~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Kamau, Muoria; Mwaniki, Ivivi Joseph

Article
On a robust estimation of option-implied interest rates
and dividend yields

Cogent Economics & Finance

Provided in Cooperation with:
Taylor & Francis Group

Suggested Citation: Kamau, Muoria; Mwaniki, Ivivi Joseph (2023) : On a robust estimation of option-
implied interest rates and dividend yields, Cogent Economics & Finance, ISSN 2332-2039, Taylor &
Francis, Abingdon, Vol. 11, Iss. 2, pp. 1-20,

https://doi.org/10.1080/23322039.2023.2260658

This Version is available at:
https://hdl.handle.net/10419/304218

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

-. https://creativecommons.org/licenses/by/4.0/
Mitglied der
WWW.ECOMSTOR.EU K@M 3
. J . Leibniz-Gemeinschaft


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://doi.org/10.1080/23322039.2023.2260658%0A
https://hdl.handle.net/10419/304218
https://creativecommons.org/licenses/by/4.0/
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

S— (o) Tovlor & Francis
economics

WELES  Cogent Economics & Finance

I55M 23311983

ISSN: (Print) (Online) Journal homepage: www.tandfonline.com/journals/oaef20

On a robust estimation of option-implied interest
rates and dividend yields

Muoria Kamau & lvivi J. Mwaniki

To cite this article: Muoria Kamau & Ivivi J. Mwaniki (2023) On a robust estimation of option-
implied interest rates and dividend yields, Cogent Economics & Finance, 11:2, 2260658, DOI:
10.1080/23322039.2023.2260658

To link to this article: https://doi.org/10.1080/23322039.2023.2260658

8 © 2023 The Author(s). Published by Informa
UK Limited, trading as Taylor & Francis
Group.

% Published online: 24 Sep 2023.

N
[:J/ Submit your article to this journal &

||I| Article views: 956

A
& View related articles &'

@ View Crossmark data (&

@ Citing articles: 1 View citing articles &

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journallnformation?journalCode=oaef20


https://www.tandfonline.com/journals/oaef20?src=pdf
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/23322039.2023.2260658
https://doi.org/10.1080/23322039.2023.2260658
https://www.tandfonline.com/action/authorSubmission?journalCode=oaef20&show=instructions&src=pdf
https://www.tandfonline.com/action/authorSubmission?journalCode=oaef20&show=instructions&src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/23322039.2023.2260658?src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/23322039.2023.2260658?src=pdf
http://crossmark.crossref.org/dialog/?doi=10.1080/23322039.2023.2260658&domain=pdf&date_stamp=24%20Sep%202023
http://crossmark.crossref.org/dialog/?doi=10.1080/23322039.2023.2260658&domain=pdf&date_stamp=24%20Sep%202023
https://www.tandfonline.com/doi/citedby/10.1080/23322039.2023.2260658?src=pdf
https://www.tandfonline.com/doi/citedby/10.1080/23322039.2023.2260658?src=pdf
https://www.tandfonline.com/action/journalInformation?journalCode=oaef20

Kamau & Mwaniki, Cogent Economics & Finance (2023), 11: 2260658
https://doi.org/10.1080/23322039.2023.2260658

CrossMark

Received: 15 September 2022
Accepted: 09 September 2023

*Corresponding author Muoria
Kamau, Department of Mathematics,
University of Nairobi, Nairobi, Kenya
E-mail: muoria314@gmail.com

Reviewing editor:
David McMillan, University of Stirling,
UK

Additional information is available at
the end of the article

cogent--0a

<k* cogent

economics
& finance

FINANCIAL ECONOMICS | RESEARCH ARTICLE

On a robust estimation of option-implied interest
rates and dividend yields

Muoria Kamau®* and Ivivi J. Mwaniki®

Abstract: In this paper, a simple no-arbitrage methodology to estimate option-
implied interest rates and dividend yields simultaneously via a regression model is
employed. Since the mean-based least squares estimation places equal weights on
all data points making it sensitive to outliers, a robust median-based estimation
approach is proposed. The proposed methodology is only valid for European options;
consequently, an empirical analysis is conducted on options on the S & P 500 Index.
Robust forward-looking model-free estimates of the risk-free interest rate and
dividend yield, based exclusively on market prices of options, are thus obtained.

