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1 | INTRODUCTION

Finding the adequate methodological approach to fore-
cast individual financial return series describes a stagger-
ing task. In order to achieve precise out-of-sample
forecasts, it is necessary to understand the properties of
the underlying time series. In this vein, the statistical
properties of financial time series have been widely dis-
cussed and the application of Autoregressive Moving
Average (ARMA) Models is widely accepted (Berger &
Gencay, 2018; Halbleib & Pohlmeier, 2012).

Due to steadily growing computational power, as well
as increasing data availability, forecasting economic time
series via machine learning techniques describes a novel
string of research. As discussed by Kraus et al. (2020),
machine learning is less restrictive regarding the

We study the statistical properties of the Bitcoin return series and provide a
thorough forecasting exercise. Also, we calibrate state-of-the-art machine
learning techniques and compare the results with econometric time series
models. The empirical assessment provides evidence that the application of
machine learning techniques outperforms econometric benchmarks in terms
of forecasting precision for both in- and out-of-sample forecasts. We find that
both deep learning architectures as well as complex layers, such as LSTM, do
not increase the precision of daily forecasts. Specifically, a simple recurrent
neural network describes a sensible choice for forecasting daily return series.

forecasting, machine learning, risk measurement, time series analysis

JEL CLASSIFICATION

assumptions on the underlying data and current machine
learning approaches can adjust to properties of economic
time series individually. Therefore machine learning
describes a fruitful alternative to econometric modelling.
Although machine learning techniques are characterized
as black boxes, recent studies provide empirical evidence
that machine learning achieves higher forecasting preci-
sion than widely accepted econometric approaches. Gu
et al. (2020) provide a thorough empirical assessment and
discuss competing machine-learning techniques applied
to economic data sets. As a result, adequately calibrated
machine learning approaches outperform interpretable
econometric models in terms of forecasting accuracy.
Feng et al. (2020) confirm these results for stock returns,
Longo et al. (2022) for GDP forecasts, and Makridakis
et al. (2018) for various economic data sets.
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medium, provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.

© 2024 The Author(s). Journal of Forecasting published by John Wiley & Sons Ltd.

2904 wileyonlinelibrary.com/journal/for

Journal of Forecasting. 2024;43:2904-2916.


https://orcid.org/0000-0003-0968-8262
mailto:theo.berger@hs-hannover.de
https://doi.org/10.1002/for.3165
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://wileyonlinelibrary.com/journal/for

BERGER and KOUBOVA

WILEY_L 2%

This study adds to this string of literature, and we
focus on forecasts for innovative economic return series,
namely Bitcoin returns. As described in Alessandretti
et al. (2018) and Tandon et al. (2019), Bitcoins belong to
the asset class of cryptocurrencies and are characterized
by higher volatility than classical currencies. Further-
more, as cryptocurrencies are not controlled by national
central banks, Bitcoins are exposed to different economic
determinants and hence historic return series can exhibit
different time series characteristics. Alessandretti et al.
(2018) provide empirical evidence that the application of
neural networks to time series predictions is a fruitful
approach, especially when it comes to predicting
Bitcoins. Also, Lahmiri and Bekiros (2019) provide
empirical evidence that forecasting Bitcoin return series
via machine learning outperforms typical econometric
benchmarks, such as ARMA models. Typically, recent
studies assess forecasting performance via MAE (Mean
Absolute Error) or RMSE (Root Mean Squared Error) to
discuss the precision of competing machine learning
models (see Jang & Lee, 2018; Lahmiri & Bekiros, 2019;
Phaladisailoed & Numnonda, 2018; Tandon et al., 2019).

Our empirical assessment provides a thorough fore-
casting study with an exclusive focus on daily Bitcoin
prices and the contribution of our study is twofold. First,
we provide an economic assessment of statistical time
series properties of daily Bitcoin prices to assess if the
identified characteristics are in line with the underlying
assumptions of econometric benchmark models. Second,
we apply state-of-the-art machine learning approaches
and analyze the performance of deep learning
network architectures and complex recurrent neural
network (RNN) layers, namely recurrent Long Short-
Term Memory (LSTM). Also, we compare the forecasting
performance of both econometric time series models and
machine learning techniques to discuss state-of-the-art
machine learning techniques against solid econometric
benchmarks. Specifically, in addition to the widely used
ARMA(1,1) approach, we also take into account condi-
tional volatility clustering via generalized autoregressive
conditional heteroscedasticity (GARCH) and assess a
variety of competing ARMA-GARCH approaches.

The remainder of this paper is structured as follows.
Section 2 provides the relevant literature, Section 3 gives
an overview of the methodology, and Section 4 presents
the investigated data. The results of the empirical assess-
ment are in Section 5 and Section 6 concludes.

2 | LITERATURE REVIEW

The string of literature, dealing with time series forecasts
of cryptocurrencies can be separated into two substrings.

One string deals with the application of black-box
machine learning approaches and one deals with inter-
pretable econometric approaches.

