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Abstract
We consider the strategic interaction of n investors who are able to influence a stock price
process and at the same time measure their utilities relative to the other investors. Our main
aim is to findNash equilibrium investment strategies in this setting in a financialmarket driven
by a Brownian motion and investigate the influence the price impact has on the equilibrium.
We consider both CRRA and CARA utility functions. Our findings show that the problem is
well-posed as long as the price impact is atmost linear.Moreover, numerical results reveal that
the investors behave very aggressively when the price impact is close to a critical parameter.

Keywords Portfolio optimization · Price impact · Nash equilibrium · Relative investor

JEL Classification C61 · C73 · G11

1 Introduction

In this paper, we determine the optimal investment strategies of n investors in a common
financial market who interact strategically. The strategic interaction is caused by two different
factors: a relative component inside the objective function of each investor and by the fact
that the stock price dynamic is affected by the arithmetic mean of the n agents’ investments.

We contribute to two strands of literature. The first one is the literature on strategic inter-
action between agents. Strategic interaction in portfolio optimization problems has been
motivated for example by [10] and [31] through competition between agents. Since then,
portfolio choice problems including strategic interaction between investors have been widely
studied. The competitive feature is usually modeled through a relative performance metric.
More specifically, either the additive relative performance metric, introduced by [19, 20], or
the multiplicative performance metric, introduced by [4], are included into the utility func-
tion. [5] consider two agents in a continuous-time model which includes stocks following
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geometric Brownian motions. They use power utility functions and maximize the ratio of
the two investors’ wealth. [20] also consider stocks driven by geometric Brownian motions
and n agents maximizing a weighted difference of their own wealth and the arithmetic mean
of the other agents’ wealth. Structurally similar objective functions including the arithmetic
mean have been used by [6]. There, the unique Nash equilibrium for n agents is derived in a
very general financial market using the unique solution to some auxiliary classical portfolio
optimization problem. [35] consider the case of asset specialization for n agents. They derive
the unique constant Nash equilibrium using both the arithmetic mean under CARA utility
and the geometric mean under CRRA utility. Later, their work has been extended by [34]
to consumption-investment problems including relative concerns. In a similar asset special-
ization market with bounded market coefficients, [22, 25] find a one-to-one correspondence
between Nash equilibria and suitable systems of FBSDE’s for agents applying power utili-
ties to the multiplicative relative performance metric in order to find optimal investment (and
consumption) strategies. [16, 17] use forward utilities of both CARA and CRRA type with
and without consumption.More general financial markets (including e.g. stochastic volatility
and incomplete information) were, for example, used in [24, 28, 33].

The second strand of literature focuses on (large) investors whose trades affect the price
processes of certain assets. For an overview on reasons for the existence and methods to
incorporate price impact, we refer to [9, 44]. [29, 30] considers a discrete time market model
in which a single large trader affects the price of the risky asset. He finds conditions under
which there are no arbitrage opportunities for small traders while the large trader is able to
achieve riskless profit using somemarket manipulation strategy. [1] introduce a discrete-time
financial market in which the price process of the risky stock is affected by the investment
of a large investor. The impact is divided into temporary and permanent price impact. They
minimize risk and transaction costs arising from the price impact simultaneously. Models
including temporary and permanent price impact were also used by, among others, [40–42].
In [7], the problem of minimizing the expected cost of liquidating a block of shares over a
fixed time interval is solved in a discrete time financial market. Here, the number of shares
held by a large trader impacts the stock price process linearly.

[15] assume that the investment of a single large investor affects the interest rate of a
riskless asset and the drift and volatility of stock price processes, which are modeled by Itô-
diffusions, simultaneously. They allow for general square integrable strategies and extend
classical results of hedging contingent claims to their setting. A similar model including
stocks paying dividends was used by [12]. In their setting, the volatility of the stock prices
does not depend on the large investors portfolio and they determine the optimal consumption
strategy of the large investor. [2] use a more general continuous-time model for the stock
prices, but only allow for constant portfolio processes. They prove necessary and sufficient
conditions for the absence of arbitrage for both small and large investors. [36] consider a
Black-Scholes-type stock price dynamic where the investor’s impact is modeled by a general
price impact function integrated with respect to an Itô process which models the investment
of the large agent. After introducing their market model, they show how to price European
options defined therein. [18] also consider a Black-Scholes-type price process in which the
drift is (possibly nonlinearly) affected by the large investor’s trades and also contains a
stochastic component which depends on the current market state. They maximize expected
utility of the large investor under both complete and incomplete information. A problem of
optimal liquidation in another Black-Scholes-type market is treated in [27]. Here, the stock
price depends linearly on the dynamics of the large investor’s selling process. [32] maximize
expected utility in a financial market similar to the one treated in this paper. They model
the price process as a geometric Brownian motion by adding a multiple of the large trader’s
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investment to the constant drift. A different approach to model price impact was used by [3].
There, the large trader has additional information on the course of the future stock price and
price impact is introduced as a penalty to exclude arbitrage opportunities.

Themajority of literature considers the case of a single large trader. [43], however, consider
a continuous time financialmarketwhere the price impact—both temporary and permanent—
results from the investment of n+1 ’strategic players’. Additionally, so-called market impact
games, in which a finite number of large traders aims to minimize their liquidation/execution
cost, have for example been considered by [23, 37, 40, 42]. Moreover, [14] considers two
agents who interact strategically through their linear impact on the return of the risk free asset.
Maximizing their terminal wealth under CRRA utility, he derives the unique constant pure-
strategy Nash equilibrium. Risk-averse investors competing to maximize expected utility of
terminal wealth have also been considered by [41].

In the following,we solve ann-agent portfolio problemwith relative performance concerns
where we allow the agents to jointly influence the asset dynamics, which is reasonable if n
is large, and which has not been done before.

This paper is organized as follows. In the next section, we introduce the linear price
impact financial market. In Sect. 3, we explicitly solve the problem of maximizing expected
exponential utility which results in the unique constant Nash equilibrium. The argument of
the utility function consists of the difference of some agents’wealth and aweighted arithmetic
mean of the other agents’ wealth.We also examine the influence of the price impact parameter
α to the Nash equilibrium and the stock price attained by inserting the arithmetic mean of the
components of the Nash equilibrium. In Sect. 4, we substitute the linear impact of the agents
arithmetic mean on the stock price process by a nonlinear one. We prove that the problem
of maximizing CARA utility is well-posed as long as the influence is sublinear and does
not have an optimal solution if the influence is superlinear. In Sect. 5, we assume that agents
use CRRA utility functions and insert the product of some agents wealth and a weighted
geometric mean of the other agents’ wealth into the expected utility criterion. Similar to the
CARA case, we are able to explicitly determine the unique constant Nash equilibrium.

2 Price impact market

Let (�,F, (Ft )t∈[0,T ],P) be a filtered probability space and T > 0 a finite time horizon.
Moreover, let W be a standard Brownian motion on (�,F, (Ft )t∈[0,T ],P).