Subjects: Mathematical Finance; Statistics for Business, Finance & Economics;
Econometrics; Investment & Securities

Keywords: no-arbitrage; implied interest rates; implied dividend yield; option-implied; risk-
free rate; Theil-Sen; repeated median; box spread; sloped asset position

1. Introduction

It is often implied that market prices of options have rich information content such as implied
volatilities, risk-neutral distributions, interest rates, dividends, and dependence measures that
market practitioners can extract and use in practice. Given option prices, the information is
extracted either via a model-based or a model-free approach (or both).

In this paper, we employ a model-free approach constructed from simple no-arbitrage relationships
and extract both option-implied interest rates and dividend yields. The no-arbitrage methodology of
extracting information is not new to the literature. With regard to option-implied interest rates, Brenner
and Galai (1986) extracted implied interest rates by simply rearranging the put-call parity relation. Similar
approaches have also been considered by Geck and Kaserer (2021), Naranjo (2009), and Golez (2014). For
a dividend paying security, however, this approach requires one to estimate, with some degree of
accuracy, the dividend component contained in the put-call parity equation (2). To overcome this draw-
back, Ronn and Ronn (1989) considered the box spread, whose equation is independent of the underlying
asset price, and obtained the implied risk-free interest rate by simply rearranging the box spread
equation (4). This has been extended, recently, by van Binsbergen et al. (2022).

For the dividend estimation, estimates can also be obtained via a simple rearrangement of the put-call
parity relation, see, for example, van Binsbergen et al. (2012) and Golez and Jackwerth (2022). However,
under this approach, one has to first estimate the interest rate in the put-call parity equation. For
example, van Binsbergen et al. (2012) used zero-coupon interest rates, Golez and Jackwerth (2022)
used option-implied interest rates, and Golez (2014) used a combination of the cost-of-carry formula for
index futures and the put-call parity for index options.

© 2023 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group.
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To avoid an interest rate estimation, Soderbdick et al. (2022) proposed the sloped asset position,
whose resulting equation (7) does not require an interest rate specification.

In this paper, we build on the recent work by Desmettre et al. (2017), van Binsbergen et al. (2022), and
Soderbdck et al. (2022) and employ a simple no-arbitrage methodology to estimate option-implied interest
rates and dividend yields simultaneously via a regression model. In Desmettre et al. (2017), the ordinary
least squares (OLS) estimation is undertaken to simultaneously estimate the implied discrete dividends and
the implied discount factor, whereas in the study by Soderbdck et al. (2022), the dividend estimation is
generalized in the form of a weighted least squares approach. On the other hand, in the estimation of the
risk-free rate, van Binsbergen et al. (2022) considered the OLS and the Theil-Sen estimator. The approach
proposed herein highlights, builds upon, and consolidates concepts within the studies of Desmettre et al.
(2017), van Binsbergen et al. (2022), and Stderbdck et al. (2022). Consequently, the aforementioned
estimators are derived in a slightly different approach.

The aim of this paper is to, one, clearly demonstrate the link between the no-arbitrage relationships
between call and put prices presented in Section 2 and the estimation techniques employed in estimating
both the interest rate and dividend yield, and two, to extend the estimation methodology to a more robust
approach—the repeated median. Compared to the OLS estimator, the Theil-Sen and repeated median
estimators are less sensitive to contamination, with the former having a breakdown point of about 29% and
the latter of 50% implying higher robustness even if half the data is contaminated, Siegel (1982). The three
estimators for the slope and intercept are derived from first principles via the no-arbitrage relationship,
clearly demonstrating the link between the sloped asset position with the intercept and the box spread with
the slope. Finally, an empirical analysis is performed on S&P 500 Index options data.

The rest of the paper is organized as follows: Section 2 provides a theoretical background of the
no-arbitrage relationships to be used throughout the paper, Section 3 derives the interest rate
estimators, Section 4 derives the dividend yield estimators, Section 5 provides a description of the
data used, the empirical results obtained, and a discussion of the results; and, Section 6 concludes.

2. Preliminaries

2.1. Put-call parity
The put-call parity is a simple no-arbitrage relationship that exists between the prices of European call
and put options on the same underlying asset with the same strike price and time to expiration.

