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CESifo Working Paper No. 11470

How to Detect Network Dependence in Latent
Factor Models? A Bias-Corrected CD Test

Abstract

In a recent paper Juodis and Reese (2022) (JR) show that the application of the CD test proposed
by Pesaran (2004) to residuals from panels with latent factors results in over-rejection. They
propose a randomized test statistic to correct for over-rejection, and add a screening component
to achieve power. This paper considers the same problem but from a different perspective, and
shows that the standard CD test remains valid if the latent factors are weak in the sense the strength
is less than half. In the case where latent factors are strong, we propose a bias-corrected version,
CD*, which is shown to be asymptotically standard normal under the null of error cross-sectional
independence and have power against network type alternatives. This result is shown to hold for
pure latent factor models as well as for panel regression models with latent factors. The case where
the errors are serially correlated is also considered. Small sample properties of the CD* test are
investigated by Monte Carlo experiments and are shown to have the correct size for strong and
weak factors as well as for Gaussian and non-Gaussian errors. In contrast, it is found that JR.s test
tends to over-reject in the case of panels with non-Gaussian errors, and has low power against
spatial network alternatives. In an empirical application, using the CD* test, it is shown that there
remains spatial error dependence in a panel data model for real house price changes across 377
Metropolitan Statistical Areas in the U.S., even after the effects of latent factors are filtered out.

JEL-Codes: C180, C230, C550.
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1 Introduction

It is now quite standard to use latent multi-factor models to characterize and explain cross-
sectional dependence in panels when the cross section dimension (n) and the time series dimen-
sion (T') are both large. However, due to uncertainty regarding the nature of error cross-sectional
dependence, it is arguable whether error cross-sectional dependence is fully accounted for by
latent factors. Some of the factors could be semi-strong, and the errors might have spatial or
network features that are not necessarily captured by common factors alone. |Chudik et al.
(2011)) provide an early discussion of the different sources of cross-sectional dependence. Di-
agnostic tests of error cross-sectional independence in panels are required to safeguard against
estimation bias and unreliable inference. See, for example, Bai (2003)), Phillips and Sul (2003)),
Bai and Ng (2006), Pesaran (2006), Bai (2009), and [Pesaran and Tosetti (2011). Such tests
are also helpful to researchers interested in network or spatial dependence once the influence
of common factors are filtered out, for forecasting and policy analyses. For example, how to
detect spillover effects across regions or markets. See Bailey et al.| (2016)), Shi and Lee (2017)),
and [Bai and Li| (2021, amongst others.

One standard test for error cross-sectional independence is the CD test proposed by |Pesaran
(2004}, |2021)), which has been further developed later. For example, Hsiao et al.| (2012) apply
the CD test to panel data model with limited dependent variable, while [Pesaran (2015) uses
it to test weak error cross-sectional dependence in large panels. In a recent paper Juodis
and Reese (2022) (JR) show that the application of the CD test to the residuals from panels
with latent factors is invalid and can result in over-rejection of the null of error cross-sectional
independence[| They propose a randomized CD test statistic as a solution. Their proposed
test is constructed in two steps. First, they multiply the residuals from panel regressions with
independent randomized weights to obtain their C' Dy, statistic, which will have a zero mean
by construction. In this way they avoid the over-rejection problem of the C'D test, but by the
very nature of the randomization process they recognize that the C'Dy, test will lack power.
To overcome the problem of lack of power, JR modify the C' Dy, test statistic by adding to
it a screening component proposed by Fan et al| (2015) which is expected to tend to zero
with probability approaching one under the null hypothesis, but to diverge at a reasonably
fast rate under the alternative. This further modification of C'Dy, test is denoted by C' Dy .
Accordingly, it is presumed that the C' Dy, test can overcome both over-rejection and the low
power problems. However, JR do not provide a formal proof establishing conditions under
which the screening component tends to zero under the null and diverges sufficiently fast under
alternatives, including spatial or network dependence type alternatives. Also, our Monte Carlo
simulations show that the C'Dy . test tends to over-reject when the errors are non-Gaussian
and n >> T, and seems to lack power under spatial network alternatives, which is likely to be
particularly important in empirical applications.

In this paper we show that the standard CD test is in fact valid for testing error cross-
sectional independence in panel data models with weak latent factors. However, when the latent
factors are semi-strong or strong the use of C'D test will result in over-rejection and will no
longer be valid, extending JR’s results to panels with semi-strong latent factors. In short, whilst

'In the empirical finance literature |Gagliardini et al. (2019)) propose a diagnostic criterion to check if the
errors from a (strong) factor model are weakly correlated or contain missing strong factor(s). These authors do
not propose a test of cross-sectional error dependence but focus on the detection of potentially omitted strong
factors in asset pricing models.



the C'Dy, is a useful and welcome addition to testing for error cross-sectional independence,
it would be interesting to develop a modified version of the test that simultaneously deals with
the over-rejection problem and does not compromise power for a general class of alternatives.
To that end, firstly we study testing for error cross-sectional independence in a pure latent
factor model, and derive an explicit expression for the bias of the C'D test statistic in terms of
factor loadings and error variances. We then propose a bias-corrected version of the C'D test
statistic, denoted by C'D*, which is shown to have N(0,1) asymptotic distribution under the
null hypothesis irrespective of whether the latent factors are weak or strong. When the latent
factors are weak the correction tends to zero, CD and C'D* will be asymptotically equivalent.
However, CD — C'D* diverges if at least one of the underlying latent factors is (semi) strong.
We show that under the null of cross-sectional independence, C'D* converges to a standard
normal distribution when n and T tend to infinity so long as n/T — k, where 0 < kK < 00,
and a test based on C'D* will have the correct size asymptotically. In addition, it is shown that
the C'D* test has power against spatial and network type alternative. In particular, we are the
first to give a formal derivation of power function for the CD tests against general spatial and
network alternatives, which can be applied equally to CD test for panel data models without
latent factors and therefore supplement earlier researches on CD testf]

We then consider the application of the C'D* to test error cross-sectional independence in
the case of panel regression models with latent factors, discussed in [Pesaran| (2006). It is shown
that the asymptotic properties of C'D* in the case of pure latent factor models also carry over to
panel regression models with latent factors. We also investigate the application of the C'D* to
panel data models with serially correlated errors, and consider the method proposed by |Baltagi
et al. (2016) as well as using an autoregressive distributed lag (ARDL) representation which
transforms the model with the serially correlated errors to one without error serial correlation.

The finite sample performance of the CD* test is investigated by Monte Carlo simulations
in the case of pure latent factor models, panel regression models with latent factors with and
without error serial correlation. It is found that the C' D* test avoids the over-rejection problem
under the null and diverges fast under spatial network alternatives, and has desirable small
sample properties regardless of whether the errors are Gaussian or not, under different combi-
nations of n and T'. We also find that both adjustments for dealing with error serial correlation
considered in the paper give desirable small sample properties. Finally, as compared to JR’s
CDyy+ test, the proposed bias-corrected CD test is better in controlling the size of the test and
has much better power properties against spatial (or network) alternatives.

The use of C'D* is illustrated by an empirical application in modeling real house price changes
in the U.S. Because it is evident that real house price changes are driven by macroeconomic
trends which can be modeled by latent factors, it is necessary to filter out these factors before
testing for spillover effect. By applying C D* to real house price changes in the U.S. we are able
to show significant existence of weak cross-sectional dependence in addition to latent factors.

The rest of the paper is organized as follows. Section [2] sets out the latent factor model
and its assumptions. Section [3| introduces the estimation of latent factors and the CD test.
The bias corrected test, CD*, is introduced in Section [4] and its asymptotic distributions are
derived under the null and the alternative hypotheses. The extension to more general panel
regression models with observed covariates as well as latent factors are discussed in Section [5

2For instance, |Pesaran| (2004)), which is the unpublished version of |[Pesaran| (2021)), also discusses the power
of C'D test against spatial dependence in its Section 8.2, but the power function of the test there is conjectured
for a specific connection matrix and a sample with n fixed and T — oco.



Adjustments to the C'D* test for panels with serially correlated errors are discussed in Section
[l Using Monte Carlo techniques, the small sample properties of CD, CD* and, CDy 4 tests
are discussed in Section [7] An empirical illustration is provided in Section 8] The proofs of the
main theorems and the related lemmas are given in the online supplement.

2 The latent factor model

To simplify the exposition and to highlight the main issue of concern, namely the presence of
latent (unobserved) factors in the panel regression model, initially we focus on the approximate
factor model, due Chamberlain and Rothschild| (1983), and assume that for each unit i =
1,2,...,n,

Yit :'7;ft+uit, fort=1,2,..,T, (1)

where .
Uit/ 05 = €it (A1) = € + A Z WijEjt, (2)

=1
sup; 07 < C < oo and inf; 67 > ¢ > 0, {w;; : j = 1,2,...,n} represent the strengths of connec-

tions of unit ¢ with the rest of units, f; = (fi, for, .-, fmot)’ is an mg X 1 vector of latent factors
with mg fixed, and ~; = (vi1, Vio, -+, 'yimo)' is the vector of associated factor loadings.

We make the following assumptions that are mostly standard in the analysis of latent factor
models.

Assumption 1 (a) f; is a covariance-stationary process with zero means and the covariance
matriz, B (§f) = X5 > 0. (b)) TS [I6V — E(|&]))] —,0, for j = 3,4, as T — oo.
(¢) There exists Ty such that for all T > Ty, TS, £fl = T'F'F =37, > 0, and
Y1 —p E(T'F'F) = X4 > 0, where F = (£,§,...,fr)'. (d) There exist constants r1, Cy
and C; > 0 such that
sup Pr (Ifje] > a) < Cyexp (—Cyra™) (3)
7,

all a > 0.

Assumption 2 (a) ey ~ IID(0,1) for alli and t, and there exist constants v, Cy and C3 > 0
such that

sup Pr (|ex| > a) < Cyexp (—Csa™) (4)

it
foralla > 0. (b) pimax (Ver) = Op(n/T'), where Vop =T 1 Zle Eotly, and €op = (€14,E2¢, -y Ent)’-
(c) €y is distributed independently of £y, for alli,t and t', and there exists vy > 0 such that for
allv=T —mgyg > vy

inf (v"'e} . Mpe;) > ¢ >0, (5)

7

where Eio — (5117 Ei2y oeny €iT),7 and MF = IT — F(F/F)_IF,.

Assumption 3 The mgy X 1 vector of factor loadings =, is bounded such that sup, ||v,|| < C,
n Y v =B = 2., > 0, and

1-6,>0, (6)



for all n. > ng and as n — oo, where 6, =1 —n"">""  a?  with
ain =1 —0ipy7;,
and @, =n"' 320, /0.

Remark 1 The above assumptions relate closely to those made in the literature on CD tests
and high dimensional factor models. See, for example, the assumptions in |Pesaran (2004,
2015,(2021), and assumptions in|Bai (2003). Part (a) of Assumption [1] will be relazed when we
consider panel regression models with observed regressors. The sub-exponential type conditions
@ and are needed for bounding the probabilities across all ©, and are also adopted by Fan
et al.| (2011), Fan et al. (2015) and | Chudik et al.| (2018).

Remark 2 Condition @ ensures that

oM %0 - 1
E<M) < — < (< oo, (7)
CS

()

for all i and any fixed s > 0. It is unlikely to be violated in practice since
v el Mpeio = v Y i,
t=1

where E (n%) = 1. This result follows since M is an idempotent matriz with rank v.

The focus of this paper is on testing the null hypothesis of error cross-sectional indepen-
dence, which in the context of the model given by (1)) and (2)) and under Assumption [2| can be
represented by

HQ : )\T =0. (8)

For the analysis of power, we consider local alternatives

Hip: A\p = T2, (9)
with ¢y # 0. We also introduce the following assumption on W = (w;;).
Assumption 4 The connection matric W has bounded maximum absolute column and row

sum norms:

W, =sup Y |wy| < C, and W], =sup  |wy| <C, (10)
7 i=1 =1

and w;; = 0 for all 1.

Remark 3 The connection matrix does not need to be symmetric. To see this, we can consider
a more generalized setup of idiosyncratic errors,

W 0T s
?Zit :git—i_)\Tsz J Ué'jt, (11)

=1 '

where |Ap| < C and |p;| < C. It is clear that can establish uy in (3) by letting w;; =
pio; Lo, In this way, W need not be symmetric even if the connection matriz (i;) is

4



symmetric. Under local alternatives and Assumption |4}, the specification of (@ allows for a
wide range of spatial and network dependence characterized by the connection matriz. It is in
accord with an early discussion in|Chudik et al| (2011) that spatial dependence can be captured
by a weak factor model, so long as the number of weak factors tends to infinity with n, which is
ruled out in standard factor models where the number of latent factors is assumed to be fixed.

Remark 4 It is also easily seen that e, (Ar) defined by (9) is sub-exponential for any |Ar| < C.
This follows since by Assumption @ {ei} are independently and identically distributed sub-
exponential processes, and by Assumption |Z| sup; Z;;l \w;;| < C. For a proof see part (b) of
Theorem 5.5 in|Goldie and Klippelberg (1998) or Theorem 2.8.2 in|Vershynin (2018).

3 Estimation of latent factors and the CD test

Following the literature we use principal component (PC) analysis to estimate the latent factors
and their loadings. Let Y = (y,,y2,...,¥x») be the T' x n matrix of observations on y;;, where
vi = (Yi1, Yz, - - - ,yiT), and denote the first mg largest eigenvalues of Y'Y by (1, p2, .-y fmg)s
and its associated n x my matrix of orthonormal eigenvectors by Q. The PC estimators of
factors F = (f1,fs,...,fr) and their loadings T' = (Y;,7s, ...,7,) are then given by

L N1 s . N .
F— (fl,fz,...,fT) — %YQ, and T' = (9, %9, ...,5,) = vVnQ. (12)

By construction n'I'T = I,,,, and T-'F'F = D,,7, where D,z = (nT)~'diag(p1, fa, ..., fmy)-
Under Assumptions the asymptotic results derived by Bail (2003) for PCs continue to apply
here, and u;; can be consistently estimated by

Uip = Yir — ’A)’;f‘t (13)
The CD test is based on the standardized residuals,

. Ut
o — 14
Eit, T &i,T 9 ( )

AAAAA

1/2 .
where 6ir = (T—l ST agt) = (T7'y!M;y)"?, and M. = Iy — F(E'F)"'F'. Only units
with non-zero &zT are included in the construction of the C'D test, namely

inf 67, > ¢ > 0. (15)

The standard CD test statistic based on the residuals, (13), is given by

P A
CD=,——— 051 | 16
s (53 ) a6
where ,(A)ij’T =71 Zle git,ngt,T-

Juodis and Reese (2022) apply the C'D test to a panel regression model with latent factors,
assuming that all the factors are strong. They show in that case CD = O, (\/T), and its use
will lead to gross over-rejection of the null of error cross-sectional independence. To deal with
the over-rejection problem, these authors propose a randomized CD test, C'Dy,,. However,
as shown in Section of the online supplement, the C' Dy, test is likely to over-reject and
tends to lack power against spatial /network alternatives. See also Section for Monte Carlo
evidence on the small sample performance of the C'Dy, test.

5



4 The bias-corrected CD test

The main reason for the failure of the standard CD test in the case of latent factor models lies
in the fact that both the factors and their loadings are unobserved and need to be estimated,
and the differences between ﬁ/;ft and v;f, do not tend to zero at a sufficiently fast rate for
the CD test to be valid. Since the errors from estimation of 4;f; are included in the residuals
Ui, the resultant CD statistic tends to over-state the degree of underlying error cross-sectional
dependence. This problem also arises when latent factors are proxied by cross section averages,
as is the case when panel data models are estimated using correlated common effect (CCE)
estimators proposed by [Pesaran| (2006), which we shall address below in Section .

We propose a bias-corrected CD test statistic, which we denote by C'D*, that directly corrects
the asymptotic bias of the C'D test using the estimates of the factor loadings and error variances.
To obtain the expression for the bias we first note under the null hypothesis of cross-sectional
independence, CD = z,7 + 0,(1) and

T

ot = %Z (Z; 1) +0,(1), (17)

t=1

where

gt,n A;n€ity Ain = 1- UzSOn’)’m (18)
\/_ Z

@, = n 'Y 7;/0s, which is established in proof of Theorem [I] in the online supplement.
Since a;,, are given constants, then E (& ,) = 0,

n

(£tn =w, =~ Z Qi p = Z (1 - O-ZCP;IFYZ)2 ) (19)

i=1

and
n

VG/I“ gtn _2< Zazn) - (%Zain>7 (20)

i=1
where ky = F (g},) — 3. Clearly, when the errors are Gaussian then E (¢},) = 3, the second term
of Var (ffn) defined by is exactly zero. But even for non-Gaussian errors the second term

of Var (§t2n) is negligible when n is sufficiently large. To see this note that under Assumptions
2l and [3]

1 & 1
i=1 i=1

n
n? n’

where C' is a positive constant. Since ¢;; (and henceforth ;) are assumed to be serially
independent, then we can also compute the mean and the variance of z,r as




The above expressions for E (z,r) give the source of the asymptotic bias of CD as E (z,r) rises

with v/T', unless

lim w? = nh—>nolo n! Z (1—ou0'7,)" =1.

n—00 -
=1

A bias-corrected version of C'D can be defined by

CD + /36,
D*0,)) = ———— 21
D) = — (21)
where
0,=1-n"tala, a, = (a1, G2y - - - ,an,n)/, (22)

and 1 — 6,, > 0 by condition (). Also upon using

B n 1 n
0, =2 (n 3 0rr§~> @, — ¢, (; > 0?%72) Py (23)
i=1 i=1

The main difference between C'D and C'D* (6,,) depends on the magnitude of v/T4,,, which in
turn depends on the strengths of the factor loadings. Following Bailey et al. (2021)), we measure
the strength of factor j by o, defined by the rate at which the sum of absolute values of factor
loadings rises with n, namely

Zhiﬂ:@(naj)? forj:LQ?"-?mOa (24)
i=1

where 0 < o; < 1. Using it is now easily established that 6, = © (na_l), where o =
Maz;=12,..me(;), and 6, does not tend to zero when there is at least one strong factor in the
panel data model.rf] Therefore, based on , the relationship between C'D and CD*(0,) is
essentially controlled by the maximum factor strength a as V70, = O (T%/?n71). Suppose
now T = & (n?) for some d > 0, then V70, = & (n¥?n°"!) = & (n®*¥271) | and the bias
correction becomes negligible if « < 1 — d/2. Under the required relative expansion rates of n
and T entertained in this paper, we need to set d = 1, and for this choice the bias correction
term, v/T6,,, becomes negligible if & < 1/2. As a result of this situation, CD and C'D* (6,,) are
asymptotically equivalent. In fact, the case of strong factors assumed in the PCA literature
corresponds to a; = 1 for j = 1,2,...,mg, which is also fulfilled by Assumption [3| and used in
our mathematical derivations.
The main theoretical result of the paper is summarized in the following theorem.

Theorem 1 Suppose that observations on yy, fori=1,2,...,n, andt =1,2,...,T are gen-
erated from the pure latent factor model given by and (g), where the number of factors, my,
is known. Consider the statistic CD* (0,,) defined by and assume (n,T) — oo, such that
n/T — Kk, and 0 < Kk < 0.
(a) Under the null hypothesis Hy, defined by @, and supposing that Assumptions 1] to @
hold, then
CD*(6,) —4 N(0,1). (25)

3For a proof see Section of the online supplement.
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(b) Under local alternatives Hyr, defined by @, and supposing that Assumptions (1| to
hold, then
CD* (0,) —4 N(o,1), (26)

where ¢ = lim,, .o, ¢, and

a, Wa,,, (27)

W = (w;;) is the connection matriz, a, = (a1, A2n, - - - yQnn) s with a;, and 0, defined by (@
and (@, respectively.

For a proof see Section of the online supplement.

The bias-corrected test statistic, CD*(6,,), depends on the unknown parameter, 6,,, which
can be estimated by

T—l——ZamT (28)

where

. . Al a . 1 .
Qinr =1 =057 (@r¥i) s and @ = — > Ai/6ir. (29)

The following proposition establishes the probability order of the difference between énT and
0,.

Proposition 1 Suppose that observations on vy, fori =12,...,n,andt = 1,2,...,T are
generated from the pure latent factor model given by (1) and (@ where the number of factors,
my, is known, and Ap = cxT~'/? with |cy| < co. Consider the term 0, in the CD* (6,,) statistic
given by (22) and its estimator Ot given by (@) Let Assumptwns to hold and (n,T) — oo,
such that n/T — K, where 0 < kK < co. Then

VT (énT . en) = 0,(1). (30)

For a proof see Section of the online supplement.

Consider now the following feasible version of C'D* (6,,),
) CD + \/%énT
oD (i) = 2V BT o
1—0,r

and note that in view of and we have

D" (fur) = (11__énT) = \ﬂ) : \/%( -
(i)l o



Also,
196, VT (b.r — 6,)

=14

1= Our ﬁ(1—0n)—ﬁ(énT—9n)

and hence C'D* (énT) = CD*(0,) + 0,(1). We refer to CD* (énT) simply as C'D* and the test

based on it as the CD* test. The main result of the paper for pure latent factor models is
summarized in the following theorem.

=1 + OP(1)7

Theorem 2 Suppose that observations on yy, fori=1,2,... ,n, andt =1,2,...,T are gen-
erated from the pure latent factor model given by and @, where the number of factors,
myg, 18 known. Consider the statistic CD* defined by , and assume (n,T) — 0o, such that
n/T — Kk, and 0 < kK < 00.
(a) Under the null hypothesis Hy, defined by @, and supposing that Assumptions 1| to @
hold, then
CD* —4 N(0,1).

(b) Under local alternatives Hyr, defined by @, and supposing that Assumptions (1| to
hold, then
CD* —4 N (¢,1),

where ¢ = lim,, o, ¢n, and ¢, is defined by .
For a proof see Section of the online supplement.

This theorem establishes the conditions under which the proposed C'D* test has the correct
size asymptotically. It also shows that the C'D* has power against network alternatives if
the limit of ¢,, defined by is nonzero, namely so long as lim, ,,, n"'a/,Wa,, # 0. This
condition is likely to be satisfied if the connection matrix, W, is not too sparse, although it
must be sufficiently sparse so that Assumption [4|is met. In the case where there are no latent
factors, a, = (1,1,...,1)’, and it is sufficient that n=* > 7" | > iy Wij # 0.

To our knowledge, we are the first to give a formal derivation of power function of the CD
tests against spatial network alternatives, which applies equally to CD test for panel data models
without latent factors. Hence, our derivation of power function can be used to supplement earlier
researches on CD test.

As we shall see from the Monte Carlo results reported below, the C'D* test performs well
even if some of the latent factors happen to be weak with o; € (0,1/2] or semi-strong with
a; € (1/2,1). This is because when a factor is weak, it does not matter if its estimation by PCA
is not consistent at the standard rate of 6,7 = min(n'/?2, T%/2), and its inclusion or exclusion
from the analysis has no material impact on the C'D* statistics for n and T sufficiently large.
In view of this result, in the mathematical derivations it is sufficient to consider the case of
strong factors, and let the weak factors to be absorbed in the error term.

