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Abstract

We suggest moment estimators for the parameters of a continuous time
GARCH(1,1) process based on equally spaced observations. Using the fact that
the increments of the COGARCH(1,1) process are ergodic, the resulting estimators
are consistent. We investigate the quality of our estimators in a simulation study
based on the compound Poisson driven COGARCH model. The estimated volatility

with corresponding residual analysis is also presented.
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1 Introduction

The GARCH(1,1) process is a model widely used by practitioners in the financial industry.
It is defined as

Y, =0,6, with o2=8+\Y2,+d02_,, neN, (1.1)

where § > 0,\,0 > 0. This model captures some of the most prominent features in
financial data, in particular in the volatility process. Empirical studies show that volatility
changes randomly in time, has heavy or semi-heavy tails and clusters on high levels.
These stylized features are modelled by the GARCH family as has been shown for the
GARCH(1,1) process in detail by Mikosch and Starica [8].

The modern treatment of stochastic volatility models is mostly in continuous time.
Approaches to create a continuous time GARCH model go back to Nelson [10] and we refer
to Drost and Werker [3] for an overview. Such processes are diffusion limits to discrete
time GARCH models, where, unfortunately, many of the above features of the GARCH
process are wiped out in the limit; see Fasen, Kliippelberg and Lindner [4]. Since empirical
work indicates upwards jumps in the volatility, a model driven by a Lévy process seems a
natural approach. In Kliippelberg, Lindner and Maller [6, 7] such a model was suggested
by iterating the volatility equation in (1.1) and replacing the noise variables €, by the
jumps AL, = L — L, of a Lévy process L = (L;);>0. A reparameterization, setting
n = —logd and ¢ = /4, yields the following continuous time GARCH(1,1) model, where
the parameter space is given by 3,17 > 0 and ¢ > 0.

The COGARCH(1,1) process G = (Gy);>0 is defined as the solution to the SDEs

th = O st7 t Z 0, (12)
do?, = (B—no?)dt+¢o2dL, L)Y, t>0, (1.3)

where [L, L]Ed) = Y gesi(AL,)? is the discrete part of the quadratic variation process
[L, L] of the Lévy proces_s L, Gy := 0 and 032 is taken to be independent of L. Throughout
we assume that L is cadlag, and we denote by v, the Lévy measure of L, which is assumed
to be non-zero, and by 77 > 0 the variance of the Brownian motion component of L (see
Sato [12] for the basic definitions and notations concerning Lévy processes). Whereas the
process GG is taken as being cadlag, for the volatility process we assume caglad sample
paths.

The quantity o? is called the instantaneous volatility or spot volatility, which is assumed
to be stationary and latent. In contrast to classical stochastic volatility models, it is not
independent of the process, which drives the price process. On the contrary, L drives both,
the volatility and the price process. Note that G jumps at the same times as L does and
has jump size AG; = 0;AL;, and that AL; is independent of o, = o;_.
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If our data consist of returns over intervals of time of length » > 0, denote

Gg”::Gt—G”:/ o.dLy, t>r,

(t—r,t]

and (GSI) Jnen describes an equidistant sequence of such non-overlapping returns of length

r. Calculating the corresponding quantity for the volatility yields

A = o= [ (@it potdlL 1))
r(n—1),rn
= ﬂr—n/ o2 ds—{—gp/ o?d[L, L] . (1.4)
(r(n—1),rn] (r(n—1),rn]

It is also worth noting that the stochastic process

Ri= Y o%(AL,)? :/ o2d[L, LI\, t>0,
0<s<t (0.¢]

is the discrete part of the quadratic variation [G,G]; = Otag d[L,L]s of G, so that

f(r(nfl) - o? d[L,L]gd) in (1.4) corresponds to the jump part of the quadratic variation

of G accumulated during (r(n — 1), rn].

The goal of this paper is to estimate the model parameters (3,7, ¢. Moreover, we shall
present a simple estimate of the volatility. We would like to mention that Miiller [9]
developed an MCMC estimation procedure for the COGARCH(1,1) model, which works
also for irregularly spaced observations.

An important role is played by the auxiliary process

X =nt — Z log(1+ ¢ (AL)%), t>0. (1.5)

0<s<t

The stationary volatility process has, for instance, the representation
t
ol = (ﬁ/ eXeds + 0'(2)) e Xt >0, (1.6)
0

with 3 > 0 and o2 <3 J° e *tdt, independent of L. The auxiliary process (X;)io
itself is a spectrally negative Lévy process of bounded variation with drift 77, no Gaussian

component (i.e. 7% = 0), and Lévy measure vy given by

vx [0,00) =0, vx(—o0,—x] :1/<{y€]R Syl > \/(ex—l)/cp}) , x>0.