Let St denote the prevailing underlying security price at time t, where, 0 < t<T and T is the option’s
maturity date. Further, define C(t, T,S:) and P(t, T, St) as the prices of European call and put options on
the underlying security, S, at time t with maturity T, respectively. At maturity, T, the payoff from a long
and a short position in the call is given by max(Sy — K, 0) and min(K — St, 0), respectively; where, K is the
strike price and St is the (spot) price of the underlying at maturity. The corresponding positions in the put
have payoff max(K — Sr,0) and min(St — K, 0) see, Hull (2018).

Consider a portfolio consisting of a long position in a call option and a short position in a put option and
assume that both options have the same strike price and time to expiration, = T — t. The total cost of
setting up this portfolio at time t is C;7 — P:r, where, for ease of notation, C;7:=C(t,T,S;) and
Pir:=P(t,T,S;). At expiration, if Sr>K, the call is exercised and the put expires worthless resulting in
a payoff (from the long call) of St — K. On the other hand, if Sr<K, the put is exercised and the call expires
worthless and the payoff (from the short put) is St — K. In either case, the portfolio has payoff St — K at
maturity. Thus, the value of the portfolio at time t is simply the present value of this payoff discounted at
interest rate r; 7, that is, Sy — Ke™"t77.

Assuming that the security does not pay dividends, and in the absence of arbitrage, the
following (cf. Stoll (1969)) should thus hold,
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Ct‘T — Pt‘T =5t — Ke"”f, (1)

where r; 7 is the continuously compounded interest rate over z.

For the dividend paying case, one has to account for (discrete) dividend payments by subtracting
the present value of dividends paid out during the life of the option from the index price,* see, for
example, van Binsbergen et al. (2022), and references therein. By letting Q;r denote the present
value of dividends, we thus have

Cir — P = (St — Qi) — Ke™'7, (2)

Assuming that the index pays a continuously compounded dividend yield é&; r, equation (2) can be
reformulated to

Cf‘T - Pt‘T = Steiét'rr — KeinTT. (3)

Remark 1. Rearranging Equation (1) to Py 7 — C;r = —S; + Ke™" is akin to reversing the positions in
the original portfolio, that is, hold a short position in the call and a long position in the put. The cost
of setting up this portfolio at time t becomes P;; — C; . At expiration, if St>K, the call is exercised
and the put expires worthless resulting in a payoff (from the short call) of K — Sy. On the other
hand, if Sr<K, the put is exercised and the call expires worthless and the payoff (from the long put)
is K — St. In either case, the portfolio has payoff K — Sy at maturity. Thus, the value of the portfolio
at time t is simply the present value of this payoff, —S; + Ke="17.

2.2. The box spread option trading strategy

Suppose there exist call and put options with the same expiration date but with two different
strikes K1 and K; with K,>Kj. Let Cx, denote the prices of the call option with exercise price K; and
define Cg,, Px,, and Py, in a similar way.

Consider the box spread trading strategy: purchase a bull call spread (buy one call with strike
price K; and write one call with strike price K;) and purchase a bear put spread (buy one put with
strike price K, and write one put with strike price K;). The total cost of setting up this strategy at
the outset is Cx, — Cx, + Pk, — Px,-

At expiration, if Sr>Kj, the bull call spread is exercised and the bear put spread expires worthless
resulting in a payoff of K; — K1. Also, if Sr<K1, the bear put spread is exercised,’ the bull call spread expires
worthless, and the payoff is again K, — K;. Finally, if K1 <Sr<Kj, the bear put spread has payoff K, — St
and the bull call spread has payoff Sy — K. Again, the total payoff is K, — K. Thus, the payoff from a box
spread at maturity is always K, — K1, independent of St. The value of a box spread is therefore the present
value of this payoff, that is, (K, — K1)e~"t7%; (cf. Ronn and Ronn (1989) and Hull (2018)).

In the absence of arbitrage, the following relation (cf. Ronn and Ronn (1989)) therefore holds

Cx, — Ck, + Pk, — Px

CK1 — CKZ + PK2 — PK1 = (Kz — K1)e"”’ = (KZ — Kl)

1_ @it (4)

Remark 2. The box spread strategy (4) is also obtained as the difference between two put-call
parity equations with the same maturity but with different strike prices, K; and K,. With a slight
change of notation to conform to the immediate notation used in this subsection, Equation (1)
would therefore yield

Ck, — Pk, =St — K17, (5)
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Ck, — PK2 =5 — Kze”f’. (6)

2

And, Equation (4) is obtained as the difference (5)-(6).

