization problems that are highly expensive to solve. This is espe-
cially true for nonlinear equations. Therefore, model order reduction-techniques
(MOR) play an important role in this context and other many-query scenarios, i.e.
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in situations where the same equation has to be solved repeatedly for different right
hand sides or parameters. The aim of MOR is to replace the high-dimensional origi-
nal model by a suitable model with less degrees of freedom, the so-called reduced-
order model. A prominent method of MOR for parabolic PDEs is the so-called
Proper Orthogonal Decomposition (POD) method, [64]. This approach uses so-
called snapshots of the dynamical system to construct a low-dimensional subspace
of e.g. a high-dimensional finite-element space. More generally speaking, projection
of a high-dimensional dynamical or parametric system onto smaller dimensional
spaces leads to so-called reduced basis methods (RB), see e.g. [31]. These subspaces
need to be in some sense capable of expressing the original trajectory of the system
sufficiently well. The question of estimating the model order reduction error arises
naturally and has been subject to intensive research. We refer e.g. to [52] and the
references therein for RB-methods in PDE-constrained optimization in general, and
to [53] or the survey [29] for POD in particular.

Since there is a huge amount of literature about POD/RB-MOR, not just for
uncontrolled equations but even in the context of PDE-constrained optimization, we
have to restrict ourselves to an incomplete literature overview. POD-error-estimates
have been obtained in the a-priori regime for linear parabolic equations in [39], and
for certain nonlinear equations e.g. in [12, 40, 59]. For recently obtained RB-a-pos-
teriori error-estimates for quasilinear equations with monotone nonlinearity related
to magneto(quasi)statics, both elliptic and parabolic, we refer to [33, 34]. For a gen-
eral nonlinear parabolic PDE including a-posteriori error estimation on the time-dis-
crete level we exemplarily cite [19], and refer to its introduction for an overview over
further literature. Moreover, let us mention some results related to optimal control:
A-posteriori POD-errors for linear-quadratic optimal control problems have been
derived in [63]. The technique has been extended to nonlinear problems in [38] and
problems with mixed control-state constraints in [28]. POD-a-posteriori error-esti-
mates for an optimal control problem with semilinear state equation with monotone
nonlinearity have been discussed in [53]. Appropriate coupling between numerical
optimization and MOR is an active area of research, see e.g. [26]. For approaches
based on a-posteriori error estimation and trust-region type-algorithms, respectively,
we refer to [7, 57], and in particular [52, 53]. A different method, so-called optimal-
ity system POD, has been proposed in [41]. A related aspect, the interplay between
POD and discretization, is under consideration in e.g. [21-23]. Balancing of dis-
cretization- and POD-errors for an optimal control problem is addressed in [27].
Finally, we exemplarily cite [2] and [37] for RB/POD-MOR applied to robust and
multiobjective optimization, respectively.

For quasilinear parabolic PDEs or related optimal control problems, even the
analysis of the full-order model is less complete. We mention [30, 50] for the analy-
sis of the equation itself based on the functional analytic tool of nonautonomous
maximal parabolic regularity [5], and refer to [9, 10] for first- and second-order
optimality conditions of related optimal control problems. For additional state con-
straints we refer to [36]. A quasilinear version of the so-called thermistor problem
has been addressed in [48, 49], and convergence of the SQP method applied to the
model problem from [9] has been proven in [35]. For earlier literature on quasilin-
ear parabolic optimal control problems, and optimal control of quasilinear elliptic
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PDEs with refer to the introductions of [9, 10]. Finite element discretization error-
estimates for the state equation from [10] are obtained in [11]. Having in mind a
possible coupling of numerical optimization and MOR a la [52, 53], we start in the
present paper with deriving a-posteriori reduced basis errors for the correspond-
ing state equation. Herein, the presence of a non-monotone nonlinearity is the main
difference to earlier publications concerned with RB-a-posteriori error-estimates
for nonlinear PDEs [33, 34, 53], and also poses the main difficulty in our analysis.
Moreover, compared to [19, 33, 52] also time-discretization errors are included in
our estimates which may prevent the choice of unnecessarily accurate reduced-mod-
els below the time-discretization-error in practice. Nevertheless, our reference solu-
tion is semi-discrete (in space), i.e. we fix a spatial discretization and do not address
errors arising from this.

The paper is organized as follows: We start by introducing the model problem
and the underlying assumptions in Sect. 2. Further, we provide a short overview over
the results obtained on this equation so far, and introduce its semi-discretization (in
space), and the reduced-order counterpart thereof. Moreover, we provide a sketchy
outlook how the results subsequently obtained might be applied in the context of
PDE-constrained optimization. In Sect. 3 we prove RB-a-posteriori error-estimates
for a reduced-order trajectory with certain time regularity. Depending on how much
regularity of the semi-discrete (in space) solution we are willing to exploit, we pre-
sent two different approaches to obtain a-posteriori error-estimates. In case that
hyperreduction of the nonlinearity is done by empirical interpolation (EIM) we pro-
vide estimates that also include the additional EIM-error in Sect. 4. Finally, we illus-
trate our results by numerical experiments in Sect. 5.

Notation Throughout the paper we follow the conventions of [9] and use standard
notation for (Bochner-)Lebesgue, (Bochner-)Sobolev-, and Holder-spaces. By sub-
script D we denote incorporation of certain homogeneous Dirichlet boundary condi-
tions. If the underlying spatial domain becomes clear from the context we will omit
it, i.e. we write H} instead of H} (Q) for instance.

2 Model problem, assumptions, and RB-MOR

In this section we first introduce the continuous model equation with non-monotone
nonlinearity, and recall some regularity results under appropriate assumptions. Sec-
ond, we state the semi-discrete (in space) version and its RB-reduction. Finally, we

briefly explain how the results obtained in this paper might be applied to an optimal
control problem associated to the model equation.

2.1 Model problem, assumptions, and regularity results

Let us start with defining the setting for the following quasilinear parabolic PDE:
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d,u + Ay = IxQ,
u+ Auwu=f onl X } Eq)

u(0) = u, on Q.

The nonlinear operator .7 is defined by

(A, W), 1= / EWuVeVydxdr, g,y € LA HY),
Q

whenever u: I X Q — R is measurable. Boundary conditions are incorporated in
the right hand side f and the respective function spaces. The precise assumptions
required for obtaining a well-posed problem are stated below.

