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Abstract. This paper examines the definition and continuity of expected pay-
offs in compact games with continuous payoff functions. There are three main
results. First, we confirm that Glicksberg’s (1952) original definition of expected
payoffs as an iterated integral is mathematically sound under general conditions.
Second, we show that the now more common definition as a single integral is both
rigorous and equivalent to the original when strategy spaces are either Hausdorff
or second countable. Third, we offer an alternative proof of the continuity of
expected payoffs without imposing the Hausdorff separation axiom. Together,
these results lead to a strengthening of Glicksberg’s theorem on equilibrium ex-

istence in compact Hausdorff games with continuous payoff functions.
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1 Introduction

In the theory of finite noncooperative games, pioneered by von Neumann (1928)
and Nash (1950), the mized extension requires players to choose probability
distributions over pure strategies in order to maximize their expected payoffs.!
This canonical construction stands in sharp contrast to the flexibility allowed
in infinite games. A widely studied class of infinite games consists of those
with compact Hausdorff strategy spaces and continuous payoft functions. Under
such assumptions, Glicksberg (1952) defined a player’s expected payoff as an
iterated integral, and asserted the continuity of the integral with respect to the
weak™® topology. Since the original work provided little detail on these issues,
a small but significant body of literature, beginning with Glycopantis and Muir
(2000), has established the continuity of expected payoffs under varying degrees of
generality using different techniques. In contrast, there apparently does not exist
any closer investigation of the issue of measurability. Yet, even for continuous
payoff functions, it is not immediately clear that expected payoffs are always
well-defined and independent of the chosen integral representation.

In this paper, we review the definition and continuity of expected payoffs in
n-player games with compact pure strategy spaces and continuous payoff func-
tions. The contribution is threefold. First, we verify that expected payoffs, if
specified as iterated integrals, are well-defined for continuous functions under
general conditions. Second, we show that the “modern” definition of a player’s
expected payoff as a single integral is both admissible and equivalent to Glicks-
berg’s (1952) definition provided that either all strategy spaces are Hausdorff or

all strategy spaces are second countable. Third and finally, we develop an alter-

! Admitting such randomization is generally useful to obtain equilibria in games that lack
convex strategy spaces or quasiconcave payoff functions (Dasgupta and Maskin, 1986).



native approach for deriving the continuity of expected payoffs. In contrast to
prior work, however, the result is obtained without any reference to the Hausdortff
separation axiom.

To understand why the measurability assumption on payoff functions is cru-
cial in the analysis of mixed-strategy Nash equilibria, recall the definition of
expected payoffs in terms of the Lebesgue integral, viz. as the supremum of the
integral of all simple functions which are less or equal than the function to be
integrated. Here, as usual, a function is called simple if it is a convex combina-
tion of indicator functions associated with measurable sets. If the expectation is
formed over a product of pure strategy spaces, then the relevant class of mea-
surable sets consists of “rectangles,” or more precisely of Cartesian products of
Borel sets. Notably, for a bounded payoff function defined on a product of com-
pact pure strategy spaces, the supremum mentioned above is always well-defined,
regardless of the measurability properties of the payoff function. However, there
is a reason why the Lebesgue integral is restricted to measurable functions. Mea-
surability ensures that the integrand can be approximated uniformly by simple
functions, i.e., the supremum norm of the absolute difference between the in-
tegrand and the approximating simple function can be made arbitrarily small.
Therefore, for nonmeasurable payoff functions that cannot be approximated in
that way, a gap remains between the payoff function and the pointwise supre-
mum of the simple functions approximating the integrand from below. As a
result, important properties of the integration operator, such as additivity of the
formation of expectations, may be lost if the definition is extended to nonmea-
surable functions. Thus, the problem of measurability cannot be easily resolved
by modifying the definition of the Lebesgue integral over product measures.

Our central result (Proposition 2) says that the crucial measurability condi-



tions needed to represent expected payoffs in the usual way are satisfied if either
all pure strategy spaces are Hausdorff or all strategy spaces are second count-
able.? A case in point is the class of compact games with metrizable strategy
spaces which satisfy both criteria simultaneously. Interestingly, the argument
leading to measurability of continuous payoff function with respect to the prod-
uct of the respective Borel o algebras differs across the two cases. For second
countable spaces, the two relevant o-algebras coincide, i.e., the product of the
Borel o-algebras and the Borel og-algebra of the Cartesian product, which makes
the proof of measurability relatively simple. For spaces that are not second
countable, however, these two o-algebras may differ.®> As a result, establishing
the measurability with respect to the smaller o-algebra requires additional ar-
guments, including Urysohn’s Lemma and the Stone-Weierstrass Approximation
Theorem.

