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A COMPARISON PRINCIPLE BASED ON COUPLINGS OF
PARTIAL INTEGRO-DIFFERENTIAL OPERATORS

SERENA DELLA CORTE, FABIAN FUCHS, RICHARD C. KRAAILJ, AND MAX NENDEL

ABsTRACT. This paper is concerned with a comparison principle for viscosity solu-
tions to Hamilton—Jacobi (HJ), —Bellman (HJB), and —Isaacs (HJI) equations for gen-
eral classes of partial integro-differential operators. Our approach innovates in three
ways: (1) We reinterpret the classical doubling-of-variables method in the context
of second-order equations by casting the Ishii-Crandall Lemma into a test function
framework. This adaptation allows us to effectively handle non-local integral opera-
tors, such as those associated with Lévy processes. (2) We translate the key estimate
on the difference of Hamiltonians in terms of an adaptation of the probabilistic no-
tion of couplings, providing a unified approach that applies to differential, difference,
and integral operators. (3) We strengthen the sup-norm contractivity resulting from
the comparison principle to one that encodes continuity in the strict topology. We
apply our theory to a variety of examples, in particular, to second-order differential
operators and, more generally, generators of spatially inhomogeneous Lévy processes.
Keywords: Comparison principle, viscosity solution, Hamilton—Jacobi-Bellman—Isaacs
equation, coupling of operators, Lyapunov function, Jensen perturbation, mixed
topology.

MSC 2020 classification: Primary 35J60; 35D40; 45K05; Secondary 49L.25; 49Q22.

1. INTRODUCTION

In this work, we provide a new perspective on comparison principles for viscosity
solutions to the Hamilton—Jacobi equation

f—=AHf=h, A >0, h € Cp(RY), (1.1)
for Hamiltonians H of the type

Hf(x) = (b(a), V1) + 5 Tr (557 (2)D*f ()

+ [ 1@ +2) = 1) = X,00/(2) (2 T (@)] polde) + H(VF(a)) - (12)
and, more generally, for those in Bellman and Isaacs form
Hf(x) = sup {Hyf(x) — Z(x,0)} and
0O

Hf(z)= sup inf {H01,92f($) —I(z,61,62)},
6,€0, 02€02
with Hyp and Hy, g, asin (1.2) but with 6 and (61, §2) dependent coefficients, respectively,
and an appropriate cost functional Z.
Motivated by convex Hamiltonians, for which no unique classical or weak solutions
exist in general, [17] introduced the notion of viscosity solutions. The seminal works
[13], [15], [26], [27], [31] explore this framework for first-order equations.
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2 SERENA DELLA CORTE, FABIAN FUCHS, RICHARD C. KRAAILJ, AND MAX NENDEL

Most modern comparison proofs for operators containing second-order terms are
based on results of [28], [29]. Using then recent advances for generalized differentials,
[14] provided what is nowadays known as the Crandall-Ishii Lemma. An overview over
uniqueness results for viscosity solutions to degenerate elliptic equations is given in the
User’s Guide [16].

The treatment of non-local operators was initially motivated by problems in optimal
control theory; see [2], [3], [34] for early examples with non-local operators. The work [5]
gives a non-local version of the Crandall-Ishii Lemma by adapting the original procedure
in [16], and [23] extends these results to unbounded solutions. We also refer to [20] for
an overview of the Hilbertian setting, [8] for comparison principles for convex monotone
semigroups on spaces of continuous functions, to [18] for the classical well-posedness of
convex Cauchy problems on LP, to [25] for a comparison principle in the framework of
G-Lévy processes, and to |7] for a comparison principle for HJB equations on the set of
probability measures.

Our approach and our main results, Theorem 3.1 and Corollary 3.2, innovate upon
classical comparison principles in the following three ways:

(1) We reinterpret the classical doubling-of-variables method in the context of second-
order equations by casting the Crandall-Ishii Lemma into a test function frame-
work. This adaptation allows us to effectively handle non-local integral oper-
ators, such as generators of Lévy processes, in the same framework as second-
order operators, paving the way for stability results.

(2) We translate the key estimate on the difference of Hamiltonians in terms of an
adaptation of the probabilistic notion of couplings, providing a unified approach
that applies to both continuous and discrete operators. We point out that [15]
also discusses a coupling point of view, but only for first order operators.

(3) We strengthen the typical comparison principle using Lyapunov functionals from
a sup-norm contractivity result to what we call the strict comparison principle,
cf. Definition 2.4, which encodes continuity in the strict or sometimes also called
mixed topology, cf. [9], [33].

The results are illustrated in various examples in Section 4. To introduce the first two
innovations, we heuristically trace back the classical doubling-of-variables procedure
used to obtain comparison principles for first and second-order equations. For the sake
of exposition, we focus on the #-independent case.

Given a subsolution u and supersolution v to an equation of type (1.1) and, for a > 1,
optimizers (Zq, Yo) to

u(@a) = v(ga) ~ 5&(aya) = swp {u(@) —v(y) - SP@y)},  (13)

z,y€RY

one estimates

sup u(e) ~v(@) < (o) = hlya) + A [H (50(90) (ra) = H (=5 a:1)) (ve)] -

Consequently, comparison then holds, if

lim inf H (%d%,ya)) (o) — H (—%dz(xa, -)) (4a) < 0. (1.4)

a—0o0

The estimate (1.4), then translates into explicit conditions on H.

When H is, for example, of the form

Hf(x) = (b(x), VI @) + 5|V I @),
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the estimate (1.4) translates into

H (S (50)) (wa) = H (=50 )) (32)
2

OZQ (6%
= |:<b(m04)7 Oé(.CEa - ya)> + ?dz(xou ya)] - |:<b(y04)7 Oé(.l:a - ya)> + ?dz(xou ya)

< <b(l’a) - b<ya)7 a(xa - yoa)) )
which goes to 0 for &« — oo, if b is one-sided Lipschitz.

For second order operators, however, the same strategy fails since, considering, for
example, the Laplacian H f(z) = A f(z) = £ Tr (D? f(z)), we get

H (G8(1ya)) (2a) = H (=5 (@, )) (5a) = 20

which diverges as a — o0.

The works [28], [29] use the key insight that, while the first order-viscosity solution
method explores the sequences of optimizers of (1.3) separately (fix y, and vary x for
the subsolution part and vice versa), for second order equations, one needs to treat the
two sequences jointly. This insight was later formalized in [14] and as Theorem 3.2 in
the User’s Guide [16], now known as the Crandall-Ishii Lemma. The lemma states for
equations of type H f(z) = 1 Tr (D% f()) that, given X, = D*u(z,) and Y, = D*v(ya)
or their appropriate generalizations, we have the estimate

X 0 1 -1
(0 —Ya)§3o‘<—1 ]1)'
Conjugating the matrices with
1 /1 1
- 1() -

i.e. essentially using C' to couple the subsolution and supersolution problems, we arrive
at the desired estimate

1 1 _ 1 on - Ya Xa - Yoz
5 Tr(Xa) — 5 Tr(Ya) = Z Tr <Xa B Ya Xa B Ya S 0. (16)

We now briefly describe the three innovations (1)—(3).

Innovation 1: A test function framework. Examining the proof of the Crandall-
Ishii Lemma, we can interpret the procedure as the construction of two test functions
bas Vo € C%(RY) that are squeezed between v and v on one-hand and %dz on the other.
To be more precise, we find ¢q, 1o € C%(R?) such that

ua) = dalta) = sup {u(z) = da(z)} and v(ya) = valye) = inf {v(y) =Y}
and

Gala) = valya) = 50 pa) = sup {u(a) —vly) = G} (07)

As before, comparison now follows from the estimate
lim inf qua(l'a) - Hd’a(?/a) <0.
a—r 00

For the Laplacian H f(z) = § Tr (D% f(z)), this translates to

Hou(wa) = Hialya) = 5 (D00 (20)) = 5 T(DPa(pa). (19)

At this point in proofs using the Crandall-Ishii Lemma, the estimate (1.6) is performed
by conjugation with the matrix C in (1.5). We formalize this step by adapting the
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probabilistic notion of couplings, cf. [10], [30], [37], and identify the choice of the matrix
C in (1.5) with the synchronous coupling (also called co-monotone coupling).

Innovation 2: The coupling approach. Indeed, given two Brownian motions
starting in x and y, one can construct a coupling of the two by considering

(X(t), Y(t)) = (z + B(t), y + B(t)), (1.9)

where B(t) is a standard Brownian motion. The generator of the coupled process (1.9)
is given by

1 1

yte.s) = @+ 0P o) =y T (] 1) D0l = 5 T (CDPg(a. 1)),

where we recover the matrix C of (1.5). Note that H is indeed a coupling: For f1, fo €
Cp(R?) and (f1 @ f2)(z,y) == fi(z) + f2(y), we have

H(f1© fo)(,y) = Hfi(x) + Hfa(y).
Using the coupling ﬁ, we can now rewrite (1.8) as
Héo(ra) — Hba(ya) = H (d0 & —ta) (Tar Ya)
< ﬁ (%d2> (l'aaya) =0,

where the first equality follows by the definition of a coupling, the inequality is based
on the positive maximum principle with the optimizers from equation (1.7), and the
final equality is due to the fact that the synchronous coupling controls distance growth.

(1.10)

A similar strategy can be used to treat a discretized version of the Brownian Motion
by considering the generator Hf(z) = 5 [f(z+1) — f(2)] + & [f(zx — 1) — f(2)] of a
random walk: We synchronously couple the random walk with itself using the operator

~

Hf(e,g) = 5 G+ Ly+1) = f)] + 5 0@ =1y —1) = f@p)]

The argument in (1.10) then works for the random walk exactly as it did for the Brow-
nian motion.

This coupling approach is one of the main contributions of this paper, allowing for a
unifying framework to show comparison for Hamilton—Jacobi equations with Hamiltoni-
ans of type (1.2) and their Bellman and Isaacs versions, cf. Theorem 3.1 and Corollary
3.2.

Innovation 3: The strict comparison principle. Our third innovation is on the
final estimate that is obtained as the comparison principle. For a subsolution u to

f=AHf =M
and a supersolution v to
J—AHf = h
the comparison principle amounts to establishing that
sup u(z) — v(z) < sup hy(z) — ha(z).
rERY rE€RY

The comparison principle, once established, thus implies sup-norm contractivity for
the solution map R(A) : Cp(RY) — Cp(RY), where R(A)h is the unique viscosity solution
for the Hamilton—-Jacobi equation (1.1).

It is well-known from examples, cf. [4], [11], [22], [39], that the map R(\)h takes
the form of an exponentially discounted Markovian control problem. If the dynamics
admits a Lyapunov function V', having compact sublevel sets and satisfying HV < ¢,
then the controlled Markov processes satisfy tightness properties. More precisely, if the
controlled process starts in a compact set K, one can find, for any time horizon 7" > 0
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and € > 0, a compact set K D K, given in terms of the sublevel sets of V' such that,
with probability 1 — e, the process remains in K up to time T'. Rewriting this in terms
of an estimate on the solution map R(\), we then find
sup R(A\)hi(xz) — R(A\)ha(z) < e|h1 — ha| + sup hi(z) — ha(x). (1.11)
zeK ek
Estimates of this type are indeed characterized by the strict topology, as was first
established for linear functionals in [33, Theorem 5.1] and for convex, monotone func-
tionals in [32, Corollary 2.10]. Note that in this paper, we do not establish convexity of
h +— R(A\)h, but want to point out that given a convex H, convexity of R(\)h is to be
expected by performing a comparison principle in terms of three variables using variants
of the, e.g., three dimensional Theorem 3.2 of [16], see also the domination principle of
Theorem 2.22 and Corollary 2.26 of [23]. We leave this for future work.

Building upon the notion of Lyapunov functions, we will show that we can directly
establish a variant of (1.11) for a subsolution u and a supersolution v. Given its moti-
vation, we will call this estimate the strict comparison principle, see Definition 2.4 and
the main result, Theorem 3.1, below.

Organization of the paper. The rest of the paper is organized as follows: Section 2
introduces the notation and definitions. Section 3 introduces the framework by stating
the necessary assumptions and formalizing the main results. In Section 4, we show
how to apply our framework to operators of the form (1.2). Section 5 contains the
construction of the required optimizing points and test functions. Finally, Section 6
contains the proof of the main theorems.

2. PRELIMINARIES AND GENERAL SETTING

2.1. Notation and Preliminaries. Throughout the paper, let ¢ € Nand £ = RY. We
write C'(E) for the set of all real-valued continuous functions on E, where E is endowed
with the topology induced by the Euclidean distance d on RY.

Let C(E) and Cy(F) be the set of continuous and bounded continuous functions.
For k € N, let C*(E) denote the space of all real-valued functions on F that are k-
times continuously differentiable. Let CF(E) the set of all functions in C*(E) with
bounded derivatives up to order k. We denote the space of all smooth functions that
are constant outside of a compact set by C°(E). We write C,(E) and Cj(E) for the
set of continuous functions on E that are uniformly bounded from above and below,
respectively. Moreover, we write

CL(E):={f € C(E)| f has compact sub-level sets},
C_(E) :={f € C(E)]| f has compact super-level sets},

C.(E):={f € C(F)|f is constant outside of a compact set}.
We furthermore define the following intersections: C?(E) = C.(E) N C%(E),
CI(E)=C4(E)NC*E), C2(E)=C_(E)NC*E).

For a,b € R, we write a V b := max{a,b} and a A b := min{a,b}. We denote the
supremum norm by |- |, that is

|1 = sup | £ ()],
zeE
for f € Cy(F), while, for u € C(E), we use the notation
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for a supremum or infimum over the entire space and
[u] = supu(x), |u] o = inf u(x)
zeC zcC

for a supremum or infimum over a subset C C F.

We say that a function w: [0,00) — [0,00) is a modulus of continuity, if w is upper
semi-continuous with w(0) = 0. We say that a function f € C(E) admits a modu-
lus of continuity, if, for every compact K C FE, there exists a modulus of continuity
wr: [0,00) — [0,00) such that, for all z,y € K, we have

[f (@) = f(y)| < wi(d(z,y)).

A function ¢: E — R is called semi-conver with constant x € R if for any z¢g € E
the map

K
2 §(r) + S (, x0)
is convex. Moreover, ¢ is called semi-concave with constant k € R if —¢ is semi-convex
with constant —«.

We say that a function f € C(E,RY) is one-sided Lipschitz if, for all x,y € E and
some constant C' € R, we have

(x =y, f(x) = f(y)) < Cd*(x,y).
For any z € E, let s, : E — RY be the shift map
sy(x) =z — z.
For any 21,29 € E, let
2y 2 (2, y) = d (52, (2), 52,(y)) -
Let fi1, fo € C(E). Then, we define the direct sum fi1 @ fa, 1 © fo € C(E X E) as
(1 @ fo)(zr,22) = fi(z1) + fo(@2) and  (f1© fo)(w1,22) = fi(z1) — fa(x2)
for all z1,z9 € E. For two sets of functions Fy, Fy C C(FE), we define
FioFR={®fhlficF,foecF} and FLoF:={fiofo|fi € F1,f.€ }.

