A Service of

[ ) [ J
(] [ )
J ﬂ Leibniz-Informationszentrum
° Wirtschaft
o Leibniz Information Centre
h for Economics

Make Your Publications Visible.

Beran, Jan; Droullier, Frieder

Article — Published Version

On strongly dependent zero-inflated INAR(1) processes

Statistical Papers

Provided in Cooperation with:
Springer Nature

Suggested Citation: Beran, Jan; Droullier, Frieder (2023) : On strongly dependent zero-inflated
INAR(1) processes, Statistical Papers, ISSN 1613-9798, Springer, Berlin, Heidelberg, Vol. 65, Iss. 4,

pp. 2527-2553,
https://doi.org/10.1007/s00362-023-01496-z

This Version is available at:
https://hdl.handle.net/10419/307038

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

-. https://creativecommons.org/licenses/by/4.0/

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://doi.org/10.1007/s00362-023-01496-z%0A
https://hdl.handle.net/10419/307038
https://creativecommons.org/licenses/by/4.0/
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Statistical Papers (2024) 65:2527-2553
https://doi.org/10.1007/s00362-023-01496-z

REGULAR ARTICLE

n

Check for
updates

On strongly dependent zero-inflated INAR(1) processes

Jan Beran'® - Frieder Droullier!

Received: 8 November 2022 / Revised: 15 May 2023 / Published online: 29 September 2023
© The Author(s) 2023

Abstract

We consider INAR(1) processes modulated by an unobserved strongly dependent
0 — 1 process. The observed process exhibits zero inflation and long memory. A
simple method is proposed for estimating the INAR-parameters without modelling
the unobserved modulating process. Asymptotic results for the estimators are derived,
and a zero-inflation test is introduced. Asymptotic rejection regions and asymptotic
power under long-memory alternatives are derived. A small simulation study illustrates
the asymptotic results.

Keywords INAR process - Zero-inflation - Long-range dependence - Modulation

1 Introduction

Time series that consist of counts often exhibit zero inflation (see e.g. Young et al.
2022 and references therein). For instance, instrumental detection limits can lead
to an increased number of zeroes. Also ecological data sets tend to contain a large
proportion of zeroes that are classified by ecologists as "false zero counts" (Martin
et al. 2005). Examples can also be found in other areas such as medicine, psychology,
traffic or insurance, among others (Young et al. 2022). In this paper we consider zero
inflation generated by a long-memory process. This is in contrast to the statistical
literature where zero inflation processes are usually assumed to be iid or at most
weakly dependent. The issue of zeroes occuring in long batches has been discussed in
the recent applied literature. In many applications, zero inflation is related to missing
values due to faulty measurement devices, instrumental detection limits or biological
reasons. Also, the occurence of batches of zeroes may be caused by other unobserved
time series (see e.g. Che et al. 2018). A natural approach to handling such data is to use
models that exhibit long-range dependence with respect to zero inflation. Note that, in
arelated paper, Moller et al. (2018) discuss models that tend to produce relatively long
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runs of zeroes (e.g. ZT-Bar(1) processes). However, asymptotically, the autocorrelation
function of their models decays exponentially and is thus summable. In contrast, the
models considered here have long memory in the sense that autocorrelations decay
hyperbolically and are not summable. Note also that a long-memory INAR model,
a so-called fractional INARFIMA, is suggested in Quoreshi (2014). However, the
INARFIMA model, as specified by Quoreshi, is not well defined, because it relies
on a fractional thinning operator that yields infinity when applied to non-negative
sequences.

More specifically, we consider INAR(1) processes modulated in a multiplicative
way by an unobserved strongly dependent O — 1 process. Thus, the observed process
is assumed to be of the form

Yi=WGHX;(=12.) (1

where the stationary O—1-process W (j) (j € N)isindependent of the INAR(1) process
X (j € N), and the autocovariances yw (k) = cov(W(j), W(j + k)) are such that

yw (k) ~ e wk* Ty @

for some constants 0 < ¢, w < oo, d € (0, %). Note that Eq. (2) implies that the
spectral density

R— ,
fw ) =5— > yw (ke ™ 3)
k=—00

has a pole at the origin, of the form
fw G~ epw ™ “)

where crw = c},,wn_lI‘(Zd) sin(r/2 — nd) (Zygmund 1968; Beran et al. 2013,
Theorem 1.3). We will use the notation

pow=PW({=0=1-PW({)=1 &)

More specifically, we will assume X ; to be a Poisson INAR(1) process (McKenzie
1985; Al-Osh and Alzaid 1987) defined by

Xj =OlOXj_1+8j

where o € (0, 1), and ¢; are iid Poisson variables with intensity A. The thinning
operator "o" (Steutel and Van Harn 1979; Gauthier and Latour 1994) means that,
conditionally on X ;_1, & o X;_; is a binomial random variable generated by X ;_;
Bernoulli trials with success probability «. The unknown parameters are o and A.
Alternatively, one may also use the parameterizationa and ux = E(X;) = A/(1—a).
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Two questions regarding model Eq. (1) are addressed in this paper: a) estimation
of the INAR(1) paramters « and px without modelling the unobservable process W;
b) testing for zero-inflation as specified by model Eq. (1).

