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Y = β0 + f1(X1) + · · · + fp(Xp) + ε . � ñ��
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ŷ = Xβ̂
� � �@ßJáoß��RêEáoßCë{â©áoß�
ráoß¡ìoßJà/çtâHçÍäËêEà�ê��*ç��@ßî¡êEéR
jêEà@ßJà�çoì

ti = XiwiâEìÅâÂãÙäÙà@ßbâHá�î¡êEé©ÿräÙà{âHçÍäËêEà ê��²ç��@ßuêEáÍäÙÞCäÙà{âHãq
ráoß¡æKäËîJçoêEáoì
X
äËìÃà@ß¡ß¡ærß¡æq�b(¨àØêEç��@ßJá � êEáoærìbë � ß��{â¡è7ßçoê

ærßJáÍäÙè7ß � ßJäÙÞ#��çÔè7ß¡îJçoêEáoì w̃i
� äÙç��

Xw̃i = Xiwi .

� �@ßJþÒâHáoß-äÙà�Þ7ßJà@ßJátâHã@æKä~ýPßJáoßJà�çX�¤áoêEé ç��@ßb��
@ìoßJí@ærê�� � ßJäÙÞ#��ç�è7ß¡îJçoêEáoì wi

ç��{âHç&âHáoßÅî¡êEéR
rírçoß¡æ�ÿ�þÂç��@ß
üj(�Dk�jEH1�âHãÙÞ7êEáÍäÙç��ré��9(dà êEáoærßJáuçoê=âbè7êEäËæ áoß¡æKírà@æ@âHà@îJþ7ëlç��@ß�ærßJáÍäÙèCâHçÍäËêEà!ê���ç��@ß¡ìoß � ßJäÙÞ#��ç�è7ß¡îJçoêEáoì
äËì�ærß��RßJáÍáoß¡æ=írà/çÍäÙã�1�ß¡îJçÍäËêEà P �
(dç�ì��@êEírãËæ±ÿjß à@êEçoß¡æ ç��{âHç�ç��@ßÕà/íré©ÿjßJá

m
ê��UDbEH1 î¡êEéR
PêEà@ßJà/çoìØäËìØâHà âEæræKäÙçÍäËêEà{âHã¸é�ê�ærßJã


{âHátâHé�ßJçoßJáÔç��{âHç	�{âEìÔçoê�ÿjßuß¡ìÍçÍäÙé%âHçoß¡æq�,g¬à@ß � âbþ3ê���ærßJçoßJáÍé�äÙàräÙàrÞ m
äËì�ÿ/þØîJáoêCìoì}ðZèCâHãÙäËæ@âHçÍäËêEà5�

� sow&ôFt)uoû'�Hw&ø�{�wX~�ökwXx�x{ûo÷�ô�y/�9uoûoôFwXx
� �@ß`�@çÍçÍäÙàrÞ�ê��{Þ7ßJà@ßJátâHãÙäÙåbß¡æ%âEæræKäÙçÍäÙè7ßÃé�ê�ærßJãËì�ÿ/þÂí@ìtß-ê���
jßJà{âHãÙäÙåbß¡æ�áoßJÞCáoß¡ìoìoäËêEà�ì�
rãÙäÙà@ß¡ì��{âEì�ÿjß¡î¡êEé�ß
â � äËærßJãÙþ�í@ìoß¡æÁçoê�êEã¶äÙà=ìÍçtâHçÍäËìÍçÍäËî¡ì"�b1�çtâHáÍçÍäÙàrÞ � äÙç��=ç��@ßìoßJé�äÙà{âHãq
{â�
PßJáÅÿ/þ < äÙãËßJáoì �>= âHá&� � ñ"!#!#?%� ëç��@ß¬â�
�
ráoê7âEî'���{âEì�ÿPß¡ßJàÁß��KçoßJà@ærß¡æÁâHà@æÁâ�
�
rãÙäËß¡æÁäÙà%èCâHáÍäËêEí@ìb
rírÿrãÙäËîbâHçÍäËêEà@ì ��� í�
�
jßJáÍç - $#$ - ë I ê�ê�æ
- $#$#$ ë I ê�ê�æ - $#$#?%� � � �@ßÃÿ{âEìÍäËîÅî¡êEà@î¡ß�
rç�äËì&çoêuß���
{âHà@æ�ç��@ß�âEæræKäÙçÍäÙè7ß�î¡êEéR
PêEà@ßJà/ç-ê��jßbâEî��%èEâHáÍä£âHÿrãËß
Xj