2.2. Operator notions. We consider operators H C C(E) x C(E), where we identify
H by its graph. As usual, the domain of H is given by

D(H) = {f € C(E)|3g € C(B): (f,9) € H} .
Let Hy,Hs C C(E) x C(E). We define
Hy+ Hy = {(f7gl +92) ‘ (f:gl) € Hi, (f?gQ) S H2}7

which is an operator with domain
D(Hl + HQ) = D(Hl) N D(HQ)
We say that H is linear on its domain if, for any f,g € D(H) and a € R such that
af +¢g € D(H), we have
H(af+9g)=aHf+ Hg.
We will prove the comparison principle for the equation in terms of H by relating it
to two equations in terms of two restrictions of H. To do so, we will need to be able

to construct test functions in the domain of H from functions in the domain of the
restrictions. In particular, we will need the following notion.

Definition 2.1 (Sequential Denseness). Let D C Cy(E), Dy C CL(E), and D_ C
C_(E).
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e We say that D is upward sequentially dense in Dy if, for any f; € D4 and
constant a € R, there exists a function f;, € D such that

{ff,acr) = fi(x) it fi(z) < a,
a < fra(z) < fi(z) if fi(z) > a.

e We say that D is downward sequentially dense in D_ if, for any f; € D_ and
constant a € R, there exists a function f;, € D such that

fra(w) = fi(x) if fi(z) = a,

{a > fra(x) > fi(z) if fi(z) <a.
2.3. Viscosity solutions. For A\ > 0, consider h; € Cj(E) and hy € Cy(FE) and two
operators Hy C Cj(E) x C(E) and Hy C C,(E) x C(E). We study the pair of equations
f=AHLf < hy, (2.1)
f=AHaf > ho. (2.2)

The notion of viscosity solution is built upon the maximum principle.

Definition 2.2 (Maximum principle). We say that an operator H C C(E) x C(F)
satisfies the mazimum principle if, for all fi, fo € D(H) and z¢ € E with

fi(zo) — fa(x0) = Slelg{fl(iv) - f2(2)},

we have
H f1(x0) < H fa(wo)
and, analogously, for all f1, fo € D(H) and xg € E with

filwo) = fa(wo) = inf {fi(x) = fal2)},

we have

H f1(x0) > H fa(xo).

Observe that every operator H C C(E) x C(F) that satisfies the maximum principle
is single-valued, i.e., for all f € D(H),

#lge C(E) | (f,9) e H} =1

Definition 2.3 (Viscosity sub- and supersolutions). Let H; C Cj(E) x C(E) and
Hy C Cy(E) x C(E) be two operators with domains D(H;) and D(Hz), respectively.
Moreover, let A > 0, hy € Ci(E), and hy € Cy(E).

(a) A bounded, upper semicontinuous function u: F — R is called a (viscosity)
subsolution to (2.1) if, for all (f,g) € Hi, there exists a sequence (zp)neny C F
such that

lim u(ljn) - f(xn) = Sup ’LL(CC) - f(x)v

n—oo zcE
limsup u(zy,) — Ag(zyn) — hi(x,) < 0.
n—oo
(b) A bounded, lower semicontinuous function v: E — R is called a (viscosity)
supersolution to (2.2) if, for all (f, g) € Ha, there exists a sequence (,)ney C E
such that
lim v(z,) — f(2n) = inf v(z) - f(z),

n—00 zel

liminf v(zy,) — Ag(x,) — ha(zy) > 0.

n—oo
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If Hy = Hy and hy = hg, a function u € Cy(F) is called a (viscosity) solution to the
pair of equations (2.1) and (2.2) if it is both a subsolution to (2.1) and a supersolution
to (2.2).

Working with test functions that have compact sub- or superlevel sets respectively,
an approximating sequence can be replaced by an optimizing point in the definition of
sub- or supersolution. See Lemma D.1 in Appendix D.1.

Associated with the definition of viscosity solutions, we introduce the comparison
principle, which, for h; = hg, implies uniqueness in the viscosity sense for solutions of
the Hamilton—Jacobi equation f—AH f = h. We additionally introduce a new, stronger
notion: the strict comparison principle. This name is inspired by the observation that
the comparison principle implies contractivity in the sup-norm of the solution map. The
strict comparison principle implies continuity in terms of the weaker strict topology, see
e.g. [33].

Definition 2.4. We say that the equations (2.1) and (2.2) satisfy

(a) the comparison principle if, for any subsolution u to (2.1) and any supersolution
v to (2.2), we have
sup u(z) — v(x) < sup hy(x) — ha(x).
el zel
(b) the strict comparison principle if, for any subsolution u to (2.1), any superso-
lution v to (2.2), any compact set K C E and € > 0, there exist a compact
set K = K(K, ¢, |ul,|v|) and a constant C' = C'(u, v, K, h1, ha, A) such that we
have
sup u(z) — v(z) < eC + sup hyi(z) — hao(x).
zeK ek
Observe that the strict comparison principle implies the comparison principle. In-
deed, by the strict comparison principle, for all zg € E and € > 0, there exists a constant
C, independent of ¢, and a compact set K C E such that
u(xo) —v(xg) < eC + sup hyi(x) — ho(z) < eC + sup hy(x) — ho(x).
ek zeE
Letting ¢ | 0, we find that u(zo) —v(zo) < sup,cg hi(x) —ho(z). Taking the supremum
over all g € E, the comparison princple follows.

2.4. Notions for our framework. One of the main innovations of this work is the use
of a new approach to prove the comparison principle based on the notion of couplings of
operators. In the following we give the main definitions underlying our new framework.

Definition 2.5 (Coupling). Let H C C(E) x C(F) and H C C(E?) x C(E?) be linear

on their respective domains. We say H is a coupling of H if D(H) @ D(H) C D(H)
and, for any f1, fo € D(H), we have

H(fi®f2) =Hfi + Hfy.

Definition 2.6 (Controlled growth). Let HC C(E?) x C(E?). We say that H has
controlled growth if, for any o > 1 and z, 2’ € E, we have %dz . € D(H). In addition,
for any compact set K C F, there exists a modulus of continuity wg : [0,00) — [0, 00)

and x,7’,y,y’ € K such that
~ /Y 2
H <7dz—y7 a:’—y’) (xa .%',) < wﬁ’K (O[ (d<x7 y) + d(y') 3/) + d(y/7 .%'/>) +

2
(dlw,y) + dly, ) +d(y,2)) ).
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Definition 2.7 (Controlled growth coupling). Let H C C(E)xC(E) and H C C(E?)x
C(E?) be linear on their respective domains. We say H is a controlled growth coupling
of H if the following properties are satisfied:

(a) H satisfies the mazimum principle, cf. Definition 2.2.

(b) H is a coupling of H, cf. Definition 2.5.

(¢) H has controlled growth, cf. Definition 2.6.

We will split our Hamiltonian into a stochastic part that we can couple in the sense
of the above definitions, and a deterministic part that we require to be a conver semi-
monotone operator. Here we give the precise definitions.

Definition 2.8 (Local first-order operator). We say that H C C(E) x C(FE) is a local
first-order operator if there exists a continuous map B : E x R? — R such that, for any

f € D, we have H f(z) = B(z, Vf(x)).

Definition 2.9 (Local semi-monotonicity). Let H C C(E) x C(E) be local first-order
for some B, cf. Definition 2.8. We say that H is locally semi-monotone if, for any
compact sets K C FE, there exists a modulus of continuity wg g : [0,00) — [0, 00) such
that, for all z,y € K and a > 1,

B(z,a(z —2)) — By, a(z — 2')) < wp i (ad®(z,2) + d(z,2')) .

Definition 2.10 (Convex semi-monotone operator). We say that H C C(E) x C(F)
is a convex semi-monotone operator if the following properties are satisfied:

(a) HC C(E) x C(E) is locally semi-monotone for some B, cf. Definition 2.9.

(b) For all x € E, the map p — B(z,p) is conver.

Finally, to work with Hamilton—Jacobi-Isaacs equations we need the following condi-
tion to be satisfied by our Hamiltonian.

Definition 2.11 (Isaacs’ condition). Let ©; and ©3 be two compact, metric spaces.
We say that a collection {Hg, 9, }0,c0, 0,0, € C(E) x C(F) satisfies Isaacs’ condition

if, fOI“ all f E 091661792692 D(HQLQQ)?
su inf {H )} = inf su H, z)t.
01681 0260, { 91,92f( )} 0,60 91681 { 91,92f( )}

Following typical comparison principle proofs, we will be perturbing the optimization
problem

sup u(z) — v(z),
zelE

using a variant of the doubling of variables procedure to ensure that we can use the
properties of sub- and supersolutions. Our perturbations consist of two components:
e We need a Lyapunov-type function, which ensures that we can work on compact
sets, see Definition 2.12.
e We perform a variant of the Jensen perturbation to construct optimizers in
which we can differentiate twice, see Definition 2.13.

Definition 2.12. We call V : E' — [0,00) a containment function if

(a) infyep V(y) =0,
(b) V is semi-concave with semi-concavity constant sy,
(c) for every ¢ > 0 the set {y |V (y) < ¢} is compact.

Typically, the containment function is

V(z) = log <1 + ;332) .



10 SERENA DELLA CORTE, FABIAN FUCHS, RICHARD C. KRAAILJ, AND MAX NENDEL

The next definition aims to produce optimizers for which we have twice differentiabil-
ity via Jensen’s Lemma, cf. Lemma A.3 of [16]. The variant used here creates a unique,
global optimizer from a local one using £ and then shifts it slightly with (. The two sets
of perturbations are based on the prototypical examples of lines, i.e.,

CZJJ(I‘) = <p’ L= Z> ’
and parabolas, i.e.,
1
&(x) = §d2(x, z),
both centered at some z € E. We give them as pair to capture the idea that quadratic

growth dominates linear growth, cf. Definition 2.13 (d) below, which is used in our
variant of Jensen’s Lemma in the Appendix, cf. Proposition A.1.

Definition 2.13. We call collections of maps {(. p}.crpere C C(E) and {&.}.ep C
CYE) (p: E— Rand &, : E — R sets of first and second order point penalizations,
respectively, if there exist constants R > 0 and s¢ > 0 such that for all z € E:

(a) (;p is linear in terms of p around z:

Cp(y) = Py — 2)
if y € Br(z2).
(b) The map &, is semi-concave with constant .
(¢) The map &, is a penalization away from z:

&(2)=0, &(y) >0, if y # z.
(d) We have

inf inf &, (y)+ ¢, S 0.
lpl<1 y¢BR(Z)§ (1) + Cp(y)

For any given 29,21 € E and p € R, we consider the maps

) =Z2 (1) = &0 (¥) + Caop(¥),
(Y) = Zz0p.21 (V) = E20(¥) + Coo.p(y) + &2 (y)-

3. ASSUMPTIONS AND MAIN RESULT

[1]

In this section, we present our main result, Theorem 3.1, and outline the fundamental
assumptions underlying our analysis.

Theorem 3.1 states the strict comparison principle for operators in Hamilton—Jacobi-
Isaacs (HJI) form, satisfying Isaacs’ condition. Comparison principles for Hamilton—
Jacobi (HJ) and Hamilton—Jacobi-Bellman (HJB) equations readily follow.

Heuristically, we assume that the base operator H can be split into a stochastic part
A, which we can couple, a semi-monotone deterministic term B, and a cost functional
7, and that the action of the operator on the containment function V is controlled.

Theorem 3.1 (Strict comparison principle). Let H C C(E) x C(E) be given by

Hf(x) = sup inf {Ag, ¢, f(x)+ Bg, 9, f(x) — Z(x,01,02)}
61€0, 02602

with ©1 and Oy compact, metric spaces and T : E X O1 x Oy — (—00,00| a cost
functional. Furthermore, consider a containment function V' and penalization functions
{GpteeEpera, {C}zep. Let H satisfy the technical Assumptions 3.4 and 3.5 below and
assume that
(a) The collection of operators {Ag, g, +Bg, 9, — L}6,co, 0,c0, satisfies Isaacs’ con-
dition, cf. Definition 2.11.
(b) For all 01 € ©1,03 € Oy, Ag, g, is linear on its domain and admits a controlled
growth coupling 1&91,92 as in Definition 2.7 with a modulus uniform in 61 and 0s.
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(c) For all 0; € O1,602 € O3, By, g, is a conver semi-monotone operator as in
Definition 2.10 with a modulus uniform in 01 and 6s.

(d) The cost functional Z is lower semi-continuous in (z, 01, 02), upper semi-continuous
in Oy for fixred (x,01), and admits a modulus of continuity in x uniformly in

(61,02).
(e) V is a Lyapunov function for H: V € D(H) and
cy :=sup sup sup {(Ag, g, + B, 0,)V(z) —Z(z,61,62)} < o0. (3.1)

2€FE 0,€01 0260,
Let H = {(f,g) e H| f € Cy(E)} be the restriction of H to Cy(E) and consider
FoXHf=h (3.2)

for A\>0 and h € Cy(E). Let u and v be a sub- and supersolution to (3.2) with hy and
he instead of h, respectively. Then for any compact set K C E and € € (0,1), we have

sup u(x) — v(z) < eCe + sup hi(z) — ha(z), (3.3)
rzeK a:el?g

where K, := I?E(K,u, v) and C; := Co(K,u,v, hy, ha) are given by

IA(E::{ZEE
€

v < MM, )

C.:=

2 1 1 1 1
L A |+ —— R — | ——u— .

In particular, the strict comparison principle holds for (3.2).

The proof of the above theorem is carried out in Sections 5 and 6. The next result
follows by restricting the choice on ©1 and 5.

Corollary 3.2.

(a) The strict comparison principle for HIB equations follows from Theorem 3.1 by
taking ©9 to be a singleton.

(b) The strict comparison principle for HJ equations follows from Theorem 3.1 by
taking both ©1 and Oy to be singletons.

Remark 3.3. If H is the generator of a Markov process, the comparison principle
implies uniqueness of the martingale problem using Theorem 3.7 in [12]. We also refer
to [19], [36] for details on the martingale problem.

3.1. Regularity and compatibility assumptions. In this section, we state the tech-
nical assumptions necessary for the proof the main theorem.

As we have a choice for the domain of our operator and only need functions with
compact sub- and superlevel sets, we need to ensure that the domains of the restrictions
are regular enough to perform our analysis. In particular, the action of the operator
on test functions and their combinations with perturbations needs to be well-defined.
Furthermore, we require that the domains are large enough to allow for approximations
in the sense of Definition 2.1.

Assumption 3.4 (Regularity of H). Let HH C C(E) x C(E) be an operator with the
following three restrictions
H:={(f,9) eH[f € Gy(E)},
Hy :={(f,9) e H|f € Ci(E)},
H_:={(f,9) eH|f e C_(E)},
satisfying
(a) H satisfies the maximum principle,
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H) is linear and C°(E) C D(H) C Gy(E),

H) is upward sequentially dense in D(H.), as in Definition 2.1,
H) is downward sequentially dense in D(H_) as in Definition 2.1,
H.) is convex,

any f € D(H) and g € D(H4) and § € (0,1) we have
(1-0)f+dg € D(Hy), (140)f —dg € D(H-).

= XX

In our main theorem, Theorem 3.1, we assume that the Hamiltonian H has an Isaacs-
type structure

Hf(x) = sup inf {A91 02 ( ) +B91,92f(x) - I(‘T701792)}'
0:€0, 02602

To ensure it is well-behaved, we need that the collections of operators {Ag, g, }6,c0,,0,c0,
and {Byg, g, }o,c0,,0,c0, themselves are well-behaved as a functions of (61, 62). We addi-
tionally assume that these collections behave well on the families of penalization func-
tions introduced in Section 2.4.

