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Abstract

We consider the problem of predicting values of a random process or field satisfying
a linear model y(x) = 6T f(x) + e(x), where errors &(x) are correlated. This is a
common problem in kriging, where the case of discrete observations is standard. By
focussing on the case of continuous observations, we derive expressions for the best
linear unbiased predictors and their mean squared error. Our results are also applicable
in the case where the derivatives of the process y are available, and either a response
or one of its derivatives need to be predicted. The theoretical results are illustrated by
several examples in particular for the popular Matérn 3/2 kernel.

Keywords Optimal prediction - Correlated observations - Kriging - Best linear
unbiased estimation

Mathematics Subject Classification 62M20 - 60G25

1 Introduction

A common problem, which occurs in many different areas, most notably geostatistics
(Ripley 1991; Cressie 1993), computer experiments (Sacks et al. 1989; Stein 1999;
Santner et al. 2003; Leatherman et al. 2017) and machine learning (Rasmussen and

The work of A. Pepelyshev was partially supported by the Russian Foundation for Basic Research under
project 20-01-00096.

B Andrey Pepelyshev
pepelyshevan @cardiff.ac.uk

Holger Dette
holger.dette @rub.de

Anatoly Zhigljavsky
ZhigljavskyAA @cf.ac.uk

Fakultit fiir Mathematik, Ruhr-Universitit Bochum, 44780 Bochum, Germany
2 School of Mathematics, Cardiff University, Cardiff CF24 4AG, UK

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00362-023-01465-6&domain=pdf
http://orcid.org/0000-0001-5634-5559

1986 H. Dette et al.

Williams 2006), is to predict the response y (fo) at a pointfy € R? from given responses
y(t1), ..., y(ty) at points ty,..., 1y € R4, where 1 # tiforalli = 1,...,N.
Making the prediction assuming that responses are observations of a random field is
called kriging (Stein 1999). In classical kriging, it is assumed that y is a random field
of the form

y() = fT (00 +e), (1.1)

where f(t) € R™ is a vector of known regression functions, & € R™ is a vector of
unknown parameters and € is a random field with zero mean and existing covariance
kernel, say K (t,s) = E[e(t)e(s)]. The components of the vector-function f(¢) are
assumed to be linearly independent on the set of points where the observations have
been made.

Itis well-known, see e.g. (Sacks et al. 1989), that in the case of discrete observations
the best linear unbiased predictor (BLUP) of y(#y) has the form

$(t0) = f T (t10)dLuE + K, 7' (¥ — XOpLUE), (1.2)

where X~ = (K(t,-, tj))fvjzl is an N x N-matrix, K;, = (K(to, t),..., K(t, tN))T

isa vector in RV, X = (f(t),..., f(tN))T is an N x m-matrix, ¥ = (y(#1), ...,
y(tn) T € RY is a vector of observations and

Opug = (X2 'x) " 1IxTx-ly

is the best linear unbiased estimator (BLUE) of 6. The BLUP satisfies the unbiased
condition E[y(t9)] = E[y(f9)] and minimizes the mean squared error MSE (7 (¢)) =
E (y(t9) — &(to))2 in the class of all linear unbiased predictors y(#p); its mean squared
error is

T T7-1
MSE(3(10)) = K (10, fo) — [f ,ﬁ“”] [2 X } [f IE‘O)] .

In the present paper, which is a follow-up of (Dette et al. 2019), we generalize
the predictor (1.2) to the case of continuous observations of the response including
possibly derivatives and prediction of derivatives and weighted averages of y(¢). In
practice, observations are rarely continuous but often they are made on very fine
grids which make the model with continuous observations a good model for such
experimental schemes. Analyzing models with very large number of observations can
be significantly harder than the analyzing models with continuous observations.

An important note concerning construction of the BLUPs at different points is the
fact that there is a considerable common part related to the use of the same BLUE. This
could lead to significant computational savings relative to independent construction
of the BLUPs. This observation extend to the cases when the observations are taken
in R? and when derivatives are also used for predictions.

The remaining part of this paper is organized as follows. In Sect. 2 we consider the
BLUPs when we observe the process or field only. In Sect. 3 we study the BLUPs for
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Prediction in regression models 1987

either process values or one of its derivatives when we observe the process (or field)
with derivatives. in Sect.4 we give additional illustrating examples of the BLUPs for
particular kernels. In Sect.5 we provide proofs of the main results.

2 Prediction without derivatives
2.1 Prediction at a point

Assume 7 C R? and consider prediction at a point fg ¢ 7 for a response given by the
model (1.1), where the observations for all ¢+ € 7 are available. The vector-function
f: 7T — R™ is assumed to contain functions which are bounded, integrable, smooth
enough and linearly independent on 7; the covariance kernel K (¢, s) = E[e(t)e(s)]
is assumed strictly positive definite.

A general linear predictor of y(#p) can be defined as

So(to) = / Y00,
T

where Q is a signed measure defined on the Borel field of 7. This predictor is unbiased
if E[Yo(t0)] = E[y(fo)], which is equivalent to the condition

| srwown = .
T
The mean squared error (MSE) of y¢ (#) is given by

MSE($0 (1) = E (y(t0) — H0(10))” -

The best linear unbiased predictor (BLUP) Jo. (fo) of y(fp) minimizes the mean
squared error MSE(3¢ (fo)) in the set of all linear unbiased predictors. The corre-
sponding signed measure Q. will be called BLUP measure throughout this paper.
Unlike the case of discrete observations, the BLUP measure does not have to exist for
continuous observations.

Assumption A (1) The best linear unbiased estimator (BLUE) éBLUE = fT y()G(dt)
exists in the model (1.1), where G (dt) is some signed vector-measure on 7,
(2) There exists a signed measure ¢, (dt) which satisfies the equation

/ K(t, $)¢,dt) = K(to,s), VseT. 2.1)
T

Assumption A will be discussed in Sect.2.2 below. We continue with a general
statement establishing the existence and explicit form of the BLUP.
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1988 H. Dette et al.

Theorem 1 If Assumption A holds then the BLUP measure Q. exists and is given by

Q. (d1) = ¢y (dt) + ¢T G (dr), (2.2)
where the signed measure {;,(dt) satisfies (2.1) and ¢ = f(ty) — fT F ()¢, (dt) . The
MSE of the corresponding BLUP $¢. (o) is given by

MSE(3g, (10)) = K (10, 10) + ¢ Df (1) — /T K (t,10) Q«(dr) 2.3)

where D = [+ K(t,s)G(dt)G"(ds) is the covariance matrix of OsLUE =
[y G ).

