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Abstract

High-dimensional covariates often admit linear factor structure. To effectively
screen correlated covariates in high-dimension, we propose a conditional variable
screening test based on non-parametric regression using neural networks due to their
representation power. We ask the question whether individual covariates have additional
contributions given the latent factors or more generally a set of variables. Our test
statistics are based on the estimated partial derivative of the regression function of the
candidate variable for screening and a observable proxy for the latent factors. Hence,
our test reveals how much predictors contribute additionally to the non-parametric
regression after accounting for the latent factors. Our derivative estimator is the
convolution of a deep neural network regression estimator and a smoothing kernel.
We demonstrate that when the neural network size diverges with the sample size,
unlike estimating the regression function itself, it is necessary to smooth the partial
derivative of the neural network estimator to recover the desired convergence rate
for the derivative. Moreover, our screening test achieves asymptotic normality under
the null after finely centering our test statistics that makes the biases negligible, as
well as consistency for local alternatives under mild conditions. We demonstrate the
performance of our test in a simulation study and two real world applications.

Keywords: Neural networks, factor model, non-parametric regression, non-parametric tests,
functional of derivatives, high-dimensionality.



1 Introduction

1.1 Background

Variable screening is a powerful tool to expeditiously identify the set of predictors that
potentially affect the regression outcome (Fan and Lv, 2008). It can reduce a very large
number of predictors to a smaller and more manageable set. Then, on this reduced set, one
can apply some more refined but computationally demanding variable selection methods
such as Lasso, SCAD, Danzig selector (Tibshirani, 1996; Fan and Li, 2001; Candes and
Tao, 2007; Fan et al., 2020) and their non-parametric counterpart FAST-NN (Fan and Gu,
2023). Conditional marginal screening in parametric regression (Barut et al., 2016) further
augments the screening by conditioning on a known set of useful predictors to reduce the
impact of the correlations among the predictors, thus making the important predictors
more visible and reducing the false positive and false negative rates in the vanilla screening
method. Despite the aforementioned advances, conducting variable screening or selection in
non-parametric regression with high-dimensional inputs remains a challenge due to curse of
dimensionality, and deep learning offers a promising solution thanks to its ability to adapt
to unknown low-dimensional structures in multivariate non-parametric regression.

Deep learning has achieved tremendous empirical successes in numerous applications
(LeCun et al., 2015; Goodfellow et al., 2016), for instance, in high-dimensional problems
such as image recognition (Simonyan and Zisserman, 2015; Krizhevsky et al., 2017), deep
reinforcement learning (Mnih et al., 2015), and large language models (Kasneci et al.,
2023; Thirunavukarasu et al., 2023). There is now also a growing literature justifying
theoretically the benefit of depth in deep neural networks (Telgarsky, 2016; Yarotsky,
2017; Elbréchter et al., 2021) and their power in alleviating the curse of dimensionality in

non-parametric regression via algorithmic learning of unknown low-dimensional structures



within complex functions (Schmidt-Hieber, 2020; Kohler and Langer, 2021). Now being a
component of the standard toolbox for statisticians, deep neural networks may nevertheless
not be efficient if the dimension of the predictors is very high due to the fundamental
limit of multivariate non-parametric regression. Recently Fan and Gu (2023) proposed a
factor-augmented sparse throughput regression model that simultaneously leveraged the
aforementioned adaptivity of deep neural networks and a factor model on the predictors
to facilitate variable selection. To complement the variable selection effort in Fan and Gu
(2023), Dinh and Ho (2020), and Ho et al. (2023), in this paper, we investigate the issue
of conditional variable screening with deep neural networks when facing potentially very
high-dimensional inputs.

We will assess conditional contribution of a candidate variable for screening by examining
its partial derivative in the multivariate non-parametric regression function with a given
set of variables and construct our screening test statistics on the moment generating
function (MGF) of the smoothed partial derivative of the regression function estimator.
We chose a deep neural network as our regression estimator due to its aforementioned
algorithmic adaptation to the low-dimensional structure. Thus, quantifying and improving
the performance of derivatives of deep neural networks are integral to our study, and also
form an interesting topic of its own right given the importance of derivative estimation
in non-parametric regression across diverse research domains and practical applications
(Gijbels and Goderniaux, 2005; Rondonotti et al., 2007; Horel and Giesecke, 2020). Traditional
non-parametric derivative estimation in general follows one of the following three methods:
empirical derivative-type estimation (Miiller et al., 1987; De Brabanter et al., 2013; Liu and
De Brabanter, 2020), kernel/local polynomial-type estimation (Gasser and Miiller, 1984;
Fan and Gijbels, 1996), and series/spline-type estimation (Stone, 1985; Zhou and Wolfe,

2000). However, the first method heavily relies on the existence of an order among the



predictor samples and hence naturally applies when the predictor dimension is just one,
and the last two methods, just like their original regression estimation counterparts, suffer
from the curse of dimensionality problem when facing predictors of a moderate dimension.

Despite their deteriorated performances posed by high dimensionality, the traditional
derivative estimation methods are relatively amenable to theoretical analysis due to their
closed-form solutions. Excluding the empirical derivative method, which avoids explicitly
fitting a regression function, the closed-form solutions for the last two methods can be
attributed to the close connection between estimating the original regression functions and
their accompanying derivatives. For instance, in the kernel and the spline methods, a closed-
form derivative estimator can simply be obtained as the derivative of the original regression
function estimator (see, for instance, the discussion between Eqs. (2) and (3) in Zhou
and Wolfe (2000)). Thus, unsurprisingly, in these methods the quality of the derivative
estimation closely follows the quality of the original regression function estimation. However,
for deep neural networks, estimating the derivative of a regression function can be quite
different from the task on the regression function itself due to its smoothness.

Take for example any candidate regression function estimator m within the canonical
neural network class, precisely defined in (6) later, built from the popular ReLLU activation
function. The first order partial derivatives of m are necessarily piecewise constant due to
the piecewise linear nature of the ReLLU function, and the second order partial derivatives
of m are necessarily zero almost everywhere, irrespective of the underlying truth that the
function m may attempt to recover. Numerically, this is easily demonstrable through
standard software packages such as PyTorch. In addition, the first order partial derivatives
of m could exhibit convergence behaviors qualitatively different from the convergence
behavior of m itself as we will explain in Section 2.3. Such phenomena are in sharp contrast

to the traditional non-parametric estimators, and can in part be attributed to the features



of deep neural networks: they are highly non-linear and lack easily interpretable closed-
form expressions. Moreover, existing asymptotic results on functionals acting on deep
neural networks almost invariably assume some continuity of the functionals with respect
to their inputs. However, when such functionals in effect act on the derivatives of neural
networks, the assumed continuities could break down due to the aforementioned different
convergence behaviors of the said derivatives. We will explain and address this discrepancy

as we progress through the paper.

1.2 Our method and contribution

Our main contribution in this paper is a non-parametric conditional variable screening test
using deep neural networks when the ambient dimension of the inputs is potentially very
high. In addition to complementing the variable selection methods, our contribution is
also an advance over the aforementioned paper by Barut et al. (2016) in that we work
with non-parametric regression and our conditioning variables are not known in advance
but instead are extracted from the inputs with the help of the factor model as in Fan and
Liao (2022) and Fan and Gu (2023). We note that Horel and Giesecke (2020) has also
conducted screening test based on partial derivatives (in low dimensions). However their
study focused on single-layer neural networks, and hence does not benefit from the power
nor reveal the intricacies of deep neural networks in derivative estimation.

In addition to the general procedures outlined above, we also make the following

contributions which could be of independent interest:

1) We rigorously derive the size and power of our proposed test statistics employing
non-linear functionals of truly deep neural networks whose architecture can become more
complex as the sample size increases. For computational ease, we propose a simple variance

estimator whose properties we properly characterize. Our resulting test statistics are



straightforward to compute and sufficiently precise to accommodate local alternatives.
Moreover, we address the aforementioned continuity issue of functionals acting on the
derivatives of neural networks by proposing improved estimation of the said derivatives

which naturally leads to our next contribution.

2) We exploit the regression function algorithmically learned by deep neural networks in
order to recover high-quality derivative estimation. To achieve this goal, we employ a
smoothing technique on deep neural network estimators to regularize their derivatives.
Moreover, out method is applicable to regularize the derivatives of alternative machine
learning techniques, thus paving the way for their application in derivative estimation. Last
but not least, although we focus on (conditional) marginal screening in the present paper,
our method can be generalized easily to test higher-order effect and variable interaction

using higher-order and mixed derivatives respectively.

Through simulation studies, we illustrate the favorable size and power performance
of our test statistics, and the benefit of the smoothing operation in generating accurate
derivative estimators. We also highlight the potential of our test statistics as a viable tool

for model specification in nonlinear factor models via two empirical applications.

1.3 Notations, conventions, and manuscript organization

Let N denote the set of positive integers. For a vector v = (v1,...,vq)" € R we let
Iv], = (¢, [0s]?)? be the £, norm of v. For a matrix A = (a;x)1<j<i.1<k<m € RZ™, we
define the operator norm Ao, = maxyerm:|vj,—1 [AV[2. We let C denote an (absolute)
constant that may change for each occurrence, and let “<” denote an inequality that holds
up to such a multiplicative factor C'; moreover, let ¢, C' and M with super/subscripts denote
constants with particular (though often non-specified) values. Limits are taken as n — oo

unless otherwise stated. For positive number sequences (a, : n = 1) and (b, : n > 1), we
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denote a,, < b, if there exists a positive constant C' such that a, /b, < C (for all n), and
denote a, = o(b,) (resp. a, ~ b,) if a,/b, — 0 (resp. a, < b, and b, < a,). We use
“—4" to denote convergence in distribution. Finally, let | - |z, = | - [1,(p) denote the Lo
norm of the argument function with respect to the measure P to be formally introduced in
Section 2.1, so | f[z, = {§ f?dP}!/2. Sections in the supplement are labelled alphabetically.
We organize the remainder of our paper as follows. Section 2 specifies our regression
model and screening test, and develop our derivative estimators and test statistics. Section 3
depicts the accompanying theoretical properties of the derivative estimators and test statistics
from Section 2. Section 4 presents a simulation study. Section 5 applies our test to an
empirical example in asset pricing and another in macroeconomics time series. Section 6

concludes and suggests several extensions. Additional results for the empirical application,

proofs and supporting details are deferred to the supplementary materials.

2 Derivative estimator and test statistics

2.1 A conditional screening test through latent factors

Our screening test aims to tackle the high-dimensional regime where the ambient dimension
d of our observed predictors X € R? can increase with the sample size n. Even with the
remarkable capacity of deep neural networks to represent complex functions, our task is
still infeasible if d grows too fast. To address this issue, we assume that X admits the

following factor model (Fan and Gu, 2023):
X =BF +u, E(u|F)=0, (1)

where F € R" is a vector of latent factors, B € R¥" (usually d » r for the high-dimensional
X)) is the factor loading matrix, and w is the vector of the idiosyncratic noises. We let

(Y, F, X)) have joint distribution P which also determines the distribution of w by (1).
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The conditional marginal screening is to see whether a component X; of X has additional
contributions to the response variable Y given F. Assume that (Y, F, X) is a R x [—b, b]" ¢
valued random vector. Then, the problem involves the working regression function mg(-) :

[—b,0]""! — R defined through

Y =mg(F,X;)+¢ where mg(F, X,) =E[Y|F, X;,]. (2)

The additional contribution of variable X is measured through the partial derivative

mog = mo;(f,2;) = -mo(f, ;).

We impose a blanket notational convention that a function with subscript j denotes the
partial derivative with respect to the last argument, which will almost always be x;, while
keeping the other argument (in this case, f) fixed. Then, to examine whether X, has

additional contribution, we propose the null and alternative hypotheses

H, : for all f,z; € [~b,b]"™, mg;(f,x;) =0, against (3)

Hp, : for some f,z; € [—b,b]"*!, we have mq;(f,z;) # 0. (4)

The function my is akin to E[Y|X;] in condition C in Fan et al. (2011) on unconditional
non-parametric screening, but here we exercise finer control over the potential role of X;
by introducing f in my = mo(f,z;). Note that working with mg involves estimating the
latent factors F', which will be discussed in Section 2.2. By Remark A.1 in the supplement,
the screening hypotheses for X; in (3) and (4) are also equivalent to a significance test
for the j-th idiosyncratic term ;. We deliberately avoid working with the full conditional
expectation of Y, namely m(F, X ) = E[Y|F, X], because this is likely infeasible if the
dimension of X is too high without additional structure. In contrast, the total number
of variables  + 1 in our working regression function m, and its derivative my; is much

less than d, which allows us to circumvent the problem of testing a potentially very large



number of coordinates of X simultaneously (Fan and Gu, 2023). Nevertheless, our model
retains its validity even when the regression outcome Y involves more coordinates of X,
as we will explain in Remark A .2.

Although we shall focus on the high-dimensional X case with growing d, our screening
test also easily accommodates the low-dimensional X case, as we will comment in Section D.1.
At the other end of the spectrum, our findings can be generalized to testing X over a fixed
or expanding set of coordinates that form a subset of {1,--- ,d}, as we will briefly outline

in Section 6.

2.2 Initial regression estimator through diversified projection

We focus on multi-layer feed-forward neural networks that are fully connected between
adjacent layers (Anthony and Bartlett, 1999, p. 75). In this paper we exclusively consider
the Rectified Linear Unit (ReLU) activation function defined as o = ogery(z) = max{z, 0}
due to its widespread popularity (Goodfellow et al., 2016, Section 6.1).

For now, we consider neural network functions with a generic input dimension d. We
finalize the structure of our neural networks by specifying the tuple (L, k) where L € N
represents the number of hidden layers and the width vector k = (d, k1, ...,k k1 = 1) €
NE£+2 gpecifies the number of nodes (i.e., neurons) in each hidden layer and the input /output

dimensions. More precisely, such a neural network function f : R? — R with architecture

(L, k) is given by
fl®)=Lry1000LL 00 10 0Ly00;0Ly(x); (5)

here Ly(z) = wyz+by is an affine map with weight matrix w, € R¥**e—1if { > 2 w, € Rk1xd
and bias vector b, € R*, and the function 7, : R¥* — RF applies the ReLU activation
function o entry-wise. Additionally, we will truncate the (univarite) output of f at a pre-

specified constant level M > 0 with the truncation operator Ty, (z) = sgn(x) min{|z|, M }.
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We denote such a collection of truncated f by JF,(d) where for brevity of notation we only

retain the dependence on the input dimension d:
Fuld) = {Tn(f) : [ is of the form (5) with L hidden layers and width vector k},  (6)

where both L and k can scale with the sample size n.

Next, we address the latency issue of the unobserved factor F'. For a given diversified
weight w € R, Fan and Liao (2022) note from (1) that within the projection w? X, the
projected idiosyncratic terms w”u will be negligible in high-dimension due to the law of
the averages, so w! X yields an approximate linear combination of F. To yield r factors,
we need at least r projections. Since r is unknown, one specifies an upper bound 7 of r.

Let W € R¥7 be a pre-trained diversified projection matriz as termed by Definition 3

in Fan and Gu (2023), and let H=d 'WTB e R™". Then, by (1), we have
F=d"'"W'X =HF +d"'Wu~HF R,

by the law of the averages. Hence, H'F ~ F under some appropriate conditions, where
H is the pseudo-inverse of H. We call F as the diversified factor, which is observable
and a proxy of the latent factor F'. In practice, acquiring W in advance is necessary,
either through domain expertise or data-driven methods. For instance, Proposition 1 in
Fan and Gu (2023) proposes estimating W via pretraining, where a tiny portion of size
approximately log(n) of the samples is reserved to extract the top 7 principal components in
order to construct a W that will satisfy Assumption B.2 with high probability. Henceforth
we shall assume that W is pre-determined, exogenous and fixed.

With the proxies of the latent factors, for each given j, the coordinate of the candidate
variable for screening, we can compute {Y;, ﬁ;, X ;}?, based on the observed data, where

ﬁ’i = d'WTX,. Then we fit the neural network regression

A~ .

n = IGMIM e r (741) %Z?ﬂ{yi - g(F, Xi,j)}2 = argmingcr 1) P.l(5 9) (7)
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where ((y, f, zj:9) = {y— g(f, z;)}? is the square loss and P,, is the empirical distribution.

Intuitively, g, is a neural network estimation of

Jdo = go(ﬁ 353') = mo(HTfa%‘)- (8>

Indeed, Lemma .2 shows that gy approximates mg well.

2.3 Initial test statistic and its improvements

To test our screening hypotheses (3) and (4), we start from g, ;, which by the convention
in Section 2.1 is the partial derivative of g, in (7) with respect to x;: @m(f, x;) =
0§n(f, x;)/0x;. Now, g,; can be regarded as an estimator of the derivative mg ;. We

then consider the following initial MGF /exponentially tilted test statistic:

nt(/g\n) = Pn{eXp(t ,g\n,j) - 1}' 9)

Partly owing to the fact that a MGF uniquely characterizes the distribution of the underlying

random variable (specifically when considering the MGF over an interval including zero),

MGF-based tests are popular in the literature (Epps et al., 1982; Baringhaus et al., 2017).

For instance, they have been extensively employed in testing (multivariate) normality

(Ebner and Henze, 2020). Under the null hypothesis Hy : mg; = 0, we expect g, ; to

be close to zero and so 1,(g,) is also centered around zero.

To enhance the quality of both the derivative estimator g, and the test statistic 7,(g,),
we will further conduct the following refinements sequentially:

(a) Smoothing. As already alluded to in the introduction, in derivative estimation, the
straightforward plugin estimator g, ; derived from g, in (7) may perform poorly due
to irregularities of the neural network functions. For example, for the L-time iterated
sawtooth function (; (see Lemma 2.4 in Telgarsky (2015) and Figure E.1) which is

implementable by a neural network of no more than L hidden layers and three nodes
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per layer, we have |1z, = C2%(¢L||.,, which implies that the quality of derivative
estimation can become significantly worse than that of regression function estimation
as the depth L increases, a regime precisely of interest for deep neural networks. This
phenomenon results from the increasingly oscillatory behaviour of the neural network
functions as the depth increases, and hence is not tied specifically to the ReLLU activation
function. To address this issue, we will refine the initial estimator g, ; to obtain a
smoothed derivative estimator g ;, which will allow us to recover a faster convergence
rate; see Theorem 3.1 and Theorem 3.4; this will in turn address the continuity issue
arising from second-order terms in our MGF' test statistics acting on the derivatives
of neural networks. Throughout this paper, we adhere to the convention that the
superscript “s” in upright font denotes the smoothed variant of the preceding function.
We will provide more detailed calculation for our observation on the sawtooth function
and more comprehensive rationale behind the smoothing operation in Section A.4.

(b) Centering. We must further refine the initial g ; to arrive at g, ; in (14) in order to
center our test statistics. This debiasing step is analogous to the concept of targeted
machine learning in the literature (van der Laan et al., 2011; van der Laan and Rose,
2018), and also relates to other research on debiased machine learning (Quintas-Martinez
et al., 2022; Kennedy, 2022). However, we will justify this refinement step independently
without directly referencing the targeted/debiased machine learning literature.

(c) Truncation. To treat the technical possibility of the unboundedness of g, ;, we will
truncate Efw- appropriately in our final test statistics.

(d) Uniformity over t. We will extend the fixed-¢ statistic to the statistics aggregated
over a range of ¢ to enhance the power of the test (Fan et al., 2001, 2015).

We focus solely on the smoothing step (a) in this section, and will introduce step (b)

in Section 2.5, and both (c¢) and (d) in Section 2.6.
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We first describe the smoothing operation applied to a generic function g : R™ —
R (or analogously m : R — R). Let K be a univariate continuously differentiable
kernel supported on [—1,1] with derivative K. Then, for the generic function ¢, denote
its smoothed version in the variable z; by ¢° = gs(f, xj) = Sg(f, 2)Kp(x; — 2)dz, where
Ky (-) = K(-/h)/h with a bandwidth parameter h. Now, the smoothed function ¢° becomes

differentiable in z; everywhere with the partial derivative given by

gj(ﬁ rj) = (393] ¢ (f.z)) = S?f,};g(f 2) Ky (z; — 2)dz = %Sl_l 9(f,x; — ah)K(a)da. (10)

Accordingly, we let our initial smoothed derivative estimator based on g, be g; ;. In
practice, we can select the bandwidth A through cross-validation; see our Remark A.4.
See Figure [.2 for the performance of the smoothed derivative estimator across varying

bandwidths in a simple, low-dimensional example detailed in Section D.2.