However, it should be acknowledged that our derivations do not take account of the case
when one or more of the factors are semi-strong. Such an extension is beyond the scope of
the present paper, although recent studies by Bai and Ng| (2023)) and lJiang et al.| (2023) show
that PCA estimation is asymptotically valid for factor models so long as factor strengths are
all above 1/2. It is therefore reasonable to conjecture that C'D* test applied to PCA residuals
will be asymptotically valid even if some of the factors are semi-strong, namely if 1/2 < o; < 1.
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In practice, the true number of factors, mg, is unknown. In cases where the estimated
number of factors, m, is underestimated (m < my), the C'D* test has power against the missing
strong factors. However, the rejection of the null hypothesis by the C'D* test does not necessarily
mean there are missing factors, since the rejection could be due to network error dependence.
It is, therefore, important for the investigator to decide on the number of strong latent factors
before the implementation of the proposed C'D* test. To that end, we refer the reader to the
information criterion approach advanced by Bai and Ng| (2002)) and the eigenvalue ratio test of
Ahn and Horenstein| (2013)), for example.

5 (CD* test for panel regression model with interactive
effects

Consider now the factor model augmented with observed regressors
yir = aidy + Bixi + ’Y;ft + Uit (32)

where d; is a kg X 1 vector of observed common factors, x;; is a k, x 1 vector of unit-specific
observed covariates, a; = (a1, Qa, ..., aux,)’s and B; = (B, Biz, --., Bix,)" are their associated
unknown coefficients. To highlight the relevance of the CD test for this set up, model can
be written alternatively as

Yir = ogdy + Bix + v, (33)

where the errors, v;;, follow the factor structure
Vi = ikt + . (34)

The CD test is applicable, without any modifications, to test the null hypothesis that the errors
of the panel regression model, v;;, are cross-sectionally independent, so long as the regressors,
d; and x;;, are strictly exogenous with respect to v;;. When the regressors are correlated with
the errors, the least squares estimates of v; become inconsistent and the standard CD test will
fail. One important example of endogeneity arises when both y;; and x;; are driven by the same
latent factor(s). |[Pesaran| (2006)) formalizes this form of endogeneity by assuming that

Xy = Ad, + T'f, + €41, (35)

where A; and TI'; are ky x k, and mgy X k, factor loading matrices and e,; are distributed
independently of f;. The system of equations , and fully specify the dependence of
x;; and vy, and allows consistent estimation of v;; which can then be used to test the hypothesis
that u; are cross-sectionally independent in the pure latent factor model . We now show
that the C'D* test applied to these residuals will be valid. To this end we make the following
additional standard assumptions.

Assumption 5 (a) The kg x 1 vector d; is a covariance stationary process, with absolute
summable autocovariance and d; is distributed independently of £, for all t and t', such that

T'D'F = 0O, (T-/2), where D = (dl,dg,...,dT)l and F = (fl,fg,...,fT)/ are matrices of
observations on d; and £;. (b) (d¢, f;) is distributed independently of u;s and €5 for all i t, s.

Assumption 6 The unobserved factor loadings T'; are bounded, i.e. ||I'; ||, < C for all .
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Assumption 7 The individual-specific errors €;; and €, are distributed independently for all
1,7,t and t', and €4 follows the linear stationary process €; = Z;io SiMyi 1, where for each
T, Ny 18 @ kg X 1 vector of serially uncorrelated random variables with mean zero, the variance
matrix I, and finite fourth-order cumulants. For each i, the coefficient matrices Sy satisfy
the condition

Var (i) = Z Sils;l = X
1=0
where X,; s a positive definite matriz, such that sup; ||Xl|], < C.
Assumption 8 Let T = E (v,,T;). We assume that Rank (f‘) = my.

Assumption 9 Consider the cross-sectional averages of the individual-specific variables, z;; =
(yit,X;t)l defined by 7z, = n~ 1> " 7y, and let M = Ir — H (I_{'I_{)_1 H, and M, = Iy —
G (G'G) G, where H=(D,Z), G = (D,F), and Z = (21,7, ..., 77) is the T x (ky+1)
matriz of observations on the cross-sectional averages. Let X; = (X1, X2, ..., X;r)", then the
k x k matrices ¥; 7 = T7'X,MX; and U, = T'X;M,X; are non-singular, and \il;} and

\Ili_gl have finite second-order moments for all 1.

Remark 5 The above assumptions are standard in the panel data models with multi-factor error
structure. See, for example, |Pesaran| (2006). But in our setup under Assumptz’on@ we require
the error term, €4, to be serially independent, since our focus is on testing €, for cross-sectional
independence, and this assumption is needed for asymptotic normality of the bias-corrected CD
test. Later in Section [0, we will consider models with serially correlated errors and show that
the bias-corrected CD test remains valid. Nevertheless, we allow €., the errors in the X;
equations to be serially correlated. Assumption |5 separates the observed and the latent factors,
as in Assumption 11 of |Pesaran and Tosetti (2011]). This assumption is required to obtain the
probability order of estimated residuals needed for computation of C'D* statistic. A necessary
condition for the rank condition in Assumption[§ to hold is k., > mg — 1.

To estimate v;; we first filter out the effects of observed covariates using the CCE estimators
proposed in [Pesaran (2006), namely for each i we estimate 3, by

o ;- -1 ;-
Bece, = (XMX,)  (X;My,) (36)
and following Pesaran and Tosetti (2011), estimate a; by
’ -1 ’ ~
é‘CC’E,i = (D D) D <Yi - Xi/BCC’E,i) . (37)
Then we have the following estimator of v

A A / 2 !
Vit = Yit — acc};,idt - ﬁCCE,Z‘Xit- (38)

Using results in Pesaran and Tosetti (2011)) (p. 189) it follows that under Assumptions

Ui = v + Oy <%) + 0, <%> + O, (ﬁ) . (39)
11



Note when a; = 0 and 3, = 0, reduces to the the pure latent factor model, , where
PCA can be applied to v; directly. In the case of panel regressions v0;; can be used instead of
v to compute the bias-corrected CD statistic given by . The errors involved will become
asymptotically negligible in view of the fast rate of convergence of 0;; to v;, uniformly for each
1 and t. Specifically, as in the case of the pure latent factor model, we first compute my PCs of
{0y; i=1,...,n; and t = 1,..., T} and the associated factor loadings, (%;, f},), subject to the
normalization 7= 3> 4,4; = L. The residuals

ﬁit:ﬁit—ﬁ/;f‘t, fori=1,...,n;andt=1,...,T, (40)

can then be used to compute the standard CD statistic, , and its bias-corrected version,
D*, using ([31).

Remark 6 It is important to bear in mind that u; is not the same as the CCFE residuals that
result from running the panel regressions of yy on (dy, Xi,Z:). As shown by |Juodis and Reese
(2022), the standard CD test applied to the CCE residuals will result in over-rejection and
is mot recommended. In our approach, we filter out the latent factors from vy and use the
filtered residuals, u;, to compute the CD statistic and correct it, as in CD*, to allow for errors
associated with estimation of factors and their loadings.

The following theorem extends the result of Theorem

Theorem 3 Suppose that observations on y;, fori =1,2,...,n, andt =1,2,...,T are gen-
erated from the pcmel regression. model defined by (.) (w and (.) where the number of
latent factors in . My, is known. Consider the statistic CD* given by (31)) using the filtered
residuals defined by (@) Suppose that (n,T) — 0o, such that n/T — K, and 0 < kK < 00.

(a) Under the null hypothesis Hy, defined by (@/, and supposing that Assumptions 1] to @
and Assumptions[3 to[9 hold, then

CD* —4 N(0,1).

(b) Under local alternatives Hyr, defined by @, and supposing that Assumptions (1| to @
hold, then
CD* —4 N (¢,1),

where ¢ = lim,, .o, ¢, and ¢, defined by .

For a proof see Section of the online supplement.

6 (CD* test for models with serially correlated errors

As shown by Baltagi et al. (2016|), when the errors ¢;; in are serially correlated the variance
of standard CD test statistic is not unity (even asymptotically) and the test is no longer valid.
The same also applies to the C'D* test. To deal with this problem, we propose two solutions
which involve different ways of adjusting the C'D* test so that it will become applicable to
panels with serially correlated errors. The first method closely follows the variance adjustment
proposed by Baltagi et al.| (2016)), in which C'D* is scaled by w where

oy ——— Z Er (Ejr — Eajyr) & (Eir — Eajyr) (41)

22]1
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with éz',T == (c‘;:iLT, €NZ‘2’T, e 75~z‘T,T)/> éit,T defined in " and

1 ~
E(ij)7T:m Z ErT-

1<7#i,j<n

The expression in is the equivalent to that provided in Theorem 3 of Baltagi et al.| (2016))
but the factor of 2 in is missing in their paper. The same adjustment is also applied to
the C'Dyy . test to allow for serially correlated errors.

Alternatively, following Pesaran| (2004)), we first transform the panel regression models to
eliminate the error serial correlation and then apply the C'D* test to the residuals of the
transformed model. This is possible so long as the error serial correlation can be approximated
by a finite order stationary autoregressive process. As a simple illustration consider the pure
latent factor model y;; = v; f; + w;, in which factor f; and loading ~; are both latent, and the
errors u; are generated as AR(1) processes, uy; = piuy_1 + €, where p; is the autoregression
coefficient and ¢;; is serially independent, as well as being distributed independently of f;s for all
tand t,t' =1,2,...,T. Testing the cross-sectional independence of u;; is equivalent to testing
the cross-sectional independence of ¢€; in the following autoregressive distributed lag (ARDL)
representation of y;;

Yit = PilYfig—1 + Vife — pivifi—1 + €,

which can be written equivalently as a multi-factor AR panel regression model
Yie = PilYir—1 + Yift + €, (42)

where f, = (fi, fio1), and 4, = (v, —piy:)'. Since ;1 is weakly exogenous, the transformed
model satisfies the setup of panel regression model |D with fo't viewed as a vector of latent
variables with the associated factor loadings, 4,. It therefore follows that the CD* test can
now be applied to test the cross-sectional independence of €;; in . We refer to this test as
ARDL adjusted CD* test.

The same approach can also be used for panels with observed covariates. In general, testing
cross-sectional independence of €;; in model is equivalent to testing the cross-sectional
independence of €; in

S S S
vie =Y 0 di o+ Y pislie—st+ ¥ B X + 8y + €, (43)
s=0 s=1 s=0

where h; is an extended set of latent factors (that encompass f;), and g; are the associated factor
loadings. The number of lags S is determined by the order of the AR specification assumed for
Eit in .

The variance adjustment is simpler to implement but it requires theoretical justification in
the context of panel data models with latent factors. The ARDL adjustment is theoretically
justified so long as the underlying errors follow finite order AR processes. As we shall see
both approaches work well in dealing with serially correlated errors, at least in the context of
the limited MC designs that we are considering. Clearly, further theoretical and Monte Carlo
investigations are needed for a better understanding of the relative merits of the two approaches.
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7 Small sample properties of CD* and CDy,+ tests

7.1 Data generating process

We consider the following data generating process
Yit = a4 + oy ﬁildt + ﬁiz.fl?it + mal/Z’)’;ft + En ()\):| , 3 = 1, 2, ceey n;t = 1, 2, ceey T‘7 (44)

where €, (\) follows the first order spatial autoregressive process, SAR (1), such that
Eit ()\) =) Z Wi € 5t ()\) + C €. (45)
j=1

a; is a unit-specific effect, d; is the observed common factor, x;; is the observed regressor that
varies across ¢ and t, f; is the mg x 1 vector of unobserved factors, =y, is the vector of associated

factor loadings. The scalar constants, o; > 0, are generated as o = 0.5 + %(sf — 1), with
s2 ~ IT1Dx?(2), which ensures that E(o?) = 1.

7.1.1 DGP under the null hypothesis

Under the null hypothesis, we set A = 0 and ¢ = 1, and consider both serially independent
errors and serially correlated errors, which are generated by both Gaussian and non-Gaussian
distributions:

e Serially independent errors: Gaussian errors, €; ~ IIDN(0,1); chi-squared distributed
errors, €, ~ 11D (%)

o Serially correlated errors: e; = p.gi—1 + /1 —p? ecr, for i = 1,2,...,n and t =
1,2,...,T, where p. = 0.5 and e.; are generated as Gaussian errors, e.;; ~ IIDN (0,1),

or chi-squared distributed errors, e.;; ~ I1D <%)

The focus of the experiments is on testing the null hypothesis that €;; are cross-sectional
independent, whilst allowing for the presence of my unobserved factors, f; = (fis, fot, -+, frmot) -
We consider my = 1 and mg = 2, and generate the factor loadings v, = (vi1,7:2)’ as:

vi1 ~ IIDN (0.5,0.5) for i =1,2,...,[n%],
vio ~ IIDN (1,1) fori=1,2,...,[n*?],
vij = 0 for i = [n%] +1,[n%] 4+ 2,....,n, and j = 1,2.

In the one-factor case (my = 1), we only include fi; as the latent factor and denote its factor
strength by a. Three values of a are considered, namely a = 1,2/3,1/2, respectively repre-
senting strong, semi-strong and weak factors. Similarly, in the two-factor case (mo = 2), we
include both f; and f5; as the latent factors and consider the following combinations of factor
strengths: (a1, a0) = [(1,1),(1,2/3),(2/3,1/2)]. The intercepts a; are generated as IIDN(1,2)
and fixed thereafter. The observed common factor is generated as d; = pad;—1 + /1 — p% Vay,
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with pg = 0.8, and vy ~ IIDN(0, 1), thus ensuring that E(d;) = 0 and Var(d;) = 1. The ob-
served unit-specific regressors, x;, for i = 1,2, ..,n are generated to have non-zero correlations
with the unobserved factors:

Tit = Yair f1t + Yaizfor + €ait, (46)

where fj = 7 fji1 4+ /1 — 77 vy, with 7; = 0.9 and v, ~ IID (@), for j = 1,2. The
factor loadings in (46) are generated as 7,1 ~ II1DU (0.25,0.75) and 72 ~ I1DU (0.1,0.5).
The error term of is generated as ez = pi€git—1++/1 — 07 Vi, where p; ~ ITDU(0,0.95)
and vz ~ ITDN(0,1).

We will examine the small sample properties of the CD and the bias-corrected CD tests
for both the pure latent factor model and for the panel regression model which also includes
observed covariates.

e In the case of the pure latent factor model we set 3;; = B2 = 0.

e In the case of the panel regression model with latent factors, we allow for heterogeneous
slopes and generate the slopes of observed covariates, d; and x;, as B;1 ~ IIDN (pg1, a?,l),
and (i3 ~ ITDN (pp, 05,) Where pigy = pig = 0.5 and 03, = 03, = 0.25, respectively.

As our theoretical results show the null distribution of the CD and bias-corrected CD tests
do not depend on a;, §;; and (o, it is therefore innocuous what values are chosen for these
parameters. Moreover, the average fit of the panel is controlled in terms of the limiting value
of the pooled R-squared defined by

PR2T —1— (nT)_l Z:’L:I Zle O-ZQE (‘Szzt) )
! (nT) =1 Y00y Yoy Var (yie)

Since the underlying processes, and , are stationary and FE (¢2,) = 1, we have

(47)

hm PR2 — PR2 — nil Z?:l 012 |: i21 + ’522va‘7d (a".'bt) + m517;72 + QCOU <x1t77;ft):|
T T n n=ty " Var (yir) ’

where v; = (vi1, %’2)/, Var (z;) = ’7:@2"7’1«1‘ +1, Cov (xita ’Y;ft) = ’Y;ﬂ’m Vi = (Va1 ’Ym‘z)/a and
Var (yi) = af [ Z-21 + ﬁé‘/ar () + mal'y;’yi + 2m61/26’0v (xit,’y;ft) + 1] )

Also since o7 and 3;; are independently distributed and E(c?) = 1, it then readily follows that
lim, ,o, PR2 =n%/(1 +n?), where

2pp (’Yici’}li) + E ('7;’)’1)
v Mo mo
By controlling the value of n? across the experiments we ensure that the pooled R? in large

samples is the same for all values of ¢?. In particular, in the case of the pure latent model we
have n? = my'E (v;7;) = O (n®'), where o = maz(oy, a).

0= M%I + Ugl + (:“%2 + U§2) [1 +E ('Y;cﬁmﬂ +
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7.1.2 DGP under alternative hypotheses

Under alternative hypotheses, using , we consider a spatial network alternative defined by
e (A) = c(I, — AW) e,

where €5; (A) = (e1t (A), 620 (A), .., ent (N)', W = (wy;), and €0y = (€14,€2,---,6n)’- The
errors €; are generated as described above. For the spatial weights w;;, we first set w?j =1if
J=1—2,i— 1,1+ 1,7+ 2, and zero otherwise. We then row normalize the weights such that

-1
wij = (2721 w%) wd. We also set ¢ = n/tr[(I, — AW) ™" (I, — AW)'"'], which ensures
that n=t 3" Var(e; (A)) = 1, for all values of A. In practice, only positive values of A are of

interest, and power function need not be symmetric for all positive and negative values of .

7.2 CD, CD* and CDy+ tests

All experiments are carried out for n = 100,200, 500,1000 and 7" = 100, 200,500 and the
number of replications is set to 2,000. Firstly we consider the DGPs with serially independent
errors. For the pure latent factor models, we compute the filtered residuals as v; = vy — a;,
where 8; = T! Zle yir. For the panel regressions with latent factors, the filtered residuals are
computed as

Uy = Yir — accr,i — Boce,indi — Beor,iTit, (48)
where <EALCCE’Z', Beer,it, BCCEJQ) is the CCE estimator of a;, 3;; and (;», as set out in |Pesaran

(2006). The residuals {04; @ = 1,2,...,n; and ¢ = 1,2,...,T}, together with their first m
PCs and the associated factor loadlngs (’yz, ft) are then used to compute the ﬁltered residuals,
Uy = Uy — 'yzft, to compute the CD test statistics, C'D and C'D*, given by and .
respectively. For comparison, we also consider the power enhanced version of randomlzed CD
statistic proposed by JR given by

CDyy = CDyw + Apr, (49)

where
n 1—1

CDy = n(n = 1 Z Z (wilhi) (w;te) . (50)

t=1 i=2 j=1

The weights w;, for ¢ = 1,2, ...,n are independent drawn from a Rademacher distribution and

n 1—1
. . In(n)
Apr = Z Z |pijr| 1 (\Pij,ﬂ > 2 T ) ; (51)

i=2 j=1

where p;;7 = T71 Zle EixrEjer, and E; 7 is defined by . As shown by JR, CDy has a
zero mean by construction to avoid the over-rejection problem of the C'D test, but it also lacks
power by the very nature of the randomization process. JR further suggest C'Dy . by adding
a screening component A,r proposed by [Fan et al.| (2015), which enhances the power of test
since A, converges to zero as n and 7" — oo under the null hypotheses, but can diverge under
alternatives with a sufficient number of (¢, j) pairs with non-zero correlations, p;;.

As discussed in Section [6, C'D* is not valid when the errors are serially correlated. In
the simulations, we apply the variance and ARDL adjustments to CD, C'Dy ., and CD*.
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The variance adjusted versions are computed by scaling the original statistics by the standard
deviation of the C'D statistics using the expression in with o, = 04 — &;ft. The ARDL
adjusted versions of C D, CD*, and C' Dy, , are computed using the residuals from the following
dynamic panel data model with latent factors,

s s S
Yit = a; + Z PisYit—s + Z Bit,sdi—s + Z Bio,sTit—s + iy + €5t (52)
s=1 s=0 s=0

In the simulations we set S = 1, but higher order values can also be considered. The number
of latent factors in h; depends on S and is given by m;, = (S + 1)mg. Accordingly, the number
of PCs, m, should satisfy m > (S + 1)my. In the simulations if S = 0, we consider m = 1 and
2if mg =1, and m = 2 and 4 if mg = 2. But if S = 1 we consider m = 2 and 4 if mg = 1,
and m = 4 and 6 if my = 2. Seen from this perspective, the variance adjustment approach to
dealing with error serial correlation seems preferable since it does not require specifying the lag
order S.

7.3 Simulation results

We first report the simulation results for the DGPs with normally distributed errors, followed
by the results based on DGPs with chi-squared distributed errors. Next, we report simulation
results for the DGPs with serially correlated errors, using the variance and ARDL adjusted
CD tests discussed in Section [} Finally, to investigate the power of the C'D* test we consider
the spatial SAR(1) alternative with A = 0.25. As to be expected power rises very quickly as A
deviates from 0[]

7.3.1 Serially independent errors: normally distributed errors

The simulation results for the DGPs with the errors following Gaussian distribution are shown
in Tables [I{4l Table [I] reports the test results for the latent factor model with one factor.
The top panel gives the results for the case where the number of selected PCs, denoted by
m, is the same as the true number of factors, mg, while the bottom panel reports the results
when m = 2. As to be expected the standard CD test over-rejects when the factor is strong,
namely when a = 1. By comparison, the rejection frequencies of both CD* and C Dy tests
under null (A = 0) are generally around the nominal size of 5 per cent. Under the alternative
(when A = 0.25), the C'D* has satisfactory power properties with significantly high rejection
frequencies even when the sample size is small. But C'Dy/, test performs quite poorly under
spatial alternatives, especially when 7' is small.

Table [2] summarizes the size and power results for the latent factor model with my = 2,
and reports the results when m (the selected number PCs) is set to 2 (the top panel) and 4
(the bottom panel). The results are qualitatively similar to the ones reported for the one factor
model. The CD test over-rejects if at least one of the factors is strong, and the empirical
sizes of C'D* and C'Dyy, tests are close to their nominal value of 5 per cent, although we now
observe some mild over-rejection when n = 100 and the selected number of PCs is 4. In terms
of power, the C'D* performs well, although there is some loss of power as the number of factors

4Simulated power functions are provided in Section [S2| of the online supplement for A = £0.05, 0.1, £0.2,
+0.3, 0.4, 0.5, £0.6, £0.7, +0.8, +0.9, +0.95.
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and selected PCs rise. Similarly, the power of the C'Dy;+ test is now even lower and quite close
to b per cent when T' < 500 even if the number of PCs is set to mg = 2.

Turning to panel regression models with latent factors estimated by CCE, the associated
simulation results are summarized in Tables [3]and [4l As can be seen, the results are very close
to the ones reported in Tables [I] and [2] for the latent factor model, and are in line with the
asymptotic result in that underlie the use of CCE approach to filter out the effects of
observed covariates, as well as latent factors.