We shall also need the Laplace transform Ee 5%t = ¢!¥() where the Laplace exponent is
U(s) =—ns + /((1 +¢2?)* —1)vp(dr), s>0. (1.7)
R
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For fixed s > 0 the Laplace transform Ee~*Xt is finite for one and hence all ¢ > 0, if
and only if the integral appearing in (1.7) is finite. This is equivalent to E|L;|** < oc.
Stationarity of the volatility process is in particular implied by the existence of some s > 0
such that U(s) < 0.

One of the advantages of the COGARCH is that its second order structure is well-
known. In the following result we give the moments of Gg), which are independent of n by
stationarity: expressions (1.8) and (1.10) have been already proved in Proposition 5.1 of
Kliippelberg et al. [6], there however under some additional assumptions such as bounded
variation of L for (1.10). In Appendix A we shall give a different proof under less restrictive

assumptions and also calculate the fourth moment of G.

Proposition 1.1. Suppose that the Lévy process (Li)i>o has finite variance and zero
mean, and that W(1) < 0. Let (07)i>0 be the stationary volatility process, so that (Gy)io
has stationary increments. Then E(G?) < oo for all t > 0, and for every t,h > r > 0 it
holds

Or
(W (1)]

E(G") = 0, EG) = goyB@D . Cov(G.GY) =0 (1§
If further ¢ > 0, E(L]) < oo and ¥(2) < 0, then E(G}) < oo for all t > 0 and, if
additionally the Lévy measure vy of L is such that fR 23vp(dx) = 0, then it holds for
every t,h >r >0

_ vl
E(GM) = 6E(L}) g, 2(21%0 + 217 — E(ﬁ))(,q,é”—,\pzl),) (T—W)

( )
252 2 1 62 2\\2,.2
T (|w<2>| r\m)r) r g EED (L9)
and
Cov (G (G = i (2ng™ +2r} — E(L2)E(LY) ( 5" W )
t ) t+h |\I/(1)’3 L 1 1 |\I’(2)‘ |\I/(1)|
« (1 _ e_r\\lf(l)l) (erl\l’(l)\ _ 1) e h @) (1.10)

Lemma 1.2. Under the conditions of Proposition 1.1 the process ((GQ}))Q)%N has for
each fized r > 0 the autocorrelation structure of an ARMA(1,1) process.

Proof. Denote by v(h) = Cov ((G(T))2 <G§:z)+h)r)2)7 h € Ny, the autocovariance function
and by p(h) = rr((GnQ (G! n+h )?), h € Ny, the autocorrelation function of the
(G

discrete time process



Moreover, for h = 1 we get
(1)
1) = —"+=.
P = T (G2)
Recalling the autocorrelation function of an ARMA(1,1) process (see e.g. Brockwell and
Davis [2], Exercise 3.16), we identify e "YMI as the autoregressive root ¢. The moving
average root 6 can be determined by matching p(1) = (1+¢0)(¢+6)/(1+6%+2¢0). O

Remark 1.3. From Corollary 4.4 of Kliippelberg et al. [6] we know the moments E(o2%)
of the stationary volatility process (k € N), which exist if and only if E(L?*) < oo and
(k) < 0. In particular, if E(L}) < oo and ¥(2) < 0, then for ¢,h > 0

. B o2
E(o;) = O] and E(o;) = TOTE)] (1.11)
Cov (07, 0t4a) = 4 2<|\11<1>2w<2>|_\11<11>2)6_hw = Var (o)L (112

Econometric literature suggests that volatility is quite persistent, which would imply that
e YWlis close to 1; i.e. ¥(1) < 0 near 0. This should be kept in mind, when estimating

the model parameters.

2 Method of moment estimation

2.1 Identifiability of the model parameters

We aim at estimation of the model parameters (3,7, ¢) from a sample of equally spaced
returns, matching empirical autocorrelation function and moments to their theoretical
counterparts given in Proposition 1.1. In our next result we show that the parameters are
identifiable by this estimation procedure for driving Lévy processes L as in Proposition
1.1 for which the variance of L and the variance 77 of the Brownian motion component

in L are known. For the sake of simplicity we set r = 1 and Var (L) = 1.

Theorem 2.1. Suppose (Li)i>o is a Lévy process such that EL, = 0, Var Ly, = 1, the
variance T2 of the Brownian motion component of L is known with 0 < 77 < Var L; = 1),
E(L}) < oo and [ 2 vi(dx) = 0. Assume also that ¥(2) < 0, and denote by (G nen
the stationary increment process of the COGARCH process with parameters 3,m,¢ > 0.
Let mq,ma, k, k,,p > 0 be constants such that

E n = My,
v(h) = Cov ((GVY?(GN,)?) = ke™, heN,
p(h) = Corr (G2, (G1,)?) = ke ™, heN,



with k, = k/(may —m?). Define

l—-p—e?