To establish the existence of the iterated integral (Proposition 1) and the
continuity of expected payoffs (Proposition 3), we use a specific characterization
of joint continuity.* We show that a function defined on a product of two topo-
logical spaces is jointly continuous if and only if the function is continuous in the
first variable, with local uniformity over the second variable, and separately con-
tinuous in the second variable. Moreover, we note that that compactness allows
turning local uniformity into uniformity. Since the property of being continuous
in the first argument, with uniformity in the second argument, is stable under

the formation of expectations, these observations are precisely the tools that al-

2 A topological space is second countable if there exists a countable collection of open sets
such that every open set can be written as a union of sets from this collection.

3See Glycopantis and Muir (2000). The earliest reference to the problem of measurability in
the game-theoretic literature seems to be Mertens (1986, p. 245), which at the same time seems
to be the only earlier work allowing for randomization over non-Hausdorff strategy spaces.

4The term joint continuity will be used to emphasize that a function defined on a product
space is continuous with respect to the product topology on its domain. E.g., in games with
continuous payoff functions, payoff functions are assumed to be jointly continuous.



lows us to “lift” continuity properties from a game to its mixed extension. We
introduce the corresponding characterization of joint continuity in a preliminary
section before the main analysis.

Related literature. Glicksberg’s (1952) continuity assertion has been reviewed
by a variety of authors. Specifically, in the general case, Glycopantis and Muir
(2000) relied on the Stone-Weierstrass theorem, while Zarichnyi (2004) derived
his results using the existence of so-called Milyutin maps. Aliprantis et al. (2006)
used advanced methods from functional analysis to provide an alternative proof
tailored to the important special case of metrizable strategy spaces. They also
offered an excellent discussion of the literature. Further contributions include
Becker and Damianov (2006), Kozhan and Zarichnyi (2008), and Kim (2014).
Regarding the measurability issues addressed in the present paper, we are not
aware of any work, neither within nor outside of that literature, that has inves-
tigated if, and if so why, the standard assumptions of Fubini’s Theorem hold
under the general conditions of Glicksberg’s (1952) analysis.”

The rest of the paper is organized as follows. Section 2 concerns preliminaries.
Section 3 reviews Glickberg’s definition of expected payoffs. The problem of
measurability is discussed in Section 4. In Section 5, we establish the continuity
of the expected payoff function. Section 6 concludes. There are two appendices:
Appendix A provides the necessary mathematical background, while Appendix

B contains formal proofs.

5In a contribution that apparently went unnoticed by the game theory community, Glicks-
berg (1962) proved a variant of our Proposition 1 for two factors, assuming that strategy spaces
are locally compact Hausdorff and that the integrand is separately continuous. His proof uses
methods from functional analysis. In the present paper, we provide a direct and elementary
proof for n > 2 factors. Moreover, we do not impose the Hausdorff assumption.



2 Preliminaries

This section reviews the measurability of continuous functions (Subsection 2.1),
introduces the weak™* topology on the space of regular probability measures (Sub-
section 2.2), and provides a characterization of functions continuous on product
spaces (Subsection 2.3). We assume familiarity with general topology and inte-

gration theory as reviewed in Appendix A.

2.1 The Measurability of Continuous Functions

Let X be a topological space, i.e., a set equipped with a topology 7 consisting
of open sets. The elements of B(X), defined as the smallest o-algebra containing
all open sets, are called Borel sets. The following lemma sets the stage for our

analysis.

Lemma 1. Any continuous mapping between two topological spaces is measurable

with respect to the respective g-algebras of Borel sets.

Proof. Let h : X — X' be continuous, and let ¥’ be the collection of subsets
M C X' such that h='(M) € B(X). It is straightforward to check that ¥ is a
o-algebra. By continuity, the preimage of every open set in X’ under A is open,
hence an element of B(X). Since B(X') is the smallest o-algebra containing the

open sets, it follows that ¥’ O B(X’), proving the lemma. O]

By a Borel probability measure p on X, we mean a countably additive nonnega-
tive set function defined on B(X) such that u(X) = 1. For a function f : X — R
continuous on a compact space X, Lemma 1 implies integrability with respect
to any Borel probability measure, which is a fact widely used in economic the-
ory. Much of the subsequent analysis will be concerned with understanding how

Lemma 1 extends to functions continuous on a product of topological spaces.



2.2 The Weak* Topology on the Space of Regular Prob-
ability Measures

A Borel probability measure g on a topological space X is regular if for any
M € B(X) and any € > 0, there is a closed set C' and an open set U such
that C € M C U and p(U \ C) < &5 The regularity assumption ensures
that a measure is well-behaved with respect to the underlying topology, which
explains why it has been commonly imposed on Borel probability distributions

that represent mixed strategies. We will need the following fact.

Lemma 2. Suppose that X is Hausdorff and that x € X. Then, the Dirac

measure 0, 1S reqular.