äÙàØÿ{âEìÍäËì��¤írà@îJçÍäËêEà@ìÔâEìÃäÙà �.- � âHà@æØçoê�ß¡ìÍçÍäÙé%âHçoßç��@ßuî¡ê�ß�:%îJäËßJà�çoì�ÿ�þ8
PßJà{âHãÙäÙå
âHçÍäËêEà3çoß¡î��ràräCB�í@ß¡ì"��¬ìÂìÍírÞCÞ7ß¡ìÍçoß¡æ äÙà < äÙãËßJáoì ��= âHá&� � ñ"!#!#?%� ë�e�ð¨ì�
rãÙäÙà@ß¡ìÒâHáoß�í@ìoß¡æ�âEì�ÿ{âEìÍäËì*�¤írà@îJçÍäËêEà@ì�þ�äËßJãËæKäÙàrÞÕìoêHðîbâHãÙãËß¡æVD�ð¨ì�
rãÙäÙà@ß¡ì � �RêEáY
PßJà{âHãÙäÙåbß¡æVe�ð¨ì�
rãÙäÙà@ß¡ì � ��1Q
rãÙäÙà@ß¡ì�âHáoß�êEà@ßVð¨æKäÙé�ßJà@ìÍäËêEà{âHãQ
räËß¡î¡ß � äËìtßG
PêEãÙþ�à@êEé�ä£âHã�5írà@îJçÍäËêEà@ì�� � �@ßF
jêEäÙà�çoìÂâHç � �räËî�� ç��@ßF
räËß¡î¡ß¡ìÂâHáoß�î¡êEàrà@ß¡îJçoß¡æ�âHáoß�îbâHãÙãËß¡æ�_�à@êEçoìuêEá¸ÿráoßbâ�_7
PêEäÙà/çoì"�
I ßÂìtâbþ3ç��{âHçuâ�ì�
rãÙäÙà@ß©äËì¬ê��]êEáoærßJá d

ä��âHãÙãH
PêEãÙþ�à@êEé�ä£âHãËìuâHáoßÒê��]ærßJÞCáoß¡ß
≤ d

âHà@æÕä��ç��@ßÂì�
rãÙäÙà@ß©äËì
(d − 1)

çÍäÙé�ß¡ì�î¡êEà/çÍäÙà�í@êEí@ìÍãÙþ�æKä~ý¶ßJáoßJà/çÍä£âHÿrãËßØâHçuç��@ß�ÿráoßbâ�_Q
PêEäÙà/çoì��h��
{âHáÍçÍäËîJírã£âHáÒß�:%îJäËßJà�ç©ìoßJç�ê��
ÿ{âEìÍäËìH�5írà@îJçÍäËêEà@ì&âHáoß,e�ð¨ì�
rãÙäÙà@ß¡ì � ærß,e-ê�êEá ñ"!%KMO%� � � �@ß�à/íré©ÿjßJá�ê��9ÿ{âEìÍäËìH�5írà@îJçÍäËêEà@ì&ærß�
PßJà@ærì�êEà©ç��@ßêEáoærßJá-ê��lç��@ß¸ì�
rãÙäÙà@ß¡ìÅâHà@æ�ç��@ß�à/íré©ÿjßJá�ê��lÿráoßbâ�_7
PêEäÙà/çoì"�Xa@êEáÅâÂÞCäÙè7ßJà�èCâHáÍä£âHÿrãËß

Xj

ë � ß¬î¡êEà@ìoäËærßJáÅâ
ìoßJçê���î¡êEáÍáoß¡ì�
PêEà@æKäÙàrÞ�e]ð¨ì�
rãÙäÙà@ß¡ìÿ{âEìÍäËìj�5írà@îJçÍäËêEà@ì