2.3. The sloped asset position
The sloped asset position has been proposed by Soderbdck et al. (2022). The formulation of the
strategy follows closely to that of a box spread.

Consider the box spread trading strategy earlier. That is, purchase one call and write one put
both with same strike price K1, however, write % units of a call and buy % units of a put with strike
price K,. The total cost of setting up this strategy at the outset is (Cx, — Px,) — % (Ck, — Px,).

At expiration, the payoff for this strategy is always S — %Sr, which, as opposed to the box spread, is
dependent on the underlying security price at maturity. It follows that the price of this strategy at the
outset is simply the present value of the payoff—that is, the underlying asset price adjusted for dividends.

The following relation therefore holds (cf. S6derbdck et al., (2022))

K1

(CKl - PKl) K,

(Ck, = Pr,) = (St = Qe)(1 — %)

Rearranging yields,

K2(Cx, — Pry) — K1(Ck, — Py,)
Ky —Kq

= (St = Qur). )

And for the continuous dividend yield formulation,

K2(Ck, — Pry) — K1(Ck, — Py)

— —otTT
Kz — K1 = SieTh (8)

Remark 3. The sloped asset position (7) is also obtained as the difference between two put-call
parity equations with the same maturity but with different strike prices, K; and K,, where one
equation is obtained from buying (selling) one unit of call (put),

Cky, — Py, = (St — Qi) — K177,

and, the other, from buying (selling) % units of call (put)

K1

K i T
K_i (CKZ - PKz) = K_Z (St - Qt,T) —K,e fere,

3. Deriving the implied risk-free interest rate estimators

In this section, a framework for the derivation of the estimators from the results in the preceding
section is provided. Specifically, we note that option-implied risk-free interest rates can be
obtained either by a rearrangement of the put-call parity or from a box spread perspective.

3.1. Via put-call parity

Brenner and Galai (1986) proposed* an estimate of the implied risk-free rate by taking the mean
and median of the rates generated by a rearrangement of the put-call parity Equation (2) that
solves directly for the interest rate as
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_ K
9% =+ in (m) 9)

where t =T —t and S; = (S: — Q7). Similar estimators have been considered in the studies of Geck
and Kaserer (2021) and, for the continuous dividend yield formulation, in Naranjo (2009) and Golez
(2014).

A drawback to this estimator, one would note, is that one has to estimate the present value of
all dividends or yields to be paid or earned over the life of the option.

The box strategy overcomes this drawback as the resulting equation is independent of the
underlying asset price, see Equation (4).

3.2. Via the box spread strategy

Assuming zero transaction costs and accounting for the bid-ask spread, Ronn and Ronn (1989)
obtained the implied risk-free interest rate by rearranging Equation (4), resulting in an estimator of
the form

Ky —K
RR _ -1 2 1
for =* '”(ckl — Cx, + P, —PKl)'

As noted before, this estimator is independent of the underlying asset price as only a pair of option
prices with matching strike prices is needed at a time.

(10)

3.2.1. Extension to multiple strikes

Suppose there exists another strike price K3>K,>K;. A box spread could be created from three
possible strategies: a combination of options with K; and K5; K; and K3; and, K, and K3 strike prices.
The three resulting equations are as follows: in addition to Equation (4),
CK1 - CK3 +Px, — Pk, = (K3 — Kq)e e and CKz — CK3 +Px, — Px, = (K3 — Ky)e "vr". By Equation (10),
each of the three combinations will thus yield an implied interest rate.

Increasing the number of strikes increases the number of strike pair combinations substantially.
For instance, for Kys>--->K3>K,>K;, there are 300 possible strike-pair combinations implying
a similar number of implied rates. An estimate for the implied rate is obtained by either taking
the median or the mean of these extracted rates. Taking the median, one would note, is analogous
to the slope estimation under the Theil-Sen estimator.