Since the introduction of INAR models by McKenzie (1985) and Al-Osh and Alzaid
(1987), the literature on integer-valued time series based on binomial thinning (Steutel
and Van Harn 1979) has grown steadily. Some references are Du and Li (1991); Gau-
thier and Latour (1994); Da Silva and Oliveira (2004); Freeland and McCabe (2004);
Freeland and McCabe (2005); Gourieroux and Jasiak (2004); Jung et al. (2005); Puig
and Valero (2007); Drost et al. (2008); Park and Kim (2012); Pedeli and Karlis (2013);
Schweer and Weiss (2014); Pedeli et al. (2015) and Jentsch and Weiss (2019). Excel-
lent overviews on integer-valued processes and references can be found for instance
in Weiss (2018) and Davis et al. (2021). Testing for zero-inflation in INAR(1) models
is discussed in a recent paper by Weiss et al. (2019). Also see Pavlopoulos and Karlis
(2008); Barreto-Souza (2015); Weiss (2013), and Bourguignon and Weiss (2017) for
over- and underdispersed INAR processes. References to long-memory processes can
be found for instance in Beran (1994); Giraitis et al. (2012); Beran et al. (2013) and
Pipiras and Taqqu (2017).

The paper is organized as follows. Basic results are established in Sect. 2. Question
a) is addressed in Sect. 3. In Sect. 4, a test is developed for the null hypothesis of
a non-inflated INAR(1) process against the alternative of a zero-inflated process as
defined in Eq. (1). Asymptotic rejection regions are derived, as well as an asymptotic
lower and upper bound for the power of the test. A small simulation study in Sect. 5
illustrates the results. Final remarks in Sect. 6 conclude the paper. Proofs are given in
the appendix.

2 Basicresults
2.1 Expected value and autocovariance function
Let Y; be generated by model Eq. (1) where X ; is a Poisson INAR(1) process. We

will use the notation 1{A} for the indicator function of a set (or event) A. Moreover,
we define

pow =PW()=0),poy=P(Y;=0),pox =P(X;=0),
px = E(Xj), uw = E[W (D], ny = E (Y}),
yx (k) = cov (X, Xj1x), yw (k)
=cov(W (). W +k),yy (k) =cov (Y, Yj) (j.k=0).

Also, for k < 0, we set yx (k) = yx(—k), yw (k) = yw(=k), yr (k) = yy(—k), and,
for A € [—m, 7],

- >
fx () = Ek;o yx (k) e

@ Springer



2530 J. Beran, F. Droullier

 —— .
fw ) = ;OO yw (k) e~ '**
- .
fwx ) = > k;@ yw (k) yx (k) e~
" <
fr) =5 _X_joo yy (k) e '

Due to mutual independence and stationarity of the two processes X ; and W(j) we
have

My = UWHX
and

wy (k) = E[W (0) W ()] E [XoXx] — 3%
= whyw () + whyyx (k) + yw (k) yx (k) (©6)

Noting that
vx (k) = " px (k = 0)
where ux = A/(1 — «), assumption Eq. (2) implies
vk ~ pey wk2d! 7
and
Fr 09 = i o ) + Wy fx O + fwx 3 ~ wherw AT ®)

Thus, although the original process X ; has exponentially decaying autocovariances,
the observed process Y; inherits long memory from the modulating process W ().

Example 1 Let Z; (j € Z) be a stationary Gaussian process with zero mean, variance
one and spectral density function fz such that

Sz (A) o6z [A]

for some 0 < cr z < 00, d € (0, %). Also, let ¥ # 0, and denote by ® and ¢ the
standard normal distribution and density function respectively. Then the process

W) =1{Zj <k} (jeD)
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is stationary with expected value uw = ® (k) and spectral density
Sw (A) o CrW [A]

where crw = cr zo(K).

Example 2 Another example of a modulating process with long memory can be
obtained from a renewal reward process defined by

W =&l{0<t<tw}+ Y &l{ri<t<t 4T} ¢>0 ()
j=-1

where 7; (j = 1,2,...) is a renewal process with intensity v, and &§; € {0, 1} are
iid random variables with ps = P(§; = 1) € (0, 1), independent of the process ;.
Moreover, the interarrival times 7; = t; — t; 1 are assumed to have a finite expected
value E(T) = w and a marginal distribution function Fr such that

1—Fr @) ~crru® Wu— 00)
for some constants 0 < cr, 7 < 00, 1| < a < 2. Finally, to achieve stationarity, the

distribution function of 7y is assumed to be given by Fy,(x) = [,L_l f(;c (1 —Fr(u))du.