Proof. Let M be Borel. For # € M, one notes that C' = {x} is closed by the
Hausdorff assumption and that U = X is open by the definition of the topology,
while u(U\ C) = u(X \ {z}) = 0. For = € M, one notes similarly that C' = () is
closed, and that U = X'\ {z} is open, while again u(U\C) = p(X\{z}) =0. O

We denote by P(X) the space of regular probability measures, and by C(X)
the space of continuous functions on X. For X compact, we define the weak*
topology on P(X) as the coarsest topology such that the evaluation map ey :
p [y f(z)du(z) is continuous for any f € C(X).

Glicksberg (1952) introduced the topology on P(X) by reference to the weak™*
topology on the space of functionals on the Banach space C(X). While elegant,
that approach presupposes the validity of the Riesz Representation Theorem,
and therefore relies on the Hausdorff separation axiom. The following result
ensures that our direct definition of the weak™® topology, which does not depend

on the Hausdorff assumption, is consistent with his definition.

SDunford and Schwartz (1958, Def. I11.5.11) reduces to our definition for nonnegative Borel
set functions.



Lemma 3. Suppose that X is Hausdorff. Then, the weak* topology defined above
is identical to the subspace topology induced on P(X) by the weak™ topology on

the Banach space of bounded linear functionals on C(X).
Proof. See Appendix B.1. O]

2.3 Continuous Functions on Product Spaces

The following characterization of the continuity of a function defined on a product
of two topological spaces is the key to our Propositions 1 and 3 below. While the

proof contains few surprises, we have been unable to find a suitable reference.”

Lemma 4. Let X,Y be arbitrary topological spaces and let f : X xY — R.
Then, f(z,y) is jointly continuous in (x,y) if the following two conditions are

satisfied:
(i) f(x,y) is continuous in x, uniformly overy € Y;
(i1) f(x,y) is continuous in y, for any xz € X.

Conversely, if f(x,y) is jointly continuous in (x,y) and, in addition, Y is com-

pact, then conditions (i) and (ii) hold.
Proof. See Appendix B.2. O]

The proof follows a similar idea as the Heine-Cantor Lemma which states that a
continuous function on a compact space is uniformly continuous. However, our
result concerns uniformity with respect to a different variable. In the case of
metric spaces, the first part of the lemma is readily verified using the epsilon-

delta criterion for continuity at a point in X. However, we need the general

"E.g., Munkres (2014, Ch. 2, p. 110) stated that there is “no useful criterion” for the
continuity of a mapping that is defined on the product of topological spaces.



case. The second part of the lemma assumes that Y is compact. Compactness
is needed for this direction because the joint continuity in (z,y) merely implies
that the continuity in x is locally uniform in y. Thus, compactness ensures that

we can deduce uniformity on all of Y.

3 Glicksberg’s Definition of Expected Payoffs

Let G = (S;,u;)!~, be an n-person game, where S; is player i’s pure strategy
space and u; : S; X ... x S, — R is player ¢’s payoff function. We will assume
throughout that each S; is a compact topological space, and that each w; is
continuous, for any i € {1,...,n}. In the mized extension of G, each player
i € {1,...,n} chooses some regular probability measure p; € P(S;). Given the
strategy profile

= (1, .., pn) € P(S1) X ... x P(Sy),

we initially follow Glicksberg (1952) in defining player i’s expected payoff as the

iterated integral

B ui] = /5 {{/5 ui(sl,...,sn)dyn(sn)}...}dul(sl).

It should be noted that we have not used the concept of a product measure so
far. Neither have we invoked any variant of the Fubini-Tonelli theorem. The

following result clarifies the nature of Glicksberg’s definition.

Proposition 1. Under the assumptions made above, i.e., the compactness of

strateqy spaces and the continuity of u;, the following is true:
(1) The iterated integral E,[u;] is well-defined;
(1t) the value of E,[u;] does not depend on the order of integration.

Proof. See Appendix B.3. O



Thus, even in the absence of the Hausdorff assumption, Glicksberg’s original def-
inition is both mathematically sound and economically meaningful. The iterated
integral is well-defined because, given the continuity of u;, the inner integrals are
jointly continuous in the remaining strategy profile, as shown using Lemma 4.
Since continuity implies univariate measurability (Lemma 1), the existence of
iterated integrals follows by induction, establishing claim (i).®

The second claim says that any renaming of the players leaves expected pay-
offs invariant. Although not needed to establish Glicksberg’s existence theorem
for mixed-strategy Nash equilibria, this property is obviously desirable for any
definition of expected payoffs. The proof relies again again on Lemma 4, but
drawing also from the proof of Glicksberg (1962, Thm. 3.1). Specifically, in the
case of two factors, the order of integration does not matter if one of the prob-
ability measures is a convex combination of Dirac measures. Moreover, as we

show, any Borel probability measure can be approximated arbitrarily well in the

weak™ topology by a convex combination of Dirac measures.