Assumption 3.5 (Compatibility of Ay, g, and By, 9,). Let ©1 and ©3 be compact,
metric spaces. For 1 € ©1 and 0y € O, let Ay, 9,,Bg, 9, C C(E) x C(F). Consider a
containment function V' as in Definition 2.12 and penalization functions {(; p}.cE pera
and {(,}.cp as in Definition 2.13.

(a) Let the collection {Ag, g, }9,c0,.0,c0, be compatible with V', {(. p}.cE pera, and

{CZ}ZGEz i'e'7

(1) we have
Vos. €D(Ag0,), Bz © Sz € D(Ag, p,)

for any 0; € ©1 and 6y € ©9 and z € B1(0),
(2) the maps
(917 92a z,z0,P, <1, Z) = A91,92 (Ezo,p,zl 0 SZ) ($)7
(91, b2, x, Z) = A191,92 (V ° SZ) (1:)
are continuous,
(3) the map
(01, 02) = Ag, g, f(x)

is continuous for any x € E and f € (g, co, g,c0, P(A01,0,)-
(b) Let the collection {Byg, g, }9,c0, 0,c0, be compatible with V', {(; ,}.cE pera, and

{CZ}Z€E7 i'e'7

(1) we have
Vos, € D(Bt‘hﬁz)’ EZO,P,Zl SEPRS D(B%ﬁz)

for any 0; € ©1 and 03 € ©9 and z € B;1(0),
(2) the maps
(91, 027 T, z0,P, Zl) = I[3917(925,20,1),21 (I‘),
(01,02, ) — By, 0,V (x)
are continuous,
(3) the map
(61, 02) — By, 0, f ()
is continuous for any x € E and f € (g, co, g,c0, P(Bo1.0,)-
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4. APPLICATION TO PARTIAL INTEGRO-DIFFERENTIAL OPERATORS

In this section, we discuss the application of our framework to partial integro-differential
operators of the type

H(2) = {b(a), V() + 5 T (557 () D2 (2)

+/ [f(z +2) = f(2) = Xp,0)(2) (2, V(2))] pa(dz) + H(V f(2)), (4.1)

which, for simplicity, we consider without Bellman or Isaacs structure. More precisely,
we split H into A + B with

A= ST (557 (@)D f()) + / [f(@+2) = f(@) = Xp,0)(2) (2, V()] 1z (d2),

and
B = (b(x), Vf(z)) + H(V[(2))
and specify conditions under which

e we can find a Lyapunov function V and construct a coupling that has controlled
growth for A,

e we can find a Lyapunov function V' and establish local semi-monotonicity for B,

e we can verify that A and B are compatible.

For the verification of compatibility, we need to choose V' and families {(; ,}.cE pera
and {{.}.cp. We introduce two related families: The first family is suitable for local
operators; the second is constructed from the first by suitable cut-off procedures, thus
making them suitable for integral operators.

We point out that the second family is suitable for local operators as well. However,
this comes at the cost of minor complexity in their construction.

Definition 4.1 (Example containment function and penalizations). Consider the con-
tainment function

V(z) = log <1 + ;x2>
and the following two collections of penalization functions:
Collection 1: The base penalizations are

Cp(z) = (P2 —2),
() = 3, 2).

Collection 2: Let R” > R’ > R with R as in Definition 2.13. Let £ : [0,00) — [0, 00)
be a smooth function satisfying I(r) = 1 for r < R’ and I(r) = 0 for x > R".
Let

€.(2) = (1 - U(d(x, 2))(R" +1)* + (d(z, z))%dg(&% 2),
Cp (@) = Ud(z,2)) {p,w — 2) .

As all considered functions are smooth, part (1) of the compatibility assumptions for
A and B, cf. Assumptions 3.5 (a) and (b), hold for every part of H except the integral
term immediately.

To simplify the verification of our conditions, we have the following two observations.
Remark 4.2. Let A1,Ay C C(E) x C(E) be linear on their respective domains and
compatible with V', {(. ,}.cppera, and {(;}.cr and with associated controlled growth
couplings A1, Ay C C(E?) x C(E?). Then, the operator A := Aj + Ay is linear on
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its domain and compatible with V, {Cz,p}zeE,peRq, and {(.}.crp and with associated
controlled growth coupling A= Al + AQ
Remark 4.3. Let B;,By C C(E) x C(E) be compatible with V', {(, p}.cr pera, and

{¢.}:er and convex semi-monotone operators. Then B := B; + By is compatible with
V, {Cpteerpera, and {(. }.cr and convex semi-monotone operator.

The rest of this section is organized as follows:

e In Section 4.1, we consider drift terms and convex first-order Hamiltonians;
e In Section 4.2, we consider diffusion operators;
e In Section 4.3, we consider integral operators.

4.1. Deterministic Example: Drift terms and convex first-order Hamiltoni-
ans. In this section, we consider the deterministic part of the operator (4.1).

Proposition 4.4. Suppose that B is given by

Bf(x) = (b(x), Vf()) + H(Vf(z))
with the drift term x — b(x) locally, one-sided Lipschitz with constant Ly, i and |b(zx)| <

2(L+ |x]) for some constant ¢, > 0, and p — H(p) continuous and convex.
Then, B is compatible with both collections of Deﬁm’tion 4.1, cf. Assumption 3.5 (b),

and convex semi-monotone. Furthermore, V = log(1 + % ) is a Lyapunov function:

sup BV (z) < oc.
zel

Proof. Convex semi-monotonicity: Clearly, B is locally first-order with Bf(z) =
(b(x),Vf(x)) +H(Vf(z)) = B(x,Vf(r)). Additionally, for any compact set K C E
a >0, and z,2’ € K, we have
B(z, a(z — ) — B(y, a(z — ) = (b(z), a(z — 2)) + H(a(z — "))
— <b(x/) alz — :c/)> — H(a(z — "))
= (b(x) = b(z'), a(z — 2'))
+ H(a(x —2')) — H(a(x — 2))
< aLb’KdQ(x,x’),
establishing semi-monotonicity. As convexity of p — B(z,p) is immediate, we conclude
that B is convex semi-monotone.
Lyapunov control: Using that V(z) = log (1 + ’”2—2), VV(zx) = 2+|
as a function of x, b has linear growth, and that H is continuous, we find that
2z 2x
supBV(x) =s (), ———= )+ H|—— | <
gV () = sup (o) 27 )+ () <

Compatibility: We show the compatibility of B, cf. Assumption 3.5 (b), by evalu-
ation of the perturbation and containment function in the operator.
Using &.(z) = 1d?(x,2) and (. p(2) = (p, — z), we find for 2, 21,2 € E and p € B1(0)

pEap is bounded

B(Z.,p,20 ©52) () = (b(z),(x —2—20) +p+ (x — 2 — 21))
+H((x—2—20)+p+(z—2z—21)),

which is continuous in (z, 20, p, 1, 2) as b and H are continuous. For V(z) = log (1 + 3z?)
and z € F, we find

B(V os.)(x) = <b(x), 2(36_2)> +H (M) ,

2+ |z — z|? 2+ |z —z]?

which is continuous in (z, z) as b and H are continuous. Thus, B is compatible. O
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4.2. Stochastic Example: Diffusion operators. In this section, we focus on diffu-
sion operators of the form

Af(z) = %T&" (2(@)ST (2)D*f(x)),

where Y(x) is a positive semi-definite matrix for each fixed z € E.

Our main goal is to construct a controlled growth coupling for the operator A. To
illustrate the idea behind our approach, consider the simpler case of the Laplacian
operator

Bof(x) = 3 TH(D? (@)

which is the infinitesimal generator of Brownian motion. The well-known synchronous
coupling of two Brownian motions started from z and z/, respectively, is given by
(X(t),X'(t)) = (x + B(t),2’ + B(t)) with B(t) a standard Brownian motion, having
generator

~ 1
A09($71"/) = 5 (ax + a:l:’)2 g(l’,!l?/),

which satisfies 1&0d2 = 0. Aiming to generalize this, we rewrite

~ , 1 /1 1
Aog(z,2") = Tr (CCTD?*g(z,2")) with C :\/§<]1 11)'

In general we obtain the following result.

Proposition 4.5. Suppose that A is given by
1
Af(w) = 5 Tr (S(2)2" (2) D f ()

with 3(x) positive semi-definite for all x € E, x — X(x) locally Lipschitz with constant
Ly i and |b(z)| < F(1+ [x]) for some constant cs > 0. Consider

;&f(x, y) :="Tr (iQ(az, x/)DQf(a:,:c')) ,

where
S _ (2@ (@) 2= (x)
22(1',11) i (E(l‘)ZT(l‘/) E(l‘/)ZT(wl)> .

Then, A is compatible, cf. Assumption 3.5 (a), linear on its domain, and admitting the
controlled growth coupling A. Furthermore, V = log(1 + %2) is a Lyapunov function:

supAV(z) < 0.

For the proof we make use of the following auxiliary lemma.

Lemma 4.6. For each x € E, let B(x) be a positive semi-definite matriz and consider

Af(x) = %Tr (B(x)D*f(x)).

For any x,2' € E, let E(x,x/) be a positive semi-definite matriz having block-structure
~ N B(x) B(x,2")
B(:va ) = (B(:E,x/)T B(.r/) .
Define
~ 1 ~
Af(z,2') = 5 Tr (B(:C, 2"\D?*f(z, x/)) .

Then, Adsa coupling of A.
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Proof.
A(h @ f2)(y) = 5 T (B »)DX(fi @ f)(wy)
= ST (B@D*[(@) + 5 Tr (Bu)D*£(»))
=Afi +Af
and it satisfies the maximum principle. O

Proof of Proposition 4.5. Controlled growth coupling: By Lemma 4.6, A is a cou-
pling for A. We thus verify that A has controlled growth. Consider « > 1, K C F a
compact set, and x,z’,y,y’ € K. Then,

B (G ) )= 0 (00 () )

- %ﬂ (iQ(;p,x’) (a (_111 f)) (:c,x’)>

= 5 (" (@) = 2T ) (S(=) = B()))

< aLQXKdQ(x, '),

establishing controlled growth.
Lyapunov control: Using V(x) = log(1+ %) and the fact that ¥ has linear growth,
we find that

sgg AV (z) = sgg L Tr (2(2) 57 (2)D*V (7)) < oo. (4.2)

Compatibility: Using &.(z) = $d%(z,2), Gp(z) = (p,x — z) and V(z) = log(1 +
%2), we find for zp, 21,2 € E and p € B1(0)

A(Eos,)(z) =2Tr(X(x)xT (2)),
A(V 05.)(x) = % Tr (S(2)=7 (@) DA(V o 5.)(x))

which, by an analogous calculation as in equation (4.2), is continuous in (z, zo, p, 21, 2)
and (z, z). Consequently, A is compatible. O

4.3. Stochastic Example: Integral operators. In this section, we cover examples
of spatially inhomogeneous Lévy processes that have generators of the type

bf@) = [ [fa+2) = 10) = Xp,0@) (2. V@) uldn), (1)
where Xp, (0)(z) = [(|z]) for some smooth non-decreasing function [ satisfying [ = 1 on

a neighborhood of 0 and /() = 0 for r > 1.

We next specify the space from which we can take our jump measures u,. For this,
we need to control the mass close to 0 as for large values of z. The following function
controls both:

W (z) == Xp,(0)(2)|2|* + (1 — Xp,(0)(2)) log (1 + |2|?) .

We take the family of jump measures {y}zer from the set of equivalence classes

My (RY) := M(RY)/ ~ with

M(R?) = {u e M(R?)

/W(z) p(dz) < oo} ,
where M (RY) is the set of all Borel measures on R? and where

o~ if and only if  p|ra\ {0y = V[re\f03-
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We topologize the set My (R?) by the weak topology oy induced by the pairings

s / g(z)u(dz) Vg e Cw, (4.4)

where

Cw = {g e C(RY)

_ l9(z)]
g(0) =0, and il;}g W) < oo.} .

Below, we construct controlled growth couplings for operators of the type (4.3). To

clarify the concepts, we consider the example of an uncompensated process, i.e., having
an operator of the type

Af(x) = / f(x+2) — f(@)pa(dz).

Couplings for this type of operator are of the form

&f(ac,a:') = / [f(m + 21,y + 22) — f(x,x')] Ty (d2z1, 22), (4.5)

where m,, ,» couples i, and p,. In the following example, we illustrate the need of being
able to couple jumps synchronously.

Example 4.7 (Random Walk). Consider the simple random walk on R making jumps
of size 1, i.e u, = = d_1 + 1 leading to the operator

Af(z) =[flz=1)+ flz+1) = 2f(z)].
Well known couplings include walks with simultaneous jumps but independent direc-
tions, fully independent jumps, and synchronous jumps. The corresponding generators
are given as in (4.5) with jump measures
=@ pu,
7= 6(_10) + 61.0) + 0(0,-1) + 5(0.1)»
= 0(-1,-1) +9(1,1),
respectively. This leads to the operators
Alf(z,a)=fz—1,2 = 1)+ f(x — 1,2’ + 1)
+ flx+1,2 —1)+ f(z+ 1,2 + 1) — 4f(x,2'),
1&2f(:c,x’) =flz—1,2")+ flx + 1,2') — 2f (x,2")
+ fana! = 1) + fla,a +1) = 2f(w,a),
1&3f(:v,x') =flx—1,2 =)+ flx+ 1,2 +1) = 2f(x,2").

Only for the final example, we see that A3d2 < 0, pointing at the necessity of the
alignment of jumps.

Note that the third coupling above has different total mass, and we thus work outside
the realm of the typical notion of couplings of probability measures. A second feature
of coupling jump measures, not present in the example above, is that we can make one
process jump, whereas the other does not.

We formalize this in the following definition.

Definition 4.8. Let p,v € My (R?). We say that 7 € M(R? x RY) is an extended
coupling of p and v, if
™ ((A\{0}) x RY)
™ (R > (B\{0}))

n(AN{0}) VA e B[R,
v(B\{0}) VB eBRY).
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Remark 4.9. A variant of this coupling was introduced in [21]. There mass can be
moved to the boundary of a domain. In our context, this boundary is the point 0.

Definition 4.10. Let « — p, be a map from E into M(RY). Let (z,2') — 7y, be a
map from E? into M(R? x RY).
(a) We say that (z,2') — 7, is an extended coupling of « — i, if for all z, 2" € E,
we have that 7,/ is an extended coupling of y, and .
(b) We say that (z,2’) — 7, 4 is locally Lipschitz, if, for any compact set K C E,
there exits a constant L g such that, for z,z’ € K, we have

/d2(zl,22)7ra,@/(dzl,sz) S LmKdQ(l',x/).

Remark 4.11. Note that conditions (12), (34), and (35) in [5]| for x and j correspond
to our choice of My (R?) and locally Lipschitz extended coupling 7y, ..

Remark 4.12. Let n : R — R be any locally Lipschitz map with local Lipschitz
constants Ly x. Set iy = 8y(2) Ly(2)20(2) and Tz o = 0(y(2) m(ary)- Then, (z,2") = my o
is a locally Lipschitz coupling of & +— p, with L, x = L, k.

