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Abstract
We consider a service provider performing pre-planned service for initially known 
customers with a fleet of vehicles, e.g., parcel delivery. During execution, new 
dynamic service requests occur, e.g., for parcel pickup. The goal of the service pro-
vider is to serve as many dynamic requests as possible while ensuring service of all 
initial customers. The allocation of initial services impacts the potential of serving 
dynamic requests. An allocation aiming on a time-efficient initial routing leads to 
minimal overall workload regarding the initial solution but may congest some vehi-
cles that are unable to serve additional requests along their routes. An even work-
load division is less efficient but grants all vehicles flexibility for additional services. 
In this paper, we investigate the balance between efficiency and flexibility. For the 
initial customers, we modify a routing algorithm to allow a shift between efficient 
initial routing and evenly balanced workloads. For effective dynamic decision mak-
ing with respect to the dynamic requests, we present value function approximations 
with different feature sets capturing vehicle workload in different levels of detail. 
We show that sacrificing some initial routing efficiency in favor of a balanced vehi-
cle workload is a key factor for a flexible integration of later customer requests 
that leads to an average improvement of 10.75%. Further, we show when explicitly 
depicting heterogeneity in the vehicle workload by features of the value function 
approximation provides benefits and that the best choice of features leads to an aver-
age improvement of 5.71% compared to the worst feature choice.

Keywords  Dynamic vehicle routing · Same-day service · Approximate dynamic 
programming · Value function approximation

1  Introduction

In the time of growing customer expectations and service orientation (United Parcel 
Service of America, Inc 2018), many service providers offer customers service at 
their homes, preferably even on the day of the service request. Examples for such 
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services are the same-day pickup of parcels or technicians performing instant repair 
services at customers’ homes. In many cases, these spontaneous requests are inte-
grated in the “standard” routes of vehicles performing pre-planned services. For 
example, parcel pickups are integrated in conventional parcel delivery routes.

While historically, such standard routes were optimized for efficiency, the com-
bination of routes for initial customers and integration of new customers poses new 
challenges for companies. On the one hand, optimizing initial routes for efficiency 
may free resources such as the working time of vehicle drivers to serve more spon-
taneous dynamic requests. On the other hand, it may also congest some vehicles 
which are then inflexible and unable to add any close by requests to their initial 
route. In particular, we consider two extremes of finding a solution to the initial 
routing problem in the beginning of the day. The first one is an efficient solution 
to the static initial routing problem. Such a solution might be desirable if the initial 
customers require different services or driver qualifications and should be consoli-
dated as much as possible. The second one is finding a solution in which the routing 
may appear less efficient, but provides more flexibility to integrate new requests. We 
refer to the first extreme as being efficient in terms of the initial routing, this solution 
may distribute the customers very unevenly to the fleet leading to routes of unequal 
lengths. We then refer to the second extreme as being balanced in terms of the initial 
routing as the goal is to obtain routes consisting of similar numbers of customers.

In this research, we investigate this balance between efficiency and flexibility for 
a dynamic vehicle routing problem with stochastic requests. For the initial routing, 
we present a modified savings algorithm allowing a controlled shift between bal-
anced and efficient resource use. The modified savings algorithm can be used to 
find both extremes as well as intermediate solutions for the initial routing. For the 
dynamic assignments leading to a routing update, we rely on value function approxi-
mation (VFA), a method of approximate dynamic programming (Powell 2011) and 
reinforcement learning (Barto 1998) that learns the value of being in a certain (post-
decision) state or of taking a particular decision. In our case, the VFA frequently 
simulates the process offline, stores post-decision state values and updates them 
after each simulation run. In the next simulation run, the new values are used for 
decision making. The trained VFA can then be applied instantly in the online execu-
tion to respond to new requests. Since the number of post-decision states is typically 
vast for complex problems of realistic size, VFAs usually aggregate them to a set of 
features. In the case of performing such an aggregation, selecting features is chal-
lenging as they need to ensure effective learning. Both too many and not enough fea-
tures may impede the learning process. A particular new challenge of our problem is 
the consideration of resource balance. To address and analyze this balance, we pre-
sent three new feature sets tailored to the specific needs of the problem. The first one 
considers the available resources of the vehicles individually, the second one consid-
ers them in a condensed way, and the last one includes the resource balance directly. 
In a comprehensive study, we show that our VFA outperforms benchmark heuristics 
significantly. We also show that even though balancing initial resources may be less 
efficient, the gained flexibility is very valuable when new customers request service. 
Furthermore, we highlight that depicting the resource balance or imbalance explic-
itly by means of the chosen features becomes particularly important for cases where 
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the fleet’s resources are less balanced. In some cases, the service provider might be 
limited in choosing the initial routing flexibly. This could be the case if, for example, 
the initial customers are scheduled for complex services that require special equip-
ment or a level of qualification that not all drivers possess. In such cases, it is helpful 
to choose the solution approach parameters in the best manner according to such 
restrictions.

Our work makes the following contributions. We are among the first to shed 
light on the interplay between initial routing and dynamic rerouting highlighting the 
tradeoff between efficiency and flexibility. We propose a solution approach that con-
sists of one part for the initial routing and another part for the dynamic decisions. 
While both ideas have been considered individually in literature, both the combina-
tion as well as the impact on the solution quality have not been investigated. The 
developed approach for the initial routing can be parametrized to allow for either 
an efficient or a flexible initial routing. For the dynamic decisions, we develop a 
value function approximation methodology with several new feature combinations 
that differ in how they are able to depict the balance of the resources among the 
fleet. Further, we show which feature combinations are beneficial depending on the 
initial routing as well as depending on problem characteristics. We not only contrib-
ute to the literature by means of the proposed solution approach, but also analyze 
the interaction between the initial routing and the chosen features and show several 
important problem and methodology-specific insights.

This article is structured as follows. We review related literature on the problem 
setting and the existent research gap in Sect. 2 before describing and modeling the 
problem setting considered here in Sect. 3. The chosen value function approximation 
along with the proposed routing and aggregation choices are explained in Sect. 4. 
Sect. 5 then depicts the experimental setup and presents results. This article is then 
concluded in Sect. 6.

2 � Related literature

In this section, we first provide a literature review on stochastic dynamic vehicle 
routing problems related to our problem setting. To this end, we characterize the lit-
erature based on different aspects regarding the initial routing, the acceptance mech-
anism of dynamic requests, and anticipation. In addition, we analyze the literature in 
terms of the considered application and dynamism before summarizing the research 
gap that our work aims to fill.

The literature on dynamic vehicle routing problems is rather vast, but the 
research interest is still growing due to the technological possibilities to track vehi-
cles, goods, and information as well as increasing communication possibilities. For 
a general overview on dynamic vehicle routing problems, the interested reader is 
referred to Pillac et al. (2013) and Psaraftis et al. (2016), for a more specific over-
view on dynamic and stochastic vehicle routing problems, the reader is referred to 
Ritzinger et al. (2016) and Soeffker et al. (2022). In the recent years, literature on 
dynamic vehicle routing has been extended by also considering customer prefer-
ences which enables to provide different service options to customers. While we 
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consider the simplest version of demand management by accepting or rejecting cus-
tomer requests, the reader interested in more sophisticated approaches is referred to 
Fleckenstein et al. (2023) for a survey on demand management and vehicle routing.

While there are different ways to categorize literature on stochastic dynamic 
vehicle routing, there are three aspects of particular interest for this article. The first 
interesting aspect is how the initial routing for the initially known customers is con-
ducted. The second aspect refers to whether the acceptance mechanism is selective 
or non-selective about the dynamic customer requests. The third aspect refers to the 
level of anticipation of the applied solution approach. The first and third aspect refer 
to whether the solution approach is anticipatory with regard to the initial and the 
dynamic customers, respectively. The second aspect rather refers to a problem char-
acteristic as it describes whether customers have to be served if they can be served. 
In the following, the literature is discussed with regard to these aspects.

The first aspect relevant for categorizing literature concerns how initial custom-
ers are allocated to the vehicles before the start of the time horizon and before the 
dynamic customers arrive. Most early articles on dynamic vehicle routing problems, 
like Kilby et al. (1998), Montemanni et al. (2005), or Hanshar and Ombuki-Berman 
(2007), solve static versions of the problem in specific time points. That is, all cur-
rently known customers are included in a classical VRP using objective functions 
like minimum travel distance or time. If the share of initial customers is small in 
comparison to the time capacity available, such a procedure tends to create only a 
small number of initial routes which are rather long while other routes are empty. We 
refer to such approaches as being not anticipatory in their initial routing decision. In 
contrast to considering only currently available information, articles like Bent and 
Van Hentenryck (2004) or Zhang et al. (2023) use scenarios that include artificial 
customer requests that serve as a possible realization of the future thus being antici-
patory in the initial routing. Although the artificial requests are removed from the 
solutions, the routes are already designed in a way that incorporating potential future 
requests is enabled. Such initial routes are more likely to be rather balanced in terms 
of the resource usage. For a more detailed overview, how the initial routing is cre-
ated in the literature, the reader is referred to Zhang et al. (2023).

In this article, our contribution to the literature with regard to the initial routing is 
twofold. On the one hand, we propose an approach that uses a parameter to control 
the balance of the initial resources. On the other hand, we also explicitly conduct 
analyses on the impact of the initial routing on the solution quality as well as on the 
interplay with the dynamic decision making.

The second aspect concerns whether the problem definition allows the deci-
sion about acceptances of new customer requests. We differentiate selective and 
non-selective acceptance mechanisms, that is, approaches that accept all requests 
that can be accepted without violating constraints and approaches that may also 
decide to reject a customer request despite feasibility. From a customer perspec-
tive, it seems more reasonable to serve customers on a first-come-first-serve basis. 
That would lead to accepting customers if their request can be served without 
violating any constraints like work hours or vehicle ranges. However, some cus-
tomers might require more resources to be served, for example because they are 
located far away from other customer locations. In this case, a service provider 
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may end up serving more customers when a selective acceptance mechanism is 
applied. While some customers may benefit from this, this is usually to the dis-
favor of those customers in “inconvenient” locations (Soeffker et al. 2017). Both 
approaches therefore have advantages and disadvantages.

The third aspect for differentiation of literature is the level of anticipation of 
the applied solution approach with respect to the dynamic decisions. Non-antic-
ipatory approaches only use the current information as a basis for decision mak-
ing. In contrast, anticipatory approaches try to incorporate information about 
potential future developments in the external information, about future decisions, 
or a combination of both.