This theorem is a particular case of a more general Theorem 2, which considers
the problem of predicting an integral of the response. A few examples illustrating
applications of Theorem 1 for particular kernels are given in Sect. 4.

We can interpret the construction of the BLUP at #y in model (1.1) as the follow-
ing two-stage algorithm. At stage 1, we use the BLUE OpLUE = fT y(t)G(dt) for
estimating 6. At stage 2, we compute the BLUP in the model

§(t) = y(t) — £ ()0pLuve = (t) — f (1) /T e(1)G(dt'),

which is a model with new error process and no trend. Straightforwardly, the covariance
function of the process y(¢) is calculated as

K(t,s) = K(t,5) — f (1) Df (s).

It then follows from Theorem 1 applied to the new model that the signed measure
Q. (dt) satisfies the equation

/ K(t,5)0x(dt) = K(s,10), VseT.
T

From (2.3) in the new model, we obtain an alternative representation for the MSE of
the BLUP 3¢, (f9); that is,

MSE (. (1)) = K (10, 10) — /7 K(t,10) Q4(d1) .

2.2 Validity of Assumption A

If 7 is a discrete set then Assumption A is satisfied for any strictly positive definite
covariance kernel.

In general, the main part of Assumption A is the existence of the BLUE of the
parameter 6, which has been clarified by Dette et al. (2019). According to their The-
orem 2.2, the BLUE of 6 exists if and only if there exists a signed vector-measure
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Prediction in regression models 1989

G = (Gy,...,Gy) " onT,such that the m x m-matrix fT F(OGT(dr) is the identity
matrix and

/ K(t,5)G(dt) = Df(s) 2.4)
T

holds for all s € 7 and some mxm-matrix D. In this case, é}gLUE = fT Y ()G (dt) and
D is the covariance matrix of é}gLUE; this matrix does not have to be non-degenerate.

Let Hg be the reproducing kernel Hilbert space (RKHS) associated with kernel K.
If the function K (79, s) belongs to H g, then the second part of Assumption A is also
satisfied; that is, there exists a measure ¢, (dt) satisfying the Eq. (2.1). This follows
from results of Parzen (1961). Note that the function K (#y, s) does not automatically
belong to Hk since in general o ¢ 7.

If all components of f belong to Hx then Assumption A holds and the matrix D
in (2.4) is non-degenerate; see Dette et al. (2019) and Parzen (1961).

If the matrix D in Theorem 1 is non-degenerate then this theorem can be refor-
mulated in the following form which is practically more convenient as there is no
unbiasedness condition to check.

Proposition 1 Assume that there exists a signed measure {;,(dt) satisfying (2.1) and
a signed vector-measure ¢ (dt) satisfying equation

/ K(t,8)c(dt) = f(s), VseT. (2.5)
T

If additionally the matrix C = fT f()¢ T (dt) is non-degenerate, then the BLUP
measure exists and is given by (2.2) with D = C~!. Its MSE is given by (2.3).

Clearly, if the conditions of Proposition 1 are satisfied then the BLUE measure
G (dt) is expressed via the measure ¢ (dt) by G(dt) = C’lg(dt).
Explicit forms of the BLUP for some kernels are given in Sect.4.

2.3 Matching expressions in the case of discrete observations

Let us show that in the case of discrete observations the form of the BLUP of
Proposition 1 coincides with the standard form (1.2). Assume that 7 is finite, say,
T ={t1,...,tn}. Inthis case, Eq. (2.5) has the form X'¢ = X, where ¢ is and N xm-
matrix. Since the kernel K is strictly positive definite, this gives ¢ = X ~!X, and
we also obtain C = X X7'X, GT = C~'¢T. A general linear predictor is of form
¥(to) = Q7Y and the BLUPis QY with Q] =] +¢"G T, where ¢, = £ K,
satisfiesEq. (2.1)and ¢ = f(#p) — X Tg“to. Expanding the expression for QI we obtain

ol = 'Ky +cTcizIx)T
=K, 2+ (f) - X" 'K TeT X T (2.6)
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1990 H. Dette et al.

The classical form of the BLUP is given by (1.2), which can be written as o'y
with Q7 = fT(1)C !XT+ K/~ — K] 27!'XC™'£71XT and coincides
with (2.6).

2.4 Predicting an average with respect to a measure

Assume that we have a realization of a random field (1.1) observed forallr € 7 ¢ R?.
Consider the prediction problem of Z = f s Y()v(dr), where v(dt) is some (signed)
measure on the Borel field of R with support S. Assume that S\7 # @ (otherwise,
if § € 7, the problem is trivial as we observe the full trajectory {y(¢) |t € 7}). We
interpret Z as a weighted average of the true process values on S. The general linear
predictor can be defined as

20 = ﬁ[ () Q). @7

where Q is a signed measure on the Borel field of 7. The estimator Z o is unbiased if
and only if

/ f® Q) = / fsHvds). (2.8)
T S
The BLUP signed measure Q, minimizes

MSE(Zg) = E(Z — Zo)’

among all signed measure Q satisfying the unbiasedness condition (2.8). Assumption
A and Theorem 1 generalize to the following.

Assumption A’. The BLUE éBLUE exists and there exists a signed measure ¢, (dt)
which satisfies the equation

/ K(t,s)¢,(dt) :/ K(s,u)v(du), Vs €T. 2.9
T S

Theorem 2 Suppose that Assumption A’ holds and let D be the covariance matrix of
OBLUE = fT v(t)G(dt). Then the BLUP measure exists and is given by

0.(dt) = &,(dt) + ¢ G(db), (2.10)

where ,(dt) is the signed measure satisfying (2.9) and ¢ = fS f(s)v(ds) —
[ F()¢o(d1). The MSE of the BLUP Z g, is given by

MSE(ZQ*)=//K(s,u)v(ds)v(du)+cTD[ f(s)v(ds)—//K(t,u)v(du)Q*(dt).
SJS S SJT
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Prediction in regression models 1991

The proof of Theorem 2 is given in Sect. 5 and contains the proof of Theorem 1 as
a special case. Note also that the BLUP Z, is simply the average (with respect to the
measure v) of the BLUPs at points s € S.