4 The Problem of Measurability

The following result provides conditions under which the modern definition of a
player’s expected payoff, expressed as a single integral over the product of pure

strategy spaces, is both rigorous and equivalent to Glicksberg’s (1952) definition.

Proposition 2. Suppose that u; is continuous. Suppose also that all S; are com-

pact and nonempty, and that at least one of the following conditions is satisfied:

(i) all S; are Hausdorff;

(i) all S; are second countable.

81t may well be conjectured that this argument was known to Glicksberg at the time, and
considered too elementary to be reported.

10



Then u; is measurable with respect to B(S1) ® ... ® B(S,,), and the integral

Bl = [ lsnee sl %o ) s)
1X...XOn

is well-defined and equal to the iterated integral representation, i.e., E,[u;] =

B Ju]
Proof. See Appendix B.4. m

Thus, if all strategy spaces are Hausdorft, or all strategy spaces are second count-
able, or both (the metrizable case), Glicksberg’s (1952) original definition of ex-
pected payoffs in terms of an iterated integral is equivalent to the definition,
common in the literature, in terms of a single integral over a product measure.
When strategy spaces are neither Hausdorff nor second countable, however, the
two definitions may differ. In fact, the integral in the statement of Proposition 2
might not be well-defined. This is because a function continuous with respect to
the product topology on S; x ... x S, is, by Lemma 1, measurable with respect
to B(S; x ... x S,), but not necessarily with respect to B(S;) ® ... ® B(S,).

Thus, a problem arises whenever
B(S1)®...@ B(S,) € B(S1 x...xS,).

In this case, measurability with respect to B(S1)®...®B(S,,) is a strictly stronger
condition than measurability with respect to B(X; x ... x X,,). However, the
stronger condition is crucial for the validity of Fubini’s Theorem (Folland, 1999,
p. 68 and Ex. 47). The proof of Proposition 2 shows that this complication does
not arise for Hausdorff spaces or second countable spaces. As discussed in the
Introduction, the two cases differ in their logic. Specifically, if all strategy spaces
are second countable spaces, then the two o-algebras just mentioned are identical.

In contrast, if all strategy spaces are Hausdorff but not second countable, then

11



the two o-algebras may differ, but we can still prove that jointly continuous
payoff functions are measurable with respect to the smaller o-algebra, which is

all we need to apply Fubini’s Theorem.

5 Continuity of Expected Payoffs

The following result establishes the continuity of expected payoffs with respect

to the product of the respective weak® topologies.

Proposition 3. Suppose that each S; is compact. Suppose also that u; continuous
on X. Then, the mapping that assigns to each p = (py,...,pu,) € P(S1) X
... X P(Sy) the expected payoff E,[u;] is continuous in the product of the weak™

topologies.

Proof. Suppose first that n = 2. Then, as seen in the proof of Proposition
1, B, u,[ui] = E, [E,,[us]] is continuous in ps, uniformly over py. Moreover,
since E,, [u;] is separately continuous in sy, for any given po, the definition of the
weak™ topology implies that E,, ,,[w;] is separately continuous in s, for any .
Hence, using Lemma 4, E,, ,,[u;] is jointly continuous in (u1, p2). This proves
the claim in the case n = 2. The case where n > 3 is obtained as follows. First,

one shows that
E, [u] = / wi(S1y -y Sn) Apin(Sn)
Sn

is continuous in (s, ..., S,—1), uniformly over f,, while E, [u;] is continuous
in pu,, for any fixed (sq,...,S,-1). Therefore, E, [u;] is jointly continuous in
(S1,--+,Sn_1, n). Using the argument developed above, this implies that the it-
erated expectation E,, | [E,, [u;]] is jointly continuous in (s1, ..., Sp—2, n—1, tn),

etc. Straightforward induction yields then the claim for general n > 3. [

12



From a modern perspective, the equilibrium notion used by Glicksberg (1952) is
nonstandard insofar that player i’s expected payoff was defined as the iterated
integral E,(u;) (see the text before Proposition 1). By a mized-strategy Nash
equilibrium for an n-player game G, we mean here a profile u = (u1, ..., )
of regular probability distributions such that no player ¢ has an incentive to
deviate, if her expected payoff is defined as the single integral Eu(uz) over the
product measure (see Proposition 2). The following result is, therefore, actually

a strengthening of Glicksberg’s original result.

Corollary 1. Suppose that strateqy spaces are monempty, compact, and Haus-
dorff, and that payoff functions are continuous. Then, there exists a mized-

strateqy Nash equilibrium even if expected payoffs are defined as single integrals.