Then W is a continuous time stationary process with expected value w = pg and
autocovariance function

Yy () = cov (W ), w (u)) = pg (1 — pg) P (to0 > u) oy CV,Wuz‘l*1

—00
1
d=1-2¢c(=.1
2 S \2

Setting W(j) = W(j) (j = 1,2, ...), we obtain a discrete time stationary zero—one
process with long memory as defined by Eq. (4) (see e.g. Beran et al. 2013, and
references therein).

where

2.2 Sample mean and sample autocovariances

Standard methods for estimating the parameters of a Poisson INAR(1) process include
moment and conditional least squares estimation. For both methods, estimators are
functions of the sample mean and the lag-one sample autocorrelation. It is therefore
of interest to study the effect of modulation on these statistics.

Consider first the sample mean y, = n! Z?=1 Y; as an estimator of puy. With
respect to the expected value we have E(y,) = uwuy. Thus, y, is biased, unless
P(W() = 1) = 1. The asymptotic distribution of y,, follows from the asymptotic
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2532 J. Beran, F. Droullier

distribution of w, = n~! Z?:l W (), as stated in the next theorem. We will use the
notation
2sinmd

"

Also, "—4" and "—
respectively.

will denote convergence in distribution and in probability

Theorem 1 Let the process W be such that

J} —
Znw = -2 Zy (n - o)
var (w,) d

where Zy is a standard normal random variable. Then, under the assumptions given
above,

ni—d Yn — HwHX

— Z
@ @ wxZw

Remark 1 In Theorem 1, the assumption that X, is an INAR(1) process is not needed.
More generally, the result holds whenever the modulating process W has the properties
given above, the modulated process Y; is defined by Eq. (1), and X; is a weakly
stationary process with expected value ;x and summable autocovariances yx (k).

An analogous result can be obtained for sample autocovariances. In particular,

=~

Py )y =n""Y " (Y; = 3n) (Yjak — ¥n) (k= 0)
1

~.
I

converges in probability to

yr (0 = Wrw )+ (1 +vw ) vx

Thus, the asymptotic bias of the unadjusted sample autocovariance is equal to

By () = vy () = yx (&) = idoyw (0 + (dy +vw ) = 1) yx (0 (10)

3 Conditional estimators

The modulating process W is usually not observable. Therefore the question arises
whether consistent estimation of the INAR(1) parameters characterizing X ; is pos-
sible, without having to model the unobserved process W. A simple approach is to
make use of the fact that P(Y; = X;|Y; > 0) = 1. For instance, we may consider
conditional moment estimators.

@ Springer
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More specifically, for a Poisson INAR(1) process with intensity A, we have ux =
E(X)=A/(1 —a) and

j75%
E(Xj|X;>0)= —— =
(Xj1X; >0) T~ oxp (—rix) g (ux)
Moreover,
E(1{y; >0}Y;)=E(1{W () =1}1{X; >0} X))
= (1—- po.w) ux
E(1{y; > 0}) = (1 — po.w) (1 —exp (—px))
and hence
_EQ{y;>0}y)) E(X,1X; = 0)
E (1{y; > 0})
Therefore,

S =0}y,
oty 1y >0}

provides a consistent nonparametric estimator of E(X;|X; > 0). This motivates the
definition of a conditional moment estimator of px as the solution ftx of

g (fix) = Ry (11)

It is straightforward to prove that Eq. (11) provides a consistent estimator:

Theorem 2 Let Ly be defined by Eq. (11 ). Then
fix — px.
P

Remark 2 In Theorem 2, the assumption that X, is an INAR(1) process is not needed.
Suppose that X; is a nonnegative integer valued weakly stationary process with a
summable autocovariance function yx. Then, calculating E (X;|X; > 0), the function
g and the nonparametric estimator R, can be adapted accordingly to obtain a consistent
estimator 1y via (?7?).

While consistency of jix is not influenced by the modulating process, this is not
true for the asymptotic distribution of fix. This is discussed in Theorem 4 (Sect. 4).

The usual moment estimator of the INAR(1)-parameter « is obtained by the
lag-one sample autocorrelation. However, as we saw above, for the modulated
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2534 J. Beran, F. Droullier

process Y; sample autocovariances are asymptotically biased estimators of yx.
We may therefore consider an estimator based on the conditional autocovariance
cov(Y;, Yj11Y}, Yj+1 > 0). By analogous arguments as above it is easy to see that

cov (Yj, Yj+1|Yj, Yj+1 > O) = CoVv (Xj, Xj+1|Xj, Xj+1 > 0) . (12)

However, in terms of the INAR(1) parameters « and 1t x, the right hand side of Eq. (12)
is a rather complicated nonlinear function. As it turns out, a much simpler expression
can be obtained for the noncentered conditional moment E(X ;X j 411X, Xj+1 > 0).
Specifically, for a Poisson INAR(1) process the following formulas hold:

Lemma 1 Let X; be a Poisson INAR(1) process with parameters jwx and o. Then
P(XjXj41>0)=1—2e 1Y 4 ¢ 21X ehx
and

apx + Mi
1 —2exp(—px) +exp (—2ux) exp (uxa)