2.5 Location scale model on a product set

In this section we consider the location scale model
y(t) =6 +¢e(t), wheret = (t;,r) € T (2.11)
and assume that the kernel K of the random field ¢(¢) is given by
K(t, 1) = Ele(t)e(t')] = K1 (11, 1)) K2 (12, 15) (2.12)

fort = (11, 1), 1" = (1], 1) € T. We also assume that the set 7 C RR? is a product-set
of the form 7 = 7; x 7, where 77 and 7, are Borel subsets of R (in particular,
these sets could be discrete or continuous). The kernel K of the product form (2.12)
is called separable; such kernels are frequently used in modelling of spatial-temporal
structures because they offer enormous computational benefits, including rapid fitting
and simple extensions of many techniques from time series and classical geostatistics
[see Gneiting et al. (2007) or Fuentes (2006) among many others].
Assume that Assumption A’ holds for two one-dimensional models

Yiyw) =0 +epu), uel (i=1,2) (2.13)
with K, (u, u") = Elegy(w)ei )], u,u’ € T; (i =1,2). Let the measures G; (du)

define the BLUE fT,- ¥@)()G;(du) in these two models. Then the BLUE of 6 in the

model (2.11) is given by 0 = fT y(t)G(dt), where G is a product-measure G(dt) =
G1(dt1)G(dr), Assume we want to predict y(¢) at a point T = (71, T») ¢ 7. Note
that Eq. (2.9) can be rewritten as

/ K, s)¢r(dt) =K(s,T), VseT.
T

A solution of the above equation has the form {7 (dt1, dty) = ¢1,(dt1)¢r,(d12) ,
where ¢7;(dt) (i = 1, 2) satisfies the equation

/ Ki(u,v)tr,(du) = K;(v, T;), YveT. (2.14)
7

Finally, the BLUP at the point T = (T1, T2) is [ y(1)Q4(d1), where

Q.(dt) = ¢ (dt) + cG(dt) with ¢ =1 — / o (dr).
T
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1992 H. Dette et al.

The measure G(dt) is the BLUE measure and does not depend on 77, T>. On the
other hand, the measure ¢7 (dt) and constant ¢ do depend on 77, T>. The MSE of the
BLUP is MSE(y¢,(T)) =1+ ¢ — fT K(t, T)Q.(dt) .

Example 1 Consider the case of 7 = [0, 1]? and the exponential kernel
K, 1"y = Ele()e(t)] = exp {—A[I6n — 1] + 112 — 131]}

where A > O and 7 = (1, ), 1" = (1], 15) € [0, 1]2. Define the measure
1
Gdu) = 5—— [o(du) + b1 (du) + 2du], u € [0, 1]

In view of (Dette et al. (2019), Sect 3.4), fol y(u)G(du) is the BLUE in the model
yu) = 6 + e(u) with kernel K (u, ') = Elew)e’)] = e =41y, ' € [0, 1].
Equation (2.14) can be rewritten as

1
/ e Ml er (duy = e T Wy e [0, 1.
0

It follows from (Dette et al. (2019), Sect 3.4) that this equation is satisfied by the
measure

e Mgy (duy), if T; <0,
ot (du) = { 87, (du), if0<T; <1,
e Mi=Dg (du), if T; > 1.

For T; < 0 we obtain Q. (dt) = {(1y,1»)(dt) + cG(dt) in the following form

e T8y (dt)s7,(dt) + (1 — e M) G(dt), if 0< T <1,

ef)\|T1\7)L|T2|50(dt1)80(dt2) + (1 _ efxmlfxlrzl) G(d1),
Q. (dt) = if 7> <0,
e M= =D g0 (d1)s1 (d) + (1 — e H T4 G(dn),
if T, >1.

Similar formulas can be obtained for0 < T3 < 1 and 77 > 1.

In Table 1 we show the square root of the MSE of the BLUP for the equidistant
design supported at points (i /(N — 1), j/(N —1)),i,j=0,1,..., N — 1. We can
see that the MSE for the design with N = 4 is already rather close to the MSE for the
design with large N and the design with continuous observations.

In Fig. 1 we show the plot of the square root of the MSE as a function of a prediction
point for points (77, 72) € [0.5, 2] x [0.5, 2]. As the design is symmetric with respect
to the point (0.5, 0.5), the plot of the MSE is also symmetric with respect to this point.
Consequently only the upper quadrant is depicted in the figure.
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Prediction in regression models 1993

Table 1 The square root of the MSE of the BLUP at several points for the N x N-point equidistant design
in the location scale model on the square [0, 112 and the exponential kernel with =2

N 2 3 4 8 16 32 00

T=(@2,2) 1.1446 1.1225 1.1177 1.1145 1.11398 1.11386 1.11383
T =(05,2) 1.1242 1.0879 1.0884 1.0831 1.08177 1.08133 1.08117

In the case N = oo we provide the MSE for continuous observations.

2.0 2.0
1.8 10 1.8 4 10
16 | 16
0.8 0.8
1.4 1.4
0.6 0.6
12 1.2
1.0 * 0.4 1.0 = ® 0.4
0.8 o 02 087 02
i
0.6 0.6 —
T I — T T T 0.0 T T T T T T T 0.0
06 08 10 12 14 16 18 20 06 08 10 12 14 16 18 20

Fig. 1 The square root of the MSE of the BLUP for the N x N-point equidistant design with N = 3 (left)
and N = 4 (right) and the exponential kernel with A =2

We observe that the MSE tends to zero when the prediction point tends to one of
design points and the MSE does not change much if the prediction point is far enough
from the observation domain.

Remark 1 The results of this section can be easily generalized to the case of d > 2

variables and, moreover, to the model y(¢) = 0 f(¢) + e(¢), where t = (¢t1,...,1t3) €
Ty x ... x Ig, K, 1) = Ele(e()] = Ki(ti. 1))+ Ka(ta, 13) and f(1) =
Syt -+ - fuay(ta), where f(;) are some functionsonZ; ; i =1,...,d.

3 Prediction with derivatives

In this section we consider prediction problems, where the trajectory y in model (1.1)
is differentiable (in the mean-square sense) and derivatives of the process (or field)
y are available. This problem is mostly known in the literature under the name of
gradient-enhanced kriging and became very popular in many different areas; see e.g.
recent papers (Bouhlel and Martins 2019; Han et al. 2017; Ulaganathan et al. 2016),
where many references to applications can also be found.

In Sect.3.1 we discuss the discrete case of a once-differentiable process and in
Sect. 3.2 we consider the general case of a g times differentiable (in the mean-square
sense) process y satisfying the model (1.1). For the process y to be g times differ-
entiable, the covariance kernel K and vector-function f in (1.1) have to be g times
differentiable, which is one of the assumptions in Sect.3.2. In Sect. 3.3 we consider
the prediction problem for the location scale model on a two-dimensional product set

@ Springer



1994 H. Dette et al.

in the case where the kernel K of the random field ¢ has the product form (2.12). The
results of this section can be easily generalized to the case of d > 2 variables.