Some examples of non-selective acceptance mechanisms in combination 
with non-anticipatory approaches are provided in the following. Gendreau et al. 
(1999) suggest a parallel tabu search that improves a set of current plans until a 
new request is revealed. If the new request can be accommodated in any of the 
plans, the request is accepted and all plans not complying with the insertion are 
deleted. Only if none of the plans can be modified to include the new request, it 
is rejected. The focus therefore is on the optimization of the routing plans as the 
acceptance decision is based on feasibility. For a dynamic dial-a-ride problem, 
Attanasio et al. (2004) also suggest to accept requests if they can be inserted fea-
sibly. Upon insertion of the new request, the plan is then improved by means of 
parallel tabu search. Ichoua et al. (2000) extend the idea of a parallel tabu search 
by allowing a diversion of the route. These approaches have to accept requests 
if they can and then focus on improving the routing plans for all known custom-
ers. The disadvantage is that they are not anticipatory and may accept customer 
requests at all cost, substantially obstructing the vehicles’ routes and eventually 
leading to a limited number of services overall.

In the literature using anticipatory approaches with non-selective acceptance 
mechanisms, a variety of different concepts is proposed. Bent and Van Henten-
ryck (2004) suggest an approach where a set of plans is maintained and customer 
requests are accepted if any of them can feasibly include the new request. However, 
artificial customers are sampled and the routing first includes these customers that 
are then removed. The plan actually carried out is the one that is most similar to 
the other ones leading to a focus on flexible routing plans. For a similar problem, 
Bent and Van Hentenryck (2007) extend the sampling idea by Bent and Van Hen-
tenryck (2004) by a waiting and a relocation heuristic. Ichoua et al. (2006) extend 
the approach of Gendreau et al. (1999) by a waiting heuristic that considers infor-
mation about the chances for future customer requests in certain parts of the ser-
vice area. Thomas (2007) propose heuristics based on analytically derived proper-
ties of the optimal solution for a problem similar to the one discussed here. In the 
heuristics proposed, knowledge about future requests is assumed, and in each deci-
sion the maximum number of customers that requested service and can be inserted 
feasibly is accepted. The same problem is discussed in Ghiani et al. (2012) where 
two approaches are compared that are both anticipatory, but accept as many cus-
tomer requests in a decision point as possible while not violating the time limit. For 
the emerging field of same-day delivery, Voccia et al. (2019) combine a sampling 
strategy with a waiting strategy. While the approaches aim to create a routing that 
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anticipates future customers, they are applied to problems that do not allow a selec-
tion of customers which potentially leads to fewer customers that can be visited.

The last category are approaches that are anticipatory with selective acceptance 
mechanisms like the one we are proposing as it provides the most flexibility for deci-
sion making. In Angelelli et al. (2009), a multi-period pick-up problem is considered 
where some customers can be rejected for same-day service, but will be served on 
the following day. Azi et  al. (2012) consider a delivery problem where customers 
can be accepted or rejected for service. The decision about acceptance is based on 
scenarios like in Bent and Van Hentenryck (2004). In Klapp et al. (2018), a dynamic 
dispatch waves problem is considered where requests are not rejected immediately, 
but can simply not be served which is a special case of a selective approach. Ulmer 
et al. (2018) and Soeffker et al. (2019) consider a one-vehicle problem where cus-
tomers can be accepted or rejected for same-day service, Ulmer et al. (2018) extend 
this problem to a multi-period problem where customers are rejected for same-day 
service and then have to be served on the next day. Angelelli et al. (2021) consider a 
similar problem, but acceptances and rejections for their stochastic and dynamic ori-
enteering problem are handled on the day before the actual conduction of the route. 
The problem described in this article is adapted from Ulmer et al. (2018) and Soef-
fker et al. (2019) by extending the problem setting to a fleet of vehicles where the 
conduction of the route takes place while new requests for the same day arrive. For a 
same-day delivery problem setting, Klein and Steinhardt (2023) combine a sampling 
strategy and a demand management approach. Also for same-day delivery applica-
tions, Bozanta et  al. (2022) and Chen et  al. (2022) propose to use reinforcement 
learning approaches and analyze the impact of different features considered in their 
solution approaches. While these articles consider problems in which a rejection is 
allowed and that apply anticipatory solution approaches, most of them consider a 
single vehicle, some of them do not consider initial customers, or they apply a non-
anticipatory routing of those initial customers.

Zhang et al. (2023) consider a closely related problem setting to ours and we high-
light the differences in the following. To this end, we draw on the classifications pro-
posed in Fleckenstein et al. (2023) and Soeffker et al. (2022). In the classification of 
Fleckenstein et al. (2023), the booking and service horizon overlap in both settings, the 
constraints consider a fleet in both cases, and the processing happens in real-time for 
both cases. However, Zhang et al. (2023) consider the objective function to maximize 
the number of served requests while our objective is to maximize revenue generated 
by accepting requests. When comparing the considered problem settings based on the 
source of uncertainty as described in Soeffker et al. (2022), both problem settings con-
sider stochastic customer requests, which is an uncertainty in the demand. However, the 
characteristics of these requests differ in the two problem settings. The set of feasible 
locations is limited to a given node set in Zhang et al. (2023) while it is not in our prob-
lem setting. On the other hand, the requests in Zhang et al. (2023) come with varying 
service times which is not the case in our problem setting. All customers generate the 
same contribution towards the objective function in Zhang et al. (2023), while customer 
requests vary in the associated reward in our problem setting. In addition, to approach 
their problem setting, Zhang et  al. (2023) design both an anticipatory initial routing 
approach and an anticipatory dynamic decision approach. However, they apply another 



337

1 3

Balancing resources for dynamic vehicle routing with stochastic…

solution approach where considering different feature combinations or analyzing the 
impact of features on the solution quality or their interaction with the initial routing is 
not applicable. Our work thus contributes to the literature by filling this research gap.

In Table  1, we summarize the described literature according to relevant prob-
lem characteristics, the anticipation in the considered approach, and the conducted 
analysis. While most early literature did not allow anticipatory rejections of custom-
ers, later research did incorporate this aspect. However, to allow for anticipatory 
dynamic decision making, most of the recent literature focuses on a single vehicle. 
The initial routing was not considered in an anticipatory manner in most literature. 
In recent years, there has been a trend towards considering same-day delivery appli-
cations in research. While most of these articles now consider a fleet and apply 
anticipatory solution approaches, they consider problems without initial customers. 
They therefore do not have to find an initial routing and they cannot analyze the 
interplay between the initial routing and the dynamic decision making.

In addition to the classification regarding problem, solution approach, and analy-
sis aspects, we also provide an overview of the degree of dynamism (dod, Larsen 
et al. 2002) associated with typical applications considered in the literature. The dod 
describes the share of dynamic requests in the total number of requests. In Fig. 1, we 
provide a similar literature list as in Table 1 and indicate the application field along 
with the degree of dynamism considered in the computational studies. There are two 
large groups of applications: courier/express/parcel providers and same-day deliv-
ery (including here e-groceries and food delivery). In addition to these main groups, 
there is also a large body of literature not focusing very much on a particular appli-
cation and one article with a dial-a-ride application. It can be observed that there has 
been a recent trend to focus on same-day delivery applications which typically do 
not include any known customer requests at all. Apart from same-day delivery appli-
cations, most articles consider degrees of dynamism between 0.5 and 0.75.

Based on the literature review presented above with the resulting literature gap, 
we consider in this article a routing problem with a fleet, with initial customers, with 
the option of anticipatory rejections. As a solution approach, we propose an antici-
patory value function approximation and we propose an approach that can be antici-
patory with regard to the initial routing. While a closely related problem setting has 
been solved with an anticipatory solution approach in the literature, we extend the 
literature by analyzing the interplay between the initial and the dynamic decision 
making and proposing and evaluating different feature combinations for the value 
function approximation. Based on typical applications of the considered problem 
setting, we further compare the performance of the value function approximation for 
different degrees of dynamism.

3 � Dynamic vehicle routing problem with stochastic customer 
requests

In this section, we first describe the considered problem setting in Sect. 3.1. After 
the problem description, we formally model the problem as a Markov decision pro-
cess model in Sect. 3.2.
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3.1 � Problem description

In the considered dynamic vehicle routing problem with stochastic customer 
requests (DVRPSR), drivers of a service provider navigate a fleet of vehicles from 
a depot through a given area to serve customer requests during a service horizon 
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Fig. 1   Overview of applied degrees of dynamism, color of filling indicates application (black: same-day 
delivery/e-groceries/food delivery, gray: pickup in courier/express/parcel applications, white: dial-a-ride 
or no application indicated)
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and to return to the depot until the end of the service horizon. Both driving times 
and service times at customer locations are assumed to be known and deterministic. 
Some of the service requests are known in advance (early request customers) and for 
these initial customers, an initial routing is created. Other requests only occur dur-
ing the service horizon (late request customers), these are dynamically accepted and 
included into a route (or the request for same-day service is rejected).

The temporal and spatial distributions of the service requests are known. Late 
request customers have a value that can be interpreted as the revenue for the service 
provider for serving the customer on the same day. When a new customer requests 
service, the service provider is informed about the location and the associated rev-
enue of the request. Then, the service provider decides whether to accept or reject 
the request and which vehicle is assigned to serve the customer request. We assume 
that the acceptance or rejection and assignment decisions are fixed once they are 
made. That is, accepted requests have to be served. The objective is to maximize the 
expected revenue accumulated over the day.

In Fig. 2, a small example of the beginning of the time horizon is depicted. In the 
left part of the figure, an exemplary initial routing is depicted where three routes are 
created for the three vehicles. All eight initial customers are included in the initial 
routes. In the middle part of the figure, the service horizon is ongoing. The vehicles 
are already conducting their routes, and a new customer requested service. This new 
customer request is depicted as a small white circle. In the right part of the figure, 
the new customer request was accepted and included into the first vehicle’s route.

3.2 � Markov decision process model

In this section, we describe the given problem setting by means of a formal model.
Initial routing.      For the given problem, each early request customer c ∈ C e is 

assigned to a vehicle route �v
0
 of a vehicle v ∈ F before the service horizon starts. 

For the fleet of vehicles F, the set of routes is denoted by �0 . The routes need to 
comply with several classical VRP constraints that are described briefly in the fol-
lowing. All vehicle routes start and end at the depot, the number of routes cannot 
exceed the number of available vehicles. Each customer c ∈ C e has to be visited by 
exactly one route. All routes have to end at the depot before or at the end of the time 
horizon T.

Fig. 2   Example of beginning of service horizon: Examples for initial routing (left panel), new customer 
request (middle panel), acceptance and inclusion of the new customer request (right panel)
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Overview.       Due to the dynamic nature of the DVRPSR, the dynamic deci-
sion process described in Sect. 3.1 is modeled as a finite Markov decision process 
(MDP). The MDP contains sequences of states, decisions, post-decision states, and 
transitions. In states sk in decision points k = 1, ...,K , a decision xk from a set of pos-
sible decisions Xk(sk) is chosen. Post-decision states sx

k
 describe the state immedi-

ately following the combination of state sk and decision xk and thus do not cover any 
effects other than those caused by the decision. The concept of post-decision states 
therefore allows to split the deterministic effects due to the decision on the one side 
and the effects caused by the stochastic process on the other side. After the deter-
ministic post-decision state, transitions induced by stochastic realizations �k+1 lead 
to the next decision point k + 1 resulting in a new decision state sk+1 . This continues 
until the final state sK is reached.

