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Mixed-form indices:
a study of their
properties (')

BERT M. BALK (%)

Abstract: this paper reviews the main properties of mixed-form (price) indices, in other
words, chained indices which in real time behave as direct (fixed-base) indices. The European
Union HICP is used as demonstration material.

JEL codes: (43, E31

Keywords: direct index, chained index, Lowe index, HICP

() This paper has been presented at the 15th meeting of the Ottawa Group on price indices on 10-12 May 2017, Eltville am
Rhein (Germany) in a session commemorating Peter von der Lippe (1942-2016).
() Rotterdam School of Management; Erasmus University.



m Mixed-form indices: a study of their properties

68

1. Introduction

Apart from his many teaching activities, as a result of which we got his 2007 book Index Theory
and Price Statistics (), Peter von der Lippe will be remembered for his life-long struggle against
chained indices, as summarised in Chain Indices; A Study in Price Index Theory (von der Lippe
(2001)). This book was described by Peter himself as ‘a sort of pamphlet’. As is well-known,

the ‘battle between chainers and non-chainers’ has by and large been concluded in favour

of the party of ‘chainers’. Their two paradigms have been extensively compared in my 2010
(originally 2004) review article (*), to which not much can be added in terms of novel insights.

A hidden presumption in much of this discussion has been that data are annual (or, more
abstractly formulated, the time periods considered are of equal length and price and quantity
data of the aggregate studied are available for all the periods). However, most officially
compiled indices, such as consumer price indices (CPIs) and producer price indices (PPIs), are
monthly, and appear to exhibit a functional form that is a mix of direct and chained elements.
A good example is the structure prescribed for the harmonised index of consumer prices
(HICP) of the European Union Member States. | could alternatively have used the United
Kingdom’s consumer price index, the difference being in the price reference period.

In memory of the lasting contributions of Peter von der Lippe, in the present paper | will study
the main properties of such mixed-form indices, thereby using the HICP as demonstration
material.

The paper is structured as follows. Section 2 provides the various definitions. Section 3
considers properties, notably those of derived rates of change. Section 4 concludes.

2. Definitions

A Regulation on harmonised indices of consumer prices and the house price index (the so-
called HICP framework Regulation) concerning the HICP, the HICP at constant tax rates (HICP-
CT), the owner occupiers” housing (OOH) costs price index and the house price index (HPI) (%)
states in Article 3 (2) that, ‘The harmonised indices shall be annually chain-linked Laspeyres-
type indices’. The latter term is defined in Article 2 (14) as follows:

Laspeyres-type index means a price index that measures the average change in prices
from the price reference period to a comparison period using expenditure shares from
some period prior to the price reference period, and where the expenditure shares are

adjusted to reflect the prices of the price reference period.

My reading () of this text and concomitant explanations is that ‘Laspeyres-type index’ means
Lowe price index (). What does this mean when a monthly index must be compiled?

() Von der Lippe (2007)

(*) Balk (2010), see also Balk (2008, Section 3.9)

(*) Regulation (EU) 2016/792 of 11 May 2016; Official Journal of the European Union,
L135/11, 24 May 2076.

(°) The alternative reading, see below, hinges on the interpretation of the word ‘adjusted".

(") For generic definitions the reader is referred to ILO (2004, pp. 270) or Balk (2008, pp. 68).
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Let the comparison period be month m=1,..,12 of year t, and let the price reference period
be month 12 (= December) of the preceding year t—1.In the following, such a price reference
period will be denoted as month 0 of year t . It is assumed that during the year t the scope of
the price index is determined by a set N* of commaodities. For any time period 7z considered,
be it a month or a year, (positive) quantities of commodities will be denoted by x; and
(positive) prices by pr .

The Lowe price index for the comparison period relative to the price reference period is then

compiled as
mt b
20X

- anSfo '

n

M P(mt,Ot; b)

where the summations in numerator and denominator run over all the
commodities neN', and bis some weight reference period. It is thereby assumed that for all
the commodities neN' the quantities x: exist. Notice that P(0t,0t; b)=1.

It is important to realise that in this construct, the month of December plays a double role:
once every year this month acts as comparison period, but it always acts as a price reference
period. To distinguish clearly between these two roles, and to avoid complications, the
notation is deliberately chosen as in expression (1). Thus, being in year t and occurring in
the numerator of expression (1), December is labelled as m=12, whereas being in year t—1
but occurring in the denominator of expression (1) December is labelled as month m=0 of
year t .In other words, each year t is considered as consisting of 13 months, running from
December of year t—1 to December of year t.