3.1 Discrete case

Consider the model (1.1), where the kernel K and vector-function f are differentiable
and one can observe the process y and its derivative at N different points 1, ...,y €
R. In this case, the BLUP of y(fp) has the form

$(to) = f T (10)BLUE 2N + K,I,ZNE_I(YzN — XonOBLUE2N) (3.1

where Yoy = (y(t1), ..., y(n), ¥ (1), ..., Y (tn) | € RV,
oo Y10
s =
(55 5)

is a block matrix,

2 N

N 0 N
S0 = (K1) e B0 = (K@) S0 = (5K )
= 10l

dt;

i,j=l1

are N x N-matrices,

d d T
Kipon = (Ko, 1), .- K(t0, 18), —K (10,1, ..., — K (10,1x))
dto dtg

is a vector in R2N, Xon = (f(t1), ..., fan), f/ (1), ..., f/(ty) T is an 2N x m-
matrix and

OBLUE AN = (X;szlsz)_lszNEJIYW

is the BLUE of 8. The MSE of the BLUP (3.1) is given by

T -1
MSE(&(to))zK(to,ro)—[f(m)] [0 X;Ni| [f(to)]

Kiyon Xon 2on Kiyon

For more general cases of prediction of processes and fields with derivatives
observed at a finite number of points, see Morris et al. (1993); Nither and Simak
(2003).

3.2 Continuous observations on an interval
Consider the continuous-time model (1.1), where the error process € has a g times

differentiable covariance kernel K (¢, s). We also assume that the vector-function f is
q times differentiable and therefore the response y is g times differentiable as well.
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Prediction in regression models 1995

Suppose we observe realization y(7) = yO(r) for r € Ty C R and assume that
observations of the derivatives y(i) (1) are also available for all t € T;, where T; C R;
i=1,...,q9. ThesetsT; (i =0,1,...,q)donot have to be the same; some of these
sets (but not all) can even be empty. If at least one of the sets T; contains an interval
then we speak of a problem with continuous observations.

Consider the problem of prediction of y((ty), the p-th derivative of y at a point
to ¢ Tp, where 0 < p < gq.

A general linear predictor of the p-th derivative y(l’) (t9) can be defined as

q
%mm=/wmmm=ijb@m@wx (3:2)
i=0" "
where Y(¢) = (y ), yD(), ..., y<‘1)(t))—r is a vector with observations of the process
and its derivatives, Q(dt) = (Qo(dt), ..., Qq(dt))T is a vector of length (¢ + 1) and
Qo(dt), ..., Qq4(dt) are signed measures defined on Ty, ..., Ty, respectively. The

covariance matrix of Y(¢) is
ai+jK t, q
K(t.s) = E[Y(t) — EYOIY() — EY(D)]" = (2 K:5)
artas/ i, j=0
which is a non-negative definite matrix of size (g + 1) x (¢ + 1).
The estimator 3, o (fo) is unbiased if E[$, o (to)] = E[y'? (ty)], which is equiva-
lent to

/Fmen=ﬂ”mx

where F(1) = (f (1), fV(), ..., f@@))isamx (g + 1)-matrix.

Assumption A”.

(1) The best linear unbiased estimator (BLUE) éBLUE = f G(dt)Y (¢) exists in the
model (1.1), where G(dt) is some signed m X (q + 1)-matrix measure (that is, the j-th
column of G(dt) is a signed vector measure defined on T;);

(2) There exists a signed vector-measure {p 1, (dt) (of size q + 1) which satisfies the
equation

T P K (s, to)
K (t,5)p(dt) = o Vs € T;, 3.3)
0

where K(t, s) = (%)3:0 is a (g + 1)-dimensional vector.
The problem of existence and construction of the BLUE in the continuous model
with derivatives is discussed in Dette et al. (2019). A general statement establishing

the existence and explicit form of the BLUP is as follows. The proof is given in Sect. 5.
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Theorem 3 If Assumption A” holds, then the BLUP measure Q. exists and is given
by

Q. (d1) = {pip(dD) + G (dD)e, (3.4)

where the signed measure ¢, ;,(dt) satisfies (3.3) and

cp = fP (1) - / F()¢p0(dD).

The MSE of the BLUP ¥, ¢, (to) is given by

2PK(t,s)

MSE(§).0,(10)) = — =

+c, Df P (1) — / K' (¢, 10)Qu(d1)
=

where
- / / GdnK(, s)G' (ds)

is the covariance matrix oféBLUE = f Gd)Y(t).

Example 2 As a particular case of prediction in the model (1.1), in this example we
consider the problem of predicting a value of a process (so that p = 0) with Matérn 3/2
covariance kernel K (¢, s) = (1 + A|t — s|)e_)‘|’ sl this kernel is once differentiable
and is very popular in practice, see e.g. Rasmussen and Williams (2006). We assume
that the vector-function f in the model (1.1) is 4 times differentiable and that the
process y and its derivative y’ are observed on an interval [A, B] (so that Tp = T =
[A, B] in the general statements). As shown in Dette et al. (2019), for this kernel
the BLUE measure G(dt) can be expressed in terms of the signed matrix-measure

¢(dr) = (fo(dt), {1(dr)) with

Co(dt) = z484(dt) + zpdp(dt) + z(t)dt,
s1(dt) = z1,484(dt) + z1,8dB(d1),

where

) =322 D A) +22° £(A)),

o= s

1A= %( @A) + 20D A) =22 f(A)),
5 = %( fO®B)+322 D (B) + 247 £(B)),

2B = %(f@)(B) + 20 fV(B) + 22 f(B)),

() = 30 =221P 0+ 1)
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Then using (Dette et al. (2019), Sect. 3.4) we obtain o (dt) = (o.4.0(d1),
£0.10.1(d1)) with

80,10,0(dt) = 24,404 (dt) + 249, BOB(d1) + 24y (t)dt,
0,10,1(dt) = z45,1,484(d1) + 24,1, BB (d1),

where for 7o > B we have z;,,4 = 0, z45,1.4 = 0, 24 (t) =0,
2.8 = (L4 Ato — B)e 0B 71 p = (tg — B)e *0™H)

We also obtain the matrix

B B
C= /A o) fT () + /A adn f' @)

defined in (Dette et al. (2019), Lem. 2.1) from the condition of unbiasedness. If D,
the covariance matrix of the BLUE is non-degenerate, then D = C~!. In the present
case,

1 1
C = [ F@OFTW+ FBIF B + 5[ F AT W+ £ BB+
1
— [T+ FA T+ P BB + BB |+
B
e f [ rofTo+22 70 TO + 167w ],
423 /4
co = (f(t0) = [20,8£ (B) + 210,18/ (B)]).
The BLUE-defining measure G(dt) is expressed through the measures ¢ (df) and the
matrix C by G(dt) = C~'¢(dt). The BLUP measure for process prediction is given
by
Q.(d1) = ¢o.4(d1) + G (d1)cy
T—1 T -1 T
= (00000 + ¢ €' 50(dn), G001+ €' 51(dn)

where
co = f(t0) - / F(1)g0. ().