E (Xij+1|Xj, Xj+l > 0) =
A consistent nonparametric estimator of E(X;X;11|X;, X1 > 0) is given by

o LYY > 0} Y Y

E, = —
n—1 27:} 1 {Yij+1 > 0}
Setting
) = apx +ux
X T T T exp (—pux) + exp (—2jax) exp (jixa)

we define & by
h(@, ix) = En (13)

where [ty is obtained from (11). Equation (13) provides a consistent estimator:

Theorem 3 Ler & be defined by Eq. (13). Then

a— o
p

4 Testing for zero inflation
4.1 Definition of the test statistic

In this section, we consider the question how to test for zero-inflation due to modulation
as specified by Eqgs. (1), (5), (2) and (3). As before, we assume that the modulating

@ Springer



On strongly dependent zero-inflated... 2535

process W is not observable. Using the notation
po.x =P (Xj=0)=exp(—ux), poy =P (Y; =0), pow =P (W (1) =0)
we may formulate the null hypothesis Hy and the alternative H; as

Hy : po,y = po,x, Hi : po,y > po,x

For some general results on zero-inflation tests for INAR processes, see e.g. the recent
paper by Weiss et al. (2019). Note that in our situation, we are testing explicitly for
zero-inflation in the marginal distribution. We may therefore use a very simple statistic
that compares the empirical relative frequency of zeroes with the frequency modelled
by an INAR(1) process. Since P(Y; = X;|Y; > 0) = 1, we suggest to use the
consistent conditional estimator of uy defined in Eq. (11). Thus, let ftx be defined by
Eq. (11), and let

po.x = exp (—iix)
and
1 n
oy =~ 1{Y, =0}
=1
We define the test statistic
T, = po,y — Po,x

Then, under Hy, T,, converges to zero in probability, whereas under the alternative
Hy, it converges to a positive constant. Asymptotic rejection regions are derived in the
following section.

4.2 Asymptotic rejection regions

Before deriving the asymptotic distribution of 7},, we need to consider the joint asymp-
totic distribution of ftx and pg x. The following notation is adopted from Weiss et al.
(2019):

1+«

o1l = Ux (14)
1l -«
oo H«j Olj
op =€ M| 1 —e MK 427N X . (15)
o Jj! o
and
1
o12 = —pyxe P % (16)
1l -«
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2536 J. Beran, F. Droullier

Also, denote by

the odds ratio based on po x.

Theorem 4 Let

tn = ~/n (x — px, po.y — po.x)

and suppose that Hy holds. Then

gn_d>§-

where { = ({1, §2) is a zero mean bivariate normal random variable with covariance
matrix X; = (¢ij)i, j=1,2. The entries in X, are defined by

-1 2.2 -2
o11 + 21xT0,x Py xO12 + HxT( x Po x022

cl = 5 17
(1 — pxro.x)
€0 =02 (18)
—1
012 + UxT0,x Py x022
cra = X (19)
I —pxrox

The asymptotic distribution of 7;, under Hy is given by the following Theorem:

Theorem 5 Under Hy,
VnT, 7 orZr

where Z7 is a standard normal variable,

e X gy + 2e HX g1y + o9

2
Or =
! (1- Mxro,x)2

and ojj are given by Eqs. (14), (16), (15).

Based on Theorem 5, asymptotic rejection regions at a level of significance o €
(0, 1) can be defined by

o
Ty > 21 a0 (20)

Jn

where 71—, denotes the (1 — o) —quantile of a standard normal variable.
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4.3 Asymptotic power

We consider the asymptotic distribution of 7, under the alternative as specified by
Eqgs. (1), (2), (4) and (5) with O < po,.w < 1. Note first that

y 1 n 1 n 1 n
pO,YZ;;l{yjzl}z;;I{XjZO}‘F;;l{Yj:O,Xj>0}

converges in probability to

PY=0)=pox+PW() =0,X;>0)
= po.x + po.w (1 — po.x)

On the other hand, pg x converges in probability to pg, x. Therefore, under Hj,
T, — pow (1-pox)>0

and

lim P (T, L I
e AV A

A more detailed result is given by the following Theorem. We will use the notation

n

Suiw =Y (LW (j) =0} — pow)

=1
(1) = ——e 3
X) = e
¢ N2
2sinwd
v(d) = L by gy
d2d+1)
and
Po.x

- JVerwv (d)

Theorem 6 Suppose that Hy holds, as specified by Egs. (1), (2), (4) and (5) with
0 < po.w < 1. Moreover, assume that

S,
nLW - Ziw 1)

var (Sp,1,w)
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Table 1 Simulated mean (first