M, = — 2 _ k
Vs me S = b ey

2kp

M = e —ni=en

Then My, My > 0, and the parameters 3,n, ¢ are uniquely determined by mq, mo, k and p

and are given by the formulas

6 = pm17
o = pV1+My—p,
n = pVIi+tM(Q—-1)+pri=p+e(l—17).

Proof. Since r = E(L?) = 1, we obtain from Proposition 1.1

s
N TTEyk
me — 62 1 g2 2 1 v
» = O @17 275 =) ([t~ ey ) (O 1)
25 ( 2 B
T Qweﬂ !WOM>+3¢0V’
p = [¥(1)],

2 1

(2.6)

= ot @1+ 27 (G~ ) (- (- ) 2

Then (2.4) and (2.6) immediately give (2.1). Inserting (2.7) in (2.5) and using (2.4) and

(2.6), we obtain

p—1+e™® 2mip? 2 1 9
=6 k - - 3my.
T @\ p)

By definition of M; and (A.5), we see that

2 2,2 2 1 2 2,2 2
Ml = mlp — — e mlp QO / 1'4 VL(d:C) > 0,
v -

©? ) »p ©? [ (2)|p

so that

Inserting this in (2.7) gives

C2neTt 1 — 1 Myg?

k
3 2

(1 —e™P)(e” = 1),



so that

2kp? np~ 217 —1 , %
0 < pM, = = =2+~
P2 M(er —1)(1 — e7P) P v + ¥

where we used

p=¥(1)| =n— p(E(L]) - 77) (2.8)
from (1.7). Solving this quadratic equation in ¢ gives (2.2), which together with (2.8)
implies (2.3).

We conclude from (2.1)-(2.3) that our model parameter vector (3,7, ) is a continu-
ous function of the first two moments mi, ms and the parameters of the autocorrelation
function p and k,. Hence, by continuity, consistency of the moments implies immediately

consistency of the corresponding plug-in estimates for (3,7, ¢).

2.2 The estimation algorithm
The parameters are estimated under the following assumptions:

(H1) We have equally spaced observations G,,, n =0, ..., N, giving return data
G =Gp—Gyy,n=1,...,N.

(H2) EL; = 0 and Var (L;) = 1, i.e. 02 can be interpreted as the volatility.
(H3) The variance 77 of the Brownian motion component of L is known and in [0, 1).
(H4) [p 2 v(de) =0, E(L}) < oo and ¥(2) < 0.

We estimate m;, my by their empirical counterparts and the parameters p, k, of the
autocorrelation function using a least squares estimate; see Seber and Wild [13] for theo-

retical background.

Algorithm 2.2. (1) Calculate moment estimators

1« 1«
my = N ;(Gﬁf and Mg = N ;(Gnl))4.

(2) For fized hyax > 2 and a compact set K C ]Ri MInImize

hn)ax

S (Ah) — ke ™)

h=1

with respect to k, and p, where p(h) is the empirical autocorrelation function at lag
h as defined in (2.12). This yields estimators k, and .
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(3) Calculate k =k (Mo — m?) and insert M, g, k and D into (2.1)-(2.3).
This yields estimators for B,m, ¢:

B = pin, (2.9)
$ = p\J1+M+p, (2.10)
o= PV1+ M-t +prE=p+3(1—12). (2.11)

In part (2) of the above algorithm we fitted the autocorrelation function. Alternatively,
we could also have based our least squares estimation on the autocovariance function. It
turned out, however, that the estimators chosen as above are considerably more accurate.
The reason for this is that k, is independent of 3 (it cancels out). This improves the
estimation as the estimator for § has the largest error among all our estimators.

Underlying the least squares estimation above is a non-linear regression model. If
the errors were i.i.d., then under certain regularity conditions these estimators would be
consistent and asymptotically normal. In our case, the errors are not to be expected to
be i.i.d., quite contrary, the dependence structure inherent in the correlation estimates
p(h) will be quite complicated. For the discrete time GARCH(1,1) model this has been
investigated in Mikosch and Starica [8].

In Theorem 2.1 it was shown that M; and M, are strlctly positive. This does not

imply a-priori that the empirical estimates M1 and M2 are strictly positive and that

\/ 1+ M, is well-defined. As we shall show in the next section, the COGARCH(1,1) model
is ergodic and mixing, which suffices to prove strong consistency of the above estimators.
In particular, My will be strictly positive for large samples sizes and the afore mentioned

problem does not occur.

2.3 Consistency of moment estimators

The proof of the mixing property of the COGARCH increments and hence of the following
theorem can be found in Appendix B. Since we are only interested in applying it to show
consistency of the moment estimator, we do not state and prove it under the most general

assumptions possible.