2.4 Estimating the score function

To test the screening hypotheses (3) and (4), we proceed to estimate the score function
corresponding to the statistic 77(g,) = Pn{exp(tg; ;) — 1} now refined over (9). This
score function af, : R™' — R satisfies, under the null and for any L,(P)-integrable «,
the equality {acj,dP = {, « f z;)dP, where o5 is the smoothed derivative of o and

= {w e Q: X;(w) € B} is the interior sample space corresponding to the interior
set B, = [~b+ h,b— h]. (Such an of, exists because it is the Riesz representer of

the directional derivative functional of our test statistic, as we will formally explain in

Section 3.2.1.) Therefore, the mean-square error (MSE) can be expressed as

E(a — af,)*(F, X;) = E&*(F, X;) — 2E(aa},)(F, X;) + Ea%(F, X;)

I pa2(F ) - 2, a3(Fa)dP + Eaf2(F, X;), (11)

13



Discarding the last term E[a;i(f‘,Xj)], which does not depend on «, the MSE can be

estimated by the empirical loss

Rpti(a) = 5 205 0*(F, Xig) = 23 Ve, o5(Fy, Xij), (12)
where 7, = {i € {1,...,n} : Xj; € By} is the interior index set. Hence, we estimate o, by
an = argminae]-—n(?-‘rl) ﬁgull(a)’ (13>

which is a neural network estimator of the score function.

We tailor the loss function R™! and the estimator &, to the null hypothesis (3). One
notable computational advantage is that }A%j;“u and hence @,, are independent of both the
response and the value of ¢: A single optimization suffices to yield @, for all . However,
the potential trade-off is a bias of @, with respect to «af, induced under the alternative
hypothesis, which will be characterized in Theorem 3.2. Numerically, computing the right-

hand side in (12) is straightforward, as detailed in Lemma A.2 in the supplement.

2.5 Centering test statistics

Our refined statistic 77(g,) needs to be further centered to ensure asymptotic normality.
To achieve this, ideally we adjust g, in the direction of the score function of,, to attain a

smaller loss than in (7). With the estimate &, of of,, given by (13), one naturally uses
Tn = Gn + Ouin (14)

to arrive at a debiased statistic 7;(g, ), where

~ ~

b= ot S {Y,» — Gn(F, Xi,j)} an(F, Xij) (15)

S a2 (FLX

is chosen to minimize P, ¢(-; g, + 6:Q,), as derived in Section C.3. We can interpret this

update step as a form of the targeted machine learning (van der Laan and Rose, 2018)
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specialized to our deep neural network context. In Section 3.3 we will show that g, indeed

satisfies an approximate minimization condition: for an infinitesimal stepsize iy,
]P)ng(; \g/n) - Pn£(7 gn + 7,inf,nOCZin) < 7,inf,nbn (16>

for a small tolerance b,,. This will in turn center our test statistics.

2.6 Final test statistic and its uniform extensions

To alleviate the technical possibility of the unboundnessed of our derivative estimator, we
let ¥ : R — R be a bounded truncation function that also satisfies Assumption B.5; we
provide an example of such a truncation function below the assumption. We then define
the final (fixed-t) test statistic to be 7;(g,) where the operator 77(-) acts on functions

g:R™ S R as

T(9) = L g, [expft (g3 (B X))} — 1] (17)

Its standard error is estimated as ¢[ed, | Lye,) = D0 {€dn (E, Xi;)}2/n]"?, where & =
Y; — §o(F}, X;) is the i-th residual. This leads to a level-av test of the null hypothesis (3)

with the critical region

\/7 m gn

> Zi_qa 18
‘€anullHL “l-a/2 (18)

where 21_q/9 is the 1 — /2 quantile of a standard normal distribution; the choice of this
critical value is supported by the first part of (33) in Theorem 3.5.

To increase the power of our test, we aggregate the ensemble of test statistics 777(g,)
over a range of t. We consider two types of aggregation: a sup-statistic and an integrated
weighted square-statistic (or simply a square-statistic). In both cases, let 6 > 0 be a small
but fixed constant, let T" > ¢ be a potentially large but also fixed constant, and define
Ts = [-T,—6] u [0, T]. The two aforementioned aggregations of test statistics and their

associated critical regions are as follows.
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1) Sup-statistic:

A~

7= \/nsup Lgn) ,  with critical region: —— > Z_q)2- (19)
teTs HEO{TLHLQ(P'M)
2) Square statistic:
e o J ! (7(F2)} w(t)dt, with critical regi C >x2,_. (20
X =——| ={@G)} w ,  with critical region — XT1-a
S7:; wt)dt J 2" HEO‘HH%Q(M) o

where w is an integrable weight function such as w(t) = exp(—ft?) for a given 3 > 0,

and X%,l—a is the 1 — a quantile of a chi-square distribution with one degree of freedom.

The critical values are supported by the last two parts of (33) in Theorem 3.5.

2.7 Summary of proposed methods

The major implementation steps of our partial derivative estimation and conditional screening

test procedures in Section 2 are summarized in Algorithm 2.1.

3 Theoretical properties of estimators and tests

3.1 Initial regression and smoothed derivative estimators

We first collect the assumptions most relevant to the construction and rates of our estimators
gn and ?J\Z ;i we defer the more technical assumptions to Section B.l1. In particular,
Assumption 3.1 imposes mild conditions on the data generating processes, and Assumption 3.2

specifies the function class for my and its associated neural networks.

Assumption 3.1 (Data generating processes). (i) (F',X;) take value on the bounded
support [—b,b]" x [=b,b]; (it) The dimension T of the diversified factor F is a fived constant
and satisfies T = r; (iii) Regression function mi(f,x), defined below (4), is uniformly
bounded in magnitude by My, that satisfies My, < M for M the truncation level in (6).
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Input: Observed samples Y;, X; e RY, i e {1,--- ,n}, and an exogenous diversified
projection matrix W e R%*"; specification of the coordinate j for screening.
Result: Preliminary and refined regression estimators g,(-) and g,(-); their
smoothed derivative estimators g5, ;(-) and g, ;(+); @y (-), and test results.

1. Compute F, = d"'W'TX;, for all i € {1,...,n}.
2. Estimate the regression function mg in (2) by the neural network estimator g, from

(7). Conduct cross validation (see Remark A.4), or otherwise, to find a smoothing
bandwidth A.

3. Define the loss function R™U(.) as
R?LUH(O‘) = % Z?zl a2(E7 Xi,j) - 2% Zz‘eZh 042'(1*—12‘, Xi,j)?
which can be approximated via Lemma A.2, and let the estimator &, of af,, be

~ : pnull
Qn = argmlnae]—}(?-‘rl) Rn (Oé)

4. Return g, = g, + St&m where

~

b = e s S Y= (B Xig) (B X).

5. Let €t r,p,) be the standard deviation estimator of our test statistic 7;(g,) (with

77 from (17)); specifically, |€d, )z, @,) = [2 Z?Zl{a@n(ﬁ},Xm)}z]l/Q where

n

€6 =Y, — gvyn(ﬁ‘l, X;) is the i-th residual. Then, for a prescribed significance level
0 < a < 1, reject the null hypothesis (3) in our conditional screening hypotheses:

a) For the fixed-t test, if (18) holds;
b) For the sup test, if the decision rule in (19) holds;
c) For the square test, if the decision rule in (20) hold.

Algorithm 2.1: Partial derivative estimation & conditional screening test by deep

neural network
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Assumption 3.2 (Function class for mg and neural network scaling). Regression function

mq belongs to the hierarchical composition model H(r + 1,1,P,Cy) in Definition A.5

(Schmidt-Hieber, 2020; Kohler and Langer, 2021). The tuple (L,k = (F+ 1,ky,...,kr, 1))

for the structure of F,(T + 1) in (6) satisfies ky = --- = kp = ko for some ko € N and
51

L-Fky ~ n e log2<+1(n) where k is the dimension-adjusted degree of smoothness defined

above Definition A.5.

Assumption 3.3 (Idiosyncratic terms). The idiosyncratic terms u € R? satisfy Z;‘l:1 E[u?] <

d,, for d, < d and a weak dependence condition Y. ., |E[ujuj]| < d,.

j#5’ ~
In Theorem 3.1 we establish the convergence of g, —my for regression function estimation
and of g5 ; — mo,; for derivative estimation. The following rates will appear:

24;1 1
p — C n2n+1 log 2k+1

2(n), v, =n T logii(n), O = {Fd,/d*}> (21)

where ¢, is the constant appearing in (C.9), d, appears in Assumption 3.3, and df — 0
as d — co. Moreover, because the target of the smoothed derivative estimator gj ; is the

smoothed derivative mg ;, not mo ;, naturally a bias

oy = gy (my — oy 2ABYY2 = {5, (17, (o (£ 25 — 2) = mo (£, 2,)} Kn()dz]2a)

occurs. However, this bias vanishes under the null in (3) because there mg ; = 0 everywhere.

Theorem 3.1. Under Assumptions 3.1 to 3.3 and B.1 to B.3, for p,, v, and & in (21), on

an event Al with P(A]) = 1 — Cexp(—p,), and for a constant ¢, |, the initial regression

m,1’

function estimator g, from (7) satisfies

[§16.(F.2) — mo(f ) 12B] " < (4 60) = 7 (22)

In addition, its associated smoothed derivative estimator g, ; satisfies, on the same event

Al and with a possibly different constant c;, ,,

(50, 25 (Fo) — mo (28] < oh 400+ rmy (29)
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The proof of Theorem 3.1 is deferred to Section C.1. With the rate r,,, in (22)
for the regression estimator, the rate (23) for the smoothed derivative estimator follows
from Lemma A.4 that applies to the smoothed derivatives of all estimators. Next, the
rate 7, , consists of two parts: v, represents the combined effect of stochastic error and
neural network approximation bias, while d; represents the error induced by relying on
the diversified factors in place of the latent factors. Theorem 3.1 also covers as a special

example the low-dimensional X case in Section D.1 by simply setting ¢ = 0.

3.2 Estimating the asymptotic variance

3.2.1 Definition of the score function In this section, to complete our discussion in
Section 2.4, we formally introduce the score function o}, of our test statistics and the bias

of &, relative to af,. Define the population version of the operator 7;(g) in (17) as

M (9) = §, [exp{t (g5 (f, 7))} — 1]dP, (24)
and its associated directional derivative (in the direction v = v( f, z;))

91 (90) [v] = 01 (9o+7v)

dg oT 7_:0'

By (A.3) in the proof of Lemma C.4, @[U] /t is a bounded linear functional of v. Hence,
g

there exists a Riesz representer that becomes our of, and that satisfies %(ggo)[v] /t =

SvazndIP’ for all v (Conway, 1990, Theorem 3.4, Chapter 1). In particular, by (A.3), the

effect of af,, is captured explicitly as

§vag,dP = 1EEO ) = § exp{t U(g5 ;(F,2,))}0{gs,; (. 2;)}v3(F, 2;)dP

e g v (f, ;) dP. (25)

Because the loss B™! relies on the last step of (25), @, consistently estimates af,, under

the null, as confirmed by Theorem 3.2. However &, may not be consistent for o, under
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the alternative. Instead, it is not hard to show that it is consistent for a population limit
o which exists and satisfies {va2!'dP = SQ;L v3( £, z;)dP for all v. See the remark below
Eq. (A.3) for details.

To obtain an intuitive idea of what the Riesz representer o, could look like, assume
that ﬁ‘,Xj admit a joint density p( f ,x;) that is differentiable in x; with the derivative
being pj(f, z;). Then, by Lemma A.3, under the null hypothesis and in the limit A — 0,
a;n(f, xj) = —pj(f, a:j)/p(f, x;); in this case, if further F~’, X are jointly Gaussian on their

~

support, then of, (f,z;) is simply a linear function in f and z;.

3.2.2 Convergence rate for the score function estimator To ensure the rate of
Qp, our Assumption 3.4 mirrors our earlier Assumptions 3.1 and 3.2 for estimating the
regression function mg with deep neural networks and in particular imposes a hierarchical
composition model on ™! that takes the diversified predictors (ﬁ’,Xj) as arguments.
Then, Assumption 3.5 places a mild condition on the smoothing bandwidth. Asin Section 3.1,

we defer the more technical assumptions to Section B.1.

Assumption 3.4 (Function class and neural network scaling for estimating of,). The

null

nullwhen we restrict the support to [—cyb, cpb]™ x [=b,b] for a constant ¢, > 0,

function «
belongs to the hierarchical composition model H(T + 1,1, P,Cy) on the same support and

(without loss of generality) with the same l, P, Cy as in Assumption 3.2. The class F,,(T+1)

in (13) satisfies the same structural scaling as in Assumption 3.2.

Assumption 3.5 (Rate of bandwidth). The bandwidth h satisfies h = 1/(y/nvy,).

null

To characterize the bias of o]

with respect to «f, under the alternative, define the

random variable that represents the signal of the alternative as
Zign = [exp(t W{g,;(F, X;)}) — 1L{X; € By}. (26)

Note that Z, ;; always equals zero under the null hypothesis.
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Theorem 3.2. Under Assumptions 3.1 to 3.5 and B.1 to B.J, for p,, v, and & in (21),

on an event A, with P(A,) =1 — Cexp(—p,), and for a constant c, 1,

[g(an —amiy2(f, xj)dP] P < o + 67) A M = ol (27)

n a,n

null

Moreover, for a constant c, 2 not dependent on t, the bias of o,

relative to of,, is

~ 1/2
Vt e R) [S(anull - a;n)2<f7 ZE])d]P):l < Ca,Q(hilHZt,j,h”Lg N M) = Tatb- (28>

n

Consequently, on the event A,,
R - 1/2
Vte R, [S(an —aj ) (f, :Uj)d]P’] <A+ Tapb = Tagn- (29)

The proof of Theorem 3.2 is deferred to Section C.2. Compared with the rate (22) in
Theorem 3.1 for the regression estimator g,, the rates for the score function estimator a,,
mainly differ in two aspects: first, a factor h=! precedes v,, which is the consequence of
the smoothing operation in the loss function ﬁzgu“ in (12); second, under the alternative

hypothesis a bias h™"(|Z; j 4, in (28) is induced relative to af,,.

3.3 Centering and adjusted estimator

Recall from Section 2.5 that the adjusted estimator g, in (14) was introduced to center our
test statistics through a suitable minimization condition (16). In this section Proposition 3.3

first shows that a small gt is sufficient to arrive at g, that satisfies (16) with a small b,.

Assumption 3.6 (Centering test statistics). n is large enough such that (i) ci 1 (d¢+vyn/h) < 1
for a large enough constant ci1; (i) ciormn < 1 for the constant ¢,y in Proposition 3.3;

also, let the infinitesimal positive sequence Tingyn SAHISY Tintn = O(Tmnln)-

Proposition 3.3. Under Assumptions 3.1 to 3.6(1) and B.1 to B./, on an event Ay y with

P(A1) = 1 — Cexp(—py), for a constant ¢ 2, gt given by (15) satisfies |§t] < Ceolmn- If
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furthermore Assumption 3.6(ii) holds, then on an event Ay 2 with P(As o) = 1—Cexp(—py),

for a constant ¢, 3, condition (16) holds uniformly at allt € Ts andb,, = ctygrm,n(rg‘f}ll—i—ra’t,b).

The proof of Proposition 3.3 is deferred to Section C.3. In the proposition, under the

null
a,n

which is faster than n—1/2

null the tolerance b, = 7, ,7 under appropriate conditions
and will ensure the asymptotic normality of our test statistics. Under the alternative, b,
is not necessarily faster than n=/2, but is still fast enough to ensure consistency under the
local alternatives.

We will start working mostly with the adjusted estimator g, from now on. The next

theorem is the counterpart of Theorem 3.1 and shows that g, and its smoothed derivative

estimator g ; maintain convergence rates similar to the unadjusted ones.

Theorem 3.4. Under Assumptions 3.1 to 3.6 and B.1 to B.J, for p,, v, and 0 in (21),

on an event A, with P(A,,) =1 — Cexp(—p,), and for a constant c,, 1,

(516 (F ) — mo(F.2)32a8] " < coalvs + 8. (30)

In addition, its smoothed derivative estimator g, ; satisfies, on the same event A, and with

a possibly different constant ¢y, 2,

g ~ 1/2
[0, (70, (F.2) = mos (£, 2) PAP| < conah™ (v + 00) + i (31)

The proof of Theorem 3.4 is deferred to Section C.4.

3.4 Properties of the conditional screening tests

This section gives the result on the asymptotic null distributions of the test statistics. The

results for consistency against the local alternatives are given in Section C.6.
Theorem 3.5. Suppose that Assumptions 3.1 to 3.6 and 5.1 to 5./ hold, and in addition
condition (+) holds: & + h™2(v2 + 62) = o(n~Y?). Then, with T; and tests given in
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Section 2.6, we have

o 7 o2
for allﬂ:vedtefs,\/—ﬁM —q Z, —aq|Z], X

2
— 32
£ e, i (32)

ezt L, leanZ,

where Z stands for a standard normal random variable and x? is a chi-square random
variable with one degree of freedom. Moreover, we are free to replace ||ea™|r, in (32)

above by its empirical counterpart €y, |r,,) from Section 2.6, to conclude that

~ ~
Z_ 07— X
HE%HLQ(M)

for all fized t € Ty, WM —q Z,

2
teanae.) :

€00 L. )

The proof of Theorem 3.5 is deferred to Section C.5. The extra condition () in
Theorem 3.5 is natural due to the presence of the 4/n scaling factor in the our tests and
is mild. Note that if the bandwidth A is held as a constant, then condition (*) simply
reduces to oy = o(n""?), and v,, = o(n~"*) which is in turn implied by x > 1/2 for & in

Assumption 3.2 on the hierarchical composition model.

4 Simulation studies

In this section, we conduct simulations to assess the size and power of our conditional
screening tests across different scenarios. Recall that we summarize the implementations
of these tests in Algorithm 2.1. We consistently employ the Quartic/biweight kernel.

We choose t = 1 for the fixed-¢ test statistic, and simply set 75 = {—1.25, —0.5,0.5, 1.25}
in the sup statistic and the square statistic in (19) and (20) respectively. Then, we
implement the sup statistic in (19) as sup,q, |77} (n)|/t, and the square statistic as x5 =
B Y, AR (G)Y /£ (we take w(t) = 1in (20)).

We set d = 200 and d = 400 when n = 256 and n = 512 respectively, and the full
regression model as Y = m§(F, X1, X3) + €* (see m§ defined below (4)). To illustrate the

performance of our conditional screening test, we have designed mj so that a significant
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portion of its variation is accounted for by the factors. We further consider a nonlinear and

a linear model of m. Specifically, under the null hypothesis, we set:
nonlinear : mg(-) = m;("u”)(-) = sin(fy + u1) + log(8 + f2) x log(8 4 f3) + exp(—f7/2),

linear : m(-) = mé(nu”)(') =h—fotfa+fi—Ts
(34)

For our screening test, we always select X3 as the variable of interest. Accordingly, under

the alternative hypothesis we add signals in X3 to m;‘<”“”> above:

nonlinear : m*(-) = mi ™" () + X2/4, linear : mi(-) = m:™ () + X;3/16. (35)

The signal under the linear model is very weak and allows us to discern different test
settings. While the signal under the nonlinear model may not appear weak at first, here
the average derivative Emg; = 0, so detecting departure from the null critically depends
on the higher-order, nonlinear effect of our MGF test statistics. Under the nonlinear model
r = 4 while under the linear model » = 5. In both models we set 7 = r.

Under the nonlinear model, u; is incorporated for a richer structure that specifically
leads to the working regression function mg(F', X3) being different from the full regression
function m{(F, X1, X3) by design; see Remark A.2. We incorporate u; = X; — B1.F
instead of X directly because u; will be enforced to be independent of X3 under screening.
Moreover, under the null hypothesis, the selection of X3 is purely for clarity: under the
nonlinear model, we could conduct our test on any X, for any j € {2,...,d}, and under
the linear model, for any j € {1,...,d}.

For the high-dimensional predictor X in the factor model (1), the factor loading matrix
B is generated with i.i.d. Unif[—+/3, v/3] entries; the factor F' and the idiosyncratic terms
u both have i.i.d. N(0,0.6) entries. We further draw the noise as €* ~ N(0,0.3). The
quantities B, F', u and ¢* are all drawn independently. We pre-train W with samples of

size 100.
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We set the hyper-parameters for the neural network fitting as follows: for the regression
estimator g, in (7), we employ neural networks with L = 5 hidden layers, a common width
of kg = 16 per layer, and the ReLLU activation function. Training proceeds over 800 epochs,
utilizing a batch size of 256 and a constant learning rate of 0.005. For the score function
estimator @, in (13), we maintain the same neural network fitting parameters, except that
we set L = 2, batch size to 64 and the number of epochs to 400. We employ early stopping
as the only regularization technique, and terminate training if there’s no improvement after
20 epochs (patience = 20) on a validation set.