This result, for the general case K;<K,<K3<--- <K, resulting in Qn) :M implied rates, is
provided in the study by van Binsbergen et al. (2022), whose work ‘can be thought of as an
extension to the works of both Ronn and Ronn (1989) and Brenner and Galai (1986), in that, a
natural estimator from the box spread strategy — which eliminates the need for a dividend strip
correction — is obtained.

Suppose there exists a set of call and put options data (with n observations) with the same strike

price and time to maturity. For each i (for i=1,2,...,n), and with a slight change of notation,
Equation (2) and Remark 1 yield

Pitr — Cier = (Qer — St) + Kie 7. (11)

At each time t and for each maturity T, van Binsbergen et al. (2022) and Desmettre et al. (2017)
considered the regression line’
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P —Ci=a+pKi + &, (12)

where the generic value of the slope is equal to g = e™"7* and the intercept by a = (Q¢1 — St).

Consequently, the implied continuously compounded risk-free interest rate at time t for maturity
Tis

~In(p)

T

T = (13)

3.3. Slope estimators

We now look at some estimation techniques for # and the resulting implied rates from equation (13). We
consider three estimation techniques: the ordinary least squares (OLS), the Theil-Sen, and the repeated
median.

3.3.1. Estimator 1: Theil-Sen
At each time t and for each time to maturity z, we compute all ”“’T’l) slopes of the lines connecting

each pair of points (K;, (Pi.r — Cit7)) and (K;, (P;.r — Cjt7)), Where, Ki#K;. That is,

ij _ (Pier = Cirr) — (Pier — Gier)

tT Ki _ KJ : (14)

We can visualize these /}’tT’s values as the elements in the n x n symmetric matrix, B, having no
entries in the main diagonal. If we impose the condition that Ki>K; Vi,j s.t. 1 < j<i < n, then we are

simply specifying the M elements below the main diagonal of matrix B with i rows and
j columns.

The Theil-Sen estimator of 3 is obtained as the median of these elements,

B — medi ioj 15
Prs r?g<i'§c’nn B, (15)
where if @ is odd, the median is the (m + 1)-th observation of the ordered slopes and, if even,
the median is the midpoint of the m-th and (m + 1)-th observations, where, m = M

The implied continuously compounded risk-free interest rate at time t for maturity T is therefore

iy = M (16)

Our derivation slightly differs from the approach in the study by van Binsbergen et al. (2022), but it yields
similar results. From a trading perspective, we note that every element in matrix B represents a box spread
strategy, where the constituent options are formed from the strike pair K; and K. Thus, Equation (16) is
interpreted as the return earned on the trading strategy obtained as the median of the @ box spreads. If
n = 2, (14) corresponds exactly to the box spread strategy in (4).

3.3.2. Estimator 2: ordinary least squares (OLS)
Desmettre et al. (2017) and van Binsbergen et al. (2022) considered the ordinary least squares
approach—which entails determining the values of a and g that minimize

f(a,p) = XA[(Pi — Ci) — (a+ BK))*. (17)
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Taking partial derivatives w.r.t. « and $, and equating to zero yields the normal equations

YiLl(Pi—C) — (a+pK)] =0 and  3Ki[(P — Cj) — (a + )] = 0.

Solving these equations gives the OLS estimators of the slope and intercept, respectively, as

. YLK —K) (P = C) —P—C)]

PoLs = ; — ; (18)
Zi:l(Ki - K)
aors =P —C — foisK, (19)
where

ﬁ:w and R:%,

The implied continuously compounded risk-free interest rate at time t for maturity T is therefore

rt-l_lg __ ln(TﬂOLS) (20)

Remark 4. ;s can also be obtained from B - the matrix containing the slopes ﬁ'tJT We note that,
whereas f;s is the median of the variables obtained by (14), s is a weighted mean of the same
variables with weights equal to (K; — Kj)z, see, in general, Sen (1968) and Dietz (1987). That is,

ij 2 (Pier=Cit1)=(Pier—Cier)
F Yj<i(Ki = ’9)2/)"{# Xj<i(Ki — Kj)* === I(,-—ij S 21)
oLS — =
(K — K)? YK — K)?

One can, therefore, interpret (20) as the return earned on the trading strategy obtained as the
weighted average of the M box spreads. For n = 2, this rate corresponds exactly to the return
on a (single) box spread strategy (4) since for 1 < j<i < 2 we simply have j=1 and i = 2, and, by

suppressing the sub-scripts related to time, (t, T), Equation (21) reduces to

Boys = (P, —C) — (P1 —Cq)
OoLS — KZ_K1 .