Theorem 2.3. Suppose that (L;)i>o is such that E(L{) < oo and the parameters of the
COGARCH process are such that U(2) < 0. Let (02);>0 be the strictly stationary volatility
process given as solution to (1.3). Then the process (G%)%N is strictly stationary and

ergodic for every r > 0.

Theorem IV.2.2 of Hannan [5] ensures that empirical moments and the empirical
covariance function converge almost surely under strict stationarity and ergodicity to

their theoretical counterparts.



We apply this to the process (G4)2 . For given data (G172, (GS)2, ... (GV)? the
empirical moments and autocovariance and autocorrelation functions are given by

1
P = — (1)y2
1 N
Fo = — (1)y4
1 N—h
W) = 5 DG =) (G =), k=1
n=1

pth) = ~(h)/5(0), h=0. (2.12)

All these empirical moments converge almost surely to their theoretical counterparts; i.e.
as N — oo,

"% EGY)?, e RGN A0 Alhe)) 5 (D), Y ma),

and  (B(1), ..., phmax) = (p(1),-..,p(h)). (2.13)

In the next Theorem it is shown that also Ep 5 k, and P %3 p, so that consistency of the

moment estimator follows.

Theorem 2.4. Let (Gy)i>0 be the COGARCH(1,1) process with strictly stationary volatil-
ity process (02)i>0 given by (1.2) and (1.3). Assume that (L;);>o satisfies the assump-
tions of Theorem 2.1. Let K be a compact subset of R, x Ry containing the true value
0° = (k:g,po). Then the moment estimators E, n, ¢ as defined in Algorithm 2.2 by (2.9),
(2.10), and (2.11) are strongly consistent.

Proof. Define for appropriate hp.x << N and 0 = (k,,p) € K

p(1) = pe(1)
mN(O) = :

b\(hmax) - pe(hmax)

where pg(h) = k,e P". Since ((GS))Z)%N is strictly stationary and ergodic by Theorem 2.3,
we know from (2.13) that for all 8 € K,

mx(8) S5 m(), N — o,

where
peo(1) — pe(l)
m(0) = :

poo(hmaX> - pe(hmaX)

9



Observing that
¢(6) :=m(8)"m(6)

has a unique minimum at @ = 6° which is equal to 0, we conclude
qn(0°) 220, N — oo, (2.14)

where gn(0) := my(0)Tmy(0). For finite N we have 0 < qN(aN) < qn(6°), with Oy =
arg ming. gn(6). From (2.14) then follows that

~ -~ -~ a.s

qn(0n) = my(0x) "my(Oy) 250, N — . (2.15)

Next, observe that

hmax

S (3(h) — Fo(h) + 205, () {penth) — (1)) ) ‘

h=1

|QN(§N) - Q<§N)‘ =

hmax

>~ (1)1 + logo ()] +21pg, (1) Ipen(h) = (R)]

h=1

IN

hmax

< 4> |pgo(h) = p(h)] B0, N — oo,
h=1

by (2.13), where we used that |p(h)| < 1, see Brockwell and Davis [2], Problem 7.11.
Together with (2.15) this implies

4(Ox) =¥ 0=q(6°),

and since ¢ has its only minimum at 8° with value ¢(8°) = 0, it follows that Oy 25 0°.
The estimators 3,7 and @ are uniquely determined by (2.9) - (2.11). Moreover, (3,1, ¢)
is a continuous function of the first two moments m;, my, and the parameters of the
autocorrelation function p and k,. This shows together with the above conclusions strong
consistency:

Ba;s;ﬁ, "% pn and ¢ % . O

2.4 Compound Poisson COGARCH(1,1) process

This section is devoted to the compound Poisson COGARCH(1,1) process, which corre-

sponds to a compound Poisson driving process L given by

where N = (Ny);>¢ is a Poisson process with intensity ¢ > 0, and (Y )gen are i.i.d. random

variables, independent of N. We introduce a generic random variable Y with the same
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distribution function as the Y}, denoted by Fy. For this model (H3) is clearly satisfied,
with 77 = 0. The Lévy measure of L has the representation v(dr) = cFy (dx). This allows

us to calculate the Laplace exponent from (1.7) getting

U(s) =-ns+ 6/ (T+py?) —1) Fy(dy).
R
From this we obtain
V(1) = —n+ pcE(Y?) and W(2) = —2n + 20cE(Y?) + @?cE(Y?).

Since Theorem 2.1 requires E(L;) = 0 and Var (L;) = E(L?) = 1, we must have E(Y?)
1/c yielding p = |[¥(1)] = n — ¢. The conditions E(L{) < oo and [, 2’ v (dx) =
translate into E(Y?) < oo and E(Y?) = 0, respectively. Moreover, we obtain ¥(2) =
2(p —n) + Q*E(YH /(E(Y?)) = —2p + @*E(Y*)/(E(Y?)). Then the condition ¥(2) < 0
translates into p? < 2p/(cE(Y?)).