Before going into the detailed assumptions, we would like to comment briefly on
the non-monotone structure of the nonlinearity in (Eq). The main difficulty as well
as the main novelty of this paper arise from this fact. Recall that a nonlinear operator
A X — X*on a Banach space X is called monotone if

(Mx) = MY), X = Y)xex 20 Vx,y € X,
and strongly monotone if there exists a constant ¢ > 0 such that
(Mx) = M) x = Y)xex = clix = ylIg Vx,y € X,

cf. e.g. [56, 65] for this notion and its application in the theory of nonlinear PDEs. It
has turned out that exploitation of strong monotonicity of the nonlinear terms is also
an important step in the derivation of RB-a-posteriori error-estimates for semilinear
parabolic [53], quasilinear elliptic [34], and quasilinear parabolic [33] PDEs, respec-
tively. Note that the quasilinear nonlinearities in [33, 34] refer to problems from
magneto(quasi)statics and depend on the gradient of the solution. The nonlinear
operator H é - HBl under consideration in the present paper, however, is given by
the map u — Au)u, and hence it depends on the solution u and not on its gradient
Vu. The counterexample [20, Example 8.18] shows that this essentially changes the
structure of the nonlinearity: It cannot be expected to be monotone, and therefore it
is essentially different to those considered in [33, 34, 53]. In fact, the main difficulty
in the derivation of RB-a-posteriori error-estimates will be to find a workaround for
the missing strong monotonicity of our nonlinearity.
For the rest of this paper, we rely on the following minimal assumptions:

Assumption 2.1

1. QcR? de{l,2,3},is abounded domain with boundary 0Q. T'y, C 0Q is rela-
tively open and denotes the Neumann boundary part, whereas I'jy = 0Q \ T’ is
the part of the boundary equipped with homogeneous Dirichlet conditions. By
subscript D we denote that a space of functions on  incorporates such homogene-
ous Dirichlet boundary conditions on I';,. We assume that U I'y is Groger regular
[25] such that all chart-maps in the definition of Groger regularity can be chosen
volume-preserving. For some 7" > 0 we define the time interval / = [0, T'].
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2. The function £: R — R is differentiable with bounded derivative, and
u: Q — R is measurable, uniformly bounded, and coercive in the following
sense:

()2 .

O0< pu, :=inf inf , u' i=sup sup |u; (%) < oo.
x€Q zeR\(0} 7Tz xeQ 1<ij<d W

We assume a coercivity condition 0 < &, < & < &° for £ as well. With this we
define as above

(AW@.Y) w2 = / / EwuVeVydxd, @,y € (I, W7,
I Q

whenever u is a measurable function on Q.
3. We assume that there is some p € (d,4) such that

—VouV+1: W - w'P
is a topological isomorphism. For s > 2 such thatf < %(1 - ;‘—j) we choose

FELWW),  uge Wy " W), 0.

It has been shown in [50, Theorem 5.3] that under these assumptions (Eq) is well-
posed: There exists a unique solution u with regularity

we W, woy n L, wyb).

In fact, this is even true for & being locally instead of globally Lipschitz-continuous.
In the present paper we focus on a semi-discrete formulation of (Eq) and its solu-
tion. For globally Lipschitz-continuous &, existence and sufficient regularity of such
a semi-discrete solution is automatically ensured due to space-discretization, even
without Groger regularity of the domain or the isomorphism property in Assump-
tion 2.1.3, see Proposition 2.2 and the introduction of Sect. 3.2 for details. There-
fore, we keep the summary of results concerning (Eq) on the continuous level rather
short: We refer for instance to [9, 36, 50] for a discussion of Assumption 2.1 and
only recall two regularity results from the literature that might be seen as motivation
for exploiting the respective regularity of the semi-discrete in space solution lateron:
Regularity in case of right hand sides in the slightly more regular Bessel potential-
spaces H~¢* and appropriate initial regularity has been addressed in [9, section 3.2].
In particular, C*(/, Wll;p )-regularity of the solution with some a > 0 and p € (d,4)
is obtained under fairly general regularity assumptions that admit certain constel-
lations of non-smooth domains and coefficients, mixed boundary conditions, and
distributional right-hand sides f. An equation similar to the one in the present paper
has been considered in [10, Theorem 2.3] for C'-smooth domains and coefficients,
homogeneous Dirichlet boundary conditions, integrable right-hand sides, and a pos-
sibly unbounded nonlinearity, including a semilinear term. The authors obtain W?
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760 F. Hoppe, I. Neitzel

-regularity results that enable the derivation of finite element error-estimates [11].
Applying their setting to (Eq) yields C**(I, W'*)-regularity of the solutions with
some a > 0, cf. also [36, Corollary 5.4].

2.2 Semi-discretization in space and RB-MOR

We now introduce the semi-discrete (in space) counterpart of (Eq). Its solution will
serve as the so-called truth-solution, i.e. the reference solution to which the a-pos-
teriori error-estimates will refer to. In particular, this means that we do not address
spatial discretization errors in this paper. Moreover, we also introduce the RB-
reduced counterpart of the semi-discrete (in space) equation.

Let V,, be an H,-conforming finite element space on Q and I, : H) — V, be an
appropriate interpolation operator. We may introduce the semi-discrete (in space)
counterpart of (Eq) as follows: Find u, € W'(1, V;") n L*(I, V,,) such that

(0,uy, (1), (Ph>HE‘,HL‘) + (@l uy, (), (1), ¢h>H5]sz]> = (f(0), ¢h>HL_)l’Hll)
viel g, €V, (Eqp)

Due to finite-dimensionality of V,,, (Eq,,) results in a system of ordinary differential
equations (ODEs) for the coefficients of u,, w.r.t. some basis of V,,. This allows to dis-
cuss existence of solutions to (Eq,), even without using all parts of Assumption 2.1.

Proposition 2.2 Assume that V), is a subspace of C(ﬁ). For any right-hand side
f e L, Hl_)l) and initial value Iu, € V, there exists a unique solution u, . 1 -V,
of (Eq,,) such that

”uh”LW(l,Lz)an(l,Hl‘)) + ||”h||W1~2(1,v;)nL2(1,vh) < C<|V||L2(1,H51) + ||Ih”0||L2)’
with a constant C > 0 independent of V,,, f and I,u,.

For the rest of the paper we will refer to u,, as the semi-discrete (in space) solution
to (Eq), or, shorter, the truth-solution. By u we will denote the continuous in space
and time solution to (Eq), short: the true solution. To our best knowledge, a finite
element error analysis for , in the setting of Assumption 2.1 without additional sup-
positions has not been carried out in the existing literature. We refer to the references
in [11] or to the introduction of [16] for an overview of results under additional
assumptions. Let us only mention two results: A L®(I,L?) N L*(I, H')-quasi-
bestapproximation result has been derived in [17] with a technique slightly related to
the one applied in Sect. 3.2. In [16] for instance pointwise error-estimates have been
obtained.

Proof Let (¢,);—;.. n,» N; =dimV,, be a basis for V;. Writing u, (1) = Zle x;(D@;,
the coefficient vector x(f) € RM: fulfills
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Mo x(¢) + Ax(2)x(t) = £(¢), x(0) = x,, (1)
with
M := (0 9)12),
Nh
A@) := / :(Z z,,(pn)w(p,-v(p,-dx :
Q n=1 i
(0 = (¢ @)ymy)

and x,, being the coefficient vector of I,u,. Using continuity of the basis functions,
as well as global Lipschitz-continuity and boundedness of &, one easily verifies that
(1) satisfies the assumptions of [61, Lemma 5.7]. Therefore, existence and unique-
ness of a solution x € Wh2(I,RM) to (1) follows, which implies existence and
uniqueness of a solution u, € W'2(1, V,) to (Eq,). The estimate follows by standard
techniques: Testing (Eq,,) with ¢, = u, and integrating by parts yields the first sum-
mand of the estimate. The second summand is obtained by testing with an arbitray
@, € L*(1,V,). O

Note that the embedding V, < C(Q) is crucial in the previous argument: It
ensures Lipschitz continuity of A(-) and therefore existence of a solution to (1) via
a generalized Picard-Lindelof principle. If V), is a classical Lagrange finite element
space on a polygonal (polyhedral) domain Q equipped with a triangular (tetrahe-
dral) mesh, this assumption is obviously fulfilled. However, we would like to point
out that except for the assumptions from Proposition 2.2 we do not rely on further
details of spatial discretization.