States.    States sk in the MDP contain all information that is necessary to describe 
the decision situation sufficiently. For the described problem, sk for k = 1, ...,K − 1 
therefore contains information about the time tk where t = 0, ..., T  in basic units of t̄ , 
e.g. minutes or seconds, in the service horizon T, the planned routes of all vehicles 
�k , and information about the new customer request ck from the set Cl of late request 
customers. This information about ck consists of a location lk and revenue uk associ-
ated with the request.

Initial state.    Notably, the initial state s0 and the final state sK are exceptions as 
they do not contain new customer requests and therefore no decision options. The 
initial state s0 contains the time t0 = 0 and the route set �0 after the routing of the 
early request customers is planned. The remaining resources after the initial state are 
therefore not the same on each day and in each initial state.

Decisions and rewards.    With the start of the service horizon, all service vehi-
cles follow their routes �v and those with a non-empty route leave the depot to visit 
customers. A decision point k is triggered by a new service request from a late 
request customer ck ∈ Cl . The service provider is informed about the location lk and 
the associated revenue uk for the request. The dispatcher of the service provider then 
has to choose a decision xk ∈ Xk(sk) . Such a decision determines whether the cus-
tomer request will be served in the same service horizon or whether it is rejected. In 
the case of an acceptance, the request has to be included in exactly one route �v ∈ � . 
The decision options Xk(sk) can contain options in which the customer request is 
rejected, that is, the set of customers to be served is unchanged, as well as options 
in which the set of customers includes all previous customers and the new customer 
request. For both the rejection and the acceptance of the request, different routing 
options may be available as long as the vehicles can visit and serve all customer 
requests and return to the depot before the end of the service horizon. Also, we 
assume that upon starting the service at one customer, the next customer in the route 
will already be informed about the upcoming service, the new request can therefore 
not be inserted before that informed customer. The set of routes after the implemen-
tation of the decision xk and thus before the occurrence of new customer requests 
and before the conduction of the routes is denoted as �x

k
 . Associated with each deci-

sion option is a reward R(sk, xk) that describes the immediate contribution towards 
the objective function. Since the objective is to maximize the expected overall rev-
enue of the service provider, the reward R(sk, xk) is the revenue uk of the customer, 



343

1 3

Balancing resources for dynamic vehicle routing with stochastic…

so R(sk, xk) = uk , in case of an acceptance or zero, so R(sk, xk) = 0 , if the customer 
request is rejected.

Post-decision state and transition.    The deterministic post-decision state (PDS) 
consists of a time tx

k
= tk and the updated set of routes �x

k
 . After the PDS, a stochastic 

transition leads to the next decision point k + 1 that occurs upon the request of a new 
customer request ck+1 ∈ Cl . Until this new decision point, the vehicles follow their 
assigned routes �v and customers whose service has been completed are removed 
from the routes. The final decision point sK occurs when the service horizon is over, 
that is, when tK = T  and all service vehicles returned to the depot.

Objective function.       The objective function is to maximize the sum of rev-
enue accumulated throughout the service horizon through the acceptance of late 
request customers. A solution to an MDP is a policy � that describes which decision 
xk ∈ Xk(sk) to choose in sk ∈ S . The optimal policy �∗ is the one maximizing the 
objective function, that is,

This is equivalent to choosing in each decision point k the decision that maximizes 
the sum of the immediate and the expected future reward assuming that the optimal 
policy �∗ is followed afterward (Bellman’s Equation, Bellman 1957). This means 
that

The second part, the expected future rewards following the combination of state sk 
and decision xk , can also be denoted as the value of the post-decision state V(sx

k
).

4 � Solution approach

In the problem considered in this article, there are two different types of decisions 
about the usage of the available resources. The first type arises before the service 
vehicles leave the depot. The customers that are already known before the time hori-
zon need to be assigned to vehicles and an initial routing needs to be determined for 
each vehicle. This initial routing impacts the remainder of the decision horizon as it 
defines how parts of the resources are used. Then, throughout the time horizon, new 
customers request service. When such a request occurs, the service provider needs 
to determine whether service will be offered to this customer or not. In case of a ser-
vice offering, the routing of the vehicles needs to be adapted to incorporate the new 
customer which has an impact on the remaining resources.

The problem setting therefore requires a careful balancing of resources through-
out the time horizon. If the initial routing is constructed in a way that minimizes 
travel distances, in the extreme case, some vehicles might be idling at the depot 

(1)�
∗ = argmax

�∈Π

�

[
K∑

k=0

R(sk,X
�
∗

k
(sk)) ∣ s0

]
.

(2)X�
∗

k
(sk) = argmax

xk∈X(sk)

{
R(sk, xk) + �

[
K∑

j=k+1

R(sj,X
�
∗

k
(sj)) ∣ (sk, xk)
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.
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while others might not have capacities to integrate any future requests. We therefore 
explicitly incorporate the balancing of resources within the initial routing part of 
the solution approach. In the solution approach, we propose a parameter that defines 
whether we require a rather efficient or a rather balanced initial routing.

After creating the initial routes, we further assume that keeping track of the 
resource balance might be crucial for the dynamic decision making of the dynamic 
part of the problem. Solving the dynamic vehicle routing problem with stochas-
tic customer requests optimally would require to compute the value of each post-
decision state sx

k
 (or state-decision pair ( sk , xk)). Unfortunately, the problem suffers 

from the “curses of dimensionality” (Powell 2011). The transition space depicts all 
possibilities for transitioning from one state-decision pair to a next state and con-
tains information about the probabilities for any of these transitions. In the described 
problem setting, new customer requests can occur anywhere in the service area and 
at any point in time meaning that the number of possible next states is infinite due 
to the continuous distributions. Thus, the transition space is too large to compute the 
value of states. In addition, the state space (or post-decision state space as in this 
case) is too large to determine values for all of them individually for the same reason 
of customer requests being possible anywhere in the service area. However, because 
states and post-decision states contain not only locations of customers, but entire 
routes, the curse of the (post-decision) state space is even more complex. Finally, 
the decision space is too large to evaluate all possible options in a decision point. 
While the decision space contains a finite number of options, it contains for both 
the acceptance and the rejection of the new request an entire solution space of the 
underlying routing problem. In summary, it is not possible to recursively compute 
the values of all post-decision states and, thus, the optimal policy.

Therefore, we propose a value function approximation that uses offline simulation 
to approximate the values for all post-decision states. However, since the post-deci-
sion state space is too large, we propose three feature aggregation choices to sum-
marize important information about the post-decision state. In particular, we apply 
features that allow measuring the resource use itself to support efficient resource 
usage. However, to investigate the importance of representing the resource balance, 
the three different feature choices vary from depicting the balance of the fleet not at 
all over depicting the fleet’s balance generally to depicting the balance by represent-
ing each vehicle individually. Further, due to the remaining size of the post-decision 
state space, we also use a partitioning approach to only represent relevant areas of 
the post-decision state space. In the classification of Soeffker et al. (2022), the solu-
tion approach VFA falls in the category prescriptive and internal use of informa-
tion model. In the classification of Fleckenstein et al. (2023), the feasibility check 
of decision options is route-based, the cost estimation is predictive, and the demand 
control considers accept and reject.

In the remainder of this section, we describe our solution approach in more 
detail. First, an overview on the solution approach is provided in Sect. 4.1. Then, 
we describe the construction of the initial routes in Sect.  4.2 and explain the 
initial routing parameter that defines the balance of the initial routing. Further, 
we describe the components addressing the three curses of dimensionality in 
Sects.  4.3, 4.4, and 4.5. The proposed solution approach explicitly incorporates 
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the initial routing. Further, it extends solution approaches from the literature from 
a single-vehicle case to a multi-vehicle case by considering more decision options 
and proposing three feature aggregation choices.

4.1 � Solution approach overview

To provide an overview of the overall solution approach, we depict it in Fig. 3. 
In the following sections, we motivate and explain the individual parts in detail. 
Here, we briefly describe the process depicted in Fig. 3.

The solution approach repeatedly simulates the entire decision horizon which 
includes the initial routing and the dynamic decision making (upper part of the 
figure). The initial routing is described in detail in Sect. 4.2, the dynamic decision 
making in Sect. 4.4. In a decision point of the dynamic decision making, repre-
sented by “State”, a decision according to Bellman’s Equation (middle part and 
described in Sect. 4.3) is chosen. This happens based on the immediate rewards 
and the expected values of the resulting post-decision states (“PDS”) that are 
stored in representatives (bottom part). After a decision is chosen and applied, 
the simulation continues until the end of the horizon. Then, the information about 
the actually obtained rewards during the simulated decision horizon following 
all of the observed post-decision states is used to update the values in the rep-
resentatives, which is described in Sect. 4.5.1. The applied adaptive state space 
partitioning approach (ASSP, Soeffker et al. (2019), represented by the right part 
of Fig. 3) collects observed post-decision states over several simulation runs and 

Fig. 3   Schematic representation of solution approach that simulates the entire horizon, draws on values 
stored in representatives, updates the values, and contains a component that updates the representatives, 
adapted from Soeffker et al. (2019)
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uses them in specific intervals to update the representatives that are used to store 
values (right part of the figure and described in Sect. 4.5.2).

4.2 � Initial routing

The initial routing is a classical VRP except for its objective function and the fact 
that it sets the resources for the remaining dynamic process. Due to the dynamic 
nature of the problem, it is not necessarily desirable to find the optimal solu-
tion in terms of the route lengths. This is because suboptimal routes are longer 
which means that the insertion of new requests can be easier in later decision 
points. One classical approach for the VRP is the Clarke Wright Savings algo-
rithm (Clarke and Wright 1964) that creates individual routes for each customer 
and then merges routes if time capacities are not violated and the overall routes’ 
length can be reduced. However, for the problem at hand, not all customers are 
initially present. The functionality of the Savings algorithm would lead to an 
imbalanced allocation of the fleet’s time resources with some vehicles fully uti-
lized for the entire day and others (nearly) empty.