These conditions are satisfied for a driving compound Poisson process with jump
intensity ¢ = 1 and standard normally distributed jumps. The model parameters are
chosen as 3 = 1,7 = 0.05 and ¢ = 0.04. As starting value for o7 we choose the theoretical
mean of the stationary model corresponding to the above parameters given by E(c2 ) = 10.

In Figure 1 we plotted simulated sample paths for the time interval [0,3000] of the
driving Lévy process L, the volatility process o, the COGARCH(1,1) process G, and
the differenced COGARCH GO, respectively. All four sample paths have been simulated
with the same random seed. As can be seen (G;) looks similar to (L;), they only differ
by the jump sizes. Also the volatility clustering, which is observed in real data, can be
rediscovered in this simulation.

In the next section we shall investigate the quality of the estimators given by Algo-
rithm 2.2 in a simulation study. An important problem in financial data is the occurrence
of volatility jumps. Recall that in our model the volatility jumps exactly when the price
itself jumps. As jumps in a compound Poisson model with moderate frequency are rare,
we should be able to estimate the jump rate ¢ from the discretized data G'Y. This is
shown in our next result. The analysis is based on z(/N), the number of intervals, where
G does not change; i.e. z(N) = Zi\il 1 (¢W=o} This implies immediately that one needs

a fine enough observation grid.

Proposition 2.5. Let (L;)i>o be a compound Poisson process with continuous jump dis-

tribution Fy and intensity ¢ > 0. Then
N a.s.
c=—log <%) —c, N —o0,

and

VN@E—¢) L N0, e(1—e), N —oo, (2.16)

11
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Figure 1: Simulated compound Poisson process (L;)o<i<zooo with Poisson rate ¢ = 1 and N(0,1)-

distributed jumps (first), the volatility process (o;) (second), the corresponding COGARCH process (Gy)
with parameters § = 1,17 = 0.05 and ¢ = 0.04 (third) and the differenced COGARCH process (Ggl)) of
order 1 (last).

where N(u,0?) denotes the standard normal distribution with mean p and variance o*.

Proof. Denote by S, the number of jumps in the interval (n — 1,n]. Then the S,, n =
1,..., N, arei.i.d. Poisson distributed with parameter c. Therefore, the indicator variables

1¢s,—0y, n=1,..., N, are also i.i.d. Since Fy is continuous, we have
1{Sn:0} = 1{021):0} a.s., n = 1, ey N.

By the strong law of large numbers, we get

N

1 a.s. —c

N E 1{G511):O} — E(l{slzo}) = P(Sl = O) =€ T — oo,
n=1

and therefore

N a.s.
—log(z(N))%c, N — oo.

12



Moreover, as 1 1,..., N, are i.i.d., the central limit theorem applies giving

{GO=op " T

2N = Ne?® 4 v 1), N oo,
VNe¢(1—e©)

Invoking the delta-method to — log(#) (e.g. Brockwell and Davis [2], Proposition 6.4.1),
using y/e~¢(1 —e=¢)/N — 0 as N — oo and the fact that —log(-) is differentiable (at
e ¢), we obtain (2.16). O

Remark 2.6. The central limit theorem of Proposition 2.5 allows us to construct confi-

dence intervals for the jump rate c. Using (2.16) and

7 (125 S N

we apply Slutzky’s theorem to get

“log(ZWM)y _
og(*N) —¢ < N(0,1). (2.17)
(1= 20)
2(N) N

Solving (2.17) with respect to ¢, we get a 100(1 — )% confidence interval

() () o |

where ¢ g is the (1 — §)-quantil of the standard normal distribution.

3 Simulation study

In this section we investigate the behaviour of the moment estimators of Algorithm 2.2.
As the driving Lévy process L we choose a compound Poisson process as in Section 2.4
with standard normally distributed jump sizes Y). Then all conditions of Theorem 2.1 on
L are satisfied. To satisfy (H2) we have to choose the jump rate ¢ = 1. Next we have to
choose parameters 3, n and . As indicated in Remark 1.4 the autocovariance function of
(GM)2 should not decrease too fast. From Proposition 1.1 we know that this is implied
by ¥(1) < 0 close to zero. Moreover, Theorem 2.1 requires ¥(2) < 0. Setting § = 0.1,
n = 0.05 and ¢ = 0.04 gives ¥(1) = —0.01 and ¥(2) = —0.0152 which are satisfactory
values. To apply Algorithm 2.2 we also have to choose h,,,,. Numerical experience (see
Zapp [14] for details) has shown that h,,., equal to 150 is a good choice for a time series
length of 3000 observations.
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3.1 Estimation results

We simulate 1000 samples of 3 000 equidistant observations of G™). Table 3.1 summarizes
the outcome of our simulation study concerning the parameters 5,7 and .