For the location scale model with f(¢) = 1, we obtain C = 1 + A(B — A)/4,
co = (1 — z4, ) and, therefore, a BLUP measure for this model is given by

Q..(d1) = (o.5c05A (d1)/C + (0.5¢0/C + 21y 8)5(d1) + 0.25¢coAd1/C,

—0.25¢0/(CA)84(d1) + (218 + 0.2560/(CA))83(dt))T
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Table 2 The square root of the MSE of the BLUP at the point 7y = 2 for different designs. (i) the design
&n.0 observing the process at N-point equidistant points, (ii) the design £y » observing the process at
N-point equidistant points and the derivative at two boundary points. (iii) the design &y y observing the
process and derivative at N-point equidistant points. The model is the location scale model on the interval
[0, 1] and the covariance kernel of the error process is given by the Matérn 3/2 kernel with A = 2. For
continuous observations the square root of the BLUB is given by +MSE = 0.9985569896

N 2 4 8 16

EN.O 1.059339 1.038152 1.019244 1.009052
EN2 0.999276 0.9985675343 0.9985573516 0.9985570068
EN.N 0.999276 0.9985675343 0.9985573516 0.9985570068

Therefore, the corresponding BLUP is given

B
0,0, (to) = 0.5¢0y(A)/C + (0.5¢0/C + z4,8)y(B) + O.ZSCOX/ y()dt/C
A

—0.25¢0/(CA)Y'(A) + (z4,1,8 + 0.25¢0/(C1))y'(B).

Table 2 gives values of the square root of the MSE of the BLUP in the location scale
model at the point #yp = 2 for three families of designs, where [A, B] = [0, 1]. We
observe that observations of derivatives inside the interval do not bring any improve-
ment to the BLUP which can be explained by the fact that the weights of the continuous
BLUP at derivatives at points in the interior of the interval [A, B] are 0.

3.3 Location scale model on a product set

Similarly to Sect.2.5, we consider the location scale model (2.11) defined on the
product set 7 = 7; x 7, (where 77 and 7, are Borel sets in R) with the kernel K of
the random field ¢ having the product form (2.12). The results of this section (as of
Sect.2.5) can be easily generalized to the case of d > 2 variables.

Assume that Assumption A” with ¢ = 1 is satisfied for two one-dimensional
models (2.13). For this assumption to hold, the process {y(t1, 2) | (t1,t2) € 7} has
to be once differentiable with respect to #; and #,. Let the measures Gg ;(du) and
G1,i(du) define the BLUE

/ ¥ () Go, (du) + / DGy iy
7 T

in the univariate models (2.13); i = 1, 2. In this case, results 9f Dette et al. (2019)
imply that the BLUE of 6 in the model (2.11) has the form 6 = fT YT (1)G(dr),
where

YT () —( 0 2y, Ly, = (r))
=\ al‘]y ’ atzy ’ 8t18t2y
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and
G(d1) = (Goo(dt), Gio(dt), Goi (d1), Gi1(dr)) T

with G;j(dt) = G; x(dt))Gj x(dt2).
Assume we want to predict y(7) ata point T = (71, T») ¢ 7. The analogue of the
Eqg. (2.9) is given by

/ KT (t, )27 dt)) = Kt, T), VieT, (3.5)
T

where

Ki(t1, s1)Ka(t2, 52)
3%1(1 (t1, 51)K2(12, 52)
K111, 51) 35 K2 (22, 52)
%Kl (1, Sl)%Kz(tz, 52)

K((t1, 1), (51, 82)) =

Observing the product-form of expressions, we directly obtain that a solution of
(3.5) has the form

o,y (dt1) 80,1, (d12)
&1, (dt1) 80,1, (d 1)
o,1; (dt1) &1, 1, (d12)
&1, (dt) 81,1, (dD)

Zr(dt,dt) =

where measures o, 7; (dt) and &1, 7;(dt) for i = 1, 2 satisfy the equation

/ Ki(t, s)%o,1;,(d1) +/ iKi(h )1 (dt) = Ki(s, T;), Vs €7T;.
T T Ot

i

Finally, the BLUP at the point 7 = (71, T») is fT Y (1)Q.(dt), where Q. (dt) =
Z7(dt) + coG(dr) with cg =1 — (1,0, 0, 0)Z7 (d1).
The MSE of the BLUP is given by

MSE .. (T)) = 1 + coD — /7 KT (¢, T)Qu (d1),

where D is the variance of the BLUE.

Example 3 Consider a location scale model on a square [0, 1]* with a product covari-
ance Matérn 3/2 kernel, that is

K(z, ") = Ele(n)e(t)] = K (11, 1)K (12, 1),

where )
K@u,u') = (1+ru—u')e w1l (3.6)
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Define the measures
1
Go(du) = T [280(du) + 281 (du) + Adu]
and

1
Gi(du) = m [61(du) — do(du)], u €0, 1].

In view of (Dette et al. (2019), Sect. 3.4),

1 1
f ¥ (@) Go(du) + / YO )G (du)
0 0

defines a BLUE in the model y(#) = 6 + &(u) with u € [0, 1] and covariance kernel
(3.6). Additionally, from (Dette et al. (2019), Sect. 3.4) we have

(1 + AT De Ml 8o (du), T; <0,
o,1;(du) = § 87, (du), 0<T; <1,
(1 + AT — 1)e M Ti=Vgy (du), T; > 1,

and

—|Tile il 5o (du), T; <0,
a1 (du) = § 0, 0<T; <1,
(T; = De M L=Dg (du), T; > 1.