If period b would coincide with month 0 of year t then expression (1) would turn into

a (genuine) Laspeyres price index. However, it is common practice to choose as weight
reference period b a period of 12 consecutive months of consumption or expenditure for
some period prior to December of t-1. Thus, b is a function of t, denoted as b= b(t).

If prices are strictly positive, which is usually the case, then the Lowe price index (1) can be
rewritten as a weighted arithmetic mean of price relatives of individual commodities,

mt
0tb :Dn

2 P(mt, 0t; b)=2wn —,

n

with weights, adding up to 1, defined as

ot b
@ wt=Ll o (hen

n = ot b
D pix
n
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The weights, defined by expression (3), do not correspond to observable expenditure
shares, as they depend on prices and quantities from different time periods. They are called
mixed-period weights. However, they are conveniently obtained from the observed annual
expenditure shares

b_ :Dnn (neN[)

ZD

by a procedure known as price-updating, which is carried out as follows:

LSTWb pn p
b "Vn b Fnn
@ wr=—Pr_ _ P (neN").
pﬂ IDn
2 Z P

To make this possible, it is necessary to have the individual price relatives comparing the
price reference period 0t to the weight reference period b, p® /p? (neN') .Itis interesting
to note that price-updating of the expenditure shares — as in the second part of expression
(4) — is the same as price-updating of the expenditures themselves — as in the third part of
expression (4).

For the sake of completeness, it should be mentioned that the Lowe price index (1) can also
be rewritten as a weighted harmonic mean of price relatives of individual commodities,

(5) P(mt,0t; b) = ZW”’“’{ j

with weights, adding up to 1, defined as

mr b
©) W = oo (neN").

Zmrb

These weights can also be obtained by price-updating the period b expenditure shares.

Ideally, the weight reference period b(t), used for the computation of the price indices

for all the months of year t would be year t—1 as this is the most recent calendar year.
However, these expenditure shares are generally not yet available with sufficient accuracy
early inyear t when they are required for the first index number computation. Therefore, the
usual strategy is to set b(t)=t—2 or b(t)=t—3, and execute price-updating according to
expression (4).

Price-updating as defined here reflects my interpretation of the word ‘adjusted” in the above
quote from the HICP framework Regulation. There is an alternative interpretation, however,
defended in the draft HICP methodological manual. This interpretation has two variants. The
first emerges when the price relatives pY / p’ are decomposed as

-1
(7) ,Dn :Dn pn (neNr)l

b t—1

P, P
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and one assumes that all p'"/ p? =1. The second variant assumes that the period b weights
are equal to the period t—1 weights, w’ =w"" (neN') .In both cases only price-updating
from year t—1 to month Ot is required.

Either of the two assumptions may or may not be true. If untrue then the interpretation of the
weighted mean of price relatives — that is, the right-hand side of expression (2) — as a Lowe
price index gets lost.

The Lowe price index as defined by expression (1) is a direct index, comparing each month m
of year t to December of the preceding year, t—1.When t moves through time, there results
for each year t a series of 13 index numbers, running from December of year t—1 (its index
number being equal to 1) to December of year t. Notice that the set of commodities N may
vary through time as some goods and services disappear from the market and other goods
and services enter the market.

Now these separate annual series can be chained together as a single series of index numbers,
which compares month m of year t to some earlier time period, called the index reference
period. In the case of the HICP the natural month to use as a linking pin is December. Then the
chained index ()

P, 08 b()x P12(t =1),0(¢ = 1); bt =1)x P(12(t =2),0(¢ = 2); blt = 2)x..
xP(12(0),00; b(0))

compares month m of year t with month 0 of a certain year 0. Recall that month 0 of any
year 7 is the same as month 12 of year z—1. Notice that, in principle, each link of this chained
index employs a different weight reference period and a different set of commodities. In the
expression above month 0 of year 0 serves as index reference period.