7.3.2 Serially independent errors: chi-squared distributed errors

To save space, the simulation results for the DGPs with chi-squared errors are provided in
Tables to [S.4] in the online supplement. For standard CD test and its biased-corrected
version, C'D*, as shown in Tables and [S.2] the results are very similar to the ones with
Gaussian errors, suggesting that C' D* test is likely to be robust to departures from Gaussianity.
As with the experiments with Gaussian errors, the standard CD test continues to over-reject
unless @ < 2/3, and C'D* has the correct size for all n and T' combinations, except when the
number of selected PCs is large relative to mg, and 7" = 100. The main difference between
the results with and without Gaussian errors is the tendency for the C'Dy,+ test to over-reject
when n > T', which seems to be a universal feature of this test and holds for all choices of my
and the number of selected PCs, irrespective of whether the factors are strong or weak. This
could be due to the screening component of C'Dy,, not tending to zero sufficiently fast with
n and 7. Furthermore, the C'D* test continues to have satisfactory power, but C' Dy, + clearly
lacks power against spatial or network alternatives that are of primary interest.

Similar results are obtained for panel regression models with latent factors, summarized in

Tables [S.3 and [S.4] in the online supplement.

7.3.3 Serially correlated errors

To save space, the results for the DGPs with serially correlated errors are summarized in
Tables in the online supplement. Tables to give the simulation results for
the variance adjusted CD tests, whilst Tables to provide the results for the ARDL
adjusted tests. Overall, the results corroborate our earlier findings obtained for DGPs with
serially independent errors. Both adjustments for serial error correlation work well, with size
and power of the adjusted C'D* tests being quite close to the results already reported for DGPs
with serially independent errors. It is also clear that without adjustments for latent factors
and error serial correlation, the standard CD test will lead to large size distortions when the
latent factors are strong. But in line with our theoretical results, the standard CD test, when
adjusted for error serial correlation if needed, tends to have the correct size when the latent
factors are weak.

Comparing the two types of adjustments for error serial correlations (for pure latent factor
models as well as for panel regression models with latent factors), the variance adjusted C'D*
test works particularly well, and only shows mild over-rejection in the case where 7' = 100 and
n > T. In contrast, the C' Dy, with variance adjustment over-rejects for all combinations of n
and T

The ARDL adjusted version of the C'D* test also works well when the number PCs are
not too large, and tends to have the correct size for all (n,T") combinations and only shows
slight over-rejection when n = 100. The C'Dy . test using ARDL adjustment does better in
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controlling for the size when the errors are Gaussian, but tends to over-reject when the errors
are chi-squared distributed and n > T. Both adjusted versions of the C'Dy,, test continue to
lack power against spatial or network alternatives.

8 Empirical application

It is well known that house price changes are spatially correlated, but it is unclear if such
correlations are mainly due to common factors (national or regional) or arise from spatial
spillover effects not related to the common factors, a phenomenon also referred to as the ripple
effect. See, for example, Tsai (2015), |(Chiang and Tsail (2016), Holly et al. (2011)), Bailey et al.
(2016), and |Aquaro et al. (2021). To test for the presence of ripple effects the influence of
common factors must first be filtered out and this is often a challenging exercise due to the
latent nature of regional and national factors. Therefore, to find if there exist local spillover
effects, one needs to test for significant residual cross-sectional dependence once the effects of
common factors are filtered out.

We consider quarterly data on real house prices at the level of Metropolitan Statistical Areas
(MSAs) in the U.S. There are 381 MSAs, under the February 2013 definition provided by the
U.S. Office of Management and Budget (OMB). We use quarterly data on real house price
changes compiled by |Yang (2021) which covers n = 377 MSAs from the contiguous United
States over the period 1975Q1-2014Q4 (T = 160 quarters). To allow for possible regional
factors, we also follow Bailey et al. (2016 and start with the Bureau of Economic Analysis
eight regional classification, namely New England, Mideast, Great Lakes, Plains, Southeast,
Southwest, Rocky Mountain and Far West. But due to the low number of MSAs in New
England and Rocky Mountain regions, we combine New England and Mideast, and Southwest
and Rocky Mountain as two regions. We end up with a six region classification (R = 6), each
covering a reasonable number of MSAs.

We model house price changes and consider an extended factor model with deterministic
seasonal dummies to allow for seasonal movements in house prices. Bailey et al. (2016) find
evidence of regional factors in U.S. house price changes which might not be picked up when
using PCA. Given this finding, our model includes observed regional and national factors, as
well as latent factors. Specifically, we suppose

3
Tirt = Qgyp + Z ﬁir,jl {qt = ]} + 5ir,1ﬁrt + 5ir,2ﬁt + ’Y;rft + Uirt, (53)
j=1

where 7,4 is the real house price changes in MSA i located in region r = 1,2,...,6, {¢; = j}
is the index for quarter j, and f; is the mg x 1 vector of latent factors. 7, = n* Do Tirt
and 7, =n! Zle Z?;l i are proxies for the regional and national factors. To filter out the
effects of seasonal dummies as well as observed factors, we first run the least squares regression

of 14 on an intercept and (1{q; = j}, T4, T;) for each i to generate the residuals

3
Vipt = Tipt — Qip — Zﬂir,jl {@g =7} = 6irp Tt — Oir 27T, (54)

j=1

and then apply PCAto {0;x : 1 =1,...,n,r=1,...,R,t =1,...,T} to obtain ¥,, and f,, yield-
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ing the residuals

3
Ujpt = Tipt — Qi — Z Biril{@s = 5} — 0ir1Tpt — iy 2Ty — ’?;rft- (55)

j=1

For the case without adjusting for error serial correlation, the above residuals are used to com-
pute CD, CD* and C Dy, given by (16), and (49)). For the case with serially correlated
errors, the variance adjusted versions of the three CD statistics are generated by scaling original
test statistics using , where ;7 is replaced by the standardized residuals generated from
, while the ARDL adjusted versions are computed using the residuals from the following
dynamic panel data model with latent factors, hy:

3

Tirt = Qir + PirTirt—1 + Z Birl{ae =} + i1 vt + Sir 2T
=1

3
+ Z Nir gl {@t—1 = J} + Wir 1 Tt + WiroTio1 + &1y + €44 (56)
=1

To estimate the number of latent factors, m, we consider the information criteria ICp; and 1Cpo
proposed by |Bai and Ngj (2002), and the ER and GR criteria proposed by |Ahn and Horenstein
(2013). Given the spatial diversity of U.S. housing market, we set mpy.x = 10, although once we
allow for national and regional factors we would expect mg and its estimate, m, to be relatively
small. The estimated number of factors and the associated CD test statistics are summarized
in Table [5| The first four columns of the table report m, C'D, CD* and C' Dy, statistics that
are not adjusted for error serial correlation, whilst the middle and the final four columns report,
respectively, the variance adjusted and ARDL adjusted versions of these statistics.

As can be seen in the case of no error serial correlations, there are large differences in the
number of factors selected by the different criteria, with IC); selecting the assumed maximum
number of factors, IC)p, selecting 4, and EFR and GR both selecting 2 factors. These estimates
are not affected when we allow for error serial correlations and consider variance adjustment.
Alternatively, when ARDL adjustment is applied, the criteria select even fewer factors.

CD, CD* and CDy, tests all reject the null hypothesis of cross-sectional independence,
irrespective of the choices of m and whether we allow for error serial correlation. In view of the
theoretical and finite sample results reported in this paper, it is advisable to focus on the C'D*
test results and recognize that the relatively large magnitudes obtained for C'D and C' Dy test
statistics could be due to their tendencies to over-rejection in presence of strong latent factors
and non-Gaussian errors. Focusing on C'D*, we find that even with m = 10 we still find that
CD* test strongly rejects the null of cross-sectional independence with C'D* statistic of 25.5,
compared to 95 per cent critical value of 1.96. There is a clear evidence that in addition to
latent factors, spatial modeling of the type carried out in |Bailey et al. (2016) and |Aquaro et al.
(2021) is likely to be necessary to account for the remaining error cross-sectional dependence.

9 Concluding remarks

In this paper we have revisited the problem of testing error cross-sectional independence in
panel data models with latent factors. Starting with a pure latent multi-factor model we show
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Table 5: Tests of error cross-sectional dependence for the house price application

Not adjusted for Adjusted for error serial correlation
error serial correlation variance adjusted ARDL adjusted
m CD CD* CDws m CD CD* CDwy m CD CD* CDyy
IC, 10 222 53.8 1080.9 10 10.5 25.5 512.2 10 59.1 64.7 11719
IC) 4 1124 1224 1444.8 4 50.7 55.3 652.3 2 647 66.3 1598.4
ER 2 1079 1179 15884 2 473 51.8 697.1 1 603 61.4 1766.8
GR 2 1079 1179 15884 2 473 51.8 697.1 1 603 614 1766.8

Note: The test statistics are computed using the residuals from equation for the first eight columns and the
residuals from equation for the last four columns. The panel regressions allow for seasonal dummies and
national and regional effects. ICp1, ICp2 denote the two information criteria by [Bai and Ngf (2002), while ER,
GR denote the two criteria proposed by [Ahn and Horenstein| (2013). The maximum number of latent factors,
Mmax, is set as 10. The number of selected factors is denoted by 7. C'D denotes the standard CD test statistic,
CD* denotes the bias-corrected CD test statistic, and C Dy 4 denotes JR’s power-enhanced randomized CD
statistic.

that the standard CD test proposed by [Pesaran (2004) remains valid if the latent factors are
weak, but over-reject when one or more of the latent factors are strong. The over-rejection of
the CD test in the case of strong factors is also established by Juodis and Reese| (2022)), who
propose a randomized test statistic to correct for over-rejection and add a screening component
to achieve power. However, as we show, JR’s C' Dy + test is not guaranteed to have the correct
size and need not be powerful against spatial or network alternatives. Such alternatives are
of particular interest in the analyses of ripple effects in housing markets, and clustering of
firms within industries in capital or arbitrage asset pricing models. In fact, using Monte Carlo
experiments we show that under non-Gaussian errors the JR test continues to over-reject when
the cross section dimension (n) is larger than the time dimension (7"), and often has power
close to size against spatial alternatives. To overcome some of these shortcomings, we propose
a simple bias-corrected CD test, labeled C'D*, which is shown to be asymptotically N (0, 1)
under the null when n and T' — oo such that n/T — &, for a fixed constant k. In addition,
CD* is shown to have power against network type dependence. These results hold for pure
latent factor models as well as for panel regression models with latent factors. To deal with
possible error serial dependence, following Baltagi et al| (2016]), we also consider a variance
adjusted version of C'D*, as well as an alternative ARDL adjusted version that eliminates
the error serial dependence before the application of the C'D* test procedure. Both of these
approaches are shown to perform well within the Monte Carlo set up of the paper.
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This online supplement is in two parts. Section [S1| provides mathematical appendix of the
main paper. Section [52| reports Monte Carlo simulation results for the experiments discussed
in Section [7] of the main paper.

Notations: For the n x n matrix A = (a;;), we denote its smallest and largest eigenvalues
by fimin (A) and pfmes (A), respectively, its trace by tr (A) = Y7 | a;, its Frobenius norm
by [|Allp = (tr (A’A))"? . its spectral norm by ||A| = [ (A’A) < ||A||p, its maximum
absolute column sum norm by ||A||; = maxi<j<, (D ., |a;]), and its maximum absolute row
sum norm by ||All = maxi<;<, (Z?Zl |aij|). We write A > 0 when A is positive definite.

For matrices A = (a;;) and B = (b;;), let A®B =B ® A denote Hadamard product with
elements a;;b;;. —, denotes convergence in probability, —4 convergence in distribution, and ~
asymptotic equivalence in distribution. O, (-) and o, () denote the stochastic order relations.
In particular, 0,(1) indicates terms that tend to zero in probability as (n,T) — oo, such that
n/T — Kk, where 0 < kK < oco. C and ¢ will be used to denote finite large and non-zero small
positive numbers, respectively, that are bounded in n and T. They can take different values
at different instances. d,r = min (\/ﬁ, VT ) If {f,} -, is any real sequence and {g,} -, is a
sequence of positive real numbers, then f,, = O(g,), if there exists C' such that |f,| /g, < C for
all n. f, = o(gn) if fn/gn — 0 asn — co. If {f,} 7, and {g,} -, are both positive sequences
of real numbers, then f, = © (g,) if there exists ny > 1 and positive finite constants C; and
Cy, such that inf,>p, (fn/gn) > Co, and sup,,>,,, (fn/gn) < Ci.

S1 Mathematical appendix

Section provides proofs of Theorems and Proposition [I] in the paper. Section
states and establishes the auxiliary lemmas used in these proofs. Section derives the order
of 6,, in terms of the factor strengths. Section considers C' Dy, test proposed by Juodis
and Reese (2022), and discusses some of its properties.

S1.1 Proofs of the theorems

Proof of Theorem |1} Here we provide a proof for part (b) of Theorem . The proof for part
(a) follows trivially by setting Ar = 0. To this end we first note that the C'D statistic given by

can be written as (for a proof see Lemma [S.1])

- (v (5 ) -

S1




where 1; is defined by (13). Using Lemma we also note that
CD = CD + 0,(1), (S.1)

RESEH LSS

with w;r = (T~ 0%/ Mpew)"?, €0 = (1,61, ... i) and My = Iy — F (F'F) ' F/. Also
letting

where

it (A1) = €it + ArWig€ot, (S.3)
where Ay = c\T~Y/2 with ¢y # 0, Wiy = (Wi, Wig, . .., Win) and €y = (E1¢, €2t - - - » Ent) , Under
(1) s can now be expressed as

i = iz Or) =, (B~ £) = B =7 = 3 =) (B - £). (3.4)

Let 8,7 = 7, /wir, and Si,T = 4,/wir. Then

fio/wir = iz Or) fwir = 8 (B £) — (ir - M)' £, (8ur - aw)’ (f-£). (5

Also, subject to the normalization n ! Z?Zl ﬁ/ﬁ/; =1,, and n~! Z?Zl ;7 = L, we have
fo=n""> Ay = ("_1 > ’7j79'> fi+n' Y 4055 (),
j=1 j=1 Jj=1
and hence
f—f = [n_l Z (%; f, +n 12 —,) ojejie (Ar) +n” Z’y]ajsjt (A1) .
j=1 Jj=1

Using this result in we obtain

Uy /wir = o€y (A1) Jwir — 5;,T [n_l Z7jaj5jt ()\T)]
j=1

n

ft — 5;,T [n_l Z (/5,] — ’y]) Oj€jt ()\T>]

j=1

~&ir [n li (% =)
— (&T - 5i,T)/ f, — (81T - 5i,T)/ (ft — ft) , (S.6)

and summing over ¢ yields

nt/? Z Uit/ wip = n~1/? Z oicit (A1) Jwir — P (n1/2 Z Y:0i€it ()\T)>

=1 =1 =1

n

— @ nt? Z (F: = 7)) v | £ — ur n Z (¥: — i) oi€in ()‘T)]
§ =1 g =1 /
A~ / A A~
n~ 12 Z (62',T — 62’,T) ] f, — [n1/2 Z (&',T — 62’,T)] (ft - ft) )
=1 i=1
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where @, =n"1 Y7 | §; 7. Written more compactly

ht,nT ()\T) = 7751/2 Z sz’t/wi,T = wt,nT (>\T) — StnT ()\T) ) (8-7)
i=1
where
i nr0i€it (A1)
(o nT >\T T Z a n ! T iy =1 — Wz’,TSO/nT'Ym <S~8)
_ 7,1
1 « .
siar (Ar) = =3 [sonT (3 =) oieie Or) + (8 = 8ur ) Bt @lir (3 =) k| - (89

i=1

Further, let

ftn )\T Zaz ngzt )\T A n = 1- 0-190;171" (SlO)

where ¢, =n"1>""  §;, and §; = 'yi/a,». Then ¢ 7 (A1), given by (S.8)), can be written as

Wi T

1 & 1<t A
o () = € ) + = 3 (1 = snpty) 00— Z (1 owplr) eu Ohr)
=1

n

= & (A1) — % Z PnrYioicic (Ar) + % Z oipyYicit (Ar) + \/Lﬁ > (M — Eit ()\T))

w<
i=1 “T

é-t n )‘T Z Czt )‘T QonT (Pn \/— Z 71,0-Z€’Lt )\T

where
1
) = (T1e},Mpe)? Ll eu(Ar). (5.11)
Writing ¢ ,7 (A7) more compactly we have
et (A1) = Een (A7) + Venr (A1) — (Por — ©,) Kin (A1) (S.12)
where
ft,n )\T \/— Z Qj, ngzt )‘T Qi =1— Ui‘P;LPYi? (8'13)

K’t,n )\T \/_2'710'25“5 )\T (814)

UtnT )\T ZQt )\T (8-15)

Using (S.7) in (S.2)) and after some algebra we have (where we have made the dependence of
CD on Ar explicit)

a50) = (yf77) o3 (P00 ¢ (0 G ) — g ),

t=1
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where ¢, 7 (Ar) is defined by (S.12)),

T
Par (Ar) =T 70 (Ar), (S.16)
t=1
and
T
qnr (A1) = T2 Z Ve (A1) St (AT) - (S.17)

t=1

By Lemma in Section Pnr (A7) = 0,(1), and g,r (Ar) = 0,(1). Hence
T 2
T 1 wt nT (AT) o 1)
CD (\r) = — (— +o,(1). (S.18)
o0 =2 (M (1)
Now consider T-Y2 3" 92,1 (Ar) and using (S.12) note that
T T T T
1 2> i1 & (A1) vt (A7) 1 5
E M) = —=D_&. (A 14 ===l : + > 07 (A
t=1 tnT T (ﬁ t=1 gt?n( T)> ( ZtT:1 £t2n O‘T) \/T t=1 b T( T)

+ VT (pur — ) (Z” fn (;ﬂ Fen MT)) (Pt — P0)

]~

—2VT (Pur — ) (% K (AT) Ut ()‘T)>

t=1

[M] =

—2VT (P — )’ (% Kt (Ar) &t (AT)> :

t=1

By Lemma it follows
T T T
1 22 1 &t A1) Vit (A1)
—N "2 () = =15 ’ +0,(1). (S.19)
772 v o) = (7 2 Shaon )
Consider now the bias-corrected version of CD (Ar) defined by

CD (\r Zy,
CD (Ar) = - H\/: (S.20)

where 6, =1 — %Z?:l ain, and a;, =1 — 0;4),7,;. Using 1) in 1 , we have

fzt 1<wfnT ) 1) \/>0 +Op

1-6,

L (¢t2nT()\T)> \/Z 1— )
\/T = V2 2
= 9 +OP(1)

CD (\r) =
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Now using (S.19) in the above and after some re-arrangement of the terms we obtain

| €2, (Ar)~(1—6n) ET
CD" (\r) = [TT Zt:l( 2 1_9)] (1+ vt O )) + V2w, (A1) + 0, (1),

where

T2 & (Or) Ver (A1)
T30 &, (Ar)

wyr (A1) =
By Lemma Wyt (A1) = 0, (1). Hence

T &2, (A1) —(1-6y)
13, (el
1-6,

CD () =

+0,(1).

In particular, since ;:(Ar) = €4 + ApW/y€ot, then
gt n )\T \/— Z a; ngzt )\T
Zaz n€it + AT Zaz nw 0€ot

= Ant + )\TBnt

Using this result, @*(AT) can be written as

1 T &2, (Ar)—(1-6y)
13, (el

C/TE* ()\T) = 120 + Op (1)
1 T A2 4+2)0Ani Bni+A2B2,—(1-6,)
= -y )
1 T Ait_(l_en) A2 T
_HEhL () L V2 ZT: g e B "
= ]_—Hn (l_en)\/_ ntnt 1—6n »

The second term of (S.21)) can be written as

Vs
nT — 5. < = AntBnt
’ (1-0,)VT < Z

V2c d
= gbn (1 _ 0/\ T ! Z ntBnt ntBnt)]
t=1
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where ¢, = {gk)T 1 Zthl E (A,;By). Further

E (AntBnt ( Z a; n52t> <% Z aj,nwgoeot)
= % Z Z aj’naiﬂnE (W;'()Eotgzt = Z Z A j Qi nWij;

i=1 j=1 1,1]1

-1,/
=n "a,Wa,

with a,, = (a1, 024, .., ann)’. Hence

\/_C)\ \/§C>\ —1.
On = = ( ZE (AntBnt) ) = {a _en>n a, Wa,,. (S.22)

Under part (a) of Assumption [2} e ~ I1D (0,1) for all i and ¢, with E (e},) < C, it then follows
that A, Bn — E (AniBpt) will be serially independent with zero means and finite variances and
by weak law of large numbers 7! Zthl [AptBnt — E (AntBnt)] = 0,(1). Therefore

Gnr = Pn + 0p(1). (S.23)

Similarly, for the third term of (S.21]) we first note that

T 232 —, E(B%) = ZZaznawwzo (€at€cr) Wio

21]1

n n n n n
1 , 1
= ﬁ E E AinAjnW;oWjio = ﬁ E E E Qi nWisQjnWjs
i=1 j=1 s=1 i=1 j=1

n

" 2
iy (z w> “c
s=1 i=1

and hence

A2 T 2
T B 2
NG TZt:l nt 71 1 )
o = Y2 = § :B —. S.24
ot 16, \/2T(1— ( ) («/_T (8.24)
Using (S.23) and (S.24) in (S.21)) now yields
CD (Ar) = CD (0)+ ¢ + 0, (1). (S.25)

Consider the first term of 1D CD (0), and note that A, can be written as A,; = n~'/%a’ e,
where a!, = (a1, 024, .., n ), and we have (recall that a; = 1 — 0;0),7;)

E(A2) =n'E (e asaleq) =n 'aja, =n"" Zain =— Z — ol =1—10, >0,
=1
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and (using result (S.7) of Lemma 6 in Pesaran and Yamagata (2024))

E (A%) = n’E [(el,analen)?] = kon 2tr [A ® A] + n72 [tr (A)]” + 2n " %tr (A?)
n n 2
= Kkon > Z aﬁn +3 (nl Z ain) ,
i=1 i=1

where ry = E (¢},) — 3 and A = a,a),. Hence

s (155) 2 (50

Furthermore, since sup; |a;,| = sup; |1 — o;0,7v:| < 1+ (sup; o;) (sup; [|[7:l]) el < C, then
n 2y " ai, =0(m"), and Var (A%,) =2(1 - 0,)° + O(n~1). Using the above results it now
readily follows that,

. =Y (—Ag”_(l_e”) ) _E(A2)
T vz 2,
CD (0) = T Z<\/Va7" NEXCE )). (S.26)

Since under part (a) of Assumption giw ~ 11D (0,1) for all i and ¢, then A,; = \/iﬁ Yo QinEit,
and A2, are also independently distributed over ¢ with finite second order moments. Then by
Lindeberg-Lévy central limit theorem it follows that @*(0) —4 N(0,1), as n and T' — 0.
Using this result in 1) we further have CD (Ar) —a N (¢,1), where ¢ = lim,,_,oo . By
Lemma we have CD = CD + 0p(1), then it follows

= CD’ (/\T) + Op(l),

where the final line holds by (S.20). Now result can be established as required. m

Proof of Proposition |1} Note that 6,, define by can be written as 6,, = 2g, — ¢, H,¢,,
where g, = n~! Z" o1, Y, Ho = n™t 300 00 (vivh), ¢ = 07t 300, 05, and 8; = v,/0i
Similarly using we have 0,7 = 20, — GhpHar@or, where gur = 17 S0 6 0@ s Vi,
H,=nt > it zT (3:7:) s Por =171 200 Oirs and 9 = 4;/Gi 7. Then