=05withA =04, =0.2
number) and variance (second Hx W “=

number) of unconditional and " 7 hx Guncond Yeond
conditional estimates of x and 9 0.50,0.8 0.49,2.6 0.18,1.2 0.26,7.6
« under Hy. For each ’ ’ ’ ’
combination of parameters and 200 0.50, 0.8 0.50, 2.6 0.19,1.2 0.26, 13.2
sample size, the results are based 400 0.50, 0.8 0.50,2.4 0.20, 1.2 0.26,20.8
on 10,000 simulations 800 0.50,0.8 0.50, 2.4 0.20, 1.6 0.24,272
1000 0.50, 1.0 0.50, 3.0 0.20, 1.0 0.23, 28.0
pux =1withi =04, =0.6
100 1.00, 3.9 0.98, 6.5 0.56,0.8 0.51,7.0
200 1.00, 3.8 0.99, 6.6 0.58,0.8 0.56,11.0
400 1.00, 4.0 0.99, 6.8 0.59,0.8 0.59, 16.4
800 1.00, 4.0 1.00, 6.4 0.60, 0.8 0.61,25.6
1000 1.00, 4.0 1.00, 7.0 0.60, 1.0 0.62,29.0

where Z1 w is a standard normal random variable. Then, for n large enough,

1 1-d a-11 1-d
_ n2 )Sl—P nT, > z1_q) <n 2—(112 )
q+q_1n2d_1¢(q (VnT, > z1-4) Ay

(22)

nd=

=

Remark 3 Note that the rate at which the two bounds in Eq. (22) tend to zero, as n —
00, is slower for larger values of d. Thus, the power of the test becomes weaker with
increasing long memory in the modulating process W. Also note that, with increasing
d, the bounds become less sharp.

5 Simulations

We consider the model ¥; = W(j)X; where W(j) = W(j) and W is the renewal
reward process defined in Eq. (9). The following INAR(1) parameters are used: a)
uw = 05 with A = 04 and o = 0.2;b) uw = 1 with A = 0.4 and ¢ = 0.6.
For W we consider uw = pow =0.5, 0.9, 1, and d =0.1, 0.4. In the simula-
tions of the zero-inflation test we also add a case of extreme long memory, with
d = 0.49. For each parameter combination and sample sizes n =100, 200, 400,
800 and 1000, ten thousand simulations were carried out. Simulated means and vari-
ances of the conditional moment estimates fix, as defined in Eq. (11) and &cona,
as defined in Eq. (13), are shown in Tables 1 (uwy = 1), 2 and 3 (uw =0.5, 0.9).
For comparison, the unconditional estimates y and @,ncong are also given. Under
Hy, we observe an undisturbed INAR(1) process. As expected, the conditional esti-
mates have a larger variance than the unconditional ones (Table 1). Under H;, we
have uw < 1, so that y underestimates wy. Due to zero inflation, the absolute
value of the bias increases as pw decreases. In contrast, no relevant finite sample
bias is observed for the conditional estimator ftx. For the unconditional estimator
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Table 4 Simulated relative rejection frequencies based on asymptotic rejection regions defined by Eq. (20)
with a level of significance of 0.05. For each combination of parameters and sample size, the results are
based on 10,000 simulations

ZI;)( =05withA =04, a0 =0.2 pnx =1withdi =04, =0.6

n =100 200 400 800 1000 n=100 200 400 800 1000
0.04 0.04  0.04 0.04  0.05 0.03 0.02 0.02 0.02 0.02
Hy with py =0.5,d =0.1

0.43 0.64  0.86 0.97 0.98 0.70 0.92 099  0.99 1.00
Hy with uyy =0.5,d = 0.4

0.39 0.59 080 093 0.95 0.64 0.84 094 097 0.98
Hy with py =0.5,d = 0.49

0.38 0.57 0.77 089 091 0.60 0.80 090  0.95 0.96
Hj with py =0.9,d =0.1

0.09 0.12  0.17 026  0.25 0.10 0.13 026  0.38 0.47
Hy with py =0.9,d =0.4

0.12 0.14  0.19 024  0.30 0.12 0.17 022 030 0.39
Hy with py =0.9,d = 0.49

0.10 0.13 0.17 0.25 0.28 0.12 0.17 0.23 0.33 0.37

of «, the effect of zero-inflation is much less clear. A noticeable bias of the uncon-
ditional estimator can only be observed for pow = 0.5 and d = 0.1. A possible
reason for the rather minor effect is that the potential bias under zero-inflation may
be compensated by a modified lag-one autocorrelation of the observed process due to
dependence in W.

Tables 4 show results for the zero-inflation test based on Eq. (20). Under Hy,
the simulated levels are reasonably close to the nominal value of 0.05. As expected,
for smaller values of pg w, the test has higher power. The effect of long memory is
less obvious for mild zero-inflation (po,w = 0.9). For po w = 0.5, the simulation
results show a clearer picture, with a tendency for slightly lower power when d is
large.