Performing expensive computations in the high-dimensional space V), can be
avoided by application of the reduced basis approach: We replace the finite element
space V), by a much smaller n-dimensional subspace V' C V), that is related to the
physical properties of the system and might be determined by the well-known POD
approach [39, 64], for instance. Although our arguments do not rely on the particu-
lar choice of V) and therefore also cover general RB-methods, we clearly have in
mind V;"’s obtained by POD and also restrict our numerical experiments in Sect. 5
to this case. Having at hand a reduced ansatz-space V}' C V), and a suitable projec-
tion P, : V, — VI usually the L?- or H'-orthogonal projection, we introduce the
reduced-order counterpart of (Eq,) as follows: Find u; € w2, VHn L2, Vi)
such that

(0,u; (D), (PZ>HL‘)‘,H[1) + (A, (D)u (1), (PZ>H51,HL1, ={f®, (PZ>HL-,1,H})
Viel gl €V, (Eq)-RB,)
up(0) = P, lu,.

A reader familiar with ROM-techniques may already have noticed that the nonlinear
term in (1) does not allow for efficient evaluation within the reduced-order model.
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762 F. Hoppe, I. Neitzel

We can overcome this issue by so-called hyperreduction techniques, e.g. the empiri-
cal interpolation method (EIM), which will be addressed in Sect. 4.

2.3 Outlook towards optimal control

In [9, Example 2.5] and [35] the following optimal control problem governed by
(Eq) has been addressed:

2 2

. 1 y
nul,lqn J(M, Q) .= 5”“ - ud“LZ(IXQ) + z”q”L2(I,R")

s.t. qeQ,y = {qELZ(I,Rk): q,<q<gq,ae.on I},
k
and (Eq) with right-hand side f = Z q;b;.
i=1

> (OCP)

Hereby, u, € L*(I X Q) denotes the desired state, y > 0 is a Tikhonov-parame-
ter, b; EHBC”’ - Hll), i=1,...,k, are some fixed spatial control functions, and
4, q, € L®(I, R¥) define box-constraints for the control. The special structure of the
right hand side f is commonly referred to as purely time-dependent control in the
literature [44]. Fixing a space-discretization for (Eq) as described earlier in this sec-
tion results in a semi-discrete (in space) counterpart (OCP,) of (OCP), which we
may consider again as reference object. Proposition 2.2 shows that this problem is
well-defined.

At this point, let us make some short remarks about discretization of optimal
control problems: Besides the discretization of the state variable and the state equa-
tion one also has to decide how to treat the control variable. There are several well-
established concepts addressing the latter issue, e.g. variational discretization [14,
32], piecewise linear [54, 55], and piecewise constant [6] control discretization. For
respective a-priori finite element discretization error-estimates we refer e.g. to [46,
47] for linear-quadratic parabolic optimal control, or to [51] for a semilinear para-
bolic state equation, also including discussion of the purely time-dependent control
setting. Due to the purely time-dependent control structure of (OCP), the semi-dis-
crete (in space) problem (OCP,) may be regarded as variational discretization of
(OCP) when only space is discretized. We mention e.g. [53] for the same semi-dis-
crete (in space) approach to a-posteriori POD-errors for an optimal control problem
governed by a semilinear parabolic PDE, or [15] for semi-discrete (in space) finite
element error-estimates for optimal control of the instationary Navier-Stokes equa-
tion. There are different possibilities to choose an appropriate time-discretization.
Our estimates in particular apply to CG1 time-discretization, but an extension to e.g.
DGO (implicit Euler) discretization can be easily stated, see Remark 4.4.

In numerical algorithms for the solution of (OCP,), we may have to evalu-
ate the semi-discrete reduced functional j(gq) := J(u,(q),q) where u,(q) denotes
the solution of (Eq,) associated with several control functions q. Since repeated
evaluation of j, is costly, RB-MOR can be applied to (Eq,). Therefore, and due
to additional time-discretization, we only have the possibility to compute an
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n,m n,m

approximate solution u,™ = u, (q) instead of u,(g). A short computation shows
that the resulting error in the reduced functional can be estimated as follows:

1
[J@,™, @) = Ty, @)| < E”uzm =yl 2z + 1™ = ugll 2o | 1™ = wyll 2 2)-

Consequently, we immediately obtain an a-posteriori error for the reduced func-
tional of (OCP,) if we have an L*(I, L?)-estimate for solutions of (Eq,,) at hand. This
may be regarded as motivation for the results in the present paper. Note that the
above estimate for the functional error differs from the estimates obtained in [52,
Theorems 4 and 9] because we do not utilize adjoint information. Deriving a-poste-
riori reduced modeling errors for the adjoint equation of (OCP,), and consequently
for the gradient of the reduced functional, is beyond the scope of the present paper.
We refer to [52, 53] for such estimates in case of different model problems.

3 A-posteriori RB-error-estimates

In this section we state and prove our first main results: A-posteriori error-esti-
mates for (Eq,) including both reduced-order and time-discretization errors. For
the reason of clarity we exclude hyperreduction for the nonlinearity at this point,
and address this issue in the following section.

We roughly follow the ansatz of [53], where a semilinear equation with monotone
nonlinearity has been discussed. To overcome the difficulties arising from the fact
that our nonlinearity is not monotone we present two different approaches: The first
approach, see Sect. 3.2, relies on exploiting L* (I, W!®)-regularity of the truth-solu-
tion 1, and allows to obtain explicit estimates of “classical” structure in terms of the
error in the initial condition and the V;-residual of the discrete solution under con-
sideration. As a semi-discrete in space solution, u;, obviously exhibits the required
regularity for any fixed (spatial) discretization level. However, since the error-esti-
mates will depend on the value of the L®(I, W*)-norm of uy, it is desirable to have
uniform bounds for this norm for all sufficiently fine spatial discretization levels.
We believe that we can only expect such a uniform bound if the continuous in space
and time solution of (Eq) exhibits L* (I, W1’°°)—regularity, which is guaranteed in the
setting of [10]. However, in the less regular setting of [9] we cannot expect such a
result. Therefore, the second approach, see Sect. 3.3, is motivated by the intention to
exploit less regularity of the truth-solution, more precisely: L*(I, W!?)-regularity
for some p > d. For continuous in space and time solutions of (Eq) this regularity is
guaranteed in the setting of [9]. The price to pay for exploiting less regularity of u,
is that we do not obtain an explicit formula for the error-estimate; instead the evalua-
tion of the estimate requires the solution of an ODE. Moreover, for technical reasons
we require additional assumptions on time regularity of the residual and the size of
the initial error. We start by fixing the following notation and assumptions:
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764 F. Hoppe, I. Neitzel

Assumption 3.1

1. Assume that V, C H) nC(Q)NW"(Q) is an N,-dimensional conform-
ing finite element space, and V}' a n-dimensional subspace of V. By
w, € W'2(1, Vi) n LI, V) we denote the truth-solution, i.e. the unique solution
to (Eqy).