2.1 | Machine Learning and Bitcoins

An extensive study on machine learning-based forecasts
is presented by Alessandretti et al. (2018). The authors
study the performance of three models and predict daily
cryptocurrency prices of 1,681 currencies from time
period between November 11% 2015 and April 24" 2018.
Two of the applied approaches are based on gradient-
boosting decision trees and one is based on recurrent
Long Short-Term Memory (LSTM) neural networks.
Then, investment portfolios are built based on the pre-
dictions, and the comparison of their performance in
terms of return on investment is assessed. The authors
provide evidence that all models outperform the base-
line “simple moving average” approach. The authors
find that the recurrent LSTM approach is characterized
by superior forecasting performance. Also, Jang and
Lee (2018) provide an empirical horse race between
Bayesian Neural Networks (BNNs) with competing lin-
ear and non-linear benchmark models to predict
Bitcoin price processes. They cover the daily data from
September 11% 2011 to August 227 2017. As a result,
BNNs perform well in predicting Bitcoin price time series
and explaining relevant volatility components of historic
prices. Based on log-transformed market prices and vola-
tility processes, the authors provide experimental evi-
dence that the predictive performance of BNNs
outperforms competing benchmark methods. Karasu
et al. (2018) also assess Bitcoin price predictions via
machine learning using daily data between January 2012
and December 2018. The authors study Support Vector
Machines (SVM) and linear regressions to assess daily
closing prices. As a result, SVM models are characterized
by higher forecasting precision than linear regression
models.

Lahmiri and Bekiros (2019) study the application of
sophisticated machine learning applications for cryptocur-
rency prediction for the period between July 107 2010 and
October 1% 2018 and find that the accuracy of more com-
plex RNN layers, namely Long Short-Term Memory
(LSTM), significantly increases forecasting precision. As
a benchmark, the authors apply a generalized neural
regression architecture benchmark. In this vein, Muniye
(2020) compares two deep learning techniques, LSTM
and Gated Recurrent Unit (GRU) using daily data
between January 1 2014 and February 20" 2018. The
results suggest that the GRU model describes an ade-
quate approach for predicting Bitcoin prices as it requires
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less compilation time than LSTM. Phaladisailoed and
Numnonda (2018) provide similar conclusion based on
high-frequency, 1-minute interval trading data from
January 1% 2012 to January 8" 2018. The authors com-
pare the performance of competing regression models
with RNNs with both LSTM and GRU layers and find
that GRU results in superior forecasting accuracy. Also,
Tandon et al. (2019) provide a thorough study on Bitcoin
price predictions for the period between 2013 and 2019
and compare RNN with LSTM with 10-fold cross valida-
tion, linear regression and random forests. The results
indicate that cross-validation in RNN with LSTM contrib-
utes to the improvement of the efficiency of the model
for Bitcoin prediction. The proposed RNN with LSTM
using 10-fold cross validation leads to significantly lower
MAE (mean absolute error) than random forest and lin-
ear regression models.

2.2 | Econometric Time Series Analysis
and Bitcoins

In the context of econometric modeling, Chu et al. (2017)
provide an extensive study on GARCH modeling dealing
with the seven most popular cryptocurrencies using data
between June 22"¢ 2014 and May 17" 2017. They find
that IGARCH and GJR-GARCH models result in superior
model fit for conditional volatility modeling. Among the
assessed GARCH-type models, it is the IGARCH(1,1)
model that provides the best fit for Bitcoins. Troster et al.
(2019) compare the GARCH and GAS model's forecasting
precision to predict the conditional mean and volatility of
the Bitcoin return series. They cover the daily data from
July 19" 2010 to April 16" 2018. The authors take fat
tails into account and demonstrate that the assumption
of normally distributed returns gets outperformed by the
heavy-tailed GAS approach, measured via Value-at-Risk
(VaR) forecasts. By fitting nonlinear econometric models
to historical data, Figd-Talamanca and Patacca (2019)
study the relative impact of attention measures on both
the mean and the variance of Bitcoin returns using data
between January 1% 2012 and December 31?* 2017. The
authors study competing models belonging to the family
of ARMA(p,q)-X (E)GARCH(1,1)-X nonlinear models
and include attention-related explanatory variables. The
results provide evidence that attention measures have a
significant impact on the conditional mean and condi-
tional variance of Bitcoin returns, especially when atten-
tion is measured in terms of trading volume. The authors
assess the Akaike Information Criterion (AIC) and Bayes-
ian Information Criterion (BIC) as well as forecast
performance.

2.3 | Machine Learning and
Econometric Time Series Analysis

Shen et al. (2021) provide a pioneering study to compare
both econometric and machine learning approaches. The
authors study GARCH models and RNN with GRU layers
to forecast Bitcoin's return volatility and VaR figures on
data between April 30" 2013 and May 21" 2021. The
authors provide empirical evidence that RNN outper-
forms GARCH and EWMA in terms of average forecast-
ing performance. Furthermore, RNN shows poor
performance in VaR forecasting, indicating that econo-
metric models outperform machine learning in dealing
with extreme volatility. Furthermore, this study suggests
an alternative method of Bitcoin volatility analysis and
finds that machine learning methods perform well in less
volatile financial market conditions. McNally et al. (2018)
compare both econometric and machine learning tech-
niques and compare Bayesian optimized RNN, LSTM,
and ARIMA models for predicting historic market prices
of Bitcoins using data between August 19" 2013 and July
19* 2016. The authors demonstrate that non-linear deep
learning methods outperform the ARIMA prediction.
Also, Cortez et al. (2021) compare the predictions of the
ARMA-GARCH model with the K-Nearest Neighbour
approach (KNN) applied to market liquidity in cryptocur-
rencies from February 9" 2018 to February 8" 2019. The
authors provide empirical evidence that KNN approaches
outperform ARMA and GARCH models in predicting the
log rates of the bid-ask spreads. Furthermore, the authors
demonstrate that, compared to the ARMA and GARCH
models, the KNN approach is more effective at capturing the
short-term market liquidity of cryptocurrencies. Further
studies that confirm the superiority of Neural Networks
when it comes to predicting Bitcoin prices are given by
Alessandretti et al. (2018), Jang and Lee (2018), Lahmiri and
Bekiros (2019), Phaladisailoed and Numnonda (2018), and
Tandon et al. (2019). Most of the papers apply MAE or
RMSE to assess the performance of applied models, see
Tandon et al. (2019). Furthermore, there are also studies that
investigate other features, which could have an effect on the
behavior of Bitcoin (Balcilar et al., 2017; Figa-Talamanca &
Patacca, 2019; Saad & Mohaisen, 2018; Sin & Wang, 2017,
Velankar et al., 2018). As well, Taskaya-Temizel and Casey
(2005) also discuss the idea of hybrid approaches and com-
bine time series models with machine learning models.