VT (O = 00) = 2VT (Gur — g0) = VT (@0 Hurdrr — ¢, Hutp,, ) (8.27)

Consider the first term of the above

2\/T (gnT - gn) - 2\/_ (SOnT ( Z O-’L’Yz>

WNT |3 (=5 6,09 — =S o ||, S.28
+\/_¢T<n;0,T71 n;07>] (S.28)
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and since o; and 4, are bounded then n™' " | 0;v, = O(1). Also by (S.114) of Lemma
we have VT (@7 — ®,) = 0p(1), and hence the first term of the above is 0,(1). To establish
the probability order of the second term of (S.28]), we first note that

~l 1 - A oA 1 a / / 1 - A~ R 1 -
@ (5 E 03,77 — n E Uz")’i)] =2vT |, <ﬁ E 03,77 — n E :‘72'%)]
i=1 i=1 1=1 =1

X e n o 1 n
+2VT | (Br — ) (5 PILELTED am)] -
=1 =1

2T

(S.29)

But by (S.184) ¢,, = O,(1), and by (S.156) n=*>"" | (6:179; — 0iv;) = Op (In(n) /T, which
also establishes that the second term of (S.29)) is 0,(1). Therefore overall we have

VT (Gur — gn) = 0p(1). (S-30)

Consider now the second term of (S.27) and note that

VT (SE:zTﬂnTSanT - ¢:1Hn90n) =VT (@ur — ) H,r (Prnr — )

+ 2ﬁ (SanT - Son)l I:InT‘Pn + ﬁSO:L (I:INT - Hn) P> (831)

where H,7 = % > f}iT (9:%1), and

. VT & o VT X .
VT (A - Ho) = =302 (5,4, — 7.7 + == (6% = 0?) (WA — 7))
=1

n =« -
=1

\/T n A \/T n
+ n Z (UZ'Q,T - W?,T) ’Yﬂ; + T Z (wiT — 0’?) ’7/72 (S.32)

=1 i=1

The first two terms of (S.31) are o,(1), since ||, | < C, and VT (@, — ¢,,) = 0,(1), and
n Y 670 (AAY;) = Op(1). To establish the probability order of the third term of (S.31)),

since ||, || < C' it is sufficient to consider the four terms of v/T (ﬂnT - Hn). It is clear that
D, ,r is dominated by Dy, and by (S.155) of Lemma |S.16)

VT & oy , In(n
Di,r = T ZU? (s —vs) = Op (n) = Op(l)-
i=1

n

Using (S.83)) of Lemma and replacing b,; with v, for j,7" = 1,2,...,me, it then follows

that JT
T~ . In (n)
D37 = W ; (UZT - W?,T) VY = Op (W) = 0p(1).
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Finally, denote the (7, 5') element of Dy ,,7 by d4nr(j,j’) and note that

PR I ;. Mpe;, .
d4,nT(]7]l> = E 12:1: (Ui27ij’7¢j/) ﬁ <T - 1) 9 fOI’ j?j/ = 1727 ...y Mo
But under Assumptions [2and |3| |027,;7,5/| < C, and VT (T‘ls;oMFsio —1),fori=1,2,..,n
are identically and independently distributed across i, with mean 1/ VT and a finite vari-
a,ncﬂ Then by standard law of large numbers, for each (j,5'), dinr(4,j') —p 0, as n and
T — oo, and hence we also have Dy,r = 0,(1). Overall, H,7 — H,, = 0,(1), and we have

VT (@;TI:I,LTQB”T —go’angon> = 0p(1). Using this result and (S.30) in (S.27) now yields
VT (énT — 9n> = 0,(1), as required. m

Proof of Theorem |2l Recall from @ that C'D* is given by

D+ \fenT

1-—6

where 0,7 = 1—1 e DR ai,n =1-6i1 (PLrY;), and @,p = n~t > " 4/, subject to the
normalization n~' Y7 | 4,4, = Ln,. By result of Proposition , VT (énT - Hn) = 0,(1),

and hence
LD+ 50+ /% (0ur - 00)

1-9, — (énT —en)

+ 0p(1)

- W + Op (1) = C’D*(Gn) + Op (1) .

Theorem [2] is then established by following Theorem [I, m

Proof of Theorem |3, Let vy = y;: —ad; —,B;xit, and u; = y; —oid, —ﬁ;xit —'7;ft = Ui —'7;ft,
and consider the following two optimization problems

1'1{11}‘1 nT Z Z (vzt ’Yzft) s (833)
1 n T 9
min ; ; (vit — 'yift) : (S.34)
where

N
~ ~/
Vit = Yit — Qoepde — Boopi Xt
!/
/ / ~ / >
= yir — ody — B;Xi — (aCC’E,z‘ - ai) d; — (,BCCE,i - ,32) Xit
/

= Vit — (dCCE,i - Oti)/ d; — (BCCE,i - @') Xit- (8-35)

S1The mean and variance of VT (T’le;oMpeio — 1) can be obtained using (S.124)) and (S.125)) in Lemma

B3
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We need to show that solving problem (S.34) is asymptotically equivalent to solving problem
(S.33)). First, using the results in Pesaran and Tosetti (2011) and the fact that d; and x;; are
(stochastically) bounded®?]

d(@cor - o) =0, (=) + 0, (1) + 0w () (5.30)

N 1 1
Xit (/BCCE,i - Bz) =0, <\/T) + O, ( ) + 0, (\/ﬁ) , (S.37)
then rewrite the criterion for (S.34) with (S.35),

1 (A ‘¢ 2
- Vit —Y; t)
nT i=1 t=1
1 n T ’ 2
- ’I’L_T Z <U1t 7’ft (aCCEri al) d (/BCCEz ﬁz) th)
=1

T
> (beopi — o) did) (Geep — o)

T n T
1 - ' - 2 / .
+ T Z Z <IBCCE,Z‘ - /87,) XZtht (:3 CCE,;i — ,32) T Z Z (Uit - 'Yift) (Geop, — o) dy
- i=1 t=1
- i 33 Vit — ')’;ft BCCE,Z’ - B ,Xit - i -y (&cer,i — ai)/ dtx;t BC’CE,i —B;
nT nT
‘ i=1 t=1

6

Therefore, using (S.36) and (S.37)) it is obvious As,r = O, (\f) + 0, (1) + O, (ﬁ> and

Azpr = O, (\/LT) +0, ()+0, (\/%—T) Also consider the fourth term of (S.38) and by Cauchy-
Schwarz inequality,

|A4,nT‘ =2

n T
niT ; Z Uit (&CCE,Z‘ - ai)/ d,

t=

1> ; 1/2 L T 1/2
SQ(H—T;ZUZ%:) (n_T;tzl}(A ,'—ai)ldtH2> )

t=1

where u;; = vy — '7;ft =y — ody — B;xit — 'y;ft, so given (S.36|) we have A4 ,r = O, (\/LT) +

O, (%) +0, (\/%) . Similarly, we can show Aj; 1 and Ag ,r share the same probability order as

Ay . Since in both optimization problems «y; and f; are only identified up to mg x mg rotation

52Gee equation (31) in Pesaran and Tosetti (2011).

S10



matrices, it follows

1
nl 4
e ( >+0 (1>+0 ( 1 )
P\ T r\ 5 P\ nT )
Hence, PCs based on 0;; are asymptotically equivalent to those based on v;;. The remaining
proof of Theorem [3| can follow from the proof of Theorem [2, =

S1.2 Statement and Proofs of the Lemmas

This section provides auxiliary lemmas and the associated proofs, which are required to establish
the main results of the paper.

Lemma S.1 The CD statistic defined by (@) can be written equivalently as,

CD_(\/Z>\/ﬁZ (\/_ZUU;Y . (S.39)

. ~ T A A N N .
Proof. Using p;;r = (% Yot uitujt) /GirGiT in 1’ we have:

Z Ulje 1 N u Ujt
CD = Z;ZT(;T;T] “A\ln n—1fz_:(z_:_ < )(%_JT»
i=1 j=it+1 t=1 =1 j=i+1

Further, we note that

2
Uit 'LAL't 1 1 - 'lALl't 1 - ﬁit 2
_Z Z (UzT) (5’ng) T2 (%;UZT> N 5; (@-y)

=1 j=i+1

Then using this result in (S.40), and after some algebra, we have

CD = QnTi)%Z (\/—Zn:u”> i(;f”)Q

t=1

n

~ 2 n T N 2
2Tn?2 1|1 1 Wiy 1 1 Usy
- —nmlﬁlfz(%zefﬂ) ‘EZ;TZ(&i,T)
1

i=1

as required. m
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Lemma S.2 Consider the latent factor model given by and (@) The latent factors, f;, and
their loadings, ~y;, are estimated by principal components, f;, and %,, given by . Suppose
that Assumptions hold and (n,T) — oo, such that n/T — K for 0 < k < co. Then

F—F =0 (g) : (S.41)

et 0, (2) s
lvow) #-F)| -0, (“f) , (5.43)
( re-1)| -0, <%> , (S.44)

‘ F(F-F)| =0, <5,%> , (S.45)

(¥ - F) F—0, (%) , (S.46)

(- F) -0, <%> , (S.47)

(© =) =0, (7). (5.49)

A ~ ~ ~ / A
where F = (f17f27"'7fT)/; F = (f1;f27"'afT); ' = (71a727"'77n)l7 ' = ('3117’3/27"'a'$’n)/;

U <)\T) = (uol ()\T) y Wo2 ()\T) y ey WoT (AT))I7 Uoy ()\T) - (0'151t ()\T) ) 022t ()\T) 7+ Onni ()\T))/’
and Eit (>\T) =&+ )‘T Z?:l WiGEjt -

Proof. Since Assumptions|l4]are a sub-set of assumptions made by Bai (2003), so results (S.41])

to (S.44)), (S.46) and (S.47)) follow directly from Lemmas B.1, B.2 and B.3, and Theorems 1
and 2 of Bai (2003). Results (S.45)) and (S.48) can be established analogously. m

Lemma S.3 Suppose that Assumptions [I{3 hold and (n,T) — oo, such that n/T — &, for
0 <k <oo. Then

sup (T lew]?) = 0, (1), (S.49)

F'e;, In(n)
sgp ' 7| = 0, ( T ) ) (S.50)

Flsot ln(T)
= bl
Sgp n Op( n ’ (851)

1 = In (n)
Sll}P T ;;%’Yﬁiﬁjt =0, ( T > ; (S.52)

where €5 = (€41, i, - -, &) and €o; = (€14, €ty - - -y Ent) -

S12



Proof. Consider (S.49) and note

1 1 <& 1
T lewl” = fz e —E(e)] + T Y E(e) = TZZ“ +1,

t=1 t=1 t=1

where z;; = €2, — F (¢%). Then

!

T
122

t=1

(.53)

sup (T [les]|”) < sup

To establish the probability of the first term, consider the filtration I( ) ={e;:T7=t—1,t—

2,...} and, given the serial independence of ¢;;, note that £ (zit |Ii7t71) = 0, so z; is a martingale

difference process with respect to Iﬁll In addition, Var (z;) = Var (62) = E (c) — (Ee2)?
which is bounded by assumption. Also, as €;; is sub-exponential by part (a) of Assumption ,
g2 (and hence z;;) is sub-exponential, and there exist positive constants Cy, C5 and 73 such that

sup Pr ([2i| > a) < Cyexp (—Csa™), for all a > 0.

Then by Lemma A3 in the theory online supplement of Chudik et al. (2018), for ¢ = & (T*)
and 0 < u < (r3+ 1)/ (r3 + 2), there exists a positive constant Cg such that

T
Pr ( Zzit

t=1
and if g > (r3+ 1) / (r3 + 2) there exists a positive constant C; such that

T
Pr(

> §T> < exp (—C’GT_1§%) ,

E Zit

t=1

> §T> < exp (—07 (gT)%) )

By Boole’s inequality

Pr (sqp Z Zit

t=1
Pr (sup

Let ¢ = Cgy/T' In(n) where Cy is a finite but sufficiently large constant. Then for 0 < p <
(rg +1)/(r3 +2), we have

1 1
Pr (sup T g zit| > Cg n;n)> = Pr (sup
7 —1 7

< exp [In(n
— e o

N gT) < exp (In (n) — CsT12) , 0 < pi < (rs+1) / (rs +2)

and

T

g Zit

t=1

> §T> < exp (ln (n) — Cy (gT)%) yifu>(rs+1)/(rs+2).

> Cgy/T'In (n))

T7'CiTn(n)]
02 In(n )},

e
) =
) =

S13



which is o (1) given Cy is sufficiently large. Also for u > (r3 4+ 1) / (rs + 2), we have

T
Pr (sup l > Oy lnj(jn)) Pr (sup ZE” > Csy/TIn(n ))
i =1

T Z&'t pa
< xp () — 07 (G TH ) 7.

which is also 0 (1) as n and T are of the same order of magnitude and sufficiently we have

rq+2 rq+2 :73
In (n) I (m)* () s |7
= = = — 0.
g L
Therefore, sup, |71 Zthl zit| = Op ln;") and (S.54) follows from ([S.53). Next, consider

(S.-50) and note by Assumptions [I] and [} f; is independent from e; for all ¢,¢' = 1,2,...,T,
also e;; is serially independent, then for a suitable choice of Iﬁll ={fe,:T=t—-1t-2,...}
and¢t=1,2,...,n, & (ﬂ&tﬂf? 1) = (f |Zﬁ)_1> E (e;) = 0 so fie;; is a martingale difference
sequence with respect to the filtration Z; t) .- In addition, E (fie;r) = E(f;) E (e4) = 0 and

Var (fie;;) = E (f,f]) E (%), which is bounded by Assumptions [1] and [2} Also by assumptions
both f; and ¢;; are sub-exponential, then it also follows that fie;; is sub-exponential. Hence,

the method of proof used above can also be applied to HZthl fteitH, and result (S.50)) follows.

Similarly, (S.51)) can be established by the symmetry of the standard factor models in ~y, and
f;. Now consider (S.52), and note that we have the following decomposition,

T n
1
Q‘,T:—E E 07 i€it€jt
2,n nT . ]7] it<j
t=1 j=1

T n n

T
1 1 a b
A Z Z 057 €it€5t — UJ'VJE 5zt5Jt _T Z Z o B (it€jt) qgﬂfT + qﬁ,,iT-

t=1 j=1

Since E(eqej) = 0if ¢ # j, and E(eyej) = 1, if ¢ = j, then

_ —1
qznT HTE :E :O-JFY] 8“55]15 =n 0-]737

t=1 j=1

b
qz(‘,v)zT

and sup;, ‘ = O(n~!). Consider now the first term and note that

qznT = _ZZSZ]t7

t=1 j=1

where s; j; = 07; [€i€je — E (€ucji)]. Since by assumption e are independently distributed
over all ¢+ and ¢, then E (sm-t Il(?;!) = 0, where Ii(,?g)q = {eirgjr 17 =1,2,..,nand 7 =

S14



t—1,t—2,...}. Hences, ;; is a martingale difference process with respect to the filtration, Ii(,i)—l'

The variance of s; j; is (0]2.'7]-'7;) Var(eyej) where Var(eyejr) = 1 it i # j, and Var(eqe;) =
Var(e%) = E(e},) — 1 if i = j, so that by Assumption [2, ||[Var(s; )| < C. Also, since by
assumption €;; is sub-exponential, then it follows that s; ;; is also sub-exponential, and the above

o ()

qz( :QT

) In(n) L In(n)
Slz.lp Qinr| = Op ( T ) +0(n") =0, ( nT ) )

and result (S.52) follows, as required. =

method of proof can be applied to all elements of quzT. Specifically sup;,

Lemma S.4 Consider the latent factor model given by and (@ The latent factors, f;, and
their loadings, ~y;, are estimated by principal components, f, and %,, given by . Suppose
that Assumptions hold and (n,T) — oo, such that n/T — K, for 0 < k < co. Then

sup (T [leic (Ar)|*) = O, (1), (S.54)
F'eio (M) || In(n)
sgp ‘ T =0, T | (S.55)
sup Ieo (Ar) (A7) =0, ln(T)) , (S.56)
t n n
T n
1 In (n
sup T Z 057 ;€it (Ar) gje (Ar)|| = O, ngf)> , (S.57)
’ t=1 j=1
N In(n
sup |9, — vl = O, ; )> , (S.58)
- In(T
sgp f. — || =0, n7(1 )> , (S.59)

where €;o (A1) = (€11 (A1), €2 (A1), ..., cir (A1) and oy (A7) = (e1e (A1), €26 (A1), - -+ eme (A7)
Proof. Consider and note by definition
git (A1) = € + M WigEor, (S.60)
where Wiy = (w1, Wig, . . ., Win) and €o; = (€14, E2¢, - - -, Ent) » Such that
e2 (A1) = €3 + 2ArWipEorEit + N WinEotEl Wi,

and hence

T T
1 1 1
T Z ey (Ar) = T Z ey + 2w (T Z €ot€it> + ApWio Varwi,
=1

t=1 t=1

S15



where V.p = T7'S°7 | eqel, and ||V.p|| = O, (1) by part (b) of Assumption 2| Also

1 I T
T ; ex ()| < ; it T Z Eotit

Denote e; as n x 1 selection vector with 1 on its i*" element and zeros elsewhere, and note that

T
1
Zaoteu Zeoteotel 1Y e, (supneiu):uvgu.
t=1 v

Using this result we now have (recalling that Ay = c\T~1/2)

1
Z‘Si& A7) Z‘Szt
t:l

t=1

+2[Ar| [[wioll + A7 lwaol* [ Ver | -

sup sup

sup | < SUp | + 26T~ V2 | V| (sup ||W10||>

77 [Verl| (sup [wal*).
Therefore, since sup; ||w;o|| < C and by Assumption ||V.z| = O,(1), then

% i e (Ar)| = +0, (%) - (S.61)

Result (S.54) now follows from ([S.49)). Similarly, to establish (S.55) note that

T
F Ezo AT T
— = =7 Z fieq (\r) = T Z fiei + — ; ftEQtWim

sup

and
F,€io (>\T)
T

+ | Az | [wioll

1 T
= Z fiei
T t=1

Applying the supremum operator to both sides yields

T
1
E ficul + | A7 (SupHWon) "T E fiel,
=1

t=1
1 2 A
T Z ftegt <T Z ft€;t>
t=1
T T T
( Y ) E(fiel et ) = ﬁtr (ZE(ftfg)E(s’otsot)>

t=1 t'=1

= —tr (X4) =0 (nmo)

1z
‘T Z fiel
t=1

sup
i

F,Efio ()\T)
T

< sup
i
Also

<FE =tr |E

1 i
T Z fiet,
t=1
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which establishes that 7! Zthl fiel, = O, (1) since by assumption n and 7" have the same
orders of magnitudes. Given A\ = ¢,7~'/2 and sup; |[wi|| < C, we now have
sup

1 < 1
N el 0, (=),
i T;H p(ﬁ)

and (S.55)) follows using (S.50)). Similarly, (S.56)) can be established using result (S.51)). Next,
consider (S.57)) and using the definition of €;; (A7) in (S.60) yields

F/E?io ()\T)
T

= sup
i

n

T
% tz:: Z oiv€i (M) €50 (A1) = T Z Z 07 j€itEit + — Z Z 05 Wio€otEit+

j=1 t=1 j=1 t=1 j=1
§ : § :O-JA/] zOeOtEJt + E :O'J’Yj ( § 30t80t> W0,
t=1 j=1

which implies

nTZZUﬂ’J&t )\T €gt )\T

t=1 j=1

T n
AT ,
_T E E O'j’y_jwj()eotgit

t=1 j=1

n T
)\% / 1 /
W 057 iWio T Eot€ot | Wjo0
j:l t=1

nT Z Z 037 jE€itEjt

t=1 j=1

T n
A7 ,
_T E E O'j’)/le-Osot(‘fjt

t=1 j=1

+

Taking the supremum on both sides of this inequality yields

T n
1
Sup _T Z Z 07 ;€it (/\T) €t ()\T)
i jfl
<o LSS o] o | 2SS e +
! t=1 j=1 t=1 j=1
A1 T M2, n
sup nTZZUﬂJ WioEotE jt +sup Zaﬂa Zgotsot W (S.62)
‘ t=1 j=1

Note that ¢;; = €/,e; where e; is an n x 1 selection vector with 1 on its ith element and zero
elsewhere. Then the second term of the above can be bounded as

n T
A1 1
£ ST N R S O oA
t=1 j=1 j=1 t=1
1 o 1 «
< Dl |23 s (Tzeots;t> ‘ (sup )
j=1 t=1 v

1 n
< |Ar| EZOJ"YJ’W;O
j=1

sup = SUP

Verl|.
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Since sup; 67 < C, and by Assumptions , sup ;75 < C and sup; >, [wj| < C, then it
follows
2

IN

555 (S

n
> oW,
— 07 :W.o
n &7
j=1 s=1 i=1 j=1

< — ZZ (Zlffﬂsg Iwﬂl>2

1 n
n 2T
7j=1

s=1 i=1 7j=1
1 mo 1 n n 2
2 2
< (sgpm) <SBF73i> EZI 7 2 1 <Zl|wji|)
S= 1= 1=

o)

In addition, Ay = cxT~Y2 and ||[V.r|| = O, (n/T) with 0 < n/T < C. Hence, we have
sup; ;\L—jT, Z;‘le 22:1 ajfijgosoteitH =0, ((nT)_l/Z). Similarly the third term of (S.62) is also

0, ((nT)_l/Q). For the fourth term of (S.62),
T 1 n
ES ( z) w35 (suplwal ( S0 ) uwjou) Vel

t=1 j=1
1
-0.(z)

Using the above results in (S.62)) we now have

nT Z Z 0-]'7]5175 ()‘T) 5]t ()\T

t=1 j=1

sup

sup < sup

7

O-J'ngzt‘s]t
t=1 j=1

vou y2E).

and (S.57)) follows using (S.52)) to establish the order of the first term of the above. To establish
S.58) note that by definition of 4,

~ ~\ 1 A ~ ~\ 1 A ~ ~
¥i— i = (F/F> F’ (F’Yz' + 0i€io ()‘T)) - = (F/F> F’ [(F - F) v¥; + Fv; + 0i€io ()‘T)} -7

-1 ~ /
F—F+F>

T Yi

(%) '
(5 (f-r) (r-F) e (5) F(r-F)
(%)

/
F'F (o} ( ) 3 ( T) n (F’F) <O’1F Elo )\T ) Za]lT,

and

4
19 = vill < Z lajr| - (S.63)
=1
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Firstly we have

||al,iTH =

AN
/o~
~
N———
|
/N
=5}
|
o
N~
~ <
N
£ |
|
=5}
N——

vl

A
eS|
N =
~_
|
N~

which implies

~ 2
i\ | ([P ¥
sup Jarr| < || (= ||| | =t | s il

Using ((S.87]) and ( in Lemmam7 and (S.41)) in Lemma we first note that
\n aa —1
FF FF _ 1
T = Op(l), (T) = Op(1>7 and T . Op (%) . (864)

Also sup; ||v;]| < C. Then

1
sup [lagir| = Oy <5T> - (S.65)
¢ nT
e e\ | || F(F-F) . .
Similarly, [|ag 7| < ||{ 7 ——=—= ||l , and using (S.46) and (S.64) it follows that
v\ ([ (5 1

Regarding a3 ;r, note that by Cauchy-Schwarz inequality

~ A —1 ) F o F ! ) )\ ~ A —1 F . F 2 1/2
a0 7 €io (A1) FF o2 [|es (Ar)|)?
asir|| < < —— e
T T T T T

and

PN 2 o\ 71/2
sup [|azir|| < | supo; ey — sup M .
i R T T i T

Now using (S.54) and (S.64) it follows that

n

1
Sllp ||a3,iT|| = Op <E> . (867)
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Next, note

T
then by (S.55)) we also have

F’sz-o (>\T)
T

~A A -1
202
sup [[ag,ir|| < ( supo; T sup

Hence using (S.65)-(S.68)) in (S.63) we have

4
A In(n
sup |4, 7l < 3 sup arl| = O, ( U )> ,

=1 "

as required. Result (S.59) follows by symmetry. m

Lemma S.5 Consider € (A1) = it + ArWigeor, where €op = (€14,€2t, .oy Ent)’, €1t ~ 11D (0, 1)
for alli andt, wiy = (wir, Wiz, - . ., Win)', and W = (w;;) satisfy the bounded conditions |W||, =
sup; iy [wij| < C, and [|W| , = sup; > 7, |wij| < C. Then for all [Ar| < C we have

sup Y B [ea (Ar) 5 An)l| < Oy sup Y- Bl () e ()] < C.