A similar result is obtained if equation (18) is simplified for the case n = 2.

3.3.3. Estimator 3: repeated median

The repeated median approach by Siegel (1982) is a variant of the Theil-Sen estimator with
a greater robustness against outliers. The repeated median slope estimator is obtained as the

median of the row medians of the matrix B, or equivalently, by the symmetry of B, as the median
of the column medians. That is,

Bru = median{median Y},
J i#) '
where ﬂi’.jr is as defined in (14).

The implied continuously compounded risk-free interest rate at time t for maturity T is therefore
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w _ = In0m) (22)

r
t, -

From a trading perspective, (22) is interpreted as the return earned on the box spread obtained as
the median of the median of the row (or column) box spreads in matrix B. As with previous
estimators, if n =2, the implied rate corresponds exactly to the return on a box spread strat-
eqgy (4).

4. Deriving the implied dividend estimators

In this section, a framework for the derivation of the dividend estimators is presented. We note
that the implied dividend can be obtained either by a rearrangement of the put-call parity or from
the sloped asset position of Soderbdck et al. (2022).

We consider two formulations: the implied dividend yield and the present value formulation.

4.1. Via put-call parity

Studies on dividend estimation using options have mostly focused on the estimation of the present
value of dividends Q:r. Under this formulation, one approach, see, for example, van Binsbergen
et al. (2012) and Golez and Jackwerth (2022), entails a rearrangement of the put-call parity
relation (11) as

Qtr =Pigr — Cigr + St — Kie™"t". (23)

For a given maturity and for each i (fori=1,2,...,n), the RHS of Equation (23) returns a value. One
can thus estimate the present value of dividends to be paid out during the life of the option by
taking the median of the resulting prices, having assumed an appropriate interest rate or a proxy
for r 1.

For the dividend yield formulation, assuming that the index pays a continuously compounded
dividend yield &7, Equation (11) can be reformulated to

Pitr —Citr = —Sie70r 4 Kje tre. (24)

Rearranging yields

b1 = — I (Ci,t‘T —Pier+ Kiefnﬂ)‘
T St

An estimator for the dividend yield is thus obtained as the mean or median of the resulting yields.

A drawback to this estimator (under both formulations) is that one has to first estimate the interest rate
re7. For instance, in the present value formulation, van Binsbergen et al. (2012) used the zero-coupon
interest rate in their estimation, whereas Golez and Jackwerth (2022) used the option-implied interest rate
estimates as derived in the study by van Binsbergen et al. (2022). With regard to the implied dividend yield,
Golez (2014) used a combination of the cost-of-carry formula for index futures and the put-call parity for
index options—using the former to solve for the implied interest rate which is then plugged into the latter to
give the implied dividend yield.

The sloped asset position (7) overcomes this drawback as the resulting equation does not require
an interest rate specification.
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4.2. Via the sloped asset position
By rearranging Equation (7), we can estimate the present value of dividends via

Ky (Pe, — Ci.) — Ka(Px, — C
Q= 2P =t =1l — ) s, (25)

and the implied dividend yield by rewriting Equation (8),

7_1 KZ(CKl_PKl)_Kl(CKz_PKZ)

Ot = . ln( S Ky) (26)
—,1 71,K2(PK1_CK1)_K1(PK2_CK2)

- Tln( St (K2 — K1) ' (27)

4.2.1. Extension to multiple strikes
Suppose we have three strike prices: K;<K,<K3. By taking an option pair at a time, three

sloped asset positions are possible, implying a similar number of dividend estimates.

Extending this to n different strike prices indexed by i=1,2,...,n, we obtain @ sloped

asset positions. A dividend estimate is then obtained either as the median or the mean of
these values. Such estimations are analogous to the intercept estimation of the regression
model (12).

Consequently, the need for a separate interest rate estimation is eliminated as the dividend and
the interest rate are simultaneously estimated via the intercept and slope parameters of the
regression model, respectively.

From (12), the present value of dividends to be paid out during the life of the option is,

Qtr =a+ 5t (28)

For the continuous dividend yield formulation, from (24) and by (12), the implied dividend yield at
time t for time to maturity 7 is

S ——Eln R
tT = z S, al,

where from our model specification @<0.