B1j, . . . , BKj

� � �@ß¡ìoßÒÿ{âEìÍäËìj�5írà@îJçÍäËêEà@ìuærß��@à@ß
âÒà@êEàrãÙäÙà@ßbâHáÔé%â�


Φj(x) = (B1j(x), . . . , BKj(x))T .
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β̂OLS ∈ K(p) .
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β̂OLS = A−1b = A−1M−1 · Mb = (MA)−1
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rírçtâHçÍäËêEà ê��©ç��@ß2
PßJà{âHãÙäÙåbß¡æ DGEH1±ß¡ìÍçÍäÙé%âHçoêEá3âEì�
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KM = (〈xi,xj〉M ) = XMXT .
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y − ŷ(m−1)

)
.

I ßuî¡êEà@îJãÙí@ærß�ç��{âHç�ç��@ß � ßJäÙÞ#�/ç¬è7ß¡îJçoêEá wi

äËì�ìÍäÙéR
rãÙþ

wm = MXT y
(m)
res , y

(m)
res = y − ŷ(m−1) .
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K = (〈Φ(xi),Φ(xj)〉)i,j=1,...,n
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〈x, z〉M = xT Mz .
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I ßáoß¡îbâHãÙãlç��{âHç	�RêEá k < i

Xi =
i−1∏

j=k

(
In −Ptj

)
Xk =

(
In −Ptk,...,ti−1

)
Xk �.- PQ�

� �@ß�ã£âEìÍç�ßiB/í{âHãÙäÙçdþR�¤êEãÙãËê � ìG�¤áoêEé�ç��@ß)�RâEîJç�ç��{âHç]ç��@ßÔî¡êEéR
PêEà@ßJà/çoì ti

âHáoß�éÂírçÍí{âHãÙãÙþ�êEáÍç��@êEÞ7êEà{âHãN�G(¨à

{âHáÍçÍäËîJírã£âHábë � ß�êEÿrçtâHäÙà

Xi =
(
In −Pt1,...,ti−1

)
X . �.- L%�

Â�©�´"´&¹U´&¹*¶C¥�¦9¦�§�Í º a�äÙáoìÍçÅà@êEçoßç��{âHç �.- L%� äËìÅßiB�íräÙèEâHãËßJà�ç�çoê X = Xj +Pt1,...,tj−1X
�X(dç��¤êEãÙãËê � ì

ç��{âHç

Xwj = Xjwj + Pt1,...,tj−1X wj = tj +

j−1∑

i=1

tT
i Xwj

tT
i ti

ti . �.- ?%�

�¬ì�âHãÙã*î¡êEéR
jêEà@ßJà�çoì
ti

âHáoßé©írçÍí{âHãÙãÙþ3êEáÍç��@êEÞ7êEà{âHãZë

tT
i Xwj =





tT
i ti 6= 0 , i = j

0 , i > j

∗ ,
êEç��@ßJá � äËìoß

.

I ßÃî¡êEà@îJãÙí@ærßÅç��{âHç R äËì�âHà�í�
�
PßJá&çÍáÍä£âHàrÞCírã£âHá�é%âHçÍáÍä� � äÙç��%âHãÙã@æKä£âHÞ7êEà{âHã{ßJãËßJé�ßJà/çoì 6= 0
��a@íráÍç��@ßJá}ð

é�êEáoßCë/äÙç`�RêEãÙãËê � ì`�5áoêEé �.- ?%� ç��{âHçÅâHãÙã{è7ß¡îJçoêEáoì Xwj

âHáoß�ãÙäÙà@ßbâHáÃî¡êEéÂÿräÙà{âHçÍäËêEà@ì�ê��lç��@ß¬î¡êEéR
jêEà@ßJà�çoì
t1, . . . , tj