Finally, co = 1 — [/ i/ (1,0,0,0)Z7(dt) = 1 — [} ¢o.1,(d1) [, Zo,75(d12) and the
BLUP measure is given by Q. (dt) = Z7(dt) + coG(dt); that is,

o1y (d11) 80,15 (d12) + coGo(dt1) Go(dt)
¢1,1 (dt) 80,1, (d12) + coG1(dt1)Go(drr)
So,1 (dt1) 81,1, (d12) + coGo(dt)G1(dr2)
¢1,1(d1)¢1, 1, (dt) + coG1(dt) G (dtp)

Q*(dt) =

We now investigate the performance of five discrete designs:

(i) the design &y2 .0, Where we observe process y onan N x N grid;
(ii) thedesign§yz 4 4 4, Where we observe process y onan NxN grid and additionally

vati dy ay 9%y 2.
derivatives TR AR T} at 4 corners of [0, 1]°;
dy 0y

(iii) the design & N2,N2.N2,00 where we observe process y and derivatives 7, 7= on
an N x N grid,;
(iv) the design&y2, Nz Nz 0> Where we observe process y on an N x N grid and deriva-

tives gtyl , gtyz , 3[1312 at 4N — 4 equidistant points on the boundary of [0, 1]?;
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Table3 The square root of the MSE of the BLUP at the point (2, 2) (upper part) and the point (0.5, 2) (lower
part) for several designs in the location scale model on the square [0, 112 with Matérn 3/2 product-kernel
(A = 2). The square root of the MSE of the continuous BLUP equals 1.119510 at the point (2, 2) and
0.958494 at the point (0.5, 2)

N 2 3 4 8 16
En2.0.0.0 1.16139 1.15344 1.14972 1.13548 1.12764
§N2;4,4,4 1.121205 1.119682 1.119582 1.119543 1.119528
Env2 N2.N20 1.124401 1.121576 1.120913 1.119893 1.119609
sN2;4N;4’4N_4,4N_4 1.121205 1.119632 1.119535 1.119511 1.119510
SNZ.O,O,O 1.03152 1.00413 0.99900 0.97862 0.96862
§N2;4,4,4 0.979953 0.962754 0.963426 0.960604 0.959550
SN2 N2 N2.0 0.982184 0.958732 0.959663 0.958606 0.958511
§N2;4N;4,4N—4,4N—4 0.979953 0.958566 0.959314 0.958556 0.958500
(v) the design §y2 y2 y2 n2, Where we observe process y and derivatives g—};, g—}z',
% at N x N equidistant points on an N x N grid.

The results are depicted in Table 3, which shows the square root of the MSE of
predictions at the point (2, 2) and (0.5, 2) for different sample sizes. For any given
N > 2, the MSE for prediction outside the square [0, 1] for the designs & N2.N2.N2 N2
and §n2 4n_4aN_4.4N—4 are exactly the same. This is related to the fact that the
BLUP weights associated with all derivatives at interior points in [0, 1]? of the designs
&n2 n2 n2,n2 are all 0. This means that for optimal prediction of y(#) at a point ¢
outside the observation region one needs the design guaranteeing the optimal BLUE
plus the observations of y(z) and y’(¢) at points  closest to #y. Note that the results of
(Dette et al. (2019), Sect. 3.4) imply that the continuous optimal design for the BLUE
does not use values of any derivatives of the process (or field for the product-covariance
model) in the interior of 7.

The observation above is consistent with our other numerical experience which
have shown that the BLUP at a point 7y € (0, 1) x (0, 1) constructed from the design
&n2 n2,n2,n2 has vanishing weights at all derivatives of interior points of [0, 11? with
five exceptions: the center 0 and the four points which are closest to 7y in the Lo
(Manhattan) metric.

Figures 2 and 3 compare the MSE for some designs. Figure 3 illustrates that the
MSE for designs §y2 4n—_4.an—4.4n—4 and En2 y2 2 y2 is exactly the same for all
points outside [0, 11?2 and almost the same at all interior points of [0, 1]2. This is in
full agreement with Table 3, which also illustrates this phenomenon.

4 Additional examples of predicting process values

In this section, we give further examples of prediction of values of specific random
processes y(t), which follows the model (1.1) and observed forallz € 7 = [A, B]. In
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Fig.2 Square root of the MSE of the BLUP for the design §n2 0.0.0 With N =3 (left) and N = 4 (righv),

and the Matérn 3/2 product-kernel with A = 2
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Sect. 4.1, we illustrate application of Proposition 1 and in Sect. 4.2 we give an example
of application of Theorem 3. In the example of Sect.4.2 we consider the integrated
Brownian motion process, which is a once differentiable random process, and we
assume that in addition to values of y(z), the values of the derivative of y(z) are also
available. As in the main body of the paper, the components of the vector-function
f() in (1.1) are assumed to be smooth enough (for all formulas to make sense) and
linearly independent on 7.

4.1 Prediction for Markovian error processes
4.1.1 General Markovian process

Consider the prediction of the random process (1.1) with 7 = [A, B] and the Marko-
vian kernel K (¢, s) = u(t)v(s) for t < s, where u(-) and v(-) are twice differentiable
positive functions such that ¢ (r) = u(¢)/v(¢) is monotonically increasing. As shown in
(Dette et al. (2019),Sect. 2.6), a solution of the equation ff K(t,s)¢(dt) = f(s)hold-
ing for all s € 7 is the signed vector-measure ¢ (dt) = z484(dt) +zpdp(dt) +z(¢)dt
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with
~ | fAWA)
A= v2<A)q’<A>[ wny ! (A)]’
__Lhoy B
20 = v(r)[q/(z)]’ 8= W(B)q(B)’

where v’ denotes a derivative of a function v, the vector-function /(-) is defined by

h(t) = f(2)/v(@).
Then we obtain &y, (dt) = z0ada(dt) + zopdp(dt) with

1= d(A) B
20A = mv(h)), 20B = v(B)v(tO)’
BLrowolfo/vnl’’
C=—fAf(A f d
Zaga! DD | g'(0) t
and
c=C"" —c—1< (to) [—1_”/(“) (10) £ (A) + —— (o) (B)D
c=Ce= VO [ aag @ WD B ).

The BLUP measure is given by
Q. (dt) = 5y (dt) + ¢" G(dr) = g, (dt) + &" ¢ (dr)

and the MSE of the BLUP is
B
MSE (g, (t0)) = u(to)v(te) + &' f(t0) — fA K (t,10) Qx(dr) .

4.1.2 Prediction when the error process is Brownian motion

The covariance kernel K (¢, s) = min(z, s) of Brownian motion is a particular case
of the Markovian kernel with u(¢) = ¢ and v(s) = 1, t < s. Further we present the
BLUP for few choices of f(z).