3 | METHODOLOGY

In this section, we introduce the notation used through-
out the paper, define the desirable properties of
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econometric time series models and recurrent neural net-
works, specify long short-term memory, and present the
performance metrics.

3.1 | Econometric Time Series Models

In order to adequately capture the relevant characteristics
of Bitcoin returns, we apply an autoregressive moving
average (ARMA) approach to model the conditional
mean of the daily return series. This approach describes a
combination of the autoregressive model with p lags and
the moving average model with g lags. Furthermore, we
also take into account time-varying conditional volatility
and autoregressive volatility clustering and apply the
generalized autoregressive conditional heteroscedasticity
(GARCH) model to the squared residuals of the
ARMA approach, with m and n lags, respectively. Then
the ARMA(p,q)-GARCH(m,n) model is defined as
follows:

P q
V= Z ¢y + Z Oju,—j+u;, with : u; ~iid D(O,af),
i=1 =1
1)

2 _ 2 2 2 2
oy = ao+ou;_; + U+ ..o, +pi0;

+ ﬂZGiZ T+ +ﬂn6?7n’

with:
ax (m,n)

> (ai+p;) <1. Where u, is white noise (has zero
i=1

mean, constant variance ¢, and is uncorrelated in time)
and the time series y, are the Bitcoin returns at time ¢.
Also, m describes the order of the ARCH terms and » the
order of the GARCH terms. The residuals u; are charac-
terized by distribution D(0,6%). We will assess both a
Gaussian and a t-distribution. Also, we apply a naive
benchmark, which is simply the return from the previous
period.

>0, >0(i= 1,...,m),ﬂj >0(j=1,..,n) and

Further, this framework allows us to also assess com-
peting approaches, that are nested in equation (2),
namely ARMA(p,q), ARMA(p,q)-GARCH(m,n), and
different parameterizations of p,q,m, and n. The parame-
ters are estimated via the maximum likelihood method.

3.2 | Recurrent Neural Networks

Our baseline machine-learning approach is a simple
RNN. In comparison to typical Feed-Forward-Networks

WILEY_L 2"

(FFNs), RNNs include backward connections and
therefore this approach is predestined to capture time-
dependent features of a time series. Also, by stacking
more than one RNN layer, we are able to study Deep
RNNs. Let the input and output at time step ¢ be
described by X; and y,, the weights for the hidden layer
by Wiy and bias by by. The information from the previ-
ous time step is h;_; with weights Wy, and bias b,,. Then,
in order to calculate the hidden state at the time step h;,
that is the information that will be passed to t+1, is
described as follows:

ht :fW(htflaXt)a
with : (3)
t=1,....Mandhy=0.

The hidden state at time ¢ can be described as a func-
tion with parameters W of the previous hidden state and
the input at time t. In our study, we apply the standard
hyperbolic tangent function (tanh) and f,. The amount
of tuples of the train set is M. Then, we apply RNN and
stacked RNNs which are then defined as follows:

h,= tanh(Whhh,,l + WX+ bh), (4)

y, = tanh(Wynh; +by),
with : (5)
t=1,..,.M.

For instance, for a Deep RNN with 2 hidden layers,
5 neurons, and a forecasting horizon of 10 days, the out-
put of the last hidden layer (h, for time step ¢) is a matrix
10 x 5, as it contains the results of each neuron. The out-
put layer is a simple layer and transforms this matrix into
10x 1 vector of forecasts with the weights W, as
described in equation 5. From this, the number of neu-
rons can also be seen as a dimension of the hidden state
of one layer. In this paper, we study 1, 2, and 3 hidden
simple RNN layers in combination with 1, 5, and 10 units
and we refer to Géron (2020) for a thorough introduction
to RNNs and machine learning.

3.21 | Long Short-Term Memory

In addition to simple RNN, we also apply RNN with long
short-term memory (LSTM) layer. LSTM was introduced
by Hochreiter and Schmidhuer (1997) in order to over-
come the problem of long-term dependency data causing
a vanishing gradient within a simple RNN framework. In
comparison to RNN, the training of LSTM converges
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faster and the identification of long-term dependencies in
the data is possible. In contradiction to RNN, where
every layer gets 2 inputs, at the time step #: X, and the
output of the previous time step t — 1, namely h;_;, LSTM
adds an additional input to each layer. That is, the cur-
rent long-term memory of the network, known as the cell
state ¢;_; and the hidden state h; becomes the short-term
state, see Géron (2020). The parameterization of the
LSTM approach is given as follows:

fi=0(WaX,+Wph(t—1)+bf) (6)
g, = tanh (WX, + Wenh(t — 1)+ by) (7)
itZG(WixXt—l—Wihh(t—l)—‘rbi) (8)

0y =0(WuXi+Woph(t—1)h(t—1)+b,) (9)
Ct :ft®ct—1 +ir X (10)
Y =h=o0,Qtanh(c;) (11)

The first step in the LSTM cell is the Forget Gate (f,)
as described in equation (6). Through this gate, certain
information is deleted (forgotten) and the output of the
Forget Gate (f,®c;—1) is then added to the output of
the Input Gate (i; Q) g,). The result for ¢, gets stored with-
out further transformation as described in equation (10).
Hence, at each time step, irrelevant information is dis-
carded and relevant historical information is added, see
equation (11). The long-term state ¢, is copied after this
addition and passed through the tanh function. As
described in Yu et al. (2019). The number of neurons per
LSTM layer denotes the dimensions of the hidden state
and of the output state of one layer. Similar to the RNN
framework, a dense layer with 1, 5, and 10 neurons is
used as an Output Layer for the RNN with LSTM.