In that case, only one vehicle route may spread over the service area while the 
other vehicles are waiting in the depot. From an intuition perspective, this seems 
not desirable as the vehicles in the depot spend their resources with waiting 
instead of serving customers while other vehicle routes might be able to include 
further customer requests. In such a case, a new request could be included in the 
longest route for efficiency reasons while the other routes remain empty and the 
vehicles remain in the depot. As an alternative, a rather equal allocation of cus-
tomers to vehicles could be applied in which the vehicles’ resources are rather 
balanced. For this, we could alternatively apply a fully balanced Savings algo-
rithm where we compute a maximum number of customer requests per route as

with |C e | being the number of initial customers to be visited and |F| the number of 
vehicles. The fully balanced Savings algorithm is then not allowed to merge routes 
if the resulting route exceeds this number. Notably, in rare cases, for example with 
high demand or when merging routes is not efficient, this can lead to more routes 
than vehicles. If this happens, we enforce to merge the shortest routes. If at least 
one of the resulting routes exceeds the time horizon, the instance is considered to 
be infeasible. Thus, the dynamic decision making is skipped and a reward of 0 is 
obtained over the entire day. Since the limitation of merging routes restricts the Sav-
ings algorithm, the resulting routes might be in total longer which might seem less 
efficient. To allow a compromise between the classical Savings and the fully bal-
anced Savings, we propose a modified Savings algorithm that uses a tuning param-
eter m between 0 (classical Savings) and 1 (rather balanced initial routes) and then 
compute the maximum number of customers per route as

(3)z =

⌈
|C e |
|F|

⌉
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For m = 0 , this results in no threshold, that is, the Savings algorithm can merge all 
routes. For m = 1 , this results in the previous equation and approximately the same 
number of customers per route. In Fig.  4, we show the theoretical impact of this 
parameter on the maximum number of customers per route as a share of the total 
number of customers to be included.

It can be seen that the threshold is not linearly dependent of the parameter. How-
ever, by choosing different values for parameter m, all thresholds between poten-
tially allowing all customers in one route and requiring a rather balanced routing can 
be achieved. In the computational study, we evaluate the impact of the initial routing 
by means of parameter m.

4.3 � Decision space

In the given problem setting, decisions contain two parts: the acceptance and the 
routing. Theoretically, the decision space considers many options for the accept-
ance of the new customer request and also many options for the rejection of the new 
request. Technically, this includes not only all options to insert the new customer 
into the current routes, but also all modifications of the current routes except for 
those that change the assignment of the already fixed customers. To avoid this curse 
of dimensionality, we reduce the size of the decision space by not modifying the 
routing in case of a rejection and by relying on a heuristic procedure for the routing 
in case of an acceptance.

In this work, we apply a cheapest insertion heuristic as described in Rosen-
krantz et  al. (1974)  and check the position and the resulting post-decision state 
of an insertion in the cheapest insertion in each vehicle’s route. Therefore, for 

(4)z =

⌈
|C e |

1 + m ⋅ (|F| − 1)

⌉
.

Fig. 4   Theoretical threshold for modified Savings (in percentage of number of customers)
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m vehicles, m + 1 decision options are available. Figure 5 depicts an exemplary 
set of options for a new customer request. In the first three options, the cus-
tomer request is included in one of the existing routes. In the last option, it is not 
accepted and therefore not part of one of the routes.

4.4 � Transition space

As customers may request service at any point in the given service area and at 
any point in time, the transition space is too large making it impossible to find the 
optimal policy �∗ by means of dynamic programming. Value function approxi-
mation, a method of approximate dynamic programming (ADP, Powell 2011) 
approximates the optimal policy and the values of (post-decision) states. Due to 
the challenging size of the transition space, it is helpful to separate the effects of 
the decision and the stochastic realization that both affect the transition between 
a state and the next state. Therefore, we work with a model that includes a post-
decision state that captures the effects of the decision, but not yet the effects of 
the stochastic realization. VFA then approximates the optimal policy by replac-
ing the actual value of a state or, as in our case, of a post-decision state V(sx

k
) 

with an approximation V̂(sx
k
) . In this work, we apply a value function approxi-

mation relying on offline simulation that aims to find reliable approximations of 
the values of the post-decision states. We apply a non-parametric value function 

Fig. 5   Example for a decision situation (upper part) and four different decision options: Acceptance of 
request with inclusion of new request in upper left route (bottom, left figure), in upper right route (bot-
tom, second from left figure), in bottom route (bottom, second from right figure), and rejection of request 
(bottom, right figure)
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approximation, a very generic approach that does not expect the relationship 
between post-decision state features and value of the post-decision state to fol-
low a certain functional form.1 Such a non-parametric VFA can be organized in 
the form of a lookup table, but it can also be more flexible. If the values V(sx

k
) are 

replaced by V̂(sx
k
) , the approximated Bellman’s Equation then reads as follows:

4.5 � State space

For an approximation of each PDS’s value, the post-decision state space is too large. 
To overcome this problem, there are two measures taken in this work. The first one 
is to aggregate information of the original MDP in order to reduce the size of the 
post-decision state space. After this, the question of an efficient state space partition-
ing arises as some areas of the space may be more important for the decision making 
than others. In the following Sects. 4.5.1 and 4.5.2, both measures are described in 
more detail.

4.5.1 � Aggregation

In this section, we discuss potential options to aggregate the information of the orig-
inal MDP to obtain an aggregated post-decision state space. As described earlier, 
the post-decision state in the original MDP contains information about the time and 
the routes of all vehicles. Using this for a non-parametric value function approxi-
mation is not practicable as the number of customers is not limited and customers 
can be located anywhere leading to an infinite post-decision space. In previous work 
that considered only one vehicle (Ulmer et al. 2018), time and slack, the remaining 
budget a vehicle has after returning to the depot and before the end of the horizon, 
were discussed to be appropriate choices as time is the resource to be managed in 
this problem. Here, we extend this line of reasoning and propose and compare three 
different aggregation levels that all are based on information about time. The three 
aggregation options depict the fleet resource balancing in different degrees of detail. 
In Fig. 6, one post-decision state is shown that contains information about all routes 
of the vehicles. In the following, we describe the three different options to aggregate 
information based on temporal information that are depicted in Fig. 6.

The first, most straightforward, approach is to use the time and one dimension per 
vehicle describing the slack for each vehicle. This aggregation approach, depicted in 
the left subfigure of Fig. 6 is the most detailed one as it contains explicit informa-
tion about each vehicle in the fleet. The second approach, shown in the middle sub-
figure of Fig. 6, is the least detailed as it computes the mean slack over all vehicles 

(5)X𝜋
∗

k
(Sk) = argmax

x∈X(Sk)

{
R(Sk, x) + V̂(sx

k
)
}
.

1  We present results for a related problem setting with a single vehicle in Appendix A.3 to demonstrate 
why we are not applying a parametric VFA assuming a linear relationship between the features and the 
value.
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and uses therefore only one aggregated feature for the whole fleet which is a rather 
implicit form of information. The third approach, which is depicted in the right sub-
figure of Fig. 6, also uses time and mean slack, but adds a third dimension which is 
the standard deviation from the mean slack. This option therefore incorporates not 
only the information about the mean, but also information about the spread within 
the fleet.

4.5.2 � Partitioning

After aggregating the post-decision state space of the original MDP to a smaller 
one, the resulting aggregated post-decision state space is still quite large. For the 
sake of simplicity, we refer to the aggregated feature vectors as post-decision states 
although they do not contain the original information. For a problem with three 
vehicles, a time horizon of 480 min and a discretization to minutes, the aggregated 
post-decision state space would consist of 480 ⋅ 480 = 230, 400 aggregated post-
decision states with an aggregation to time and mean slack, but of 5.3 ⋅ 1010 aggre-
gated post-decision states with an aggregation to time and individual slacks. If each 
PDS would be evaluated separately, this would require visiting each PDS multiple 
times during the approximation process and a high computational effort. Further, in 
many problems, some areas of the PDS space are not even accessible by a state-deci-
sion combination due to logical reasons. Such areas will never be visited and their 
representation in the post-decision state space is therefore not helpful. Also, depend-
ing on the problem and the PDS space, some PDSs may be similar enough to treat 
them equally and evaluate them as if they were the same. Especially because of the 
computational problems, it is very common to partition the state space in some form 

Fig. 6   Original post-decision state (top) and different aggregation options for an exemplary post-decision 
state: time and individual slacks (bottom, left), time and mean slack (bottom, middle), time and combina-
tion of mean slack and deviation (bottom, right)
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to reduce the number of values that have to be approximated. The most traditional 
and intuitive approaches are approaches that partition the state space in static parti-
tions of the same size, usually like a look-up table with certain interval sizes (Pow-
ell 2011). The larger these interval sizes are, the lower the computational burden, 
but the higher the chance to treat PDSs equally that are rather dissimilar. However, 
small interval sizes not only come with high computational efforts, but also with the 
chance of insufficient approximations if partitions are not visited often enough. One 
other partitioning approach is to combine different approximation architectures with 
different levels of detail (weighted look-up tables, Powell 2011). Another option is 
to use the knowledge from the simulation that is used to approximate the values to 
find a partitioning iteratively (Lee and Lau 2004; Ikonen et al. 2016; Ulmer et al. 
2018; Agussurja et al. 2019; Soeffker et al. 2019). For the partitioning of the post-
decision state space, we apply an adaptive state space partitioning approach (ASSP, 
Soeffker et al. 2019). ASSP aims to find those areas of the post-decision state space 
that are relevant for the decision making in an adaptive manner. In Soeffker et al. 
(2019), it was applied to a simplified problem with a two-dimensional state space 
and achieved better results than a static partitioning approach of the same size. 
ASSP is based on the idea to collect the aggregated PDSs that are gathered during 
the simulation anyway to create the partitioning which is based on representatives. 
To this end, the simulation is started with initialized partitions (where each parti-
tion consists of the area around a representative) and decision making is conducted 
based on this initialization. After each simulation run, the representatives’ values 
are updated with the newly gathered information and the observed aggregated PDSs 
are stored. After a certain number of simulation runs, the stored PDSs are clustered 
to form a set of representatives that are now based on the problem-specific observa-
tions. These representatives replace the initial ones, their values are initialized and 
the process of learning and collecting PDSs starts again. After a set number of itera-
tions, the representatives are set and only learning is conducted. In Soeffker et al. 
(2019), the decision making is conducted by applying a modified Bellman’s Equa-
tion that contains, next to the immediate reward and the expected future rewards, an 
accuracy correction term. This term is calculated as a multiplication of the accuracy 
correction factor (ACT) with the distance between the PDS to be evaluated and the 
corresponding representative used for the approximation.

5 � Computational study

In this section, we present the results of the computational study. In particular, 
we demonstrate that a more balanced initial routing is beneficial for the over-
all objective of the considered problem setting  and we identify a strong con-
nection between the initial routing and the feature selection for the aggregation 
of the solution approach. Further, we show that the best feature selection also 
depends on the degree of dynamism. To highlight the benefits of the proposed 
VFA approach, we also show that anticipatory decision making is beneficial and 
we highlight that the chosen partitioning approach has a substantial impact on the 
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solution quality. To this end, we describe in Sect. 5.1 the instance settings of the 
problem and in Sect. 5.2 the parameter tuning of the approaches we apply as well 
as benchmarks. We then state the results of the computational study in Sect. 5.3.