We conduct our tests at significance levels of either 5% or 10% under both the nonlinear
and the linear models, resulting in a total of four combinations summarized in Tables 1
to 4. In each table we present in alternating rows the sizes and powers (the latters in
parentheses) of the tests in (18), (19) and (20), and of the same tests but without centering
(that is, tests employing the non-adjusted estimator g, ), under different sample sizes. The
columns, arranged from left to right, correspond to the four different bandwidths. Each
entry is calculated based on 500 Monte Carlo repetitions.

We make a few observations from the results in the tables. First, centering generally
improves the size of our tests without affecting their power. Moreover, under the null,
sizes arrive at the nominal level if we further increase the bandwidth; this is especially
evident for the sup test, which naturally tends to reject more often (under both the null
and alternative). This shows the improvement of the power of the centered, smoothed test
compared to the initial test (9) if both tests are calibrated to have the same size. Of course,
if we increase h more than 1.5, we expect the biases will arrive under the alternative. In the
nonlinear case (Tables 1 and 3), the ensemble tests by aggregating various ¢ also outperform

the fixed-t test in power.
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h 0.1 1.0 1.5 2.0
Non-centered | 0.16 (0.67) | 0.14 (0.57) | 0.13 (0.56) | 0.12 (0.51)
fixed-t test
Centered 0.11 (0.69) | 0.10 (0.60) | 0.08 (0.55) | 0.07 (0.50)
Non-centered | 0.26 (0.97) | 0.21 (0.93) | 0.19 (0.92) | 0.18 (0.87)
sup test
n = 256 Centered 0.19 (0.97) | 0.16 (0.93) | 0.13 (0.91) | 0.13 (0.85)
Non-centered | 0.16 (0.86) | 0.14 (0.79) | 0.14 (0.74) | 0.12 (0.65)
square test
Centered 0.11 (0.82) | 0.09 (0.78) | 0.09 (0.70) | 0.09 (0.63)
Non-centered | 0.11 (0.88) | 0.10 (0.80) | 0.10 (0.77) | 0.08 (0.70)
fixed-t test
Centered 0.09 (0.88) | 0.07 (0.83) | 0.07 (0.76) | 0.05 (0.70)
Non-centered | 0.19 (1.00) | 0.16 (0.98) | 0.15 (0.97) | 0.11 (0.96)
sup test
n =512 Centered 0.15 (1.00) | 0.12 (0.97) | 0.11 (0.97) | 0.08 (0.95)
Non-centered | 0.12 (0.96) | 0.10 (0.91) | 0.09 (0.87) | 0.08 (0.85)
square test
Centered 0.08 (0.96) | 0.07 (0.91) | 0.05 (0.87) | 0.05 (0.86)

Table 1: Performance summary of our test statistics under the nonlinear model in (34)
(for size under the null) and (35) (for power under the alternative) at the significance level
5%. Specifically, we provide the size and power (the latter displayed in parentheses) of
our tests under various combinations of the test statistic (fixed-t, sup, or squared statistic),
sample size, bandwidth, and the use of either the non-centered (employing the non-adjusted

estimator g,,) or the centered (employing the adjusted g, ) test statistics. Each value in the

table represents the average over 500 Monte Carlo repetitions.
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h 0.1 1.0 1.5 2.0

Non-centered | 0.16 (0.84) | 0.14 (0.78) | 0.14 (0.76) | 0.14 (0.76)

fixed-t test
Centered 0.08 (0.87) | 0.09 (0.82) | 0.08 (0.80) | 0.07 (0.79)
Non-centered | 0.25 (0.85) | 0.21 (0.79) | 0.18 (0.77) | 0.18 (0.76)

sup test

n = 512 Centered 0.18 (0.88) | 0.13 (0.83) | 0.11 (0.80) | 0.11 (0.80)
Non-centered | 0.14 (0.74) | 0.14 (0.72) | 0.15 (0.72) | 0.14 (0.72)

square test
Centered 0.09 (0.77) | 0.09 (0.75) | 0.08 (0.73) | 0.07 (0.75)

Table 2: Performance summary of our test statistics under the linear model in (34) (for

size under the null) and (35) (for power under the alternative) at the significance level 5%.

h 0.1 1.0 1.5 2.0

Non-centered | 0.17 (0.90) | 0.18 (0.84) | 0.18 (0.81) | 0.14 (0.76)

fixed-t test
Centered 0.13 (0.91) | 0.13 (0.86) | 0.13 (0.81) | 0.13 (0.77)
Non-centered | 0.27 (1.00) | 0.24 (0.99) | 0.24 (0.98) | 0.20 (0.97)

sup test

n =512 Centered 0.24 (1.00) | 0.19 (0.99) | 0.19 (0.98) | 0.17 (0.98)
Non-centered | 0.19 (0.99) | 0.18 (0.96) | 0.16 (0.93) | 0.13 (0.90)

square test
Centered 0.13 (0.98) | 0.12 (0.95) | 0.12 (0.92) | 0.11 (0.90)

Table 3: The same caption as Table 1 except for significant level 10%.
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h 0.1 1.0 1.5 2.0

Non-centered | 0.23 (0.89) | 0.21 (0.85) | 0.20 (0.82) | 0.21 (0.82)

fixed-t test
Centered 0.14 (0.93) | 0.16 (0.88) | 0.13 (0.87) | 0.12 (0.85)
Non-centered | 0.34 (0.90) | 0.26 (0.86) | 0.26 (0.82) | 0.26 (0.83)

sup test

n =512 Centered 0.26 (0.93) | 0.21 (0.89) | 0.17 (0.88) | 0.16 (0.86)
Non-centered | 0.21 (0.83) | 0.21 (0.80) | 0.20 (0.78) | 0.21 (0.79)

square test
Centered 0.15 (0.86) | 0.15 (0.84) | 0.12 (0.83) | 0.13 (0.82)

Table 4: The same caption as Table 2 except for significant level 10%.

5 Empirical Applications

5.1 Asset Pricing

In our first empirical analysis, we examine a comprehensive dataset containing both returns
and specific characteristics of firms. Twelve monthly returns in 2021 for the 100 largest
financial institutions are drawn from the CRSP database as our response variable, along
with a set of d = 48 firm-specific characteristics as predictors; the resulting sample size is
n = 1200. The dataset’s foundation is credited to Chen and Zimmermann (2022).

We select the smoothing bandwidth from the sequence {0.4,0.6,...,1.8,2.0} using the
bandwidth selection algorithm suggested in Remark A.4. We set 7 = 5 the conventional
practice in finance, the hidden size kg = 24, and the learning rate 7 = 1073; we keep the
other neural network fitting parameters identical to Section 4.

In Figure 1 we plot for each of the 44 continuous predictors the intervals whose right

ends are the test statistics normalized by their corresponding critical values in (18), (19)
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and (20). Specifically, we plot the intervals

[0, 0" 2|7 (G)l /(t21-ap2| €0l L)), [0, Z/(21—apel€@nll o)) [0,/ X/ (/X3 1€ o)),

for the fixed-t, sup, and square tests respectively. We also plot the same intervals but for
the non-centered versions of these tests. In all cases, an interval covering one indicates
statistical significance. The results suggest that the presence of some idiosyncratic terms
related to tail risk, such as ReturnSkewCAPM and DownsideBeta, exert additional influence

on returns and complement the explanatory power of the five factors.

5.2 Macroeconomics Time Series

In this section, to substantiate Section 5.1, we illustrate our conditional screening test
with another empirical application, this time on the macroeconomics dataset FRED-MD
introduced in McCracken and Ng (2016) and also later studied in Fan and Gu (2023). The
dataset collects d = 127 monthly U.S. macroeconomic variables, such as unemployment
rate and real personal income, starting from 1959/01. It is shown in McCracken and Ng
(2016) that these variables can be explained well by several latent factors.

Our analysis setup is in general similar to Section C in Fan and Gu (2023). Our
target variables are UEMP15T26, TB3SMFFM or TB6SMFFM, and we aim to identify
which variables contribute to predicting the target variables beyond the latent factors. The
variable UEMP15T26 represents the civilians unemployed for 15 — 26 weeks. The variable
TB3SMFFM (TB6SMFFM) measures the 3-month (6-month) treasury bill rate minus
the effective federal funds rate. For each target response variable y, 1 in {UEMP15T26,
TB3SMFFM, TB6SMFFM}, we regress ;.1 on x; € R'?" where x; is the vector of all
variables at the previous month. We choose the n = 330 valid sample pairs {@;, yi11}
between January 1980 and July 2022. We employ the same neural network fitting parameters

as Section 5.1 except that we revert back to a hidden size kg = 16 as in our simulation
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Scaled Statistics for Stock Return

10

Figure 1: Asset Pricing Dataset: Significance of predictors/idiosyncratic terms at the 5%

significance level. Intervals covering one (indicated by the vertical black line) correspond

to the significant predictors/idiosyncratic terms. For each variable, six intervals are plotted

in the order of: fix-t test, sup test and square test, and within each test the non-centered

version is plotted before the centered version.
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studies.

For each variable, we plot the same six intervals derived from our tests as in Section 5.1
and we recall that an interval covering one indicates statistical significance. Our analysis,
based on the variables categorized by McCracken and Ng (2016), underscores the predominant
impact of a limited set of variables on the three response variables. As there are 127
variables, it takes 4 figures to display a figure that is similar Figure 1 for each given response
variable. Figures .1 to I'.4 in the appendix display the intervals, with the response variable
being UEMP15T26 (civilian unemployment). Notably, most variables fail to reach the 5%
significance level, except for some variables such as RETAILX, USGOOD, NDMANEMP,
and COMPAPFFx. Additional significant variables for the response variables TB3SMFFM
and TB6SMFFM are illustrated from Figures .5 to F.12. As for TB3SMFFM, there are
many significant variables. For example, the variables such as IPDMAT in the output and
income variable group and DTCTHFNM in the prices group contribute additionally to
the factors. TB6SMFFM demonstrates slightly higher susceptibility to variables compared
to TB3SMFFM, which, in turn, is notably influenced by variables related to the stock
market, employment, interest rates, and money and credit. Our overall findings validate

our regression model based on a latent factors plus sparse idiosyncratic terms structure.

6 Conclusion and further work

We have introduced a conditional variable screening test for non-parametric regression
using deep neural networks; the inputs to the networks are obtained with the help of a
factor model that further enables us to handle very high-dimensional predictors. In our
test statistics, we employ high-quality estimators of the partial derivatives of the non-
parametric regression function, which could be of independent interest. To demonstrate

the versatility of our test, we apply it to assess the adequacy of non-parametric factor
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regression. An intriguing avenue for further exploration involves extending this framework
to dependent data, other statistical machine learning losses, and simultaneous testing for
multiple variables. Relevant examples for the latter direction include the (., statistics
proposed by Chen et al. (2022) and the ¢ — ., type statistics discussed by Li et al. (2024).

This paper focuses on the popular feed-forward networks with the ReLU activation
function. The derivative irregularity is not limited to the ReLLU activation function, and
hence, addressing this issue can benefit various neural network classes. Moreover, in our
approach, we apply the smoothing procedure after we have obtained a neural network
estimator. This is different from other derivative regularizations, for instance, Sobolev
training (Czarnecki et al., 2017), that employ roughness penalties during optimization,
which could form a potential future topic. Last but not least, we could also potentially
conduct different tests for testing higher- or mixed-derivatives. For instance, testing the
monotonicity in a variable in the regression is equivalent to testing the sign of the associated
partial derivative, a task already studied in the context of an one-dimensional predictor by,

for instance, Bowman et al. (1998), Ghosal et al. (2000) and Hall and Huang (2001).
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The supplement is organized as follows. Section A collects definitions and some miscellaneous

results and discussions. Section B provides supporting details and preliminary proofs for
the main theorems in Section 3, while Section C presents the proofs for the said main
theorems and the power for the fixed-t test. Section D presents the low-dimensional regime
as a special case of the high-dimensional regime. Section E collects figures. Section F
provides additional graphs for the empirical application in Section 5.2. We introduce the
additional shorthand notation that (-, -) represents the inner product with respect to the
distribution P (that is, (g1, g2) = § g1g2dP).

A Definitions, miscellaneous results and discussions

A.1 Definitions

Definition A.1 (Holder class). Let 5 and C be two positive real numbers and let ||
be the largest integer strictly less than 5. The (5, p, Cy)-smoothness Holder class on RP
is the collection of functions f : R? — R whose mixed derivatives (0l%!/024" ... 2,%) f(2),
where z = (21,...,2,)", wi,...,w, = 0 and w; + -+ + w, = |B], all exist, and moreover
such derivatives are Holder-continuous with constant C and exponent 5 — ||, or more

precisely, |(A%!/oz2 .. z;)w”)f(z’) — (VB . .z;f")f(z)‘ < Cylz' — z|P~1P) vz, 2.

Definition A.2 (sub-Gaussian norm; see, for instance, Definition 1 in Adamczak (2008)).
Let the function s : [0,0) — [0,0) be Py(x) = exp(x?)—1. Then, the sub-Gaussian norm
|- |y of a random variable X is | X||y, = inf{\ > 0 : E¢o(|.X|/\) < 1}.

Definition A.3 (VC-subgraph class; see, for instance, Section 2.6.2 in van der Vaart and
Wellner (1996)). The subgraph of a function f : X — R is the subset of X x R given
by {(z,t) : x € X,t < f(x)}. A collection F of measurable functions is called a VC-
subgraph class, or simply a VC-class, if the collection S of the subgraphs corresponding
to all functions f € F form a VC class of sets in X x R. Then, we define Vx for the
function class F as the VC-index of the associated collection S of subgraphs. We refer the
readers further to, for instance, Section 2.6.1 in van der Vaart and Wellner (1996) for the
definitions of VC' classes of sets and the accompanying VC-index.

Definition A.4 (VC-type of functions; see, for instance, the beginning of Section 2.1
in Giné and Mason (2007)). Let (S,S) be a measurable space. A class G of measurable
functions on (S,S) is VC-type with respect to an envelope G, if for some A = 3 and index
v =1, the covering number N(G, Ly(Q), T) satisfies

A HGHLz(Q)

T

NG, 1(Q), 7) < ( )  0<7 <Gl (A1)

for every probability measure @ on S for which G € Ls(Q).

Finally we recap a definition coming out from recent deep neural network approximation

theory. It is well known that the optimal minimax rate for estimating functions in the
(B,d, Cy)-Hélder class (Def. A.1) scales with the sample size n as n=/(28+4) (Stone, 1982),
which is slow when the dimension d is large compared to . To mitigate this issue, Schmidt-
Hieber (2020) and Kohler and Langer (2021) showed the excellent approximation power of
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the neural network class F,(d) in (6) to the hierarchical composition model H(d, 1, P, Cy)
defined in Def. A.5. This model consists of functions that are compositions in [ € N layers
of individual functions in various (8, p, Cy)-Hoélder classes, where the (3, p) tuples belong
to a set P < [1,0) x N (for simplicity we assume a common C% across the composition
functions). Then, under the scaling suggested by Proposition 3.4 in Fan et al. (2022)
and recorded in Assumption 3.2, the neural network class F(d) can approximate the class
H(d,1,P,Cy) adaptively at a rate (Lko)~2" up to log factors, where x is the worst-case
dimension-adjusted smoothness measure £ = ming)ep 3/p. This rate depends only on the
individual composition functions, and not on the ambient dimension d.

Definition A.5. The hierarchical composition model H(d,l,P,Cy) of functions from RY
to R, where d,l € N and P < [1,0) x N, is defined as follows. Forl =1,

H(d,1,P,Cy) = {h: R S R: h(x) = g (Tr@)s-- - Tn(p)) » where g:RP - R
is (B,p, Cy)-Hdélder for some (5,p) € P and Cy < o0, and 7 : {1,...,p} = {1,... ,E}}.
Forl>1, H(d,l,P,Cy) is defined recursively as

H(@,1,P,Cx) = {h: RS = R h(@) = g (f1(®), .., fy(x)), where g:RP — R
is (B, p, Cy)-Holder for some (§,p) € P ndC’H<oo and each fi, € H(d,l — 1,73,CH)}.

A.2 Miscellaneous results

Lemma A.1. For generic functions g = g(f, z;) : R > R and m = m(f,z;) : R —
R, there exists a constant ¢* (that does not depend on g or m) such that

~ & 2 ~
§o, 95(F )2 AP < - § g(F, 2;)2dP,
SQh {g;(fa xj) - mj(f7 ‘rj>}2 dP < ((;j) m(f? x])}zdP

Proof. We only prove the first half of (A.2); the second half will follow by a similar
argument. We have, starting from (10) and the Cauchy-Schwarz inequality,

(A.2)

SQh gj(f» z;)? dP = Sﬂh { S g( f — ah)K(a)da}2 dP
< Sgh {§,07(F 2y — andal {1, K(a)da} aP < 2§, {52, *(F o) — ah)da} ap
L T, #(F 2 — an) dPf da < gl -

Lemma A.2 (Numerical approximation for candidate Riesz representer derivative in Section 2.4).
Let N be a large but fized integer (we used N = 50 thmughout our numerical studies)

and consider the grid points ai,...,asn where a = —1 — 5 + « (these grid points are

the centers of the 2N equally-sized intervals that form a partztzon of the interval [—1,1]).

Then, o (F X ;) in Section 2./ can be numerically approzimated via a middle Riemann

sum over the said grid points as

Nh ~l=1

a;(E,Xiﬁj) ~ = SN K (a) o (E7X¢,j - alh> :



Then, the sample average of the ozjf(ﬁ’i, Xij)’s in ﬁ?gu” in (12) can be approximated as

%Zielh a;(FzﬁXi,j) ~ ﬁ 1251 K (ay) {Ziezh o (E-, Xij— alh)} .

Proof. We only prove the first equation display, because the second equation display is
straightforward given the first. Starting from the right-most term in (10), we have

3(F, Xij) = 1§ a(F, Xoj — ah)K (a)da ~ 25 Y2 K (a) o (ﬁ’X] —alh> ,

Nh &l=1

where the approximation follows by replacing the integral with the middle Riemann sum
over the grid points in the lemma statement, where each grid point carries a weight
2/(2N) =1/N. O

Lemma A.3 (Existence and analytical form of the Riesz representer in (25)). Under
Assumptions B.3 and B.5, the Riesz representer of,, that satisfies (25) exists. Furthermore,

if F, X; admits a joint density p = p(f, ), then of,, takes the form
§g, Kon(z — ap)e V.0 {gs (f, 2)}p(f, 2)dz
p(f.z;)

Finally, if p is bounded and is differentiable in x; with the derivative being p;, then under
Hy and in the limit h — 0, (A.3) simplifies to —p,;(f,x;)/p(f,x;) .

Oé;n(fa xj) =

(A.3)

Proof. We first verify that %%(;’O)[v] is a bounded linear functional. For any fixed ¢ and h,

aﬁ?<g0) [U] _ aﬁts(go + TU)
or

- [a_aT o, et@{(gom);(f,xj)}dp]

ag 7=0
= o, [et\Ij{(gﬁm);(‘f’x")}\i/{(go +70)3(f, Ij)}] Lotv?(fv x;)dP
—t{, e BN (g (f, ;) }os(f, ;) dP. (A.4)

Thus, the functional %%(ggo)[v] is clearly linear in its input and, by the boundedness of

v, ¥ and Lemma A.1, is also bounded. Therefore, the Riesz representer that satisfies
(25) exists (Conway, 1990, Theorem 3.4, Chapter 1). As a side remark, the modified
functional that, when acting on any v, always returns SQ f,xj)d]P’ (the last term in
(25)) is also a bounded linear functional. Hence, this modlﬁed functional admits its own
Riesz representer. It’s also easy to show that the latter Riesz representer minimizes the
population loss R = SR?L“H(a)d]P’ Thus the latter Riesz representer is precisely a2l
which we have defined in Section 3.2.1 as the population limit of &,,.
Next, starting from the first two steps of (25), with the assumed density p,

t<v Qy n> = 577,5 gO = tS b SBh{S —b,b] Kh($J - Z>d2}€t\p{90] Fi) }\I/{g()](f x])}p(.f 'Ij)dxjdf
= tS[fb,b]W'l v 72 {SBh Kh ‘Tj - Z)etqj{go’j(ﬁx] }\I[{g(s),J(fa xj)}p(fv J}J>dl’3}d2df

_ tJ o(F.2) §, Kon(z; — Z)etm{ga’j(f’zji}‘i’{gﬁ,j(f7ﬂij)}p(f, x;)dw;
[~bb)+1 p(f,7)

p(f, Z)dzdf.