2. Moreover, let u} € W', (V})*) N L*(1, V}!) be arbitrary. By €/ := u} —u;, we
denote the error with respect to the truth-solution.

3. We denote the global Lipschitz-constant of & by [€/| ..

We have in mind the following situation: u} is the solution of a time-discrete
counterpart of (Eq,-RB,), and we want to estimate how good u} approximates the
truth-solution u,,. Note that in order to ensure that u; meets the regularity require-
ments of Assumption 3.1 we have to choose a time-discretization for (Eq,-RB,,) that
results in sufficiently regular solutions, e.g. the Crank-Nicolson scheme in its CG1-
DGO Petrov-Galerkin form. Time-discrete solutions of (Eq,-RB,) obtained by Dis-
continuous Galerkin time-discretization, e.g. backward Euler, do not fulfill Assump-
tion 3.1. Since discontinuous time-discretization might be of particular interest in
the context of PDE-constrained optimization we outline an approach to overcome
this restriction in Remark 4.4.

3.1 Some preliminary calculations

In this subsection we follow the residual-based ansatz of [53] as far as possible with-
out modification, i.e. up to the point where strong monotonicity of the nonlinearity
would be required. From that point on we develop two different approaches that will
be discussed in the following subsections.

First, we introduce the residual of ”Z by

() 1= ouy(t) + Au,(O))u, (1) — f(1) € (V)" & H!'. tel )

To keep notation short we will omit the argument “¢” in the following. A short com-
putation utilizing (Eq,,) shows that

(Ths (ph>H51,H‘D = (d,€},, (ph>H5',H‘D + (Aupuy, — Ay )u,, (ph>H51,Hl‘) 3)

holds for all ¢, € V,. We consider V), as a vector space canonically equipped with

1 . o, . . . .
the H,-norm. Therefore, its dual V; is canonically equipped with the following
norm:

) <fh’ll/h>H;)‘,H,‘) ¢, (wy)
yr 1= SUp — e —— =

12,1 = ~
ozvev, Wil ozw,ev; W lla

“

Note that this norm is not equal to the Hl;‘—norm, because we only test with elements
v, from V, in (4). For later use we state the following observation:
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Lemma 3.2 Let Assumption 3.1 hold. Then the function I - R, t — ||rZ(t)||2* is
h
well-defined a.e. and L*-integrable.

Proof This follows from the definition of 7 and the regularity assumed for u;. O

Plugging in ¢, = ¢}(z) for every fixed 7 in (3), and using the classical integration by
parts formula from [56, Remark 7.5] we obtain

d 1 n n\. n n 1
d_tilleh”iz + (A )y, — Ay, €)1 g = s €)1 ) - (5)

Note that the second summand on the left-hand side of (5) causes problems in our
case: If the nonlinearity u — @/u)u was strongly monotone, we could proceed as
done in [53] for a semilinear term and estimate as follows:

2
(ng(u;:)uz — Au,)uy, eZ)H,;‘,H}, 2 CleZ'HL‘,'

However, as pointed out in Sect. 2.1 such an estimate cannot be expected to hold
true. We cannot even bound the term under consideration from below by zero.
Therefore, we have to proceed in a different way and split the problematic term into
a coercive part and a remainder as follows:

(Auuy, — Aw,)uy,, wy — Mh>H51,H[l)

= / (Eu)uVu, — EQu)uVu,)V (u, — w,)dx
Q
= [ cupmvepveass [ ) - v ver
Q Q
> Lulel, + / (&) ~ )V, Ve
Q

Plugging this into (5) yields

a1, .,
d_tzllel;‘”Lz +Emleylm

6
<y €p)ut ) — /(5('42) — &(uy))uVu, Veydx, ©®
o

i.e. except for the remainder term that we have shifted to the right-hand-side we have
preserved a similar structure as in [53]. Formula (6) will serve as the common basis
for our two different approaches in the following subsections. The main challenge in
both cases is to estimate the second summand on the right-hand side in (6) in such a
way that Gronwall’s Lemma or a similar comparison principle can be applied to the
resulting inequality.
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3.2 A-posteriori estimates—Approach |

The approach of this subsection is closer to [53] than the second one, and relies
on L®(I, W*)-regularity of the truth-solution. An analogous regularity assump-
tion on the true solution # and a similar estimate of the nonlinear term as below
have been used in [17] in the context of finite element errors.

Theorem 3.3 Let Assumptions 2.1 and 3.1 hold, and let c,;, > 0 be such that

luy(Dlyro <€y VEEL
Moreover, let €, > 0 be chosen such that
n+ glé/'oo/’l.cLip = é-/’l.

and define p .= 2<i|§’|wu'cup +§,u,>. Then, the following a-posteriori error-
estimates for uy hold:
1
IO < G0 - Ol +17 [ SRS @
0

”eZHiZ(LLZ) S ﬁ_l (eﬂT - 1) ”MZ(O) - uh(o)”%;

T

8)

+n'p! / T — DI, dr.

h
0
R aqy ) < & TP N(0) = O,
T

-1, -1,-1 A(T—1) 2 (9)

+E o Hn e @1y dr.

0

Proof We proceed with the argument from the previous subsection. Starting with the
estimate (6) we bound the remaining term of the nonlinearity in the following way:

/ (€ — eV Verds| < & owepllelolels.  (10)
Q

Using W'*-regularity for u, we can estimate one of the e,-factors in the L*-norm,
which would not be possible assuming only W!P-regularity for u;, with some finite p.
With the help of Young’s inequality we arrive at
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n 2 ny2 non
SN, + Em eIl < En el + o €D

. 1 2 Epong2
18wt (5 NI + 511, )

dt2

with some £ > 0. Another application of Young’s inequality yields

1
2 . 2 2
SN + &I, < (S0 lmes + & IGIE + -1,

’1 13 !/ . n|2
+ (3451 Lmews Iy,

with # > 0. Now, choose 7, € as in the statement of the theorem and obtain

dl 1 2 Lo ”2

IIehII + 55-“-”62”115 b5l + 5 IIFh (1)

where we will use from now on the abbreviation f = 2(21—6|<§’ |m,u'cLip + 5_;4,) to

enhance readability. With the help of Gronwall’s Lemma [18, Corollary 2] we obtain
an a-posteriori estimate for the L* (I, L?)-error from this:

2 2 -1 2 —s
lef N7, < 1P L — Lugll2e” + 1 /IIFZ(S)IIVI*E’]" Vds.

The second summand thereof is integrated using integration by parts, i.e.