The underlying financial market consists of one riskless bond which will for simplicity be
assumed to be identical to 1, and one risky asset (a stock). Note that it is straightforward to
extend the results below to the case of d > 1 stocks instead of just one (see [26] for analogous
results including multiple stocks). However, to keep calculations simple, we only consider
one stock.

The price process of the stock, denoted by (St )t∈[0,T ], is the solution to the SDE

dSt = St ((μ + απ̄t ) dt + σdWt ) , S(0) = 1. (2.1)

Here, the drift μ > 0 and volatility σ > 0 are assumed to be deterministic and constant in
time. Our model describes a special case of the models considered by [12, 15, 32]. Note that,
instead of just one large investor, we consider the case of n agents who collectively act like
one large investor.
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The expression π̄t will describe the arithmetic mean of the investment of n investors into
the stock at time t ∈ [0, T ], i.e.

π̄t := 1

n

n∑

i=1

π i
t , (2.2)

where π i
t describes either the amount or the fraction of wealth agent i invests into the stock

at some time t ∈ [0, T ]. The strategies π i of the n investors are assumed to belong to the set
A of (Ft )t∈[0,T ]-progressively measurable, square-integrable processes, i.e.

A := {
π : � × [0, T ] → R : π is (Ft )t∈[0,T ]-progressively measurable,
∫ T

0
π2
t dt < ∞ P-a.s.

}
. (2.3)

Further, let the initial capital of agent i be given by xi0.
Finally, α ∈ R is some constant that describes the impact of the investment of the n

investors into the stock.

Remark 2.1 (a) Some authors argue that α should take both positive and negative values
due to the fact that (large) investors may have both positive and negative impact on
stock returns (see e.g. [11, 13]). On the other hand, [2] prove in a more general setting
that stock prices need to be increasing in terms of some large investor’s investment.
Otherwise it would be possible to construct some ’In &Out’ arbitrage strategy. However,
such arbitrage strategies arise due to the direct change in the share price in their model
and are therefore not an issue in our case. Moreover, since the optimization problems
considered in this paper have finite optimal solutions, our model appears to be free of
arbitrage. Hence, we allow for both positive and negative values for α.

(b) Assuming that the drift of the risky stock depends linearly on the agents’ investment
makes the model mathematically tractable and can be seen as a first order approximation
of nonlinear price impact (see [32]). However, empirical data suggests that price impact
is concave in order size (see [38] and references therein). Thus, we also consider the case
of nonlinear price impact if investors use exponential utility functions (see Sect. 4).

3 Optimization under CARA utility with linear price impact

At first, we assume that investors use exponential utility (CARA) functions to measure their
preferences. Hence, define

Ui : R → R, x �→ − exp
(

− 1

δi
x
)

for some parameter δi > 0, i = 1, . . . , n. While using CARA utility functions, it is more
convenient to consider the amount invested into the risky stock instead of the fraction of
wealth or number of shares. Hence, we interpret π i

t as the amount of money agent i invests
into the risky stock at some t ∈ [0, T ], i = 1, . . . , n. Thus, the wealth process of agent i is
given by

Xi,π i

t = xi0 +
∫ t

0
π i
s ((μ + απ̄s) ds + σdWs) , t ∈ [0, T ].
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In this paper, we want to examine the strategic interaction created by the price impact
introduced earlier and a modification of the classical objective function used in expected
utility maximization. Hence, we substitute the terminal wealth of a single investor inside
the expected utility criterion by a relative quantity (a relative performance metric) which
captures the fact that agent i wants to maximize her terminal wealth while also considering
her performance with respect to the other agents. Similar to [6] and Sect. 2 in [35], we use the
difference of agent i’s terminal wealth and a weighted arithmetic mean of the other agents’
terminal wealth. Hence, we insert

Xi,π i

T − θi

n

∑

j �=i

X j,π j

T

into the argument of the utility function of investor i . The parameter θi ∈ [0, 1] measures
how much agent i cares about her performance with respect to the other agents.

Our goal will therefore be to find all Nash equilibria to the multi-objective optimization
problem

⎧
⎪⎨

⎪⎩

supπ i∈A E

[
− exp

(
− 1

δi

(
Xi,π i

T − θi
n

∑
j �=i X

j,π j

T

))]
,

s.t. Xi,π i

T = xi0 +
∫ T

0
π i
t ((μ + απ̄t ) dt + σdWt ) ,

(3.1)

i = 1, . . . , n. A Nash equilibrium for general objective functions Ji , i = 1, . . . , n, is defined
as follows.

Definition 3.1 Let Ji : An → R be the objective function of agent i . A vector(
π1,∗, . . . , πn,∗) of strategies is called a Nash equilibrium, if, for all admissible π i ∈ A
and i = 1, . . . , n,

Ji (π
1,∗, . . . , π i,∗, . . . , πn,∗) ≥ Ji (π

1,∗, . . . , π i−1,∗, π i , π i+1,∗, . . . , πn,∗).

I.e. deviating from π i,∗ does not increase agent i’s objective function.

3.1 Solution

In order to solve the best response problem (3.1), we fix some investor i and assume that the
strategies π j , j �= i , of the other agents are given. Under these conditions we can rewrite the
optimization problem (3.1) into a classical portfolio optimization problem in a similar (but
not identical) price impact market. Afterwards, the Nash equilibria can be determined using
the solution to the classical problem.

Define the process
(
Y i,ϕi

t
)
t∈[0,T ] by

Y i,ϕi

t := Xi,π i

t − θi

n

∑

j �=i

X j,π j

t , t ∈ [0, T ], i = 1, . . . , n,

where we further define the strategy ϕi by

ϕi
t := π i

t − θi

n

∑

j �=i

π
j
t , t ∈ [0, T ], i = 1, . . . , n,
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which is still square integrable and progressively measurable (i.e., ϕi ∈ A). Then we can

write Y i,ϕi

T as

Y i,ϕi

T = Xi,π i

T − θi

n

∑

j �=i

X j,π j

T

=: yi0 +
∫ T

0
ϕi
t

((
μ̃−i
t + α

n
ϕi
t

)
dt + σdWt

)
,

where we introduced yi0 := xi0 − θi
n

∑
j �=i x

j
0 , π̄−i

t := 1
n

∑
j �=i π

j
t and μ̃−i

t := μ +
α
n+θi
n π̄−i

t .
Hence, in order to solve the best response problem associated to (3.1), we can equivalently

solve the following single investor portfolio optimization problem due to the one-to-one
relation between π i and ϕi

⎧
⎨

⎩
supϕi∈A E

[
− exp

(
− 1

δi
Y i,ϕi

T

)]
,

s.t. Y i,ϕi

T = yi0 + ∫ T
0 ϕi

t

((
μ̃−i
t + α

n ϕi
t

)
dt + σdWt

)
, t ∈ [0, T ],

(3.2)

in a financial market with corrected price impact.