J7i=1 J=1

and
n n

n Y Y B [en (M) g (An)]| < C. (S.69)

i=1 j=1
Proof. Let e,;(A7) = €0t + A\rWeo;, where W/ = (wyg, Wag, ..., Wyo). Then
Eot(A7)EL, (A7) = €ntel, + Ve Wey el W' + A\ Wey e, + Apeqel, W,

and
V.(Ar) = Elea(Ar)el,(Ar)] = L, + Ar (W + W) + 2WW'.

Consider the maximum absolute column sum norm of V.(Ar) and note that

Vi), = sup Y 1B [ (Ar) g0 (Ar)]| < 1+ | (W]l + [W]|.) + 27 W], [W], < C.
=1
Similarly for the maximum absolute row sum norm of V_(Ar)

Vo)l = sup Y 1B [eie Or) g6 (Ar)]| < 1+ | (IW I, + [W) + A7 W, [[WI], < C,

Jj=1

and result (S.69) follows. m
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Lemma S.6 Consider the latent factor model given by and (@) Suppose that Assumptions
hold and (n,T) — oo, such that n/T — Kk, for 0 < k < oco. Then for the estimator of

factors, we have
(F‘ — F) Eio (A7) In (n)

Proof. By (A.1) of Bai (2003) we note that

1 <& 1 & 1 <& 1 <&
f,—f = T Z £ + T Z £ G + T Z £yt + T Z £ &
=1 =1 =1 =1

where gy = n~! Zz 07 E (it (A1) €ivr (A1), G = n! Zz 19 %( T) =N, X = n~! 2?21 oiflview (A1),
and § = n ! Zz:l szt7zglt’ ()\T). Hence

% (F‘ — F) €io (A1) = T Z (ft ft) git (A1)

Z Z ft’,’?tt’szt )\T L Z Z ft’Ctt’gzt )‘T)

t=1 t'= t=1 /=1

1 1
szt’%tt’gzt (A1) +—szt'§tt'€zt (A1)
t=1 t'=1 t=1 t'=1

4
- E bj,iT7
Jj=1

and )
(F-F) e ()| &
sup T Z up bl - (S.71)

Firstly, consider by ;7 and note that

bl,iT Z Z (ft' - ft') 77tt'5zt )\T = Z Z ft'77tt'5n >\T

t=1 t/'—= t=1 t'=1
= by 17+ b1,2,iT7

SO
[brir|l < byl + (b1l -
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Note for the first term on the right hand side,

b1zl = ‘ _Z (ft' - ft’) ( Zﬁtt'&t (Ar) )H
tlf
11
T2 (T 2 (m)

T ) 12 T
T
t'=1 i

) LI ) 1/2 A 1/2 LT 1/2
2 2
<7 <f; £, — (TZZ%) (?ZE“ ()\T)) ,

t'=1 t=1

97 1/2

| —
(]

where the second and third lines hold by Cauchy-Schwarz inequality. By definition of 7, and
serial independence of €;; (A7),
{ o2, fort =1t
N = .

0, otherwise,

where 62 =n"! 3" | 0?E (¢4 (Ar)). Under assumption on weight {w;;},

E (g5, (A1) =14 A% (i: w%) <C

Jj=1

211

therefore

1 T T
7> = (1) <C. (S.72)

t'=1 t=1

Given results (S.41)), (S.54) and (S.72)), it follows that
L o\ 2 T 1/2 T 1/2
2 2
] < (f 3 ) (T Yy 77) (sgp Iy <AT>)

=1 =1 t=1 t=1

=0p (T_l/zér:’}) :

ftl - ftl

Now consider by 3,7, note that using properties of 7;,, we have

T T T
1 1 1
T2 E E fimwen (Ar) = T2 E finueu (Ar) +YTQ E E fymwen (Ar) = 67 (ﬁ E fieq (>\T)>,
t=1

t=1 t'=1 t=1 ¢/t
<1 ( )

and hence

||b12zTH H_szt’ntt’&t )\T thgzt )\T

t=1 ¢/
Then using (S.55)) we have
1 /In(n
sup [|by 7|l < sup thglt (Ar) 0, (T ; )) .
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Hence, combining the probability orders of sup, ||b1,1:r| and sup; ||b1 27|, we have

1
sup [[b1nr|| < sup [[byrl| +sup [[br2ir| = O, (m) : (S.73)

Next consider bg ;7 in ((S.71f), which can be written as
1
by = T2 Z Z (ft’ - ft’) Gweir (Ar) + Z Z firCuweir (Ar)
t=1 t'= t=1 t/'=1
= bo 17+ b2,2,iT~

For the first term we can apply Cauchy-Schwarz inequality to obtain

T
b2,z = ‘ % Z (ft’ - ft’) (Z e (A1) )H
t'=1

| T ) 12 T 27 1/2
< T Z f‘t’ —f ) 3 Z (Z Ctt’gzt )\T )
t'=1 t'=1
. T ) 1/2 ) 1/2 ) 1/2
S (T Z f‘t/ —_— ft/ ) ﬁ Z Z Cé/) (T Z €'L2t ()\T)) .
t=1

t'=1

t'=1 t=1

Since
G =n" ZU@ €it (A1) — nw = ZU ejt (Ar) gjv (A1) — E (g0 (Ar) €5 (Ar))]
then it follows that

1 T T 1 T T
E(ﬁzm) LR

t'=1 t=1

_ T21n2 S D3 Y ehE (e (M) g (M) B (0 (hr) £ ()
(S.74)
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For the first term of (S.74)), given the serial independence of ¢;; (Ar) and note E (g (Ar)) =
E (g4 + Mrwiyeor) = 0, some algebra yields

oy Y33 oot e () e () e Ovr) e )

t=1 t'=1 j=1 j'=1

- S oE (= () + s S B (£ () B (2 () +

t=1 j=1 t=1 t'#£t j=1

T2n2 Z Z Z j )‘T) £ 't ()\T))

t= 1J 1J’¢J

T2n2 Z Z Z Z 050, S E( (g5t (A7) €50 (A1) €50 (Ar) €50 (A1) - (S.75)

t=1 t'#t j=1 j'#j

To show the order of (S.75)), note £;; = e}e,; where e; is an n x 1 selection vector with 1 on its
th element and zero elsewhere, then

5?15 (Ar) = (e + )\TW;oeot)4 = [(ei + Arwio)' sot}4
= [d;t (€ + Arwio) (e; + Arwig)' eot} = (€gtAi€ot)2 ;

with A; = (e; + A\rwyo) (€; + Arwyg)’, then based on result (S.7) of Lemma 6 in Pesaran and
Yamagata (2024) and noting w;; = 0 for all 4,

E (¢4, (Ar)) = E (e, Asenr)’
= ratr [(A; © Ay)] + [tr (Ay)]? + 2tr (A7)

= Ko (1 +)\4Twaj) +3 <1+)\§~Zw?j)
j=1 j=1

—0(1) (S.76)

where ks = E(c},) — 3 and the last line holds as by condition (10,

n n 2 n n 4
S wh < (Z|wij|> <C)) wf; < (Z !wz-j!)
j=1 j=1 J=1 J=1

It therefore follows that E (5]2-t ()\T)) and E (z—:;*t ()\T)) are bounded so that the first two terms

of (S.75)) satisfy

1 K& 1
2,2 Z U;'LE (8§t (AT)) =0 (ﬁ) )

t=1 j=1

1 T T n , ) 2
s D0 DL D OLE (5, 0) E (£ () = O <5>

t=1 t'#t j=1
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In addition, the third term of (S.75 m can be bounded using Cauchy-Schwarz inequality,

T2n2 ZZZU 0% E (2 (Ar) €%y (Mr))

t= 1J 1j'#5

s 23 el (B )] x [ )] =0 (7).

t=1 j=1 j'#j

The fourth term of (S.75) m can be expanded based on the serial independence of €;; (Ar), so that

Tznz ZZZZU 05 E (e (Ar) €je (A1) €3¢ (A1) € (Ar))

t=1 t'#t j=1 j'#j
T
E E €]t )\T 8J/t )\T
t=1

1 n n
~ T2 Z Z j
Also note by definition of €;; (Ar), for j # j’,

ZE gjv (Ar) € (AT))] -

=1 j'#j 4t

E (gje (M) g5 (A1) = Argjjr + A\pwioWiig

where g;; = w;j; + wjr; and wjo = (wj1, wjo, . . . w]-n)' so that
2
Z E 8jt /\T) €J’t )‘T ] ZE Ejt! )\T) Ejrt ()\T)) =T (T — 1) ()\ngj/ + )\%‘W;()Wj’o) .
t=1 £t

Then it follows

o Y33 B (e () e () e Ovr) e ()

t= 1t’#3 1]#]

N T2n2 ZZU (Arg;i +)\TW]0WJ/0)2

Jj=1 J’#J
2T 2 2T 2
S w3 T2n2 Z Z 9 J v (Argi) + Tznz Z Z g /\TW OWJ'O) :
J=1j'#35 J=1j'#j

2
Since 327, wjyr[* < (Z?a |wjj'|) < [lwyol|* < C by , Ar = exT7V? and [wjgwjio

|wjoll ||wjoll < C, we further have

2T (T 2T (T = DN ¢ )
T2n2 Z Z 9j U j! )‘Tgﬂ - T2n2 Z Z 9j w“ - wyr J)
J=1j5'#j Jj=1 J’#J

AT (T — 1) N2
< T2n2 TZZU |w]J| +|wm|)

J=1j'#35

§4T<i;;21) (supa)zz [wigl* + lwyil)

J=1j'#j
1
=0 —
(7).
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and

1) M\
T2n2 Z Z 9 )\%WJOWJ'O)Q - T2n2 — g Z Z o505 g()Wj’O)2

=1 j'#j J=1j5'#j

2T (T — 1) \i
< (T —1)Ar (sup 0?) <Sup |W;-0Wj/0
i 73’

Tz )
“o (L)

Overall, using ((S.75) we are able to show the first term of (S.74)) is O (T!) as n, T — oo such
that n/T = k where 0 < k < 0o. Compared to that, the second term of (S.74)) satisfies

T2n2 Z Z > Z 0203 E (5 (Ar) 0 (A1) E (50 (Ar) e (A1)

t=1 t/=1 j=1 j'=1

- Tzln2 Z Z Z 032'032”E (5?15 ()\T)) E (5?% (/\T)) =0 (%) .

t=1 j=1 j'=1

As we have shown the orders of the two terms in ([S.74)), it follows that £ (% DD D C%) =
O (%), so by Markov inequality 72 ST ST 2 =0, (#). Based on this result and using

(S.41)) and (S.54)), it follows that

1
=Cr (E)

Note that by 3,7 can be written as

1/2 T 1/2
) <T2 Z Z Ctt') (S‘gp % ; £ ()‘T)>

()0 ()

1 T
SUp b, < (T

t/_

T
1
b2,2,iT = \/Tf g tht )\T

where

Zy = \/— Z Z kat’ Ekt! )\T) Ekt ()\T) E (5kt’ ()\T) Ekt (AT))]

=1 k=1

and ||z¢||> = O, (1). Then by Cauchy-Schwarz inequality,

T . T 1/2 | 1/2
= zi€i (A1) || < ——= ( Il ) (_ S?t (AT)> )
T2 sr\r ) (7

and in view of (S.54) we have

1 (1 v 1 o 2 1
booir|| < — [ = 2 — 2 (X =0, — ).
sup by < W<T;nztn> sup (sz T>) ()
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[bo2ir|| = ——=




Hence

1 1
sup [|bair|| < sup [[ba1ir|| + sup [[bazr| = Oy (m) +Op (ﬁ) :

Now consider bs ;7 in (S.71) and note that

T T
I33,1'T Z Z (ft' - ft’) %tt’gzt )\T = Z Z £y tpes )\T

t=1 t'= t=1 t'=1
= b 17 + b3,2,z’T7
where

T

T
1 ~
|bs.1ir|| = ‘ T2 Z (ft/ - ft/) (Z s (A7) )"
t'=1
) 12 T T
) |+x (z )

t'= t=1

) 1/2 1 1/2 1 T 1/2
t=1

t'=1 t=1

97 1/2

ft/ — ft/

IN

1
T2
=1

f‘t/ - ft/

1 T
< TZ
t'=1

By definition of » and given ([S.69)) it follows that

1 T T 1 T T 1 2
E (ﬁ 2.2 %tzt> T2 > D E (g > oifive (AT)>
t=1 t'=1 t'=1 t=1 j=1

n

1 T T n
=3 D 2D 2 0o E (i) B (e () € (Ar))

t'=1 t=1 j=1 j'=1

< <SUZ}PH’YZ'||2> (SUPEHftH ) T22 ZZZH:ZUJUJ’E (€50 (Ar) 50 (Ar))

=1 t=1 j=1 j'=1

< (sl (sup £ 1) (sup?) anZ< 3D B (e O wm)

Jj=1j=1
1
:O<_)’
n

and by Markov inequality we have 723", _ 37 | 52, = O, (n~!). Then given this result and

(S.41)), (S.54), it follows
1 T ) 1/2 . T T 1/2 . T 1/2
it~ ;2 fe-ef) (m22) (wrnden)
Z t=1

f, — £,

t'=1

o) <0 (38) - ()




Next consider ||bs 27|, and note that
n

T
ZZ Z , 1 Z
T2 ft’%ttlglt )\T (T ft/ft/> <_Tn 0']’738]15 ()\T) S’it ()\T)) 9
t=1 j=1

t=1 t'=
1
(e (|2

T n
T > oiviei M) en (M)
t=1

=1 j=1

and therefore
T

Zzajngjt )\T Ezt ()\T)

t=1 j=1

)
)-+(%F)

In (n
sup Hb3,iTH < sup ||b3,1,iTH + sup Hb3,2,iT” = Op ( ngﬂ)) .

Z Z £y %tt'Szt >\T

[bs2,r| =
t=1 t'=

Then given ([S.57)),

T
1
Sljp||b3,2,iT|| < (T; ||ft/ft',\|> (Sl;p

Hence,

Similarly, the probability order of sup, ||b4,r| can also be shown to be O, ( In(n)/ (nT))
Overall, result (S.70]) follows as we can use (S.71]) to show

(F-F) e () ; ;
sup T < sup jzlﬂbj,iT” S;Sgpﬂbg‘,ﬁﬂ
1 1 1 In (n)
— Oy —=— )+ 0, [—=——)+0, (=) +0, |/ —=*
(i) 0 () o () w0 (V)
In (n)
:Op< W)

8iT>, and bz = (bﬂ,big, - '7biT)/ with bit = W;OEOt,
ent) . Suppose that Assumptions @ and hold.

Lemma S.7 Denote €, = (gi1,¢0,-- -,
/

Wio = (Wit, Wis, - . ., Win) and €o; = (€1, €1, - - -

Then as (n,T) — oo, such that n/T — K, for 0 < k < oo,

;. b; In (n)
sup % H=0,(1). (S.78)

tandi=1,2,...,n

Proof. Consider (S.77) and denote Iz(t 1 ={eibir T =t—1,t—
By assumption, g is cross-sectionally independent, and is 1ndependent from b;; as w;; = 0 for

all 5. Then E (»sitbitﬂfjli)l) = E (euby) = 0. Also
Var (eqbi) = Var (ey) Var (by) = E (bft) ,
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which is bounded as by condition ([10)),
E (07) = E (Wiyea)" = Wi E (eoi€l) Wi = »_wi, < C. (S.79)
s=1
In addition, since €;; (Ar) = €ix + Arby is sub-exponential for any |Ar| < C, then it follows
that €;; and b;; are both sub-exponential, and hence £;;0;; is also sub-exponential. Hence, result
S.77)) can be established by applying the method of proof used for result (S.49). Now consider
S.78|) and note

T

T
F 2 - BG4 1 3 00).

’ﬂ |

which further implies

Denote I8 | = {by, :7=t—1,t—2,...} and i = 1,2,...,n, then E (bgt —E®2) yzi(?_l) -

E (V% —E(b3) = 0. Besides, Var (b3) = E(b4) — [E (b)) is bounded as (S.76) shows
E(bY) = E(Wheo)' = O(1). Also b2 — E(b?) is sub-exponential given that it is already

% 23:1 [b?t - F (bft)]
O, <\/ ln,_(pn)> by applying the method of proof used for result (S.54)). Also by (S.79)), we have

established that b;; is sub-exponential. Therefore, it follows that sup;

sup; (% STE (bft)) = O (1). Result (S.78)) now follows straightforwardly. m

Lemma S.8 Consider the latent factor model given by (1 (l) and (@ Let 6;7 = (T 'e )1/ 2

Al A —1 A

where e; = Mpyi, MF I, —FEF) F, y; = (yir, vz, ..., yir)', and E is given by . Also
let w;r = (T o’e, Mpsw) 1/2 , where Mp = Iy — F(F/F)_lF’. Suppose that Assumptions

7 10

hold and (n,T) — oo, such that n/T — Kk, for 0 < k < co. Then

sgp |€IZT - sz‘ =0, (ln;n)) , (S.80)

sgp 650 — wir| = Oy (lnj(jn)> ) (S.81)

-2 ()
and

% inl Gir — wip| = O, (lnj(ﬂn)> ; (5.83)

R In (n)
ﬁ Z |Ui,T - wi,T| == Op ( T > y (884)

~0, (ln;”)> . (S.85)




Proof. Note that by model , Yi = F7i+ai€io ()\T) where Eio ()\T) = (‘Sil ()\T) , €42 ()\T) y oy EIT ()\T))/;
which implies

e; = Mpy; = My (Fy, + 0:€i0 (A1)
= o;Mpe;, ()\T) + 0; (MF — MF) €io ()\T) + MFF’YZ-.

Then 624 can be decomposed as

2 > 7 FMFy, n oZei (A1) (Mp — Mp) (Mz — Mp) €5 (A1)

O,7 — W, = T T
202€i (A1) Mp (Mp — Mp) e (M) 202ei (A\r) MpMpFa,
+ +
T T
20:€i (Ar) (Mp — Mp) MzFy, | 02 (i (A1) + €10) Mp (€50 (A1) — €40)
+ T + T

6
= 2_Biir,
j=1
and hence .
Gir — wir| < Z | Bjir| - (S.86)
j=1

Starting with the first term, and note

VEMFy,| |7 (F-F) M (F-F),
By = | BESEEY: | -
N 2
2 Fo FH
< vl Mg | 7 :

Since sup; ||7;]| < C, then using (S.41]) of Lemma |S.2| we have (note that|Mz|| = 1)

. 2
) o FH .
sup [Brir| < | sup [vill” ) Mgl | ——— | =0p( o | -
) i T 5nT
To establish the probability orders of the remaining terms of (S.83)), we first observe that

PP FE (F-F) (F-F) . (¥ -F) F+F' (¥ -F)
T T T T T

hence using results (S.41]) and (S.46) it follows

. 2 - ! .
¥+ FF| |F-F (F-F) ¥ F'(F-F)
< + +

(S.87)




By assumption T~ 'F'F is a positive definite matrix, then
s -1 ’ -1 A -1 A ’

FF FF < FF FF FF
T T - T T T

(S.88)

&)

so it follows that

oA , ~ A\ 1 / -1
FF FF 1 FF FF 1
T o5y ) me <7> (7)) rols,)  ©w

P (FF) TP _F (FF) TF (F _ F) (FF) - (F - F) + {F (FF) TF_F (FF) B F]
vE(EF)(FoF) 1 (FoF) (FF) P
Hence 6
Byir =Y Bajr
j=1
where

which implies

6
Bor < Z |Bajir| - (S5.90)

j=1
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For Bj 11, note that

|Bo1 gr| = ‘T‘lafeio () (F-F) (F/F)_l (- F)s (Ar)

I 2 ~)A -1

1 HF—F 1382

<2 = e, 2 — 1 - _
— U’L <T ||€'LO (AT)” > T T

Then by (S.41)) and (S.54) we have

2
F-F| 2 e\ ]
1 FF 1
sup | Ba,1,ir| < (wpof) <supf ll€io (/\T)H2> 7 ( = ) =0, <5T> ,
’ ! ! nT

Next, consider Bs s ;7 and note that

|B2,2,iT| =

—o2ei (M)’ {F (F

Using (S.55) (from LemmalS.4) and (S.89)), we have
sup | By g,ir| < <Sup 0?) (SUP

€io (A7) F
o) ()i

Similarly

|B2,3,iT| = U?

< o?