Proof.? In the Hausdorff case, compactness of P(S;) follows via the Riesz Rep-
resentation Theorem from Alaoglu’s Theorem (Reny, 1999, fn. 20).'° Moreover,
P(S;) is nonempty because pure strategy spaces are nonempty and Dirac mea-
sures are regular in the Hausdorff case (Lemma 2). Next, by Propositions 1
through 3, each player i’s expected payoff function Eﬂ(ul) is well-defined and
jointly continuous in the product of the respective weak*® topologies. Finally,
consider the linear space V; generated by P(.S;), equipped with the correspond-
ing weak™ topology. By Lemma B.1 in the Appendix, P(S;) is a subspace of V;.
Now, V; locally convex because the standard base of the weak™ topology in V;

consists of convex sets. Further, V; is weak* Hausdorff.!! Therefore, the mixed

We include an outline of the proof in particular to provide details on why P(S;) is a
nonempty subspace of a locally convex Hausdorfl space. These are issues that have likewise
received little discussion in Glicksberg (1952).

OFor discussion, see Glycopantis and Muir (2004).

11T see why, let v = Au+ pv and § = Ai + p be distinct elements of V;, with A, p, \, 7 € R
and p,v, 1, v € P(S;). Then, there is a Borel set M C S; such that, in straightforward
extension of the notation, v(M) > v(M). By regularity, we find a closed set C' C M and an
open set U D M such that u(U\C) < e, v(U\C) <&, u(U\C) <&, and 7(U\ C) < e. Given

13



extension satisfies the assumptions of Glicksberg’s (1952) fixed point theorem,

proving the claim. O

Thus, with respect to Glicksberg’s (1952) existence theorem for mixed-strategy
Nash equilibria, our modest contribution is the observation that his definition
of expected payoffs is rigorous under the general assumptions of his analysis
(because he assumed that all pure strategy spaces are Hausdorff), and that the
way in which he chose to define expected payoffs is equivalent to the modern

definition.

6 Conclusion

The main takeaway from the present analysis is that expected payoffs are well-
defined under Glicksberg’s (1952) general conditions. This holds even regardless
of the details of their representation as an integral. However, as explained, there
are measurability assumptions implicit in the way in which expected payoffs are
commonly represented. Specifically, Fubini’s theorem, which allows to switch be-
tween iterated expectations and total expectations, assumes that the integrand is
measurable in an abstract measure-theoretic setting. In the game-theoretic con-
text where o-algebras are derived from topologies, this concept of measurability
with respect to the product of Borel o-algebras is easily confused with the more
permissive notion of measurability with respect to the Borel o-algebra of the
product topology. As demonstrated, however, only the latter concept is gener-
ally implied by the continuity of the underlying payoff function, while the former
requires additional assumptions (such as Hausdorffness or second countability)

as well as a different proof.

that S; is Hausdorff compact, Urysohn’s Lemma implies the existence of f € C(S;) such that
ef(v) + A+ p)e > v(M) > V(M) > ef(v) — (A + p)e. For € > 0 sufficiently small, this implies
ef(v) > ef(v), which proves the claim.

14



It would be of some interest to extend the main results of the present analysis
to the discontinuous case (Reny, 1999; Monteiro and Page, 2007; Prokopovych
and Yannelis, 2014). Among the conditions sufficient for better reply-security
in the mixed extension, it seems desirable, for instance, to explore the condi-
tions under which uniform payoff security in the underlying game, potentially
combined with the upper semicontinuity of the total payoff function, implies the
measurability of all payoff functions with respect to the product o-algebra. Such

questions, however, lie beyond the limited scope of the present analysis.

Appendix A: Mathematical Tools

This section provides basic definitions and results regarding compact topological

spaces (Subsection A.1) and integration over general measure spaces (Subsection

A.2).

A.1 Compact Topological Spaces

A topological space is a pair (X, T), consisting of a set X, and a collection 7T of
subsets of X, such that: (i) ) € 7 and X € T; (ii) the union of any collection
of sets in 7 is also in 7; and (iii) the intersection of any finite number of sets
in 7 is also in 7. In this case, T is called a topology on X, and the elements
of T are called open sets. A set C' C X is closed if its complement X \ C' is
in 7. Given two topologies T and 7' on the same set X, if 7 C T’ then T
is said to be coarser than T’. Given a topological space (X,7) and a subset
Y C X, the subspace topology on Y is defined as 7|, = {Y NU : U € T}.
The space (Y, Ty-) is then called a subspace of (X, T). Given topological spaces
(X,7T) and (X', T"), a mapping h : X — X' is continuous if, for any U € T,

the preimage h™'(U) = {z € X : h(z) € U} is in T. A topological space

15



(X, T) is compact if every covering of X by open sets has a finite subcover.
That is, for any collection {Us}aea € T such that X = (J, 4 Ua, there exists
a finite subcollection {Us,, Uny, - - - Ung } € {Un}aca such that X = Ui, U,
A topological space (X, 7)) is Hausdorff if, for any two distinct points z,y € X,
there exist disjoint open sets U,V € T such that x € U and y € V. Given
topological spaces (X1,71), ..., (Xn, Tn), the product topology on the Cartesian
product X = X x ... x X, is the coarsest topology T such that the canonical
projection m; : X — X is continuous for all ¢ € {1,...,n}. Then, by Tychonoff’s
Theorem, (X, T) is compact if each (X;, T;) is compact. Given a topological space
(X,T), a basis of its topology T is a collection of open sets such that any open
set can be written as a union of such sets. A topological space (X, T) is second

2 To lighten the notation, the explicit

countable if it has a countable basis.!
reference to T is typically dropped. For further background on general topology,

see Kelley (1975).