Now assume that ϕi,∗ = ϕi,∗(μ̃−i ) is an optimal solution to (3.2) depending on the drift
process μ̃−i . Then the optimal solution to the best response problem for (3.1) is uniquely
determined by

π i = ϕi,∗(μ̃−i ) + θi

n

∑

j �=i

π j , i = 1, . . . , n. (3.3)

Note that we can find a unique Nash equilibrium if and only if problem (3.2) and the fixed
point problem for π i , given in terms of the system of equations (3.3), are uniquely solvable.

Using the described technique, we are able to find the unique constant Nash equilibrium.
Note that the restriction to constant Nash equilibria is necessary since otherwise we would
not be able to solve the auxiliary problem (3.2) explicitly.

As a first step, we solve the auxiliary problem (3.2) for investor i under the assumption
that the strategies of the other investors are constant in time and deterministic.

Lemma 3.2 Let θi ∈ [0, 1] and δi > 0, i = 1, . . . , n. Moreover, assume that nσ 2−2δiα > 0
for all i = 1, . . . , n. If, for some i ∈ {1, . . . , n}, the strategies π j , j �= i , are constant in
time and deterministic, the unique (up to sets of measure zero) optimal solution to (3.2) is
given by

ϕ
i,∗
t ≡ nδi μ̃

−i

nσ 2 − 2δiα
, t ∈ [0, T ].

Proof Since π j , j �= i , are constant, the drift μ̃−i is also constant. The dynamics of the
wealth process Y i,ϕi

are therefore given by

dY i,ϕi

t = ϕi
t

((
μ̃−i + α

n
ϕi
t

)
dt + σdWt

)
, t ∈ [0, T ].

To derive the associated HJB equation used to solve the portfolio optimization problem,
we define the value function

v(t, y) := sup
ϕi∈A

E

[
− exp

(
− 1

δi
Y i,ϕi

T

)∣∣∣Y i,ϕi

t = y
]
, t ∈ [0, T ], y ∈ R.

123



Mathematics and Financial Economics (2024) 18:27–48 33

The maximum value in (3.2) is thus given by v(0, yi0). The Hamilton Jacobi Bellman
(HJB) equation for this problem reads

0 = vt + max
a∈R

{
vyμ̃

−i a +
(

α

n
vy + σ 2

2
vyy

)
a2
}

(3.4)

for y ∈ R, t ∈ [0, T ], with terminal condition v(T , y) = − exp(− 1
δi
y).Note that we omitted

the arguments of v to keep notation simple. The maximum in (3.4) is attained at

a∗ = − nμ̃−ivy

nσ 2vyy + 2αvy
. (3.5)

Inserting the maximum point into (3.4) yields

0 = vt − 1

2

n(μ̃−i )2v2y

nσ 2vyy + 2αvy
. (3.6)

We use the ansatz v(t, y) = − f (t) exp(− 1
δi
y) for some continuously differentiable func-

tion f : [0, T ] → R satisfying f (T ) = 1. Then (3.6) simplifies to the ODE

f ′(t) + ρ f (t) = 0, f (T ) = 1,

where ρ = − 1
2

n(μ̃−i )2

nσ 2−2αδi
. The unique solution to this ODE is given by f (t) = eρ(T−t), t ∈

[0, T ]. Finally, v(t, y) = − exp(ρ(T −t)− 1
δi
y), t ∈ [0, T ], y ∈ R, solves theHJB equation.

Inserting v into (3.5) yields

ϕi,∗ ≡ nδi μ̃
−i

nσ 2 − 2δiα
.

A standard verification theorem (see for example [8], pp. 280–282, [21, 39] for similar
versions) concludes our proof. In order to see that the optimal strategy is unique (up to sets of
measures zero) note that optimal strategies have to satisfy the Bellman optimality principle
(this has to be shown, but is standard, see [39], Thm. 3.3.1). Since we have already computed
the value function, this necessarily implies that the optimal strategy is given by extremal
points in the HJB equation (up to sets of measures zero). Since these maximum points are
unique, the statement follows. ��

Lemma 3.2 together with (3.3) introduces a system of linear equations whose solutions
constitute Nash equilibrium strategies. The next theorem displays the unique solution to this
system and thus, the unique constant Nash equilibrium. In what follows, let θ̂ := ∑n

j=1
θ j

n+θ j
.

Theorem 3.3 Assume that nσ 2 − 2δ jα > 0 for all j = 1, . . . , n. If 1 − θ̂ �=
∑n

j=1
nαδ j

(n+θ j )(nσ 2−δ jα)
, the unique constant Nash equilibrium to (3.1) is given by

π i,∗ = n

n + θi

nδiμ

nσ 2 − δiα
+
(

θi

n + θi
+ nαδi

(n + θi )(nσ 2 − δiα)

)
·

∑n
j=1

n
n+θ j

nδ j

(nσ 2−δ jα)
· μ

1 − θ̂ −∑n
j=1

nαδ j

(n+θ j )(nσ 2−δ jα)

,

i = 1, . . . , n. If 1 − θ̂ = ∑n
j=1

nαδ j

(n+θ j )(nσ 2−δ jα)
, there is no constant Nash equilibrium.
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Proof Using Lemma 3.2, the unique optimal solution to the auxiliary problem (3.2) is given
by

ϕi,∗ = nδi μ̃
−i

nσ 2 − 2δiα
.

Note that this is obviously a constant strategy.Moreover, we defined ϕi,∗ = π i − θi
n

∑
j �=i π

j

and μ̃−i = μ + n+θi
n2

α
∑

j �=i π
j . Hence, we need to solve the following system of linear

equations to determine the unique constant Nash equilibrium

π i − θi

n

∑

j �=i

π j = nδi

nσ 2 − 2δiα
μ + δiα

nσ 2 − 2δiα

n + θi

n

∑

j �=i

π j . (3.7)

Rearranging (3.7) and adding π i in the sum yields

π i = n

n + θi

nδi

nσ 2 − δiα
μ +

(
θi

n + θi
+ nδiα

(n + θi )(nσ 2 − δiα)

) n∑

j=1

π j . (3.8)

Summing over all i ∈ {1, . . . , n} on both sides then yields

n∑

j=1

π j =
n∑

j=1

n

n + θ j

nδ j

nσ 2 − δ jα
μ +

(
θ̂ +

n∑

j=1

n

n + θ j

δ jα

nσ 2 − δ jα

) n∑

j=1

π j .