T t T
[l erinomasta=p [@m0 Dol
0 0 0

and together with the first summand we obtain the L>(I, L?)-estimate (8). As in [53]
the L>(I, H')-estimate (9) is obtained from (11) by integrating with respect to time
over [ and using (8). O

It is possible to exploit less regularity of u, as we will outline in the following.
The price to pay is that the constants in the modified estimates cannot be com-
puted explicitely, in general. In fact, if d = 2 and u, € L®(I, W'*), estimate (10)
can be replaced by

/(é(uZ)—é(uh))MWhWde <1 ot eyl o luty s e L -

In order to apply Gronwall’s Lemma as before, one has to observe
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1 22 € 02
lleg s lunlwasler L < S-llegllzalunlyns + Sl Ly
C2
LGN,2 2 n n €, n2
< e |uh|W1,4”eh“L2|eh|H‘ + Elethn

where Young’s inequality with parameter e > 0 has been used in the first, and the
2D-Ladyzhenskaya-Gagliardo-Nirenberg interpolation inequality

1 1
2 2 1.4
lolls < CuavalloliLlllel,.. o€ W',

in the second step. Finally, a second application of Young’s inequality, again with
parameter €, allows to obtain

C4
LGN,2 4 2 2
lleglloelnlwisleylin < —o=5= Iyl lleg iz + €ley Ty
In dimension d = 3 one has to apply
P 14
”(p”L4 S CLGN,3||(p”£2|(p|CV1,4’ (4 ew 5

and Young’s inequality with exponents 4 and % to arrive at

8
CLGN 3

64€8

4
8 2 € 3e3 2
lulyalleyll, + 5+ = )leplin-

”eZ“L4|“h|W1v4|eZ|H‘ < ) 4

In both cases one can proceed similarly as in the proof before in order to prove esti-

mates for e} of structure analogous to those in Theorem 3.3. The main difference is

that the constants C; sy, Cr gy 3 > 0, whose exact values are unknown in general,
enter the estimates. For upper bounds of these constants we refer e.g. to [1, Theo-
rem 7.3] and the references therein.

3.3 A-posteriori estimates—Approach Il
We derive a-posteriori error-estimates that rely on L*(J, Wll)’p )-regularity for the
truth-solution u;, with some p > d, only. For technical reasons we will have to
impose an additional assumption on time-regularity of the residual and the size of
the initial error. We start with the following auxiliary result:
Lemma 3.4 Let Assumptions 2.1 and 3.1 hold, and let €,n > 0 satisfy
-2 2

En = n+e- w2 E Le,

The error-function t — ||eZ(t)||22 satisfies the differential inequality

@'(1) < ap() + Po) + 1 (2), tel, (12)
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2 2
with the constants o =2Eu, f= 6‘1;4‘(25')1_5 1¢'|oc,»  the  function
y=y@®)=n" ||rZ(t)||2*, and the exponentr = = =1 — l% € (0,1).
h

ESEES)

As already for the discussion of the equation on the continuous level, cf. [9, 50],
boundedness of £ is essential in our argument below.

Proof We pick up the argument from Sect. 3.1. We start by estimating the second
summand on the right-hand side of (6) as follows:

/(é(uﬁ) — &@uy))uVu, Veydx| < pol6Gu) — @)l oy Lo 1€
Q

with p~!' +¢7 1 + % =1, ie g= z%' Note that we define the W'”-semi-norm as

p/2
P p C dp ?
ol = [ IVolidx= [ { 3 (==) ) d
i=1 \ O
Q Q

Next, we apply the well-known Riesz-Thorin interpolation-inequality

follows:

1-2 2
Wil < WA f €LY, q € (2,00),
to  f=&w) — &), use |fll;« <25 and the  Lipschitz-estimate
16Gu,) — E@)l2 < 1€ llell 2, and arrive at

2

/ () — Eu) Vi Veldr| < u e E N Llu by el e . (13)
Q

Note that this is the point where uniform boundedness of the nonlinearity & enters.
As before, we will estimate the product of the last two factors by Young’s inequal-
ity and move the H'-semi-norm term to the left-hand side of (6) in order to obtain
an ODE for the L?-error. This is why we are not able to convert the ||e’;l||i£q-term to
an ||e; ||i2-term by application of Young’s inequality, because we need to generate an
|e;’l|zl—term from the second factor, such that this term can be canceled by the left-
hand side of (6).

Plugging (13) into (6) and using Young’s inequality twice we obtain:
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4l

2 n 2 1
72 epllz + Eopllegll <—||€Z||HIIJ + Ell’ﬂlz; +eumllel,

2
. w1=2 3
+u28) & S luylwrn
€ ony2 1 n 3
: Elleh”Hl + %”eh”Lz .

Here, €, 7 > 0 are the parameters appearing in Young’s inequality. Choosing them as
in the statement of the lemma yields

d 7 '
Ellehlliz +E el
(14)

1-2

2
_ 1 . . P 4
< IR, + 28l + & w8 I e, e,

from which the claim follows. O

Let us briefly comment on the rather challenging structure of (12): First, note
that r € (0, 1), i.e. the right-hand side in (12) only depends Lipschitz-continuously
on @(1), if @(¢) stays uniformly away from zero, which can be ensured for (0) > 0
only. Moreover, the Lipschitz-constant on sets bounded uniformly away from zero
increases, if r gets smaller. The latter, however, is the case if p > d gets smaller, i.e.
if we exploit less regularity of the truth-solution. In other words: The smaller the
initial error, and the less regularity of the truth-solution we use, the more ill-posed
(12) becomes.

Theorem 3.5 Let Assumptions 2.1 and 3.1 hold, and let p > d and c, > 0 such that

[, (D) |y < , Viel.

Moreover, we assume that the initial error does not vanish, i.e. ||e;(0)||2 > 0, and
that t — ||rZ(t)||2* is piecewise continuous on 1. Let €, > O be chosen such that
h

IR Z,
Suo=n+e-u28) 1|¢ %,

holds. Given the constants a = 2&,u,, f = 6_1[4'(25')1_% |§'|icp, andr=1-— 5, let
@ . I - [0,00) be the solution to

¢'() = agp®) + po) + 1 IR OI5.. 1€,

@(0) = [[;(0) — w, (O)]]7,.
Then the following a-posteriori error-estimates hold true:

T

IO <00, Viel Il < / o(s)ds, (15)
0
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1 -
”6‘ ||L2(1H ) —_ 5 ” (”uz(o) - uh(o)” + 7] ! ||rn||L2(1 V*

T T (16)

a/(p(s)ds+ﬂ/(p(s)2/‘1ds .
0

0

Proof In order to apply [18, Theorem 44] to Lemma 3.4 we have to verify that
ft,2) =az+ p7" + n‘IIIrZ(I)llz* satisfies the required assumption, i.e. that given
h

@, > 0 there is € > 0 such that the initial value problem
PO =fto®),  @0) =g+,

has a solution on the time interval 7 as long as 6 € [0, €]. Existence of a local solu-

tion on some time interval [0, T, ) with T, ,, € (0, T]is clear due to Peano’s exist-

ence-theorem, since ¢ — ||r;l‘(t)||2* is piecewise continuous on / and u — au + fu”
h

even admits a continuous extension R — R, u — au + fsign(u)|u|”. Further, due to
a>0,6>0,and ||r”(t)||2 > 0 it is clear that ¢ is monotone increasing for ¢, > 0.