5.1 � Instances

In the computational study, we consider the problem from Sect.  3 and generate 
instances in the following way. A fleet of |F| = 3 vehicles serves customer requests 
in a service area with a size of 20 km × 20 km. Distances in this area are Euclid-
ean and the speed of the vehicles is 25.0 km/h (approx. 15.5 mph). The service is 
conducted during a time horizon of T = 480 min, customers can request service 
throughout the whole time horizon, and the service time at a customer is t s = 15 
min. Information using time units is discretized to minutes. For one time horizon, 
which is both the service horizon as well as the request horizon, a total of 100 cus-
tomers is expected to request service either in advance or during the day. To investi-
gate different business concepts with different shares of initial and dynamic custom-
ers, we vary the percentage of dynamic requests. The degree of dynamism (dod, 
Larsen et al. 2002), describing the share of dynamic requests in the overall requests, 
is set to 0.5, 0.75, and 0.9 to investigate the solutions for different instance character-
istics. Based on our analysis summarized in Fig. 1, 0.5 and 0.75 are the most typical 
choices in literature. Additionally, to account for the trend towards very dynamic 
business models, a dod of 0.9 still contains some initial customers, but a very high 
share of dynamic customers. The spatial distribution of customers (both early and 
late request) is assumed to be uniform over the service area, the arrival rate of cus-
tomers does not change over the time horizon. The rewards assigned to the late 
requests are distributed following a normal distribution with a mean of 5 (monetary 
units, units are omitted for convenience) and a standard deviation of 2.

5.2 � Parameters and benchmark approaches

In this section, the tuning parameters for the applied approach (Sect. 5.2.1) as well 
as the benchmark approaches (Sect. 5.2.2) are summarized.

5.2.1 � Parameters of the proposed VFA approach

In general, the VFA consists of three phases: one phase to find the representatives 
of the state space partitioning, one phase to approximate the values of the repre-
sentatives, and one phase to evaluate the policy induced by the values. The search 
for the state space partitioning happens in an iterative procedure (see Soeffker et al. 
2019), we here chose three iterations of 300 simulation runs each. During these 
300 runs, PDSs are collected and after collection, the partitioning for the next itera-
tion (or the approximation phase) is found by means of a clustering. As in Soeffker 
et  al. (2019), we choose an k-medoids approach (Kaufman and Rousseeuw 1987) 
with the number of clusters (denoted as the parameter k) set to 2000. K-medoids is a 
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common clustering approach that creates k groups of elements that are defined over 
their medoid that has to be an element itself. We choose k-medoids as it is not only 
common and intuitive, but also allows to set the number of partitions in advance. 
Note that the number k is the same for all aggregation choices despite their differ-
ent number of post-decision state space dimensions for a better comparability under 
the assumption that we cannot or do not want to create a rather large number of 
partitions. Using the same number of representatives spread over a larger number of 
dimensions means that the representatives are, in tendency, further apart. However, 
the additional information may outweigh this loss in detail. The distance function 
is Euclidean, this applies both to the clustering as well as to determining the clos-
est representative in the PDS space. When new representatives are set, their values 
are initialized with a high value to enforce exploration. In the first iteration, the val-
ues are not updated, the resulting acceptance policy is therefore purely myopic (thus 
accepting requests if they can be feasibly inserted). After the first clustering, how-
ever, values of the representative are updated to be an average over all observed val-
ues that are associated with this representative. For the ACT factor p used in the par-
titioning approach by Soeffker et al. (2019), we use p = 0 as tests for a dod of 0.75 
showed that this performed best in most cases (see Appendix A.2). The approxima-
tion phase consists of 100,000 simulation runs and the found policy that is induced 
by the values of the representatives is evaluated in 10,000 simulation runs. Through-
out the computational study, time is discretized to minutes. Each parameter combi-
nation experiment was conducted five times and the reported results are the averages 
over those five results.

For the initial routing component, we use the parameter m to vary the initial rout-
ing between a classical Savings approach ( m = 0 ) and a rather balanced initial rout-
ing ( m = 1).

5.2.2 � Benchmark approaches and their parameters

While the objective of this work is to analyze the impact of the initial routing and 
the aggregation of the post-decision state space, we use two benchmarks to compare 
the achieved results to. The first benchmark approach (“myopic”) is a myopic policy 
that accepts customer requests if a feasible insertion into any of the vehicle routes is 
possible. If the request is accepted, the customer is inserted in the cheapest insertion 
position that can be found over all routes. This benchmark is used to show the value 
of anticipation. In the results, the myopic approach with a classical Savings approach 
( m = 0 ) will be denoted as “benchmark” that we use as a baseline to compare the 
other approaches to. The second benchmark (“LT”) is a value function approxima-
tion without the partitioning approach ASSP (Soeffker et  al. 2019). Instead of an 
adaptive partitioning, the post-decision state spaces are a priori and statically parti-
tioned in lookup-table-like entries where the entries have the same size. The feature 
combinations for the post-decision state space and the number of partitions used are 
the same as for the ASSP approach. This means that the same number of partitions 
is created for LT and ASSP. The LT representatives are created statically all over the 
post-decision state space whereas the ASSP representatives are created dynamically 
depending on the post-decision states observed during the simulation making it the 
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more flexible approach. This benchmark helps to obtain an intuition of the solution 
quality of the partitioning approach. The parameters for the LT benchmark are the 
same as for ASSP. That is, the partitions are set in the beginning of the learning, the 
representatives’ values are updated during 100,000 simulations as average over the 
observed values that are associated with this representative. After this approxima-
tion phase, the resulting policy is evaluated in 10,000 simulation runs.

5.3 � Results

We report the results of the computational study with a focus on different aspects. 
We start by reporting the best results for the myopic benchmark approach as well 
as for the different feature choices for both VFA approaches ASSP and LT in 
Sect.  5.3.1. Afterward, we show the impact of the initial routing in Sect.  5.3.2. 
Finally, we present insights into the impact of the feature choice on the solution 
quality and how this relates to the initial routing choice in Sect. 5.3.3. While sum-
marized results are presented in this section, the detailed results can be found in 
Appendix A.1.

5.3.1 � Overview

In Fig. 7, we report the improvement of the best solution qualities in comparison 
with the benchmark (myopic with m = 0 ) for a degree of dynamism of 0.5, 0.75, and 
0.9. The best solution quality means that we report the results of the best initial rout-
ing factor m for the three approaches “myopic”, “ASSP”, and “LT”. For ASSP and 
LT, we also differentiate the results for the different feature choices.

Fig. 7   Overview on improvement of solution quality for all proposed approaches in comparison to 
benchmark (myopic approach with m = 0 ), for dod = 0.5, 0.75, 0.9
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Three main observations can be drawn from Fig. 7. The first observation is that 
the myopic approach with the best value for m outperforms the myopic approach 
with m = 0 . We will provide more information on this observation in the remainder 
of this section, but this already indicates that a balanced initial routing is prefer-
able in comparison to a seemingly efficient initial routing. The second observation 
is that the solution quality obtained by the myopic benchmark can be outperformed 
by a VFA, but is not necessarily outperformed by all VFA options. As we discuss 
later, the feature choice as well as the approximation architecture of the VFA play 
an essential role in the success of the value approximation. Further, for all three fea-
ture choices, the proposed approach ASSP performs better than the VFA benchmark 
approach LT. On average over all degrees of dynamism, ASSP provides an improve-
ment in solution quality of 21.70% with the largest improvement being 26.29% for 
a dod of 0.5 and the smallest improvement being 18.54% for a dod of 0.9. This indi-
cates that the partitioning approach can have a severe impact on the solution quality. 
To explain this finding, Fig. 8 shows an excerpt of the created representatives for an 
aggregation to the features time and mean slack for LT in medium gray and ASSP 
in dark gray for a dod of 0.75. It can be seen that the LT representatives follow a 
static pattern and the ASSP representatives are created in a rather different pattern. 
Due to the observed post-decision states from the simulation, ASSP created almost 
no representatives in the lower left corner of the figure which represents a time of 
50  to 90 min and a remaining mean slack of 50  to 80 min. That is, this area did 
not seem to play an important role in the observed post-decision states. Instead, the 
ASSP representatives are located more densely in the upper right corner of the fig-
ure where they can thus represent differences better than LT.

In the following sections, we will provide results for different initial routing 
options and provide more insights into the impact of the feature choice.

Fig. 8   Excerpt of representatives for LT (medium gray) and ASSP (dark gray) for an aggregation to the 
features time (x-axis) and mean slack (y-axis) for dod of 0.75
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5.3.2 � Impact of initial routing

For determining the impact of the initial routing, we first vary the initial routing 
factor m for the myopic benchmark as there is no interference with the feature 
choice for this approach for a dod of 0.75. Additionally, we vary the initial routing 
factor m for ASSP with the features time and mean slack as this showed the best 
performance for the dod of 0.75. Here, we test m = {0, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0} 
as preliminary tests showed that the solution qualities are increasing from m = 0 
over m = 0.5 until m = 1.0 . As the myopic approach with m = 0 is referred to as 
the benchmark, the improvement of solution qualities obtained for these settings 
is depicted in Fig. 9.

It can be observed that the solution quality increases with an increasing initial 
routing factor m. This indicates that it is beneficial to provide rather balanced initial 
routes (represented by higher values of m). Intuitively, this makes sense as some of 
the resource time is “wasted” when a vehicle is not included in the initial routing and 
therefore waits at the depot. For the myopic approach, new customer requests are 
also inserted into the route where it causes the smallest detour. If one route covers 
large parts of the service area and other routes never leave the depot, then it is also 
very likely that new requests are inserted into the route that is already long, leaving 
the remaining vehicles idling in the depot. This then even increases the effect of 
“wasting resources” which will be demonstrated in Fig. 10.

To show the impact of the initial routing factor m on the balance of the vehicle 
resources, Fig. 10 depicts an example of the slack captured in state space representa-
tives from the initial state, that is, in t = 0 for a dod of 0.75. For this purpose, two 
examples of the experiment runs were chosen. While both are for ASSP with indi-
vidual slacks, one has a rather imbalanced initial routing with m = 0.0 and the other 
has a rather balanced initial routing, that is, m = 1.0.

Fig. 9   Impact of initial routing factor on improvement of solution quality for myopic and ASSP for a dod 
of 0.75
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Figure 10 depicts the remaining vehicle slack after the initial routing for all three 
vehicles. While the information describes the obtained representatives and therefore 
a summary of all observed situations after the initial routing, it still provides some 
insight. It can be seen in Fig. 10 that using m = 1.0 leads to a rather balanced utiliza-
tion of the vehicle resources as the three slacks are rather similar. In contrast, using 
m = 0.0 leads to a situation where one slack covers the entire time horizon. That is, 
one vehicle is not used meaning that it will remain in the depot until customers are 
assigned to it. As time of the service horizon passes by, these resources are then 
“wasted” as they are not spent on serving customers.