Solving for
∑n

j=1 π j (which is possible if and only if
∑n

j=1
nαδ j

(n+θ j )(nσ 2−δ jα)
�= 1− θ̂) yields

n∑

j=1

π j =
∑n

j=1
n

n+θ j

nδ j

(nσ 2−δ jα)
· μ

1 − θ̂ −∑n
j=1

nαδ j

(n+θ j )(nσ 2−δ jα)

. (3.9)

Finally, we can insert (3.9) into (3.8) to obtain the claimed representation of π i,∗ which
concludes our proof. ��

Remark 3.4 Theorem 3.3 contains the two special cases α = 0 (no price impact) and θi = 0
for all i = 1, . . . , n (no relative concerns in the objective function). For α = 0 we obtain

π i,∗ =
(

nδi

n + θi
+ θi

(1 − θ̂ )(n + θi )

n∑

j=1

nδ j

n + θ j

)
· μ

σ 2 > 0

for i = 1, . . . , n which coincides (as expected) with the Nash equilibrium in [6] (Remark
4.1). If θi = 0 for all i = 1, . . . , n, we deduce

π i,∗ = nδiμ

nσ 2 − δiα
+ αδi

nσ 2 − δiα
·

n
∑n

j=1
δ j

nσ 2−δ jα

1 − α
∑n

j=1
δ j

nσ 2−δ jα

· μ,

i = 1, . . . , n.
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3.2 Influence of the parameter˛

We consider two different features of our solution that are affected by the choice of the price
impact parameter α. Throughout this subsection, we assume that α satisfies the conditions

of Theorem 3.3, i.e. α < nσ 2

2δmax
=: αmax, where δmax := max{δ1, . . . , δn}, and

ŝ(α) :=
n∑

j=1

nαδ j

(n + θ j )(nσ 2 − δ jα)
+ θ̂ �= 1.

Indeed, it is possible to show that there exists a unique α0 ∈ (0, αmax) such that ŝ(α0) =
1. This can be seen as follows: First α �→ ŝ(α) is strictly increasing and continuous on
(−∞, αmax]. Further, we have ŝ(0) = θ̂ < 1 and ŝ(αmax) > 1. Thus, the intermediate value
theorem implies the statement. We have to exclude this α0 from our considerations. The
specific value of α0 does not depend on the type of the agent. It is the same for all investors.

First, we consider the impact of the choice of α on the optimal strategy of agent i , i.e. the
i-th entry π i,∗ of the Nash equilibrium. It can be easily shown that π i,∗ > 0, i = 1, . . . , n,

if and only if α < α0. Moreover, we can compute the derivative of π i,∗ with respect to α

and deduce that it is strictly positive on (−∞, αmax) \ {α0}. Note, however, that π i,∗ is only
piecewise increasing on (−∞, α0) and (α0, αmax) due to the discontinuity located at α0.

The second property of α we want to consider is the influence on the equilibrium stock
price (S∗

t )t∈[0,T ] that is obtained by inserting the Nash equilibrium from Theorem 3.3 into
the stock price dynamic. At first, it is not clear whether S∗

t is smaller or larger than the stock
price with drift μ and volatility σ without the n investors’ impact. It obviously suffices to
consider the drift of dS∗

t /S
∗
t compared to μ since the volatility does not depend on the n

agents’ investments.
From the proof of Theorem 3.3, we know that the arithmetic mean of the components of

the Nash equilibrium is given by

1

n

n∑

j=1

π j,∗ = (ŝ(α) − θ̂ ) · μ/α

1 − ŝ(α)
.

Therefore, the drift of dS∗
t

S∗
t
is equal to

μ + α

n

n∑

j=1

π j,∗ = μ · ŝ(α) − θ̂

1 − ŝ(α)
.

Since the constant ŝ(α)−θ̂
1−ŝ(α)

is strictly positive if and only if α ∈ (0, α0), we deduce that the

drift of dS∗
t

S∗
t
is larger (smaller) than μ if and only if α ∈ (0, α0) (α ∈ (−∞, 0) ∪ (α0, αmax)).

Moreover, since we already saw that
∑n

j=1 π j,∗ is piecewise increasing in terms of α, we
infer that S∗

t is also piecewise increasing in terms of α on (−∞, α0) and (α0, αmax). More
specifically, we obtain the following ordering

S∗
t (α3) < S∗

t (α1) < S∗
t (0) < S∗

t (α2)

for α1 < 0, α2 ∈ (0, α0), α3 ∈ (α0, αmax). We refer to [26] for a more detailed discussion
of the influence on the stock price.

Figure1 shows the behavior of π1,∗ from Theorem 3.3 in terms of α for the two different
risk aversion parameters δ1 = 1 and δ1 = 4. The vertical lines (dotted) show the discontinuity
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Fig. 1 Illustration of π1,∗ from Theorem 3.3 in terms of α ∈ (−0.04, αmax) for n = 12, μ = 0.03, σ = 0.2
and αmax = nσ 2/8 = 0.06. θ1 = 0.3, δ1 ∈ {1, 4} and the parameters θ j and δ j , j ≥ 2 are increasing from 0
to 1 with step size 0.1 and from 0.5 to 2.7 by step size 0.2, respectively. The dashed blue and orange horizontal
lines represent the optimal investment without price impact, given by δ1μσ−2.

α0 for the different parameter choices. The gray horizontal line (dashed) marks the value zero
while the orange andblue horizontal lines (dashed) display the optimal solution to the classical
problem of maximizing expected terminal wealth under CARA utility without price impact
and relative concerns given by δ1μσ−2. There are two ways the agents may try to influence
the stock price to their advantage. By buying the stock they may jointly increase the stock
value and thus raise their utility or by jointly short-selling the stock and thus decrease its
value. Our analysis shows that in case of a smaller price impact (α < α0) the agents go for the
first option and in case of a larger price impact (α > α0) they go for the latter option. Indeed,
it turns out that there is a critical value α0 for the price impact where the Nash equilibrium
switches from positive to negative investment amounts. Around that value the agents trade
very aggressively and try to outperform the others. Under an increasingly negative price
impact, the investors engage less in the financial market which is not very surprising. If the
price impact factor is further increased beyond α0 then the agents agree on investing less,
because then it seems to be difficult to beat the performance of the others. Of course, this is
only true under the exponential utility where short-selling is no problem. However, we will
see later that for CRRA utilities a similar phenomenon occurs.

4 Optimization under CARA utility with nonlinear price impact

At the beginning of Sect. 2, we assumed that the price impact of the n investors in our financial
market is given as a linear function in terms of the arithmetic mean of the n investors’
strategies. While the use of the arithmetic mean seems intuitive and reasonable since we
assumed that investors are ’small’, one could ask whether using a different function than a
linear one would lead to a different optimization problem and hence also a different Nash
equilibrium.

In Theorem 3.3, we were able to find an explicit solution to the associated multi-objective
portfolio optimization problem using exponential utility (if the parameters are chosen accord-
ingly). The proof highly relies on the linearity of the price impact, so we will not be able
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to give an explicit solution to the resulting optimization problem in general. However, we
will discuss that using a function g that grows superlinearly yields a problem that does not
have a finite optimal solution while a function g that grows sublinearly yields a finite optimal
solution. If g is a linear function, it depends on the parameter choices whether or not there
exists a finite optimal solution (cf. Theorem 3.3). Since, in the linear case, the optimally
invested amount is close to zero for decreasing price impact (i.e. if α < 0, see Theorem 3.3
and Fig. 1) we only consider price impact which is increasing in order size.