The empirical mean of all the estimated parameter values 5, 7 and § is shown in
the first line, with the empirical standard deviations in brackets. We also estimated bias,
mean square error (MSE), mean absolute error (MAE), again with the corresponding
standard deviation in brackets. The estimators 77 and @ show a better quality than B
This is not surprising as it is a well-known phenomenon that the drift of a model (1.3)
is hard to estimate. One needs a very large sample for a precise estimator. The estima-
tion results concerning the jump rate ¢ and U§2/17 the variance of the jumps Y}, are shown
in Table 3.2 showing satisfactory performance. Again we calculated the empirical mean,
MSE and MAE with corresponding empirical standard deviations. As one can see from
(2.3) and (2.6) ¥(1) is equal to ¥(1) =

portant characteristics of the model concerning stationarity and the rate p of decrease

—1n 4 ¢. Thus these two parameters give im-

of the autocovariance and autocorrelation function. From (2.10) it is also clear, that the

estimated parameters will always correspond to a stationary model, since p > 0 and thus

zb/(T) =-nN+p<0.
B n 9
Mean | 0.0984 (0.0014) | 0.0447 (0.0004) | 0.0344 (0.0003)
Bias | -0.0016 (0.0014) | -0.0053 (0.0004) | -0.0056 (0.0003)
MSE | 0.0019 (1.3¢-5) | 0.0002 (1.0e-5) | 0.0001 (0.9¢-5)
MAE | 0.0340 (0.0008) | 0.0111 (0.0002) | 0.0081 (0.0002)

Table 3.1: Estimated mean, bias, MSE and MAE for B,ﬁ and @ and corresponding estimated standard
deviations in brackets. The true values are 8 = 0.1, n = 0.05 and ¢ = 0.04.

g v,
Mean | 1.0007 (0.0007) | 0.9999 (0.0007)
Bias | 0.0007 (0.0007) | -0.8e-04 (0.0007)
MSE | 0.0006 (0.2e-4) | 0.0006 (0.2¢-4)
MAE | 0.0192 (0.0004) | 0.0192 (0.0004)

Table 3.2: Estimated mean, bias, MSE and MAE for ¢ and 532/1 and corresponding estimated standard

deviations in brackets. The true values are ¢ = 1 and v§, := Var (Y1) = 1.
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3.2 Estimation of the volatility o2
Recall from (1.4) for r =1,
02202_1-1-5—77/ olds + ¢ Z o?(AL,)*, neN. (3.1)
(n—1,n] n—1<s<n

Since oy is latent and AL, is usually not observable, we have to approximate the integral

and the sum on the right hand side. For the integral we use a simple Euler approximation

/ oclds~o2 ,, neN,
(TL—l,’I’L]
As we observe GG only at integer times we approximate

> 0UALY) & (G —Gna)* = (GP)*, neN.

n—1<s<n

An estimate of the volatility process (62);>¢ can therefore be calculated recursively by
G2 =B+ 1-m5i, +3(GV)?, neN. (32)

Note that together with G = On—_1€n, €, 1.i.d ~ (0,1), n € N, this defines a discrete
time GARCH(1,1) model and we have to require that 0 < n < 1. The estimator (3.2) is

plotted in Figure 2 together with the theoretical (07);>0 for one simulation.

40
35| P
30 : Y
25 |- }{} _
PR " =
20 o - % A |
1s | 3
E E3 s L i

0or 4 ! "o % B A , .

5 53 : & =Y % A 4 5\

3 % % kL
Ry g s N
8 %

sk |
o . . . . . . . . .

o 100 200 300 400 500 600 700 800 200 1000

Figure 2: Sample paths of 7 (solid line) and 57 (+) of one simulation.

In this section we investigate the goodness of fit of our estimation method by a residual

analysis. The estimated residuals are given by G [On_1 for n = 1,... N. Since we
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assumed a symmetric jump distribution with zero mean, trivally the residuals should
be symmetric around zero and their mean should be close to zero. Furthermore, if the
volatility has been estimated correctly, we expect the standard deviation to be close to 1.
Consequently, we estimated mean, bias, MSE, MAE and the corresponding standard de-
viations for the mean, the standard deviation and the skewness of the residuals Gg) [On_1

based on 1000 simulations. The results are reported in Table 3.3 and indicate a reasonable

fit.

mean(Gg)/En,l) std( /an 1) | skewness(G (1)/8n,1)
Mean | 0.0006 (0.0006) | 1.0118 (0.0003) 0.0028 (0.0047)
Bias | 0.0006 (0.0006) | 0.0118 (0.0003) 0.0028 (0.0047)
) ) ( )
) ) ( )

MSE 0.0003 (0.1e-4) | 0.0002 (0.7e-5 0.0224 (0.0011
MAE | 0.0147 (0.0003) | 0.0127 (0.0002 0.1176 (0.0029

Table 3.3: Estimated mean, bias, MSE and MAE for the mean, standard deviation and skewness of the

residuals with corresponding estimated standard deviations in brackets.