Fig. 10   Example for remaining vehicle resources after the initial routing for dod of 0.75, proposed 
approach with individual slacks and m = 1.0 (left) and m = 0.0 (right)

Fig. 11   Impact of initial routing factor on improvement of solution quality for LT (medium gray) and 
ASSP (dark gray) for a dod of 0.75
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After observing the effect of the initial routing on the myopic benchmark, we also 
present results depicting the impact of the initial routing on the solution quality for 
the VFA benchmark as well as for the proposed approach.

In Fig. 11, we present the impact of the initial routing on the improvement of the 
solution quality for the two VFA approaches LT and ASSP for the different feature 
choices in comparison to the benchmark of the myopic approach with m = 0.0 . Fig-
ure 11 depicts the results for a dod of 0.75, but the general findings for a dod of 0.5 
and 0.9 are similar (see Appendix A.1). The solution quality improvement for the 
VFA benchmark LT is depicted in medium gray, the solution quality improvement 
for the proposed approach ASSP is depicted in dark gray.

In general, we can observe that a balanced routing is beneficial except for cases 
where decision making is obstructed anyway. For LT with features describing time 
and the mean slack over the fleet (“mean”), it can be seen that a rather balanced 
initial routing, represented by m = 1.0 , results in the highest improvement of solu-
tion quality. The same increasing tendency with an increasing m can be seen when 
considering LT with the features time and the individual slacks of the fleet vehi-
cles (“individual”). For the features time, mean slack, and slack deviation (“mean 
& dev”), an initial routing factor of m = 0.5 results in a better solution quality than 
m = 0.0 and m = 1.0 for LT. However, the solution quality of this approach with this 
feature choice performs considerably poor overall as it is even outperformed by the 
myopic approach with the worst initial routing choice. A solution quality worse than 
the myopic benchmark indicates that the decision making is impeded by LT (as the 
decisions made by the myopic approach could have been chosen also). In this case, 
if the initial routes are rather balanced, the slack deviation is rather small for most 
observed post-decision states. At the same time, the lookup-table-like approach cov-
ers the entire post-decision state space and is thus not able to focus on the differ-
ences between the observations.

For our proposed approach ASSP, we see a similar impact of the initial routing 
on the solution quality improvement for all three aggregation options. That is, for an 
increasing initial routing factor m, we observe an increasing solution quality mean-
ing that rather balanced initial routes are beneficial for the solution quality. Over all 
degrees of dynamism, the average improvement of ASSP when applying an initial 
routing factor of m = 1.0 rather than m = 0.0 is 10.75% with the smallest improve-
ment being 3.32% and the largest being 22.73%. As for the myopic approach, this 
can be explained by the “waste of resources” that can occur when vehicles stay in 
the depot. However, in contrast to LT, ASSP outperforms the myopic benchmark 
with m = 0.0 highlighting that an appropriate partitioning approach is necessary for 
a VFA approach.

Summarizing, it can be seen that more balanced initial routes (associated with 
higher values of m) are beneficial compared to seemingly efficient initial routes. 
That is, if the service provider has the free choice which initial routing to choose, a 
more balanced initial routing should be preferred. In some cases, for example due to 
staff qualifications or equipment requirements, it may be beneficial to apply a more 
efficient initial routing. In the following, we therefore also discuss other initial rout-
ing choices.
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5.3.3 � Impact of feature choice and relationship with initial routing

After depicting the impact of the initial routing on the solution quality, we now 
focus on the impact of the feature choice on the solution quality of the proposed 
approach ASSP. The figures presented here show the improvement of the solution 
quality in comparison to the myopic approach with m = 0 . In Appendix A.1, an 
additional figure shows the impact of the initial routing on the solution quality of 
not only ASSP, but also the benchmark approaches myopic and LT.

In Fig. 12, the improvement of the solution quality is presented for ASSP (dark 
gray). The results are shown for the three dod values of 0.5, 0.75, and 0.9 and 
then presented for the different feature combinations and initial routing factors.

For the proposed ASSP, the best feature choice depends on the initial routing 
factor m and the degree of dynamism. For a dod of 0.5, where only a small frac-
tion of the overall driver resources are unplanned, there is not much flexibility in 
decision making and it is always the best choice to use the features time and mean 
slack. For a dod of 0.75 or 0.9, there is a larger share of dynamic customers and 
therefore more of flexibility in decision making. Here, for m = 0.0 and m = 0.5 , 
both indicating possibly rather efficient and less balanced initial routes, the results 
show that it is beneficial to not only consider time and the mean slack, but addi-
tionally the slack deviation. Notably, the number of partitions is the same for all 
feature choices which means that spreading the partitions over three dimensions 
for “mean & dev” provides a benefit over spreading it over only two dimensions 
as in “mean”. This means that the additional information outweighs the decreas-
ing level of detail that can be provided by the representatives and their state space 
coverage. It can also be noted that all aggregation choices outperform not only 
the myopic benchmark with m = 0 , but also the myopic approach with the same 
value of m. When the initial routes are rather balanced, that is, m = 1.0 , it is suf-
ficient to focus on time and the mean slack. Here, the additional information 

Fig. 12   Impact of feature choice on improvement of solution quality for ASSP (dark gray) for all values 
of dod
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provided by the deviation is not helpful which is probably also because the rather 
balanced initial routes lead to less deviation of the individual slacks as it can be 
seen in Fig. 10. Over all degrees of dynamism, the average improvement of the 
best performing feature choice compared to the worst performing feature choice 
when using the same initial routing is 5.71% underlining the impact the best fea-
ture choice has on the solution quality.

Fig. 13   Impact of initial routing factor m on solution quality for ASSP for dod of 0.75 and feature 
choices “mean” and “mean & dev”

Fig. 14   Impact of initial routing factor m on solution quality for ASSP for dod of 0.9 and feature choices 
“mean” and “mean & dev”
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For ASSP, we can summarize that for a dod of 0.5, “mean” always performs bet-
ter than “mean & dev”. However, for a dod of 0.75 and 0.9, “mean & dev” per-
forms best until an initial routing factor m of 0.5 and is outperformed by “mean” for 
m = 1.0 . Thus, we test intermediate values for m of 0.6, 0.7, 0.8, 0.9 to determine 
more closely when “mean” starts to be the best feature choice. Figures 13 and 14 
depict the impact of the initial routing factor m on the solution quality for ASSP 
with the features time and mean slack as well as time, mean slack, and deviation for 
a dod of 0.75 and 0.9, respectively. 

For a dod of 0.75, “mean” performs better than “mean & dev” for values of m 
starting at 0.7. For the dod of 0.9, “mean” only starts to perform better than “mean 
& dev” at m = 0.9 . Summarizing, it can be observed that for higher degrees of 
dynamism, the feature choice “mean & dev” stays relevant for higher values of the 
initial routing factor. For smaller degrees of dynamism, the additional information 
becomes less important already for less balanced routes.

For the LT (see Appendix  A.1), while the initial routing has an impact on the 
solution quality, the aggregation to time and mean slack provides the best solution 
quality for all values of dod and initial routing factor m. The second best solution 
quality is obtained by an aggregation to time and all individual slacks. The aggrega-
tion to time, mean slack, and the deviation is outperformed by the myopic approach 
because the deviation dimension is covered entirely by LT although only small parts 
of this dimension have to be covered in detail.

Summarizing, several main conclusions can be drawn from the results. In addi-
tion to the earlier insights about the value of anticipation and the benefit of balanced 
initial routes, it can be also seen that the best feature choice depends on the instance 
specifics and also the initial routing. This is especially important if the service pro-
vider chooses the initial routing first with efficiency of the initial routes, for exam-
ple due to driver or equipment reasons. Balancing the initial routes leads to average 
improvements for the proposed approach of 10.75% compared to unbalanced initial 
routes while the best feature choice leads to average improvements for the proposed 
approach of 5.71%.

6 � Conclusion and future work

In this article, we propose to solve the dynamic vehicle routing problem with sto-
chastic customer requests (DVRPSR) by means of a solution approach that com-
bines an initial routing approach with a value function approximation approach. The 
initial routing approach contains a parameter that defines whether a balanced usage 
of fleet resources has to be achieved in the initial routing. The proposed value func-
tion approximation applies a partitioning approach from literature and we contribute 
to the literature by proposing three different sets of features that capture the fleet 
resource balancing over the time horizon in a different level of detail.

In this work, we analyze the interplay between the initial routing and the dynamic 
decision making as well as the design of the solution approach. In our computational 
study, we show that solving the DVRPSR with the proposed approach outperforms 
both a myopic benchmark as well as a value function approximation with a simpler 
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partitioning approach. We show that the initial routing, which constitutes the first 
decision of the problem, has a large impact on the solution quality as it defines the 
initial usage of resources. For both a myopic benchmark as well as our proposed 
approach, results show that it is beneficial to use a rather balanced initial routing that 
avoids “wasting resources”. For the proposed approach, the average improvement 
of the rather balanced initial routing is 10.75% compared to a rather efficient initial 
routing with individual improvements of up to 22.73%. For the myopic approach, an 
improvement of over 28% was obtained when balancing the initial routes in compar-
ison to applying a rather efficient initial routing. For the value function approxima-
tion with a simple partitioning approach, decision making is severely impacted by 
the partitioning approach leading to both a poor solution quality in general, some-
times even up to 9% worse than an imbalanced myopic approach. On average, the 
proposed partitioning approach leads to an improvement of 21.70% compared to the 
simple partitioning approach. Further, the value function approximation with the 
simple partitioning approach leads to a situation where a rather balanced initial rout-
ing is not the most successful initial routing strategy. These results along with the 
obtained solution quality underline the need for a partitioning approach that adapts 
to the problem specifics. We also evaluate the impact of three feature aggregation 
choices that are adapted from literature for this problem. In particular, we show that 
additional information can be beneficial for the solution quality if the initial routes 
are not very balanced to depict the heterogeneity in the resource usage, and that this 
additional information is not necessary for a rather balanced initial routing. Summa-
rizing, our results showed that the best feature aggregation choice depends both on 
the initial routing as well as on instance characteristics like the degree of dynamism 
and that the best feature choice leads to average improvements of 5.71% for the pro-
posed value function approximation.

In the future, it should be investigated how decision making is changed if custom-
ers have to be accepted if they can be feasibly inserted. Also, with increasing com-
putational and methodological advances, it would be interesting to see the impact of 
more detailed features or more considered routing options on the solution quality. 
Once the general relationship between the features and the stored values are under-
stood clearly and it can be evaluated which features have an impact on the values, 
neural networks might also be used as more sophisticated and flexible value function 
approximation architectures which may further increase the solution quality.