� � �räËìläÙéR
rãÙäËß¡ì²ç��{âHçlç��@ß&î¡êEãÙíré�à@ì*ê��
XW

âHà@æuç��@ß]î¡êEãÙíré�à@ì²ê��
T
ì�
{âHà�ç��@ß�ì_âHé�ß&ì�
{âEî¡ß#�

a�äÙà{âHãÙãÙþ7ë � ß8�{â¡è7ßÁçoê ì��@ê � ç��{âHç R
äËìÒÿräËæKä£âHÞ7êEà{âHãN� � ê2
ráoêbè7ßÁç��räËìbë � ßØì��@ê � ç��{âHç Xiwj = 0�¤êEá

j < i
� � �@ßØî¡êEà@æKäÙçÍäËêEà

i > j
äÙéR
rãÙäËß¡ì � áoß¡îbâHãÙã �.- PQ��� ç��{âHç Xi = Xj − Ptj ,...,ti−1Xj

âHà@æ
î¡êEà@ìoßiB�í@ßJà/çÍãÙþ

Xiwj = Xjwj −Pt1,...,ti−1Xjwj = tj −Pt1,...,ti−1tj
j≤i−1

= tj − tj = 0 .

� �räËìÅäÙéR
rãÙäËß¡ì�ç��{âHç)�¤êEá
i − 1 > j

tT
i Xwj = tT

i

(
Xi + Pt1,...,ti−1X

)
wj

= tT
i

(
Xiwj + Pt1,...,ti−1Xwj

)

= tT
i

(
Pt1,...,ti−1Xwj

)
= 0 .

Â�©�´"´&¹U´&¹�°k©&´«°�´�«ª�¨�ª�´#µu� º a@êEá i = 1
ë � ß*�{âbè7ß w̃1 = w1

âEì
X1 = X

�Ga@êEá¬âÒÞ7ßJà@ßJátâHã
i
ë � ß*�{âbè7ß

ti+1 = Xi+1wi+1 = (X −Pt1,...,ti
X) wi+1 = Xwi+1 −Pti

Xwi+1 .
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� �@ßÅã£âEìÍç�ßiB�í{âHãÙäÙç¨þR�@êEãËærì]âEì
R = T TXW

äËì&ÿräËæKä£âHÞ7êEà{âHãN�X�¸ìÍäÙàrÞ*�RêEáÍéÂírã£â � ?%� �RêEá�ç��@ß	
ráoêHïÍß¡îJçÍäËêEàêM
jßJátâHçoêEábë@äÙç,�¤êEãÙãËê � ì�ç��{âHç

ti+1 = Xwi+1 − X
w̃iw̃

T
i

w̃T
i XT Xw̃i

XtXwi+1 .

I ßuî¡êEà@îJãÙí@ærß�ç��{âHç

w̃i+1 = wi+1 −
w̃T

i XT Xwi+1

w̃T
i XT Xw̃i

w̃i .

� �@ßáoßJÞCáoß¡ìoìÍäËêEà ß¡ìoçÍäÙé%âHçoßÂâ��5çoßJá
i + 1

ìÍçoß�
@ìÅäËì

Xβ̂
(i+1)

= Pt1,...,ti+1Y

= Xβ̂
(i)

+ Pti+1Y

= Xβ̂
(i)

+ X
w̃i+1w̃

T
i+1

w̃T
i+1X

T Xw̃i+1
XT Y .

� �räËì�î¡êEà@îJãÙí@ærß¡ì�ç��@ß[
ráoê�ê����
Â�©�´"´&¹U´&¹*¶C¥�¦9¦�§z� º	I ßÁí@ìoß�äÙà@æKí@îJçÍäËêEà5�0a@êEá m = 1 � ßh_�à@ê � ç��{âHç w1 = bM

�2a@êEá�â����Kß¡æ
m > 1

ë � ßÂî¡êEà@îJãÙí@ærßU�5áoêEé)ç��@ß�äÙà@æKí@îJçÍäËêEà4�/þ7
jêEç��@ß¡ìoäËìâHà@æ ãËßJé�é%â ñ ç��{âHç¬ßJè7ßJáÍþ=è7ß¡îJçoêEá s
ç��{âHç

ãÙäËß¡ìÅäÙà=ç��@ß�ì�
{âHà3ê��
t1, . . . , tm

äËì�ê���ç��@ß��¤êEáÍé

s = Xv , v ∈
ì�
{âHà

{w1, . . . ,wm} = K(m) . �.- K#�

I ßuî¡êEà@îJãÙí@ærß�ç��{âHç

XT
m+1y = (X −Pt1,...,tmX)T

y = XT y − XTPt1,...,tmy
(27)
= b − XT Xs

âHà@æØç��{âHç
wm+1 = MXT

m+1y = Mb − MAs = bM − AMs ∈ K(m+1) .