— 7

(S.91)

and using ((S.55)), (S.70) and (S.89) we have
e -1 : '
F/F i )\ IF F - F Eio ()\T)
SuP|B273,z‘T| < (T) <Sl}p l”) ( )

T
In (n) In (n)
ZOP< T) X0p< W)
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Next,

!

| Bys.ir| = ’T_lo'fsio (Ar)’ <Im0 _p (F F) - F) F (F'F)_l Fei (\r)

< o2 |Sie (M) Preio (A1) 2 €io (A1) Pr (Pp — Pr) i (Ar) 7 (S.92)
T T
’ —1 ~ A\ "L A,
where P = F (F'F) " F and P = F (F'F)  #'. But
€io (Ar) Preio V)| (€ (Ar) F\ (FE\ " [(Fei (Ar) _|(FE ew ) F?
T - T T T =\ T ’
and again using (S.55)
’ -1 / 2
Eio ()\ ),P €io ()\ ) FF €io ()\T) F In (’I’L)
sup| === < (S ) (s | = | ) =0 (5 )

In addition, in (S.92)) the probability order of the first term dominates the second term. So we

have .
€io ()\T) PFE:z'o ()\T) ) (ln (n)>
=0, .
T
Overall, we can use (S.90) to establish

T
6 0 In (n)
sup | B ;7| < sup |Bajir| | < sup | By,jir| = O, :
i i i T

J=1 J=1

sup |Basir| < (Sup 0?) <Sup

7 (2

Next, consider Bs,;r and note that

20’1262'0 ()\T), (Imo — Pp) (PF — PF) Eio <>\T) _ 20'2-281'0 ()\T), (PF — PF — PF + PFPﬁ> Eio (/\T)

B . —
3,iT T T
2020 (A1) P a&io (A 2020 (A1) PP sei0 (A
_ 207€i0 ( T)T p€io (A1) | 207€i (A1) TF #€io (A1) — Byyr+ Byonr.
But
gl (0 BY (PR (FenOn| e o B[ (20 [
BLITI= 29 T T T = 49 T T
2 2 S =N 1)
SN N EOTD 0 of (F-F) 1202
— Ui T T T 9
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so using (S.55)) and (S.70)), we have

. e
€io (M) F 2 €io ()‘T), F-F 1047
sgp |Bs1ir| <4 (SIl}p af) sgp % + jg ) -
'R M) (B-F) | fi !
2 €io (/\T) F 51‘0( T) ( - ) FE
<4 \supoy ) | sup || =5 +sup T I\ T
In (n)
:op( ¢ )
Also,
. A —1
|Byour| = 202 | £ (\r)F\ (FF\ ' (FF\ (FF F'ei, (Ar)
3,2,iT i T T T T =
i /
~ A A —1 A
< 9,2 | (€ V) FY (FF L (FF) (FF Fei (M) | <F_F) €io (A1)
7 T T T T T T
. ;o
€io ()\T),F F,Efio ()\T) (F_F> €io ()\T) F'F -1
< 20 o
T T T T
~ A -1 N
F'F F'F
T T ||’

Again using (S.55)) and (S.70]) yields

2 ||€ic A1)’ F F'e;, (A1)
i T T T
e (M) F° e (\r) F
< (sgp oiz) sup % + sup © TT
In (n) In (n) In (n)
:Op( T >+Op< T XOp TL—T
In (n)
-0 ()
while by result (S.46)),
FIF F'F F’ (F — F)
< t|——
T~ || T T
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- F) es (A1)
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Using these results as well as (S.89)) then yields

(F- F) es (\r)
T

2
sup [Bs 27| < 2 [supo;
(2 (2

()
-0, (IHT(,")) .

In (n
sup | Byr| < sup (| Bs1ir| + [Bsgr|) < sup |Bsr| +sup|Bsgr| = Oy (#) -

€io (>\T)/ F F,Efio ()\T)
T

T

7

Overall,

Now consider By, and note that
~ /
27! (F - F) M ;Mre;. (Ar)
T
" /
207! (F . F) €0 (A1)

N ' fa a\—1 4
2! (F - F) F (F’F) Feio (M)

+

T T
A~ , A
207! (F _ F) M (F _ F) (F'F)"' Fley, (\r)
a T
3
= Z Byjar-
=1
For the first term,
N / N /
O'z’)/g (F — F) €io ()\T) (F — F) €io ()\T)
|Byyr| <2 T < 20; [|v]] T ;

so using ([S.70) and the boundedness of ¢; and =,, we have

N /
(F B F) €io (A1) In (n
3P| B é?(supm-) <Sup|l'n|l> - :op( _n<T>>
Similarly,
[N ~ A\ —1
2, (B~ F) B (FF) Feis (M)
’B4,2,iT‘ = T

T T
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and using ([S.55)) and (S.70)) we have

sup | By | < 2 (sqp a¢> (sqp H%H) SUp ————— + sup T X
(F—F) FI(FF o[ mm) (L
T T S T P\ )"

A , A
27! (F - F) M, (F - F) (F'F)"' Fle;, (\r)
|Bysir| = T

Moreover,

. 2
[F=1 e Fe )
< 205 ||| T T — 7 |
then taking the supremum,
7|
Flei (A H - FF\ '
SQP|B4,3,iT| <2 <81}P0i> (Sl}p”%‘”) <31}P ‘# > T ' ( T )

-0, ( 1“;’”) x 0, <5?%T> .

Hence, it follows that

3 3
In (n
sup [Buir| < sup Y |Bujur| <) sup |Bujarl = Oy ( ( )) :
K3 (] ]:1 J:1 K3

n

Similarly, sup; |Bsir| = O, ( In(n)/(nT )) For the final term Bg 7, note

B — 07 (€50 (A1) + sio), (€io (A1) — €i0) B 07 (€50 (A1) + sio)lF FF\ 'F (€i0 (A7) — €i0)
64 = T T T T
= B¢ ,1,ir + Bg2,ir-
Note since €io ()\T) = €0 + >\sz where Eio = (61‘1, Ei2y - ,SiT)/ and bz = (bila big, e ;biT), with
bit = W§0€ot, Wi = (wﬂ; Wigy - - - 7win)/ and e, = (51t; €ty - - 7€nt),7 then
22rel b;  A2blb;
B = 2 3021 T~
6,1,iT = O < T + T ;

S36



and it further implies

b, ‘b, In (n) 1
’+)\T8111p‘— ) =0, (T) + O, (f)’

sup | Bg 17| < <Sl}p0i2) (2|>‘T|Sup T

where the final equation holds by results (S.77) and (S.78). For Bg 21, note

(FTF) - ‘F (€i0 (A7) — €i0)

T
FF\ !
T

As result (S.54) shows sup; [T *e; (A7) F| = O, ( In (n) /T), we have

| B 2,ir| < o} T

(gio (A1) + €i0)' F H

so that

)\T) - 51’0)
T

sup | Be 2| < (sup 0?) (Sup T
(] (] K3

(€50 (A7) + s)FH) ‘

e

)

)

j0 )\ 70 IF 70 )\
Sup (5z ( T)T"f’s ) H SSQP s—TH+ 11 ‘ io H ln(n)/T),
F/ e} — €40 20
Sup‘ (e0n) —eel| < gup |20) H+ “p‘ T H (Vi@ /7).

Hence it follows sup, | Bs 21| = O, (In(n) /T). Overall, we are able to show

In(n
sup | Bor| < sup |Bs 17| + sup | Bogr| = 0p< 7(1 )) |
(2 7 i

Using the above results and noting that n and 7T are assumed to be of the same order of
magnitude, then (S.80]) follows noting that

6 6
Y E In(n
sup 077 — wip| S suwpd By < Y sup|Byir| = Oy ( T(’ )> .
7 7 i1 e i

To establish (S.81)) note that

52 2

i T W 1 ~2 2

sup |Gir — wir| = sup— =sup | ——— | sup }%T —wir
) 01T+wlT % 01T+sz 7

Since 674 > 0 (by construction)

1
R ~2 2
sup |Gir —wir| < sup <w sup ‘Ui,T - wi,T} :
K3

i % i,

Note by definition of w; 1, we have wz_% =0, (T‘legoMFsio)_l, so that

1 1 1/2 1\ /2 1 1/2
o) TP ) =P PP T My
7 7, 7 i, T 7 3 20

B L\ V2 1 1/2
~ \linf; 0? inf; (e}, Mpe;o) )
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Since inf; 02 > ¢ > 0 and by Condition in Assumption (2| I7 inf; T-'e! Mpe;, > ¢ > 0 as
T — o0, then it readily follows sup;, wi,T < C < oo and result l} can be established by

(S.80). Similarly, note that
1 1 .
<sup | = sup sup |61 — wirl,
i i1 i Wi, T i

1 1
where sup,; ﬁ < C, by construction. Hence, result (|S.82]) can be established using ([S.81)).

Finally, results ([S.83 and (S.85)) follow using (S.80)), (S.81) and (S.82), respectively. =

Lemma S.9 Consider the latent factor model given by (l) and (@ The latent factors f;, and
their loadings, ~,;, are estimated by principal components, £, and 9., given by (1 Suppose
that Assumptions {4 hold and (n,T) — oo, such that n/T — &k, for 0 < Kk < co. Then

IR A B In (n)
dinr = " ;bm(% —7:) =0y ( T ) : (S.93)
I~ ¢ In (n)
da e = - Z(éi,T —d;7) =0, ( T ) ; (S5.94)
dgr = — Z b, 0, (/) S
3nT - m ’Yz 71 nT Y ( 95)
A 1
d4,nT = ﬁ Z (%’,T - Oi) (’)’i - 'Yi) = Op (T) ) (8-96)
0 1

dsnr = — Z (

sSup | —
i |04T Wi, T

sz

} 7) , (S.97)

T
In (n)\*/?
d6,nT —_— Z UzT - sz 71) Op CZ('V )) ] 9 (898)
A B In (n) 5/2
d7,nT—_Z(O_lT sz) (% =) = Op < T ) , (5.99)
where {bi,};_, is a sequence of fized values bounded in n, such that n='> " b2 = O(1),

1 1/2
dir =,;/wir, JZ,T =4, wir, and w;r = (T *o?e, Mpe;o) '~ .

Proof. Note that in general

oA =1 a R oA =1 ..
R B F'F F'F~, n oiF'e; (A7) F'F F'F
Yi — Vi = T T T T T Yi

(e[ (F-F) L (FE\ T (e ) 5100
N T T T T ’ '
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and we have

d1 nT = — Z bm Yi 7,
. -1 F(F-F n ‘A n -1 n
) T ) () )

1=1
(S.101)

Since by assumption [|v;|| < C, we have

1 1 1 /
- E_l binyi|| < (ﬁ E’—1 b?n) o E‘—1 Yi%vi

Lo 1/2 Lo 1/2
s(gzbﬁn) (3 mr) <c
= =1

Also by results and , the first term of li is O, (6 ) For the second term of
S.101)), since (T LR F) = O ( ), we note that

n n ~ ! n
Tt (F —F+ F)I (% ; binCi€io (AT)> = % z_; bin <¥) Oi€io ()\T)"’Tin Z_; binF 05840 (Ar).

Using result (S.70]), we have

1 FoF)
ﬁ ZZ1 bin (T) O0i€io ()\T)
F-F
Z |bzn0z < ) €io (AT)

B In (n)
=0, ( T ) . (S.102)

Under part (a) of Assumption |2/ and by the serial independence of e,

1/2

T

(F - F) e (\r)
< (sup!bm!) (Sup Ui> sup

2 n n T
1
= 33D bubiaoios BN B (eu (r) €50 ()

LT Z Z |E (g4 (A1) €t ()\T))|]

smmWGw@)Gwﬁ)
‘ ‘ =1 i=1 j=1

which is O (1) based on (S.69) and the boundedness of E ||f; |
tions. So it follows

1 — , 1 1
T ; binF oi€i0 (A1) = \/n_T (W Z Z binfioi€io ( )\T)) =0, (\/ﬁ) . (S5.103)

Z bznftozgzo )\T

zltl

, b2 and o7 required by assump-

=1 t=1
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Result (S.93)) now follows using ((S.102) and (S.103)) in (S.101)), and noting that by assumption
n and T are of the same order. Consider now ([S.94)), and note that it can be written as

o152 2)

W'LT sz

:_Z Yi — i | WiT T O
n 0i Wi, T

_12": ¥i =i _12 Y=Y\ (. T
n < o n 0 el Mpe; )

=1

The first term of the above has the same form as (S.93)), and becomes identical to it if we
replace a; in (S.93) with 1/0;, since by assumption inf;(o;) > c¢. Hence, the order of the
first term is O,(y/In (n) / (nT)). Also the second term is dominated by the first term, since

1 — (T '/ ,Mpe;,) " = O,(T') based on result (S.133). Therefore, (S.94) is established as
required. For ([S.95)), note that

=1

n AN —1 ]’;\/ F_F n AN n
) D i) ) el

VR
>
*ﬂ,_lj)
~__—
|
VR
S|+
3
~
-
3
Q
eS|
™
3
>
Z
~_
%)
—_
o
B

-1
Recall that (T‘lF’ F) =0,1),and n™' 37" 4,7, = Oy(1). Also note that b;, is bounded
m»

in n. Then using ([S.47) it follows that (n and T being of the same order)

~ ~\ —1 v (1
PR\ CF(F-F) o i B
( - ) - n ;bin7i7i =0, <m> = Op(6,7 )-
Similarly, using (S.70)

<F1’1F> (n_l ZlT—l (F — F)Imez‘Eio (A7) ’7;) =0y < h;z(;)> '

o a1
The last term of (|S.104) can be written as (nZ") "/ (TﬁlF’F) (n=2T=12 50 binoiFes (A1) )

where n=1/2T-Y23"" b0, F e;o (Ar) 7, is an mg x mg matrix with its (j, j') element given by
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n~1/27-1/2 > 3:1 binoi fitcit (Ar) vijr for 4,5/ =1,2,...,mg. It can be further shown

n T ’
E <nl/2T1/2 Z Z bin0i fjtVij it O‘T))

=1 t=1

1 n n T
Tl DN binbinoiosvipves E (£5) E (€t (Ar) e (Ar))

i=1 /=1 t=1

1 n n T
<=0 D binbioioiviger| B (£7) |E (ea Or) e (Ar)]

% Z Z Z |E (et (A7) €t (A7)

(sup b?n> <Sup %-2]-/> (Sup 03) E (f3)
v ¢ ' i=1 i'=1 t=1

which is O (1) based on (S.69) and the boundedness of b7, 72, 07 and E (f7). Consequentially,

? J

n V2TV binoiF e (Ar) v = O, (1) and the last term of (S.104)) are also O, (4,7 ). Thus
result (S.95)) is established, as required. To prove (S.96) we first write it as

1)1«
dupr = | /7 ) =D @i (% =),
4nT ( T)n“qT(% v:)

(s’. Mpe; >1/2
10 0 . 1
T

and conditional on F and o;, ¢;r are independently distributed across ¢. Using results in Lemma
it is easily seen that E (gir) = O(T~/?) and Var (q;r) = O(1), and hence n=1 Y7 | ¢% =
O,(1). Also by Cauchy-Schwarz inequality we have

n 1/2
1
] < (x/f> (ml}jqu) (n7
i=1

n~1/2 Hf‘ — I‘H = 0,(0,7), and (S.96)) is established. Result

IN

where

Qi = \/T(wi;p — Ui) = O'i\/T

)

o).

where T'n = &(1), and by (S.4

[\~

, T\ —1/2
S.97) follows similarly, with g;p re-defined as g;r = o; WT (EOMTFSC’) — 1}, and noting
that sup,(1/0?) < C, and using results in Lemma [S.14] Result (S.98)) is established as

1 n

. . I .
- > (Gir —wir) (Fi — )| < - > Gz = wir) (3 — )l
=1 i=1

1. .
< (EZ!%,T—%TO (supH%—%H)

=1

(m ;n))?’/?]

|denr| =

S41



(0]

where by (5.58) sup; [, — 7.l = O, (Vi () /). and by (S84 0! S0, 60r — wirl =
O,(In (n) /T'). Similarly by (S.42) and (S.85) we have
1 1 .
‘ (51}T - wz’,T) (% =)

n

(e og) o

iy Wi T

1 n
gﬁz

=1
n

1 1 R
< — — sup [|9; — vl
i—1 1947 WiT i

>
(ln;n)>3/2] |

Lemma S.10 Consider the latent factor model given by and @ Suppose that Assumptions
hold and (n,T) — oo, such that n/T — K, for 0 < k < co. Then

|d7,nrll =

pnT )\T \/_ZstnT )\T _0p< ) (8105)

Gt (A1) = \/— Z VinT (A1) Stor (A7) = 0p(1), (S.106)

where Yy, (Ar) and s 0 (Ar) are defined by (@ and , respectively.

Proof. Using (S.9), recall that

n

n 2y (8 = i) oien (Mr)

=1

Stnr (A1) = @ + @hr

=1

Yy (A=) 72] f,

n

A~ I n A~ ! A~
+ n_1/2 Z 6i7T — 6i,T ft + n_1/2 Z 6i,T — 5i7T ] ft — ft .
S (5 -0 |1 [ (- 0) | (1)

(S.107)

We also note that using , Yenr (Ar) can be written as
Vit A1) = & A7) = (@ — @) Kt (A1) + Venr (A7) (S.108)

where
§in (A1) = Zaz nEit (A1), ain =1— 00,7, (S.109)
Kin (A1) = Z’y oi€it (A1), (S.110)
\/_ 1

Vgt (A1) = \/_ Z [ @ Mpsm/T)l/Q — 1] gir (A7) . (S.111)

542



After squaring s, ,,7 (A1), we end up with p,r (Ar) = Z;il A nr (Ar), composed of four squared
terms and six cross product terms. For the first square term we have

T
(1 ,
Avr ) = VTl [ 5 bew (M) by, (Ar) | @urs
T t=1

where bt,n ()\T) =n —1/2 Zz 1 (’)’Z 77,) O;Eit ()\T) Let Uy ()\T) = (0'161t ()\T) , 092E9¢ ()\T) yoo s OnEnt ()\T))/
so that by, (\r) = n~1/2 (r . r) w.; (Ar). Then

|Arnr (Ar)] < (Al
where Vo (Ar) = T~ 21 uoy (Ar) ul, (A7) . From (2) we have
ot (A1) = Dy (€0t + A\rWeg)
where Dy = diag (01,02,...,00), €0t = (£14,€0,.--,6nr) and W = (w;;) is the connection

matrix. Therefore
u.; (Ar)ul, (A7) = Dy (sotsgt + M Weel W' + Areqel, W' + )\TW«Eotsgt) Dy

and
V1 (Ar) = Do (VeT + AWV W + AV r W+ )\TWV5T) Do.

where Vop = T7' S0 eyel,. Tt follows

!/ !/ n
IV Ol < IVerll 1Do]* (1Tl 4+ A3 W [W||+ [Ar| [W + ] [W]) = Oy ()

T

(S.112)
where the equation holds as ||Dgl| and ||[W|| are both bounded while it is 1mp11ed by part (b)
of Assumptlonlthat | Verll = pmaz (Ver) = O, ( ) In addition, ||¢,r|l = ) while ( }

gives Hf—rHF ~ 0, (g) Then A (\r)] = L0, ( ) [O (T) _o, (ﬁ

since n and T are of the same order of magnitude. For the second squared term we have

n_l/Qi(si,T_éi,T>/ _1/22( iT — ZT)] .
i=1

By assumption T7'F'F = O,(1), and using (S.94) n=1/23"" | (&T — 61‘,T) =0, ( In (n) /T)
Hence, As v (Ar) = O, (ln (n) /ﬁ) = 0p(1). Similarly,

Aot (A1) = VT (T S F

T n
Aspr (M) = VT @l [0 Z —Yi)Vi (T_l Z ftft/> [n_1/2 Z v (& — ;)
nt? Z% =)

Pnr

n

= VT, [0 (3, — )7 | (T7'F'F)
nT i % 7

i=1

LPnT?
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where ||¢,,r|| is bounded, and by (S.95) n 23" (§; —v:) Y = O, ( In (n) /T) Hence

T T

o <1“¢(;)) —0,(1).

Agnr (A1) = VT 10, M) (T~'F'F) O, ( In (n)> O

Next

A4,nT ()\T) - ﬁ

no F_F
25 o) () [5500)]

=1

s
||M:
Il
/\
v

where by (S.41) 7! ‘ p_F| = O, (6,7 ), and by (S.94) n=1/23"" | <S,LT — Ji’T) =0, ( In (n) /T)

Hence, Aynr (A\r) = VTO, ( 6,7) % Op(In(n) /T) = 0,(1). The probability orders of the
cross product terms of p,r ()\T) namely As n7 (A7), ..., Aont (Ar), are also easily seen to
be 0,(1), by application of the Cauchy-Schwarz inequality to the product pairs of the terms
Ay nr (A1) s Ao vt (A1) s As vr (Ar) , and Ay nr (Ar). Thus, overall p,r (Ar) = o,(1), as re-
quired. Consider now g,r (Ar) and note that it can be written as (using (S.108) in (S.106)))

1 T

Gnr (A1) = \/— Z Str (A1) &t (A1) — (@pr — Son)/ ﬁ ; St1 (A7) K (A1)

+ ﬁ ; St.nT ()\T) V¢ nT ()\T) )

where & ,, (A1), Venr (Ar) and K, (Ar) are given by (S.109)), (S.110) and (S.111)), respectively.
Consider the first term of the above and using (S.109)) write it as

% Z (3 — ;) L Z Etn (A1) i€t (AT)]

T
1 /
ﬁ E St,nT (Ar) &t (A1) = @hr
t=1

(A=) v

i=1

oS (s 0a) (

i=1

+ @nr

n ’

+ |n~/? Z (&T — 52',T)

=1

= Bjur (Ar).

J=1

Using (S.109)), By nr (Ar) can be written as




where a;,, = 1 — 0;),7,;. Since g;; (Ar) are independently distributed over ¢ and weakly cross-
sectionally dependent; and n and T are of the same order, and ¢, = O,(1), then

1 & )
Binr (A1) = Oy <% > ain0i (3, — %)) :
=1

Further, letting b;, = a;,0; and noting that n=' """ o2 (1 — oiplv:)? < O, it follows from
(S.93) that n /23" | a; 04 (4; — i) = Op(y/In (n) /T), which in turn establishes that By, (Ar) =
0p(1). Similarly, using (S.109)), By 1 (Ar) can be written as

n-1/2 Z (,.3,2 _ 71‘) 7;] (\/% Z Z (lj’nftgjt ()\T)> .

i=1 7j=1 t=1

Bsur (A1) = @i

Recall that ¢, = O,(1), and by (S.95) n=2 7 | (4, — ) ¥: = Op(y/In (n) /T). Also, under
parts (a) and (c) of Assumption \/% > ST ajnfiei (Ar) = O,(1). Then it follows that
By 1 (A1) = 0p(1). Similarly, it is established that Bs ,r (Ar) = 0,(1), noting that by (S.94) we

~

have n=1/23"" | (di,T — 6i7T> = O,(y/In(n) /T). The fourth term, By ,r (Ar), is dominated by

the third term and is also 0,(1). Thus overall, 7-1/2 Zthl St (A1) &t (A1) = 0,(1). Using the
same line of reasoning, it is also readily established that T=2 3" s, .0 (Ap) ke (Ar) = 0,(1),
considering that, k¢, (A\r) = n 23" | v,0:€: (Ar) has the same format as &, (Ar), and in
addition by (S.113) @7 — @, = O,(n"Y2T~Y2) + O,(T7'). Finally, the last term of g,z is
given by

T T n
1 1
— st A1) Vear A1) = —= > Vit (A1) Phr (072 (R — i) oie ()\T)]
T VT t=1 i=1
1 T n
+—= Z Vet (AT) Prr nl/? Z (% —va) i | £
VT t=1 i=1
1 T B n (A )/_
+ — Z Vnr (A1) n~ 12 Z 0;ir —0;7) | £
VT t=1 | i=1 i
+Livt T()\T) nl/2i(8'T—5'T)/ (ft—ft)
VT = | o 7 i

nV2Y (A= i) o (AT)]

t=1 j=1 ES‘OMFEjo/T) i=1
T, < ~1/2 ~ 1 1
=\ —Pur nPY F =) = Yo — 1) ew(Ar)eje(Ar)] -
" =1 i—1 = (F’:;o1\/IF€J'O/T)1/2



Again, since €;; (A7) is distributed independently over ¢ and weakly cross-sectionally dependent,
then

T
1 1 e
T E U,(( M /T)l/z_l) 5it()\T)Ejt()‘T) _>p 07 lfl?é],
Ejo FEJO

and

1 < 1
720 ( - 1) e (Ar) €50 (Ar)

(€}, Mpe;o/T)"?