More explicitly, the price impact will now be modeled by some strictly increasing and
continuous function g : R → R with g(0) = 0. Therefore, the stock price process will be
given as the solution to the SDE

dSt = St ((μ + g (π̄t )) dt + σdWt ) , S0 = 1,

which is, of course, still just a stochastic exponential.
As before, we have to restrict ourselves to constant Nash equilibria. Therefore, from the

perspective of investor i , we can rewrite the expression g(π̄t ) in the previous SDE as follows

g(π̄t ) = g

(
1

n

n∑

j=1

π
j
t

)
= g

(
1

n
π i
t + 1

n

∑

j �=i

π j
)

=: g̃(π i
t ),

where g̃(p) := g
(
p
n + 1

n

∑
j �=i π

j
)

, p ∈ R. Of course, we assumed that the strategies π j ,

j �= i , of the other investors are fixed, and constant. It also follows that g̃ is still strictly

increasing and satisfies g̃
(
−∑ j �=i π

j
)

= 0.

Again, strategies π i are restricted to the set A of admissible strategies.
In the following, we will prove that

⎧
⎪⎨

⎪⎩

supπ i∈A E

[
− exp

(
− 1

δi

(
Xi,π i

T − θi
n

∑
j �=i X

j,π j

T

))]
,

s.t. Xi,π i

T = xi0 +
∫ T

0
π i
t ((μ + g(π̄t )) dt + σdWt ) ,

(4.1)

has an optimal solution if g grows sublinearly and there exists no optimal strategy if g grows
superlinearly.

The following theorem summarizes the first assertion of this section, which treats the case
that g grows superlinearly.

Proposition 4.1 If limx→±∞ g(x)
x = ∞, (4.1) does not have an optimal solution.

Proof In order to prove that (4.1) does not have an optimal solution, we will prove that, even
if we only consider constant strategies for agent i , the optimal value is zero and the associated
strategy is infinite. If π j is constant for all j ∈ {1, . . . , n}, we obtain

Xi,π i

T − θi

n

∑

j �=i

X j,π j

T

=xi0 − θi

n

∑

j �=i

x j
0 +

(
π i − θi

n

∑

j �=i

π j
)
(μ + g(π̄))T +

(
π i − θi

n

∑

j �=i

π j
)
σWT

=:yi0 + μ(π i )T + σ(π i )WT .

Hence, for fixed π j , j = 1, . . . , n, the value of the objective function in (4.1) is given by

E

[
− exp

(
− 1

δi

(
yi0 + μ(π i )T + σ(π i )WT

))]
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= − exp
(

− 1

δi
yi0

)
· exp

(
− 1

δi

(
μ(π i ) − σ(π i )2

2δi

)
T
)
.

Thus, maximizing the objective function of (4.1) with respect to constant strategies π i is

equivalent to maximizing μ(π i ) − σ(π i )2

2δi
. Reinserting the definition of μ(π i ) and σ(π i )

yields

μ(π i ) − σ(π i )2

2δi
= π i g(π̄) − σ 2

2δi
(π i )2 + π i

(
μ + σ 2θi

nδi

∑

j �=i

π j
)

− θi

n
g(π̄)

∑

j �=i

π j − θi

n

∑

j �=i

π j
(
μ + σ 2θi

2nδi

∑

j �=i

π j
)

which converges to∞ ifπ i converges to±∞ using the assumption that g grows superlinearly.
Therefore,

0 ≥ sup
π i∈A

E

[
− exp

(
− 1

δi

(
Xi,π i

T − θi

n

∑

j �=i

X j,π j

T

))]

≥ sup
π i∈A

π i constant

E

[
− exp

(
− 1

δi

(
Xi,π i

T − θi

n

∑

j �=i

X j,π j

T

))]
= 0.

Hence, the optimal value of (4.1) is zero, which implies that the argument inside the expo-
nential function needs to be infinite. Hence, the problem does not have an optimal solution.

��
As a result, we cannot hope for a Nash equilibrium in this case. Now we can consider the

case of sublinear growth of g. Hence, we assume that

lim
x→±∞

g(x)

x
= 0.

Then we can prove that there exists an optimal strategy for (4.1). In order to do so, let a∗ be
a maximum point of

a �→
(
a − θi

n

∑

j �=i

π j
)(

μ + g̃(a)
)

− σ 2

2δi

(
a − θi

n

∑

j �=i

π j
)2

. (4.2)

Due to our assumption on g, a maximum point a∗ exists and is finite. Then we obtain the
following result.

Proposition 4.2 If limx→±∞ g(x)
x = 0, an optimal strategy for (4.1) is given by π i

t ≡ a∗,
where a∗ is the maximum point from (4.2).

Proof For the moment, we restrict to bounded strategies (π i
t ), i.e. there exists a constant

K > 0 such that |π i
t | ≤ K for all t ∈ [0, T ]. For constants π j , we obtain

− 1

δi

(
Xi,π i

T − θi

n

∑

j �=i

X j,π j

T

)
= − 1

δi

(
xi0 − θi

n

∑

j �=i

x j
0

)

− 1

δi

(∫ T

0

(
π i
t − θi

n

∑

j �=i

π j
)
(μ + g(π̄t ))dt
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+ σ

∫ T

0

(
π i
t − θi

n

∑

j �=i

π j
)
dWt

)

− σ 2

2δ2i

∫ T

0

(
π i
t − θi

n

∑

j �=i

π j
)2
dt

+ σ 2

2δ2i

∫ T

0

(
π i
t − θi

n

∑

j �=i

π j
)2
dt .

Now define a new probability measure Q by

dQ

dP
= exp

(
− σ 2

2δ2i

∫ T

0

(
π i
t − θi

n

∑

j �=i

π j
)2
dt − σ

δi

∫ T

0

(
π i
t − θi

n

∑

j �=i

π j
)
dWt

)
.

Note that this expression is a density since π i
t is bounded. Thus, we can write the (negative)

target function of (4.1) as

E

[
exp

(
− 1

δi

(
Xi,π i

T − θi

n

∑

j �=i

X j,π j

T

))]
= exp

(
− 1

δi

(
xi0 − θi

n

∑

j �=i

x j
0

))
EQ[Y π i ],

where

Y π i := exp

(
− 1

δi

(∫ T

0

(
π i
t − θi

n

∑

j �=i

π j
)
(μ + g(π̄t )) − σ 2

2δi

(
π i
t − θi

n

∑

j �=i

π j
)2
dt

))
.

But now in order to minimize the expectation we can do this pointwise under the integral
which leads to maximizing (4.2). More precisely, note that Y π i ≤ Ya∗

for all admissible
π i and that Ya∗

is deterministic. Hence, we obtain EQ[Y π i ] ≤ Ya∗ = EQ∗ [Ya∗ ]. Since the
maximizing point is not at the boundary, the assumption of bounded policies is no restriction.
Thus, we have solved the problem. ��

Whether or not a Nash equilibrium exists in this case depends on the precise choice of g.
Below, we provide an example of a function g and parameter choices for which it is possible
to determine a Nash equilibrium numerically.