The main proposition of this subsection below aims to show that integral operators
of the form (4.3) can be treated analogous to the other examples above. We work with

the second collection of penalization functions, cf. Definition 4.1, to avoid integrability
issues.

Proposition 4.13. Consider
Af(x) = / (& +2) — £(z) — X, (0) (& V(2))] pa(d2).

Suppose there exists a oy -continuous map x +— iy in My (R?), cf. (4.4), and that there
exists a locally Lipschitz extended coupling (z,2') — 7y of © — pg with Lipschitz
constant Ly g and, for X(z1,29) = XB,(0)(21)X B, (0)(22), set

~

Ag(z,2') == / {g(:l: + 21,2 + 2z2) — g(x, ")

~

— X(z1,22) <(z1, ZQ)T, Vy(z, x’)> } T2 (dz1, dz2).

Assume furthermore that

11,2
sup/log (1 + 2]z]—|—<x,z>> e (dz) < oo.

z€E 14+ %|{L“2
Then, A is compatible, cf. Definition 3.5 (a), and linear on its domain admitting the
controlled growth coupling A. Furthermore, V = log(1 + %2) is a Lyapunov function:
sup AV (z) < oo.
zeE

Remark 4.14. Corresponding to Remark 3.3, we refer to [6, Corollary 2.3] for a unique-
ness result for a Lévy process martingale problem.

The proof of Proposition 4.13 is based on the following two auxiliary lemmas. In the
first, we obtain bounds on the integrand of our operator acting on the Lyapunov function
V. In the second, we compute the integrand of our Lévy type operator acting on the
shifted squared metric. We prove these two lemmas following the proof of Proposition
4.13.
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Lemma 4.15. Fizx z,z € E.
(a) For z € R?, we have

1
—log (1+2\x—z]2> <Vos,(x+z)—Vos,(x)

Yz + (z - >>

1+ 2(z—2)?

<log (1 + |z|?).

< log <1+

(b) For z € B1(0), we have
1
[Vos,(x+2z)—Vos,(x)—(z,V(Vos,)(x)) < §|z]2.
Lemma 4.16. We have
d2

1 1
—d? (z+ 21,2 +22) — Sdy oy (

_ It -
QI%IZJ 2

S(2) ()

< <1 _ ;?c(zl,zQ)> 2(z1,2) + (1 — i(zl,zz))%cﬂ(y,y').

z,7')

Proof of Proposition 4.13. Controlled growth coupling: As (z,2') — 7, . is a lo-
cally Lipschitz extended coupling of = — p, cf. Definition 4.10, we have that Aisa
coupling. Thus, we need to verify the controlled growth property of A

Let z,2',y,y' € K for K C E a compact set. Using Lemma 4.16, we then have

~ 1~
A (gdi_y@,_y/) (x,2') < g/ <1 - X(zl,z2)> d*(z1, 22) Ty o (dz1, dz2)

2 2
& v 1 2 /
+ 5 (1 — X(Zl, ZQ))id (y, y )71'1@/ (dzl, dZQ)
< SLnxd(@,a) + S d(y,y),

where the second inequality is due to the local Lipschitz property of the map (x, ') —
Ty and ¢ > 0 exists since, for every x,2’ € E, m, v € M(R? x R?). As such, A
admits the controlled growth coupling A

Lyapunov control: Using Lemma 4.15, we find

suIE)AV(:U) < suIE)/(l — XB,(0)) log(1 + |z|?) + XBl(0)|z|2uz(dz) < 00.
xe Tre
Compatibility: We start by establishing the continuity of (z, z) — A(Vos,)(x). Let
(%, zn) converge to (x,z). We aim to apply Lemma C.1 with X = R?\ {0}, vy, = s,
and
¢n(z) ==V os,, (v +2)—Vos, (v,) — X B (0) (z,V(Vos.,)(zn)),
boo(z) =V 0s.(x+2) —Vos,(x) = Xpg, (0 (2, V(Vos,)(z)).

As ¢y, is continuous, it remains to show that sup,cysup,.g |¢W”((;)) | < . By Lemma

4.15, we can estimate

1 1
60(2) < X031l + (1~ Xy o { <o (14 3o =) o (14 ) |

Since (xy, zy,) is convergent, hence bounded, we obtain the desired estimate. Continuity
of (z,z) — A(V o s,)(x) now follows by Lemma C.1.
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Using the particular form of =, .,, cf. Definition 4.1, one readily verifies that the
map (, 20, P, 21, 2) = A (Ezp.2 ©82) (x) is continuous with an analogous argumenta-
tion. O

Proof of Lemma 4.15. Let y = x — z, then we can write

Vos,(zr+2z)—Vos,(x)
1 1 sl2l® + (v, 2)
=log 1+ =(y+2)?)—log 1+ =|y[*) =log 1+ 22— "],
g( 5 )> g< 519l g T
Applying Young’s inequality to (y,z) leads to the upper bound

Vos,(xz+z)—Vos,(z) <log |1+ M =log |2+ % <log (1+ |z?).
1+ 3y 1+ 5ly?

Using that the first term is positive, we obtain the lower bound

l’ 2

y\ L o9

o0s,(x+2z)—Vos,(xr)>lo 1—-—22 | =—-1lo <1+ )
Vos.(z+2z)—Vos,(z) g( 1+§@P) g 519l

This establishes (a). For the proof of (b), we apply Taylor’s Theorem to obtain

1
Vos,(x+2z)—Vos,(zx)—(V(Vos.)(zx),z)| < =|z]> sup sup ‘V%V(y + z)‘
2 z€B1(0) @.J
1
< 7|Z|27

2

which follows by a direct inspection of

20;,5 (1+ 3l2[*) — 2z

(1+ 3lz[?)?

2

O

Proof of Lemma 4.16. Evaluating the shift maps, calculating the gradient of the squared
Fuclidean distance, and expanding the squares leads to

1, 1
§dm—y,x’—y’ ($ + 21, z' + Z2> - 5

o) ((2) 9 (3 ) 000

1 1 ~
= §d2(y + 21,y +22) — §d2(y7y/) — X(z1,22) (y —y, 21 — Zz>

di_%r/_y/ (.T, x/)

1 ~
= §d2(z17 z3) + <y - 3/721 - ZQ> — X(z1,22) (y - Z/:Z1 - Z2>

1~ ~ 1
< (1- 5% ) (a1, + (1 - Vo 22) (0.,

where in the second equality we use properties of the Euclidean distance d and the final
line is due to Young’s inequality. O

5. CONSTRUCTION OF TEST FUNCTIONS

In classical proofs of comparison principles, the approach to estimate supu — v for
a subsolution v and supersolution v is variable doubling or quadruplication, cf. [4,
Theorem 3.1| or [16, introduction of Section 3|: For a > 1

supu(z) —v(z) < sup u(z) —v(z') — %dz(x,:r’). (5.1)
reFE rx'el
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Letting o — 00, forces optimizing points, if they exist, of the right-hand side together.
In addition, by varying either of the two components, one obtains basic test functions
in terms of %dQ for the use in the definition of the sub- and supersolution properties of
u and v.

To ensure that optimizers in (5.1) exist, we will consider instead, for small € > 0, the

following problem that includes the containment function V' and upper bounds sup u—v
up to a term of order &:

1
T T
1 1 o €
< — N — —d? N — — N, (5.2

The particular form of the factors 1 — ¢ and 1 4 ¢ is motivated by convexity based
arguments, which will show up in the proofs of Proposition 6.3 and Theorem 3.1 below.

The procedure in (5.2) would be sufficient for a standard, first-order Hamilton-Jacobi
equation. The test functions produced by this procedure, however, will not be sufficient
to treat second-order or integral operators. This problem was considered in [16] and
[5]. We will follow their approach by considering a quadruplication of variables, which
we also phrase in terms of sup- and inf-convolutions. We then perform a Jensen-type
perturbation.

As we aim to unify proofs for both integral and differential operators, we revisit the
full proof and state our result in terms of test functions.

In Propositions 5.1 and 5.3 below, which can be considered to be an extended two-
variable variant of the Crandall-Ishii construction [16, Theorem 3.2|, we start out by
considering the optimization (5.2) in terms of the sup- and inf-convolution of v and v,
respectively, effectively leading to a quadruplication problem, see (5.3) below.

We then perform the Jensen perturbation, see (5.4). The rest of the proposition deals
with various properties of the optimizers in relation to v and v.

In Proposition 5.3, we carry out an additional layer of smoothing operations to obtain
C™>-test functions. Consequently, we can move away from the notion of solutions in
terms of sub- and superjets, which is of paramount importance to effectively treat
diffusive and jump-type processes in a common framework.

For readability, we express suprema and infima using [-] and |-|, respectively, as
defined in Section 2.1.

Proposition 5.1 (Construction of optimizers). Let u be bounded and upper semi-
continuous, v be bounded and lower semi-continuous, V' be a containment function as
in Definition 2.12, and {C;p}zcppers C C(E) and {&.},ep C CL(E) be collections of
functions as in Definition 2.13. Fize € (0,1) and ¢ € (0, 1].

Then, there exist compact sets K. C K. C E and, for any o > 1, three pairs
of variables (Ya,0,Yh0): (YY) (Tarzh) in E* and pa,pl, € Bio(0) such that the
following four sets of properties hold.

Properties of ya.0,, o

The variables yajo,yg’o optimize [Ny ], where

Raly ) = T Pll(y) — 1

Palol(y) = 58 (5.)

-V~

— (- eV() (53)

and satisfy the following property
(@) Yo,0,Yn0 € Kepo-
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Properties of y,,y), and p,,p.:

The pair yq, Y., optimizes

=0(y) =, o (¥): =) ==y 0, ¥),

(1]

El(y) = E’ya,07pa’ya (y)7

(b) We have

1 1
d(youya,O) < au d(:l/:xvy:x,O) < o

(¢) P*u] and P,[v] are twice differentiable in y, and y.,, respectively.

. /.
Properties of z,,z:

. , o
The variables zq,x,, optimize

2(y) = Ey;,o,p;,ya )

as in Definition 2.13. Moreover, the optimizers ya,yh, of (5.4) and (5.5) satisfy

Pul(ya) = u(wa) — 5 (@a o).

Palol(yh) = v(al) + 5 (s ol

and satisfy

(d) x4 and xl, are the unique optimizers in the definition of P*[u)(ya) and Py [v](y.,),

respectively.
(e) We have that

u(xa) o Pa[u] o 8$a_yo¢ (;UCY) = ’Vu - Pa[u]
V(@) = Pa[v] 0 82,y (25) = [v = Palt]
Behaviour as a — oo:

(f) We have limg_, 00 Oédz(ya,Oa y;,o) =0.
(9) We have

lim a (d(%a,Ya) + d (Yo, Yo) +d (Yo @

a—0o0

(h) Ta, Yo, Ui, T, € K-.

© siva_yc;l )

0 Sq1—y, | -

2)" =0

In addition, the following estimate on uw — v holds: For any compact set K C FE, there

is a compact set K = K(K,e,u,v) given by

K= {zeE‘V(z)SuH—i_Hv”
£
such that
(i) For any compact set K C E,
1 1
_ < _
= ol < Tu(ea) — 1
where
2 1
Ce,p 1= 1—752(1 — o) [Vlk - L_EU -

and o(1) is in terms of o — oo for fized £ and .

+JWK}

v(2a) + € (cep +0(1)),

1
U M
1+e | g
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(j) Any limit point of the sequence (T Yas Ya,05 Y0 Yo To,) @S @ — 00 is of the
form (z,z,2z,2,2,z) with z € K.

Figure 1 visualizes the relation between the different optimizing points.

E / N
e 5.2.(b) Ya 5.1.(g) Yo 5.2.(b) Loy
5.1.(b) 5.1.(b)

/
Ya,0 5.1.(f) Ya 0

F1GURE 1. Relation between the optimizing points with a note which parts of
the propositions give us distance control.

The proof of Proposition 5.1 uses various properties of sup- and inf-convolutions,
which we gather in the next lemma. Its proof is relegated to Appendix D.2.

Lemma 5.2. Let u : E — R be bounded and upper semi-continuous and v : E — R be
bounded and lower semi-continuous. For a > 1, set

Plul(y) = sup {u(z) = Gd(9) | = [u— 5 Cy)] (5.6)
Pall(y) = int {o(@) + S @)} = [u+ S (,y)] - (5.7

Then,

(a) we have | P[u]| < [u] and [Pa[v]| < [v]-.
(b) for any z,y € E such that

P[ul(y) = ula) = S, y),
we have $d?(z,y) < u(z) — u(y). Similarly, for any z,y € E with
Palol(y) = v(x) + 5d(x,y).
we have §d°(z,y) < v(y) —v(x).
(c) P“[u] and —P,[v] are decreasing in «.

(d) P*[u] and —P,[v] are semi-convex with semi-convezity constant a. As a conse-
quence, both are locally Lipschitz continuous.

(e) if P*[u] is differentiable at yo, then there exists a unique optimizer xo in (5.6)
such that

«
P[u](yo) = u(wo) — §d2(l’07y0)
and DP[u](yo) = a(xo — yo). Similarly, if Py[v] is differentiable at yo, then
there is a unique optimizer xo in (5.7) such that
a
Pa[v](yo) = v(zo) + §d2(9307 Yo)
and DP,[v](yo) = —a(xo — yo).-

Proof of Proposition 5.1. Proof of (a): As u and v are bounded, by Lemma 5.2 (a),

the same holds for |P*[u]| and |P,[v]|. Using that V' has compact sublevelsets, cf.
Definition 2.12, the existence of optimizers (ya,o,ygyo) for [Ay] follows.

The definition of A, and the convolutions P®[u] and P,[v] imply that

(1 - oV (o) + T (L= DV (o) S T [0l = T [o] = [Ad] . (58)
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Comparing the optimizers for A, (y,y’) to, e.g., the suboptimial choice (y,y") = (7, 9)
satisfying V() = 0, we find

2 2

: < Jul +
u
—1—¢ 1+

(1= )V (o) + L (1 — V(o)

1+¢

ol
From this estimate, we deduce that (yq.0, yg,o) € K. o x K. with
Keo={yc E|V(y) <e'Ce(lul + Jol)}

for some constant C. > 0 satisfying lim. o C: = ﬁ, establishing (a).