The theory of ODEs shows that either T
t—>T,

max-*

ax =1 or T, <T and ¢(f) > oo as

We argue by contradiction that 7,,,, < T is impossible and therefore
assume that 7., < T. Then, because of @(f) - o0 as t = T, there is ¢, € (0,7)
such that g(r) > 1for ¢ > ¢,. For t > t, it holds due to r € (0, 1) that

¢'(1) = ap(®) + o) + 1~ IOl < (@ + @+~ IOl

By Gronwall’s Lemma [18, Corollary 2] we conclude that ¢(f) stays bounded on 1,
which contradicts the assumption 7,,,, < T. Therefore, all solutions ¢ have to exist
on the whole time interval I. Thus, we have shown the estimate for the L®(I, L?)-
error, from which we immediately obtain the L*(I, L?)-error by integration. Follow-

ing again [53] we integrate (12) to obtain (16). O

Note that the additional assumption on the residual is fulfilled, if e.g. u} is piece-
wise C! w.r.t. time on I. An explicit comparison principle for (12) as in [18, Corol-
lary 2] would allow to obtain also explicit formulas in the estimates of Theorem 3.5.
Unfortunately, we only found such results in the literature for the special cases y = 0
or @ = 0 [18, Theorems 21 and 23], that are not of interest in the present context.

4 A-posteriori RB- and EIM-error-estimates

It is a well-known issue in RB-methods that the evaluation of nonlinear terms such
as &(u) requires access to the full number of degrees of freedom. Since the reasoning
behind MOR is to avoid such computations within the full model, alternatives have
to be found. In order to allow for an efficient offline-online splitting, the evaluation
of nonlinearities in the reduced-order model for (Eq) needs to be done by meth-
ods of hyperreduction, e.g. the Empirical Interpolation Method (EIM, [8]). In this
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section we describe a very basic version of the latter technique applied to our model
problem, and show how the additional errors can be incorporated in the a-posteriori
error-estimates of Theorems 3.3 and 3.5 using the same technique as in [33, 34].

4.1 Empirical interpolation of </

First, we introduce EIM as far as required for our purpose and as concise as possible.
For details see e.g. [8, 64]. In order to present the main idea as clearly as possible,
we stick to the continuous setting and omit space-discretization; the generalization
to finite element spaces with a nodal basis is straightforward. Given so-called snap-

shots yy,...,yy € C(Q), and a tolerance tolgy, > 0, determine via a Greedy pro-
cedure some functions &, ...,5,, € C(f2), and interpolation points x|, ...,x,, € Q
such that
m
£ (x) = Zcﬂkak(x_i), £=1,...,N, j=1,....m.
k=1

implies ||£(v,) — X, s 4Bl < tolgpy. For some w € C(Q) we define the EIM-
approximation of &(w) as

m

&w) = Z By

k=1
where ¢ € R™ solves the m X m-system &(w(x;)) = ka=1 B (x)), j=1,...,m. With
this we may introduce a RB-EIM-reduced counterpart of (Eq) as

A O i U ) A DR P R GNP
Viel, ¢y €V, (Eq;-RB,-EIM,,)

u,"(0) = P,1uy,

where MZIM denotes the EIM-reduced version of the nonlinear differential operator
defined by

<JZ?]§1IM(M)¢’W>H5',H$ 3=/§51M(M)MVMV(/de, (p,u/eH}).
Q

Note that there is an efficient online evaluation of WEmIM, because the stiffness-matri-
ces associated to the operators —V - E, 4V can be precomputed in the offline-phase.
Therefore, we only have to deal with m and n degrees of freedom, respectively, when
dealing with ;zfiIM. In the following we will denote the EIM-error by

ARM@) 1= 11EW) = &Ml -
Results addressing a-priori convergence of EIM can be found e.g. in [8, 24, 45]. For

sophisticated algorithmic coupling of model order reduction and hyperreduction we
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refer to [19, 60] for instance. Other kinds of hyperreduction include e.g. discrete
empirical interpolation (DEIM, [13]), or dynamic mode decomposition (DMD, [3]).

4.2 A-posteriori RB-error-estimates including the EIM-error

In this section we extend the results from Sect. 3 by incorporating also EIM-errors:
It is clear that .@/uy)u;, and therefore r;, cannot be computed efficiently during
the online-phase due to the fact that the assembly of the stiffness-matrix for o/(u})
requires us to use the full number of degrees of freedom. Hence, the estimates of
Theorems 3.3 and 3.5 cannot be evaluated efficiently in the online-phase. Conse-
quently, evaluation of 7 has to be avoided. Instead, given an arbitrary ;™ fulfilling

nm

Assumption 3.1, we introduce the EIM-reduced residual r of uzm as

P 1= 0l () + MW (O (1) — f() € V> HL tel. (17)
It is obvious, that rZ”” allows an efficient online evaluation. It remains to show how
the error u,”™ — u,, to the truth-solution can be estimated in terms of 7, instead of
r;. Since all changes in the arguments already known from Sect. 3 are straightfor-
ward utilizing the estimates (18) and (19) below, we omit the details and only state
the results. As before, we will we omit the argument “#” in the following. A short

computation as in Sect. 3.1 shows that the RB-EIM-error ¢, := u;"" — u, fulfills

nm _ n,m n,m~ . nm
(r, ’(P11>H,;1,H,g = (e, ’(ph>Hl;‘,H}) + (A, "™ = Awy)uy, (ph>Hl;1,H[1)

M, nmy, n, Ny
+ (o (" yuy™ — e, )™, (ph)Hgl’H}).

As before it follows:

a1
dt2

n,nm2 nm _nm
eh H! S<rh ’eh >H51,H]D

. 2
€12, + &,

- / (W™ = E(uy))puVu, Vel dx
Q (18)

EIM /. n.m n,m n,m n,m
—/(f (™) = &™) uVu, " Ve, dx.
Q

The second summand on the right-hand side can be estimated as in Sects. 3.2 and
3.3. The third summand is estimated as follows:

EIM ) . ¥ »
SASMGE " ™ | ey ™ Nl

[ - s v e e
Q

1 n.m . n.m 1 n.m . n.m
<SS ARy + SEATM G e 1
(19)
where 6 > 0 is the parameter in Young’s inequality. With this, we are ready to state
the modified versions of the two main results from Sect. 3, beginning with the modi-

fied version of Theorem 3.3:
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Theorem 4.1 Let Assumptions 2.1 and 3.1 hold, and let cy;, > O such that

|uh(t)|Wl.oc S cLip Vt (S I
Given uZ’m, choose €,n,6 > 0 such that
n + gIgllcx:uu.CLip + 6AE,IMM. = goﬂo’

is satisfied with the EIM-error A®™ := sup,.; AE™ " (r)). Moreover, we intro-
duce the constant f .= 2(i|§’ |oo/4'cLip +&.u. ). Then the following a-posteriori
error-estimates for u,™" hold true:

e D12, < " (0) — u O],

1

v [ @ (ol

0

(20)

6T AR (), )ds,

IIeZ””IIiz(,,Lz) <A = 1) 11uy™(0) = w, ()12,

T
+p! / @70 = D WO, + 57 AP " W1, )
0
@
e 12 < & 17PN 0) =, O,

T

Z1o—1 [, —1),n 2 —1 AEIM , »
+& /e”(T ”(n 1" @I, + 67 ANy
0

. 2
W01, )dz.

(22)

We also fix the following simplified estimates, that are less sharp but exhibit a

favorable structure: They are weighted sums of the initial L-error, the L2-V;:-n0rm of

the residual, and the EIM-error. This allows to determine the optimal choice of the
parameters &, 7, 6 for these simpler estimates.