Remark 4.3 The structure of the function (4.2) considered in the proof of Proposition 4.2
implies that there exist at least one and at most two global maxima (see Remark 7.10 in [26]
for a more detailed discussion).

Example 4.4 Let us provide a short numerical example in which there exists a unique constant
Nash equilibriumunder sublinear price impact.Weconsider two investors (n = 2) and choose

g(x) =
{

−α(−x)γ , x < 0,

αxγ , x ≥ 0,

for some α > 0 and γ ∈ (0, 1]. Note that g satisfies the assumptions posed in the beginning
of this section and grows sublinearly if γ < 1. We included the case γ = 1 for comparison
to the linear case.

Let μ = 0.03, σ = 0.2, δ1 = 1, δ2 = 2, θ1 = 0.5, θ2 = 0.7, and α = 0.01. For
the specific choice of parameters, we can determine the unique constant Nash equilibrium
numerically by maximizing the function from (4.2) for i = 1, 2 and solving the fixed point
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Fig. 2 Illustration of the constant Nash equilibrium (π1,∗, π2,∗) in terms of γ ∈ (0, 1] for the parameter
choices μ = 0.03, σ = 0.2, δ1 = 1, δ2 = 2, θ1 = 0.5, θ2 = 0.7, and α = 0.01. The horizontal dashed
lines represent the Nash equilibrium under linear price impact for comparison

problem afterwards. The results are summarized in Fig. 2. We included the Nash equilibrium
in the case of linear price impact (γ = 1) for comparison (dashed horizontal lines).

Figure2 displays the behavior of the components π i,∗, i = 1, 2, of the constant Nash
equilibrium in terms of the exponent γ ∈ (0, 1] of the price impact function g. The strategies
π i,∗, i = 1, 2, in the Nash equilibrium are monotonically increasing in γ and bounded from
above by the strategies under linear price impact obtained in Theorem 3.3. Thus, the closer
g is to a linear function, the greater the resulting investment into the stock. The parameter
choices for the two investors imply that agent 1 is more risk averse than agent 2 (note that a
large choice of δi and θi can be associated to a more risk seeking investor, see, for example,
Remark 3.5 in [6]). Thus, it does not come as a surprise that π1,∗ < π2,∗ for all γ ∈ (0, 1].

It should be noted that some parameter choices do not yield a Nash equilibrium. A similar
observation was made in the linear case (see Theorem 3.3).

5 Optimization under CRRA utility with linear price impact

In this section, we assume that agents use CRRA utility functions (power or logarithmic) to
measure their preferences. Hence, we let

Ui : (0,∞) → R, x �→
⎧
⎨

⎩

(
1 − 1

δi

)−1
x
1− 1

δi , δi �= 1,

ln(x), δi = 1

for some preference parameter δi > 0, i = 1, . . . , n. By ln(·)wedenote the natural logarithm.

While using CRRA utility functions, it is mathematically more convenient to optimize the
invested fraction of wealth instead of the amount or number of shares. Thus, throughout this
subsection π i

t , i = 1, . . . , n, denotes the fraction of agent i’s wealth invested into the risky
stock at some time t ∈ [0, T ]. However, we use the same SDE (2.1) for the stock price as
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before. Thus, the interpretation of α in this model is different. The wealth process of agent i
is therefore given as the solution to the SDE

dXi,π i

t = Xi,π i

t π i
t ((μ + απ̄t ) dt + σdWt ) , Xi,π i

0 = xi0.

Similar to Sect. 3 in [35], we include the strategic interaction component into our problem
by inserting the product of agent i’s and a weighted geometric mean of the other agents’
terminal wealth into the expected utility criterion of the portfolio optimization problem.
Therefore, the portfolio optimization problem of agent i is given by

⎧
⎪⎪⎨

⎪⎪⎩

supπ i∈A E

[
δi

δi−1

(
Xi,π i

T

(∏
j �=i X

j,π j

T

)− θi
n
) δi−1

δi
]
,

s.t. dXi,π i

t = Xi,π i

t π i
t ((μ + απ̄t ) dt + σdWt ) , Xi,π i

0 = xi0.

(5.1)

In order to find an explicit solution for the Nash equilibrium, we need to restrict ourselves
to constant strategies. Since the reduction to some auxiliary problem containing only one
instead of all n agents is not possible in this setting, we need to directly solve the best
response problem in order to determine the Nash equilibrium. Then the unique constant
Nash equilibrium is given in the following theorem.

Theorem 5.1 Assume that the following assumptions hold

(a) (n + θi )
(
nσ 2 − δiα

)− nθiδiσ
2 �= 0 for all i = 1, . . . , n,

(b) nσ 2 − 2δiα > 0 for all i = 1, . . . , n,

(c) 1 −∑n
j=1

(n−θ j )αδ j−nθ j (δ j−1)σ 2

(n+θ j )(nσ 2−αδ j )−nθ j δ jσ
2 �= 0.

Then the unique (up to modifications) constant Nash equilibrium to (5.1) in terms of invested
fractions is given by

π i,∗ = n2δiμ

(n + θi )(nσ 2 − δiα) − nθi δiσ 2 + (n − θi )αδi − nθi (δi − 1)σ 2

(n + θi )(nσ 2 − δiα) − nθi δiσ 2

·
(
1 −

n∑

j=1

(n − θ j )αδ j − nθ j (δ j − 1)σ 2

(n + θ j )(nσ 2 − αδ j ) − nθ j δ jσ 2

)−1 n∑

j=1

n2δ jμ

(n + θ j )(nσ 2 − δ jα) − nθ j δ jσ 2 .

Proof Let i ∈ {1, . . . , n} be arbitrary but fixed and assume that the other agents use constant
strategies π j , j �= i , which will also be assumed to be arbitrary but fixed. Now define the

stochastic process (Y−i
t )t∈[0,T ] by Y−i

t = ∏
j �=i X

j,π j

t , t ∈ [0, T ].
At first, we determine the dynamics of the process

(
(Y−i

t )−
θi
n

)

t∈[0,T ]. To simplify our

calculations, we first consider the logarithm of this process. We obtain

ln
(
(Y−i

t )−
θi
n

)
= −θi

n

∑

j �=i

ln
(
X j,π j

t

)
(5.2)

for t ∈ [0, T ]. The Itô-Doeblin formula implies

d ln
(
X j,π j

t

)
= π j ((μ + απ̄t )dt + σdWt ) − σ 2

2
(π j )2dt .