In order to train the networks, we apply Adam
(Adaptive Moment Estimation) optimization. As
described in Géron (2020) Adam optimization combines
the idea of Momentum Optimization and RMSProp.

3.3 | Performance Metrics

In addition to the assessment of autocorrelated residual
and partial autocorrelation functions, we draw on exist-
ing studies and assess the precision of out-of-sample fore-
casts via both root mean squared error (RMSE) and mean
absolute errors (MAE). The metrics are calculated as
follows:

2
B,
Zli\il Zszl (yij,forecast _ yg,true)

RMSE?T = .
B M*T

(12)

Zi\i . ZjT:l | ylij"forecast _ yg,true |
M*T '

MAEL = (13)

Where M denotes the number of tuples, B the batch
size, 100, 250, or 500 days, and T the number of days that
describe the forecasting horizon, 1, 5, or 10 days. Further-
more, in our study, naive forecasting deals as a bench-
mark for both approaches. That is, the last day of the
training sample is used as the forecast for the next con-
secutive day. Furthermore, in order to assess competing
neural nets, we apply a naive fully connected neural net
as an additional benchmark.

4 | DATA

The data starts with the first available market price of Bit-
coin, April 28" 2013, and ranges until December 12% in
2021." The graphical representation of the prices and log-
arithmic returns is displayed in Figure 1.

Figure 1 illustrates both daily market prices and daily
log returns over time. Table 1 presents the descriptive sta-
tistics of the data. We find that daily returns are charac-
terized by a standard deviation of 4.1698 and a mean of
0.1884. These results are in line with Cunha and Silva
(2020). However, in comparison to other currencies, as
reported by Mignot and Westerhoff (2024), daily Bitcoin
returns are characterized by higher volatility.>

Table 2 gives the Ljung-Box (LB) test statistics to
assess autocorrelation of the logarithmic returns and
squared logarithmic returns, the Augmented Dickey-
Fuller (ADF) test to investigate stationarity, and the
Jarque-Bera (JB) test to study normality of the logarith-
mic returns. The ADF Test shows, that the time series of
Bitcoin daily prices is not stationary. As a result, logarith-
mic returns are created (hereafter referred to only as
returns). As can be seen in Table 2, the Bitcoin daily
returns are stationary. As discussed in Box et al. (1994),
we set the number of investigated lags for the Ljung-Box
test to 20. The standard deviation of Bitcoin returns is
described as 4.1698 and, as indicated by the LB test statis-
tic is characterized by statistically significant volatility

!Data source is wwww.coinpaprika.com and the applied data set is also
available upon request to the authors.

*For an in-depth discussion on stylized facts of exchange rates, we refer
to Guillaume et al. (1997) and Grauwe and Grimaldi (2006).
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Bitcoin Daily Price in time
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FIGURE 1 Bitcoin price and returns (in %) in time.
TABLE 1 Descriptive statistics.
Bitcoin daily prices Bitcoin daily returns

n 3145.00 3143.00

Mean 8818.48 0.19

Std 14568.24 4.17

Min 67.81 —43.37

25% 442.82 —-1.37

50% 3410.45 0.21

75% 9239.90 1.90

Max 67617.02 28.71

Note: The table presents descriptive statistics for the daily market prices and
return series of Bitcoins from April 28, 2013 to December 12, 2021. The
amount of observations is n, Min and Max are the minimum and maximum
value of each variable. 25%, 50% and 75% are the respective quartiles of the
empirical return distribution and Std is the standard deviation of the mean.

TABLE 2 Ljung-Box, ADF and Jarque-Bera tests.
Ljung-Box test statistic  P-value
Bitcoin returns 53.70 0.00
Bitcoin squared returns  356.65 0.00
ADF test statistic P-value
Bitcoin prices —0.39 0.91
Bitcoin returns —14.71 0.00
Jarque-Bera test statistic P-value
Bitcoin returns —21.02 0.00

Note: This table provides the results of the Ljung-Box (LB), Augmented
Dickey Fuller (ADF) and Jarque-Bera (JB) test. The Ljung-Box (LB) test is
performed with 20 lags with HO: The data is independently distributed and
H1: The data is not independently distributed, and exhibits serial
correlation. The Augmented Dickey Fuller (ADF) test assesses HO: The
series is non-stationary. H1: The series is stationary. And the hypothesis of
the Jarque-Bera (JB) test test are HO: The series is normally distributed. H1:
The series follows a non-normal distribution. For all test, the p-value is
presented.

Bitcoin Daily Returns in time

30 1

20 A

10 1

Bitcoin Daily Returns

2013 2014 2015 2016 2017 2018 2019 2020 2021 2022
Time

clusters. However, as illustrated in Figure 2 the autocor-
relation of returns decays quickly.

These findings are consistent with Hu et al. (2019),
Momtaz (2021), and Zhang et al. (2018) who report simi-
lar findings on volatility and volatility clusters. Further-
more, as presented by Zhang et al. (2018) and Borri
(2019), based on the JB test, we can confirm that the dis-
tribution of Bitcoin returns is non-normal and exhibits
fat tails, a stylized fact that is well-known from the stock
market and can also be seen in Figure 3.