Finally, Table 5 shows results for the case where X ; is generated by an INAR(2)
process (Alzaid and Al-Osh 1990), but is misspecified as an INAR(1) model. Specif-
ically, we simulate X; = oy 0o X; 1| +aj o X; 2 + &; where (a1, a2) = (0.2,0.2)
and (0.6, 0.2) respectively, and ¢; are iid Poisson variables with A = 0.4. For
(o1, ) = (0.6,0.2), the simulated rejection frequencies under Hy are very close
to the nominal level of 0.05. For (o, a2) = (0.2, 0.2), rejection frequencies tend to
be slightly too high. A possible explanation is that for &1 = 0.6 the relative influence
of X ;1 on X is much stronger than for oy = 0.2. In this sense, the INAR(2) process
is closer to an INAR(1) process for larger values of the ratio o /&2, and the misspec-
ification is less noticeable. On the other hand, under Hj, rejection probabilities tend
to be higher for «; = 0.2. This may be explained, at least partially, by the fact that
for this parameter setting the level of significance is higher than the nominal level of
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Table 5 Simulated relative rejection frequencies under misspecification. The results are based on 10,000
simulations of an INAR(2) process with (e, ) = (0.2, 0.2) and (0.6, 0.2) respectively, and ¢ ; iid Poisson
variables with A = 0.4. The alternative considered hereis ;ty = 0.5, withd = 0.1 andd = 0.4 respectively.
For each simulated series, a (misspecified) INAR(1) model was fitted using the methods in Sect. 3 and the
test defined in Sect. 4 was applied, at a nominal level of significance of 0.05

Hy

(a1, a2) = (0.2,0.2) (a1, @2) = (0.6,0.2)

n =100 200 400 800 1000 n =100 200 400 800 1000
0.04 0.05 0.06 0.09 0.10 0.08 0.08 0.07 0.05 0.04
Hj withd = 0.1

0.59 0.82 0.96 0.99 0.99 0.62 0.56 0.45 0.46 0.53
H) withd = 0.4

0.53 0.76 0.91 0.97 0.98 0.63 0.56 0.49 0.48 0.53

0.05. Generally speaking, one may conjecture that the test is likely to be fairly robust
to mild deviations from an INAR(1) model. If serious deviations from the ideal model
are expected, a modification of the test may be preferable (see Remarks 1 and 2 ). An
interesting task for future research is to develop adaptive tests for zero-inflation that
are applicable without the need of specifying which member of a certain family of
"ideal models" (e.g. the family of all INAR(p) models with p = 1, 2, ...) generates
the unmodulated process X ;.

6 Final remarks

In this paper, we introduced a zero-inflated INAR(1) model where zero-inflation is
caused by a long-memory process. Parameter estimation and testing for zero-inflation
was considered. Various extensions of this model are of interest. For instance, modu-
lation may occur at the level of the innovations of the INAR(1) process. The structure
of this type of modulated INAR(1) processes is much more complex, and will be
considered elsewhere. Another obvious extension is to consider model (1), however
replacing X ; by a general INAR(p) process. It is expected that the methods considered
here can be extended to this case using analogous arguments as for p = 1.

Finally note that instead using the test statistic discussed in Sect. 4, one may consider
the lengths of zero runs (for related results see e.g. Jazi et al. 2012, Qi et al. 2019).
An advantage of the test considered here is its simplicity. In particular, under the
alternative, the distribution of runs can be quite complicated. On the other hand,
the estimator of py used here, omits parts of the information that may be useful for
detecting deviations from the null hypothesis. The development of more efficient tests,
for instance based on runs, is an interesting task for future research.
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7 Appendix—Proofs, Tables
7.1 Proofs

Proofof Theorem 1 First of all, E(y,) = uwix = powiix, because the two
processes X and W are independent of each other. Moreover,

n n n
Y Y =0T Y W) (X — px) +axnT )W)
j=1 j=1 j=1
n

= pwix +n 'Y WG (X — pux) +uxn YW (G) — pw)
j=1 j=1

=puwpx +n" 'S+ puxn " Suo.
Now,
E[W () (Xj—nx)]=0
and

[cov (W () (X = 1x) s W (G 8 (X = 1x))| = [yw &) + 1y | x 00
clyx (b

IA

for a suitable constant 0 < ¢ < oo. Therefore
" 1
n' Y Y= pwpx =0, (fff)
i

Furthermore,
Sn,2 = u-)n — Mw = var (wn)zn,W
Now Egs. (7) and (8) imply

var (,) ~ crwv(d)n®!
n—>oo
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(see e.g. Beran et al. 2013, Corollary 1.2). Since d > 0, n~1S, | is asymptotically
negligible and the result follows. O

Proof of Theorem 2 The function g is monotonically increasing, with lim,, ¢ g (1) =

1 and lim,_, oo g (1) = 00. Since R, > 1, Eq. (11) has a unique solution. Moreover,
W is a stationary 0 — 1—process, and

cov (1{Y; > 0} Y;, 1{Y4x > 0} Yjix) = cov (Y}, Yjsx) = vy (k)
= uxyw &) + iy vx k) + yw k) yx (k)