For the location-scale model with f(¢) = 1, we obtain ¢ = 0 and, therefore, the
BLUP measure is given by Q. (dt) = 8p(dt). The BLUP is yo, (fo) = y(B) and it
has MSE(yg, (fo)) = to — B.

For the model with (1) = ¢, we obtain ¢ = B~'(tg — B) and, thus, the BLUP
measure is given by

to— B

Q. (dt) =ép(dt) + 3

Sp(dt) = %’ag(dz).

The BLUP is J¢, (1) = %4 y(B) and it has MSE (3, (9)) = 3 (to — B).
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Table 4 The square root of the MSE of the BLUP at the point 7y = 2 for the N-point equidistant design in
the location scale model on the interval [0, 1] and the OU kernel with A = 2; for the continuous observations

VMSE = 1.164262
N 2 4 8 16 32
MSE 1.18579 1.167157 1.164806 1.164381 1.16429

For the model with f(t) = %, we obtain & = (A® +4/3(B3 — A%))~1(t3 — B?)
and, thus, the BLUP measure is given by

2 2

_ iy — B _ B
Qu(dr) = 8p(d1) + A AE =D (2383(dt) ASA(d1) 2dt>.
The BLUP is
R t3 — B? B
yo.(to) = y(B) + A3 1 4/3(B7 — A% <2By(B) — Ay(A) — Z/A y(t)dt)

and it has the mean squared error

B
MSE(o, (o) = fo + & - 12 — /A ' 0.0

4.1.3 Prediction for an OU error process

The covariance kernel K (¢, s) = exp(—A|t — s|) of the OU error process is also a
particular case of the Markovian kernel with u(¢) = eMandv(s) = e M, 1 <s.

For the location-scale model f(f) = 1, we obtain ¢ = (1 + (B — A)%)_l(l —
e~ M0=Bly and, therefore, the BLUP measure is given by

Q.(dt) = E/284(dt) + (e M0=Bl 4 &/2)85(dt) + E1/2dt.

The BLUP is 9. (o) = ¢/2y(A) + (e M0=Bl 4 &/2)y(B) + én/2 [ y(1)dr and it
has MSE(§, (1)) = 1 +& — [ e =010, (ar).

In Table 4 we give values of the square root of the MSE of the BLUP at the point
to = 2 for the N-point equidistant design in the location scale model on the interval
[0, 1] and the OU kernel with A = 2. From this table, we can see that one does not
need many points to get almost optimal prediction: indeed, the MSE for designs with
N > 4 is very close to the MSE for the continuous observations. Similar results have
been observed for other points 7y and other Markovian kernels.

4.2 Prediction when the error process is integrated Brownian motion

Consider the prediction of the random process (1.1) with 7 = [A, B], the 4 times
differentiable vector of regression functions f(z) and the kernel of the integrated
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Brownian motion defined by
K (t,s) = min(¢, s)2(3 max(t, s) — min(z, 5))/6.

From (Dette et al. (2019), Sect. 3.2) we have that the signed matrix-measure ¢ (dt) =
(¢o(dt), ¢1(dt)) hascomponents §o(dt) = z484(dt)+zpdp(dt)+z(t)dt and &1 (dt) =
21.484(dt) + z1 gdp(dr), where

6 12
za = fOA) - Pf“)(A) SEAGY
4 6
214 = —fPA) + Zf“)(A) SvRAGY
w=—fOB), z18=rPB), z2(t)= D).

Therefore we obtain ;,0(dt) = 24,484 (dt) + 249, 86 B(d1) + 24, (t)dt and &y, 1 (dt) =
Zto,l,ASA(dt) + Zto,l,B(SB (dt) with (for ty > B)

6 12
Zipa = KO (A, 19) — me(A, ) + 5 K(4,10) =0,
=-K?PA 2O 1) — iK A 1) =0
Zt(),l,A ( 7t0)+ A ( 7t0) A2 ( ) 0) 9
Zt9,B = —K¥B, 1) =1, Zt0,1,B = K®(B, 1) =1 — B,

and 7, (1) = KW(t, 19) = 0. This implies ¢&,.0(dt) = 8p(dt) and &, 1(dt) = (tg —
B)Sp(dr). Alsoweobtain C = 15 f(A) fT(A)— & (f’(A)fT(A)+f(A)f’T(A)) +
SPLT@ [ 0T 0dr and éo=C " eo=C1 (£ (t0) = LF (B) + (10 -
B f'(B)]).

For the location-scale model with f () = 1, we obtain ¢ = 0 and, therefore,
the BLUP measure is given by Q..(dt) = (6p(dt), (to — B)S5(dt))T. The BLUP is
$Q.(to) = y(B) + (to — B)y'(B) and it has MSE(q, (0)) = 13 /3 — toB(to — B/2).
5 Proofs

5.1 Proof of Theorem 2

To start, we proof the following lemma.

Lemma 1 The mean squared error [relative to the true process value] of any unbiased
estimator Zg = fT y(t)Q(dt) is given by

MSE(Zo) =E (z _ ZQ)2 =

//K(t,s)v(dt)v(ds)—Z//K(t,s)v(dt)Q(ds)—i—//Q(dt)K(t,s)Q(ds).
SJS SJT TJT
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Proof Straightforward calculation gives

2
MSE(Zg)=E (7 - 2 ) ( /y(t)Q(dt)>

2
E( / 07 £() + e v(dr) — / [9Tf(t)+e(t)]Q(dt)>

2
=E e(t)v(dt) — 6(t)Q(dt)>

( e(v(di)— / E(t)Q(dt)> ( / e(s)v(ds)— f e(s)Q(ds))
S T
=//K(t,s)v(dt)v(ds)—2f / K(t.s)v(dt)Q(ds)
SJS SJT

+/ / K(t,5)0(d) Q(ds),
TJT

as required.