After interchanging the dummy integration variables z and z; in the last line above, the
term in the curly bracket then gives the form of o, in (A.3). Finally,

b—h S Folbiigos (F > b—h >
o (F 1) = St Ky (z — x) etqj{goﬂ(j’ )}‘I’{go,j(fa 2)n(f, Z>dzunde:r Hod_ppn Bn (2 — ;) p(f, z)dz‘
’ p(fwr]) p(f>$3)
For x; € [=b+ 2h,b — 2h], the numerator can be treated as
Vot K (2 = ) p(F.2)dz = = §275 Ko (= 2) p(f, 2)dz = = 77 K (0 — 2) p(F 2)dz

= —% S;ji;}: Ky (Z)p(fa r; —z)dz = — S;jf: Ky (Z)Pj(ﬁ r; — z)dz 129, —pj(]?, ;)

where we have applied twice differentiation under the integral sign (Protter and Morrey, Jr.,
2012, Theorem 3, Chapter 8), followed by the usual approximation to the identity theory
(Stein and Shakarchi, 2009, Theorem 2.1). This completes the proof of the Lemma. O

A.3 Additional remarks

Remark A.1 (Specification test in factor models). As discussed in Section 2.1, our hypotheses
(3) and (1) are equivalent to determining whether the j-th idiosyncratic term p; of u
(defined in (1)) contributes to the regression function at the population level. In the
framework of Fan and Liao (2022), this test is further similar to testing their Factor
Augmented Regression (FAR) model against their Factor Augmented Sparse Throughput
(FAST) model for high-dimensional regression. To establish the aforementioned equivalence,
let’s define the regression function

mf(F, ;) = E[Y|F, ;]
and the associated partial derivative with respect to the last argument:
mg,j(.fauj) = a%jmz)(f,uj). (A.5)

Then, similar to our hypotheses (3) and (1), the new hypotheses for p; can be formulated
as

H’OT : m&j(f,uj) =0 for all f,u;, against HL : m&j(f,uj) # 0 for some f,u;. (A.6)

Let Bj. denote the j-th row of the loading matriz B, so X; = B, F + ;. Clearly, F, X;
and F', p; generate the same o-algebra, and hence the functions mgy and mg as conditional
expectations are essentially a re-writing of each other with different arguments. Specifically,

mo(f, ;) = mi(f,z; — By.f) = my(f,uy).
Thus, the partial derivatives mg ; and maj are linked as follows: at v; — B, f = u;,
mo(f,2;) = s5-mo(f,2;) = %mg(ﬁl’j —B.f) =mf ;(f,u;)-

Therefore, at least at the population level, our conditional screening hypotheses (3) and (1)

for my ; are equivalent to the similar ones in (A.6) for mgjj.
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Remark A.2 (Relationship between (2) and the full model). Note that our reduced regression
model (2) obviously does not preclude the “full” regression model Y = m{(F, X ) + €* where
my(F, X) = E[Y|F, X] is the full conditional expectation. It is apparent that our reduced
model and the full model are linked as

¢ =" +E[Y|F,X]| - E[Y|F,X;] = € + m:(F,X) — mo(F, X,).

Moreover, by the definition of the conditional expectation, € is centered and uncorrelated
with any function of F' and X;.

Remark A.3 (Boundary region). Technically, we need to exclude the boundary region,
which under Assumption 5.1 is the union [—b,—b + h] U [b — h,b], from our smoothing
operation, because smoothing at a x; in this region will extend beyond the support of X,
which 1s problematic. Thus the sets By, Iy, €2, relevant to the interior regions in different
contexts were introduced. For instance, the quantity SQh gdP signifies the integral of the
function g in the interior region only.

Remark A.4 (Cross validation for bandwidth selection). In this remark we provide some
brief guideline on how to choose an optimal bandwidth h through cross validation. Suppose
that we split the data evenly into K folds (for instance, K = 5) indexed by k = 1,..., K,
and denote the collection of sample indices i € {1,...,n} within the k-th fold by T),. We
let g = @(fk)(f, x;) be the regression function estimator similar to that in (7), except
that here we exclude the samples in the k-th fold; then, let :q\é_Jk})LS = §£L_jk,)ts(f, x;) be the
corresponding estimator for the partial derivative (with respect to ;) that is smoothed at
bandwidth h. Neaxt, let /g)(f) be the regression function estimator using only the sample
in the k-th fold, and let @ffj) be the corresponding unsmoothed estimator for the partial
derivative (with respect to x;). Then, we define the cross validation error at h as CV(h) =
S DieT, [ﬁfl_jk})bs(ﬁ’l, Xij) — /g\gk])(ﬁ’z,X”)]z Finally, we could look for the value of h that
minimizes CV(h) as the optimal h.

A.4 Further motivation on the smoothing operation

In this section, we first provide detailed descriptions for our observation in Section 2.3 on the
sawtooth function (; which demonstrates the intricacy of derivative estimation with deep
neural networks, and then further motivate our smoothing operation. By Proposition 2 in
Yarotsky (2017), the triangular function ¢ : [0,1] — [0, 1] defined as

2t, 0<t<1/2,
¢(t) = 2(1—-1), 1/2<t<1,
0 otherwise

is given in terms of the ReL.U function o by ((t) = 20(t) —4o(t — 1/2) + 20(t — 1). Next,
let (.(+) = Z%CL o(r o---0(r denote the L-fold iteration of { that is further scaled by
an overall factor 5. The function ¢z, described in Lemma 2.4 in Telgarsky (2015), is
often referred to as the “sawtooth” function. (To be precise, in that reference, (; is defined
without the scaling factor 2%) The function (7, is visually represented in Figure E.1 that in

particular illustrates the increasingly “oscillatory” behavior of (; for increasing values of L.

7



By Proposition 2 in Yarotsky (2017), it’s feasible to implement (; with a neural network of
no more than L hidden layers and three nodes per layer. (See Fig. 2(c) in Yarotsky (2017)
for a related construction.)

The function (;, essentially consists of 2¥ piecewise linear segments with each segment
having a slope of constant magnitude 2. Consequently, the L, norm of (; over the interval

[0, 1] with respect to the Lebesgue measure is {2* li/(2L)(22€)2d25}1/2 ~ 1/2% which vanishes
as L tends to infinity. Meanwhile, let the first-order derivative of ¢z be C 1. Because the
magnitude of (; is always 2, its Ly norm (with respect to the same Lebesgue measure on
[0,1]) is also 2. Thus, the Ly norm of the derivative function ¢, remains a constant, even
though the L, norm of the function (i, itself converges exponentially in L to zero, yielding
the observation in Section 2.3.

Clearly, this example implies that the L, convergence between a neural network function
and a target, for instance from g, to mg, does not necessarily imply the convergence at
the same rate between their partial derivatives, for instance from g, ; to mg ;. Moreover,
this discrepancy becomes more apparent as the depth L increases, but this is precisely
the regime of interest for deep neural networks. Mathematically, this phenomenon can be
understood as the absence of a general reverse Poincaré inequality. The inequality itself
conventionally bounds the function norm by the norm of the derivative of the said function
(see Theorem 13.27 in Leoni (2017) for an exact formulation), but the reverse direction
does not always hold, as demonstrated by our simple example.

It’s important to clarify that we’re not asserting that no neural network can approximate
the first-order derivatives of smooth functions (Giihring et al., 2020). In our example
above, we could easily select a neural network that consistently outputs zero, thereby
perfectly approximating both the identically zero function and its derivative. However,
in practical scenarios involving observations with noise, there’s no guarantee that such a
derivative-approximating neural network will be chosen. Furthermore, as previously noted,
for approximating higher-order derivatives, any ReLLU-based neural network will completely
fail if we simply settle for the derivatives of the same order (which will always be zero almost
everywhere) on the network function directly.

Having demonstrated the irregularities that the derivatives of neural networks may
exhibit, we now motivate our smoothing operation. Our first motivation is the convergence
performance obtained from the smoothing operation and the generality of the operation.
As mentioned in Section 1.2, our smoothing operation proposed in (10) is applicable to
general machine learning estimators. Specifically, our Lemma A.4 shows that, if we start
from a generic regression estimator g for a generic regression function target m, then by
using the simple smoothing operation in (10), we can easily recover a convergence rate from
the derivative estimator g5 to the target derivative m; through the convergence rate from
gn to mg, up to a factor 1/h and a bias term; thus the two rates can be made comparable
as long as the bandwidth h does not approach zero too fast. Therefore, we have translated
the power of neural networks for regression function estimation into an analogous result for
derivative estimation through smoothing. The bias term occurs naturally because f]\j is the
smoothed version of the naive derivative estimator g;, and hence its target is the smoothed
target derivative mj instead of the non-smoothed target derivative m;. Later, we will apply
our lemma on our deep neural network estimators, which will replace g here with g, in (7)
or g, in (14).



Lemma A.4. Suppose that Assumptions 3.1(i) and B.3 hold. Let g = @(f, z;) : RS R
be a generic estimator that estimates a generic target m = m(f,x;) : R™™ — R with a Ly
rate of r,, on an event A, that is

{§(G —m)*dP}/2 < r,, on the event A. (A7)

Moreover, let mj and m; be respectively the smoothed and non-smoothed derivatives (with
respect to the last argument) of the target function m, and suppose that m; ezhibits a bias
with respect to m; as follows:

{SQh (m$ —m;)? dP}'/? < Bias,. (A.8)

Then, there exists a constant ¢ (that does not depend on g or m) such that the smoothed
derivative estimator g; estimates the non-smoothed m; with the following rate:

{SQh (33 —m;)? dP}2 < <1y, + Bias, on the event A. (A.9)
Proof. By the triangle inequality, the left-hand side of (A.9) can be bounded as
{80, (G5 — my)? dPY2 < {§, (9 — m5)? dPY? + { [, (5 — my)* AP,

The first term on the right-hand side above can be bounded by Lemma A.1 in conjunction
with the rate in (A.7), and the second term on the right-hand side above is simply bounded
by the condition given in (A.8). O

The second motivation for our smoothing operation comes from traditional non-parametric
regression. It is well known that in the latter setting, the optimal bandwidth for the
derivative estimator of either the density or regression function should be larger than the
optimal bandwidth for the estimator of the density or regression function itself (see, for
instance, (Gasser and Miiller, 1984, Theorem 1), (Hall and Marron, 1987, Theorem 3.2) and
(Hardle et al., 1990, p. 226)), due to the former estimator possessing a larger variance at the
same bandwidth. Another example in non-parametric regression calling for over-smoothing
comes from the so-called irrelevant regressors (Li and Racine, 2006, Section 2.2.4), which
are those predictors that do not materially contribute to the regression outcome. Irrelevant
regressors are not about derivative estimation per se, but by their very definition they are
similar to those coordinates X that satisfy the null hypothesis (3) in our screening test. In
kernel regression, it is known that the optimal bandwidth for the irrelevant regressors should
diverge to infinity in order to “weed out” these regressors more efficiently. (Furthermore,
if a regressor is not irrelevant, but contributes linearly to the regression outcome, it’s
conjectured that its associated optimal bandwidth should diverge to infinity as well (Li and
Racine, 2006, Section 2.4.1).) Thus, from the point of view of both derivative estimation
and screening in traditional non-parametric regression, it is not surprising that smoothing
could benefit our derivative estimation and screening test.

B Supporting details and preliminary proofs for Section 3

B.1 Additional technical assumptions

Assumption B.1 (Additional smoothness of mg and conditions on noise). The true regression
function mo(f, ;) is Lipschitz in the first argument, precisely in the sense that |mo(f,x;)—
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mo(f',x;)| < CL|lf — |2 for a common positive constant Cy, for all z;, f and f'; in
addition, for a positive constant M., the derivative of mg in the last argument, namely
my,;, exists everywhere and satisfies SUD (£ 2, )e[—bb]+1 imo;(f,x;)| < M.,. The noise € =
Y —mo(F, X;) is sub-Gaussian (see Def. A.2) with sub-Gaussian norm C. < 0.

Assumption B.2 (Diversified projection matrix). The diversified projection matric W =
(W,x)i<j<ai<k<r € R¥T is exogenous, so is independent of (Y, F;, X;), i = 1,...,n.
For some constants cw i, cwa, and cwgs, max;, |W,ir| < cwi, and the minimum and
mazximum singular values of H (recall that H = d=*W B ), denoted by vmin(H) and v (H)
respectively, satisfy 0 < cw 2 < Umin(H) < Omax(H) < ew 3. Finally,

E[{E[Y|F, X,] — mo(F, X;)}*] S 6. (B.1)

Assumption B.2 above imposes conditions on W beyond exogeneity to ensure in particular
H'F ~ F. Moreover, Eq. (B.1) in Assumption B.2 is a high-level condition regarding the
two different conditional expectations E[Y|F, X;] and (from (2)) mo(F, X;) = E[Y|F, X;].
This condition is necessary because while our regression model (2) involves mg, our estimation
procedures instead rely on the (sample of the) diversified factors Fand X j, SO E[Y\f‘ . X
becomes a more appropriate measure of the “center” of Y. Intuitively, because F',X;
and f’,Xj should generate similar o-algebras, E[Y!ﬁ‘,Xj] should be close to mgy(F, X;)
as characterized by (B.1) (Bryc and Smolenski, 1992). We will provide conditions in
Lemma B.5 for the validity of (B.1).

Assumption B.3 (Smoothing kernel). The kernel K : R — R is compactly supported on
[—1,1], satisfies 511 K(a)da = 1 and vanishes at the boundary points —1 and 1, and is

continuously differentiable with uniformly bounded derivative K. The bandwidth h satisfies
h < b (and thus the interior sets By, T, and )y, defined in Section 2.3 are not degenerate).

Assumption B.4 (Miscellaneous conditions for estimating of, ). The class of functions
{af, : t € Ts} indexed by t is of VC-type (see Definition A.4) with an index of at most
Vr,+1), and is uniformly bounded in magnitude by My, < co. Moreover, for each k €
{1,...,7}, for Hy. the k-th row of H, P(|Hy F| > c;b/2) < 62/T.

In Assumption B.4, Vz, 11y is the VC-index of the VC-subgraph class of functions
Fn(T + 1) defined in terms of subgraphs as in Definition A.3. On the other hand, the
VC-type assumption on the class {af,, : t € Ts} refers to Definition A.4; the “index” therein
is not explicitly defined in terms of subgraphs and Assumption B.4 simply states that
this index is the number Vz, z11). Technically, the VC-subgraph and the VC-type classes
of functions are related: a VC-subgraph class of functions with a VC-index v admits a
similar covering number as a VC-type class of functions that admits the same index v.
However, conceptually, these two classes of functions are not equal. It’s also worth noting
that in Assumption B.4, |Hy. |2 is upper bounded by vpax(H) which is in turn bounded
by a constant as stipulated in Assumption B.2. Thus, the tail condition on H, F in
Assumption B.4 is satisfied if F' is coordinate-wise bounded.

Assumption B.5 (Truncation function). The truncated function W is twice differentiable,
bounded, and have bounded first- and second-order derivatives W and W respectively. In
addition, U satisfies U(t) = t for t € [—|K|, M, | K|, M| (where M., is defined in
Assumption B.1 and |K| L, is the L1 norm of the kernel K ).
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For an example of a truncation function ¥ satisfying Assumption B.5, we can simply
“Insert” a linear segment of length 27, where v > | K|z, M/, around the origin into a
centered and scaled logistic function; specifically, this W is given by W(t) =t for [t| < ~
and W(t) = sgn(t)y —1/2 + 1/[1 + exp{—4(t — sgu(t)y)}] for |t| > 7.

B.2 Bias from diversified projection and neural network approximation

My, = argminm:m(f,zj)efn(rJrl) SUD(£,2,)e[—2b,2b]" x [—b,b] [(m —mo)(f, ;)] (B.2)

and second, in Lemma B.4 we show that analogously the true Riesz representer under the

null hypothesis a™! is well approximated by

Op = argmin,er, 741 SUD (§ 4 Ve[ epbienb]™ x [—b,b] (@ — a™)(F,z;)|. (B.3)
We start with Lemma B.1. Let v,, be the approximation rate in the sup norm attained

by m, in (B.2), that is

~

Van = SUD( g ;)e[—2b,2b]" x [—b,b] (M, — mo) (s 25)]-

As can be seen from the lemma and its proof below, the price we pay for the approximation is
decomposed into the term df, which in fact diminishes with respect to the ambient dimension
d and which results from approximating m using diversified factors through go = go(f, z;)
given in (8) (Lemma B.2), and the term v, ,, which results from subsequently approximating
go by the neural network function g, (Lemma B.3). Our lemma is a straightforward
extension of Ineq. (F.6) in the appendix of Fan and Gu (2023) by including the variable of
interest X ;. For completeness, we will provide a sketch of the proof.

Lemma B.1 (Modification of Inequality (F.6) in Fan and Gu (2023)). Under Assumptions 3.1
to 5.5 and B.1 to B.2,

o~ 1/2
I:S{gTZ(‘f’xj) _m()(‘f’xj)}zd]}-)] SJ 6f+7/a,n-
Proof. First, we have the easy bound

[§(50(F25) — mo(F.2;) 2P ) N
< [§{golF.25) — mol ) PBY2 + [§G(F. ) — go(F ) 2aB] 2,

The first and second term in the last line above are in turn handled by Lemma B.2 and
Lemma B.3 below respectively, whose rates when combined yield the conclusion of the
lemma. O]

Lemma B.2. Under the same assumptions as Lemma B.1,

[$t0(F. ) — mol . 2,)12a8] " < o

11



Proof. By the definition of diversified projection matrix, rank(HT) = r, which implies
H'H = I,. Starting from the decomposition

F,=d'"W'X;,=d'"W'BF, + d"'W'u; = HF, + d"'W T u,, (B.4)
we have
( ,X ) gO(E7XZ])
(F X ) go(HE + dileui, XZJ)
= mo(Fy, Xij) — mo(H'HF, + d'"H'W ", X, ;) by the definition of go in (8)
= mo(F}, Xij) — mo(F; + d"H'W u;, X; ;) by the definition of HT. (B.5)

By Assumption B.1, mo(f,z;) is Lipschitz in the sense that |mg(f,z;) — mo(f',z;)| <
CL|f — f'| (for all z;). It follows from this and (B.5) that

[mo(F, Xi ) — g0( B, Xi )| < Crd™ [HIW Ty, < Coa ™' [HT| [W i, (B.6)
By the derivation of (F.15) in Fan and Gu (2023) and Assumption B.2,
IHop < {omm(HN} " S 1. (B.7)

Next we bound ||[d~*W Tu|s in (B.6). It follows from the linearity of expectation and then
Assumption 3.3 that

T T d
E[|W T[] =E [Zk=1(2?=1 Wj,km,jﬂ = Y1 2o WHE [u2 ]+ 255 Wik Wkl [ gt ]
< Tmax; i Wkl Z;l:l E [12,] + P max; [Wjl* X0 B[] S Td,. (B.8)

Finally, we conclude by taking the expectation of the square of both sides of (B.6) and
subsequently applying (B.7) and (B.8). ]

Lemma B.3. Under the same assumptions as Lemma B.1,

~ ~ 1/2
|15 (F.20) = 90(F.2) PP S v+ 6.

Proof. Following essentially the same derivation on p. 10 in the appendix of Fan and Gu
(2023),

§{Gn(F,2) = go(F,2) 2P = §{Gu (£, ;) — go(F, ;) P L{HT £ € [-2b, 2b]" }dP
+ $4Gn(Fo2) — go( F, )21 {HL £ ¢ [—2b, 2b] }dPP.

By the definition of g,, go and v, ,, the first term on the right-hand side above is reduced
to

§{5 (£ 2;) — go( £ 2;) P L{H' £ € [—2b, 2b]" }dP
= (M (HTf, ;) — mo(H' £, 2;) )2 1{HT f € [—2b, 2b]"}dP < 2
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Meanwhile, for the second term, by Assumption B.1, Markov’s inequality, and finally
the reasoning at the top of p. 11 in the appendix of Fan and Gu (2023),

§49n(F.25) = g0(F ;) P UHTF ¢ [-2D,20)"}dP

< ([Gu(Fr ) s + lgo(F: )|, ) 2P(HTE ¢ [~2b,20]7)
< (2M)?P(|d " H'W Ty = b) < E[|d "HIW Tu|2] < 6.