It is more convenient, however, to use some calendar year as index reference period. This can
be achieved by rescaling the chained index; that is, dividing by the unweighted (arithmetic)
mean of the index numbers for the months of year 0. Thus, the final index for month m of
year t relative to reference year 0 is defined by

P(mt,Ot; b(t))ﬁPU 27,07; b(1))
(8) P(mt,0)= =0

1

2
(1/12) ) P(mO, 00; b(0
=1

m

This is a typical instance of a mixed-form index. The first factor in the numerator compares
month m of year t to month 0 of year t (= month 12 of year t—1); the second factor in
the numerator compares month 12 of year t—1to month 0 of year 0; and the denominator
rescales the numerator so that the mean of the year 0 index numbers becomes equal to 1.In
real time, that is, moving from January to December of a certain year t only the first factor in
the numerator matters; basically P*(mt,0) is a direct index, its fixed base being December of
year t—1, multiplied by a constant. The constant, however, changes every year. Viewed as a
whole, P¢(mt, 0) is a rescaled, chained index.

()  Where misunderstanding is possible, here and in the following, years and months, such as
t—1 or m-1, are put within brackets.
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If instead of December, say, January had been chosen as a price reference and linking period
then the resulting chained index would be different from the chained index defined by
expression (8). In other words, any chained index comparing month m of year t relative to a
certain reference year 0 is path-dependent.

3. Some properties

A. In a static economy

In a static economy the set of commodities does not change and the quantities are constant;
thatis, N =N® and x”” = x"? for neN" and 7=0,..,t (). Substituting expression (1) into
expression (8) it turns out that

zpmt b(O
Zpo bO) !

©) P*(mt,0)=

12
where, for any year z, p’ E%Zp?’ is the (arithmetic) mean price of commodity ne N7 in this
year. m=1

Thus, in this situation, the chained price index is again a direct Lowe price index, comparing
prices of the comparison month to mean prices of the index reference year, using quantities of
some earlier weight reference period.

B. Consistency-in-aggregation

Suppose that the set of all commodities N' is divided into mutually disjunct subsets N,
(k=1,..,K). Then the following is true:

K Worb mt K
(100 Pimt,060) = YWY P S 00%p (i, 01;b).
k=1 ne/\/f( nlei zwn :Dn k=1
ne/\/f(

Thus, the overall Lowe index is a weighted mean of the Lowe indices for the subsets of
commodities, defined as
mt b
Z prix,
) Amt,0r b=k

W s

(k=1,..K).

() Notice that the assumption of constant quantities does neither imply nor is implied by the

b(r) _  b(0)
=w,

assumption of constant weights, that is N* =N° and w, for neN® and 7=0,..t.
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The weights
Zpor b
neNL
) ws zwom 2 k=1,..K)
nENk thor b
neN

are the mixed-period expenditure shares of the subsets. In other words, the overall Lowe
index can be calculated in one stage from the individual commodity price relatives, as in
expression (2); or in two stages, as in expression (10): from commodity price relatives to
subset Lowe indices and then from these subset indices to the overall index. This is called
consistency-in-aggregation (CIA); a very useful property in statistical practice.

Chained indices, however, are not CIA. For such indices, a relation like expression (10) does not
exist; in other words, a set of weights (adding up to 1) does not exist, such that

“(mt,0)= Zvvk (mt, 0),

where P (mt,0) is the chained price index for subset k =1, .., K. Only the assumption that the
quantities are constant over the entire time span implies that the chained index exhibits CIA, which
does not come as a surprise since any chained Lowe index reduces to a direct Lowe index.

C. Derived measures

MONTHLY CHANGE

The fixed-base nature of a mixed-form index is revealed most clearly when we consider

the price change between consecutive months. Thus, the price change between month
m—1and month m of current year t is obtained from the series of chained index numbers
P (mz,0) (r=0,..t;m=1,.,12) as ()

mt b
P(mt,0)  P(mt, 0t b(t) zp

13 —
" P<((m=1)t,0)  P((m=1)t,0t; b(t) Zp:””:

These equalities are obtained respectively by using expression (8) and substituting expression (1).
Expression (13) means that the price change between months m—1and m of the same year
is measured by a Lowe price index based on quantities of a prior period b(t) . An important
consequence is that if between these two months all the prices change by the same factor,
that is, p ﬂp 7 (1>0,neN'), then the overall price change equals 4 ().

Another consequence is that the overall price change can be written as a weighted arithmetic

mean of individual price relatives p™ /p™™"" (neN").