Hence, using (5.2),

d
(
ln
(
(Y−i

t )−
θi
n

))
= −θi

n

∑

j �=i

π j ((μ + απ̄t )dt + σdWt ) + θi

n

σ 2

2

∑

j �=i

(π j )2dt .
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Using the Itô-Doeblin formula a second time then yields

d
(
(Y−i

t )−
θi
n

)
= d

(
exp

(
ln
(
(Y−i

t )−
θi
n

)))

= (Y−i
t )−

θi
n

⎛

⎝−θi

n

∑

j �=i

π j ((μ + απ̄t )dt + σdWt ) + σ 2

2

θi

n

∑

j �=i

(π j )2dt

+σ 2

2

(θi

n

)2(∑

j �=i

π j
)2
dt

⎞

⎠ .

Hence, we can use partial integration to find the dynamics of the process associated to the
argument of the utility function in (5.1):

d
(
Xi,π i

t (Y−i
t )−

θi
n

)
= Xi,π i

t

(
Y−i
t

)− θi
n
(

− θi

n

∑

j �=i

π j ((μ + απ̄t )dt + σdWt )

+ σ 2

2

θi

n

∑

j �=i

(π j )2dt + σ 2

2

(θi

n

)2(∑

j �=i

π j
)2
dt

+ π i
t ((μ + απ̄t )dt + σdWt ) − θi

n
σ 2π i

t

∑

j �=i

π jdt

)

= Xi,π i

t

(
Y−i
t

)− θi
n
(

π i
t (μdt + σdWt ) + α

n
(π i

t )
2dt

+
(α

n
− αθi

n2
− θi

n
σ 2
)
π i
t

∑

j �=i

π jdt

+
(∑

j �=i

π j
)2 θi

n

( θi

2n
σ 2 − α

n

)
dt

− θi

n

∑

j �=i

π j (μdt + σdWt ) + θi

2n
σ 2
∑

j �=i

(π j )2dt

)
,

where we used the last step to separate the summands depending on π i from the ones that
do not depend on π i . Now a simple calculation yields that we can rewrite

Xi,π i

t ·
(
Y−i
t

)− θi
n = X̃ i,π i

t ·
(
Ỹ−i
t

)− θi
n

,

where the process Ỹ−i does not depend on π i . More specifically, the dynamics of X̃ i,π i
and

Ỹ−i are given by

d X̃ i,π i

t = X̃ i,π i

t π i
t

((
μ + α

n
π i
t + α

n

(
1 − θi

n

)∑

j �=i

π j
)
dt + σdWt

)
,

dỸ−i
t = Ỹ−i

t

(∑

j �=i

π j
((

μ + α

n

∑

j �=i

π j
)
dt + σdWt

)
+ σ 2

2

(∑

j �=i

π j
)2

dt − σ 2

2

∑

j �=i

(π j )2dt

)

with X̃ i,π i

0 = xi0, Ỹ
−i
0 = ∏

j �=i x
j
0 .
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The previously introduced processes X̃ i,π i
and Ỹ−i simplify the derivation of the HJB-

equation in this setting. In order to derive an HJB-equation, we define the following value
function (t ∈ [0, T ], x, y ∈ (0,∞))

v(t, x, y) := sup
π i∈A

E

⎡

⎢⎣
δi

δi − 1

(
X̃ i,π i

T

(
Ỹ−i
T

)− θi
n

) δi−1
δi
∣∣∣∣ X̃

i,π i

t = x, Ỹ−i
t = y

⎤

⎥⎦ .

We can derive an HJB equation using classical arguments (see e.g. [8, 21, 39]) and obtain

0 = vt + yvy

{∑

j �=i

π j
(
μ + α

n

∑

j �=i

π j
)

+ σ 2

2

(∑

j �=i

π j
)2 − σ 2

2

n∑

j=1

(π j )2
}

+ σ 2

2
y2vyy

(∑

j �=i

π j
)2

+ sup
π i∈R

{
xvxπ

iμ +
(

α

n

(
1 − θi

n

)
xvx

+σ 2xyvxy
)
π i
∑

j �=i

π j +
(α

n
xvx + σ 2

2
x2vxx

)
(π i )2

}
,

where we omitted the arguments of v and its derivatives for notational convenience. The
supremum is attained at

π i,∗ = −
xvxμ +

(
α
n

(
1 − θi

n

)
xvx + σ 2xyvxy

)∑
j �=i π

j

2
(

α
n xvx + σ 2

2 x2vxx
) ,

which reduces the HJB equation to the PDE

0 = vt + yvy

{∑

j �=i

π j
(
μ + α

n

∑

j �=i

π j
)

+ σ 2

2

(∑

j �=i

π j
)2 − σ 2

2

n∑

j=1

(π j )2
}

+ σ 2

2
y2vyy

(∑

j �=i

π j
)2

−
(
xvxμ +

(
α
n

(
1 − θi

n

)
xvx + σ 2xyvxy

)∑
j �=i π

j
)2

4
(

α
n xvx + σ 2

2 x2vxx
)

with terminal condition

v(T , x, y) = δi

δi − 1

(
xy− θi

n

) δi−1
δi , x, y > 0.

For the solution, we make the following ansatz for v

v(t, x, y) = f (t)
δi

δi − 1

(
xy− θi

n

) δi−1
δi
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for some continuously differentiable function f : [0, T ] → (0,∞) with f (T ) = 1. Hence,
inserting the ansatz for v reduces the HJB equation to the ODE

0 = f ′(t) + ρ f (t) (5.3)

with terminal condition f (T ) = 1, where we defined the constant

ρ = −θi

n

δi − 1

δi

(∑

j �=i

π j
(
μ + α

n

∑

j �=i

π j
)

+ σ 2

2

(∑

j �=i

π j
)2 − σ 2

2

n∑

j=1

(π j )2
)

+ σ 2

2

θi

n

δi − 1

δi

(
1 + θi

n

δi − 1

δi

)(∑

j �=i

π j
)2

−
(
nδiμ +

(
αδi

(
1 − θi

n

)
− σ 2θi (δi − 1)

)∑
j �=i π

j
)2

4
(
nσ 2 − 2αδi

)2 .

The unique solution to (5.3) is given by

f (t) = eρ(T−t), t ∈ [0, T ].
Inserting the solution v of the HJB equation into the maximizer π i,∗ yields

π i,∗ =
nδiμ +

(
αδi

(
1 − θi

n

)
− σ 2θi (δi − 1)

)∑
j �=i π

j

nσ 2 − 2αδi
. (5.4)

Application of a standard verification theorem (see for example [8, 21, 39] for similar
arguments) implies that π i,∗ is the unique solution to the best response problem. Moreover,
since π j were assumed to be constant, π i,∗ is constant as well. To conclude the proof, we
need to solve the system of linear equations defined by (5.4) for i = 1, . . . , n. By adding an
appropriate multiple of π i on both sides and simplifying the equation, we obtain

π i = nδiμ

(n + θi )
(
σ 2 − δiα

n

)
− σ 2θiδi

+
αδi

(
1 − θi

n

)
− σ 2θi (δi − 1)

(n + θi )
(
σ 2 − δiα

n

)
− σ 2θiδi

n∑

j=1

π j . (5.5)