[

Combining the two equation displays above yields the conclusion of the lemma. O

Lemma B.4 (Bias for approximating the Riesz representer). Under Assumptions 5.1 to
3./ and B.1 to B.4,

[$(00(Fo3) — a(F,))208] S v+

Proof. As usual, let F, denote the k-th element of F' and moreover let [WT],. denote the
k-th row of WT. Using the decomposition (B.4),

|| < [HF| + |d W o] < |[HF| + |d- "W Tal),. (B.9)

By Assumption 3.4, the first term |Hj. F'| in the last step above is uniformly bounded over
ke {l,...,7} by c;b/2 with probability 1— 2. The second term has been bounded in (B.8)
and yields, by Markov’s inequality,

P(|d "W Tuy = c;b/2) < 67.

Hence, we conclude that with probability at least 1 — C6Z, Fe [—cpb, cpb]”. Then, using
argument similar to that in the proof of Lemma B.3, the lemma holds because

§{@n(Foay) — (L 2) PP = §{&a(f, 7)) — a2 (F, 2;)121{ f € [~eyb, c,b] }dP
+ A (Foxy) — ol Fo2) PIF ¢ [—cob, esb] 3P S 02, + 67 O

B.3 The stability of conditional expectation in Assumption B.2

This subsection addresses the issue that while model (2) yields the proper centering of the
noise, namely E[e|F', X,] = 0, after replacing F' by Fwe may no longer have E[e|l~7’, X;]=0;
instead, what is properly centered here is the adjusted noise term ¢ = Y — E[Y|1::’,Xj].
Naturally we will need to handle the difference [¢e — €] = {Y — mo(F,X;)} — {Y —
E[Y|FN’,X]~]}| = |E[Y|F, X;] — E[Y|F, X;]|, whose Ly norm is precisely the left-hand side
of (B.1). This difference concerns the closeness between the two conditional expectations
E[Y|F, X;] and mo(F', X;) = E[Y|F, X,] under a perturbation of the conditioning variables.
A simple version of such a “stability of conditional expectation” result appears in Bryc and
Smolenski (1992); however, only one-dimensional random variables were examined and no
explicit convergence rate was provided. We will provide in Lemma B.5 such a stability
result which is more appropriate for our context.

For brevity, define m*(F,ﬁ‘,Xj) = E[Y|F,f‘,Xj]. Compared to the full regression
function m§(F, X ) = E[Y|F, X ] defined below (4), m*(F, F, X) is obtained by conditioning

13



on a finer /smoother o-algebra (because the o-algebra generated by (F, F', X ;) is contained
in the o-algebra generated by (F, X)) and in fact m*(F, F X;)=E[mi{(F,X)|F, F, X
In turn, both my(F, X;) and E[Y\ﬁ’,Xj] involved in (B.1) can be obtained by further
smoothing m*(F, F, X;) (as the proof of Lemma B.5 will show). Define & = WTu € R”.
Further define the random vector ug .4 = C;'6; '(H'E — Hfz) where C; is the constant
in condition (v) in Lemma B.5, and the random functions g, and g4 as, for a € R,

gn(a) = §m*(F + auz .4, HF + 2z, X;) pp(F + aug » 4)p=(2)p,, (1; — Bj.aug ;. 4)dz,
ga(a) = Spr(F + aug . 4)p=(2)py, (1; — Bj.auz ;. 4)dz.

The reason we introduce these functions is because, in terms of them, by the derivations
within the proof of Lemma B.5,

0O by = 8O
 9a(Cyoy)’ Elm™(F, F, %,)[F, X)) 94(0)’

hence, the left-hand side of (B.1) can be expressed with the help of the mean value theorem
applied to the expressions above.

E[m*(Fa ﬁan)|ﬁ>Xj]

Lemma B.5 (Conditions for the validity of inequality (B.1)). Suppose that Assumptions 5.1
to 3.9, and B.2 excluding (B.1), hold. Moreover, suppose that

(i) The function m* = m*(f, £, z;) where f € R" and f € R is bounded, and m* admits
a bounded gradient in the first argument f which we denote by Vm*(f, f,x;);

(i) F admits a density pg with gradient Vpp;
(i1i) w and F are independent;

(iv) E and p; admits a joint density pz,;, = p=,; (& w;), and ps,; admits a partial
derivative with respect to u; which we denote by p= ,,;;

(v) The following bounds hold:

2
SVPF(F"‘GUE,z,d)TPE,,uj (z,uj—Bj.aug ; 4)us z qdz
E lsup0<a<0f§f { ga(a) < OO,

. 2
Spr(Ftaus 2 a)Ps,p; (204 —Bj.auz z,4)Bj uz 2 adz
E lsup0<a<0f6f { ga(a) < 05

(vi) The random vector Z satisfies |[H' 2|y < Ctd; almost surely for a constant Ck.

Then Inequality (B.1) holds.

Some remarks about the conditions in Lemma B.5 are in order. First, condition (vi)
is not directly used in the proof of Lemma B.5 per se, but it facilitates our subsequent
discussion about condition (vi). In any case, the proof of Lemma B.2 shows that E|[HZ|, <
J¢, so condition (vi) is reasonable. Condition (vi) may appear complex at first; however,
this condition simplifies vastly if we simply set a = 0. Take the second inequality in
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condition (vi) as an example. When a = 0, the expectation on the left-hand side reduces
to

: 2 N . 2 . 2
E {SpE,#j(za ,uj)Bj-uE,z,ddz} condition 09 2 {Sps,w(z, Mj)dz} _E {puj(ﬂj)}
SPE,W (2, pj)dz - SpE,Mj (2, 15)dz Pu; (H)
where p,,; denotes the derivative of the marginal density p,; of y; and in the last step we
have exchanged integration and differentiation. We recognize the rightmost term above as
simply the Fisher information for location of the idiosyncratic term 1;, and the boundedness
of this information is a very weak condition. Thus, condition (vi) can be seen as a

slightly strengthened version of the boundededness of this Fisher information under a small
perturbation by the random variable aug . 4 where 0 < a < Cydy.

Proof of Lemma B.5. By the smoothing property of conditional expectations (see, for instance,
property (10) on p. 348 of Resnick (2005)), E[m*(F, F, X;)|F,X,] = E[E[Y|F, F, X;]|F, X;] =
E[Y|F, X,] = mo(F, X;), and similarly E[m*(F, F, X,)|F, X;] = E[Y|F, X;]. Thus,

E[{E[Y|F, X;] —mo(F, X;)}’] = E{E[m"(F, F, X;)|F, X;] - E[m*(F, F, X;)|F, X;]}*].

We now give explicit expressions for E[m*(F,ﬁ’,Xj)\ﬁ‘,Xj] and E[m*(F,ﬁ‘,XjﬂF,Xj].
We start from first of these, namely

E[m*(F,F, X,)|F.X,] = kLS - (B.10)

where Ph.x, and PF.F.x, denote respectively the joint densities of F and X, and of F, F
and X;. Recalling the decomposition (B.4) which gives F = HF + 52, and letting B;.
denote the j-th row of B and so X; = B, F + p;, we note that for @ € R” and b € R,
that (F,X;) = (HF + 12, B, F + ;) = (@',b)" is equivalent to & = d(& — HF) and
@ =b—B, F=0b—B,H(F -
density of pg X, is given by

CllE). Then, by the usual convolution argument, the joint

dadb
- d;bp(a <d(@—-HF),u; <b-B; F) = dd&2db SSd(a_Hf) Sb_Bj'pr(f)Ps,uj (w,v)dvdwd f
= d" §pr(f)p=y, (d@—HF),b— B, f)df

Pix, (@) = S5 P(F <@, X; <b) = {33 P(HF + JE <@,B; F + 1, <)

where the last step follows by the Leibniz integral rule. Now, p Xj(ﬁ’,X ;) can serve as

the denominator of E[m*(F, ﬁ’,Xj)|ﬁ’,Xj] in (B.10). Analogously, in the numerator of
(B.10), for a e R",

pF,ﬁ‘,Xj (a’v a, b) = d?pF(a’)pE,Mj (d(a - Ha’)? b— Bj'a’)'

Consequently,

E[m*(F,F,X;)|F, X;]
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§m*(f, F. X)) pr(f) pz,, (A(F — HY). X, ~ B, f)df
§or(f) pp, (d(F —Hf), X; — B;.f)df
<gm*(F +H'E - JH 2 HF + 1z X;)pp(F + tH'Z — 1H'2) )
X pmy, (2,05 — By (FHE — jHI2))dz 9n(Crdy)

Spr(F + tH'E — TH'2) p=, (2, 1; — B;.(;HIE — 2H'z))dz ~ ga(Crdy)’

where in the transition to the second to last step we have conducted a change of the
integration variable from f to z = d(F — Hf). Meanwhile, for the second conditional
expectation E[m*(F, F, X;)|F, X;], we can analogously obtain

~ *(F,HF + 1z X)) p=,. (2, 1)d .
E[m*(F,F7X])‘F,XJ] _ Sm ( dz J)p vﬂj(z M]) z _ g (0)
Doy (145) 94(0)

Next, denote by ¢, and gq the derivatives of g, and gq respectively. By the mean value
theorem, for some random @ strictly between 0 and Cfdy,

9n(Cede)  gn(0)

[E[m*(F, F, X;)|F, X;] — E[m*(F, F, X;)|F, X;]| = 9a(Cedr) — 9al0)

o L condition (4) Lo o
_ |Jm@ _ gn(d) ga(a) gn (@) 9a(a)
= {gd@ 94(@) gd<a>}‘ Cror S { 5@ | T | 9a@ }Cfdf'
Finally, Inequality (B.1) follows by applying condition (vi) to the last term above. ]

B.4 Useful bounds on key stochastic terms

We first present a couple of results that will be used repeatedly for bounding some key
stochastic terms throughout our proofs, for instance in the proof of Theorem 3.1 in Section C.1.
Here, the key element is to utilize sharp weighted empirical process techniques in, for
instance, Giné et al. (2003) to obtain, for each indexing function (for instance 6 on the left-
hand sides of (B.14) and (B.15)), a bound on the empirical sum of the index function that
is related to the norm of that particular indexing function (for instance, |0(Y;, F}, X)L,
on the right-hand sides of (B.14) and (B.15)). Bounds of this kind become sharper when
the norm of the indexing function itself is small, and are key to obtaining good rates for
g, and our subsequent derivative estimators.

Define the quantity v, that will feature prominently in the our subsequent Lemma B.6
and Proposition B.7:

n

1/2
Vo = { it |, (B.11)

Lemma B.6 (Lemma 2 in Fan and Gu (2023)). Let G be a class of uniformly bounded
functions on R+ for which we can choose a constant (bounded) envelope function G.
Assume that the covering number for G admits the bound (A.1) with v = Vg, 1), that is,
the class G is of VC-type (Def. A.4) with index Vr,z41). Then, there exist some universal
constants c1, ca, g such that for all \/s' = ciy/nvs,/{C(1—C)} with 0 < ¢ < 1, on an event
A ¢.g satisfying

]P)(-Al,c,s/) =>1- Co exp(—63C2(1 — C)S/) (B12)
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we have
Vge G, |13 (Y F, X)) —E[2(Y,F, X))} <({§*(Vi. F, X,)dP + £} . (B.13)

Proof. As hinted in the lemma statement, this is essentially Lemma 2 in Fan and Gu (2023)
with minor notational differences. Alternatively, one could rely on Lemma 2 in Giné et al.
(2003). We omit the proof. O

Recall the adjusted noise € = Y — E[Y\ﬁ’,Xj] from Section B.3. Then, define € =
Y; — E[Y;|F,, X;;],i=1,...,n, which form i.i.d. copies of €.

Proposition B.7. Let G be a class of uniformly bounded functions on R™, for which we
can choose a constant (bounded) envelope function G. Assume that the covering number
for G admits the bound (A.1) with v = Vg, z11). Then, on an event Ay, with P(Ay ) >
1 —12e™%, for a constant cy,

Woeg, |13 EO(F, X))l < {He(ﬁ‘, X)z. + yn} {vem +/Z}. (B.14)

Moreover, instead let G be a class of uniformly bounded functions on RY*"*¢  again with a
covering number satisfying the bound (A.1) with v = Vr, z41y. Then on an event As , with
P(As) > 1—12e™*, for a constant cs,

Voeg, |52 {00V, Fi Xa) —E[0(Y F X))} < e {0, F, X)) |1, + vend {vem + /2
(B.15)

Proof. We first prove (B.14). Our main strategy is to apply the proof of Theorem 4 in
Giné et al. (2003). For simplicity we assume that the uniform bound on the magnitudes of
functions in G is one, so we could simply choose the constant envelope G = 1.

We let s = s, = 1, | = I, = [log(v; )] (where “[-]” is the ceiling operator that returns
the smallest integer no smaller than the argument), r = r, = e™™ € [e 114 ,, V50, and
pj = me’. Define the function classes G(a) = {0 : 6 € G, 0], < a}, G(a,b] = G(b)\G(a),
and G.(a) = G(a/e, al.

Our general proof strategy based on the aforementioned Theorem 4 in Giné et al. (2003)
is to control the stochastic behavior of the empirical process Y , Ei@(l?‘i, X, ;) within each
“shell” § € G.(p;) for the shells numbered j =1,...,L
As our first step, we control the tail probability with respect to the expectation of the
(supremum of the) empirical process within each shell. Recall the sub-Gaussian norm
C. < 0 of € from Assumption B.1. Also note that the bound M, on the full conditional
expectation mg(F', X) implies the same bound on any of its smoothed versions including
mo(F, X;) = E[mi(F, X)|F, X,] and E[Y |F, X,] = E[m#(F, X)|F, X;] due to the monotonicity
property of conditional expectations. Thus, € — e = my(F, X;) — E[Y!ﬁ’, X;] is bounded,
and SONE is sub-Gaussian as well and we assume its sub-Gaussian norm is a constant CN’6
(with C¢ < ). By first Theorem 4 and then Eq. (13) in Adamczak (2008), we know that

+5)

2 2
Sexp(— S~ = 2)+3exp(— 5 i —= 2)
477/ Supe@ge(PJ) Hee(F’ XJ) HLQ C H maxle{l """ TL}] SuP@Ege(PJ) |6l9(E7 Xl’]) | H'L[JQ
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() 5
<exp|———=5— ) +3exp
Anlel7,  CPmaxicqt,..ny | SWpeg, () SOEL Xiy)|12, log(n)

-----

52 52
o ( 4n||%1|%2p?) P\ T2 10g(n)

Then, absorbing C. into C' and setting s — {208 2,053/ + Clog"?(n)}y/u yields

P<SUP9€ge(Pj) %Zz 1 19(E,X”)’

n o~/ ~ og'?(n —u
< 2E SUPgeg, (y,) |+ 2ty GO(F, Xm-)‘ + %HEHLZ,O]'\/E + C’%ﬁ) >1—4e " (B.16)

Then, conforming to the notation in the proof of Theorem 4 in Giné et al. (2003), define
the events

& (s) = {supeegew LY EO(E, Xiy)| < LY E0(E, Xy)
\/s+210g J+1 ”N”LQp] + Clog \/8"‘ 210g l—j + 1 }

2K SUPgeg, (p,

Then P(n_, & (s)) = 1 —8e™*.

As our second step, with the tail probability on hand, we shall bound the expectation
Esupgeg ‘Zl 16 9<E’XZ])

wn(a) = n 12 E supgeg, (p;) | 2iz1 € (FZ,XU)] if a € (pj—1,p;]. We now find a function
: [0, 1] — R* that satlsﬁes the conditions in Theorem 4 in Giné et al. (2003), that
is, (1) w is non-decreasing; (11) ( )/a is non-increasing; (iil) wy(a) < w(a), Ya € [ry, sul;

(1V SUD e (0,17 @4/ log log(1/a)/w(a) < K < oo. We set out to find such a w.
Note that we can regard ﬁzi=1(€i/oe) (FZ»,XZ-,J-), (indexed by) 6 € G.(p;) as the

empirical process \/Lﬁ > o(F, Xi;), 0 € Ge(pj) symmetrized by the random variables €;/ C.,

within each shell. Further introduce the notation that

i€ {1,...,n}. Although the &/C.’s are not Rademacher random variables, by our earlier
argument, when conditioning on the F}’s and X, ;’s, the process \/iﬁ Z?zl(a/é’e)@(ﬁ}, X;;) is
nevertheless centered and sub-Gaussian with respect to the (random) distance d on G.(p;)
defined as d?(61,0:) = = > (6, — 0.)%(Fy, X, ;) = |61 — 02[7,(,)- Thus, the proof of
Theorem 3.5.4 in Giné and Nickl (2016), in particular the part that invokes Theorem 3.5.1,
applies. Specifically, let ) be a generic measure on (ﬁ‘,Xj), and recall that G = 1 is
the envelope for the class Ge(p;) (so simply |G|, = 1, though at times we will retain
the dependence on |G| p,q) to conform to the notations in van der Vaart and Wellner
(1996) and Giné and Nickl (2016)), let N(Ge(p;), L2(Q), T) be the covering number for the
class G.(p;) by balls of radius 7 in the Lo(Q)) norm, and let the constants A;, A; be as
in Theorem 3.5.4 in Giné and Nickl (2016). We then obtain from that theorem that, if

€ (pj—17 p]]a

éwn(a) - ESUp@EQe(ﬂj) \/Lﬁ Z?:l<a/56)0(ﬁa Xi,j)
< Ay §7 supg A/10g{2N (Ge(p;), L2(Q), TG Ly(q)) YT
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+ As {57 supg /102 (2N (G.(py), L2(Q), 7[ Gl a@)}dr} /y/np?.

By Theorem 2.6.7 in van der Vaart and Wellner (1996), we can take, for a large enough
constant Cy, for Q the set of all generic measures () on (F', X;) and for all 0 < 7 < 1,

SUPQeo 108{2N (Ge(p;), L2(Q), TG L, (@)} < CiVr, 41y log(2/7). (B.17)

and thus, for a large enough constant Cs,
w(u) = Cy {V F1+1) log"?(2/u)u +n~Y? Vr, #+1) log(2/u)}

Finally, we put everything together. Now, on the event mé-:lé'f(s), Vl<j <l
W0 € Gelpy).

T i1 59(E7Xu)’ < 2w ([0],) + 24/5 + 2log(l — j + 1)[€] . p;

cbg/ L /s + 21og(l— j + 1) < 2w(p;) + (281, + C)a/s + 2log(l — j + 1)p;.

By our condition (iv) on w and the derivations in the proof of Theorem 4 in Giné et al.
(2003), for some positive constant Cs,

log(l—j+1)
w(p;)

Hence, on the same event (that is, the event m 5*( ), Vi, V8 € G(pj),

< Cs.

maxigj<i

L S0 X))

NP < {2+ (208, + C)V2Cs}w(py) + (2], + C)psv/s

< C[{Viltsosy log"2(n) + Vs } 1611, + 12V e log(m) .

for the class G(r,,), we can just invoke (B.16) but with G.(p;) replaced by G(r,), to conclude
that

P [Suboegiry) 3 iy GO, Xig)| < C {un + /Fhvan] 21— e

Combining the two cases above, we obtain the part of the conclusion of the proposition
regarding (B.14). The other part of the proposition regarding (B.15) follows by minor
modification. (Here the process on the left-hand side of (B.15) is properly centered for each
0, so we can proceed with the usual symmetrization by Rademacher random variables.) [

B.5 The stochastic term in the proof of Theorem 3.2

Recall the definition of aj™, which is the t-independent value of of, under the null
hypothesis, below (26) and &, as in (B.3). We recall that the (-)% as the smoothed j-
th partial derivative of the argument function as in (10). Define, for a € F, (T + 1), the
function 0(-; ) : R™" — R indexed by « as

O(F,2j;0) = (@ = &)5(F,25)1{w; € Bu} — {(a = &)™} (F, ;). (B.18)
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Note that, under the null hypothesis or not, for each o and ¢, the function 0(-; «) is always
centered under P. Thus, it is not necessary to center P,0(-; ) at PA(-; ) = 0 in (B.20).

We show the following result that will be useful for bounding the major stochastic term
in the proof of Theorem 3.2.