As described above, Bitcoin returns are in line with
stylized facts of financial return series, as also shown in
the literature. The facts that are shown in this paper are
high volatility, volatility clustering, and fat tails.

In order to assess forecasting accuracy, we separate
the data into overlapping tuples comprising 110, 260, and
510 days. Hence, the training set of the tuple consists of
100, 250, and 500 days, the additional 10 days are used
for assessing the goodness of a forecast. All in all, there
are 3,032 tuples of 110 days, 2,882 tuples of 260 days, and
2,632 tuples of 510days for T'=100,250, and 500
and 10 days ahead forecast.

An example of this separation is displayed in
Figure 4, the underlying data for the machine learning
exercise is separated into train, validation, and test data
sets. Following the study from Shen et al. (2021), the
tuples are characterized as follows. The train dataset con-
tains the first 70% of the tuples, the validation data set
the next consecutive 20% and the test data set the remain-
ing 10%. Then, based on the trained model, the train and
validation data set describe the in-sample data, and the
test data is the out-of-sample data set. As illustrated in
Figure 4, the data can then be split into different data
sets. In our study, we assess training and validation sets
comprising T =100,250, and 500 days and study forecast
of 1,5 and 10 days ahead.
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ACF: Bitcoin Returns ACF: squared Bitcoin Returns
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FIGURE 2 Autocorrelation function and partial autocorrelation function of daily returns and squared Returns. The upper graphs
visualize the Autocorrelation function (ACF) of daily Bitcoin returns (left) and squared Bitcoin returns (right). The lower graphs provide
information on the partial autocorrelation for Bitcoin returns (left) and squared Bitcoin returns (right).
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FIGURE 3 Histograms of Bitcoin Returns (in %) and comparison with Normal Distribution.

Forecasting Part
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FIGURE 4 Separating the data into tuples for recurrent neural nets (RNN). Each tuple contains training data (yellow) and labeled
forecasting data (red). The data is a time series and is described by consecutive daily Bitcoin returns. In order to train a neural net, 90% of
the tuples are used to train and validate the neural net, and 10% are applied to test the results. The training and test data is split into 70%
training and 20% testing data the test data presents the basis for the evaluation of out-of-sample forecasts.
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TABLE 3  AIC values for ARMA(p,q) and GARCH(m,n) model.

ARMA
Gaussian distribution

p/q 0 1 2 3 4 5

1 —11,046.28 —11,044.39 —11,043.19 —11,046.69 —11,047.48 —11,046.82
2 —11,044.72 —11,043.24 —11,044.73 —11,076.25 —11,052.37 —11,073.12
3 —11,043.90 —11,047.88 —11,050.74 —11,051.88 —11,067.92 —11,067.21
4 —11,044.79 —11,048.39 —11,053.40 —11,035.87 —11,044.69 —11,067.93
5 —11,045.94 —11,048.40 —11,051.41 —11,077.58 —11,035.10 —11,035.78
t-distribution

r/q 0 1 2 3 4 5

1 —12,055.74 —12,054.43 —12,055.72 —12,054.39 —12,056.16 —12,086.41
2 —12,055.07 —12,055.66 —12,058.30 —12,085.20 —12,089.96 —12,083.32
3 —12,054.64 —12,054.46 —12,089.46 —12,060.73 —12,090.63 —12,088.63
4 —12,054.49 —12,056.17 —12,085.86 —12,090.29 —12,094.27 —12,089.88
5 —12,053.56 —12,088.41 —12,056.28 —12,092.36 —12,092.34 —12,091.47
GARCH

m/n 0 1 2 3 4 5

1 —12237.04 —12547.45 —12529.13 —12551.13 —12549.13 —12531.89
2 —12310.91 —12543.04 —12527.54 —12548.28 —12538.42 —12531.98
3 —12361.34 —12525.42 —12526.80 —12548.17 —12529.90 —12525.40
4 —12421.43 —12539.38 —12473.29 —12524.98 —12534.34 —12543.49
5 —12452.35 —12536.82 —12539.46 —12536.74 —12144.82 —12538.43

Note: This table presents the AIC criterion for different combinations of lags under the assumption of Gaussian and t-distributed residuals.

TABLE 4 Forecasting performance:
Econometric approach.
RMSE

100 days
250 days
500 days
Mean

MAE

100 days
250 days
500 days

Mean

Naive benchmark ARMA-GARCH

1 day 5 days 10 days 1 day 5 days 10 days
0.0585 0.0578 0.0576 0.0427 0.0431 0.0427
0.0567 0.0558 0.0556 0.0405 0.0402 0.0401
0.0563 0.0555 0.0554 0.0398 0.0401 0.0408
0.0572 0.0564 0.0562 0.0410 0.0411 0.0412
1 day 5 days 10 days 1 day 5 days 10 days
0.0391 0.0391 0.0391 0.0284 0.0282 0.0279
0.0382 0.0381 0.0381 0.0265 0.0263 0.0262
0.0380 0.0379 0.0379 0.0259 0.0260 0.0260
0.0384 0.0384 0.0384 0.0269 0.0268 0.0267

Note: This table presents the out-of-sample forecasting performance of the naive benchmark is the return from
the previous period and the applied ARMA(4,4)-GARCH(1,3) model. The forecasting horizon is 1 day, 5 days,
and 10 days and the metrics are the root mean squared errors (RMSE) and mean absolute error (MAE).