(dà�ç��@ß¬áoß¡ìÍçÃê��²ç��@ßuâ�
�
jßJà@æKä�¶ë � ßì��@ê � ç��@ß¸ßiB/íräÙèCâHãËßJà@î¡ßê��Y
PßJà{âHãÙäÙåbß¡æ�DbEH1ÁâHà@æ�ç��@ß/
ráoß¡î¡êEàKð
æKäÙçÍäËêEà@ß¡æ3î¡êEàEï}írÞ/âHçoß�ÞCátâEæKäËßJà/ç¬é�ßJç��@ê�æq�
��:�?�?!��Q5¢��9¥[¤7§#»�¥

N°�§Mµ
{d0, . . . ,dm−1} =

N°�§Mµ
{r0, . . . , rm−1} =

�°�§Mµ
{x1, . . . ,xm} = K(m) .

� �räËì�îbâHà3ÿPß�
ráoêbè7ßJàÕè�ä£âÒäÙà@æKí@îJçÍäËêEà5�
��:�?�?!��+5¢��9¥[¤7§#»�¥

βm =

m−1∑

i=0

〈di, bM 〉M−1

〈di,AMdi〉M−1

di
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jêEà@ærìÔçoê�ç��@ßuäÙçoßJátâHçÍäÙè7ßÂærß��@àräÙçÍäËêEàÕê�� βm+1

� I ß�êEàrãÙþ��{â¡è7ßÂçoê�ì��@ê � ç��{âHç

〈di, ri〉M−1 = 〈di, bM 〉M−1 .

ü¬êEçoßç��{âHç
ri = b −

i−1∑

j=0

ajAMdj .

�¬ì
di

äËì
AM

ð¨êEáÍç��@êEÞ7êEà{âHã�êEà/çoêÁâHãÙãlæKäÙáoß¡îJçÍäËêEà@ì
dj , j < i

ërç��@ß[
ráoê�ê���äËì�î¡êEéR
rãËßJçoß#�
ü¸ê � � ßuâHáoßuâHÿrãËßçoêF
ráoê�ê��²ç��@ßßiB�íräÙèEâHãËßJà@î¡ßuê��H
jßJà{âHãÙäÙåbß¡æSDGEH1ØâHà@æÁç��@ßî¡êEàEï}írÞ/âHçoßÞCátâEæKäËßJà/ç

é�ßJç��@ê�æq�
Â�©�´"´&¹U´&¹[¨J¤�¥�´M©�¥�¦ðÎ º �¸ì�ç��@ß�ìoßbâHáoî'��æKäÙáoß¡îJçÍäËêEà@ì di

ì�
{âHà�ç��@ß � áÍþ�ãËê
è©ì�
{âEî¡ß
K(m) ë � ß-îbâHà�áoß�
rã£âEî¡ß

ç��@ß�é%âHçÍáÍä�
W
äÙà � ñ�PQ� ÿ�þ!ç��@ß�é%âHçÍáÍä� D = (d0, . . . ,dm−1)

���¸ì�ç��@ßÁìoßbâHáoî'� æKäÙáoß¡îJçÍäËêEà@ì�âHáoß
AM

ð¨êEáÍç��@êEÞ7êEà{âHãZë � ß*�{â¡è7ß

β̂PPLS = D
(
DT AD

)−1
DT b

= D
(
DT M−1AMD

)−1
DT M−1bM

=

m−1∑

i=0

〈di, bM 〉M−1

〈di,AMdi〉M−1

di

âHà@æØç��räËìÔßiB�í{âHãËìÅç��@ß��RêEáÍéÂírã£â�äÙà ãËßJé�é%â ! �
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