A.2 Integration over General Measure Spaces

A o-algebra ¥ on a set X is a collection of subsets of X that satisfies the following
properties: (i) X € ¥; (i) if M € X, then X \ M € ¥; and (iii) if {M;}2, is a
countable collection of sets in ¥, then (J;—; My € 3. The elements of ¥ are called
measurable sets. A measurable space is a pair (X, Y), where X is a nonempty
set and ¥ is a o-algebra on X. Given measurable spaces (X, ) and (X', ¥'), a
mapping h : X — X’ is measurable if, for any M € ¥, the preimage h='(M) is
in X.

Let (X,3) be a measurable space. A set function is a mapping p : ¥ — R.

We call a set function nonnegative if it does not attain negative values. A set

12For compact Hausdorff spaces, second countability is equivalent to metrizability by
Urysohn’s Metrization Theorem.
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function is countably additive if, for any countable collection { M }72 , of pairwise
disjoint sets in X, we have p (Upe; Mi) = D ooy t(My). A probability measure is
a countably additive, nonnegative set function u satisfying p(X) = 1. For any
x € X, the Dirac measure §,, defined by 0,(M) =1if z € M and by 6,(M) =0
if x ¢ M, is a probability measure.

A function f on X is called simple if there exists a representation f(x) =
Zszl el () for constants vq,...,vx € R and some partition M U...UMg =
X into measurable subsets M, ..., Mg € Y. For any probability measure p, the
integral of a simple function g is [, g(z)du(z) = Zszl Yep(My). Any measurable
bounded function f : X — R may be approximated uniformly from below by a

sequence of simple functions { f,,}>°_;.'* The Lebesgue integral of f is given as

[ f@ () = sup [ fole) duta).
X m—o0 JX

Given measurable spaces (X1,%1), ..., (X,, 2,), the product o-algebra ¥ ®
... ® Y, is defined as a smallest og-algebra on X; x ... x X,, that contains all
product sets M; X ... x M,, where M; € ¥; for i € {1,...,n}. Given probability
measures fiq, . .., f, on (X1, %), ..., (X,,X,), respectively, the product measure,

denoted by 1 X ... X u,, is defined as the unique probability measure on ¥y ®

... ® 2, such that

(1 X o) (My X oo X M) = g (My) - .o (M)

for all My € ¥4,...,M,, € ¥,. For further background on integration over
general measure spaces, see Dunford and Schwartz (1958, Ch. III) or Royden
and Fitzpatrick (2010, Sec. 18).

I3For this, it suffices to partition the real line into half-open intervals of length £ > 0, and
to define the Mj’s as the respective preimages, of which only finitely many are nonempty.
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Appendix B: Proofs

This section contains technical proofs omitted from the body of the paper.

B.1 Proof of Lemma 3
The proof makes use of the following lemma.

Lemma B.1 (Grothendieck). Let X be equipped with the coarsest topology T
such that any mapping g, : X — X, (a € A) is continuous, and leth : Y — X be
an arbitrary mapping. Then, the coarsest topology on'Y such that h is continuous
is the coarsest topology such that any mapping (go o h) : Y — X, (a € A) is
continuous. In particular, if h is an injection, then this property characterizes

the subspace topology Ty on Y.
Proof. See Grothendieck (1973, pp. 1-2). O

After these preparations, we will now prove Lemma 3. By the Riesz Representa-
tion Theorem, the linear space generated by the regular probability measures on
B(X) is isometrically isomorphic to the Banach space of bounded linear functions

on C(X). The claim therefore follows from Lemma B.1 above. O

B.2 Proof of Lemma 4

(If) Let (xo,y0) € X x Y, and take some ¢ > 0. Then, by uniform continuity,

there exists an open neighborhood U, C X of x( such that

F(@,y) = Foy)l < 5.

for any x € U, and any y € Y. Next, by continuity with respect to y, there

exists an open neighborhood U, C Y of yy such that

7 (@o,y) = F o) < 5,
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for any y € U,. By the triangle inequality,

|f(@,y) — f(xo,90)| < |f(2,90) — f(@o, o)l + [ f(z,90) — f(20,y0)]
£ €
2 2

= 87
for any (z,y) € U, x U,. Clearly, U, x U, C X x Y is an open neighborhood
of (xo,y0). Hence, given that ¢ > 0 and (zo,y0) € X x Y were arbitrary, the

mapping f is continuous.