(%) Thisis usually presented as a percentage, or a rate of change; that is, (Pc(mr, 0)/ PC((m —1t,0)—1)x 100 %.
(") Put otherwise, Pc(mt, 0)/ PC((m—W)t, 0) satisfies the proportionality test.
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ANNUAL CHANGE

We now look at the price change between corresponding months of consecutive years; that
is, P“(mz,0)/ P*(m(z—1),0) (z=1,..t; n=1,..,12) Employing expression (8), the price change
between months m of years t—1 and t is measured as

1 Pi(mt,0) _ P(mt,0t;b(t)P(12(t 1), 0t =1); b(t = 1))
P (m(t—1),0) P(m(t—=1),0(t=1);b(t=1)) '

By substituting expression (1) we obtain

mt,b(t 12( 1
Pc(mtO) 20 2P
= zpor b(r zprryn(t—l)xs(r—w)

The annual price change appears to be the product of two Lowe price indices, each having
their own set of quantity weights: the first index compares prices of month m of yeart to
December of year t—1, and the second index compares prices of December of year t —1to
month m of year t—1. The first index is based on the commodity set N and the second on
commodity set N,

If these commodity sets are the same, then expression (15) can be rewritten as

mt b (t) ot b(t-1)
i) | 2P Zp‘ -
O) = z p m(t-1) b(r— z por b(t

where use was made of the fact that p/**™ =p” forall neN'"'=N'. The right-hand side

of expression (16) has the form of a value index divided by a quantity index. It is a so-called
implicit price index, but not a genuine price index: if in the corresponding months m all

the later prices happen to be the same multiple of the former prices, that is, p* = Ap"™"
(A>0,neN""=N"), then the annual price change does not necessarily equal A .In other
words, the annual price change cannot be written as a weighted mean of the individual price
relatives p" / p/™"

Nevertheless, it is possible to decompose the annual price change into contributions of the
individual commodities and/or contributions of the current and the previous year. The solution
suggested by Ribe (1999) amounts to rewriting expression (15) as

P<(mt, 0) zpmf b(t) przr -1 b(r Zolz(rfw)xgm”
7 , - =11.

Pc(m(l‘—1),0) Zpor b(t zpn H x° Z‘}?m(1

However, by looking at the structure of the right-hand side it becomes clear that this
decomposition is not completely satisfactory. Though the second factor in brackets can be
interpreted as previous year’s contribution, and the first factor in brackets likewise as current
year's contribution (and both factors can be decomposed commodity-wise), this first factor
is multiplied by previous year's price change. Thus, there seems to be a trace of double-
counting here.
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A different solution, involving logarithmic means (%), was proposed by Balk (2006). Consider
the first factor at the right-hand side of expression (15) and use the logarithmic mean and its
linear homogeneity (that is, property (3)) to obtain the following decomposition:

zpm[ o mt _ .0t
(18) In zpm o :%W?‘%,

where the weights are defined as
1 ot b

P X ‘
w," = T neN).
" LM(P(mt, 0t; b(1) Z‘pm w (el)

Similarly, decomposing the second factor delivers

zpz b(r—w
_ m(t-1) an /DrT )
(19) In m(t-1), blt-1) | ZW r '

Z’Dn X” nent! p"‘

n

where the weights are defined as

- 1 p r1) b(t-1) .
w o neN™).
! LM(P(12(t=1), m(t =1); bt =1)),1) D prx " ( )

By combining the two factors it appears that the annual price change can be decomposed as
follows:

P*(mt,0) e Py =P, o =py
20 In| —————— ton L0 4 W e %.
0 [P‘(m(r— >0>] e PR

Since for any positive real number a#1,Ina=(a—1)/LM(a,1), the left-hand side of expression
(20) is a simple transformation of the inflation rate. In fact, for a~1, the usual approximation

is Ina~a—1.The right-hand side of the expression then provides a decomposition of the
inflation rate into contributions of the individual commodities, divided with respect to current
year t and previous year t—1. The commodities can be grouped into those available in both
years, those available in the current year but not in the previous year, and those available in
the previous year but not in the current year.

(") For any two positive real numbers a and b, their logarithmic mean is defined by
LM(a, b) = (a—-0b)/In(a/ b) when a#b, and LM(a, a) = a. It has the following
properties: (1) min(a, b) < LM(a, b) < max(a, b); (2) LM(a, b) is continuous;
(3) LM(Aa, Ab) = ALM(a, b) (A>0); (4) LM(a, b) = LM(b, a); (5) (ab)"” < LM(a, b) <(a+b)/2;
(6) LM(a, 1) is concave. More details in Balk (2008, pp. 134-136).
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MEAN ANNUAL CHANGE

The annual price change, obtained by comparing the same month of two adjacent years,

will generally remove any regularly occurring seasonal variation. To provide a statistic that is
robust to both regular and irregular (seasonal) variations, a 12-months moving average of annual
price changes is frequently used.