Summing over all i ∈ {1, . . . , n} on both sides and solving for
∑n

j=1 π j then yields

n∑

j=1

π j =
(
1 −

n∑

j=1

αδ j

(
1 − θ j

n

)
− σ 2θ j (δ j − 1)

(n + θ j )
(
σ 2 − δ jα

n

)
− σ 2θ j δ j

)−1 n∑

j=1

nδ jμ

(n + θ j )
(
σ 2 − δ jα

n

)
− σ 2θ j δ j

(5.6)

Finally, inserting (5.6) into (5.5) yields the unique constant Nash equilibrium given by (i =
1, . . . , n)

π i,∗ = nδiμ

(n + θi )
(
σ 2 − δiα

n

)
− σ 2θiδi

+
αδi

(
1 − θi

n

)
− σ 2θi (δi − 1)

(n + θi )
(
σ 2 − δiα

n

)
− σ 2θiδi

123



Mathematics and Financial Economics (2024) 18:27–48 45

·
(
1 −

n∑

j=1

αδ j

(
1 − θ j

n

)
− σ 2θ j (δ j − 1)

(n + θ j )
(
σ 2 − δ jα

n

)
− σ 2θ jδ j

)−1 n∑

j=1

nδ jμ

(n + θ j )
(
σ 2 − δ jα

n

)
− σ 2θ jδ j

.

��
Remark 5.2 Similar to Remark 3.4, Theorem 5.1 contains the special cases α = 0 and θi = 0,
i = 1, . . . , n. For α = 0 (no price impact), we deduce

π i,∗ =
(

nδi

n + θi (1 − δi )
+ θi (1 − δi )

n + θi (1 − δi )
·

∑n
j=1

nδ j
n+θ j (1−δ j )

1 −∑n
j=1

θ j (1−δ j )

n+θ j (1−δ j )

)
· μ

σ 2 ,

i = 1, . . . , n. In the special case without relative concerns inside the objective function, we
obtain

π i,∗ = nδiμ

nσ 2 − δiα
+ αδi

nσ 2 − δiα
·

∑n
j=1

nδ jμ

nσ 2−αδ j

1 −∑n
j=1

αδ j

nσ 2−αδ j

,

i = 1, . . . , n. A comparison with Remark 3.4 shows that the Nash equilibria in the special
case of θi = 0 for all i = 1, . . . , n are actually the same, althoughπ i,∗ represents the invested
amount for exponential and the invested fraction for power utility.

In Sect. 3.2, we analyzed the influence of the price impact parameter α on the entries of
the constant Nash equilibrium in terms of invested amounts under exponential utility. Due to
the more complicated structure of the constant Nash equilibrium in Theorem 5.1, we do not
discuss the influence of α as detailed as in Sect. 3.2. However, Theorem 5.1 enables us to
explicitly compute the value of a component of the Nash equilibrium for specific parameter
choices. The results are illustrated in Fig. 3.

Figure3 displays the first component π1,∗ of the constant Nash equilibrium given in
Theorem 5.1 in terms of α varying between −0.02 and αmax for the two different risk
tolerance parameters δ1 = 1 and δ1 = 4. The expression αmax is defined analogously to
Sect. 3.2 as

αmax = nσ 2

2δmax
,

where δmax = max{δ1, . . . , δn}. In the example displayed in Fig. 3, we used δmax = 4.
The market parameters are chosen as μ = 0.03 and σ = 0.2. Note that all considered
parameter combinations satisfy the conditions of Theorem 5.1. Similar to Fig. 1, we observe
a discontinuity of π1,∗. In Sect. 3.2, we provided a detailed discussion of the existence
of a unique point of discontinuity. Here, we only give a short explanation regarding the
discontinuity. For the specific parameter choices used in the example, conditions (a) and (b)
of Theorem 5.1 are always satisfied. The discontinuity is due to condition (c), i.e., for both
parameter choices δ1 ∈ {1, 4}, there exists a unique value α0 ∈ (−∞, αmax) such that the
expression in condition (c) is zero. In the figure, the value α0 is highlighted by a vertical
dotted line for each of the two parameter choices δ1 ∈ {1, 4}. Moreover, the blue and orange
horizontal dashed lines mark the Merton ratio δ1μσ−2, i.e., the unique optimally invested
fraction in the associated classical problem (α = 0, θ1 = 0), for the two different values used
for δ1. Finally, we highlighted the value zero on both axes by a grey line.

Considering the behavior of π1,∗ in terms of α, we notice that π1,∗ is strictly positive for
α < α0 and strictly negative for α > α0. Moreover, we observe that for larger price impact
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Fig. 3 Illustration of π1,∗ from Theorem 5.1 in terms of α ∈ (−0.02, αmax) for n = 12, μ = 0.03, σ = 0.2,
and αmax = nσ 2/8 = 0.06. Further, θ1 = 0.3, δ1 ∈ {1, 4} and the parameters θ j and δ j , j ≥ 2 are increasing
from 0 to 1 with step size 0.1, and from 0.5 to 2.7 by step size 0.2, respectively. The dashed blue and orange
horizontal lines represent the optimal investment fraction without price impact, given by δ1μσ−2.

(i.e., if the absolute value of α increases), the agents engage less in the financial market
which is represented by a decrease in the absolute value of π1,∗. Overall, we notice a similar
behavior of π1,∗ in terms of α as in the case of exponential utility which we considered in
Sect. 3.2.

Remark 5.3 In contrast to the discussion of nonlinear price impact in the CARA case (see
Sect. 4), we only consider linear price impact for CRRA utility. In the CARA case, relative
concerns are included into the objective function linearly which simplifies the problem in
comparison to the CRRA case, in which the relative concerns are included multiplicatively.
It seems to us that the treatment of nonlinear price impact would be a lot more tedious in the
CRRA model. Moreover, we expect that the gain of insight would be minimal as a similar
threshold phenomenon should appear in the CRRA case. To understand this conjecture,
consider the terminal wealth of agent i in the CRRA model with nonlinear price impact

Xi,π i

T = xi0 exp

(∫ T

0
π i
t

(
(μ + g(π̄t ))dt + σdWt

)− 1

2

∫ T

0
σ 2(π i

t )
2dt

)
.

It appears that, as long as g grows at most linearly, the increase in the drift is balanced by
the quadratic influence in the second integral. If, however, g grows superlinearly, we expect
the first integral in the exponential to be dominant, resulting in an unbounded best response
problem and, thus, no Nash equilibrium in this case.

6 Conclusion

In this paper we derive Nash equilibria for agents with relative performance measures in
financial markets with price impact. We show that as long as the price impact is not more
than linear, the individual optimization problems are well-defined. Whereas without price
impact, the agents would always invest a positive amount in the stock in our model, the
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situation changes dramatically when a price impact is present. Then there exists a critical
number for the price impact variable where the Nash equilibrium changes from a situation
where all investors try to increase the stock to a situation where they try to decrease the stock.
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