Proof of (b) and (c): For the proof of these two statements, we first move from
[Ao] to its perturbed version (5.4). To do so, we use Proposition A.1. Note, that the
function (y,y’) — Aa(y,y’) of (5.3) over which we optimize in [A,] is semi-convex with

semi-convexity constant

2 1 2e
K:<1_€2+2>a+1_82(1—(p)f€v>1

for a > 1. In addition, it is bounded from above and has optimizers (ya,o,y;,o). We
can thus apply Proposition A.1 with

®. (5.9)

Consequently, it follows that there exist po,pl, € B1/o(0) such that y,,y;, are opti-
mizers of

F{a—‘ = Ka (Ya ygz)a

where

~ g —_
Nay:y) = Aaly,y) = 7—29=100) — 1

with =) and =) as defined above. This establishes (5.4). An additional penalization

PE2(y) (5.10)

around (ya,.,) gives (5.5). A secondary outcome of Proposition A.1 is that Ag is
twice differentiable in the optimizing point (ya,y, ), establishing (c). Furthermore, the
optimizers satisfy

(Yo Yo0) <15 AU Ya0) <7,
which, together with (5.9), yields

max {d(Ya, Ya,0)s Ak, Ya,0) } <

)

QI+

establishing (b).
Proof of (d): This follows immediately from Lemma 5.2 (e).
Proof of (e): We only establish

u(xa) — P*[u] 0 sz—y, (Ta) = [u— P*u] 0 55,y 1,
as the second equation follows similarly. Note that by definition of P®[u], we have
o «
P [U/] o sma_ya <$) Z u(‘r) - §d2 (x’ Sra_ya (.’L’))
On the other hand, by (d), we have

PO[u] 0 85,y () = P*[ul(ga) = ulwa) = 5d* (2a,ya) -
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Combining the two statements yields, for any x € F, that
w(xq) — P*u] 0 sz, —y. (xa)
= 5@ (@, Ya) + P°[u] © 50,y (¢) = P*[u] © 85,y (2)

(¢ (@a: ya) = d* (@, 500y, (2)))

i
2

Y

u(x) — P*[u] 0 sp,—y, () +

u(x) — Pu] o 54—y, ()

as the shift map preserves distances. This establishes (e).
For the proof of the final five properties, we consider the limit o — oc.
Proof of (f): Consider [A,]:

— L o _ L / o E 2 /
[Ao] = 1_ €P [u](Ya0) 1 +€Pa[v](ya70) 2d (ya,ana,O)
€ €
- 1— 00) — 1— ')
== @V ao) = 1571 = )V (¥ayp)

Note, that [A,] is decreasing in «, since —%dz(ymo,y&o), P%[u], and —P,[v] are de-
creasing in o by Lemma 5.2 (¢). Note in addition that, by evaluating A, in the particular
choice (y,4") = (9,4) as above, we have, by Lemma 5.2 (a), that

—Pl() - 1

[Aa] >

1 1
P 0> -
> 2[0)(9) > T lul = T ol

which is lower bounded uniformly in «. It follows that the limit limg o sup A, exists.
For any o > 1, we find

[ar2] = T P2i)(0a0) = = Pagaltl0e) — S (00 o)
2= OV (a0) — (1= DV (Uho)
> Pu)(ya0) — T Paltl(Wao) = T (a0, th)
T2 OV (a0) — 12 (1= DV (0o)
> [Aa] + %dQ(ya,07y;70)a (5.11)

which implies that limg_ o adQ(yayo,y&’o) =0, as [A,] and (Aa/ﬂ converge to the
same limit, establishing (f).

Proof of (g): We follow the same approach as in (5.11) but now expanding P*[u](yq)
and P,[v](y.,) to obtain an optimization problem in terms of four variables.

1 o
> - Oé/2 = ! _ - 2 /
[Aoj2| > T—F [u] (Ya) 1+€Pa/z[v](ya) 14 (Yo Yiy)
1 1 , 5 € ,
o) — —— - 1— L) — 1— A
> 176U(w ) 1+5v(%) 1—5( ©)V (Ya) 1+€( ©)V (Ya)
(0, 0) + (e tl) + —— (5 2L)
4 1—5 oy Jo Ay o 1+€ (e % (6%
A o 1 2 2 / 1 20 1 7
= {AJ +7 <1 — (@ Ya) + A" (Yo Ya) + 74" (War Ta)
g — g —_
+ —— 0= (ya) + =5 (k)

1—¢ 1+¢
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by (5.10). It follows that

g 1 ) 2 / 1 2 /
(TP ) + ) + Pl

~ e _ e
< [Aa/2—| - [Aa—‘ — 17_880“(1)(%4) - m@ig(yfx)-
By (f), we obtain

Jm Tl = Jim (o]

a—r00
and

€
ahjgo f@ E)(ya) + 117" 25(yh) = 0.
Consequently, we have that

lim o (d*(2a; Ya) + d*(Ya,r yh) + d*(Yh, 73,)) = 0.
a—r00
From this, (g) follows using Young’s inequality

Proof of (h): (a), (b), (f), and (g) imply (h) by considering a bounded blow-up K,
of K570.

Proof of (i): First, note that Corollary A.2 and the definition of n in (5.9) yield
£

€ 2¢ 1
0<— Ed(ya) — ——=E5(1,) < - 5.12
S ST PEIe) - %) ST o) (5.12)
and
N ~ ’ 2¢ 1
[Aa] < [Aaw = Aa(Yas o) < [Aal + 07— (5.13)
Let K C F be compact. We then obtain

[u—v]g = sup u(z) — v(zx)

2¢e
<§g};{ 1l —sO)(V(x)—mK)}
1 2¢
<p (o - oo - 250 -ovo)
2

l—su 1+¢

- a—wme—e{1 -]

1 2e

D) - ) - o= Vi)
+1_@<—¢me—s{1 -]

INA
8 W
m g
=o
—
—

1—€u 1+€v

S[AOJ_F13662(1—90)(V1K_5{1igu_ 1 JK'

5.14
27 (5.14)
Combining this estimate with the first inequality of (5.13), dropping non-positive terms
and then (5.12), leads to

[u—v] g < Koo ¥h)

<

1
1-— su(Ia) 1+ 50(56/‘“)

2 1 2 1 1
re(ormn - A V- |- ] ).

which proves (i).



A COMPARISON PRINCIPLE BASED ON COUPLINGS 27

Proof of (j): We start by proving that any limiting point of

(xon Yo, Ya,05 yg,07 y/on x/a)
as @ — oo is of the form (z, z, z, 2, z,2). We only prove limy— 00 d(Za,Yo) = 0, as the
other limit follow analogously.
By (h), we find that, along subsequences, (4, ¥a) — (Z0,%0). Assume by contradic-
tion that xg # yo. Then, since ad? is increasing, we get that for all g > 1,
lim inf ad? (2o, Ya) > aod? (20, y0)-

a—r00
We can conclude that ad?(z4, ya) — 00, contradicting (g).

We proceed to prove that any limiting point z lies in K. Similar to (5.8), but now
also using (5.12) and the first inequality of (5.13), we find

=@V ) (- DV ()

1(w—1tw1jgﬁ%w
1

<

1 (P:g (ya) P\\a—‘ )

—€ 1+ 1+¢
1 2e

- LA,
Ll — o Lo+ o~ TAa]
Combining this Wlth the upper bound on — [A, ] obtained from (5.14) leads to
€ €
—— 1 =)V (Ya) + —— (1 —p)V(yL
T -V )+1+€( )V (o)

< Tl o o) + oy
“1-c¢ 1+4e¢ 1-_2a
2¢e 1 1
a9 V- | - ]
This, in turn, yields
£
1- o) — 1- 1y —
T 1=9) (V) = Vi) + (1 —¢) (V(ya) = [V1k)
1 1 2¢ 1
< - -
_1—5[u1+1 ELUJ—le—EQa
i 1o + 1 1
u—vlg el iU 7Y B
€ 1
2(lel + oD +o1—=

The sequences o, Yo, Yh, Th have hmlt pomts z € K. as a — oo by (g) and (h). In
combination with (b), we conclude that, for any such limiting point z,

0= V() = V1) < 2l + o)

establishing (j). O

The next proposition builds upon Proposition 5.1 to build a suitable collection of
test functions for the use in the proof of the comparison principle. The sup- and inf-
convolution R*[u] and R, [v] are not guaranteed to be smooth. However, they are twice
differentiable in the relevant optimizing points.

Using the difference between E[l) and 53 on one hand and =1 and =5 on the other, we
are able to squeeze in a globally C*° function on the basis of Lemma B.1, that can be
used to replace P*[u] and P,[v]. As an effect, we will approximate

fr = P[u], fr m P[] 0 Spp—yas
ESVALE fir = Palv] o sy _yr,
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which will be made rigorously in next proposition for fixed € and a.

Proposition 5.3 (Test function construction). Consider the setting of Proposition 5.1.

Fiz e € (0,1), ¢ € (0,1], and o > 1. Then, there are functions fl,fg,]?l,fQ € CX(E)
such that

f1=fA108xa—yaa f2:f205w&—y&
and
fir=(—e)fi +e(l — )V +epEy, ft = f 0 Sea—yas
fii=(+e)fa—e(l— @)V —epEy, fy=Fro sy

satisfying the following properties:
For f1, fo and f1, fo, we have
(a) The pair (Ya,yl,) is the unique optimizing pair of
-~ -~ « ~ ~ o«
Fi(ya) = fa(ya) — §d2(ya,y&) = {fl —fa— Edﬂ :
and the pair (x4, ) is the unique optimizing pair of

« [0
fl(xa) - fQ(x/a) - gdia—ya, x{l—y(’l(aja’l‘/a) = "fl —fa- adia—ya, xfx_yfx-| ’

For ﬁ,fi, and fi, fr we have
(b) We have R
Pul(y) < fi(y),

Palol(y) = fi(y)

with equality in yo and y.,, respectively.
(¢c) We have that xq,x), are the unique points such that

u(wq) — fT(moz) = [u— fﬂ )
v(zy) = fi(zy) = [v— fi].

(d) We have R
Dfi(Ya) = Dfi(2a) = (Yo — Ta),
D*fi(ya) = D* fi(za),
Dfi(y}) = Dfi(al) = oz, — ),
D?fi(yh) = D*f(a,).

As noted before the previous proposition, we aim to construct ﬁ ~ P%[u], but start

out by first constructing fl € CX°(F), which, by re-arrangement, satisfies
~ 1 € €
~ ——P¢ ———(1-)V(y) —
fim = Plul(y) = (A =)V(y) = 1
and is constant outside of a compact set. As V' has compact sublevel sets and other terms
on the right-hand side are bounded from above, it suffices to first perform a smooth
approximation and cut off the result. For the cut-off procedure, we use functions Q]\Jr/[
and Q7.
M

©=1(y)

Definition 5.4 (Cut-off functions). Let M > 0. We call a smooth increasing function
Qj\% :R — R a upper cut-off function at M, if

r if r < M,
() = .
M+1 ifr>M+42.

We call 2, a lower cut-off function at M if Q,(r) = —QF,,(—r).
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Proof of Proposition 5.3. In this proof, we work in the context of Proposition 5.1 and
will, correspondingly, follow its notation. We show the construction procedure for the
test function f; used in the subsolution case only, as fy is constructed analogously.
Denote

W) = ——Pully) — (- D)V () ~ e
() = - Plul(y) — - (1 - DV (y) ~ ——¢Ea(y)

Note that we have IT; (yo) = I19(ys) and Ty (y) < I1(y) for all y € E\ {ya}. By Lemma
B.1, we find a function f; € C*°(E) such that

M(y) <hly) <), ¥ # va-

The function fz is constructed analogously. By construction of fi, f2 and (5.4), (ya,y,)
is the unique optimizer of [fl —fa — %dﬂ.

As our test functions need to be constant outside a compact set, we need to cut
them off in an appropriate manner. However, we need to preserve their properties in
the optimizer (ya,y. ). Taking these conditions into account, ensures that the cut-off
procedure does not create new optimizers. R R

The above considerations lead to the cut-off procedure fi = €2y, of; and fy =
QX/IQ o fa, with Q]T/h, QX/[Q as in Definition 5.4 and the following choice of M; and Ms:

Pick mq, mo € R such that the level sets

{yeElfi(y) >mi}, {y € E|f(y) <mu}

are compact. Set

My = min o, i) — ((0h) — 1F21) — S (artia)}

M2 = max {mg, fg(y/a) + (Hl—l - fl(ya)) + %dQ(yOév yloz)} :

Using My and M; as defined above, we find that (y,,) is the unique optimizer of
{!}?1 — o %dQ—‘. To see this, denote

A ={y€Elfi(y) > M1} and Ay:={y € E|fay) < Mo}.

Thus, for i € {1,2}, we find fi= fi on A;, whereas

Fiy) < fulya) = (2(h) = [f2]) = 5 (e vl

~

R > fa(h) + (1] = f1(9a)) + 56 (vas vi)

if y¢ Ay or y ¢ Asy, respectively.
As f1 =f1 on A and fo = fy on Ajg, it suffices to show that

Aw) = BO) = 5805 < hi(ya) = T(vh) — 58 (va, )

if y € A or y € A5. For the proof of this bound, we consider the following three
separate cases.
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Case y € A and y' € Ay: We have

< Fi(wa) = (R2() = Lf2]) = 5 (s ) — Foly)
= Fi() = Fa(uh) = 5 (e v) — (Fo) = [f2))
< F1(ya) — o) = 50 (v vl).

Case y € Ay and y' € A§: Follows analogously to the case y € A and ¢/ € As.
Case y € A and y' € A5: We have

~ ~

hi) - W) - 5&0.y)
< hy) - L)
< Fiya) = (Falyia) = [f21) = 5.0 (s )
— (FRa(h) + (1] = Fa(ya)) + 58 (9 vl )
< F1(ya) — Falbh) — 250 (Wa,vl) = (2(0h) = LFa)) = (1] = 1 (v))

< F1(5a) — f2(0h) = S8 (W Ui)-

We conclude that the pair (ya,y.,) is also the unique optimizer of [fl — J? — %dQ—‘.
Applying the shift maps sy, and s,/ _, , respectively, we find that (x4, 2,) uniquely
optimize {fl O Su—ya — 120 Szl —yr — %dia_ya 2~y 1 Additionally, as My > m1 and

My < my, we have f1, f € C°(E), establishing (a).
We next prove (b). Asr < Qy, (r),

L P(y) - (- V() - eE

1—c¢

which, after rearrangement of terms, implies (b).

We proceed with the proof of (¢). By (b) and Proposition 5.1 (e),

Fi1(@) = fi(@a) = Fr 0 San—ya (2) = Fi © Sz0—ya (Ta)
> (P[u] © 85, -y, ) (x) — (P[u] 0 53—y ()
> (u(@) = S, 55,3 (@)) = (ulwa) = 5 (0 55,y (va)

=u(z) — u(ry)

with equality uniquely realized at x,, establishing (c).

We conclude with the proof of (d). First of all, note that the equality of first and

~

second order derivatives for f; and f; as well as for f; and fi follows by the chain rule.

The expressions for Dﬁ(ya) and Dfi(y;) follow from (b) and Proposition 5.1 (c¢) and
(d). O
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6. PROOF OF THE STRICT COMPARISON PRINCIPLE

In this section, we prove Theorem 3.1. The proof is based on a variant of the variable
quadruplication procedure on the basis of

1 1
iggl_gu($)_ 1+51)(.CC)
1 1 o o
< — (@)= ——d*(z,y) — =d*(y, v
_x,,y?;geEl—é‘u(w) 1+6() 2(1 —¢) (z,9) 2 (v, 9)
a € c
_7d2 rooN 1% _ v /7

which we have formalized in terms of test functions fi, f+ in Propositions 5.1 and 5.3.
In a first step, we relate sub- and supersolutions for the Hamilton—Jacobi equation
for H to those for Hy and H_: This will be carried out in Lemma 6.1. A second step
is to show that f; € D(Hy) and f; € D(H_): This will be carried out in Lemma 6.2.
After establishing these technical points, we proceed to frame the comparison prin-
ciple in terms of an estimate on

Hofy H_fy
1—e 1+4¢

(6.1)

This reduction will be carried out in Proposition 6.3, the statement of which is more
involved than typically in the literature, but leads to the improved strict comparison
principle. Its formulation and proof hinges on the use of V' as a Lyapunov function.