Let us now prove the main result. We will show that MSE(iQ) > MSE(2Q*),
where Z o 1s any linear unbiased estimator of the from (2.7) and Z 0, is defined by the
measure (2.10). Define R(dt) = Q(dt) — Q. (dt). From the condition of unbiasedness

for Q(dt) and Q.(dt), we have fT f@)R(t) = Oy x1.
‘We obtain

MSE(Z )= MSE(Z, +r)
=//K(t,s)v(dt)v(ds)—2// K(t, s)v(dD)[Qx + R1(ds)
SJS SJT

+/ /[Q*+R](dt)K(t,S)[Q*+R](dS)
TJT
=MSE(Q*)—2//K(t,s)v(dt)R(dS)—l—//R(dl‘)K(t,S)R(ds)
SJT TJT
+2 f f 0.(dDK (1, )R(ds)
TJT
zMSE(Q*)—Z//K(t,s)v(dt)R(ds)+2/fQ*(dt)K(t,s)R(ds)
SJT TJT
=MSE(Q*)+2f [/ Q*(doK(r,s)—/K(r,sw(dt)]R(ds)
T T S

= MSE(Q:) + 2/ c"Df(s)R(ds) = MSE(Q.) ,
T

where the inequality follows from nonnegative definiteness of the covariance kernel
and the last equality follows from the unbiasedness condition f f@®OR)=0. O

@ Springer



Prediction in regression models 2007

5.2 Proof of Theorem 3

For simplicity, assume p = 0; the case p > 0 can be dealt with analogously. First, we
derive the following lemma.

Lemma 2 The mean squared error of any unbiased estimator 3o (to) of the form (3.2)
is given by

MSE($¢ (10)= E (y(t0) — $o(10))
= K(to,to)—Z/ KT(to,s)Q(ds)—i—/ / Q' @DK(t, 5)Qds) .
T TJT

Proof Straightforward calculation gives

q 2
MSE($g(t0))= E (y(t0) — 5 (10))* = E (y(to) -3 ﬁ[ y(i)(f)Qi(df))
i=0
q 2
=E <9Tf(to) +el) =) /T 0790 + e(”(z)]Q,»(dr))
i=0

q 2
=E (e(to) - Z /Te“)(r)Q,-(dr))

3/ K (19,
— K(t0, 10) — 22/ LN o as)

az-‘rJK
+ZZ/ / TR0 uan o, s

i=0 j=0
as required.

Now we will prove the main result. We will show that

MSE($¢(t0)) > MSE(3g, (1)),

where Jo (fo) is any linear unbiased estimator of the form (3.2) and y¢, (f) is defined
by (3.4). Define R(d?t) = Q(dt) — Q. (dt). From the unbiasedness condition for Q(dt)
and Q,.(d1), we have [ F(1)R(dt) = 0y wWithF(t) = (£ (1), V@), ..., fD1)).
Therefore we obtain
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MSE(§ o (f0)= MSE (g, +(10))
— Ko, 10) -2 /T K (10, $)[Qs + RI(ds)

+ / / [Q. + RIT (@0)K(t. $)[Q, + RI(ds)
TJT
—MSE(j, (1)) 2 / KT (19, s)R(ds) + / / RT (@K, 5)R(ds)
T TJIT
+2 / / Q] @nK(t, s)R(ds)
TJT
~MSE (5o, (10))—2 / K7 (f0, )R(ds)+2 / f QJ (DK (. s)R(ds)
T TJT
= MSEGo. ) +2 [ [ [ QT@nk.s) - K . 5)]Ra@s)
T T

= MSE(Jg, (10)) +2 /T c, DF(s)R(ds) = MSE(3¢, (t0)) ,

where the inequality follows from nonnegative definiteness of the covariance kernel
and the last equality follows from the unbiasedness condition f F()R(dt) = 0.

Acknowledgements The authors are grateful to both referees for careful reading of the manuscript and
useful comments.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Bouhlel M, Martins J (2019) Gradient-enhanced kriging for high-dimensional problems. Eng Comput
35(1):157-173

Cressie N (1993) Statistics for spatial data. Wiley, New York

Dette H, Pepelyshev A, Zhigljavsky A (2019) The blue in continuous-time regression models with correlated
errors. Ann Stat 47:1928-1959

Fuentes M (2006) Testing for separability of spatial-temporal covariance functions. J Stat Plan Inference
136(2):447-466

Gneiting T, Genton M, Guttorp P (2007) Geostatistical space-time models, stationarity, separability and
full symmetry. In: Finkenstadt VIB, Held L (eds) Statistical methods for spatio-temporal systems.
Chapman and Hall/CRC, Boca Raton, pp 151-176

Han ZH, Zhang Y, Song CX, Zhang KS (2017) Weighted gradient-enhanced kriging for high-dimensional
surrogate modeling and design optimization. Am Inst Aeronaut Astronaut J 55(12):4330-4346

Leatherman E, Dean A, Santner T (2017) Designing combined physical and computer experiments to
maximize prediction accuracy. Comput Stat Data Anal 113:346-362

Morris MD, Mitchell TJ, Ylvisaker D (1993) Bayesian design and analysis of computer experiments: use
of derivatives in surface prediction. Technometrics 35(3):243-255

@ Springer


http://creativecommons.org/licenses/by/4.0/

Prediction in regression models 2009

Nither W, Simék J (2003) Effective observation of random processes using derivatives. Metrika 58(1):71-84

Parzen E (1961) An approach to time series analysis. Ann Math Stat 32(4):951-989

Rasmussen C, Williams C (2006) Gaussian processes for machine learning. MIT Press, Cambridge

Ripley BD (1991) Statistical inference for spatial processes. Cambridge University Press, Cambridge

Sacks J, Welch WJ, Mitchell TJ, Wynn HP (1989) Design and analysis of computer experiments. Stat Sci
4:409-423

Santner TJ, Williams BJ, Notz WI (2003) The design and analysis of computer experiments. Springer series
in statistics. Springer-Verlag, New York

Stein ML (1999) Interpolation of spatial data: some theory for kriging. Springer Science & Business Media,
New York

Ulaganathan S, Couckuyt I, Dhaene T, Degroote J, Laermans E (2016) Performance study of gradient-
enhanced kriging. Eng Comput 32:15-34

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Prediction in regression models with continuous observations
	Abstract
	1 Introduction
	2 Prediction without derivatives
	2.1 Prediction at a point
	2.2 Validity of Assumption A
	2.3 Matching expressions in the case of discrete observations
	2.4 Predicting an average with respect to a measure
	2.5 Location scale model on a product set

	3 Prediction with derivatives
	3.1 Discrete case
	3.2 Continuous observations on an interval
	3.3 Location scale model on a product set

	4 Additional examples of predicting process values
	4.1 Prediction for Markovian error processes
	4.1.1 General Markovian process
	4.1.2 Prediction when the error process is Brownian motion
	4.1.3 Prediction for an OU error process

	4.2 Prediction when the error process is integrated Brownian motion

	5 Proofs
	5.1 Proof of Theorem 2
	5.2 Proof of Theorem 3

	Acknowledgements
	References