' Mpe,, ~1/2
(%) —1 () pLifi =

Since € (A1) = €1 + Arby with by = wiyes and wy; = 0 so that €; is independent from by,

then
Mpe;. -1/2
{ g F& —4%Mﬂ}

E{ <s 1\?@0)‘”2_1] }+E
off)o(3)

where the last line holds by (S.79), (S.133) and (S.136). Also by (S.93) n=Y23>"" (%, — v:)

O,(y/In(n) /T). As n and T being of the same order, it then follows that C1 .7 (Ar) = 0,(1).

Slmllarly to BZ,nT ()\T), we have
E E —1]e; ()\T) f]
1/2 Jt t
j 1 t= 1( Mpsjo/j)/ )

nY (3 - %]

i=1

/ N\ L2
(siol\;IﬂFszo) i /\%E (blgt)

Comr (A1) = @pr

The same line of reasoning as used for Bs,r (Ar) and By,r (Ar) can be used to establish
Cjnr (Ar) = 0,(1) for j = 3 and 4. Hence, T~2 327 | 547 (A1) vynr (Ar) = 0,(1), and overall
we have ¢,r (Ar) = 0,(1), as required. m

Lemma S.11 Consider the latent factor model given by and (@ Suppose that Assumptions
hold and (n,T) — oo, such that n/T — K, for 0 < k < co. Then

VT (¢, — pnr) = 0, (n?) + 0, (T7?) (S.113)

VT (@0 — @) = 0,(1), (S.114)

where Pn = n-! Z? 171,/0-17 Pnr = n! Z?:l 7i/wi,T with Wi, T = (T 0; szoMFE:ZO) /27 SanT =

nUY A G, Gir = (T Yy Mpy;) Y2 and 4. and F are the principal component estimators
of v; and F.
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Proof. First note that
TS e ()]

{02 be

\/T (Qon - ‘PnT) =
N4 g
= E1iaT t 82nTs

where

. _ _ = \/_ 0-1 _ E O-’L L
gl r= Z sz sz O-i,
0; i
nl = —— 1-F —.
Bt = ; { (%Tﬂ g

7|l < C, o; < C, then using result (S.133) we have

Since o;/wir = (T7e,,Mpe;)~ 12
E (wU_T) =14+ 0(T), and gopr =
1 7n -1 _ \/_
Nt i Y0 Xir, where xir = —VT [0 /wir —
are distributed independently over ¢ with mean zero and bounded variances

T o \1? 1 1\1?
V ir)=T|E|——— ) — |E : 140 =)—-[1+0| =

ar () (aéoMFsio) [ (%Tﬂ i (T) [ i (T)]
Hence, g1 ,7 = O ( -1/ 2), and the desired result (S.113|) follows. Consider now |D and

O (T_1/2). The first term can be written as g ,r =
(0i/w;r)]. Conditional on F and o;, x;r

= 0(1).

note that it can be decomposed as
(S.115)

\/T(SanT —p,) =

where it is already established that the first term is 0,(1). Consider now the probability order

VT (Pnr — Pn) + VT (Pnr = Pur) 5

of the second term and note that it can be written as

T (P — =5 (LT
\/_ (‘PnT ‘PnT) n 4 (a'i,T wi,T)

=1

— T — (}l’T Wi T n i 7t

VT <[ 1 1\ . T~/ 1 1 .

— ( ——)('n—%)Jr— ( - )(%—%)
n T Wi, T g; n i—1 0T wi, T

Now using (S.85)) of Lemma |S.8 we have
1n(n)>
IR .= O =0,(1).
Z (m wlT) v=0, (") =t

Using this result as well as and (S.99), we have VT (@, 1 —
in turn establishes (S.114]), as requ1red n

S3When ¢;; are normally distributed we have the exact result (

S47

@) = 0p(1), which

s;.OMTFem) = T/(T —mg — 2).




Lemma S.12 Suppose Mp = Ip —F(F/F)_lF', where F is a T X mg matriz, and 77 1s a T x 1
vector of ones. Then

tr (MF) =, tr (MFQMF> =0 (U) s (SllG)

TIT (MFQMF) TT = O (’U) ,TIT (MFQMF@MF> TT = O (U) y (8119)

T/T (MFQMFQMF@MF) TT = O (’U) ,T/T (ITQMF) (MFQMFQMF) T — O (’U) y
(S.120)

T/T (ITQMF) (MFQMF) (ITQMF) TT = O (’U) ,’T/T (ITQMF) (ITQMF) TT = O (U) 5 (8121)

T/T (ITQMF) MF (ITQMF) T = O (1)3/2) ,T/T (MFG)MF) MF (ITGMF) T = O (U3/2) y

(S.122)
77 (IrOMp) Mg (I:OMpoOMp) 77 = O (v¥/?) (S.123)
where v =T — my.
Proof. See Lemma 10 of Pesaran and Yamagata (2024). m
Lemma S.13 Suppose the T'x 1 vector e = (1, &3, ...,e7)" ise ~ II1D(0,1r), sup, £ (|5t|8+8) <

C for some small s > 0, and Mg = I — F(F'F)le’, where the T x mqg matriz F is distributed
independently of €, then

g (EMrE) _ S.124
(222)- -
E (sll\gﬁ)g :1+0(%>, (S.125)

F(a) =0, B (¢!) = O(1), (5.126)

v

where v =T — my, andqv:\/@<%_1)'

Proof. Denote 77 as a T x 1 vector of ones and suppose v, = E (&}), 72 = E(g}) — 3,
V3 = E(g]) = 1071, 74 = E (€f) — 1572 — 1077 = 15, 76 = E (£}) — 2874 — 56737 — 3575 — 21072 —
28072 — 105, which are all bounded as it is assumed sup, F (|€t\8+5) < C. Since e ~ I[ID(0,1Ir)
and Mg = (myy) is an idempotent matrix then results (S.6) to (S.9) of Lemma 6 in Pesaran
and Yamagata (2024) apply and we have (since tr (M%) = tr (Mp) = v, for s =1,2,...)

E (e'Mpe) = v, (S.127)

E [(e'MFs)Q} = 02 + 20 + otr (MpOMy) | (S.128)

E [(€,MF€)3i| = U3 + 6’[)2 + 8v + ’}/4tI' (MFQMFQMF) + 3’)/2 (U + 4) tr (MFQMF)
+ 67 [77 IpOMp) My (I;OMFp) 1] + 497 [T (MpOMpOMp) T7] (S.129)
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E [(e'MFe)ﬂ = 0* +120° +440 +480+7a fr, 70 fos 76 s+ 12 75 Fr2 F11V8F 11555 (S:130)
where
fro = (60% + 480) tr (MpOMp) + 12 [7, (MpOMF) Trtr (MpOMF)]
+ 96tr [(IrOMp) Mg| + 4875 (IrOMp) (IrOMp) 77,
[ = (4v +24) tr  MpOMpOMp),
[y = tr MpOMpOMpOMEF),

f’y% = 24’[)’7',7—1 (ITQMF) MF (ITQMF) TT + 48TIT (ITQMF) MF (ITQMF) TT

+ 1607 (MpOMpOMF) T7 + 9677 (MpOMFp) Mr (IrOMFp) 77

+ STIT (MFQMFQMFQMF) TT,
f%,},3 = 247'/T (ITQMF) MF (ITQMFGMF) TT + 327'/T (IT@MF> (MFQMF@MF) TT.
Result ((S.124) follows from (S.127). To establish (S.125]), using (S.128]), we first note that
‘Mpe > 2 tr (MpOM
E(s Fs) _ 14240, B MrOMy)

v v2

) 2
But by (S.116|) tr (Mr®Mpg) = O (v) and by assumption 7y, is bounded. Hence F (—E l\gF“:) =
14 O(1), as required. To prove (S.126), noting that E (€' Mpe) = v then E(g,) = 0. Also

4 4 3 2
=0 (E/MFE B 1) 2 (E’Mpe> .y <5’MF€> L6 (s’Mp&‘) .y <5’MF€> +1
v v v v v
eMpe\® e'Mpe\?
v v

_ U_l2 E |(¢Mpe)'| - %E (M)’ | + 6 [(¢Mpe)?| — 40E (¢'Mre) + v

Now using the results in ((S.127))-(S.130)), and after some algebra, we obtain

[ 121)2 + 48v + 12’}’2 [T/T (MF(DMF) ‘I'T} tr (MFQMF)
+96’)/2t1' [(ITQMF) MF} + 48’}/2 [’T/T (IT@MF) (IT@MF) ’TT]
+ (4y4v + 244) tr (MpOMEOME) + ystr (MpOMpOMEOME)
V2 +9673tr [(MpOMp) M| + 342 [tr (MprOME)]?
+2473 [77 (IroMp) (MpOMF) (IrOMF) T7] + 873 [ (MpOMpOMpOMF) T7]
+24’yl’)/3 [T/T (IT@MF> MF (ITQMF@MF) ’TT]
‘|—32’}/1’}/3 [T,T (ITQMF) (MF@MFQMF) TT}

- Za (S.131)

Y

and taking expectation yields

/ 47]
<e MF5> 4R
v

E +6E

E (q,) = v*
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Further noting that 1, v2,7v3,74,75, and ¢ are all bounded, then using the results (S.116))-(S.123])
we have A8

ayy = 127 A2y = —,
v
_ 12’)/2 [T’,T (MF(DMF) TT] tr (MFQMF)
V2

v2 ’

a3,y

Q4,0

a5

. 48’)/2 [T/T (ITQMF) (ITQMF) TT] . O 1

= 2 = -,
4 24v4) tr ( MrOMrGOM

G50 = (4dry4v + 247,) YU(Z FOMpOMp) —0(1),

~ Yetr (MpOMpOMrGMFp) —0 (1)

V2

a7

_ 48’}/% [T,T (ITQMF) MF (IT@MF> TT] _ O ( )
v2 ’

1
NG
9677y MpOMp) My (IrOMp) 7r 0 1
A9 = 02 = % )

aS,v

9672tr [(MrpOMp) M| <1)
G100 = D) =0~
v v
372 [tr (MpOMp))
i = AIEMEOMA]
vy 2B (rOMp) (MpOMy) (IrOMy) 7] _ (1)
0= 02 T \w)’

8% [T MpOMpOMpOMp) T7] 1
130 = 2 =0 ; ,

Q140 = 02 - % )

327173 [T (IrGMp) (MpOMpOMFE) T7] -0 (1)
v? '

A1509 =

Using these results in (S.131)) it now follows that F (¢}) = O (1), as required. =

Lemma S.14 Suppose the T x1 vector e = (g1, €9, ...,e7) is€ ~ IID(0,1I7), sup, E (|5t|8+s) <

C for some small s > 0, and Mp = Iy — F(F/F)le’, where the T X mq matriz F is distributed
independently of €. Suppose there exists a finite integer vy such that for all v > vy,

MFE
(%

>c>0. (5.132)
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E

Then for v > vy,
1
:1+O(—), fors=1,2,3,4,
v

(20 202, o[ (2)
() o) o

/ -1
E|e <€ MFE) ~14+0 (1> , (S.135)
v v
, ~1/2
E|ef (E MFE) —1+0 <1> , (S.136)
v v
, ~1/2 1
E |eev (E l\st) =0 <;) , fort # 1t (S.137)
, ~1/2
E e (8 l\ng) ~0 (%) . (S.138)

Proof. To establish the results in (S.133) we first note that

EIMF&T 1
14—, S.139
v Nk (5.139)

where

™
g = Vo (6 re 1) . (S.140)
v
Applying the Taylor Theorem to (v—'e'M Fe)l/ ? we have

e'Mrpe 1/2_1+1qv 1R
v 2 v 8v

(S.141)

where
—3/2

Qv 2
R, =11 ,
< " \/5) o
and g, lies on the interval between 0 and g,. Since E (g,) = 0 as shown by result (S.126] of
Lemma [S.13] taking expectations of both sides of ([S.141]) yields

, 1/2
E (6 MF€> —1-LEm). (S.142)

v 8v

It is, therefore, sufficient to show that F (|R,|) < C. By Cauchy-Schwarz inequality we have

()
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1/2

[E (¢4)]"2. (S.143)

v

E(|R]) <




and distinguish the cases (a) ¢, > 0 or equivalently if sll\g—Fs > 1 and (b)
> 1. Under (b)

Consider

14 2

¢v < 0 or equivalently if EIMTFe < 1. Under (a) 0 < g, < ¢, We have‘l + \‘7/—”5

Gv < Gy < 0, we have ‘1 + \‘7/—”5‘ > ‘1 + \q/—% = Ell\g”, and under condition ([S.132 ‘1 + \‘7/—”5 >c >
0. Hence, irrespective of whether ¢, > 0 or not,
‘1+3”_ >c¢ >0, (S.144)
v

and we have E (‘1 + % < C. Also it is established that E (g2) = O(1) by result (S.126
of Lemma Using these results in ((S.143)) it follows that E (|R,|) < C, and given (|S.142

we can show "
™ 1
(E F€> :1+0<—>.
v v

The other results in can also be established similarly. Result follows (S.7) in
Lemma 6 of Pesaran and Yamagata (2024) by setting ¢? = €’ A e, where A; has only one none-
zero element on its diagonal. Result can be established using a result due to Lieberman
(1994) (see Lemmas 5 and 21 in the online supplement of Pesaran and Yamagata (2024)). To

establish (S.136]), note that by applying the Taylor Theorem to (v—te’ MFs)_l/ 2

E

—1/2

/ 2
5 (€' MFpe _ 2 lag 3
& < v > % T Vo * SURe’v

where

g\
Re,v == <1 + ~ ) q12;8?7

and taking expectations yields

5 (E’Mps>_
&t
v

E(e?) =1, and using (S.134)) we have

)l o) s

By Cauchy-Schwarz inequality

2
E + —FE (Rey) . (S.145)

E(|Rep|) < | E

(B ()] [B (6] (S.147)

IA
T Dj 1
N
T
_I_
S
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=10
Given ([S.144), it is easily seen that ‘1 + qu

< C. Also E (¢8) < C by assumption and

E(¢}) < C by (S.126)). Hence, using these results in (S.147) it follows E (|R.,|) < C, which
completes the proof of (S.136|). To establish (S.137)), using (S.141)) note that for ¢ # ¢/,

(E'Mps) 12 1E (queer) 3
E1Ep _—
v

- —F (R o
5 Vo 8 (B
_\ —5/2
Ry = < \q/%) ey
Note that F (eey) = 0 for ¢t # t' by serial independence of ¢;. In addition, using definition of

¢, in (S.140) yields

E : ‘M
(goeeee) _ p[(€Mre N,
Vv v

_F [(MF) } = o Fl(e'Ae) (¢Be)],

where A = My and B = (by) with by and by (t # t') being the only non-zero elements. Now
using (S.7) of Lemma 6 in Pesaran and Yamagata (2024) it follows that E (g,e6¢) = 0. Also
by Cauchy-Schwarz inequality |,

_ -5
2.2 q
E1E (‘ \/% )

- 10\ 71/4

Qv 1/4 1/2
<|E(|1+L [E () E ()] [E ()] <,

NG
where the final inequality follows using the same line of argument used to bound E (|R.,|) in

(S.147). Overall, result (S.137)) is established. Finally consider (S.138) and note that
‘Mpe\ ? 1E (g, 3
L (2) LT

_E (Rt,v) 9
g\
Ry, = (1 + —v> Qe

E

=F (é}é‘f/) —

where

E(|Rtt/,1)’) S E

1/2

(B ()]

E

= FE (&) —

where

2 Vo 8v
NG

We have F (g;) = 0 and

E (q&1) _E e'Mrpee, ) —E e'Mrpee, ‘
Vo v v

Denote {m;; : j,j' =1,2,...,T} as the element of M, such that based on part (c) of Assump-
tion 2l m;; is independent from &, and E (m;;) = O (1). Then it follows that

M 1
E (E Fsgt) Z Z E (eymjeper) Z Z Eeseyed) B (miy) = (B () B (ma)

Jlj’l ]1]’1

of})
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where the second equation holds due to the independence of €; and m;/, while the third equation
holds due to the serial independence of ;. Besides by Cauchy-Schwarz inequality,

5
< -E (‘1+ v _10) "

E(|R]) < | E

1/2
(2 (a)]™"

N B (=] B @] < C,

where the last inequality holds again using the same line of argument used to bound E (| R, ,|)

in (S.147). Overall, result (S.138) is established. =

Lemma S.15 Consider the latent factor model given by and @ CD and CD statistics

are defined by and . Suppose that Assumptions hold and (n,T) — oo, such that
n/T — k, for 0 < k < oo. Then

CD=CD+o,(1). (S.148)

Proof. Using (S.2) and (S.39) we first note that

( 2(nn— 1)) (CD_@)_LTZ (% .n U“;) - (Ln ‘n 5;) . (S.149)

t=1

Also note that
1

7 a—.; = hin + Gur (S.150)
i=1 "

\E

where (also see (S.7))

n

1 Uit o C,rUot 1 ) dnTuOt

1 « 1
hinr = — = cand gpar = — iy | —— — _
Lt \/ﬁzwﬂ Jn e T ﬁE“f(m wiT NG

=1 i=

Qo = (fag, o, ooy Gnt)'s Cor = (Wi T Wy s Wy p)s ur = (dir, dor, ..., dnr)' , and dip = 6,7 —
w; +. Then squaring both sides of (S.150)) and using the result in (S.149) we have

2(n-1) (CD—C/’\B> _Li 2 —i—iih
- = \/T 2 9t nT \/T 2 t;nT Gt,nT

T (1 ~ 2 N
=1/= —==d'  Vrdyr + —c.Vodar |, S.151
n(\/ﬁnTTT+\/ﬁchTT> ( )
where V= T Zthl U,:0),. Now using 1} the error vector io; can be written as

ﬁot:uot(AT)—r(f"t—ft)—(f—r)ft—(f—r) (ft—ft).
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or in matrix forms
Vr =Vr(\r) +T [T—l (F - F) (¥ - F)] I+ (P —T) By (T - r)'
+(P-T1) {T‘l (F- F)' (F - F)} (P - 1“)' ~ T (Ap) (F-F) T
~ T () P (- 1“)' ~TU ) (B F) (P - 1“)/ +1 [7F (F-F)] (T - 1“)'
+o|r (f-F) (F-F)| (F-1) '+ (P-1) [rF (F-F)] (B-1)

where Vr ()\T) =71 Zle Uot ()\T) U.;t ()\T) and U ()\T) = (uol ()\T) , Uo2 ()\T) ..... Uor ()\T))/
By (S.112) we have ||[Vy (Ar)|| = pmax (V1 (A1) = Op(%). Also by results in Lemma all

other terms of the Vy are either O,(1) or of lower order, and we also have Vi = O, (1) since
n and T are of the same order. Consider now the terms in (S.151]) and note that

(W) o0~ < &[] [( = teurl?) + (25 e ) lirl]

But

. n 1/2
7n lenr|l = <”_1Zwﬁ%) ;

=1

" 1/2
ldurl| = (Z (6:r —w;%f) -

i=1
By part (c) of Assumption [2| (wz_:,%) < C < o0, such that

1 n
~E |lear||” =n~" > E(wiz)<C
=1
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and hence n~1/2

ezl = O, (1). Also by (S.82) we have

2
~A—1 -1|12 _ ~A—1 -1 _
sup ‘Ui,T - wi,Tl = (SUP {O-i,T - wi,T‘) =0,
(] K3

In(n)\?
T
therefore

n 2
Idurl* =) (670 — w; ) <nsup (677 —wip) =0, [n <1n;n))

—0,(1), (S.152)

i=1 i

recalling that n and T are of the same order. Hence, ‘C’D — 6’\1/)‘ = 0,(1), as required. m

Lemma S.16 Suppose the data are generated by the latent factor model given by and (@
The latent factors, £;, and their loadings, v,, are estimated by principal components, f; and 4,,

given by (19). Suppose that Assumptions hold and (n,T) — oo, such that n/T — Kk, for
0 <k <oo. Then

L% =, In ()
il = 1
Z - 0, prll B (S.153)
1 e . In n\
n Z (¥ —vi) oi = Op ngl) 3 (S.154)
i=1
Y In (n)
il 2(A A — A = 1
n Zaz (7z7z 7171) OP nT ) (S 55)

=1
1< 1 < In (n)
=D _0irYi— — ;=0 : S.156
S s> em =0, () ($.156)

Proof. Results (S.153) and :S.154i follow directly from (S.93)) by setting b;, = o; * and b;, = 03,
respectively. To prove (S.155)), note that

- Z a; 77,71 7171 Z 0; i 72)/

+ = ZO- 71 71 + = ZG 71 i 71)/ . (8157)
n Z (i =) 3 — 7i)l

< <sup 03)
v i=1

< (supo?) ( ICERT )
and using (S.42)) it follows that

oo (d)

Since ¢? is bounded, then

1 . .
n Z o (3 —vi) B =)
i=1

1 n




Now using (S.95)), setting b;, = 0;, we have

1 < 2 (
E ZZ:; Oi 71 71 Z g; ‘Yz 7
and (S.155)) follows. Finally, consider (S.156|) and note that
I, . 1
n Z i, — n Z 0i%i

=1 =1

o . . 1 <&

~n Z (617 —wir) +wir] (F; — v +7:) — o Z 0i%Y;

=1 =1

. 1. .
+= Z (wir =) (35 =¥ + = > (Gar — wir) (3; = 7.)
=1 =1

=A 0+ Asr +Aspr + Ayr + As r. (S.158)

Recall also that under Assumptions [2/and |3| o; and -, are bounded and ng =T 'o%; Mpe;o,
for i = 1,2,...,n are distributed independently across ¢, and from o; and ~,. Starting with

A, 1, and using (S.133) we have
E;OMF&‘iO 12 vnT
T - 1 - O — .

T
Since n and 7' are assumed to be of the same order then E (\/ nTALnT) = O (1). Also, using
result (S.133))
- e, Mpei 12
T

nT’ 9
Var (V nTAl,nT) =2 Zl (O-i 'Yz")’;) Var
Therefore, vVnT Ay ,v = Op(1) and it follows that A, ,,7 = O, [(nT )_1/ 2} . Further, using (S.84
setting b, = 75, for j = 1,2, ..., mg, then it follows that

1 — R In(n
Agpr = n Z'Yi (Gir —wir) = Oy (#) .
i=1

Since Aj,r is the same as the result in (S.154), which is already established, then As,r =
0, ( In(n)/(nT )) Using result (S.96)) it follows that

E (\/n_TAl,nT) - @ Zn:(vio,-)E

—0(1).