For one simulation we calculated a smoothed histogram for the residuals. The corre-
sponding plot together with the fitted standard normal distribution can be seen on the
left in Figure 3. For the same simulation the estimated autocorrelation function of the

squared residuals (G4)2/62_, can be seen on the right in Figure 3.

0.45
b I i
o.al i
0.35 —
0.8 H —
0.3 —
0.6 H —
0.25 —
o.2+ —
o.a i
O0.15 —
0.2 H —
o.1+ —
o.0s5 | R - - === === — = — -
o [—— e
o
—10 10 o 10 20 30 40 50

Figure 3: Left: Smoothed histogram of the residuals Gg )/Gn,l for one simulation (solid line), together
with the density of the standard normal distribution (dotted line). Right: Sample autocorrelation function
of the squared residuals (G;”)Z /oZ_, for the same simulation.
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Appendix

A Calculating the moments

Proof of Proposition 1.1. Since L has finite variance and zero mean, it is a square

integrable martingale. Further, (1) < 0 implies E(0?) = I\If?l)\ < o0 by (1.11), and it

follows easily from the properties of the stochastic integral that

S

E(G?) = E[G,G], = E/t o2d[L, L], = E[L, L], /tE(JQ) ds,

giving that E(G?) is finite and has the form specified in (1.8). The remaining equations
in (1.8) are shown as in Proposition 5.1 of [6].

Suppose that ¢ > 0, E(L]) < co and ¥(2) < 0. Then E(G?) is finite by the Burkholder-
Davis-Gundy inequality, cf. Protter [11], p. 222, since

2

(G.of) ~ & ( [ oa.z.)

is finite as a consequence of E(o}) < oo and E(L}) < oo.
Now suppose additionally that [, 2% vz (dx) = 0. To calculate the value of E(GY}),
observe that by integration by parts,

t t t
G? = 2/ Gs_dGs+[G,G]t:2/ Gs_ades—{—/ o2 d[L, L], (A1)
0 0 0
t
Gho— 9 / G dG? + (%Y
Ot t
= 4/ Gi’ades+2/ G? o2d[L, L],
0 0
t t
+4/ Gg_agd[L,L]s+/ osd[[L,L],[L, L],
0 0

+4 /t Gs_ol d[[L, L], L],. (A.2)
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Taking expectations in (A.2), the first and the last summand vanish due to the assump-

tions ELy; = 0 and [, 2° v, (dx) = 0, respectively, so that

E(GY) = 6E(L2) /0 "E(G2 0?)ds + /R 2 vy (dx) /0 "E(o") ds. (A3)

The expression E(G?_o?

2) was already calculated in the proof of Proposition 5.1 in [6],

however, under additional assumptions which required in particular bounded variation of
L. The following calculations do not require these restrictions.

Let Y; := fot Gs_osdLg, t > 0. Then E(Y;) = 0 for all ¢ > 0, and integration by parts
and substituting from (1.3) give

t t
Ve, = [ Yedot o [ otavis o)
0 0

t t
- / (8- no%)ds + / Y, o dL, I
0

t . .
+/ oG, dL, + U (B —no? )ds+/ goazd[L,L]gd),/ Gs_odes} .
0 0 t

Taking expectations gives

E(Yo7.) = (e(E(L})—17)—n) /OtE(Y a)ds—i—E/ wolG, d Z (AL,)

= (p(E(L}) —72) —n) /0 E(Y,02,) ds,

where we used that [, 2° vy (dz) = 0 and that Y,_o2 = Y,02, almost surely for fixed s.
Solving this integral equation and using that Yy = 0 implies E(Yyo3, ) = 0, it follows that
E(Y,of,) =0 for all ¢ > 0. Substituting

t t t
[otawn = [ oassot (ot -t [0 nas)
0 0 0

from (1.3), equations (A.1) and (1.12) now give

¢
(GQUH_) = E (Uf_,_ 03 d[L, L]S)
0

) / E(020%)ds + o~ 'E(o?) — o 'E(0202) — ¢~ fE(o?)t

-1 2t T e fT -1 2 —t|W(1
= (17 +¢ n)Var (OO)W + @' Var (07)(1 — e M)
+ (77 + e )(E(03))* — B~ "E(0g)) t. (A.4)

Using (1.11), (1.12) and ¥(1) = —n + ¢ (E(L?) — 77) then leads to

ﬁQ
U(1)2

B(Giot) = 1o (g — ) Qe 2~ BN —e O+ B

P12 \[WE)] [e()]
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This then implies (1.9), where we used (A.3), (1.12) and the fact that

v(2) —2¥(1
/:1:4 v (dz) = w (A.5)
R ¥
by (1.7).