5 | EMPIRICAL ASSESSMENT

In this section, we discuss the empirical results of our
forecasting study. Due to the fact, that we compare two

competing methodological approaches, namely econo-
metric modeling and machine learning, we provide a dis-
cussion on the optimal parameterization of both
approaches, econometric and machine learning,
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TABLE 5
batch sizes.

Forecasting performance: Neural nets and different

RMSE

Batch size 100 days 250 days 500 days
Naive benchmark 0.0588 0.0588 0.0572
Fully connected NN 0.0423 0.0435 0.0445
Simple RNN 0.0414 0.0402 0.0396
Deep RNN 0.0414 0.0403 0.0397
RNN with LSTM 0.0414 0.0404 0.0395
MAE

Batch size 100 days 250 days 500 days
Naive 0.0457 0.0447 0.0400
Fully connected NN 0.0322 0.0328 0.0341
Simple RNN 0.0306 0.0300 0.0295
Deep RNN 0.0308 0.0301 0.0296
RNN with LSTM 0.0308 0.0303 0.0296

Note: This table presents the out-of-sample forecasting performance of the
naive benchmark and the applied machine-learning techniques. The naive
benchmark is the return from the previous period, fully connected NN is the
basic fully connected neural net, simple RNN is the recurrent neural
network with one layer, and deep RNN is the recurrent neural net with max.
Three layers and RNN with LSTM is a recurrent neural network with a Long
Short-Term layer. The forecasting metrics are the root mean squared errors
(RMSE) and mean absolute error (MAE) and are the average of 1 day,

5 days, and 10 days forecasting horizon.

separately. Then, we assess the differences between the
two identified optimal approaches jointly.

51 | ARMA-GARCH
In order to identify the optimal ARMA-GARCH approach
for daily Bitcoin returns, we begin with the identification of
optimal lags within the ARMA framework. Therefore, dif-
ferent combinations of the ARMA(p,q) model are estimated
based on the full training set. We assess an autoregressive
order p varying from 1 to 5 and a moving average order q
varying from 0 to 5 and assess both Gaussian and t-dis-
tributed residuals.® Then, we choose the optimal ARMA
(p,q) order according to the AIC criterion. In the next
step, we calibrate the optimal lag size of GARCH(m,n)
approach, again based on the AIC criterion.

Table 3 provides the results for the choice of optimal
ARMA-GARCH parameterization. As a result, we find
that an ARMA(4,4)-GARCH(1,3) approach with

The range for the autoregressive and moving average orders was
chosen according to correlograms. The correlograms, as well as a
detailed list of all configurations, are available upon request to the
authors. Results are available upon request to the authors.

t-distributed residuals provides the best fit to the underly-
ing data. For the sake of robustness, we also estimate
ARMA(p,q)-EGARCH(m,n) and ARMA(p,q)-GIR-
GARCH(m,n) approaches. Both approaches take an
asymmetric impact from negative returns on conditional
volatility into account, however, there is no improvement
in terms of model fit. Then, we apply the ARMA(4,4)-
GARCH(1,3) model to each tuple (100, 250, 500 days) in
order to forecast the upcoming 10days and compare the
forecasting precision against the naive benchmark.

Table 4 provides information on both forecasting met-
rics, RMSE and MAE, for the ARMA(4,4)-GARCH(1,3)
and the naive benchmark model. It displays the results
for all three tuple sizes (100 days, 250 days, and 500 days)
as well as for all three forecasting horizons (1 day, 5 days,
and 10 days). In comparison to the naive benchmark,
the estimated ARMA-GARCH approaches outperform
the benchmark. Hence, the results unveal, that modeling
economic dynamics of conditional mean and variance of
Bitcoin returns series via ARMA and GARCH
approaches, increases the precision of forecasts.

5.2 | Recurrent Neural Networks

In the next step, we identify the optimal RNN structure
for our forecasting exercises. In contradiction to the
econometric ARMA-GARCH approaches, the hyperpara-
meter tuning of RNN comprises more parameters and is,
therefore, more complex. First, the number of epochs,
layers, and neurons is determined based on the train and
validation data set. With a focus on model loss, we
choose the minimal number of epochs in order to avoid
overfitting. Specifically, for each RNN, we assess the
model loss after each training epoch in order to identify
the lowest model loss in combination with the smallest
amount of epochs.

Then, the number of neurons and hidden layers is
determined for Deep RNN and RNN with LSTM. The
number of epochs is the same for all combinations, as this
proves to be sufficient also for other combinations. The
RNNs are trained and evaluated for different batch sizes
(100, 250, and 500 days), different forecasting horizons
(1, 5, and 10 days), different depths (1, 2, and 3 layers), dif-
ferent complexity (5, 10, 15, 20, and 80 neurons in each
layer), and different structure (simple layer and LSTM).

52.1 | Epochs

The results of the assessment of epochs are fourfold.
First, we find typical performance curves characterized
by decreasing model loss at the beginning for all
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TABLE 6 Forecasting performance: Neural nets and different forecasting horizons.
RMSE
Sample and horizon Tr + Val 1 day Test 1 day Tr + Val 5 days Test 5 days Tr + Val 10 days Test 10 days
Naive 0.0573 0.0592 0.0574 0.0579 0.0574 0.0578
Fully connected NN 0.0376 0.0434 0.0376 0.0434 0.0376 0.0434
Simple 0.0400 0.0404 0.0400 0.0404 0.0399 0.0404
Deep 0.0400 0.0406 0.0398 0.0403 0.0398 0.0405
LST™M 0.0394 0.0404 0.0397 0.0406 0.0398 0.0404
MAE
Sample and horizon Tr + Val 1d Test 1d Tr + Val 5d Test 5d Tr + Val 10d Test 10d
Naive 0.0393 0.0441 0.0396 0.0433 0.0396 0.0431
Fully connected NN 0.0253 0.0331 0.0254 0.0330 0.0254 0.0330
Simple 0.0255 0.0301 0.0255 0.0300 0.0256 0.0301
Deep 0.0256 0.0301 0.0255 0.0302 0.0255 0.0302
LST™M 0.0252 0.0303 0.0254 0.0303 0.0253 0.0300