1 « . 1
Aynr = — Z (wir — o)) (% — 7)) = Op ((57) :
n nT

=1
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Using result (S.98) we have

n

1 . N
As 0 = " Z (Gir —wir) (¥ — i) = Op

=1

Result (S.156) now follows straightforwardly. m

Lemma S.17 Suppose the data are generated by the latent factor model gz’ven by (1) and (@)
Denote @, = n 'S 7. /0i, @pr = n S0 v, Jwir with wip = (T~ 02e), Mpe;) "> where
€io = (8i1,€i2,...,6ir) and Mp = Ip — F (F’F)_1 F’. Suppose that Assumptions|1h4| hold and
(n,T) — oo, such that n/T — Kk, for 0 < kK < co. Then

anT )\T thnT )\T _OP( )

Y1 Bta (A1) K1, (A1)

G307 (A7) = VT (P — #,)’ i ) (Pur — Pn) =0, (1),

Ganr (A1) = VT (pur — @)’ % > Fin (A1) viur (AT)> =0, (1),

G Or) = VT (01— ) | 7 D wen () 1 (m) —op(1),

where

Ve (A7) = \/' Z( (€] Mpsm/T)”2 R 1) )

Ky N )\T \/— Z '7zo'z€zt )\T

gt n )\T \/— Z Q; nszt >\T Qi pn = O-ZSO;{YZ

Proof. Starting with the g2 ,7 (Ar), note that

Gonr (A1) = ( Z Vpur )\T> <VT (sgpvinT ()\T)). (S.159)

Meanwhile, we have
L 1
(e}, Mrein/T)2

] (sup |eas (AT)|) : (S.160)

leae (A1)]

|Vtar (Ar)| < 7 >

and

1
Slip |Vt (Ar)| < [— Z




Consider the first term of the product in ([S.160)) and note since g;, is cross-sectionally indepen-

dent conditional then
2 Lo ) 2
-1 = - E -1 .

( (] MF%/T)I/2 > ] ”; ((é?éol\/IF&‘io/T)1/2 )
Also using (S.133)

2
1 1 1
E 1) =B(—— ) —2E 41
((E;OMFGIZ‘O/T)UQ ) <€{£OMF€1'O/T> ((EQOMFEiO/T)1/2>
1 1

=|F|———=|—-1|—-2|F -1

{ (EQOMFEZ-O/T) ] ((s;OMFsio /T)1/2> ]
1
e (?) |

Therefore by Markov inequality, we have

( C 1\/Ip»sw/T)1/2 N 1)‘ =0 (%) : (S.161)

Now consider the second term of of the product in (S.160) and note there exist C. 1, C. 2 and
r. > 0 such that

Pr <sup leie (A7)| > a5> < nTsupPr (lex (Ar)| > ac) < nTC.1exp (—Cea(a:)™).
it it
Hence, by letting a. = & (In (nT")), we have

Pr (suplew ()] > 0. ) < Coaexp (i () = Cea 0") = O (1),

it

which further implies sup; ; ey (Ar)| = O, (In (nT')). Invoking this result and (S.161]) in (S.160)
now yields

sup v ()] = 0, (722 ) (5.162)

VT
Then consider (S.159) and it follows

ot ) < VT (500 Or) ) < VT (s viar <AT>\)2 -0, (%) —0,(1),

(S.163)
as n and T are of the same order of magnitude. Consider gs,7 (Ar) and note that the result of
Lemma [S.17] holds such that

VT (¢, — @ur) = O, (%) + 0, (T71?). (S.164)
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Furthermore, we have

E||&en (Ar)|* = ZZ‘Y[Y]WTJ (it (A7) €5t (A1)
=1 j=1

< % > Il vl oo, 1E (e (Ar) 250 (M)

< <sgp|‘yi2) <s1z;pai2> [%ii@(% (Ar) €5t (>\T))|] -

Given ([S.69) and boundedness of 4, and oy, it follows

Bl ()l < (sup ) (sup?) [% >3 IE (e () 2 wm] —o()  (s.165)

i=1 j=1
and K¢, (Ar) is therefore O, (1). In addition, it is clear that K, (Ar) is serially independent,
and we further have T-' 3.7 Ky, (A1) Ki, (Ar) = O, (1). Using this result together with
(S.164]) we then have

931 (A1) = 0,(1). (S.166)

Next for g4 nr (Ar), by Cauchy-Schwarz inequality, we have
TZK/tn )\T)UtnT )\T

T 1/2
1 5 B In (nT)
> (TZHM () H) <f;vt,nT<AT>> —o, (=)

where the equation holds by (S.163)) and ( m Then using the above results it also follows
that

gamr (M) = VT (1 — @,,) ( Zl’»m (A1) Ut (AT)> = 0,(1). (S.167)

t=1

Similarly, note &, (Ar) = n~Y23""  a; nei (Ar) and by Cauchy-Schwarz inequality,

T T 1/2 T 1/2
% 2 (A1) un (3r) < (% > ke (AT>H2> (% D& <AT>>

t=1

where given , su < (' and su 2 < C, it further follows
g p; a; n Pi 0;

(gt n /\T - Z Z Qi nQj, n 5zt )\T) Ejt ()\T))

11]1

< (Sl;p af’n> % i i |E (et (A1) €5t (A7)

i=1 j=1

< (S.168)
Hence, T—! Zthl Kin (A1) & (A1) = O, (1), and again using 1) it follows that

g5 (A1) = \/T(Son:r’ < Z"‘"tn (A7) & (AT)) = 0,(1). (S.169)
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Lemma S.18 Suppose the data are generated by the latent factor model given by and @)

Further denote .
T-1/2 Y ie1 &t (AT) Venr (A1)
1 Zle 57&2,71 ()‘T)

WnT (>\T) =

Y

where

gtn >‘T \/—Zazngzt )‘T azn: O-i(P:me

1
Uy nT )\T \/—ZQt&t /\T Qt (T*lsgoMFEio)l/Q -1

with ¢, = n 'Y " v,/0i, €0 = (€i1,€i2y - &) s Mp = Ip — F(F’F)_1 F’. Suppose that
Assumptions hold and (n,T) — oo, such that n/T — k, and 0 < Kk < 00. Then wyr (Ar) =
op (1).

Proof. Consider first the denominator of w,r (Ar) and using (S.168)) yields

( Z&n (A1) ) =%ZE(5§n(AT)) < C.

Hence, by Markov inequality it is obvious that the denominator of w,r (Ar) is O, (1). Consider
now the numerator of w,r (A7), which is denoted as r,r (Ar). For simplicity, let

1 « 1 «
ft,n = ﬁ Z Qi nEity VtnT = ﬁ Z Git€it,
i=1 i=1

then

T

rnT >\T \/— Z ft nvt nT + % Z [gt,n ()\T) - ft,n] /Ut,nT ()\T)

t=1

T
+ % tz; gt,n (>\T) [Ut,nT (>\T) U, nT T tz; ft n )\T gt,n] [Ut,nT ()\T) — Ut,nT]

4

=TinT + Z Tint (A1) -

=2

For the first term of 7,7 (A1), note

n n
1
gt,nvt,nT = 5 E E aingitgjh

i=1 j=1

where by parts (a) and (c¢) of Assumption , eir and (; are distributed independently for ¢ # j.

Therefore,
1
B (Guntear) = Z“’" . ((T el Mye,)? _1>]'
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Furthermore, since a;, is bounded, and

1 1
2 —1ll=0[=
. ((T_lsgoMFsio)l/Q ) (T>

based on result (S.136)), then E (& ,v;,r) = O (T~!). Using these results in r 7 we have

E

T

1
E 7" n = ét nUtn =0 <—) . (8170)

Also
Var (Tl,nT) =F (TinT) — [E (Tl,nT)]Z
1 T T
= ? Z Z E (gt,nvt,nTgtlyn’Ut/’nT) —+ O (Tﬁl) . (8171)
t=1 t'=1

Consider now the first term of Var (r1,,r), and using (S.11)), note that

E (& nVe & nV4 n1)

(% Z Z ainajngitgjt’> (% Z Z Crt<st’>]

i=1 j=1 r=1 s=1

1 n n n n 1 1
= — AinQinE —1 — 1) eucivercst ¢ -
n? 121 JZ1 ; ; ] { <(T1€QOMF€7~O)1/2 ) ((TlegoMFeso)1/2 ) e }

Since by part (a) of Assumption[2 £],s are cross-sectionally independent and after some algebra

we have ]
T Z Z E gt nUt nTgt’ nUt nT Z Dl,nT, (8172)
=1

tlt’

where

T T n 2
_ 1 2 2 2 1
Dl,nT - Tn?2 : : z : § :aan €t <(T_1€/- 1 IFsio)l/z o 1) 5

t=1 t/=1 i=1
1
2
e ((T15;01\/11;&:1-0)1/2 >]

n n

;| LT
Dy nr = WZZZZ@%E

t=1 t'=1 i=1 r#i

1
2
EiEit! —1]x
e ((T—lsgoMpsio)m )]

—~
~
—
m\
L=
e
™
w
3
N—
_
~
0
|
—
~_
L)
&
1
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n n

T T 2
Dypr = TLn? DD alE(eucw) E ( ( : v 1) Ertrtr |

t=1 t/=1 i=1 r#i T-1e! Mrpe,,
T
DS,nT = T_TLQ Z Z Z Z amaan

1
sft< — 1/2_1>]X
t=1 t/=1 i=1 j#i (T 'ej. Mre;o)

1
g2, —-11],
it (T-e) Mye,) 1/2

n n

1 T T
D6,nT = T_n? Z Z Z Z ainaan

1
EitEat! 73 1)] X
t=1 t'=1 i=1 j#i ((T_lséoMFEz'o) /

1
EitE it -1 .
" ((T_lt?}oMsto)l/z )]

n n

E

and

E

For D, ,,v we have

1N, 1< 1 ’
Dipr = — az, — E |&; -1
" n? ; T ; t ((T_leéoMFEio)l/z )

n T 2
1 , 1 1
+— Qi FE 8?6‘?/ —1 :DllnT+D12nT-
n? ; T ; e <(T—1e;OMFsio)”2 ) . "~

It is clear that Dy 1,7 = O(n™'). Also by Cauchy-Schwarz inequality

2 4 1/2
1 1/2 1
E |eled, -1 < [E (e}l E -1 )
e ((Tlegol\/IFaio)”2 ) B (cuew)] (T-1€! ,Mpe;.)"?

where by part (a) of Assumption [2| we have F (e}e},) = E (¢},) E (¢},) = O (1). Furthermore,

in view of (S.133))

1
(T_lé‘;OMF€iO)3/2

1
6F | ———mM
+ {T—lsgol\/{psio]

4
1 1
T-1¢! 1/2_1 :E{T—llM .2}_4E
(T'e;.MFre;o) (T 'ej,MFe;o)

1 1
—1g 1/2 +1:O(?>'
(T 'e;,Mpeio)

Using this result it follows that D; 5,7 = O (\/T n’l) , and overall

—4F

Diwr =0 (\/Tn_l) . (S.173)
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Consider now D; ,r and note that by (S.138) we have

]_ B 1 c Ert . O < 1)
(T—lzs;ol\/IF»sm)1/2 " (T—ls;OMFsm)l/2 T)

Also by Cauchy-Schwarz inequality,

1
EitE i 1
(Tt Mrpe;,)

which is O (T'/?) | since E (g},) = O (1) by part (a) of Assumptionand given results ([S.135)

and (]S.136))
2
1 g2
E 2 -1 —FE it _9F
B ((T_IEQOMF&O)W ) [(T_lsgoMFsio):|

52
—1l -2 u -1
|: |: r- ls MFSZO):| :| (T_IE;OMFEiO)1/2] ]

-o(7)- (5.174)

Using these results it now follows that
L 1
E; 51 ’ -
it (T_l{":;O:[\/Ipsio)1/2

I D DDA
1
(T—ls;oMFero)lﬂ —1 )&

t=1 t/'=1 i=1 r#i
_0 <L) (8.175)
VT) '

Similarly, it follows that

=F

1/2

2
1
<[P |8 ( )1/2—1) ,

— !/
(T'el Mpe;,

E

2
Eit

+1
(T—lfsgoMFsio)1/2

E

X

E

Ds,r =0 (T7'7). (S.176)
Consider the fourth term of (S.172), and using the serial independence of e,

T T n n 2
1 ) 1
D4,nT = W Z Z Z Z amE (6%6#/) FE ((Tls;oMFeTo)1/2 — 1) ErtErt!

t=1 t'=1 i=1 r#i

2
1 T n n 1

i=1 r#i

~0 (% (8.177)
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in which the final equation holds given E (¢2,) = 1 by part (a) of Assumption [2| and (S.174]).
To derive the order of Ds 1, using result (| m we have

1
=0|=). S.178
(7) (5178)
( 3 75 — 1) is independently distributed across i, then
T- 1 / MFGw
T
1
T =3) 9) 9 W

1 1
2 2
—1 =1 jAi ((1 71€;OI\/IF€Z'O)1/2 ) ! ((Z 7183-0]3\/11:'8]'0)1/2 >]

-o(; ) (5.179)

To establish the order of Dg,,r , using ([S.137)) and the serial independence of €;; we have
(T1e Mpe.)"?

1
:O(T>,f0rt7ét’.
Using this result and (S.178)) we have
1 1
D6 nT — AinQjn Eit -1 52 -1
T T2 ZZZ J ((T 18 M 510)1/2 ) Jt ((T 16 MFEJO)l/z )]

t=1 i=1 j#i
1 1 X
EitEat -
(T—legoMpzn:io)1/2

. Z Z 33
1 1
e (T- le! 1\/1116]0)1/2 -

t=1 t'#t i=1 j#i
1
= — . 1
o(1) 6150

Hence, using (S.173|), (S.175), (S.176), (S.177)), (S.179) and (S.180) in (S.172) and then in
S.171)), we have Var (r1,1r) = O (\/LT) +0 (\/TT) , and by Chebyshv’s inequality

Tinr = O (%) + 0, (g) :

For the second term of r,r (Ar), as &, (Ar) = \/iﬁ S aingi (A7) where €5 (A1) = i + Arby
with Ay = ¢, 72 and b;; = Z: | WisEst, then

2
Eit

(T—l(sgoMFsio)l/2

2
— &

Also since 5

n

E

EitEit!

— Eit&i

E

E

|Tomr (Ar)| < —= Z &t (A1) — & Vet (A7)]

Z & (A7) §tn]> <Slip |Vt (/\T)|>

: ) (Sgp |Vt (/\T)\) :

n

Cx
—— ai,nbit
Jn Z
=1

M:

/\/\
@\

t:l
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Since sup; [vinr (A7)| = O, (h‘%ﬂ) as shown by (S.162)), while cxn™ /23" a; ,b;; is serially

independent and

c n 2 C2 n n

>\ A / /

FE % E ai,nbit = g g E a/'i,na'j,nwz'OE (Eoteot) W0
=1

=1 j 1
= - E E a; na] nw OW_]O - § E a; na_jn E wzssz
=1 j5=1 =1 j=1
n o n n
1
- - E E E Ay nWisAjnWijs
n ; X
s=1 i=1 j=1

n n 2
_ %Z (Z w) <C (S.181)
s=1 =1

then it follows

e ) 0, (27 o,

Now consider the third term of 7,7 (Ar) and note

1 o N !
- ngtn (A7) [%Z ((T lel M 510)1/2 - 1) bit]

1
\FZ<T e}, Mpe; )1/2_1>bit |

Clearly, &, (A7) is serially independent and we have shown & ,, (A7) = O, (1) by (S.168). Since

by part (a) of Assumption and Lemma(S.7} by is sub-exponential, then sup, ; |b;;| = O, [In (nT)]

and using ([S.161]) it follows that
sup |b;
(th\ t’) [ Z (T-1e] 1\/11:3@0)1/2 ”

Z ( T-ie Mst)l/2 — 1) bit
B In (nT)
=0, (—\/T ) . (S.182)

-1

sup <
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Overall we have 73,7 (A7) = O, (ln("T)) = 0, (1). Now consider 74,1 (Ar) and note that

T 1/2
Z Ut nT )\T) —UtnT] )

T n
—1]c bz
\/_Z ( T 1€ MFEZO)l/z ) A t]

IA
H‘H
o

3
=
3
|
o
3
[\
\_/
=
[\
\

97 1/2

Z

=1

%” |
2l
(]

= OP (1) ’
where the final line holds by (S.181]) and (S.182)). Overall, we have shown 7,7 (Ar) = 0, (1) and

now it follows wy,r (Ar) is 0, (1). ®

S1.3 Derivation of 6, in terms of factor strengths

Consider 6,, defined by , and note that it can be written as

n n

an:1—%2@12’”:1—%2(1—01‘90;%)2

i=1 =1
= 2¢/ (l 20.7) — ! (l 2027.7’) ) (S.183)
n n T 1 n n 1 111 n’ :
=1 =1

where ¢, =n"' > ~,/0:;. Then

0] < sup(a?) lleplly < ZII%IM) +2sup(0) [, ( Z ||%||1> :

lvilly = 2252 15, and

lpnll; < inf(o) ( ZH%!M) inf(0;) [Z( Zl’m)]- (S.184)

Since by assumption inf;(0;) > ¢ > 0, and sup,;(0?) < C < oo, then the order of |0, is
determined by > 7" (2300 1i5]), where myg is a fixed integer. Hence, [6,] = © (n®!) as
required, where o = maxj(a]) and «; is defined by > | |vi;| = © (n®). See (24)).

S1.4 Juodis and Reese’s C Dy, test

The C Dy test, proposed by Juodis and Reese (2022, JR), is used in our Monte Carlo exper-
iments and is defined by C Dy, = CDyw + A,7, where C'Dy, is the randomized component
given by and A, 7 is the so-called screening component defined by in the paper. Here
we provide some theoretical insights regarding the size and power of the C'Dy,, test. First,
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for the C Dy test to have the correct size under Hy : p;; = 0, for all ¢ # j, the screening
component A, of the test given by must converge to zero as n and 7" — oo, jointly. To
our knowledge, the conditions under which this holds are not investigated by JR. Whilst it is
beyond the scope of the present paper to investigate the limiting properties of A, in the case
of a general factor model, using results presented in Bailey et al. (2019) (BPS), we will provide
sufficient conditions for A,z —, 0 in the case of the simple null model given by v;; = p; + oigit.
By the Cauchy-Schwarz inequality we first note that for all i # j,

R R In (n
|pijr| 1 (\Pij,ﬂ > 2 q(ﬂ )> pij = 0]

1/2
R In (n
P <|Pz’j,T| > 2 %V)w’ = 0)] : (S.185)

E

< [E (|pir[* 1pis = 0)]"

where p;; = E (e4¢;:). Hence

FE (AnT|pZ] = 0, for all 4 7é ])

1/2
nn ~ 1 - 1/2 . In (n
< ( > ) sup [E [|Pz’j,T|2 lpi; = OH sup | P ||pijr| > 2 #mzj — 0]] . (S.186)
#i i#
Now using results (9) and (10) of BPS, we have
R 1
EU%FPWfﬂﬂ=0<T), (S.187)

and using result (A.4) in the online supplement of BPS, we also have

R C, (n,0d) _15p(n9) (=)
sup P ||pij, >p—pi~:0]:O(e2¢max)+O(T 2 ),
vy ‘ JT| \/T | J

where C), (n,0) = @1 (1— &), 0 < p < 1, ®'(-) is the inverse of the cumulative dis-

tribution of a standard normal variable, § > 0, Ymax = sup,.; E (¢3¢2,), and s is such that

sup;.; E |eq|* < C, for some integer s > 3 (see Assumption 2 of BPS). Also using results in
Lemma 2 in the online supplement of BPS, we have

C?(n,d ~1c2mn.)
M - 25, and e 2<Pmax = O (n_‘s/WmaX) .

li
nl—{{olo In (n)

Therefore, T~Y/2C,, (n,d), and 24/T~!1n (n) have the same limiting properties if we set § = 2.
Overall, it then follows that

1 .
S?Po%ﬂ>2-%meﬂ>:0@¢Q)+o@“JU. (S.188)
i#J

Using (S.187)) and (S.188)) in ([S.186)), we now have

1

. . TL27<Pmax _ (s+1)
E(Aur|pi; =0, foralli# j) =0 < T +0 (n2T 1 ) : (S.189)
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Therefore, A,r —, 0, if n2T—F 5 0 and T-V2n% amex — 0. Tt is easily seen that both of
these conditions will be met asn and T' — oo and n = o (ﬁ) if €;; is Gaussian, since under

Gaussian errors, ¢m.x = 1 and s can be taken to be sufficiently large. But, in general the
expansion rate of 7" relative to n required to ensure A, —, 0 will also depend on the degree to
which £ (sftsjzt) exceeds unity. For example, if €;; has a multivariate ¢-distribution with degrees
of freedom v > 4, then letting T = n¢, d > 0, and using results in Lemma 5 of BPS’s online
supplement, we have

v—2

v—4

Pmax = sup B (5?755?1: Pij = O) =
7]

Hence, E (A,r|pij =0, for all i # j) defined by tends to 0 if n2 v2~ 42 0, or if
d > UQ_UQ. Assumption 1 of JR requires F ‘Eit’8+€ < C, for some small positive €, and for this to
be satisfied in the case of t-distributed errors we need v > 9, which yields d > 2 when v = 10,
requiring 7" to rise faster than n.

Finally, for the C'Dy,+ test to have power it is also necessary to show that A, diverges
in n and T sufficiently fast under alternative hypotheses of interest, namely spatial or network
dependence. In Section [7| we provide some Monte Carlo evidence on this issue. We find the
CDy+ test lacks power against network alternatives, in turn suggesting that A,7 need not
diverge sufficiently fast under such alternatives. Our Monte Carlo experiments also show that

CDyy+ test tends to over-reject when n >> T and the errors are chi-squared distributed.

S2 Simulation results

This section provides Monte Carlo simulation results for the experiments discussed in Section
[7 of the main paper. Tables report the results for the DGPs with serially independent
errors. Tables report the results for the DGPs with serially correlated errors using
variance adjustment. Tables report the results for the DGPs with serially correlated
errors using ARDL adjustment. Figures report the simulated power functions for the
DGPs with serially independent errors.
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Figure S.1: Empirical power functions of the C'D* test against spatial alternatives for the pure
latent factor model with one latent strong factor and serially independent Gaussian errors, for

different sample sizes.
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Figure S.2: Empirical power functions of the C'D* test against spatial alternatives for panel
regression models with one latent strong factor and serially independent Gaussian errors, for

different sample sizes.
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Figure S.3: Empirical power functions of the C'D* test against spatial alternatives for the pure
latent factor model with one latent strong factor and serially independent non-Gaussian errors,

for different sample sizes.
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Figure S.4: Empirical power functions of the C'D* test against spatial alternatives for panel
regression models with one latent strong factor and serially independent non-Gaussian errors,

for different sample sizes.
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