The statements of Lemmas 6.1, 6.2, and Proposition 6.3 can be found in Section 6.1,
their proofs in Section 6.2.

We finish in Section 6.3 by estimating (6.1) in two steps leading to our final result. We
first establish in Lemma 6.4 that the pre-factors (1 —e)~! and (1+¢)~! work well with
the combinations of functions that define f;, fy in Proposition 5.3. We conclude this
section with the proof of Theorem 3.1, where we use this split, the coupling assumption
on A, the semi-monotonicity of B, modulus of continuity control on Z and, again, that
V' is a Lyapunov function to arrive at our final result.

6.1. Comparison in terms of estimating the difference of Hamiltonians. We
start with connecting the notion of sub- and supersolutions for H to those for H; and
H_, respectively.

Lemma 6.1. Let H and H satisfy Assumption 3.4. Then, for any h € Cy(E) and
A > 0, we have the following:

(a) Any viscosity subsolution of f — NHf = h is also a wviscosity subsolution of

(b) Any viscosity supersolution of f — NH f = h is also a viscosity supersolution of
f—AH_f=h.

The proof follows in Section 6.2 below. In the next lemma we show that the test
functions that we constructed in the previous section are in the domain of H, and H_.

Lemma 6.2. Let H be an operator satisfying Assumptions 3.4 and 3.5. Let ]/”:f, fi and
fr, f+ be as in Proposition 5.5. Then, fi, f1 € D(Hy) and fi, fy € D(H-).

The proof of the lemma is outlined in Section 6.2 below. We next state our key
proposition, which relates the strict comparison principle to an estimate on the difference
of Hamiltonians.
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Proposition 6.3. Let H C C(E) x C(E) satisfy Assumptions 3.4 and 3.5. Let hy, hy €
Cy(E), and A > 0. Consider the equations
f=AHf < ha, (6.2)
f—AH_f > ha. (6.3)
Let w and v by viscosity sub- and supersolutions to (6.2) and (6.3), respectively. For

each e € (0,1), ¢ € (0,1] and o > 1, consider the construction of optimizers x4, x., and
test functions fi, f+ as in Propositions 5.1 and 5.5.

Suppose there exists a map € — C2, and for any ¢ € (0,1) a non-negative map
¢+ Cep salisfying lim sup, CY < 00 and limg o Cs,, = 0 such that
H H_ !
hmlnf +fT(1:Oé) _ fi(fL'a)
a—00 1—¢ 1+e¢
Then, for any compact set K C E and ¢ € (0,1),

sup u(r) — v(z) < eCe + sup hy(z) — ha(z),
zeK ek

where K. := I?g(K,u, v) and C; := Co(K,u,v, hy, ha) are given by

Jul + I
v < M vy L

<e(C2+C.p). (6.4)

I?E::{ZGE

€ 1+e¢
In particular, the strict comparison principle holds for (6.2) and (6.3).

2 1 1 1 1

6.2. Proof of Lemmas 6.1, 6.2, and Proposition 6.3.

Proof of Lemma 6.1. We only prove the first statement, the second one follows analo-
gously. Let u be a subsolution to f — AH f = h and let (f,g) € Hy. Our claim thus
follows if there exists xg satisfying
u(wo) — f(zo) = [u— [T, (6.5)
u(zo) — Ag(xo) < h(xg). (6.6)
As wu is upper semi-continous and bounded, and f has compact sublevel sets, the exis-

tence of ¢ satisfying (6.5) is immediate. We thus proceed with (6.6) using the sequential
upward denseness of D(H) in D(H, ), cf. Assumption 3.4 (c). Set

a:= f(zo) + [u] —u(zo),  A:=A{z|f(z)<a}.

We can thus find (f,, g.) € H with f, satisfying

falz) = f(2) ifeeA,

a< fo(x) < f(x) ifx ¢ A
We first establish that

U(:CQ) - fa(xO) = (U - fa-| . (67)
Using (6.5) and that f = f, on A, (6.7) follows by verifying that

u(x) — fo(x) < u(zo) — f(xo), x € A°

which follows from the definition of a:

u(z) — f(z) <u(x) —a
= u(x) — (f(zo) + [u] — u(zo))
= u(zo) — f(wo) — ([u] —u(z))
< u(xo) — f(zo)
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Thus, by (6.7), we can use the subsolution inequality for (f,, g,) in the point zy. We
obtain:

u(x0) — Aga(2o) < h(zo). (6.8)
Recalling that f,(z9) = f(z9) and f, < f, we have
fa(zo) — f(z0) = [fa — 1.

Using the positive maximum principle for H, cf. Assumption 3.4 (a), thus yields

ga(20) < g(x0). (6.9)
Combining (6.8) and (6.9), leads to

u(xo) — Ag(wo) < u(wo) — Aga(wo) < h(wo),
establishing (6.6) and consquently that u is a subsolution to f — AH f = h. (|

Proof of Lemma 6.2. As fl,fg,ﬁ,fg € C°(F), it follows by Assumption 3.4 (b) that
f1, f2, f1, fo € D(H). By compatibility, cf. Assumption 3.5, we have Vos,, Zos, € D(H).
By Assumption 3.4 (e) and the fact that V' has compact sublevel sets, cf. Definition
2.12, we thus have (1—¢)V os, +¢p=os, € D(H,). Consequently, fi, f € D(H,) and
fr, f+ € D(H_-) by Assumption 3.4 (). O
Proof of Proposition 6.5. Let u be a subsolution of f—AH, f = h; and v a supersolution
of f — AH_f = hg. Consider the constructions in Propositions 5.1 and 5.3 for the
subsolution u, supersolution v and ¢ € (0,1) and ¢ € (0, 1].
By Lemma 6.2, we have f; € D(Hy) and f; € D(H_) and, by Proposition 5.3 (c),

we find that (z4,2,,) are the unique optimizers in

U(SUoz) - fT(xa) = [u - fT] )

v(za) — filzg) = [v— fi],
which, by the sub- and supersolution properties for Hy and H_, respectively, and
Lemma D.1, implies that

u(rq) — AHy fi(2a) < hi(za),

6.10
() = AH_fy () 2 hala). (010
By Proposition 5.1 (i), we find
1 1
[u—v]g < 1 Eu($a) 11 Ev(x;) +e(cep +0(1)),
where
2 1 1
= ——7(1 - — | —u— 6.11
Ce,p 1_52( ®) (V~|K \‘1_81‘ 1+5UJK7 ( )

and o(1) is in terms of o« — oo. Using (6.10), we estimate

= vl < Toulwa) = Tv(ah) +2 (p + o(1)
Hifi(za) H_fi(
< 1i€h1(ma) - 1i€h2(:@;)+x[ Efi(;” ) _ lfi(: )] + & (cep +0(1)
< hi(wa) — ho(xl) + A [Hgfi(:a) - H_lfj_(:;)]
9

€
+ |ha] + 11z |ha| + € (cep +0(1)) .

1—c¢
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We next expand ¢, from (6.11). Furthermore, taking liminf,_,o on the right-hand
side, using Proposition 5.1 (j) to treat the difference h; — hg, and (6.4) to treat the
difference of Hamiltonians, we find

I3 3
[u—v]g <[h1—halp +A(eCo+ Cep) + 1-¢ |ha] + [ |2l

+€<1—252(1—90) Vlk - Lieu_ 1-1F€UJK>'

As ¢ € (0,1] was arbitrary, we can take the limit for ¢ | 0, which leads to
[u—vlg < [ —halg

2 1 1 1 1
e (“’”3*1_52 Wik + 7=z Il + 5 el = L_g“‘ 1+5“JK> ’

establishing the claim. O

6.3. Proof of Theorem 3.1. We start with an auxiliary lemma that provides a detailed
decomposition of the operators A and B evaluated in the test functions.

Lemma 6.4. Let A and B both satisfy Assumption 3.4 and Assumption 3.5 (a) and
(b), respectively. Fix zg,z1 € R? andp € RY. Let = =E, 5, -, as in Definition 2.13 and,
for f € CX(E), € € (0,1), and ¢ € (0,1], set

fr=(—e)f +e(l— )V +eys,
J?I =(1+e)f —e(l— @)V — epE.

For z € E, set f;y = fitos., and fi = fios.. Then, the following statements hold:

(a) fr € D(AL) and f; € D(A_). Suppose furthermore that A is linear on its
domain, then

Aif ~ € € _

Tl =A(fes) + 7——(1- A (Vos) + T——pA(Eos),  (6.12)
Afy 7 € _

T = A(foss) ~ (1= 9)A; (Vos.) — ——pA(S0s.),

(b) fT,fT € D(By) and fy, fAi € D(B-). Suppose furthermore that B is convex, then
for any x,y such that z = © —y, we have

By fi 1
<
l—e(m)_ 1-¢

-~

(B+fi(2) - B+ fiw)) + BIW) (6.13)

g g
1—¢)B — YB.=
T 1= 9)B+V(y) + 7 »B+E(y),

+

~

(B_ fi(z) - B_fi(y)) + Bf(y)

€ €
—— 1 —-9)B_V(y) —
1+6( ?) ) I1+e

Proof. The domain statements f; € D(Ay), fr € D(A-), fTvJ?T € D(B4) and fi,]?i €
D(B-) follow by Lemma 6.2. The four statements in (6.12) and (6.13) follow from
linearity of A4 and convexity of By. U

B 1
TP
1+¢ 1+¢

©B_Z(y).

Proof of Theorem 3.1. To prove inequality (3.3), and consequently the strong compari-
son principle for the Hamilton—Jacobi equation in terms of H, it suffices by Lemma 6.1
and Proposition 6.3 to establish (6.4), which we repeat for readability:

< 0 ) .
a0 1—¢ 14+ — c (CE + CE’“O) (6.14)
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Let 07 , € ©1 be such that

H+fT($a) = Ssup lnf {Aal 92fT(5U0£) +B@1 ngT(-Ta) _I($a791792)}
01€0; 02€

= inf {Aef,ow@ fJ[ (xa) + Bg; 02 fT (SCa) — I(:Ea, 9{’04, (92)} .

02€02

Such optimizer exists by the compactness of ©; and the lower semi-continuity of Z in
01 assumed in (d). By Isaacs’ condition (a), we can write

H_fi(z,) = inf sup {Ag, 0, fi(z,) + Bo, g, fr(xa) — Z(x),,01,02)} .
926@291€ 0

Then, by compactness of ©9 and the upper semi-continuity of Z in 3 assumed in (d),
we can find 03 , € O3 such that

H-fy(@l) = sup { Aoy oz, fi(ah) + Boy o, fy(@h) = T(h, 01,050 } -

61€01

Consequently, we can estimate

1 1 / 1 1 /
17_6H+ﬁ[(xa) — 1T sH—fi(xa) < |:1 — eAQT,aﬂ;,afT(xa) — 71 n EAGT,a’f’iafi("’Ua)}
(1)
1 1
+ 1 _ Bgfowe;ocf-r(xa) - 1 _|_€B 1a,0;afi( )
(2)
[ 1 / * * 1
=+ 17_‘_61—(.%&7917a,92’a) - 17_61(35057 1 0002 a) :

3)

We treat (1), (2), and (3) separately. Note, that due the compactness of ©; and Oq,
the sequences of optimizers 07 , and 603 , converge to some 67 and 63, respectively.

Estimate (1): Using the expansions of Ay f; and A_ f; obtained in Lemma 6.4 we
find

A7 05, Tt (%) Bop 05 S1l@wa)  Aerog,+Ft(2a)  Agg 05, —f1(70)

1—e 1+e 1—¢ 1+¢
< Ag; o5 fi1(za) — Ag; 0z  [2(20)
+ 7(1 —©)Ao; 05,4 (V0 S20—y,) (Ta)
+ ?(1 — ) Ao; 05+ (V0 sar—y1) (20)
+ 1 i 590A9f,a:95,a (E1 0 800-ya) (Ta)
T ;Mer,w@;,a (B20 50, —r) (). (6.15)

We first consider the terms involving V' and =. By Proposition 5.1 (j), we have that,
along subsequences, the optimizers (24, Yo, Ya,0 yfw, yl, b)) converge to (z, 2,2, 2, 2, 2)
with z € K and Da, Pl € B1/4(0). Then, using the compatibility of Ag, g,, cf. Assump-
tion 3.5, we find
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.. 3
lim inf
a—oo 1 —¢

g
+o——(1 =) Agy 05+ (Vosu—y) (20)

(L= ©)Ag; o5 .+ (V0 Sza—y,) (Ta)

1+¢
+——oh (Eio ) (2a) + A (Bz0 ) (20,)
T2 P20 030 (510 800—ya) (Ta) + 77— 0R0; 05, (B20 80, —y,) (Ta
2e —_
<i{- = (1 =) Agr o3+ (V)(2) + ©Agr 03 (E20,2)(2)) - (6.16)

Next, we consider the second line in (6.15). Using that, for all 6, 62, Ag, 9, has a

controlled growth coupling 1&91792 with a modulus uniform in #; and 65 satisfying the
maximum principle and Proposition 5.3 (a), we find

Aeia703,a'f1 (:L'a) - Aeioﬂes,a’fé (:U:)‘) = &eiav ( 1 9 f2) ('1:0” x:l)
~ (0%
S AQT’O‘,QEQ (gdia—ymx&—y&> (xO” .’l?la)
2
< wi i (0 (d@ao ) + dlyo, ) + d(ty, 1)

+ (d(xav ya) + d(yaa y(lx) + d(y(’l, SL':I)) ), (6.17)

*
02,04

which converges to 0 as a — oo by Proposition 5.1 (g).