Note: This table presents the in-sample and out-of-sample forecasting performance of the naive benchmark (the return from the previous period) and the
applied machine learning techniques. Fully connected NN is the basic fully connected neural net, Simple RNN is the recurrent neural network with one layer,
deep RNN is the recurrent neural net with max. Three layers and RNN with LSTM is a recurrent neural network with a Long Short-Term layer. The
forecasting metrics are the root mean squared errors (RMSE) and mean absolute error (MAE) and are the average of the assessed batch sizes comprising

100 days, 250 days, and 500 days. The forecasting horizon is 1, 5, and 10 days and Tr + Val is the training and validation data, namely the in-sample

assessment, and Test is the test data set, the out-of-sample performance.

combinations of Fully connected NNs, and for Simple
RNNs and Deep RNNs with batch size of 100 days. Sec-
ond, based on batch sizes 250 and 500 days, in Simple
RNNs, Deep RNNs, and RNNs with LSTMs, we observe
loss curves, which imply, that the number of epochs
does not impact the model loss measured in terms of
RMSE and MAE. Third, loss plots show patterns of over-
fitting, however, the loss difference between the train
and validation sample is not remarkable (maximal
0.00014), this is relevant for fully connected NNs, Simple
RNNs, Deep RNNs, and RNNs with LSTM, all with a
batch size of 500 days. Fourth, some graphs display a
higher model loss in the train sample than in the valida-
tion sample, nevertheless, the maximal difference is
0.0002 (Simple RNN: batch size of 250 days, Deep RNN:
batch size of 250 days, RNN with LSTM: batch size of
100 and 250 days).*

522 | Neurons and Layers

The RMSE of Deep RNN with two hidden layers and
five neurons in each layer is smaller than that of Deep
RNN with two hidden layers and ten neurons for both
the train and validation sample for all days ahead.’

“For sake of page constraints, all graphs are available upon request to
the authors.

This also applies to the MAE criterion. The additional
third layer also does not increase the performance. As a
result, Deep RNN with two hidden layers and five neu-
rons presents an adequate choice, evaluated on both
RMSE and MAE. The average RMSE and MAE of RNN
with LSTM with two hidden layers and five neurons
are also lower than those with two layers and ten neu-
rons. The same applies to an additional third layer for
RNN with LSTM.

5.2.3 | Batch size
We find that an increasing batch size goes in line with
the superior forecasting performance of the models,
except fully connected NN. Both RMSE and MAE of the
Fully Connected NN do rise with increasing batch size.
Table 5 presents the average out-of-sample forecast-
ing performance for all approaches with respect to
batch size. We can see that RNN is described by the
lowest RMSE for 100 and 250 days as well as by the
lowest MAE for all batch sizes. The performance of
Simple, Deep RNN, and RNN with LSTM are compara-
ble and the RMSE is equal for all three approaches for
a batch size of 100 days. Fully connected NN is
described by higher RMSE and MAE than the

*We discuss the average RMSE of all batch sizes.
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remaining three models; however, it is still lower than
that of Naive Forecasting.

524 | Evaluation
Based on the previous findings, we assess the forecasting
performance for 1 day, 5 days, and 10 day ahead fore-
casts, for each fitted RNN, namely simple RNN, Deep
RNN, and RNN with LSTM. Also, we assess naive fore-
casting and a fully connected neural net as a benchmark.
Table 6 gives the averaged RMSE and MSE of each
approach. With consideration of RMSE, Simple RNN,
and RNN with LSTM seem to result in similar forecasting
performance for 1 and 10 days. For 5-day ahead forecasts,
it is the Deep RNN that results in the highest forecasting
precision. The difference between Simple RNN and RNN
with LSTM is marginal. Simple RNN describes the ade-
quate approach in terms of MAE for the forecasts of
1 and 5days. The 10-day ahead predictions are ade-
quately estimated by RNN with LSTM, however, the dif-
ference between this approach and Simple RNN is

TABLE 7 Forecasting performance: ARMA-GARCH and
neural nets for different forecasting horizons.

RMSE

Forecasting horizon 1 day 5 day 10 day
Naive benchmark 0.0592 0.0579 0.0578
Fully connected NN 0.0434 0.0434 0.0434
Simple RNN 0.0404 0.0404 0.0404
Deep RNN 0.0406 0.0403 0.0405
RNN with LSTM 0.0404 0.0406 0.0404
ARMA-GARCH 0.0410 0.0411 0.0412
MAE

Forecasting horizon 1 day 5 day 10 day
Naive benchmark 0.0441 0.0433 0.0431
Fully connected NN 0.0331 0.0330 0.0330
Simple RNN 0.0301 0.0300 0.0301
Deep RNN 0.0301 0.0302 0.0302
RNN with LSTM 0.0303 0.0303 0.0300
ARMA-GARCH 0.0269 0.0268 0.0267

Note: This table presents the comparison of the out-of-sample forecasting
performance between the naive benchmark (return from the previous
period), the econometric ARMA-GARCH approach, and the applied
machine learning techniques. ARMA-GARCH is the optimal ARMA
(p,q)-GARCH(m, n) approach, Fully connected NN is the basic fully connected
neural net, Simple RNN is the recurrent neural network with one layer, Deep
RNN is the recurrent neural net with max. Three layers and RNN with LSTM is
a recurrent neural network with a Long Short-Term layer. The forecasting
metrics are the root mean squared errors (RMSE) and mean absolute error
(MAE) and present the average of the assessed batch sizes comprising 100 days,
250days, and 500 days. The forecasting horizon is 1, 5, and 10 days.