It follows that one can therefore infer the dividend yield from the present value of dividends or
vice versa.

Rewriting (11) and (24), we have

Pit — Cier —Kie ™" =Qur =S¢ and  Pier — Cier — Kie 7" = —Sie ™,

= Qur—St=—Sie .

Therefore,
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ot = 7%”" (@) and Qur = St(1— 7). (29)
t

By this relationship, and to avoid repetition, we focus on the dividend yield estimation.

4.3. Intercept estimators
Here, we formulate the corresponding intercept estimators and the resulting implied dividend
yield.

4.3.1. Estimator 1: Theil-Sen
At each time t and for each time to maturity 7z, we compute all @ intercepts for each pair of
points, where K;#K;. That is,

Ki(Pitr — Gir1) — Kj(Pier — Cit1)

s : (30)

ijo_
T =

We can visualize the ai’_jT’S as elements in the n x n symmetric matrix, A, having no entries in the
main diagonal. For Ki>K; Vi, j s.t. 1 < j<i < n, we are simply specifying the :1(an1) elements below the
main diagonal of matrix A with i rows and j columns.

An estimate of « can be obtained as the median of these elements,®

ars; = median o, (31)
1<j<i<n ’

where if M is odd, the median is the (m -+ 1)-th observation of the ordered intercepts and, if

even, the median is the midpoint of the m-th and (m + 1)-th observations, where m = @

The implied continuously compounded dividend yield at time t for maturity T is therefore

1 1
oy = _;l“<—5—t'(lm), (32)
where ays1<0.

4.3.2. Estimator 2: ordinary least squares (OLS) -
Under the OLS estimation, ag;s is the weighted mean of the intercepts a'th with weights equal to

(K; — K;)*. That is,

ij 2 Ki(Pje7=Gier) —Ki(Pier—Cier)
Btk — Kty _ Tyalki ) R SR

(33)
Y<K — Kp)? ¥<i(Ki — K))?

One can, therefore, interpret (33) as the return earned on the trading strategy obtained as the

weighted average of the @ sloped asset positions. For n = 2, this rate corresponds exactly to

the return on a (single) sloped asset position (27).

A simplified version of (33) is

éoLs =P —C — foisK,
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from which and by (28), Desmettre et al. (2017) provided an estimation of Q;r as

Q1 = aows + St.

Therefore, by (29), the implied continuously compounded dividend yield at time t for maturity T is

1 1 .
5p = *;ln (— S, OtoLs)7 (34)
where aos<0.

4.3.3. Estimator 3: repeated median
The repeated median intercept is estimated as the median of the row medians of the matrix A, or
equivalently, by the symmetry of A, as the median of the column medians. That is,

apm1 = median{median a7} },
j i%j ;
where a; is as defined in (30).

The implied continuously compounded dividend yield at time t for maturity T is therefore

1 1
5§¥ = —;ln(—s—t'flﬁ’m), (35)

where agu1 <O.

From a trading perspective, (35) is interpreted as the return earned on the sloped asset position
obtained as the median of the median of the row (or column) sloped asset positions in matrix A. As
with previous estimators, if n = 2, the implied yield corresponds exactly to the return on a sloped
asset position (27).

5. Data

5.1. Data description

Standard’ call and put option trades and quotes on the S&P 500 (SPX) index extracted from the
Cboe Options Exchange on four separate dates: 27 June 2022, 6 July 2022, 8 July 2022, and
19 July 2022% are used. Additional data for the benchmark risk-free rate and dividend yield
were acquired from the United States Department of the Treasury website and Nasdaq website,
respectively.

The raw option data is processed in the following manner. First, the lowest strike price is
selected from the first out-of-the-money (OTM) put with a non-zero bid price and the highest
strike from the first OTM call with a non-zero bid price. Second, as is standard practice, the
mid-value of the bid and ask prices is taken to be the value of the call (put). Third, bid and
ask quotes less than one dollar and obvious outliers (including cases where Cx <C and
Px,>Py, for Ki>K; Vij s.t. 1 <j<i<n) were excluded. Options with time to expiration less
than 1 month were also excluded.’