Estimate (2): By using the expansions of B f; and B_ f; obtained in Lemma 6.4,
we find

Bo; 05, f1(xa)  Bor 65, fi(ze)  Bo; 5.+ ft(xa)  Bo; 6;,.~f1(z0)

1—¢ 1+¢ 1—¢ 1+«
< Bp; 05 J1(ya) — Boy 05 f2(40)

1 ~
+t1 ¢ (Beia,og,a,+ft(9«“a) - Beia,e;ﬂﬁﬁ(ya))

1
+ 1 + & (Bef’aﬁgva’_fi (yéy) o Be’lk,a’eg,ou_fi ('I/O())

€ 5 ,
+ m(l —¢)Bo; 05 4+VWa) + m(l —¢)Bo; 05 . +V (Ua)

£ _ £
+ 17_580301‘,&,0;,&:1(%) + ——¢Bo;

1 + € 17a:0;’a52(y;)‘

Again, by sending o — oo, using Proposition 5.1 (j), and the compatibility of By, g,, cf.
Assumption 3.5, we obtain that

.. € £ ,
liminf-— 5(1 —¢)Bor 05,4V (Wa) + m(l —¢)Bo; o5.,.+V (o) (6.18)

€ _ € —
+ 17_6()0]30?04’0;,04\:]' (ya) + 17_1_680]89?009;,04:2 (ya)

2e —_
T3 (1= ) Boj 05,4+ (V) (2) + By 5 (520,2)(2)) -

<
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37
Using that, for all 81, 02, By, g, is semi-monotone with By, 9, and the expressions for
the gradients obtained in Proposition 5.3, we find that

1
1—¢

(BGT,Q,GS,Q,-FfT(xa) Be;MQMJrfT(ya))
+ Be;g,e;,a]?l(ya) - Beia,(;;’ah(y:x)
o (B 05 Fi0h) = Bos - Si(ah))
=7 1 5 (Beraﬂ;’a(.@a, a(To — Ya)) — Bor

: a,e;,a@a, (7o~ ya)) )
+B€Ia7 2a(y047a(y04 )) BGTQ, Qa(yloﬂa(ya’_yét))
1

_|_ JR—

—— (Bor, 05, (v, 2ol — ) = By 5 (s 0l = 1) ) - (6.19)

By the semi-monotonicity property of By, g,, (6.19) is bounded by

1
17_8“’3 K(d(xav Ya) + Ozdz(xa, Ya)) + w37}?(d(yaa y;) + ad”(Yas Yo))
+

T2 & (Ao ) + ad” (Yo, 4)) (6.20)

Thus, taking the liminf,_,~ gives 0 by Proposition 5.1 (g)
Estimate (3): We have

* * 1 * *
17—’_81(%/&, 01,047 0270[) - 17_61.(1.017 91,0[7 92,04)

[ (J} 9106,0270[)—1'(1‘0“ 1000204)] T

iz(xaa 1,00 92 a) - mz('x:)m 91(,04’ 0;,04)'

By assumption, Z admits a modulus of continuity wz g, uniform in 61, 62, implying

1 * *

c ($ 91 a792,a) - 1— EI(xa’el,aaGQ,a)

€ % % €
wr g (d(wa; 70)) = 772 (1 = 9)T(2a, 0 0 02,0) =

17_“_:(1 — OV (2, 07 4, 05.4,)

Sending o« — 00, using the lower semi-continuity of Z, and using Proposition 5.1 (j), we
find

lim inf

1 * *
a—oo 14 ¢ (:I" 01 a>92 a) - T_EI(I'OMGLOUQQ,&)
< hmlnwaK(d(xa,x;))

c . . c . . (6.21)
+ hm_?up _17—5(1 — 0) (20, 07 4, 02,0) — I 5(1 — ) L(25, 07 o, 05.0)
a— 00
2€ * *
1 _ 52(1 - 90)1(2791702)'

S_
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Conclusion: Putting together (6.16), (6.17), (6.18), (6.20), and (6.21), we can con-
clude that

(Hefilwa)  H-fy(og) 2

lminf =22 e S 1o (L= @) AoV (z) + 0hop 0 (Be0.2)(2))

2¢e _

T2 ((1 = ¢)Bo; 05,4V (2) + ¢Bo; 03 (E20,2)(2))
2¢e .

- 1— 52 (1 - SD)I(’Z? 01(792)

2¢e .
< (1= 9) [(Aog 05,4+ Bop o3,4)(V) = Z(, 01, 03)]

2e _

+ 3% [(Bor 05 + Bop o) (E.0.) | 7,

2 2 _
<e (1 2 cy + 11— 6290 [(Ag;g; + Bg{}g;)(:.,ofﬂ IA(S>

<e(C2+0C.p)

with ¢y given by (3.1), and C? and C. , defined via the last two lines. The estimate on
the difference of Hamiltonians (6.14) and thus (6.4) of Proposition 6.3 are satisfied. As a
consequence our final estimate (3.3) and, consequently, the strong comparison principle
follow. O

APPENDIX A. THE JENSEN PERTURBATION

The main result of this section is Proposition A.1 that allows us to perturb a semi-
convex function with a unique extreme point such that we get a new extreme point
close by, in which the function is twice differentiable. The result is a variant of the
well-known perturbation result by Jensen, see e.g. [16, Lemma A.3|.

Proposition A.1. Fixn > 0. Let ¢ : E x E — R be bounded above and semi-convex
with convezity constant k > 1. Suppose that (xo,yo) is an optimizer of

é(zo,90) = @]

Let R >0, {C.p}reppers C C(E) and {&.}ep C CH(E) and semi-concavity constant
ke be as in Definition 2.13.

Fiz e1,e9 > 0 such that 1 — (e1 + €2)ke > 0. Furthermore, define for p = (p1,p2) €
RY? x RY the perturbed functions

Pp(2,y) = 0(@,y) = €1 (Lo (%) + Caopr () = €2 (§yo (U) + Cyo 2 (¥)) - (A1)

Then there exist pi,p2 € By,(0), and a pair (x1,y1) € By(xo) X By(yo) globally mawi-
mizing ¢p at which ¢, is twice differentiable.

Corollary A.2. Forn >0, p and (x1,y1) as in Proposition A.1, we have
0 < —€1 (&ap(21) + Caopr (1)) — €2 (&g (1) + Copa (1)) < €11 + €2, (A2)

and

(9] < dpe(z1,91) <[] +e1m +ena. (A.3)

The proof of the perturbation proposition is based partly on results from set-valued
analysis. To facilitate the proof, we first introduce the necessary auxiliary definitions
and results.
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Definition A.3. A set-valued function I' : A = B is called upper hemi-continuous at
a € A, if, for all open neighbourhoods V' C B of I'(a) (meaning that I'(a) C V), there
exists a neighbourhood U of a such that, for all z € U, we have I'(z) C V.

If A, B are metric, this can equivalently formulated in terms of sequences: A set-
valued map I' : A = B, which takes closed values, is upper hemi-continuous at a, if, for
any sequence a, — a and b, € I'(ay,,) satisfying b,, — b, we have b € I'(a).

We say that I' is upper hemi-continuous, if it is upper hemi-continuous at all points.

Lemma A.4. Let K be a compact metric space and let = be a metric space.
For any £ € 2, let ¢¢ € C(K) and suppose that the map & — ¢¢ is continuous
from Z to C(K), endowed with the supremum norm on K. Then the set-valued map

Opt: = = K defined by
Opt(§) := {x € K | ¢¢ has a mazimum at x}
is upper hemi-continuous.

Proof. The result follows immediately from Berge’s Maximum Theorem [1, Theorem
17.31] with & — image¢§(K) being the relevant set-valued map. O

Remark A.5. In the proof below, we will make use of the notion of a lim sup of sets.
For a sequence of sets (Ay,)nen denote

limsup 4,, = ﬂ U A,
n—oo neNm>n

to be interpreted as z € limsup,,_,., A, if and only if there are infinitely many n € N
such that = € A,,.

The following proof is a variant of the proof of [16, Lemma A.3| and [11, Theorem
2.3.3).

Proof of Proposition A.1. For notational convenience, we will write w = (x,y) and wg =

(x0,y0). Let R > 0 and {(, p}t.erpere C C(E) and {{;}.cg C C(F) be two collections

of functions as in Definition 2.13. Without loss of generality, we can assume that R > 7.
We start out by making zg the unique optimizer by replacing ¢ by

¢(w) - ¢(’LU) - 515900 (x) - 525?;0 (y)
Note that as 1 — (e1 + €2)k¢ > 0 the map $ is semi-convex and bounded from above
with a unique optimizer wy.

Our next step is to locally, linearly perturb gg to obtain ¢, as in equation (A.1). This
procedure produces a new optimizer close to wg in which the perturbed function ¢, is
twice differentiable.

To further facilitate the analysis of optimizers, we smoothen out ¢. To that end, let
Cs: Cp(E) — CZ(E) be a mollifier with sups~ |Csf| < oo and Csf — f uniformly on
compacts as ¢ | 0. Define

¢p,5(w) = (C5¢) (w) — €1 (&Eo (w) + C;Bo,pl (SL‘)) — &2 (£y0 (y) + Cy07p2 (y)) )

where we will read Cp = 1 such that ¢, 0 = ¢, and ¢go = ®.
We next study the optimizers for the map (p, ) — ¢, 5 on Z = (B1(0) x B1(0)) %[0, 1]
using Berge’s Maximum Theorem with K = Br(wp). Set

Opt(p,d) == {w € Br(wo) | ¢p,s has a local maximum at w € BR(wo)} .

First note that the local nature of the problem can be removed due to the fact that the
perturbations all vanish in wg, whereas they add up to something negative outside the
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ball Br(wp) by Definition 2.13 (d), implying that
Opt(p,d) = {w € Br(wo) | ¢p,s has a global maximum at w} . (A.4)

Applying Lemma A .4 to (p,0) — ¢p5 on & = (By(0) x B,(0)) x [0,1] with K =
Bpr(wg), we find that the set-valued map Opt: = = K C R? x R?, as defined above, is
upper hemi-continuous in the variables (p,d). We can thus find a closed set U with 0
in its interior satisfying

U C B,(0) x B,(0) (A.5)
and dg > 0 such that, if p = (p1,p2) € U and § < Jp, then
Opt(p, d) € Opt(0,0) & B,(0) = By (wo), (A.6)

as the unique optimizer of 3 is wy.

We next aim to show that the set of such optimizers has positive Le/l?esgue measure
m. Recall that x := 1—(g1+e2)r¢ > 0 is the semi-convexity constant of ¢. In particular,
we will proceed to show the following steps.

Step 1: For any § € (0,dg) we have m(Opt(U,d)) > |x|~2m(U) > 0.
Step 2: We take the limit 6 | 0 to obtain m/(Opt(U,0)) > |x|~2¢m(U) > 0.
Step 1. By definition, all perturbations are at least once continuously differentiable

on Bgr(wp). It follows that for p € U, § € (0,00) and w € Opt(p,d) we have that
D(Cs¢)(z) = p. This, in turn, implies that, for fixed ¢ € (0, &),

U C (Opt(-,6)) " (Opt(U,8)) € D(Cs)(Opt(U, 8)). (A7)

We next argue towards a lower bound on the measure of Opt(U,d) for 6 € (0,d).
We exclude 6 = 0 here, due to the possible non-smoothness of ¢. As the convolution
operator is taking averages, the semi-convexity of ¢ carries over to Cs¢, which yields

—klzq < D*(Cs¢)(w) (A.8)

for all w € E2. On the other hand, if w € Opt(U, §), we know that there is some p € U
such that w maximizes ¢, s, implying that D?(Cs¢)(w) < 0. Applying (A.7), the chain
rule, and (A.8), we thus obtain that, for any § € (0, dp),

m(U) < m(D(Cs5¢)(Opt(U, d)))

_ / |det D2(C5¢)(w)| dw < m(Opt(U, 8)) ||
Opt(U,9)

leading to the lower bound
0 < 5| 2m(U) < m(Opt(U, )), (A.9)

as U has non-empty interior, establishing the claim of Step 1.
Step 2. Next, we transfer our bound to m(Opt(U,0)). We first establish that

lim sup Opt(U, 6) € Opt(U,0), (A.10)
510

see Remark A.5 for the definition of the limsup of sets. To that end, we pick an
element w € limsupg) o Opt(U, d). By definition we can find a sequence d,, | 0 such that
w € Opt(U,d,) for all n € N. Then, there are p, € U such that w is an optimizer
for (¢p,.6,),en BY the closedness of U and (A.5), U is compact, and we can therefore
extract a subsequence from (py,)nen that converges to some py € U. By upper semi-
continuity of the map (p,d) — ¢, 5, see Lemma A.4, we find that w maximizes ¢, or
in other words, w € Opt(U, 0).
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Thus, by (A.10), it suffices to lower bound the volume of lim sup;s o Opt(U,d). As a
first step, note that (A.9) leads to

m | | opt(U, &) | > |k|"*m(U)
§' <o

for any 6 € (0,0p). Consequently, as
limsup Opt(U,8) = (| | J Opt(U, "),
040 5€(0,80) 8'<6

by continuity from above of the Lebesgue measure m, we find that

m | limsup Opt(U, §) | =limm UOpt(U,é’) > |k|24m(U).
340 840 §'<8

By (A.10), we conclude that
m(Opt(U,0)) > |k|"2m(U) > 0,

establishing the claim of Step 2.

We proceed by verifying that we can now find p € U with an optimizer z; in B, (2)
in which ¢, is twice differentiable.
First of all, recall that, by (A.6), we have

Opt(U, 0) - BT)(ZO)-

Furthermore, by Alexandrov’s theorem [11, Theorem 2.3.1], the set of points in B;(zo)
where ¢, is twice differentiable has full measure. As the measure of Opt(U, 0) is positive,
it follows that there exist z; € By(z9) and p € U such that ¢, is twice differentiable in
z1 and has a local maximum at z; in Bg(zp). Finally, recall from (A.4) that the local
optimizer is in fact a global optimizer. This establishes the claim. O

Proof of Corollary A.2. We stay in the context of Proposition A.1 and proceed with the
proof of (A.3). By construction, we have

Rb—l = ¢(x07y0) = ¢p15(w07y0) < [¢p76~| = ¢p15<x17y1)' (All)

This implies the lower bound of (A.2). Note that by the properties of &, &y, , Czo,p and
Cyo,po We have

—€1 (gxo(xl) + Czo,m ($1)) — &2 (gyo(yl) + Cy(),pz(yl)) < 51|p1|d($0,$1) + 52|p2|d(3/0,y1)
< e+ e,

leading to the upper bound of (A.2). Consequently,

Gpe(x1,91) < d(x1,y1) +e1n+ €21
<[] +e1n + eam.

Combining (A.11) and (A.12), finally yields (A.3). O

(A.12)

APPENDIX B. SMOOTH TEST FUNCTION CONSTRUCTION

The main result of this section is Lemma B.1, in which we construct a smooth test
function that lies between a function that is twice differentiable in one point and a
perturbed version of that function.
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Lemma B.1. Let II;, 1Y, My, and 119 be as in the proof of Proposition 5.3.
Then, there ezist f1, fo € C*°(E) such that, for ally € E,

I (y) <fi(y) < T (y),
2(y) > f2(y) > 13(y)
with equality only in y, and y.,, respectively.
Proof. As in the proof of Proposition 5.3, we only consider the case

I (y) < fi(y) < (y),

for y € E with equality only in y,, since the other statement follows analogously.

Our goal is to find f1, by first constructing a function that is squeezed between IIy
and I19, using the Whitney Extension Theorem [24, Theorem 2.3.6], and then modifying
it to obtain fi.

Recall that, by construction, we have that

Ii(y) <Mi(y) forye E\{ya}
and
I (Ya) = I (¥a):  DIi(ya) = DI (ya), D°Ii(ya) < D?I1}(ya)-
We apply the Whitney Extension Theorem to %(Hl + II9) on the closed set A = {ya},
yielding a function v¢; € C?(E) such that II; < 91 < II{ on Bas(y,) for some § > 0
with equality only in y,. Inspecting the construction of ¥ in the proof of [38, Theorem
11}, we find that ¢y € C*°(FE).

Next, we modify v such that the resulting function stays between IT; and I1J on all
of E. As smooth functions are dense in the set of continuous functions, we can find a
function o € C°°(E) such that I} < ¢ < I on E \ Bs(ya).