For the autocorrelation of the squared increments, observe that by equation (5.4) of

[6] we have

(M2 () 2 el —1 2 2 2y —h|U(1)|

Cov ((G;7)7, (G)7) = RO E(L7)Cov (G}, 07) € (A.6)

(in [6] this was stated under the additional assumption that L is a quadratic pure jump
process (i.e. 72 = 0), but it can be seen that the proof given there holds true also for
L having a Brownian motion component). This then implies (1.10) by (A.4), (1.8) and
(1.11). 0

B Ergodicity of (GU)),cx

Proof of Theorem 2.3. For the ease of notation suppose that » = 1 and denote

Zp =G = / osdL,, n€N.
(n—1,n]

We shall first show that the process (Z,)ney is mixing, i.e. for any Borel sets U,V of RY
it holds

lim P(<Zk)keN S U, (Zk+n)keN € V) = P((Zk>keN € U) P((Zk)ng € V) (Bl)

n—oo

Since the Borel sets in RY and the distribution of (Z})ren are generated by cylinder sets,

it suffices to prove (B.1) only for special cylinder sets. Thus, for p,q € N define

U = [un,uj] X ... X [up,u),

Vo= fu,vf] x ... X [ug, 0],
with u;, <uj,v; < U}. Then we have to show that

B P((Z1,... Zy Zisns s Zgsn) €U x V)

n—oo

=P((Z,...,2Z,) €eU) P((Z1,....2Z,) € V). (B.2)
Now define for s > p

Ay = e Xe-=%) and B, = ﬁe_(XS_X”)/S eXr=X=) dp- .
p
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where (Xj)s>0 is the auxiliary process of (1.5). Then by the strong Markov property of

Lévy processes and representation (1.6) we obtain

and (As, By) is independent of (L;)o<i<,. With
A
Cy =02 —=
" 50+ /B,

we have the representation

= VB, + (0. = VB) = VB + 2= = /B, + C,.

0.+ \/_
Define

Y, = \/BsdLy, and R, ::/ CsdLy, n—1>p.
(n—1,n]

(n—1,n]

We first show that R, 20 as n — oo. Since

A
R—a/ n—12>p,
(n— 1n]05+v

it follows from the facts that o2 is bounded from below by 3/n (see KLM [7], Prop 3.4)
and that E(e™>Xt) = () that

E / ——dL
‘ (n—1,n] Os + v Bs

< [ 2ot e (o 2 m) )
E(Ll)|\/77/_ﬂ/:1 PV g5 4 ( ,7/5/ (-T2 ) V2

IN

which converges to 0 as n — oo since ¥(2) < 0, so that R, £ 0asn — oo. Let £ > 0.

Then, since Z,, =Y,, + R,,, we can estimate

P((Zy,....2Zy) €U Y €1 +6,0) —¢],..., Youp € v+ €, 0, — €])
—P(3je{l,....q} : |Rjsn] > €)

P((Zy,....2Zy) €U, (Zitns---Zgin) €V)

P((Zy,....2Zy) €U Yim € [1 — &, 0 +¢],..., Yorp € [vg — €,0, +€])
+P(3j€e{l,....q} : |Rjtn| > ).

IN A
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Recalling that R, 20 as n — oo and that Y,, is independent of (Ly)o<s<p for n > p+1

we obtain

P((Zy,....Zy) € U) liminf P (Yii, € [v1 46,0 —¢],..., Yy € [vg +€,0, — €])

S limian((Zl,...,Zp)GU,(Zl+n,...,Zq+n)GV)
< limsup P ((Z1,...,2Z,) € U, (Z14ns -, Zgin) €V)
< P((Z,....2,) €U)
x limsup P (Yii, € [v1 —&,0] +¢],..., Yy € [ — €,0,, +€]) .

Similarly, we obtain

limsup P (Y14 € [v1 —&,0] +¢],..., Yyun € [y — £,0, +€])
< limsup P (Zi4p € [v1 — 26,07 + 2¢, ..., Zgyn € [g — 22,0, + 2¢])

= P(Z1 € vy —2e,0] +2¢),...,Z, € [vg — 26,0, + 2€])
and a similar estimate for liminf. Now (B.2) follows from
lim P (Zy € [1 — 2e,v] + 2¢],..., Z, € [vg — 2,0, + 2])

= P(Z € v, v]],..., 24 € [ug,v)]) -

Thus we have proved that the process (Z,),en is mixing. By Theorem 3.2.6 of Ash and
Gardner [1] this implies that (Z,)nen is ergodic, giving the result. O
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