(Only if ) Conversely, suppose that f(z,y) is jointly continuous in (z,y), and let
e > 0. Then, for any (x,y0) € X XY, we find an open neighborhood V' C X xY

such that

7 (@,9) = F (o 90)| < .

for any (x,y) € U. By the definition of the product topology, there exist open
neighborhoods U, C X of xy and U, C Y of y, respectively, such that U, x U, C
V. In particular, the inequality above holds for any x € U, and any y € U,.

Since xy € U,, this yields

7 (@0.9) = flao.0)] < 5.

for any y € U,. Using the triangle inequality another time, we see that

[f(z,y) = fleo,v)| < |f(z,9) = Fwo,90)] + [f (20, y) — f (20, vo)|

€
+

< —
2

€
2

= 6,

for any * € U, and any y € U,. Thus, f is continuous at x = z, locally
uniformly over y € Y. We keep now xy € X fixed. Then, depending on yy € U,

the set U, = Uy,(yo) is an open neighborhood of y, and similarly, U, = U,(yo)
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is an open neighborhood of zy. Given that Y is compact, we find finitely many

Y1, --.,Yx € Y such that
K
Y = J Uy
k=1

Hence, for any y € Y, there is some k € {1,..., K} such that y € U,(y). Then,

for any x € ﬁx with

we have
|f(z,y) — flwo,y)| <e.

Thus, given that ¢ was likewise arbitrary, f(z,y) is continuous at x = xg, uni-
formly over y € Y. Asxy € X was arbitrary, this shows that f(z,y) is continuous
in y, uniformly over all y. As the continuity of f(z,y) with respect to y is im-

mediate, the claim follows. Il

B.3 Proof of Proposition 1

(i) Given that u; is continuous and bounded, the integral fSn Wi (81, -+ Sn)dptn(Sn)
is well-defined. Moreover, since S,, is compact, Lemma 4 implies that u;(sq, . .. s,)
is jointly continuous in (sy,..., S,_1), uniformly over all s,. Therefore, the in-
ner integral fSn wi(S1, -+ Sn)dpn(8y) is jointly continuous in (si,...,8,-1). The

claim now follows by induction over n.

(i) Let P(X) denote the space of Borel probability measures on a topological
space X, equipped with the weak™ topology. By Lemma B.1, P(X) is a subspace
of P(X), and any Dirac measure &,, with z € X, is an element of P(X). We

will need the following auxiliary result.

Lemma B.2. The set of convexr combinations of Dirac measures on a topological

space X is weak™ dense in 73(X)
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Proof. The proof is adapted from Bogachev (2007, Ex. 8.1.6, p. 176). A base

of the weak™ topology on ﬁ(X ) is the collection of all sets
Uf1,---7fK,

:{yeP /fk Jaju( /fk Jd(x)

where v € ﬁ(X), f1,-.., fx are continuous functions on X, and € > 0. It suffices

<egk=1,. K}

to show that any such set contains a convex combination of Dirac measures. For
this, choose, for any k, a simple function g, uniformly approximating f; such that
| fe(z) — gr(x)| < § for any x € X. Select one element from each measurable set
M in the join of the partitions associated with g1, ..., gk, and attach the weight
(M) to the corresponding Dirac measure. This delivers a probability measure
v* that is a convex combination of Dirac measures. Moreover, by construction,

Jx gx(@)dp(z) = [ gr(x)dv*(z), so that v* is contained in Uy, . r, (1) O

We are now in the position to prove Proposition 1(ii). We first address the case

= 2. Keep py fixed. Then, E,, [E,,[u]] = Eu, [E[w]] is true if po is a
convex combination of Dirac measures. By Lemma B.2 above, any us € P(S2) is
the weak™ limit of a generalized sequence of such convex combinations of Dirac
measures. It therefore suffices to show that the iterated integrals, considered as
functionals of ps alone, are weak™ continuous on 73(52). By assumption, u; is
jointly continuous in (sq, $32). Moreover, S, is compact. Hence, using Lemma 4,

u;(s1, 82) is continuous in sp, uniformly over sy. Taking expectations,

/ o, 50 ()

is continuous in s1, uniformly over uy. Clearly, u;(s1, s9) is continuous in s,, for
any s;. By the definition of the weak-* topology, E,,[u;] is continuous in s,

for any fixed s;. Using Lemma 4 another time, E,,[u;] is jointly continuous in
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(s1,p2). But S; is compact. Hence, using Lemma 4 still another time, E,, [u;] is
continuous in pe, uniformly over s;. Taking expectation, E,, [E,,[w;]] is contin-
uous in fig, even uniformly over 4. On the other hand, E,, ,, [wi] = E,, [E,, [ui]]
is continuous in ps, as follows from the definition of the weak™ topology and the
continuity of E,, [u;] with respect to s;. This proves that the iterated integrals
are continuous in ps, for any fixed p;, and therefore proves the claim for n = 2.
The case where n is general follows now by induction, where one uses the facts
that inner integrals are jointly continuous in the remaining pure strategy profile,
as shown in part (i), and any permutation of the set of players may be written

as a concatenation of transpositions that swap two neighboring players. U

B.4 Proof of Proposition 2

(i) The claim follows from the following lemma.