Tschebyschev’s inequality then implies

n—121{yj >0}Y; =, EQ{Y >0}Y) = (1 - pow) ux
j=1

and
n
nt Y 1{Y; >0} >, (1= po,w) (1 — exp(—px))
j=1
so that

nx
Ry —» —X
p 1 —exp(—ux)

Proof of Lemma 1 First of all,

ok
P(X;jXjp1>0) = ’Z—’fe*ﬂx [1 -t (1—e?) (1 — a)k]
k=1 :
00 ,LLk
=Y e i—e 1 -t
1

~
Il

o [x (1=
— - —(Fpx)+px(1— X\ = —px(1—
_(1_6 Mx)_e( mx)+ux( W)Z 0 e Hx(1—a)
k=1
— (1 _ e—MX) D ¢ (1 _ e—ux(l—ot))
=1

— Qe HX | 720X pltxa
Then

E(X;Xj11) yx (D + 1k
E(X;jXjlXj, Xj11>0) = -
(X; X 11X, Xj1 > 0) P(XjXj31>0) P(X;Xj11>0)
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B apx + uk
I —2exp(—pux) +exp (—2ux)exp (uxa)

Proof of Theorem 3 First note that

E(1{Y¥j1 > 0}Y;¥j41) = EL{W (N W (j +4) > 0D
EM{X;Xj11 >0} X;X ).
E1{Y;Yjs1>0}))=EQ{W ()W +k >0)E((1{X;X;j31 > 0})

so that
E1{Y;Yj1 >0} Y;¥i1) _ E(U{X;Xj41 > 0} X;X4x)
E (1{Y;¥;41 > 0}) E (L{X;Xj+1 > 0})
=EX;jX;julXj, Xj+1 > 0)
Then,

n—1

=t YUY Y > 01 Y — E (1Y Y01 > 0} YY)

j=1
and
n—1
n! ;1 {Yij-H > 0} —p> E (1 {Yij-H > 0})
implies

E, ~ EX;iXjlX;, Xjr1>0)

Now, for any fixed ux > 0, h(e, ;tx) is monotonically increasing in o with

2
. 155 2
lim & (a, ux) = =E“(X|X >0)
a0 (1 — exp (—px))*
1
lim h (@, uy) = X Gx D g <X2|X > 0)
a—1 1 —exp(—ux)

Hence, together with Theorem 2, we may conclude that, for n large enough, (13) has
a unique solution and & — , «. a
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Proof of Theorem 4 Recall that

. 1
oy =~ 1{r; =0}
Jj=1
and
-1
N n= Sy
g\Ux) = =
(x) I —poy
where
ux ux
g (W) = = = E(X,1X,; > 0
I—pox 1—exp(—ux) (X;1X; > 0)
and

Jj=1 j=1
Under Hp, we have
n'S,=y=x
so that
N X
g (ax) = T (23)

Since [ix is consistent, we may use a Taylor expansion

g (Ax) =g (ux) + & (ux) (Ax — nx) +op (Ax — pnx)
to obtain

1
g (ux)

X o
[1 oy ¢ (ux)} + 0, (fix — nx) (24)

~

X — Ux =

Moreover, under Hy, we also have po.y = po x and

1 1 D —
[1+ Po.y — Po.x

— = +o0p (Po,y — Po,x }
1—poy 1—pox 1 - po.x o )

Now

— g (ux) x_“X+(1 a2 —g(MX))

X
1 — po.y 1—poy — Doy
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= An + Bn

The second term can be written as

122

B, = T35 "8 (x)
— POy
nx Do,y — Po.x .
= |:1 + +0p (Poy — Po,x)] — 8 (ux)
1 — po,x 1 — po,x

POy — Po,x .
=8 () == +0p (Po.y — Po.x)
— Po.x

The first term can be simplified to

X — ux -
Ap=————+0p(Poy — Po.x
"= T )
Thus,
. 1 .
fix — px = ——— (A + By) +0p (x — px)

g (nx)
_ G px) +g(ux) (Po.y — po.x)
g (ux) (1 = po.x)

+0p (Ax — wx) +0p (Po.y — po.x)

Applying Theorem 3.1.1 in Weiss et al. (2019), this can be simplified to

+0p (n_%>

where Z = (Z, Z») is a zero mean bivariate random variable with covariance matrix
¥ = (0i})i,j=1,2, as defined by Egs. (14), (16), (15). Note furthermore that pg x =
exp(—x),

i u Z1+ g (ux) Z> o
X —Mx =
(1= po.x)g (ux)

=

_ 1=t Dexp(—p)

/
g (1)
(1 — exp (—p))?
so that
1 _ 1 —exp(—px)
g (ux) (1= pox) 1= (ux+1Dexp(—ux)
. 1
1 —pxrox
and
g (ux) 75%

g (ux) (1= pox)  1— (ux + Dexp(—ux)
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. Mx 1
1 —pox1—puxrox