0.0001. Also, the forecasting performance of Simple RNN,
Deep RNN, and RNN with LSTM is similar in terms of
RMSE and MAE. On the other hand, the performance
of Fully connected NN is characterized by lower accu-
racy. However, the RMSE and MAE of Fully connected
NN is still lower than that of Naive Forecasting and the
performance of Simple RNN and RNN with LSTM does
not differ for 1 and 10-day forecasts.

5.3 | Comparison
Based on the previous sections, we now discuss the opti-
mal models and compare interpretable econometric
approaches with black-box machine learning techniques.
In order to assess the robustness of our results, we assess
both different forecasting horizons and different batch
sizes for model evaluation. The average forecasting per-
formance of all approaches for 1 day, 5 day, and 10 day
ahead forecasts is presented in Table 7.

With respect to RMSE, neural nets outperform the
econometric ARMA-GARCH approach. This finding is

TABLE 8 Forecasting performance: ARMA-GARCH and
neural nets for different batch sizes.

RMSE

Batch size 100 days 250 days 500 days
Naive 0.0588 0.0588 0.0572
Fully connected NN 0.0423 0.0435 0.0445
Simple RNN 0.0414 0.0402 0.0396
Deep RNN 0.0414 0.0403 0.0397
RNN with LSTM 0.0414 0.0404 0.0395
ARMA-GARCH 0.0428 0.0403 0.0402
MAE

Batch size 100 days 250 days 500 days
Naive 0.0457 0.0447 0.0400
Fully connected NN 0.0322 0.0328 0.0341
Simple RNN 0.0306 0.0300 0.0295
Deep RNN 0.0308 0.0301 0.0296
RNN with LSTM 0.0308 0.0303 0.0296
ARMA-GARCH 0.0281 0.0263 0.0260

Note: This table presents the comparison of the out-of-sample forecasting
performance between the naive benchmark (the return from the previous
period), the econometric ARMA-GARCH approach, and the applied
machine learning techniques. ARMA-GARCH is the optimal ARMA
(p,q)-GARCH(m, n) approach, Fully connected NN is the basic fully
connected neural net, Simple RNN is the recurrent neural network with one
layer, Deep RNN is the recurrent neural net with max. Three layers and
RNN with LSTM is a recurrent neural network with a Long Short-Term
layer. The forecasting metrics are the root mean squared errors (RMSE) and
mean absolute error (MAE) and are the average of 1 day, 5 days, and 10 days
forecasting horizon.
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consistent with the findings presented in McNally et al.
(2018), where Deep Learning methods outperform the
ARIMA predictions. However, in contradiction to these
findings, the performance of Simple RNN and RNN with
LSTM for 1 and 10 days ahead (0.0404) and that of Deep
RNN for 5 days ahead (0.0403) is similar. For the forecast
of 5 days, Deep RNN is characterized by superior out-
of-sample performance. However, the ARMA-GARCH
approach outperforms both benchmarks, Fully connected
NN and Naive Forecasting, in terms of RMSE. Further-
more, ARMA-GARCH results in the lower MAE for 1, 5,
and 10 days ahead (0.0269, 0.0268, and 0.0267).

Table 8 provides information on the averaged out-
of-sample forecasting performance, based on the test
data, for 1, 5, and 10 days ahead for each batch size
(100, 250, and 500 days). According to RMSE, the trained
RNN approaches outperform the assessed optimal
ARMA-GARCH approach. Furthermore, all three RNN
approaches are characterized by similar performance.

Our results confirm the findings of Lahmiri and
Bekiros (2019) and Makridakis et al. (2018), complex
LSTM layers provide adequate forecasting performance
in comparison to competing neural nets. However, as we
also compare complex approaches against simpler bench-
marks, we find that due to less complexity, it is the sim-
ple RNN approach that describes a sensible choice when
it comes to forecasting daily Bitcoin returns. Also,
when the performance metrics change from RMSE to
MAE, it is the interpretable econometric ARMA-GARCH
model that results in the lowest MAE.

Consequently, our results indicate that less restrictive
RNNs describe a fruitful approach for forecasting daily
financial Bitcoin returns. However, when the evaluation
metric changes from RMSE to MAE, a parsimonious
econometric time series approach cannot be outper-
formed by competing neural nets.

6 | CONCLUSION

In this paper, we present a thorough comparison between
widely accepted econometric time series models and
state-of-the-art machine learning algorithms. We provide
empirical evidence that properties of daily Bitcoin returns
are in line with stylized facts of financial return series,
which means that underlying assumptions of economet-
ric models hold for daily Bitcoin returns.

Furthermore, our study provides an extensive empirical
assessment of competing forecasting approaches for daily
Bitcoin returns. We demonstrate that the applied machine
learning techniques can outperform econometric ARMA-
GARCH approaches. Specifically, simple RNNs, Deep
RNNs, and RNNs with LSTM layers are characterized by

lower RMSE than the econometric benchmarks. Due to
the fact, that the forecasting precision of the competing
machine learning techniques differs marginally, our results
indicate that simple RNNs as well as econometric time
series approaches describe a solid choice for daily Bitcoin
return forecasts. Hence, our findings contradict Lahmiri
and Bekiros (2019), increasing complexity does not impact
the precision of the assessed daily forecasts.
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