Then, defining

fi(y) = Ly)v1(y) + (1 = L)) v2(y),

where / is a smooth function that is 1 on Bs(y,) and 0 outside of Bas(yq ), for example
¢ as defined as point (3) on [35, p. 33|. This concludes the proof. O

APPENDIX C. CONVERGENCE OF INTEGRALS

Lemma C.1. Let X be a Polish space, W: X — (0,00) be a continuous function, and
Un, Voo be mon-negative Borel measures with fX Wdy, < o for alln € N and

lim [ ¢dv, = /gzﬁduoo eR (C.1)

n—oo

for every function ¢ € C(X) with |¢(x)| < W(x) for all x € X. Moreover, let ¢p, poo €

C(X) with ¢p, = ¢ uniformly on compacts and sup, ey SUPex |¢W"((§))‘ < 00. Then,

lim [ ¢,dv, = /gf)oo drso.

n—oo
Proof. By assumption, the family p, := Wdy, satisfies C,, := sup,,ey fin(X) < 0o and

€y o supsup 1900 =@ _

neENzeX W({I:)
Using the fact that a function ¢ € C(X) satisfies |p(x)| < W (z) for all x € X if and
only if ¢ = W1 for some ¢ € Cy(X), it follows that p, — peo = Wdry weakly. In
particular, the family (uy)nen is tight. Hence, for all £ > 0, there exists a compact set
K. C X such that

Copn (X \ Ke) < for all n € N.

[SNINS
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Now, let ¢ > 0. By (C.1) and since ¢, — ¢ uniformly on compacts and W is
continuous, there exists some ng € N such that

|¢n(x) - ¢m(x)|
2 W)

We thus obtain that

/gf)ndyn—/gi)oodyoo‘ g/]¢n—¢oo|dl/n+‘/(;Soodun—/qboodyoo’

S/ ‘¢n_¢m‘dyn+/ ‘¢n_¢m‘dyn+
K. X\Ke

W (z)

for all n € N with n > ng. The proof is complete. O

<§ and ‘/¢oodyn—/¢ooduoo’<§.

<
3

<Cy +C’¢p,n(X\KE)+§<5

APPENDIX D. PROOFS OF AUXILIARY RESULTS
D.1. Equivalent characterization of the definition of viscosity solutions.
Lemma D.1. Let H; C Ci(E) x C(E) and Ha C Cy(E) x C(E) be two operators with
domains D(Hy), D(Hz). Moreover, let A >0 and hy € Ci(E) and hy € Cy(E).

(a) Let u: E— R be u a viscosity subsolution to (2.1). Suppose § > 0 and (f,g) €
H, are such that {x € E|u(z) — f(x) > [u— f] — 0} is compact. Then there
exists some xg € E with

u(zo) — f(x0) = supu(z) — f(x),
zeFE (D.l)
u(wo) — Ag(wo) < ha (o).

(b) Let v: E — R be a viscosity supersolution to (2.2). Suppose § > 0 and (f,g) €
Hy are such that {x € E|v(x) — f(x) < |v— f| + 0} is compact. Then there
exists some xg € E with

v(zo) = f(xo) = inf v(z) — f(x),
v(xo) — Ag(zo) > ha(zo).
In particular, the outcomes of (a) and (b) hold if Hi C Cy{(E) x C(E) and Hy C
C_(E) x C(E).

Proof. We only show Part (a). Part (b) follows analogously. Assume that u is a viscosity
subsolution to (2.1) and let (f,g) € H;. We aim to establish the existence of xg such
that (D.1) is satisfied.

Due to the subsolution property of u, there exists a sequence (z,)nen C E such that
lim u(xn) - f(xn) = [u - ﬂ )
n—oo
lim sup u(x,) — Ag(xn) — hi(zy) < 0.

n—oo

For n large, we have
an € {z € Efu(z) — f(z) = [u— f] -4},

which is a compact set by assumption. Thus, there exists a subsequence (zy, )ken —
xo € E. Since u(zy) — f(zn) — [u— f], it follows that

fu— 1= lim u(zn,) = f(zn,) < ulzo) = f(w0) < [u— 11,
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where the inequality follows by the upper semi-continuity of v — f. The inequality is
thus an equality, establishing the first statement of (D.1). Due to the continuity of f,
we additionally find that
u(zo) = lim u(wy,).
k—o0

Since g and h; are continuous, we conclude
u(@o) = Ag(zo) — ha(zo) = lim u(zn,) = Ag(zn,) — h1(zn,)
< limsup u(z,) — Ag(zpn) — h1(zy) <0,

n—oo

establishing the second statement of (D.1). O
D.2. Proof of Lemma 5.2.
Proof. For the proof of (a), note that, for any z,y € E, we have

u(x) — %dz(:z;, y) < u(x).

This implies that
o o
[Po[u]] = [uf §d2-‘ < [u]. (D.2)
On the other hand, we have

u(y) < [u=Sd(,y)| = Plul(y).
It follows that
lu) < [P*[u]]. (D-3)
Now, (a) follows by (D.2) and (D.3). Part (b) is equivalent to
Pylu] <u < P*u] on E,

which is immediately clear from the definitions of sup- and inf-convolutions. Part (c)
follows similarly from the definitions. For the proof of (d), let yo € E. Then, since d is
the Euclidean metric, we find

Pul(y) + Sy, y0) = [u+aly =0, = o) = 5d*(30)] -

where the right-hand side is convex as it is a supremum over affine functions. By
Proposition 2.1.5 and Theorem 2.1.7 of [11] the claim follows. Lastly, (e) follows from
Theorem 3.4.4 of [11] by noting that the sets over which can be optimized are compact
due to the boundedness of u and v. g

REFERENCES

[1] C.D. Aliprantis and K. C. Border, Infinite dimensional analysis, Third. Springer,
Berlin, 2006, pp. xxii+703, A hitchhiker’s guide.

[2] O. Alvarez and A. Tourin, “Viscosity solutions of nonlinear integro-differential
equations,” Annales de I’Institut Henri Poincaré C, Analyse non linéaire, vol. 13,
no. 3, pp. 293-317, 1996.

[3] S. Awatif, “Equations d’Hamilton-Jacobi du premier ordre avec termes intégro-
différentiels. I. Unicité des solutions de viscosité,” Comm. Partial Differential
FEquations, vol. 16, no. 6-7, pp. 1057-1074, 1991.

[4] M. Bardi and I. Capuzzo-Dolcetta, Optimal control and viscosity solutions of
Hamilton-Jacobi-Bellman equations. English. Boston, MA: Birkh&user, 1997.

[5] G. Barles and C. Imbert, “Second-order elliptic integro-differential equations:
Viscosity solutions’ theory revisited,” in Annales de I’THP Analyse non linéaire,
vol. 25, 2008, pp. 567-585.



6]
7]
8]

9]
[10]
[11]
[12]

[13]

[14]

[15]

[16]

[17]
18]
[19]

[20]

[21]

[22]
[23]

[24]

[25]

[26]

REFERENCES 45

R. F. Bass, “Uniqueness in law for pure jump markov processes,” Probability The-
ory and Related Fields, vol. 79, no. 2, pp. 271-287, 1988.

C. Bertucci, Stochastic optimal transport and hamilton-jacobi-bellman equations
on the set of probability measures, 2024. arXiv: 2306.04283 [math.AP].

J. Blessing, R. Denk, M. Kupper, and M. Nendel, Convexr monotone semigroups
and their generators with respect to I'-convergence, 2023. arXiv: 2202 . 08653
[math.AP].

R. C. Buck, “Bounded continuous functions on a locally compact space.,” Michigan
Math. J., vol. 5, no. 2, pp. 95-104, 1958.

K. Burdzy and W. S. Kendall, “Efficient Markovian couplings: Examples and
counterexamples,” Ann. Appl. Probab., vol. 10, no. 2, pp. 362-409, 2000.

P. Cannarsa and C. Sinestrari, Semiconcave functions, Hamilton-Jacobi equations,
and optimal control. Springer Science & Business Media, 2004, vol. 58.

C. Costantini and T. Kurtz, “Viscosity methods giving uniqueness for martingale
problems,” Electron. J. Probab., vol. 20, no. 67, 1-27, 2015.

M. G. Crandall, L. C. Evans, and P.-L. Lions, “Some properties of viscosity so-
lutions of Hamilton-Jacobi equations,” Trans. Amer. Math. Soc., vol. 282, no. 2,
pp- 487-502, 1984.

M. G. Crandall and H. Ishii, “The maximum principle for semicontinuous func-
tions,” Differential and Integral Equations, vol. 3, no. 6, pp. 1001-1014, 1990.

M. G. Crandall, H. Ishii, and P.-L. Lions, “Uniqueness of viscosity solutions of
Hamilton-Jacobi equations revisited,” J. Math. Soc. Japan, vol. 39, no. 4, pp. b81—
596, 1987.

M. G. Crandall, H. Ishii, and P.-L. Lions, “User’s guide to viscosity solutions
of second order partial differential equations.,” Bull. Am. Math. Soc., New Ser.,
vol. 27, no. 1, pp. 1-67, 1992.

M. G. Crandall and P.-L. Lions, “Viscosity solutions of Hamilton-Jacobi equa-
tions,” Trans. Amer. Math. Soc., vol. 277, no. 1, pp. 1-42, 1983.

R. Denk, M. Kupper, and M. Nendel, “Convex semigroups on LP-like spaces,” J.
FEvol. Equ., vol. 21, no. 2, pp. 2491-2521, 2021.

S. N. Ethier and T. G. Kurtz, Markov processes: Characterization and Conver-
gence. Wiley, 1986, pp. x+534.

G. Fabbri, F. Gozzi, and A. Swiech, Stochastic optimal control in infinite di-
mension (Probability Theory and Stochastic Modelling). Springer, Cham, 2017,
vol. 82, pp. xxiii+916, Dynamic programming and HJB equations, With a contri-
bution by Marco Fuhrman and Gianmario Tessitore.

A. Figalli and N. Gigli, “A new transportation distance between non-negative
measures, with applications to gradients flows with dirichlet boundary conditions,”
Journal de Mathématiques Pures et Appliquées, vol. 94, no. 2, pp. 107-130, 2010.
W. H. Fleming and H. M. Soner, Controlled Markov processes and viscosity solu-
tions. 2nd ed. English, 2nd ed. New York, NY: Springer, 2006, pp. xvii + 428.

J. Hollender, “Lévy-type processes under uncertainty and related nonlocal equa-
tions,” Ph.D. dissertation, Technical University of Dresden, 2016.

L. Hérmander, The analysis of linear partial differential operators. I (Classics in
Mathematics). Springer-Verlag, Berlin, 2003, pp. x+440, Distribution theory and
Fourier analysis, Reprint of the second (1990) edition [Springer, Berlin; MR1065993
(91m:35001a)].

M. Hu and S. Peng, “G-Lévy processes under sublinear expectations,” Probability,
Uncertainty and Quantitative Risk, vol. 6, no. 1, pp. 1-22, 2021.

H. Ishii, “Existence and uniqueness of solutions of Hamilton-Jacobi equations,”
Funkcial. Ekvac., vol. 29, no. 2, pp. 167-188, 1986.


https://arxiv.org/abs/2306.04283
https://arxiv.org/abs/2202.08653
https://arxiv.org/abs/2202.08653

46 REFERENCES

[27] H. Ishii, “Uniqueness of unbounded viscosity solution of Hamilton-Jacobi equa-
tions,” Indiana Univ. Math. J., vol. 33, no. 5, pp. 721-748, 1984.

[28] R. Jensen, P.-L. Lions, and P. E. Souganidis, “A uniqueness result for viscosity
solutions of second order fully nonlinear partial differential equations,” Proceedings
of the American Mathematical Society, vol. 102, no. 4, pp. 975-978, 1988.

[29] R. Jensen, “The maximum principle for viscosity solutions of fully nonlinear second
order partial differential equations,” Archive for Rational Mechanics and Analysis,
vol. 101, no. 1, pp. 1-27, 1988.

[30] T. Lindvall, Lectures on the coupling method (Wiley Series in Probability and
Mathematical Statistics: Probability and Mathematical Statistics). John Wiley &
Sons, Inc., New York, 1992, pp. xiv+257, A Wiley-Interscience Publication.

[31] P.-L. Lions, “Solutions de viscosité des équations de Hamilton-Jacobi du premier
ordre et applications,” in Goulaouic-Meyer-Schwartz seminar, 19831984, Ecole
Polytech., Palaiseau, 1984, Exp. No. 6, 13.

[32] M. Nendel, “Lower semicontinuity of monotone functionals in the mixed topology
on Cp,” 2024. arXiv: 2210.09133 [q-fin.MF].

[33] F. D. Sentilles, “Bounded continuous functions on a completely regular space,”
Trans. Amer. Math. Soc., vol. 168, pp. 311-336, 1972.

[34] H. M. Soner, “Optimal control with state-space constraint. II,” STAM J. Control
Optim., vol. 24, no. 6, pp. 1110-1122, 1986.

[35] M. Spivak, A comprehensive introduction to differential geometry. Vol. One. M.
Spivak, Brandeis Univ., Waltham, MA, 1970, iii-+656 pp. (not consecutively paged)
paperbound, Published by M. Spivak.

[36] D.W. Stroock and S. R. S. Varadhan, Multidimensional diffusion processes (Grund-
lehren der Mathematischen Wissenschaften [Fundamental Principles of Mathemat-
ical Sciences|). Springer-Verlag, Berlin-New York, 1979, vol. 233, pp. xii+338.

[37] H. Thorisson, Coupling, stationarity, and regeneration. Springer-Verlag, 2000.

[38] H. Whitney, “Analytic extensions of differentiable functions defined in closed sets,”
Trans. Amer. Math. Soc., vol. 36, no. 1, pp. 63-89, 1934.

[39] J. Yong and X. Y. Zhou, Stochastic controls (Applications of Mathematics (New
York)). Springer-Verlag, New York, 1999, vol. 43, pp. xxii-+438, Hamiltonian sys-
tems and HJB equations.

DELFT INSTITUTE OF APPLIED MATHEMATICS, DELFT UNIVERSITY OF TECHNOLOGY, THE NETHER-
LANDS
Email address: s.dellacorte@tudelft.nl

CENTER FOR MATHEMATICAL EcoNoMmics, BIELEFELD UNIVERSITY, GERMANY
Email address: fabian.fuchs@uni-bielefeld.de

DELFT INSTITUTE OF APPLIED MATHEMATICS, DELFT UNIVERSITY OF TECHNOLOGY, THE NETHER-
LANDS
Email address: r.c.kraaij@tudelft.nl

CENTER FOR MATHEMATICAL EcoNowmics, BIELEFELD UNIVERSITY, GERMANY
Email address: max.nendel@uni-bielefeld.de


https://arxiv.org/abs/2210.09133

	beispiel
	2410.19566v1Fuchs
	1. Introduction
	Organization of the paper

	2. Preliminaries and general setting
	2.1. Notation and Preliminaries
	2.2. Operator notions
	2.3. Viscosity solutions
	2.4. Notions for our framework

	3. Assumptions and main result
	3.1. Regularity and compatibility assumptions

	4. Application to partial integro-differential operators
	4.1. Deterministic Example: Drift terms and convex first-order Hamiltonians
	4.2. Stochastic Example: Diffusion operators
	4.3. Stochastic Example: Integral operators

	5. Construction of test functions
	6. Proof of the strict comparison principle
	6.1. Comparison in terms of estimating the difference of Hamiltonians
	6.2. Proof of Lemmas 6.1, 6.2, and Proposition 6.3
	6.3. Proof of Theorem 3.1

	Appendix A. The Jensen perturbation
	Appendix B. Smooth test function construction
	Appendix C. Convergence of integrals
	Appendix D. Proofs of auxiliary results
	D.1. Equivalent characterization of the definition of viscosity solutions
	D.2. Proof of Lemma 5.2

	References