Proposition B.8. Assume that Assumptions 5.1 to 3./ hold, and in addition the bandwidth
h satisfies

RV, 1) log(n) = 1. (B.19)
Then on an event with probability at least 1 — 12e™°, for a constant cg,

Vae F,(T+1), [Pu0(;a)] <co[{I0(;a)n, + vsn} {ven + \f} + 5 Sn] . (B.20)

Proof. We mimic the proof of our Proposition B.7. (Alternatively, we could adapt the
proof of Theorem 4 in Giné et al. (2003), which will improve some multiplicative constant.)
Define the function class G,, = {0(-; ) : a € F,(F + 1)}. By the form of the function 6, we
can take G = c¢g/h for a constant cg large enough as the envelope for the class G,.

Similar to the proof of Proposition B.7 but with some minor modifications, we let
s = sy = |G|, = cg/h, I = 1, = [log((cg/R)vi\)], r = 10 = sne™' € [e W, Vsn], and
pj = rpe’. Define the function classes G(a) = {0 € G, |0, < a}, G(a,b] = G(b)\G(a), and
Ge(a) = G(a/e,al.

By Theorem 4 in Adamczak (2008) with 7 = 1 (which is in fact allowed), 6 = 1 and
a = 2, we know that

P (supgeg ) [nPrb] = 2E supgeg, (,,) [nPR0] + s)

82

<exp| — = =
( 4n supgeg, () 10(F, X;) — EO(F, Xj)H%?)

82

+ 3ex —
p( C?misicgr, oy SUPacg, [0, X)) — EO(F X, W)
i€{1,...,n} peegc 1y <X4,5 ) “20,9 ) Hlahg

32 32
J

Then, for u > 0, setting s = {2p;4/n + Ccg/h}+/u yields

2
P (supeeg (o) P < 2Esupgeg, () [Pnl] + —=pjv/u + C;—i\/ﬂ) >1—4e " (B.21)

vn

Then, conforming to the notation in the proof of Theorem 4 in Giné et al. (2003), and
essentially by setting u = s+ 2log(l—j+ 1) in the event in the probability above, we define
the events

5;’(5) = {supeeg |IP’ 0] < 2E supgeg, (p, |IP’ 0|

24/ 5+2log(l—j+1)

- pj+CZ—i\/s+210g(l—j+1)}.
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Then P(n}_,& (s)) = 1-8e*. Further introduce the notation that w,(a) = n'?E SUPgeg, (p,) | (Prn—
P)o|ifa € (pj_1,p;]. We now find a function w : [0, s,] — R* that satisfies the conditions in
Theorem 4 in Giné et al. (2003), that is, (i) w is non-decreasing; (ii) w(a)/a is non-increasing;
(ili) wn(a) < w(a), Ya € [y, sp]; (iv) supye 1y ay/loglog(l/a)/w(a) < K < co. We set out
to find such a w.

Similar to the proof of Proposition B.7, let N(G.(p;), L2(Q), T) be the covering number
for the class G.(p;) by balls of radius 7 in the Ly(()) norm for a generic measure () on
(Y, F, X), and let the constants A;, Ay be as in Theorem 3.5.4 in Giné and Nickl (2016).
Then, by that theorem, if a € (p;_1, p;],

CG cp;
wy(a) < Alf /1412 supg 1108 (2N (Gelpy), L2(Q), T[G 1ot Yr
4,59 [ coil1Clis0) Tos 2N (C.(0) L a PR
+ A28 supg v/10g{2N(Ge(p;), L2(Q), TG, @)}dr ¢ /+/np3.
By Eq. (A.2), N(G,, L2(Q),7) < N(F.(F + 1), La(Q),c_h7) for a small enough constant

c_ > 0 that is not dependent on (). Then, by the derivation leading to Eq. (B.17), for Q
the set of all generic measures @ on (Y, F, X),

SUPgeg 108{2N (Ge(p;), L2(Q), 7| G 1o@))} < C1VE, 41y log(1/c_hT). (B.22)

Thus, for a large enough constant C5, we can set

1 1 1
w(u) = Cs {V;f(rﬂ) log/? (h%) U+ n1/zhvfn(?+1) log (%) } :

Now, on the event n’_,E¥(s), Vj, V0 € G.(p;), by condition (B.19),

Vi Pa] < 2w, (|0]1,) + 24/5 + 21og(l — j + 1)p; + O ‘9 \/S+210g(l—j +1)

< 2w(p;) + (2 + Ceg)n/s + 2log(l — 7 + 1)p;.

From condition B.19, we have 1/(hy/n) S r, S pj. By our condition (iv) on w and the
derivations in the proof of Theorem 4 in Giné et al. (2003),

log(l—7+1)
w(p;)

Hence, on the same event (that is, the event m 5*( ), V7, V0 € G(pj),

< Cs.

maxiygj<i

[Paf] < {2 + (2 + Ceg)V2C3} =w(py) + (2 + Ceg)pin/3
< C{(Vs,n + \/%) ”9“[/2 + }Lyfn :

In addition, for the class G(r,), we can just invoke (B.21) but with G.(p;) replaced by
G(ry), and simplify with (B.19), to conclude that

P [subgegr,y VI IPal] < C {312, + vsnr/2}] = 1 —de".

Combining the two cases above, we obtain the conclusion of the proposition. O
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C Proofs of main theorems and additional results for
Section 3

C.1 Proof of Theorem 3.1

Proof. We first introduce a shorthand notation that we will employ throughout: for a
possibly random function m = m(f, x),

Pm = {m(f,z)dP = {m(f, z)dP.
Since F = F (X), for a possibly random function g = g( f ,;), the analogous expression

Pg = Sg(f,fL‘])dP = Sg(fax])dp

makes sense as well. We note that Pm and Pg could still be random due to the potential
inherent randomness of m and g.
We first prove (22). Recall g, from Section B.2. To start, we have

P(:q\n - m0)2 = P(:q\n - m0)2 - Pn(.an - m0)2
+ ]P)n(.,g\n - m0)2 - Png(a ./g\n) + Pné(y é]\n) - Pné('; an) + Pnf(v gn)
< P(.,g\n - m0)2 - ]P)n(./g\n - mO)Q + {]P)n(:q\n - m0)2 - Png('; ./g\n)} + ]P)n€<a§n)7 (Cl>
where the inequality follows by the definition of g, (in particular that it minimizes the loss
P,.¢(-; g) within g € F,,(T + 1)). Next, for the term in the curly bracket in the last step of
(C.1),
]P)n(.a\n - m0)2 - ]Png(v/g\n) = ]P)n(.an - m0)2 - ]P)n(.a\n - m0)2
+ 2 2 €(Gn(Fi Xig) — mo(Fy, X)) — 5 20, €
= 230 €0 (F X)) — mo(F, Xij)) — 5 20 €
and, for the last term in the last step of (C.1),
Png(a gn) = Pn(gn - m0)2 - %22;1 Ez(an - mO) + %Z?:l 612'
Plugging the two equalities above into (C.1),

]P)(./g\n - m0>2 < ]ED(./g\n - m0>2 - Pn(./g\n - m0>2

/

v~

[n,l
+ %Z?:l Gz@n(ﬁu Xij) —mo(Fy, Xij)) — %Z?:l €(Gn — mo) + Pp(gn — mo)?
= dn1 + %Z?:l 62(./g\n - .an)(Ev Xi,j) + Pn(.an - m0)2‘ (C2>

We next analyze I,,;. Note that the class of functions {g — mg = 9(f, z;) —mo(f,x;)
g € Fo(T + 1)} satisfies the covering number bound in Lemma B.6. By Lemma B.6, on an
event A, ¢ satisfying (B.12), we have

Vg € J‘En(F + 1), |]P)(9 - m0)2 - Pn(g - mo)z\ < C{P(g - mo)2 + %} . (0-3)
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Applying this result with g = g, on (C.2), on the event A, ._ 1y We obtain

PG~ mo)? < £+ 4 LS, (@~ 5)(F Xig) 12Pu @ - mo). (C4)

~-
In,2

Next, we investigate the rate of the stochastic term I, 5 on the right-hand side of (C.4).
Recalling the €;’s introduced in Section B.4, we further decompose

Ing = % 2001 &G0 — Gn) (F, Xij) + 3 200 (6 — &) (Gn — Gn) (3, Xij) = Inoa + Ingo-

The reason we need this decomposition is that in I, 51, the €;’s are conditionally properly
centered, that is ]E[EAE,X”] = 0, while the term 1,52 will utilize the “stability of
conditional expectation” condition in (B.1) to treat the difference ¢; — €;.

Now, for the term I, 21, note that the class of functions {(g — g,) = (g — ) (f, z;)
g € Fn(7 + 1)} satisfies the covering number bound in Lemma B.6; we then apply (B.14) in
Proposition B.7 with 6 = g,, — g, to conclude that, on an event Aj s satisfying P(As ) >
1— 125,

o2l = 15 2001 &G — Gn) (F3 Xi )| < ca{lGn — Gnlis + von} {vem + 1/} (C5)

For the term 1, 5., first note that |e; — &| = [{V; — mo(F}, Xi;)} — {Y; — E[Y;|F}, X, ;]}] =
\mo(F;, X ;) — E[Y|ﬁ’,Xj]|, which is uniformly bounded by 2M, by the comments in
the proof or Proposition B.7. As already mentioned, the class of functions {(¢ — g,) =
(9—3n)(F, x;) : g € F,(F+1)} satisfies the covering number bound in Lemma B.6; multiply
this class by € — ¢ = E[Y|F, X ;] — mo(F;, X ;) considered as a single, uniformly bounded
function changes at most the constant in the covering number bound (see Theorem 3 in
Andrews (1994)). Hence, we can apply (B.15) in Proposition B.7 to conclude that, on an
event As s satisfying P(Az ) > 1 —12e7%,

oz = $naadPl < ex {€ =G = ) (B X1 + vin } {v + /5

SAIGn — Gnlr, + ven} {Vs,n + \/g}

where in the transition to the last line we have again applied the boundedness of ¢ —¢. For
the centering term { I,, 5 odP, by the Cauchy-Schwarz inequality,

[§ L 22dP| < {E[ (e — &)1} (PG — 5} < 6¢Gn — Ginl - (C.6)
Collecting the rates for I,, 51 and I, 22, we conclude that on A, N Az,

o2l = Hnza + Inzol S {190 = Gullr. + ven} {tem + /2 } + 0110 — Full -

Then, applying this result in (C.4), we obtain that on the event A=t o0 Az 0 Az we

have (note the change in notation from P(g, — mqg)? to |gn, — mol7, below)

19n — mOH%Q < % + C {9 — Gnlz, + Vet {Vs,” + \/g} + O] Gn — Gnllz, + 2Pn(gn — m0>2
S G0 — Gnllo{ven + 0r + \/E} + Vsn{Vsn + \/g} + % + 2P, (G — mo)?
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S Al — molry + 1[G — Mmoo Hysm + 0 + \/g} + Vsn{Vsn + \/g} + %/ + 2P, (G — mo)?
S G — Mol Lo {Vem + 0t + /Z} + (Vam + SHVow + 6 + A/} + Vendton + /2 + £
+ 21@(% —my)® (C.7)

—_—
In,3

where in the transition to the last step we have invoked Lemma B.1. For the term I, 3, by
(C.3) and the remark above it, and then Lemma B.1 again, on the event Ay -1 ¢ we have
Lz =Pu(Gn — mo)? < 3P(Gp —mo)? + 35 <02, + 62 + 2.

Then, invoking the above in (C.7) and then using ab < 271(a? + b?) several times, we obtain
that on the event Al,Czé,s’ N A N As s,

1Gn — moll, < 1Gn — mollo{vsn + 0+ 4/3}
+ {Va,n + §f}{ys,n + 6f + \/g} + Vs,n{Vs,n + \/%} + yin + 6f2 + %’
S G0 — Moo Vo + 0 + A/Z} + V2, + 12, + 07+ 2+ )

Finally, solving for |g, —mq|r, yields that, on A, ._ 10N Azs 0 Ass,

”/g\n_mOHLg S_, Vs,n_'_l/a,n_'_&f"'\/%“‘\/%- (08)

Nezt, we impose Assumption 3.2 and derive the concrete resultant rates for v, in (B.11)
(which then becomes the rate v, in (21)) and v, ,. For the former, namely v, essentially
we need to obtain an upper bound for the VC-index Vg, 741y of the class F, (T + 1); see
our Def. A.3. Note that there are a couple of closely-related though not always identical
concepts regarding the VC-index. Our definition turns out to be identical to the pseudo-
dimension defined in, for instance, Def. 11.2 in Anthony and Bartlett (1999) and Def. 2 in
Bartlett et al. (2019) for real-valued functions. A closely related concept, termed VCdim(G)
for a class G of {0, 1}-valued functions, also appears; for instance, see Theorem 14.1 in
Anthony and Bartlett (1999). Fortunately, we have the following simple connection: let
F! be our class of function F,,(F + 1) augmented with one extra input unit and one extra
computation unit, and let H' be the resulting set of {0, 1}-valued functions computed by
F! all as described in Theorem 14.1 in Anthony and Bartlett (1999). Then the VC-index
of F,(F + 1) will be bounded by VCdim(#'), that is Vz, 1) < VCdim(H'), and the
right-hand side is in turn bounded in Anthony and Bartlett (1999). Specifically, let U be
the total number of weights for a function in F, (7 + 1), so following the derivation on
p. 2 in appendix B of Kohler and Langer (2021), U ~ Lk? (note that the input dimension
7 + 1 does not appear because by assumption 7 is a constant). Then, by Theorem 7 in
Bartlett et al. (2019) and then Assumption 3.2, Vg, 41y < VCdim(H') < ULlog(U) ~
+1

(

N 10g2% n). To fix the multiplicative factor in this bound on Vr,41), we shall

explicitly set
24r—1 49

Vr,(r41) < cpn# 1 log” #5517 (n) = p, log ™" (n) (C.9)

for a large enough constant ¢, and for p,, from (21).
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Now we are ready to fix s and s' in (C.8). We set s = p,, so \/5/7 precisely becomes
the concrete rate v, in (21) (up to a factor involving ¢,), and v, in turn bounds v,
from (B.11) if we apply in (B.11) the bound (C.9). Similarly, we choose s’ to be a large
enough multiple of p,. Together with (C.8), we then conclude that, on the intersection
A=A, (=l D A s 0 As s whose probability is at least 1 — C'e™Pn,

Hgn - m0HL2 S Up & Vap + 5f~ (ClO)

Finally, we derive in (C.10) the rate of v,, in order to reach (22). This rate is implicitly
implied in Corollary 1 in Fan and Gu (2023), and depends on the earlier Proposmon 3.3
in Fan et al. (2022), but we give a brief derivation here. Define L and ko such that
Llog(L) = L and ko log (ko) = ko; we introduce these quantities because the neural network
architecture scaling in Proposition 3.3 in Fan et al. (2022) is specified by such quantities.

Under Assumption 3.2, it’s easy to compute that Lky ~ n Tz log%ﬂ(n), which further
yields, by Proposition 3.3 in Fan et al. (2022),

Van S (Lk )72~ . (C.11)

Finally, applying the bound above in (C.10) yields that (22) holds on the intersection
Al’gzi’s/ M A273 M A3,S'

Finally, given (22), a straightforward application of Lemma A.4 with g = g, and m = my
will yield (23). This completes the proof of the theorem. [

C.2 Proof of Theorem 3.2

Proof. Introduce the shorthand notation IP,z, for the empirical measure [P, but only

including the samples with sample indices in Z,. Then, the loss function R™!(-) introduced
in Section 2.4 can be written as

]%2““(&) =P,a® — 2P, 7, 5.
Also recall @&, defined in (B.3). Then, we have

P(an — anull)Q — P(an _ anull)? o ]P)n(an _ null) +P ( Oénull)Q

. égull(an) + égull(an) . Enull(an) + Rnull(an) _P (Oén null) + P, ( Oénull)Z
< P(an B anull)Q B Pﬂ(a i anull) +P, (Oén B anull) E?r;ull((%»

n

~~
In,2

+ _ﬁlﬁull(&n) . ]P)n(&n . null) +IP) ( anull)Q’ (Cl2>

n

~-
In,3

where the inequality is due to &, minimizing the loss R™(-). Now, for handling the terms
I, » and I, 3 in the above, note that for any a € F,,

P, (o — a™h)? Egu“(a) =P,a? — 2P, (aa™") + P, o™ + 2P, 7, 0 — P, a?
= —2P, (™) + Poa2™ + 2Pz, .

25



Then, together using the function (-; ) introduced in (B.18), the sum of the terms I, -
and I, 3 becomes

Pn(an o anull)Q - }A%E“H(@n) + }A%,Iiuu(&n) o Pn<&n o anull)Q

n n

= —2P, (G ™) + 2P (@nap™) + 2P 7,85 — 2Pz, &5 5 = 2Pn0(+; Gy). (C.13)

As already mentioned in Section B.5, The function € captures the deviation from the null,
which we will explain later.
Plugging (C.13) into (C.12), we obtain

n n n

P(a, — o2 < P(Q, — a™)? - P,(Q, — mﬂl) +2P,0(-; ay) + P (&, — ™2 (C.14)

Y

In,l

For the term I, ; above, first note that the class of functions {a — o™ : a € F,,(F + 1)}
satisfies the covering number bound (A.1) by our assumptions. Then, similar to (C.3), by
Lemma B.6, on an event A; ¢ satisfying (B.12), we have

Vo € Fn<F+ 1)’ “P)(Oé o anull)Z . ]P)n(Oé . null C{]P) . null>2 + %’} ) (015)

n

Applying this result with o = @, for I,,; on (C.14), on the event Al,C=%,s’ we obtain

P(@n _ CYHUH)Q <

n

+ 2P, 0(-; Q) + P (@, — auih)?
or equivalently, rearranging and centering we have,

P(&n — anull)2 5_' + 4P 9(.~ &n) + 9P (@n o anull)Q

n n

£ 4P 6( an) +2P, (&, — a2ih2, (C.16)

~~
In 4 In,5

Next, we consider the term I, 4 in (C.16). First, we note that

~ - 2
< 2E | (o = 8)5(F, X0)"1{XG € Bu + {(o — &)™ (F, X)) | S h72a - &l
where the last inequality follows from (A.2). Then, applying Proposition B.8 (whose
condition (B.19) is satisfied due to Assumptions 3.2, 3.5 and the paragraph below (C.8))

and the result above on the term (P, — P)6(+;&,) in (C.16), we obtain that, on an event
Ay s satisfying P(Ag ) > 1 — 12e7°,

‘]n4| C4{H€( Qn “L2+Vsn}{ysn+\/>}<{ Han null” 2+Vbn}{’/sn+\/>}+h Vsn:

Next, we consider the term [, 5 in (C.16), which represents a population bias induced
by approximating o™ through the neural network function &,. By (C.15) and the remarks
above, on the event A, ._1 , we have

L5l = [Po (@, =} < §P(@ — ap™)? + 35 S 02, + 07 + %

n
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where the last step follows by Lemma B.4. Then, collecting the rates for I,, 4 and I,,5 in
(C.16), we obtain, on the intersection A, ._ 1y N As s,

S

Han nuHHLQ ~ 71(Vsm + \/%)Han nunH Ly T Vsn {Vsn + \/>} + h sn s,n + 5f2 + SZ/

Then, solving for |a, — a™!||;, yields that

[ — a2, S h (o + A/5) + v + G+ /2.

This is our counterpart to (C.8) in the current proof of Theorem 3.2. Then, we apply
Assumption 3.2 as in the paragraph below (C.8), and subsequently choose s and s, and
bound 4, as in the paragraph below (C.9), and bound v,, as in (C.11). This will yield
the rate, holding on an event with probability at least 1 — C'e™», on the left-hand side of
(27) except for the cap at M,,. The additional cap is straightforward due the boundedness
assumptions on o™ and M (which in turn truncates the neural network estimators) in
Assumption 3.1. This completes the proof of Theorem 3.2 regarding (27).

Next, we bound [a""!

teR,

— o ||z, which will subsequently lead to (29). We have, for all

P(azull o azn)Z _ P(O&Euu o a;kn> Rnull( null) Rnull( null) Rnull( ) Rnull( )
< ]P)( null Oéf,n) Rnull( null) Rnull(at n)

_ Hagull”[Q _ 2<Oénull Qtn ”OénullHL2 + 2<anu11
_ 72<a2u11 B &t7n7at7n> i 2<a2u11 . atn7 null>

—2f, BTN (qml —ap 3(f,a)dP + 2§, (b — af,)i(F, 2;)dP
= 2, [P} 1)t — oz )5 (F,2;)d

<22 Zt,jh

- 2af,, o)

2 S null

G Lo an™ = af,

(C.17)

—atn)jlL, <

where the inequality is due to o™ minimizing the loss R™!(-), the transition to the second
last line follows by the property of af,, as the Riesz representer in (25) and the corresponding
property of o™ the transition to the last line follows by the Cauchy-Schwarz inequality,
and the last step follows by Lemma A.1. Then, combining (C.17) with the boundedness
assumption on o™ and of,, yields (28).