Corollary 4.2 Under the assumptions of the previous theorem it holds:
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ey @17, < e’'llu)™(©0) = u, (O)I7, + €’ / [AROI[E

«
Vi

+6 eﬁtAElM /Iunm(S)IZ dS

”eZ,m”LZ(I LZ) — ﬂ ( )”qum(O) - uh(o)”zz
57T =D (1 1 gy + 7 AR
e} 2., < €& W2 0 0) =, OV,

+€ﬁrf._lll._l< —1”rnm”Lz(l v +5—]AZIMH.

. un,m 2
KA g my )

n,m|2
u, L2<1,H')>'
The same technique as in Sect. 3.3 yields the following result:
Theorem 4.3 Let Assumptions 2.1 and 3.1 hold, and let p > d and c, > 0 such that
lu, Dy < €, Viel.

Moreover, we assume that the initial error does not vanish, i.e. ||e; (0)||;> > 0, and
thatt v ||r} lS piecewise continuous on I. Choose €,1,6 > 0 such that

N e I .
Epo=n+e-puQ8) ‘IIE’IZOC,, + A
is satisfied for the EIM-error AEIM = SUpP,¢; AE/IIM(HZ”"(I)). Given the constants

2 2
a=2&u, f= e‘ly'(Ze;")l_; 1¢"| 8¢,y and r =1 — 129’ let @ 1 I — [0, ) be the solu-
tion to

@' (1) = ap() + Pt +n 15" O, + 67 A
9(0) = lle; " O)I7,

(t)lHl’ IEI’

Then the following a-posteriori error-estimates hold true:

T
Il nm(l)” <@, Viel, lle) M2 < [ @s)ds, (23)
ra <
0
lle ”m||L2(,H1) < —<|| u,"(0) — Mh(o)” +"I_l||rn||Lz(, Vi)
T T (24)
+5_1AEIM/,1' u" iz(l’Hl)+a/¢(s)ds+ﬂ/qo(s)z/qu .
0 0
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Note that the error-estimates in the results above hold true without additional
assumptions on the size of residuals and EIM-errors. In practice, however, in
order to obtain an accurate reduced-order model and corresponding small error-
estimates, it will be necessary to construct RB- and EIM-bases in such a way that
the size of residuals and EIM-errors is balanced appropriately. We do not address
this issue here and refer for instance to [19, 60].

Moreover, let us point out that the EIM-error AEM(i/"™) at u}™ cannot be com-
puted without referring to the full number of degrees of freedom; however, com-
putation of [|E@u,™) — EEM(u;™)|| - in the full degrees of freedom is still much
cheaper than computation of the respective full stiffness-matrices associated with
the nonlinear elliptic operator that would be required for the computation of r}.
In contrast, note that the H'-semi-norm of uZ’m required in Theorems 4.1 and 4.3
admits efficient online evaluation, because it is induced by a bilinear form whose
matrix w.r.t. the basis of V' can be precomputed and saved. Similarly, also the
weight-matrices for the evaluation of the EIM-reduced residual can be precom-
puted and saved in the offline-phase.

To conclude this section, we shortly outline a possibility to relax Assump-
tion 3.1 (2) in order to allow error estimation also for a discontinuous in time
trajectory.

Remark 4.4 Letu,™ e.g. be given as

W U”’"+Zl(,“,f]UZ;‘, umevy, ¢£=0,...N,

for a partition 0 =1, <t} < <ty_; <ty =T. Such u,™ might be obtained by
applying the backward Euler method in its DGO-formulation to (Eq,-RB,-EIM,).
Since our error-estimates do not apply directly to uzm due to discontinuity w.r.t.
time, we replace u"’m by its piecewise linear and continuous w.r.t time interpolation
7" w.r.t. the same partltlon defined by @ A"m(tf) =u,"(t,) = U7 Y forz =0,.

Obviously, Theorems 4.1 and 4.3 apply to u , and to obtaln an estimate for the
overall error we need to add the 1nterp01at10n error i, —u,™. The latter can be

h
computed explicitely:
n,m Anm n,m
”uh - ”Loo(ILZ) - lg}aglg\/ ” Uhf 1||L7’
< 1
n,m Anm n,m
”uh - ”LZ(ILZ) — Z §(tf_tf—l)”Uhf hf 1||L2’

- tf—l)”UZ,’m 1 ‘- 1”

L)JI»—a

N,
™ = a2 Z
u, L2AHY =

The appearance of such jump-terms is what we may expect for an a-posteriori error
for a discontinuous-in-time trajectory. Note that compared to classical a-posteriori
error-estimates for discontinuous-in-time methods, see [42, 62] for instance, we do
not assume that uZ"" is the solution to a discrete-in-time analogue to (Eq,-RB,).
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5 Numerical illustration for POD-MOR

In this final section of the paper we illustrate and compare the quality of our RB-
EIM-a-posteriori error-estimates numerically for three prototypical test problems.
Although the results of this paper apply to general RB-methods, our particular
focus is on POD-MOR. Therefore, we restrict ourselves to reduced ansatz-spaces V}’l’
spanned by a POD-basis of rank # in our numerical tests.

5.1 Test problems and technical details

The two-dimensional domain Q = [0, 1]*> and the time interval I = [0, 1] are the

same in all three test problems. We fix two discs C; = B (i, i) andC, = B; (%, %),
5 5

and the three boundary parts I'N={x€odQ: x, =1},

[={x€0Q:x =0,x, < %}, I={x€dQ:x, =1x,< %}. The nonlinearity

is given by

R S
= ey

We introduce the three test problems P1-P3 by equipping the equation
du—V - E&u)Vu = 10sin(2zt)1 — 10cos(2x)l ,

with the following boundary and initial conditions, respectively:

(P1) Pure homogeneous Dirichlet boundary conditions and zero initial condition.

(P2) Pure homogeneous Neumann boundary conditions and zero initial condition.

(P3) Mixed boundary conditions: homogeneous Dirichlet boundary condi-
tion u =0 on I XTI}, non-homogeneous Neumann conditions &(u)d,u = sin(2xt)
on IxI,, and &(u)d,u = —cos(2xt) on IXI;, and natural boundary condi-
tion d,u =0 on the remaining part of the boundary. The initial condition is
[(0)1(x;, X,) := 1—10(1 —x)).

Space- and time-discretization All computations are done utilizing FEniCS [4,
43] and piecewise linear finite elements on a mesh generated by mshr, the mesh-
generation tool of FEniCS, with N, = 5769 degrees of freedom and maximum cell
diameter h,,,, ~ 2.1 - 1072. The POD-basis is generated with snapshots coming from
an (implicit) Crank-Nicolson solution of the equation with N, = 2500 timesteps
(“reference solution”). Hereby, the appearing nonlinear equations are solved by the
built-in nonlinear solver of FEniCS. The same set of snapshots is also used to gen-
erate the EIM-approximation of the nonlinearity in a standard greedy procedure with
L*®-tolerance 107° independent of the number of POD-basis functions, i.e. we do not
balance accuracy of POD- and EIM-approximation. The POD-EIM-reduced equa-
tion is again solved utilizing the (implicit) Crank-Nicolson scheme with N, = 2500
timesteps, whereby the nonlinear algebraic equations appearing in every timestep
are solved by a standard Newton-method that is initialized with a semi-implicit
Euler step as first guess (“reduced solution”). Approximate true L>(I, L*)-, L®(I, L?),
and L?(I, H")-errors are computed with respect to a further numerical solution that is
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computed on the same finite element mesh, but with a four times higher number of
timesteps than for the snapshot generation (“truth-solution”). Finally, to ensure com-
parability between the different test problems and norms, all errors and estimates are
relative errors, i.e. the absolute error or error-estimate is divided by the correspond-
ing norm of the truth-solution.