Appendix

In the appendix, we provide further information on the results. In Section A.1, we 
present the detailed results for the experiments. Sect.  A.2 contains results on the 
impact of the ASSP factor p on the results and Sect. A.3 provides results for a para-
metric value function approximation applied to the single vehicle case to show that 
ASSP outperforms such a parametric value function approximation.
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Detailed results

In this section, we report the individual solution quality in terms of the percentage 
of accumulated rewards of the experiments. To this end, we present the results of the 
myopic approach with different values of the initial routing factor m in Tables 2, 3, 
and 4 for a dod of 0.5, 0.75, and 0.9, respectively. We present the results of the VFA 

Table 2   Solution quality of 
myopic approach for different 
values of the initial routing 
factor m and for a dod of 0.5

m v1 v2 v3 v4 v5 avg

0.0 23.78 23.79 23.76 23.68 23.70 23.74
0.5 23.88 24.00 23.83 23.89 23.80 23.88
1.0 27.42 27.33 27.38 27.28 27.35 27.35

Table 3   Solution quality of 
myopic approach for different 
values of the initial routing 
factor m and for a dod of 0.75

m v1 v2 v3 v4 v5 avg

0.0 34.99 35.09 34.93 35.08 34.99 35.02
0.5 37.58 37.69 37.72 37.66 37.59 37.65
0.6 40.29 40.38 40.38 40.37 40.44 40.37
0.7 42.74 42.71 42.63 42.61 42.60 42.66
0.8 43.95 44.04 44.05 44.08 44.05 44.03
0.9 44.71 44.70 44.75 44.74 44.72 44.72
1.0 45.02 45.01 45.08 45.13 45.08 45.06

Table 4   Solution quality of 
myopic approach for different 
values of the initial routing 
factor m and for a dod of 0.9

m v1 v2 v3 v4 v5 avg

0.0 38.41 38.48 38.42 38.45 38.48 38.45
0.5 42.54 42.56 42.55 42.61 42.50 42.55
1.0 47.76 47.82 47.81 47.73 47.73 42.77

Table 5   Solution quality of LT 
for the three feature choices and 
different values of the initial 
routing factor m and a dod of 0.5

Feature choice, m v1 v2 v3 v4 v5 avg

Mean, 0.0 27.97 28.09 28.27 27.94 28.02 28.06
Mean, 0.5 28.17 28.34 28.16 28.01 28.30 28.20
Mean, 1.0 30.96 31.11 30.91 30.78 30.90 30.93
Mean & dev, 0.0 19.07 19.22 19.07 19.08 19.10 19.11
Mean & dev, 0.5 19.41 18.99 19.60 19.63 19.07 19.34
Mean & dev, 1.0 19.33 18.54 18.85 19.06 18.23 18.80
Individual, 0.0 22.36 22.16 22.57 22.36 22.05 22.30
Individual, 0.5 22.15 22.30 22.42 22.35 22.36 22.31
Individual, 1.0 23.37 23.20 23.27 23.16 23.21 23.24
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benchmark approach “LT” for the initial routing factor m = 0, 0.5, 1 and for the three 
different feature choices in Tables 5, 6, and 7 for a dod of 0.5, 0.75, and 0.9, respec-
tively. Last, we present the results of the proposed approach “ASSP” for the initial 

Table 6   Solution quality of LT 
for the three feature choices and 
different values of the initial 
routing factor m and a dod of 
0.75

Feature choice, m v1 v2 v3 v4 v5 avg

Mean, 0.0 38.45 38.39 38.54 38.47 38.42 38.46
Mean, 0.5 40.13 40.34 40.34 40.03 40.24 40.22
Mean, 1.0 47.82 47.05 47.22 46.97 47.01 47.21
Mean & dev, 0.0 30.02 30.51 30.16 29.84 29.93 30.09
Mean & dev, 0.5 31.87 31.78 31.42 31.54 32.00 31.72
Mean & dev, 1.0 28.78 27.49 29.21 29.74 29.72 28.99
Individual, 0.0 34.75 35.10 34.78 34.85 34.87 34.87
Individual, 0.5 36.52 36.18 36.05 36.28 36.43 36.29
Individual, 1.0 37.46 38.03 37.63 38.19 37.54 37.77

Table 7   Solution quality of LT 
for the three feature choices and 
different values of the initial 
routing factor m and a dod of 0.9

Feature choice, m v1 v2 v3 v4 v5 avg

Mean, 0.0 41.73 41.82 41.86 42.32 41.68 41.88
Mean, 0.5 44.56 44.79 45.17 44.57 44.32 44.68
Mean, 1.0 48.47 48.85 48.71 49.04 48.47 48.71
Mean & dev, 0.0 33.61 33.36 33.18 33.42 33.49 33.41
Mean & dev, 0.5 35.14 35.05 35.13 35.13 35.24 35.14
Mean & dev, 1.0 32.53 32.22 32.32 33.08 34.21 32.87
Individual, 0.0 40.51 38.95 38.84 39.58 40.40 39.65
Individual, 0.5 40.58 40.74 40.35 41.02 39.89 40.52
Individual, 1.0 42.36 41.81 42.15 41.49 42.67 42.10

Table 8   Solution quality of 
ASSP for the three feature 
choices and different values of 
the initial routing factor m and a 
dod of 0.5

Feature choice, m v1 v2 v3 v4 v5 avg

Mean, 0.0 29.32 29.03 28.93 29.04 29.18 29.10
Mean, 0.5 29.21 29.63 29.16 29.26 29.24 29.32
Mean, 1.0 32.19 32.10 32.08 32.39 32.38 32.27
Mean & dev, 0.0 27.97 28.09 27.97 27.91 27.88 27.97
Mean & dev, 0.5 27.73 28.06 28.22 27.90 27.94 27.97
Mean & dev, 1.0 29.48 29.72 29.90 29.77 29.75 29.72
Individual, 0.0 27.84 27.88 28.13 28.08 27.91 27.97
Individual, 0.5 28.01 28.37 27.87 28.05 28.13 28.09
Individual, 1.0 28.87 28.99 28.59 29.21 28.81 28.89



365

1 3

Balancing resources for dynamic vehicle routing with stochastic…

routing factor m = 0, 0.5, 1 and for the three different feature choices in Tables 8, 9, 
and 10 for a dod of 0.5, 0.75, and 0.9, respectively.

For all experimental settings, five independent runs were conducted and the 
values used for the calculation of the improvements reported in the main body of 

Table 9   Solution quality of 
ASSP for the three feature 
choices and different values of 
the initial routing factor m and a 
dod of 0.75

Feature choice, m v1 v2 v3 v4 v5 avg

Mean, 0.0 39.36 39.45 39.39 39.42 39.47 39.42
Mean, 0.5 41.12 41.36 41.21 41.19 41.34 41.24
Mean, 0.6 43.58 43.51 43.57 43.60 43.74 43.60
Mean, 0.7 45.72 45.52 45.60 45.60 45.72 45.63
Mean, 0.8 47.19 47.21 46.94 47.25 47.22 47.16
Mean, 0.9 48.25 47.69 48.03 48.08 48.00 48.01
Mean, 1.0 48.39 48.31 48.55 48.41 48.24 48.38
Mean & dev, 0.0 41.44 41.21 40.92 41.44 40.98 41.20
Mean & dev, 0.5 42.49 42.42 42.61 42.29 42.29 42.44
Mean & dev, 0.6 43.56 43.66 44.09 43.57 43.41 43.66
Mean & dev, 0.7 44.31 44.96 44.52 44.63 44.66 44.62
Mean & dev, 0.8 44.98 45.44 44.71 45.14 45.37 45.13
Mean & dev, 0.9 45.58 45.38 45.33 45.52 45.37 45.44
Mean & dev, 1.0 45.42 45.82 45.68 45.84 45.47 45.65
Individual, 0.0 39.51 40.64 40.06 39.92 40.10 40.05
Individual, 0.5 40.93 41.22 41.30 41.09 41.40 41.19
Individual, 1.0 45.01 44.73 44.81 44.62 44.67 44.77

Table 10   Solution quality of 
ASSP for the three feature 
choices and different values of 
the initial routing factor m and a 
dod of 0.9

Feature choice, m v1 v2 v3 v4 v5 avg

Mean, 0.0 42.89 43.33 43.14 43.09 43.63 43.21
Mean, 0.5 45.69 45.98 46.03 45.94 45.80 45.89
Mean, 0.6 46.50 46.46 46.55 46.50 46.36 46.48
Mean, 0.7 47.78 47.88 48.08 47.80 47.89 47.89
Mean, 0.8 48.69 48.70 48.47 48.75 48.73 48.67
Mean, 0.9 49.54 49.48 49.54 49.50 49.59 49.53
Mean, 1.0 49.80 49.87 49.95 49.97 49.70 49.86
Mean & dev, 0.0 45.49 45.91 45.55 45.22 45.74 45.58
Mean & dev, 0.5 47.58 47.89 48.63 47.26 47.87 47.85
Mean & dev, 0.6 48.35 48.35 49.20 48.01 48.50 48.48
Mean & dev, 0.7 47.75 48.77 48.77 48.41 48.80 48.50
Mean & dev, 0.8 48.61 48.99 49.16 48.64 48.48 48.78
Mean & dev, 0.9 49.27 49.22 49.13 48.97 48.85 49.09
Mean & dev, 1.0 49.19 48.81 49.55 49.07 49.22 49.17
Individual, 0.0 43.95 44.37 44.21 43.53 43.99 44.01
Individual, 0.5 45.54 45.38 45.44 45.98 45.98 45.66
Individual, 1.0 47.46 47.33 47.53 47.32 47.65 47.46
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the article are the averages. Here, the individual results (denoted by “v1”..“v5”) 
are reported along with the averages (denoted by “avg”).

In addition to Fig.  11 that showed the impact of the initial routing only for 
a dod of 0.75, in Fig. 15, we also show the impact of the initial routing on the 
improvement of the solution quality for both LT (in medium gray) and ASSP (in 
dark gray) for a dod of 0.5, 0.75, and 0.9.

In addition to Fig.  12, that showed the impact of the feature choice on the 
improvement of the solution quality only for the proposed approach ASSP, Fig. 16 
depicts the impact of the feature choice on the improvement of the solution quality 
for myopic, LT, and ASSP.

Fig. 15   Impact of initial routing factor on improvement of solution quality for LT (medium gray) and 
ASSP (dark gray) for all choices of dod

Fig. 16   Impact of feature choice on improvement of solution quality for myopic (light gray), LT (medium 
gray), and ASSP (dark gray) for all values of dod
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While the initial routing has an impact on the solution quality for LT, the general 
structure is the same for all values of dod and all initial routing factor values. That 
is, for all values of m, the best solution quality is obtained by an aggregation to time 
and the mean slack over all vehicles. For all values of m, the second best solution 
quality is achieved by considering time and all individual slacks. The worst solution 
quality is obtained for an aggregation to time, the mean slack, and the deviation. 
As discussed, the inflexible structure of the lookup-table-like partitioning approach 
probably has difficulties with the deviation feature which is particularly obvious for 
the rather balanced initial routes where the deviation of the slacks is small. Notably, 
it can be seen that LT with the aggregation to time and mean slack outperforms both 
the myopic benchmark with m = 0 as well as the myopic approach with the same 
value of m.