Finally, applying the triangle inequality on (27) and (28) yields the remaining conclusion,
namely (29), of Theorem 3.2. O

C.3 Proof of Proposition 3.3
Proof. We first prove the first half of the proposition on (5At. By definition,
(SAt = argming, . Ppl(-; Gn + 0¢iy,).

~

Denote the function 6, = g, — mo. Then

~ ~ 2
]P)ng('; .,g\n + 5tan) = - Z?=1 {Yz - :q\n(E7Xi,j) - 5tan(E Xzy)}



1 ¢ ~ 2 1« ~ ~ 1A o,
= ﬁ; {Y; - gn(EaXi,j)} - 25t52 {Y; - gn(EaXi,j)} an(Fi, Xi5) + 5352@721(52,)(@]')-

i=1

Ihe last line above viewed as a quadratic function in J; reaches its minimum at 6; = gt for
¢ given in (15). We can also re-write (15) as

~ 1 ~ ~
5, = - {ez WL Xig) | (B, X C.18
iy IAQ(F X, ) 2, On ) ¢ Qnl( ) (C.18)
12 ! LS (B X, )au(F X))
= - Ezan i) z N - n\L'i, Nij)OUn LGy Aj ).
o 1”( J) S S aE D= ” ”
Jnl J::Q J:ZB

For the term J,,; (in the denominator) above, similar to (C.15) (with the choice s’ being a
large enough multiple of p,,), we conclude that on an event A;; with P(A;,) > 1—Ce P,

=D @%(E‘; Xij) = 3 §02(f, z;)dP — Cv2.
Next,

§A2(F,2)dP = §(am ™2 (F, 2;)dP + §(@2 — (ai™)?)(f,z;)dP
_S null f ZE])d]P)-i‘S a, + anull)( _ null)(f JZJ)CHP)
> §(0p™)2(F, ;)P — CMoc{§(@ — a™2(F, ) ABY2 = §(al™2(F, )P — O(h~'vy + )

n

where the last step holds on an event A; 5 with P(A4;5) > 1 — Ce P by Theorem 3.2.
Combining the above two inequalities, by the conditions imposed in Proposition 3.3 with
Assumption 3.6(i), on the event A; ; N Ay » we have that .J, ; is bounded from below from
zero by a constant (independent of n).

Next, for the term J,, o, we can follow the treatment for the terms I, = I, 01+ {In22—
§ 1, 22dP} + (I, 5 odP in the proof of Theorem 3.1 in Section C.1, together with the choice
of s in that proof, to conclude that on an event Ay with P(Ay) > 1 — Ce Pn,

[ Jnal S Hlanlz, +vajvn + {|an]L, + vntvn + 6lan]z, < rmn

where the last step follows by the boundedness of @,,.

For the term J, 5 above, first note that the class of functions {(g—mg)a : g, a € F,,(F+1)}
satisfies the covering number bound by Theorem 3 in Andrews (1994) and our assumptions.
Then, by (B.15) in Proposition B.7, together with the choice of s in the proof of Theorem 3.1
in Section C.1, we conclude that an event A3 with P(A3) > 1 — Ce Pr,

s = § JnsdP| S {10ndn]s + vl S AMuliy + va}vn S P,
| § JnsdP| < {(PA2)(P32)}Y? < Mrmn S P

both hold. Combining these results, we conclude that |5At|
probability at least 1 — C'e™P».,

S T O an event with

~

Next, we prove the second half of the proposition on the minimization condition (16).

null 5 null

Denote the functions 5an = Qp—ah ant = Q' —af ,, and dmt = Q,— ag, = 5an+5ant
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It follows from the definition of gt that P,l(-; Gn) — Pol(-; Gn & TingnQn) < 0. We then have,
for all t € R,

Pnf( E) P 6( Gn +rinf,naf,n)

= Ppl(; Gn) — Pul(5; n £+ Tingnn) + Prl(; Gn £ Tingn@n) — Pol(; Gn £ Tinenay,)
< Pol(v; Gn £ Tintn@n) — Pol(; Gn £ Tinenaf,)

= Pl G + 018in + Tingn@n) — Pul(=5 G + 0i8n + Tingne,)

= Pl G + Oy £ Tine) ) — Pl G + (O + Tint)On T TintnOamt) = It

where the inequality follows by our earlier remark.
Next,

= L3 e — 0a(F, Xiy) — (O £ Tiagn) B (B, X ) 2
— {Q — 00 (Fy, X ) — (00 % Tintn) B (B, Xi ) £ Tt (B Xi )}
=i [W {62' —0,(Fi Xig) — (6 + Tinfn)@n(ﬁqu‘j)} PintnOamt (B Xij) — lnfn(;im(FiaXz’,j)}
= +(8y £ Ting) 2t 3 1an<E,Xm>5m<E,Xm> 2t 7 €i0um (B, Xi )
4 2t S5 (B, Xig)Oame(Fry Xig) — i S0 62 (B, X )
+(5t + Tmfn) it Zz 1 O‘tn(EszJ)éant(E7Xw) + 2rmfn Zz 16 ant(FuXu)
t 2intn S5 (B X )0t (B Xig) + (426, + Tinf,n)T'"f’" S 02 (B X )

n =1 "a,n,t

i2rinf,n(5t + rinf,n)t]n,t,l + 2Tinf,an,t,2 + 27’inf,n!]n,z‘,,é} + 7’inf,n(i25t + rinf,n>=]n,t,4

where we have introduced

In % % Zn 1 a:n(-ﬁzﬁ Xi,j)(sa,n,t(-ﬁi, Xi,j)a Jn,t,2 =1 Z? 1 Ei(;a n,t(ﬁa Xi,j)7
nt3 1 Zz 1 (E;Xi,j>5an,t(E7Xi,j)> Jn,t,4 Zz 1 ant(EaXi,j)-

We only demonstrate the treatment for J, ,; in detail; the treatments for the other Ini’s
are in principle similar and have been employed in the proofs of Theorems 3.1, 3.2 and
Proposition 3.3. For the term J,,;;, we further define J,,;;, = P ozméa,n and Jmt’l’g =
Ppaf, 00, 80 Jni1 = Jni11+ Jnsa2. Now, we apply (B.15) in Proposition B.7 to conclude
that with probability at least 1 — C'e™P»,
vt e Ts, | Jnial = |(Pn )O‘tngan + Patn an’ S {Hatn anHLz + Unjtn + {PO‘ZQP(SZ }1/2
< Hé < null

an||L2 ~

To treat J,+1,2, we apply the same proposition to conclude that with probability at least
1—Ce P,

vt e Ts, |Jn,t,1,2‘ = |(Py, P>atn5ant + ]Patn ant‘ S {Ho‘tn ant”Lz + Vn} Vp + {]P)O‘*Q]Péint}l/z

5 Vp + Tatb-
Thus, with probability at least 1 — Ce™Pn,

11
VtE,]:;, |Jnt1|<7ﬂu +ratb
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For the other J,, ; , terms, we can similarly conclude that, with probability at least 1—C'e ",
Vte%a |Jnt2| ,-\_,rmn( null_|_7,atb) |Jnt3| Nrmn( nuu_{'Toztb) |Jnt4| <Tnull(rnullyn+ratb)

Combining all the J, . terms and further simplifying, we conclude that with probability
at least 1 — C'e™Pn,

Vt e 7?57 |Jn,t‘ S rinf,nrm,n( Iolluél + Ta t b)

This concludes the proof of the proposition. n

C.4 Proof of Theorem 3.4

Proof. As in the proof of Theorem 3.1, given (30), the proof of (31) is straightforward,
so we will only prove (30). By Proposition 3.3 and Assumption 3.6, on the event A; (see
Proposition 3.3) we have |d¢| < 1, and hence further by (14), on the same event,

\Q/HE.TTL(F-FU E{g+5ta:gaaefn(F+1)v|6t| < 1}'

We now control the complexity of the class F,(7 + 1). Let @ be a generic measure on
(Y,F,X), let N be a cover of F,(7 + 1) by balls of radius 7/4/9 in the Ly(Q) norm and
moreover N consist of functions uniformly bounded in magnitude by M, and let £ be a
cover of the interval [—1,1] by intervals of length at most 7/(v/9M); we choose € to have
cardinality at most [2v/9M /7).

Suppose g, ¢, a, &’ be functions of (Y, F', X), that are uniformly bounded in magnitude
by M, and moreover satisfy |lg — ¢'|lz,@ < 7/V9 and |a — /|1, < 7/V9, and let
8,0/ € [~1,1] be such that |6 — /| < 7/(vIM). Let § = g + 6, and 0 = ¢’ + §'a’. Then

|\9’ 9||L2(Q 3lg = 9'7,q) + 30l = &lI7,q) + 3(0: — 5)* |7, )
7_2 ,7_2 7_2

Thus N(F,(F + 1), Ls(Q),7) < N(Fu(F + 1), Lo(Q), 7/v/9)?[2v/9M /7| where we follow
the notation for the covering numbers, for instance N(F, (7 + 1), Lo(Q),7), in (A.1) in
Proposition B.6. Thus, the logarithm of the covering number N(F, (7 + 1), Lo(Q),7) for
the class F,(7 + 1) is bounded up to a multiplicative constant by the logarithm of the
covering number for the class F,,(7 + 1). Then, the proof of (30) in Theorem 3.4 follows
that of (22) in Theorem 3.1 with minor modifications. O

C.5 Proof of the size under the null: Theorem 3.5

Let r = r(;b) be an unspecified, possibly random function that may change for each
occurrence, but that always satisfies sup,.7 |r(¢;b)| < b. By this convention, the function
r =7(t;o(1)) in (C.19) satisfies sup,.7 |7(t;0(1))| = o(1).

Proof of Theorem 5.5. We will first prove the following master approximate i.i.d. expansion
for the statistic 77;(g,): under the null hypothesis Hy in (3), with probability at least
1 — Ce P~ uniformly over all t € Ts we have

VI () = dn Sy G (B, Xig) + r(t0(1). (C.19)
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Recall the notations 7j; from (17), 7} from (24), and the random variable Z, ;; from
(26). Introduce, for a generic function m : R™"! — R, the functional 7} as

3 (m) = §g, [exp{t m3(f,z;)} — 1]dP.

Under either Hy and H;, we have the master decomposition

T (Gn) = 7,(Gn) = 7:(Gn)} + {7 (Gn) — 75 (90)} + {7 (90) — 1 (mo) }
+{ni(mo) — §o, lexp{tmo; (£, 2;)} — 11dP} + §, [exp{t mo;(f, z;)} — 1] dP

= It,n,l + It,n,2 + ]t,n,3 + It,n,4 + It,n,5 . (C2O>
. ~- J
:EZt,j,hunde:r HOO

In this decomposition,

i) I; 1 is a centered empirical process evaluated at the random function §,. Under the
null, I;,,; admits a fast rate converging to zero because here the smoothed derivative
estimator g, ; is expected to be close to zero. Under the alternative, I; 1 still converges
to zero due to the averaging effect, though the rate will be comparatively slower.

ii) I;,2 is the dominant term in the decomposition under the null, and in fact will admit
an approximate i.i.d. expansion that will in turn become the leading, i.i.d. sum in (C.19).

iii) The term I, , 3 represents the approximation error arising from replacing the latent factor
F' by the diversified factor ﬁ‘, I 4 is a bias term arising from smoothing the true
regression function derivative my ;, and finally, I; , 5 can be regarded as the original signal
strength favoring the alternative. Together, the (magnitude of the) sum I; ,, 3+ 1 pa+1i 05
can be regarded as containing the signal favoring the alternative. Here, under the null,
the sum becomes 7j;(go) = EZ; j, which is zero (see the remark below (26)).

Next, the treatments of the terms I;,; and I;, . will be covered in Sections C.5.1 and
C.5.2 respectively. The transition from (32) to (33) will be covered in Section C.5.3 by
showing that the estimated variance H?&nH%Q(Pn) is a consistent estimator of the unknown

null

asymptotic variance |ea”

|7,- We finalize our proof of Theorem 3.5 afterward.

C.5.1 Proof for the first term in (C.20)

Now we handle the term [;,,; in the decomposition (C.20), which as stated below (C.20)
is a centered empirical process term. Recall the definition of 75 = [T, —d] u [6, T].

Proposition C.1. Suppose that the conditions of Theorem 5.5 hold. Then, under either
Hy or Hy, with probability at least 1 —Ce™P", for a constant c41, and uniformly overt e Ty,

It,n,l < 04,1{%71771,71 + %Vn + ||Zt,j,h| LQ}I/TL‘

Proof. Define the function 6(-; ¢,t) = 6(F, x5 g,t) = {exp[t\If{gj(f, z;)}] — 1}1{z; € By} :

R™! — R (essentially the summand in (17)) indexed by g € F,(F + 1) and ¢. Then,
Iini = (P, —P)O(-; §n,t). Now, in the proof of Theorem 3.4 in Section C.4, it was shown
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that with probability at least 1 —Ce P, §, belongs to the functional class F,, (74 1) defined
in that proof. We shall focus on this event.

As in the proof of Theorem 3.4, let g, ¢’ be functions of (Y, F', X), and moreover let
t,t' € Ts. Then

0(F,2559,) = 0(F, 2559, t)| = | explt W{g; (F, 2,)}] — exp[t' W{g(F,2)}][1{z; € Bu}

S tllg — g5 (f 2| Maj € Bub + |t = '] < T|(g — ¢)5(F, )| 1{z; € Bu} + [t — 1],
Since t € 75 and Ts is compact, the class of functions {0(-;g,t) : g € F.(F + 1),t € T3}
admits a uniform covering number similar to that in (B.22). Thus, the situation is largely

similar to that in Proposition B.8, and we obtain that on an event with probability at least
1 —12e~*, for a constant cj,

Vge FuT+1),VteTs, [(Pn—P)0(9,0)] < chl{0)L, + ven} {vsm + /2} + 32121

Choosing s as in the proof in Section C.1 of Theorem 3.1 in the above, we obtain that,
with probability at least 1 — C'e P, by changing the constant cj if necessary,

VieTs, Lini < cG{l0C; 0, 0)] 10 + 500} (C.21)
Now, with the aid of (A.2) and the definition of Z, ;;, from (26),
16C: Gn )12, = S, {exp(E U{G, ;(f, 2;)}) — 1}2dP
< 2§, {exp(t U{F,(F.2;)}) — exp(t‘l’{g&j(f,xj)})}QdP + 2§, {exp(t O{g5;(f,dz;)}) — 1}2dP

< t2 SQh gn gO) }Qd]P) + HZt,], Lo S n2 S(gn g0)2d]P + HZt7j7hH%2
t_z §${(n — + (9o — mo)*}dP + | Z, 5, <L ?nn + |2,

where the last step follows by Theorem 3.4 and Lemma B.2. Combining the above with
(C.21) then yield the conclusion of the proposition. O

C.5.2 Proof for the second term in (C.20)

Recall that of,, = of,,( £, z;) : R — R is the Riesz representer that satisfies (25).

Proposition C.2. Suppose that the conditions of Theorem 5.5 hold. Then, under either Hy
or Hy, with probability at least 1 — Ce P, for a common function r = r(-;b) as introduced
above Theorem 5.5, uniformly over t € Ts we have

Lino = t% >y aafyn(ﬁi,Xm) + [t r(t; PnTaen + ) + ([t] + 2)r(t; h*2r,2n’n). (C.22)

Proof. To streamline our presentation, we divide the proof into two parts. In the first
part, Lemma C.3, the proposition is proven under a set of technical conditions, while in
the second part, Lemma C.4, the technical conditions themselves are verified. The general
direction of the proof of Lemma C.3 follows that of Chen et al. (2014, 2022), but here
we work with the tweaked regression function estimator g, instead of the preliminary
estimator g,, and also take into account the accuracy loss of using F' in place of F'.
More importantly, by using the tweaked estimator g,, we avoid artificially imposing the
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“undersmoothing/bias vanishing abnormally fast” condition as in Chen et al. (2022); more
specifically, see how their “undersmoothing” condition, Assumption 4.4, is invoked in the
proof of their Lemma C.1(ii). If we were to impose a similar condition, then we would
need Vo, = Vanundersmooth from (C.11); the bound on the bias, to be o(n~'/2); this would
lead to a scaling of E%o that would further result in vs, = Vs undersmootn from (B.11),
the accompanying standard deviation for the stochastic variation, to be at least on the
order of n= i (up to log factors). Clearly, the rates for v, , undersmooth a0d Vs 5 undersmooth
in the bias/variance decomposition are no longer balanced, and in particular the rate for
Vs nundersmooth 18 inferior to our balanced rate v, in (21); in fact, when x < 1/2, it is no
longer true that Vs, undersmooth = ©(1), so the regression function estimators g, and g, are
no longer consistent.

Lemma C.3. Suppose that Assumption 3.06(ii) holds, and that on an event A, for a
common function r = r(-;b) as introduced above Theorem 3.5, uniformly over t € Ts the
following conditions hold:

Pn‘€<7 \g/n> — Pn£<7 b/n i Tinf,nazn) < T(t, Tinf,nrm,n'ra,t,n) (C23>

(note that (C.23) is essentially the minimization condition (16) at t with g = g, for the
tolerance on the order of rmm(rg?,? + Tatb))s

P{f(, \g/n) - 6(7 .b/n + Tinf,nazn)}

i2rinfﬂ<\g/n — My, azn>¢2rinf,nE[ea;n(ﬁv X])] = T(t; T?nf,n)? (024>
(]Pn - ]P) {‘€<7 \g/n> - 6(7 ‘\g/n + Tinf,na;n) + 2Tinf,n€a;n} = T(t7 Tinf,nrm,nyn>7 (C25>
~5 ~s aﬁ?(QO) -~ . 2 L1 2,2
1 (Gn) — 7 (90) — o [9n = go] = ([t| + )r(t; Ry, ), (C.26)
on; (o) .
01, — gu] = 1 — g (27

Then, on the intersection of the event A and another event with probability at least 1 —
Ce P uniformly over t € Ts, (C.22) in Proposition C.2 hold.

Proof. By condition (C.25),

Pol(+; Gn) — Prl(s; gn T’inf,na:n) =P{(5n) —L(5 G0 = Tinf,no‘zn)} £ 27ingn (P — P){Ea;n}
+ (]P)n - ]P)) {€(7 .\g/n) - E(a .\g/n + Tinf,na;n) + 2Tinf7n€azn}
= P{é(, .\g/n) - ﬁ(’ .\g/n T Tinf,nazn)} + 2Tinf,n(Pn - P){GO&;”} + T(t; Tinf,nrm,nyn)'

Combining the above with condition (C.24) and Assumption 3.6(ii) yields
]P)n‘g(a \g/n) - ]P)ng(y En i Tinf,nazn) = $2Tinf,n<‘\g/n — My, Oé;n> i 2Tinf,nPn{€azn} + T<t7 Tinf,nrm,nyn>-
By the above and the minimization condition (C.23), we further obtain

(Gn —mo, ) — Prleaf, } = 1t TmmTan)- (C.28)
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Next, we show that t(g, — mo, o, ) can approximate 77(Jn) — 1;(g0) well. First, by
conditions (C.26) and (C.27),

>~ ~s on; ~ s ~s ony ~
Fina = 25 = (o0) = T, — o)+ L) — ) — g, - 1|

= t{Fn — g0, o) + ([t + )r(t h 777, ).