5.2. Parameter estimation

The resulting parameter estimates for the four data sets under the three estimation techniques are
presented in Tables 1, 2, 3, and 4.
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Figure 1. Comparison of esti-
mated option-implied risk-free
interest rates obtained via the
three estimation techniques
(OLS, TS, and RM) across differ-
ent maturities with treasury
yields.

5.3. Results and discussion

From the results in Tables 1-4, and for each data set and for each maturity, the correspond-
ing implied rates and dividend yields were computed. For comparative purposes with findings
in past literature, implied risk-free interest rates were then plotted on the same axis, see
Figure 1, with the treasury yields given in Table 5. Implied dividend yields are plotted in
Figure 2. Further, we plot in Figure 3 the annualized dividend yields for comparative purposes
with realized (historical) yields since the historical dividend yields are yields earned for
dividends over the last 12 months. We use the reported end-of-month yields from the
Nasdaq website, that is, 1.57% for the month of May 2022 and 1.64% for June 2022. As we
are comparing realized (backward-looking) yields to implied (forward-looking) yields, devia-
tions between the two are bound to be present. This can be seen in Figure 3, where the
dotted vertical line (representing the time to maturity of 365 days) cuts both the implied and
realized yield lines at different points. If dividends were known with certainty, then we expect
the implied yields to coincide with realized yields.
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The option-implied risk-free interest rates obtained—via the three approaches earlier
described—all yielded rates that were consistently higher than the treasury yield rates
consistent with findings in past literature, see Golez and Jackwerth (2022) and van
Binsbergen et al. (2022). For a detailed discussion on this convenience yield—the spread
between the implied rates and treasury yields—readers are referred to van Binsbergen
et al. (2022).

In the dividend yield estimation, the annualized implied dividend yields increase with time to
maturity, see Figure 3.

From Figures 1, 2, and Figure 3, and by the results presented in Tables 1-4, the robustness of the

repeated median is seen to be more pronounced even for heteroscedastic data compared to the
OLS estimator.
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Figure 3. Comparison of esti-
mated annualized option-
implied dividend yields
obtained via the three estima-
tion techniques (OLS, TS, and
RM) across different maturities
with historical S&P 500 index
yield.
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6. Conclusion

In this article, a simple no-arbitrage methodology allowing for the simultaneous estimation of
option-implied interest rates and dividend yields via a robust estimation method has been pro-
posed. The estimators for the slope and intercept are derived from first principles via the no-
arbitrage relationship, clearly demonstrating the link between the sloped asset position with the
intercept and the box spread with the slope. Using market options data, robust forward-looking
model-free estimates of the interest rate and dividend yield are obtained, with the robustness of
the repeated median estimator being more pronounced even for heteroscedastic data. The
characteristics of the option-implied risk-free interest rates and dividend information are consis-
tent with findings in past literature, such as Golez and Jackwerth (2022), van Binsbergen et al.
(2022), and Desmettre et al. (2017). Finally, these results point to a more informative approach in
extracting other relevant information content from the market prices of options. The extent to
which these option-implied rates and yields impact and compare with other “traditional”
approaches whilst extracting other information from market prices of options is subject of future
work.
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Notes

1. Assuming that ex-dividend dates and the associated
dividends are known with certainty for each of the
stocks in the index.

2. The long call with strike K1 has payoff S; — K; and the
short call with strike K, has payoff K, — Sr. The total
payoff is thus, K; — Kj.

3. The long put with strike K, has payoff K, — Sy and the
short put with strike Ky has payoff St — K;. The total
payoff is again, K; — Ki.

4. Although employing American options but correcting
for the possibility of early exercise.

5. Golez and Jackwerth (2022) considered a slightly different
regression: St 4+ P; — C; = Qe + K + &

6. We only consider the direct estimation approach (as in
(31)). Other intercept estimators exist that rely on the
Theil-Sen slope estimate, see, for example, Dietz
(1987). A common approach is often
ars; = medianofly; — rsxil, fori=1,2,...,n, where,
yi= P; —C; and X; = K;.

7. Options expiring on the third Friday of each month.

8. These dates were picked at random.

9. For these options, unreasonable estimates (negative
values) are obtained. In addition, treasury yield rates are
not available for maturities less than 30 days. Hence, for
comparative purposes, we chose to exclude the said
options.

< cogent -~ economics & finance
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