We will consider here in particular the moving average as obtained in December of any year;
that is, the mean of ratios
12 C
oy Ly _Pmt0
12 & P<(m(t-1),0)
and compare this with the ratio of mean indices
12
Lz P<(mt,0)

12

3

The last ratio can be given a solid interpretation. To see this, we substitute expression (8) into
expression (22). Cancelling common factors in numerator and denominator, we obtain

(22)

12
iZPC(mr,O) —ZP mt, O; b(1))
3 —12m - 1275 P12t =1),0(t = 1); bt 1)),

12

%ZPC(m(t_”,O) %Z (t=1),0(t=1);b(t=1))

m=

which after substituting expression (1) thrice becomes

5 zpmr b(t
12
%ZPC(mt,O) 12;zpor b(t) sz (r—l) Zp zpor bm
LZP‘(m(t—U,O) = . zp;n =0 5D Zpg“’”Xf“’” zpr =) Zpor B
E; nng(r-nxs(r-n !

where p; ——Zp (neN™) are annual mean prices and it is useful to recall that month 12

m 1

of year t—1 is the same as month 0 of year t. The final part of expression (24) contains two
components. The left factor is a (counterfactual) value index comparing weight reference
period b(t) quantities at mean period t prices to weight reference period b(t—1) quantities
at mean period t—1 prices. The right factor is the reciprocal of a (Lowe) quantity index
comparing weight reference period b(t) quantities to those of weight reference period
b(t=1). If b(t)=b(t —1) then this factor vanishes.

Summiarising, the ratio of annual mean indices in expression (22) may be interpreted as an
implicit price index for year t relative to year t—1.1If b(t)=b(t—1) then this implicit price
index reduces to a Lowe price index.
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To relate now the mean of annual ratios, expression (21), to the ratio of annual means,

expression (22), we proceed as follows. Employing the logarithmic mean, the logarithm of the
ratio of annual means can be decomposed as

'I 12
— > P (mt,0) 5
25)  In| —2m= Z —mt o\
1< m(t-1),0)
12ZPf(m(r—n,O) = '
m=1
with
P<(mt,0) P<(m(t—1),0)
LM 'I 12 ! -I 12
—ZP( mt,0) Ezp%m(r
Y= = (m=1,..,12).
P‘ (mt,0) P (m(t-1),0)
ZLM 12 EENF
" ZPC (mt,0) EZPC(m(r—
m=1

The weights W™ are the normalised, mean-over-two-years ratios of monthly price index to
annual mean price index, and as such reflect the aggregate seasonal price level pattern.

Now return to the mean of annual ratios in expression (21). Being an arithmetic mean it is
greater than or equal to a geometric mean. Thus,

1 & P(mt,0) S Pmt0) |_
0 m(u;P((m(r-n,o)JZZQln[P((m(f-”fO)]_

m=1

2 P<(mt,0) o Pi(mt,0)
; [ j Z( 12] (PC(m(r-n,O)]_

1 12
— > P(mt,0) 5 .
| 2% (- L e )

%ipc(m(f—ﬂ,O) m=1 (m(t=1),0) )’

where at the last step expression (25) has been used. The term after the minus sign in
expression (26) measures the covariance between seasonal price level, as measured by

the W™, and monthly measured annual price change (between consecutive years),
P(mt,0)/ P<(m(t—1),0). As the latter does not contain any (regular) seasonal pattern, we
expect the covariance to be zero. The implication is that the mean of ratios is greater than the
ratio of means and, in view of the interpretation of the latter as provided by expression (24),
can be said to overstate mean annual price change.
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4. Conclusion

A traditional distinction runs between direct and chained indices. Mixed-form indices share
features of these two kinds: in the short run they behave as direct indices, and in the long run
as chained indices.

Mixed-form indices usually materialise when monthly indices have to be compiled, typical
examples being the HICP and CPIs compiled by national statistical offices. Their mixed form is
revealed most clearly when derived measures such as monthly or annual rates of change are
considered; the interpretation of these requires some care.
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