Estimation of the required parameters Parameters like &,, p,, ||, etc. are known
from the problem data. The solution-dependent parameters are found as follows:
The norms of u, are computed exactly based on the truth-solution in order to give
the possibility to determine whether our estimates are sharp or not under the exact
data. In real applications we would have to estimates those norms appropriately. The
quality of the error-estimates —as absolute values— can heavily deteriorate in case of
“safe” (i.e. large) estimates for the parameters. The same might happen in case of
just inconvenient problem data due to the exponential terms in the estimates. How-
ever, we would like to point out that one might still hope in such a case that the
relative behavior of the estimates, i.e. whether they decrease/increase by some fac-
tor, provides some information on the quality of the reduced model. Although we
compute the EIM-error AE™ as defined in Sect. 4.1 by accessing the full number of
degrees of freedom, we did not observe significant time consumption for this. We
believe that this is due to the fact that evaluation of &(u;™) in the full model is much
cheaper than assembling the corresponding stiffness-matrices in the full model.

Choice of the exponent p In order to obtain meaningful results we had to use rela-
tively large values for p, e.g. p = 16. Therefore, choosing p according to the require-
ments of [9], i.e. only slightly larger than d in general, seems to be difficult.

Estimates for Approach I (Theorem 4.1) For Approach I we determine the param-
eters &, 7, 8 in such a way that the simpler estimates for the L>(I, H')-error in Corol-
lary 4.2 become optimal, and plug in the same parameters into the estimates from
Theorem 4.1. Integrals with respect to time (residuals or weighted residuals in the
formulas of Theorem 4.1) are evaluated using Gauss-quadrature of order 2 on every
subinterval given by the timesteps.

Estimates for Approach II (Theorem 4.3) The following parameters turned out to
be a good choice:

1 9 1-APM Ep
n=1o-AMen,  e=35 ., 6=

w@e) g e,

o

Note that optimization of the parameters as in Approach I is not possible because
we do not have an explicit formula at hand. The ODE for the evaluation of ¢ is
solved utilizing the backward difference formulae solver (BDF) within the solve
ivp-routine from scipy.integrate, with relative tolerance rtol=1079, and
absolute tolerance ato1=107" - ||, (0) — u}(0)||?,. The maximal allowed step size is
the same as the size of timesteps in the reduced model. We found that among other
methods (Runge-Kutte with 2/3 and 4/5 stages, Radau) this choice delivered the best
results. However, it is clear that the numerical approximation of ¢ is challenging (in
particular for small p or small initial values), which might influence the reliability of
the results.
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Fig. 1 Test problem P1 (homogeneous Dirichlet boundary conditions): a) Estimates from Approach I (e:
Theorem 4.1 with optimized parameters, dashed lines: Corollary 4.2). b) Estimates from Approach II (aA:
p=6,mp=16, 4, p=32). L, L?)-, [*(I,L?)-, and L*(I, H' )-errors are displayed in black, blue, and
red, respectively. Approximate true errors w.r.t. the truth-solution are included in dotted lines
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Fig.2 Example P2 (homogeneous Neumann boundary conditions): a) Estimates from Approach I (e:
Theorem 4.1 with optimized parameters, dashed lines: Corollary 4.2). b) Estimates from Approach II
for p = 16. L®(I, L?)-, L*(I, L?)-, and L*(I, H")-errors are displayed in black, blue, and red, respectively.
Approximate true errors w.r.t. the truth-solution are included in dotted lines

5.2 Discussion of the results

Figures 1, 2, 3 and 4 show the results of our experiments. It can be seen that
Approach 1 yields better results the smoother the truth-solution is: Test problems
P1 and P2 (homogeneous boundary conditions, Figs. 1 and 2) perform better than
the problem with mixed boundary conditions (Test problem P3, Fig. 3). Moreover,
we observe that the a-posteriori error-estimates of both approaches start stagnating
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Fig.3 Example P3 (mixed boundary conditions): a Estimates from Approach I (e: Theorem 4.1 with
optimized parameters, dashed lines: Corollary 4.2). b Estimates from Approach II for p = 16. L*(I, L?)-,
L*(I,L%)-, and L*(I, H')-errors are displayed in black, blue, and red, respectively. Approximate true
errors w.r.t. the truth-solution are included in dotted lines
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at about the same point at which also the true errors stagnate due to time-discretiza-
tion. Indeed, in Fig. 4 it can be seen that this stagnation comes from stagnation of
the residual norm at roughly the same magnitude as the size of time-steps. This indi-
cates that from that point on the overall accuracy of the reduced-order model can-
not be improved further by increasing the number of basis functions. See also e.g.
[28] for balancing of POD-MOR- and time-discretization-errors for linear-quadratic
parabolic optimal control problems.

How much Approach II depends on the choice of the exponent p can be seen
in Fig. 2b. The estimates stagnate very early for small p, i.e. Approach II unfor-
tunately does not yield reasonable results in that case. For large p the estimates
seem to get closer to the values of Approach I. In this sense one might interpret
Approach II as a modification of Approach I that trades strength of the required
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Table 1 Computing times for the setup of the EIM-reduction of the nonlinearity, the evaluation of the
POD-EIM-reduced model, and the error-estimates, respectively

Computing times for Example P1 Example P2 Example P3
number of EIM-basis functions 28 36 49

Setup EIM-reduced model 50-57% 70% 99-157%
POD-EIM-reduced model 1% (0.9%) 1% (1.1%) 1-4% (1.6%)
Approach I 2-3% (3%) 2-4% (4%) 3-6% (5%)
Approach I optimized 3-6% (6%) 3-9% (8%) 5-12% (10%)
Approach IT 3-15% (9-15%) 4-22% (18%) 6-15% (11%)

100% correspond to the time that is required to compute the snapshots (“reference solution”). We show
the range of times observed in the experiments from Figs. 1, 2 and 3, and in brackets we give the time
observed for n = 13 POD-basis functions

assumption (bigger p means stronger assumption) against quality of results
(smaller p means less meaningful results and numerical instability).

For the computing times observed in our numerical experiments we refer to
Table 1: The evaluation of the POD-EIM-reduced model is about 25- to 100-times
faster than the evaluation of the full model. We believe that even higher speedups
might be possible in case of finer finite element discretization. Compared to the
computing time for the full model, evaluation of the a-posteriori error-estimates
from Approach I is quite cheap: Evaluation of the POD-EIM-reduced model
together with computation of an error-estimate still yields a speedup of factor at
least 10. As expected, evaluation of the estimates from Approach II needs slightly
more time.
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