To summarize the performance of the proposed approach ASSP with regard to 
the impact of balancing the initial routes and the impact of the best feature choice, 
we provide an overview in the following Tables 11 and 12.

For the impact of balancing the initial routes, we compare for each degree of 
dynamism and feature combination the solution quality of ASSP for the balanced 
initial routing factor m = 1.0 with the rather unbalanced initial routing factor 
m = 0.0 . The improvements are listed in Table 11, the average improvement over all 
degrees of dynamism and feature choices is 10.75%.

Table 11   Impact of balancing 
the initial routes: Improvement 
in % for ASSP per feature choice 
and dod

dod 0.5 dod 0.75 dod 0.9

Mean 10.74 22.73 15.38
Mean & dev 6.29 10.80 7.86
Individual 3.32 11.79 7.84

Table 12   Impact of the feature 
choice: Improvement in % for 
ASSP per initial routing factor 
m and dod

dod 0.5 dod 0.75 dod 0.9

m = 0.0 4.08 4.52 5.48
m = 0.5 4.82 3.04 4.79
m = 1.0 11.53 8.07 5.06

Table 13   Improvement in % for ASSP over the benchmark LT per feature choice, dod, and initial routing 
factor m 

dod 0.5 dod 0.75 dod 0.9

0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0

Mean 3.71 3.99 4.19 2.50 2.55 2.47 3.18 2.70 2.36
Mean & dev 46.36 44.64 58.09 36.92 33.79 57.46 36.42 36.16 49.56
Individual 25.41 25.87 24.32 14.84 13.49 18.52 10.99 12.70 12.74
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For the impact of the feature choice, we compare for each degree of dynamism 
and initial routing factor m the solution quality of ASSP for the best feature choice 
with the solution quality obtained with the worst feature choice. The improvements 
are listed in Table 12, the average improvement over all degrees of dynamism and 
initial routing factor values is 5.71%.

Further, we also summarize the algorithmic performance of the proposed 
approach ASSP relative to the benchmark “LT”, the value function approximation 
with a simpler partitioning approach, in Table 13. Over all combinations, the aver-
age improvement is 21.70%.

Impact of ASSP factor p on results for dod of 0.75

In Soeffker et al. (2019), the solution approach ASSP contains the ACT factor p 
that modifies the Bellman’s Equation to incorporate the uncertainty of the value 
approximation. When a PDS has to be evaluated, the value stored in the clos-
est representative is used. However, when the PDS is far away from the repre-
sentative, this approximation might not be too well. Thus, the value of the rep-
resentative is reduced depending on the ACT factor p which is multiplied with 
the distance between PDS and representative. In this section, we report the indi-
vidual solution quality in terms of the percentage of accumulated rewards of 

Table 14   Solution quality of 
the proposed approach for 
aggregation to time and mean 
slack, different values of the 
initial routing factor m, and 
different values of the ASSP 
factor p 

m, p v1 v2 v3 v4 v5 avg

0.0, 0.0 39.36 39.45 39.39 39.42 39.47 39.42
0.0, 0.05 39.52 39.50 39.54 39.57 39.20 39.47
0.0, 0.1 39.68 39.52 39.71 39.76 39.64 39.66
0.0, 0.2 39.48 39.58 39.67 39.52 39.54 39.56
0.0, 0.3 39.69 39.48 39.33 39.60 39.54 39.53
0.0, 0.4 39.38 39.62 39.25 39.36 39.35 39.39
0.0, 0.5 39.36 39.45 39.28 39.25 39.31 39.33
0.5, 0.0 41.12 41.36 41.21 41.19 41.34 41.24
0.5, 0.05 41.07 41.26 41.09 41.03 41.29 41.15
0.5, 0.1 41.18 41.01 41.04 41.24 41.43 41.18
0.5, 0.2 41.11 41.13 41.17 40.96 41.35 41.14
0.5, 0.3 41.35 41.33 40.95 40.92 41.25 41.16
0.5, 0.4 40.97 41.02 40.95 41.12 41.17 41.05
0.5, 0.5 40.85 41.01 40.77 40.96 41.06 40.93
1.0, 0.0 48.39 48.31 48.55 48.41 48.24 48.38
1.0, 0.05 47.30 47.50 47.26 46.98 47.16 47.24
1.0, 0.1 47.47 47.40 47.34 47.51 47.18 47.38
1.0, 0.2 47.43 47.56 47.41 47.36 47.34 47.42
1.0, 0.3 47.25 47.72 47.20 47.13 47.17 47.29
1.0, 0.4 47.57 47.08 47.43 47.27 47.30 47.33
1.0, 0.5 47.19 47.23 47.10 47.19 47.20 47.18
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the experiments for varying values of the ACT factor p to show why a value of 
p = 0.0 was chosen for the remainder of the experiments. In particular, we pre-
sent the results of the proposed approach “ASSP” for the initial routing factor 
m = 0, 0.5, 1 , the three different feature choices, and different values of the ASSP-
factor p in Tables 14, 15, and 16. For all experimental settings, the dod was set to 
0.75. Further, five independent runs were conducted and the values used for the 
calculation of the improvements reported in the main body of the article are the 
averages. Here, the individual results (denoted by “v1”..“v5”) are reported along 
with the averages (denoted by “avg”). The best value of the ACT factor is high-
lighted in bold.

Comparison to linear value function approximation

In this section, we apply a parametric linear value function approximation in com-
parison to ASSP, LT, and myopic. To provide a clear comparison without the inter-
ference of several vehicles and the heterogeneous customer rewards, we report 
results for the problem setting considered in Soeffker et al. (2019). The problem set-
ting differs from the one considered here in the following. There is only one vehicle 
instead of a fleet and customer acceptances are made upon the arrival at a customer 

Table 15   Solution quality of 
the proposed approach for 
aggregation to time, mean slack, 
and deviation, different values 
of the initial routing factor m, 
and different values of the ASSP 
factor p 

m, p v1 v2 v3 v4 v5 avg

0.0, 0.0 41.44 41.21 40.92 41.44 40.98 41.20
0.0, 0.05 40.78 41.27 40.96 41.03 41.06 41.02
0.0, 0.1 40.82 41.11 40.98 40.64 40.96 40.90
0.0, 0.2 41.03 40.80 41.20 41.13 40.91 41.01
0.0, 0.3 41.03 40.72 40.58 40.99 40.57 40.47
0.0, 0.4 40.38 40.36 40.32 40.62 40.24 40.38
0.0, 0.5 40.27 40.36 40.09 40.03 40.31 40.21
0.5, 0.0 42.49 42.42 42.61 42.29 42.29 42.44
0.5, 0.05 41.58 41.18 41.67 41.81 41.68 41.58
0.5, 0.1 41.39 41.48 41.18 41.64 41.58 41.45
0.5, 0.2 41.49 41.70 41.63 41.75 41.66 41.64
0.5, 0.3 40.89 41.16 41.52 41.17 41.99 41.34
0.5, 0.4 41.68 41.24 41.96 41.42 41.65 41.59
0.5, 0.5 41.32 41.13 41.29 41.16 41.40 41.26
1.0, 0.0 45.42 45.82 45.68 45.84 45.47 45.65
1.0, 0.05 44.94 44.83 44.77 44.89 44.90 44.86
1.0, 0.1 45.29 44.73 44.55 45.12 45.32 45.00
1.0, 0.2 45.13 44.52 45.12 45.00 44.88 44.93
1.0, 0.3 45.27 44.79 44.84 45.56 45.34 45.16
1.0, 0.4 44.69 44.79 44.99 44.85 44.99 44.86
1.0, 0.5 45.06 44.46 44.77 44.82 44.78 44.78
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location. Therefore, decisions may be made on sets of requests rather than on indi-
vidual ones. Further, all customers provide the same immediate reward.

In Soeffker et al. (2019), results were reported for a myopic benchmark approach 
and for two value function approximations where one uses a lookup-table like 
representation (“LT”) and the other one applies ASSP (“ASSP”). Both of those 

Table 16   Solution quality 
of the proposed approach 
for aggregation to time and 
individual slacks, different 
values of the initial routing 
factor m, and different values of 
the ASSP factor p 

m, p v1 v2 v3 v4 v5 avg

0.0, 0.0 39.51 40.64 40.06 39.92 40.10 40.05
0.0, 0.05 39.66 39.60 40.00 40.02 40.03 39.86
0.0, 0.1 39.94 39.99 39.94 39.89 40.10 39.97
0.0, 0.2 39.57 39.77 39.44 40.07 40.00 39.77
0.0, 0.3 38.74 38.63 39.12 39.14 39.38 39.00
0.0, 0.4 38.00 38.25 38.21 38.93 37.77 38.23
0.0, 0.5 37.18 37.52 37.60 37.67 37.14 37.42
0.5, 0.0 40.93 41.22 41.30 41.09 41.40 41.19
0.5, 0.05 41.04 40.60 40.91 40.45 40.85 40.77
0.5, 0.1 40.66 40.60 40.53 40.73 40.68 40.64
0.5, 0.2 40.51 41.13 41.04 40.71 40.48 40.77
0.5, 0.3 40.46 40.34 40.06 40.26 40.43 40.31
0.5, 0.4 39.81 40.17 40.33 39.74 39.86 39.99
0.5, 0.5 38.74 39.79 39.32 39.36 39.38 39.32
1.0, 0.0 45.01 44.73 44.81 44.62 44.67 44.77
1.0, 0.05 44.23 44.10 44.07 44.11 44.48 44.20
1.0, 0.1 44.34 43.96 44.96 44.48 44.71 44.49
1.0, 0.2 44.44 44.94 44.94 44.59 44.42 44.67
1.0, 0.3 44.72 44.77 44.49 44.52 44.82 44.66
1.0, 0.4 44.45 44.57 44.54 44.57 45.04 44.63
1.0, 0.5 44.41 44.45 44.09 44.83 43.48 44.25

Fig. 17   Improvement of solution quality in comparison to myopic approach for the proposed approach 
ASSP and the two benchmarks LT and PVFA, adapted from Soeffker et al. (2019) with additional results
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approaches use 500 representatives and use the features time and slack. Here, we 
now extend those results by also providing results for a parametric value function 
approximation using multiple linear regression (“PVFA”) to motivate why this 
approach was not studied for the fleet case of this article. For those experiments, a 
total of 60 customers was expected with a degree of dynamism of 0.75 leading to 
an expected number of 45 dynamic customers. The service time is assumed to be 
5 min.

In Fig. 17, the improvement of solution quality compared to the myopic approach 
is depicted for the three approaches. It can be seen that LT leads to a solution qual-
ity 3.06% worse than the myopic approach. PVFA and ASSP yield a solution quality 
better than myopic with ASSP outperforming PVFA. In this single vehicle setting, 
the dependency between the value and the considered features resembles a linear 
function in certain parts of the state space, but not in all. Due to the superior perfor-
mance of ASSP, a parametric value function approximation with a multiple linear 
regression was not considered in this article.
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