Thus, we obtain

. 1 175 _1 _1
Ux —pux=—"—"—\Z1+—2Z2|n 2+0p(n 2)
1 —pxrox 1 — po,x

Moreover, by definition,
- _1 -1
poy —pPox =n 2Zx+op (n 2)
Therefore
& = /n(fix — x. Po.y — po,x) —¢

where ¢ has the covariance matrix X, defined by Egs. (17), (18) and (19). m]

Proof of Theorem 5 Note first that

po.x =exp (—fix) = po.x exp (— (x — nx))
= po.x (1 — (Ax — ux) +op (Ax — ux))

Theorem 4 implies

T~
S
|
I—
N—

Po.x — Po.x = —po.x{in” 2 +op
and

VnT, = po.y — Po.x
=0+ po,x&1 +op (1)

where ¢ is defined in Theorem 4. Then formulas Eqgs. (17),(18),(19) lead to
O’% = lim n-var (Ty)
n— oo

= var (&) + 2po.xcov (1. &2) + p§ yvar (¢1)

2
022+ 2po,xo12 + o11pj

2
(1 — pxro.x)
e X oy +2e M X gy + o

(1- MXVO,X)2
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Proof of Theorem 6 First note that

p~0,Y = An + Bn
where
1 _1 _1
—Zl =pox+n 2Z2+0p(n 2)
n =
and
1
= {Y;=0,X; >0}
n j—
= (1 — po.x) +n 'S S2.n
with

n
n S =n"" Y W () =0} — pow
j=1

S

n
1S =0T Y W () = 011{X; =0} — po.wpo.x
j=1

Also note that
cov(L{W (j) =0}, 1L{W (j + k) =0}

cov(l—=W (@), 1 =W +k)
yw (k)

By assumption,
yw (k) ~ oy wk*!
where
cyw =2cywl' (1 —2d)sinmd
(see e.g. Beran et al. 2013, Theorem 1.3). Moreover,

E[I{W () =01{X; =0} 1{W (j + k) =0} 1{X ;4 =0}]

=E[{W () =01{W(j+k =0E[1{X; =0} 1{X; 4 =0}]

= (yl‘w (k) + pg,w> (VX (k) + P%,x)
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E? [1{W (j) = 041 {X; = 0}] = 1§ w 1§ x-
and hence
cov (L{W (j) =0}1{X; =0}, 1{W (j + k) = 0} 1 {Xj 1« = 0})
= pg xvw (&) + pg wyx (k) + yw () yx (k)
This implies
cov (L{W (j) =0} 1{X; =0}, 1{W (j + k) = 0} 1{X 4« = 0}) o ey wk* ' pi x
Also,

E(1{W (j) =0} 1{W (j + k) =0} 1{X 1 = 0})

= po.x (yw k) + p%,w)
and
EQ{W () =0 E{W(+k =011{X;4 =0}) = PO,XP(%,W
so that
cov (L{W (j) = 0}, 1{W (j + k) =0} 1{X 11 = 0}) = poxyw (k)
We then obtain
var (rfl (S — 52)) — n~2 [var (S1) + var (S2) — 2cov (S, )]

with

n—1

var (S =) (—lkDyw®) ~ crwvdn**
k=—(n-1)

n—1 npo,.x—1
var (S)=phxy Y. (—lkDyw® +piyw Y. (n—lkDyx &)
k=—(n—1) k=—(n—1)
n—1
+2 Y (=KD yw () yx (k)
k=—(n-1)
~ P(z),XCf,WV (d) n2d+l

n—o0
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and

n—1
cov(S1.5) =pox y, (—IlkDyiw®) ~  poxerwv(dn®t!

— 00
k=—(n—1)

Thus, overall
_ 2 24—
var (07! ($1 = 82) ~ erwv @ (1= pox)’n¥!
n— o0

. . 1_ . ..
Moreover, under the given assumptions, 72 d(Sl,n, S».,) are asymptotically jointly
normal, so that

- _1 _1
Po = po.x + po.x (1= pox) +n"2/crwv (@ (1 — pox)Zs+0p (nd 2)
where Z3 ~ N (0, 1). Hence, we have

VT, = /n(po— po)
= Vipox (1= pox) +n? ey wo@d (1= pox) Zs + o0, (ndf%)

For
M= 1P (VAT = 210)
this yields
Ap=1-P (\/ﬁpo,x (1 = po.x) +n*Jerwv (@ (1 - pox)Zs > Zl—a) +o(Ay)

=P <Z3 > né_dL> +0(Ay)

Verwv (@)

Inequality (22) then follows from

exp (—3x%) exp (—3%7)
VN2 1 A 27 )
V) W =T

(Gordon 1941) by plugging in

e v (d
x4 x7! zn%,d—lﬂo,x +nd71—f'W @)
Verwv(d) Po,X

—pd (q n q—lnzd—l)

[~}

]
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7.2 Tables

See Tables 1, 2, 3 and 4.
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