Lemma B.3. Let X1,...,X,, be compact Hausdorff spaces and f : X1 X ... X
X,, = R be jointly continuous. Then, f is measurable with respect to the product

of the respective Borel o-algebras, B(X;) ® ... ® B(X,).

Proof. We follow the steps of the proof outlined in Lang (1993, pp. 273-274) for
the case n = 2, making suitable adaptions to account for the case of general n.
Consider the set 2 C C(X; x ... x X,,) consisting of all finite sums of functions
of the form

(1, .y xn) = p1(z) - o nl(n),

where ¢; € C(X;) foreach i € {1,...,n}. We verify that 2 satisfies the conditions
of the Stone-Weierstrass theorem. First, it is straightforward to check that 2A is
an algebra, i.e., a linear space of functions closed under pointwise multiplication.

Second, for distinct points x = (z1,...,2,) and y = (y1,...,yn), there exists i
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with x; # y;. As X, is Hausdorff and compact, it is normal. Hence, by Urysohn’s
Lemma, we find ¢; € C(X;) separating x; and y;. Then, letting ¢; = 1 for
all 7 # 4, the above product function is an element of 2 that separates x and
y. Third, the constant function 1 is obviously in %[. Since X; x ... x X, is
compact, the Stone-Weierstrass Theorem implies that 2 is uniformly dense in
C(X1 x ... x X,). Now, we claim that each g € 2 is measurable with respect
to B(X1)®...® B(X,). Indeed, being induced by a section as in Folland (1999,
Prop. 2.34), the canonical projection B(X;)®...®B(X,,) — B(X;) is measurable,
and the same is true for finite sums and products of measurable functions, which

proves the claim. As f is the uniform limit of such g, it is likewise measurable. [
(ii) The proof makes use of the following fact.

Lemma B.4. Let (X, T) be the product of topological spaces (X1,T1), ..., (Xn, Tn)-
Then, B(X) 2 B(X1) ® ... ® B(X,). Moreover, the set inclusion is an equality

if (X;,T;) is second countable, for i € {1,...,n}.

Proof. The case n = 2 corresponds to Dudley (2018, Prop. 4.1.7). For the
reader’s convenience, we include the proof. For any set A C Xj, let U4 be the
set of all B C X, such that A x B € B(X). If A is open, then A x X, € B(X).

Now B +— A x B preserves set operations, specifically: for any B C X5,
Ax (Xo\B)=(Ax X3\ (AxB),

and for any B, C X5,

U(AxBn):AXUBn.

n

It follows that U, is a o-algebra of subsets of X5. It includes 75 and hence
B(X3). Then, for B € B(X3), let T1(B) be the set of all A C X; such that
Ax B e B(X). Then X; € Ti(B), and T;(B) is a o-algebra. It includes 77, and
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hence B(X7). Thus, the product o-algebra of the Borel g-algebras is included in
the Borel o-algebra B(X) of the product. Conversely, suppose that (Xi,77) and
(Xs,T3) are second countable. The product topology has a base W consisting of
all sets A x B where A belongs to a countable base of 7; and B to a countable
base of 75. Then the o-algebra generated by W is the Borel o-algebra of the
product topology. It is clearly included in the product o-algebra. This completes
the proof in the case n = 2. To deal with the case of general n, we proceed by

induction. Suppose that the inclusion has been verified for (n— 1) factors. Then,

B(X:x...xX,) = B((X1x...xX,1)xX,)

19

B(X; x...x X, 1)®B(X,)
2 (B(X))®...0B(X1))®B(X,)

= B(X1)®...0B(X,),

because the formation of products of o-algebras is associative (Dunford and
Schwartz, 1958, p. 195) as well as monotonic with respect to set-inclusion. Hence,
the inclusion holds also for n factors. Suppose, finally, that the inclusion is an
equality for up to (n — 1) second countable factors. Recalling that a product of
two second countable spaces is second countable (Kelley, 1975, Ch. 3, Problem

M), the inclusion is an equality also for n factors. This completes the proof. [

We turn to the proof of the second claim in Proposition 2. As w; is jointly
continuous, it is measurable with respect to B(S; x ... x S,). By Lemma B.4
above, u; is measurable with respect to B(S1) ®...® B(S,). As u; is bounded, it
therefore satisfies the assumptions of Fubini’s Theorem (Dunford and Schwartz,

1958, Thm. II1.11.9). The claim follows.
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