Combining the above with (C.28), and using the Cauchy-Schwarz inequality followed by
Lemma B.2, we obtain

Itnp = t(Gn — g0, ) + ([t + )7 (8 7207, )
=tr(t;rmnTasn) + ([t| + 3)r(t; h—%ﬁw) + t{mo — go, af,,) + t% pI eia;n(ﬁ}, Xii)
= t7(t; Pt ot + 01) + ([t + )G 7202 ) + 2 30 6o, (B, Xog).
Compared to (C.22), we only need to replace the ¢;’s by the €’s in the last line above. This
can be done similarly to how we dealt with the term I, 55 in the proof of Theorem 3.1 in
Section C.1, and is why the intersection of A with another event with probability at least

1 — Ce™P~ in the statement of Lemma C.3 is needed, at the cost of another ¢ r(¢; d¢) term.
Eventually we arrive at

Lipo — t% . éa;n(ﬁ‘i, Xii) = tr(t;rmararn + 05) + ([t| + 2)r(t; h*27‘72n7n),
which is the conclusion of the lemma. ]

Lemma C.4. Suppose that the conditions of Theorem 5.5 hold. Then, conditions (C.23),
(C.24), (C.25), (C.26) and (C.27) hold with probability at least 1 — Ce P,

Proof. As stated in Lemma C.3, Ineq. (C.23) is essentially the minimization condition (16),
which has already been established in Proposition 3.3. Next, we verify condition (C.24).
We have
(Y, F, X5 Gn) = LY, F X5 £ Pinen0f) = {Y = Gu(F, X)) = {Y = Gu(F, X;) T ringnc, (F, X))
= [ = (B, X;) = mo(F, XV = [e — (5B, X;) = mo(F, X))} % ringcf (B, X,)P
= +2rneale — {Gu(F, X;) — mo(F, Xj)}ap,(F, X;) — rignin (F, X;)
= F20inn{0n(F, X)) — mo(F, X)) }af,(F. X;) = rig i (F, X) & 2ringeeay (F, X5).
(C.29)

Then, (C.24) follows by taking the integral of (C.29) against the measure P.
Next, we verify condition (C.25). Starting from Eq. (C.29),

(Pn - P) {E(, b/n) - E(, .\g/n + Tinf,nazn)$2rinf,n€a:n}

= $2Tinf,n(]Pn - ]P)){(.\g/n - mO)azn} - Tiznfm(]pn - ]P))O[:i = T(t> rinf,nrm,nyn)a

where the last step holds with probability at least 1 —C'e ", and follows by (at this point)
the usual application of (B.15) in Proposition B.7, with r,,,, from Theorem 3.4.
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Next, we verify condition (C.26). In condition (C.26), the second-order remainder term
is, for some 7’ strictly between 0 and 1, and v = §,, — go,

L[ t¥{(go+7v)3 (frzj)
5 ﬁ [6 75— 1]CUP
Qp

1 . v ~ s(f o
=5 || it rosF e F e o |
h

T=T1'

/

T=T

~ 5| [, [+ oG s(F i

I
!

FEE g+ TO(F N F e e

T=T

which by Assumption B.5 and the boundedness of 7 is bounded in magmtude and up to
a multiplicative factor (that is not dependent on t) by (|t| + °) §, v} S(f,x;)%dP. Thus,
condition (C.26) is verified because, by the first half of (A.2) in Lemma A 1 applied to this
result,

57715 (gO)

178 (9n) — 7 (90) — [Gn — g0]llz. S

S ([t + )G — 90)511Z,
S (It + )5z 1n go||L2 S (I + )5z

Finally, we verify condition (C.27). We just need to recall the first part of Lemma A.3,
from which condition (C.27) follows as a special case. This completes the proof of Lemma C 4.
O

Then, as mentioned earlier, combining Lemmata C.3 and C.4 completes the proof of
Proposition C.2. O]

C.5.3 Variance estimation

Proposition C.5. Suppose that the conditions of Theorem 5.5 hold. Then, under either
Hy or Hy, with probability at least 1 — Ce™Pn,

[€8nlZ, e, — lear™ Iz, = o(1).

Hence, under Hy, we are free to replace |ec™ |3 in (32) by Heoan2 ) to arrive at (33).

Proof. We start from the overall decomposition

l€anl, @,y — leap™ |7, = & 2 {mo(F, Xij) + € — Gu(Fr, Xij) Y0 (B, Xi )7 — leap™ |3,
= éZ?:l{gn(Eu Xi,j) - mo(Fi, Xi,j)}Qan<Ea Xi,j)i

e
=20 3 €{Ga(F, Xiy) — mo(Fy, Xig)Yau(Fy, Xij)”
+ ¢ i [€an(F, Xiy)? — PEAR] + P(EGT) — eap|F,
pe Do
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= Jdn,1 — 2Jn,2 + Jn,S + Jn,4-

The term J,; can be treated similarly to how we dealt with the term 1, ; in the proof of
Theorem 3.1 in Section C.1, specifically by invoking Lemma B.6 and the choice of s’ in the
proof of Theorem 3.1. We conclude that with probability at least 1 — Ce P,

|Jn,1| < ’(]P)n - ]P)) [{\g/n - m0}2’\2]| + }P’[{En - m0}2&i]
S P[{Gn — mo}?an] + vy + P[{Gn — mo}*a7) S i uMP S

The term J,, o can be treated similarly to how we dealt with the term I,, » in the proof
of Theorem 3.1. We conclude that with probability at least 1 — C'e™Pn,

[Tzl S {1Gn = mo)as | + va} v + 6 (G — m0) a0 1o S T

The term J, 3 is a centered empirical process (P, — P){e*a?} evaluated at the random
function o = @&,,. This time neither Lemma B.6 nor Proposition B.7 directly applies because
the factor €? involved is sub-exponential instead of sub-Gaussian. Nevertheless one can still
apply Theorem 1 in Adamczak (2008) to conclude that with probability at least 1 — Ce P,
| Jnsl S v

Finally, for the term J, 4, first using the sub-Gaussianity of € and then the Cauchy-
Schwarz inequality,

[P{e*an} — lean™L,] < IPGT — (ap™)*} = [P{(Gn + ") (G — o)}
S [P{(@n + ay™)*}P{(G — o)} < i)

where the last step holds with probability at least 1 — C'e ™ by Theorem 3.2.
Collecting terms, we conclude that on an event with probability at least 1 — Ce™Pn,

[€anlZ, @,y — lean™ 7] < ripn + va + 7ot which is easily o(1) under condition (+) in
Theorem 3.5. This completes the proof of the proposition. O

Now we are ready to put everything together to complete the proof of the component
of Theorem 3.5 regarding the fixed-t test (18). Under the null, as argued in the proof of
Theorem 3.5 in the main text, the sum I;,3 + 14 + Ltns = 0 in (C.20). Next, (under
the null) the leading term in (C.22) in Proposition C.2 becomes t= Z?Zlaaguﬂ(ﬁ;,)(i,j),
while the term I;,; and the remainder terms in (C.22) are bounded by o(n~'/?) with
probability at least 1 — C'e™P by Propositions C.1 and C.2 and the additional conditions
in the statements of Theorem 3.5. This concludes the i.i.d.representation in (C.19).
Next, (32) follows from (C.19) by an application of a central limit theorem followed by
a stralghtforward replacement of |[€a™|,, by |ea™!||;, based on (B.1). Finally, the
transition from (32) to (33) is covered by Proposition C.5 in Section C.5.3.

Finally, we prove the component of Theorem 3.5 regarding the square test involving ¥ X2
in (20); the proof for the sup test involving Z in (19) is analogous. By our earlier results
for the fixed-t test, (under the null and the conditions of that theorem) with probability at
least 1 — C'e™P» uniformly over all ¢ € 75 we have

BT G)1 = {7 Dimy Gan™ (B, Xog) ) + {5 Dy G ™ (B, Xo)br(t 0(1)) + r(t 0(1))2

Therefore, by the central limit theorem and the Slutsky’s theorem,

i B GF —a { % 5 w(t)de} 2,3,
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which is equivalent to the last equation in (32). Again by Proposition C.5 and the Slutsky’s
theorem, we are further free to replace [€a2|,, in (32) by [€dn| L, @,)-
O

C.6 Power of the fixed-t test under the alternative

In this subsection, our principal Theorem C.6 guarantees that the power of our fixed-t test
n (18) approaches one under all local alternatives satisfying conditions (i) and (ii) in the
theorem that place mild conditions on how fast |EZ, |, the signal strength favoring the
alternative (as explained in the proof of Theorem 3.5), can decay. Similar results for the
ensemble tests (19) and (20) can be shown using analogous techniques and we omit the
details here.

Theorem C.6. Suppose that the conditions of Theorem 5.5 hold. Furthermore, suppose
that at some t € Ty, for large enough constants Cyy 1 and Cay 2, (1) Cae14/log(n)/n < |EZy ;4);
(i) Car {0 + 35 (V2 + 0F) + +(vn + 0f) } < |EZijn|. Then, under the alternative
hypothesis Hy in (1), with probability at least 1 — Ce Pr — % our test in (18) will reject;

thus the power of the test tends to one.

Condition (i) in the theorem is satisfied as long as |[EZ, ;| is a large enough multiple
of 4/log(n)/n. In condition (ii), the signal strength Z, ;, appears on both sides; however,
|Zy;n| L, on the left-hand side, which admittedly is no smaller than |[EZ, ;| on the right-
hand side, is scaled by v, +d; which we could expect to converge to zero. Thus, condition (ii)
is mild as well. It is worth noting that condition (i) is itself implied by, for large enough
constants Cyy ; and Cyy 3,

a) Cyy 1V log(n)/n < | SQ lexp{t mo;(f, 2;)} — 1] dP};
(b) Calt73{%5f+7’b7m,j} < |§q, [exp{t mo;(f,2;)} — 1] dP| for , , ; introduced above Theorem 3.1.

Here, condition (b) states that the effect of diversification, represented by d¢, and the effect
of smoothing the true derivative, represented by 1, ,, ;, should be weak compared to the
original signal. We also prove the remarks above on conditions (a) and (b) following the
proof of Theorem C.6.

Proof of Theorem C.6. The original decomposition (C.20) retains its form from the proof
of Theorem 3.5, but under the alternative the treatment of the various constituent terms
could be different. As argued in the proof of Theorem 3.5, in the decomposition (C.20),
|EZ; ;1| is the signal strength favoring the alternative; thus, in contrast, I; , 1 +1; , » becomes
the “noise” under the alternative. The sum of the left-hand sides of conditions (i) and (ii)
in the statement of Theorem C.6 is, up to a multiplicative factor and with probability at
least 1 — C'e™P", a bound on the magnitude of the noise I, + I;, 2. The bound can be
straightforwardly established by Propositions C.1 and C.2 which hold under the alternative
as well. We only remark that

i) The necessity of condition (i) is due to the fact that the leading i.i.d. term within I; , » now
also becomes a part of the noise that could be bounded through Hoeffding’s inequality
by the left-hand side of condition (i);
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ii) The left-hand side of condition (ii) is similar to the left-hand side in condition (+) in
Theorem 3.5 and is a bound on the term I, ; and the remainder terms in (C.22), but
note that here, naturally, instead of requiring the bound to be on the order of o(n='/2)
under the null, under the alternative we require the bound to become insignificant as
compared to the signal |[EZ; ; |, which is exactly what condition (ii) requires.

Then, if the signal |I;,3 + lina + Lins| = |EZ;;s| is strong enough, as required by
conditions (i) and (ii), with probability at least 1 — C'e " our test in (18) will reject,
leading to the conclusion of Theorem C.6.

Next, we establish how condition (i) is implied by conditions (a) and (b). To establish
condition (i), it suffices that |[;, 5| = ‘SQh [exp{t mo;(f,z;)} — 1] dP| is strong enough,
which is implied by condition (a), and moreover |1, 5| dominates I; ,, 3 and I, 4. We first
consider the term I, 3, which arises due to the diversified projection. We first note that
equivalent to (10) one can also write

ggyj(f, T;) = Sil mOJ(HTf, x; — ah)K (a)da.

Thus, clearly |g(s)’j(f, z;)| < |K| L, |mo| L, whenever z; € B;,. Analogously, |m[s)7j(f,xj)| <
| K|z, [mo| L, whenever x; € By, as well. Now,

Lins = 7 (90) = ni(mo) = §, exp(t U{gs,;(f,x;)})dP — §,, exp(t {m} ;(f,z;})dP
= §o, [exp(t {g5;(F.2;)}) — exp(t {mj ;(£,2,})]dP,

where in the transition to the last line we could afford to discard the function ¥ due to
the boundedness of gg ; derived above. Then, by Taylor expansion and the boundedness of
my ; and gp ; derived above, followed by the Cauchy-Schwarz inequality, Lemma A.1 and
then Lemma B.2,

|]t,n,3| < Ct SQh |g[s),j(fa xj) - m[s),j(fa {L'])|d]P) < Ct[SQh{g(s),j(f’ ZL’]‘) - m%,j(f’ :L‘j)}2d]P>]1/2 < C%(Sfa

where the constant C' is not dependent on t.

We next consider the term I; , 4. By arguments similar to those used in establishing the
bound for I, 3 above, but instead using the quantity ry,,, ; introduced above Theorem 3.1
following the Cauchy-Schwarz inequality, we obtain

[t7n,4 < Ctrbﬁmj

(where the constant C' again is not dependent on t).
Therefore, under condition (b), |I;,5| indeed dominates I;,, 3 and I;, 4. This concludes
the proof of Theorem C.6. n

D Low-dimensional regime as a special case

D.1 Conditional screening in low-dimension

Our low-dimensional regime refers to the scenario where the dimension d is small. This
regime can be handled as a special case of our high-dimensional regime through straightforward
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modifications. First, (when d is small) in our regression model (2) we can simply set
F = X_; where X_; € R*! denotes the vector X but without the j-th coordinate. Then,
since we observe all coordinates of X, the “latent” F' is in fact observed. Consequently, in
model (2), mo(F, X;) = mo(X) = E[Y|X], and r = d — 1. Also assume that, in place of
Assumption 3.1, we have X € [—b,b]%. Then, if we wish to screen the j-th coordinate X,

our conditional screening hypotheses in (3) and (4) become accordingly

Hy : for all & € [—b,b]?, mg;(x) = 0 identically, against

H 4 : for some x € [—b, b]?, we have mg () # 0.

We summarize the practical implementation of our conditional screening test in the low-
dimensional regime in Algorithm D.1. The corresponding theoretical development can be
obtained a special case of our theoretical results for the high-dimensional regime, by setting
F; to X, _;, the preliminary regression and tweaked regression estimators g, and g, to m,,
and m, respectively, and 6 = 0. For brevity, we omit presenting the theoretical results in
the low-dimensional regime.

D.2 Simulation setup for the illustrative example

In this section we specify the data generating process for our illustrative example in the
low-dimensional regime on which Figure E.2 is based. Here, the predictors X = (X1, X3)"
follow a bivariate normal distribution with marginal standard deviations o; = 0.4, 05 = 0.6,
marginal means p; = 0, 2 = 0, and correlation p = —0.5, while the response Y is generated
as

Y =sin (%)ﬁ) +¢€,  where e ~ N (0,0.1)

is drawn independently of X. We choose the sample size n = 512. To specify our deep
neural network, we use L = 5 hidden layers, a common width of ky = 32 per layer, and the
ReLU activation function; we employ early stopping as the only regularization technique.

Then, in particular, the estimator ﬁsz- plotted in Figure E.2 is based on m,, produced by
(D.1).

E Figures
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Input: Observed samples Y;, X; € RY, i e {1,---  n}; testing if the j** has

additional contributions.

Result: Preliminary and refined regression estimators m,,(-) and m,,(-), the
associated smoothed derivative estimators 7m;, ;(-) and 3, ;(+), @, (-), and
test results.

1) Estimate the regression function mg in (2) by the preliminary neural network
estimator m,, defined as

My = TGNy, (0) & Doy {Y: = m(X0)) (D.1)

Conduct cross validation (see Remark A.4), or otherwise, to find a smoothing
bandwidth h.

2) For a candidate estimator a of o, define the loss function R™I(.) as

Rytl(a) = 5 20 02(X0) = 25 Yieq, 05(X0),

where numerically o}, the smoothed derivative of a, on the right-hand side can be
approximated as follows: denote a¢; = —1 — ﬁ + %, then

1
%Ziezh Oéj(XZ) ~ h N { ZZEIh XZ jaXl] + a’lh)}

We then let the estimator &, of of,, be

&, = argmin,» R2(a).

3) Return m,, = m, + gto?n, where

0y = T ZZ a2 Z{Y M (Xi)} an(X5),

4) For a prescribed significance level 0 < a < 1, for the fixed ¢ test, reject the null
hypothesis in our conditional screening hypotheses if

nlt/? ~HS
m% iz, Lexp{t m5(Xi)} —1]| > 21-gp2,

where 21_4/5 is the 1 — ¢/2 quantile of a standard normal distribution, and
€0 | Lo,y = [£ D200 {60 (X5)}2]"/2 is the estimated standard deviation. The
uniform over ¢ test statistics and the accompanying decision rules are analogous to
those in Algorithm 2.1 for the high-dimensional regime, and are omitted.

Algorithm D.1: Partial derivative estimation & conditional screening test by deep
neural network in the low dimensional regime
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Figure E.1: Iterated triangular functions (;, in Section A.4 for L = 1,3,5. As L increases,

the L, norm of the function ¢y, itself decays exponentially fast to zero, while the Ly norm
of the derivative function (; remains a constant.

F Additional application results

References

Adamczak, R. (2008). A tail inequality for suprema of unbounded empirical processes with
applications to Markov chains. Electronic Journal of Probability, 13:1000 — 1034.

Andrews, D. W. K. (1994). Empirical process methods in econometrics. volume 4 of
Handbook of Econometrics, pages 2247-2294. Elsevier.

Anthony, M. and Bartlett, P. L. (1999). Neural Network Learning: Theoretical Foundations.
Cambridge University Press.

Bartlett, P. L., Harvey, N., Liaw, C., and Mehrabian, A. (2019). Nearly-tight vc-dimension
and pseudodimension bounds for piecewise linear neural networks. Journal of Machine
Learning Research, 20(1):2285-2301.

Bryc, W. and Smolenski, W. (1992). On the stability problem for conditional expectation.
Statistics € Probability Letters, 15(1):41-46.

Chen, X., Liao, Y., and Wang, W. (2022). Inference on time series nonparametric
conditional moment restrictions using general sieves. arXiv preprint arXiw:2301.00092.

Chen, X., Liao, Z., and Sun, Y. (2014). Sieve inference on possibly misspecified semi-
nonparametric time series models. Journal of Econometrics, 178:639-658.

41



h=0.05, RMSE = 0.306 h=0.15, RMSE = 0.215

— True
—-= Estimation

— True
—-=- Estimation

Derivatives
o

Derivatives
o

-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

X1 X1
(a) (b)
h=0.20, RMSE = 0.210 h=0.30, RMSE = 0.292

— True
—-- Estimation

— True
—-- Estimation

Derivatives
o

Derivatives
o

-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

(c) (d)

Figure E.2: Plot of the smoothed derivative estimator /3, ; (dashed black line) and the
true derivative mg; (solid black line), and the corresponding Root Mean Square Error
(RMSE, indicated by the discrepancy between the two lines), across a range of bandwidths
h. The experiment is conducted under our illustrative low-dimensional example described
in Section D.2. In essence, the predictors X = (X, X5)" follow a bivariate normal
distribution, and the response Y represents a noisy observation of a sine function in X;. The
plot shows the true and estimated derivatives when plotting Y against X, and discards the
variations in Xs. To be precise, the RMSE is only calculated in the interior, indicated by
the dashed gray line plotted over the dashed black line, that excludes an interval of length
h from the maximum and minimum samples of X;. As depicted in the figures, selecting
h ~ 0.2 achieves the optimal RMSE, striking a balance between under- and oversmoothing.
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Scaled Statistics for Variable UEMP15T26 (1)

0.0 0.2 0.4 0.6 0.8 1.0 12 1.4

Figure F.1: FRED-MD dataset: Significance of variables after neural factor regression at
the 5% significance level for the response variable UEMP15T26 (Part 1). Intervals covering
one correspond to the significant idiosyncratic variables. Please refer to Figure 1 for the
description of the intervals.
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Scaled Statistics for Variable UEMP15T26 (2)

0 1 2 3 4 5

Figure F.2: FRED-MD dataset: Significance of variables after neural factor regression at
the 5% significance level for the response variable UEMP15T26 (Part 2). Intervals covering
one correspond to the significant idiosyncratic variables. Please refer to Figure 1 for the
description of the intervals.

44



Scaled Statistics for Variable UEMP15T26 (3)

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure F.3: FRED-MD dataset: Significance of variables after neural factor regression at
the 5% significance level for the response variable UEMP15T26 (Part 3). Intervals covering
one correspond to the significant idiosyncratic variables. Please refer to Figure 1 for the
description of the intervals.
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Scaled Statistics for Variable UEMP15T26 (4)

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75

Figure F.4: FRED-MD dataset: Significance of variables after neural factor regression at
the 5% significance level for the response variable UEMP15T26 (Part 4). Intervals covering
one correspond to the significant idiosyncratic variables. Please refer to Figure 1 for the
description of the intervals.
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Scaled Statistics for Variable TB3SMFFM (1)

0.0 0.5 1.0 1.5 2.0

Figure F.5: FRED-MD dataset: Significance of variables after neural factor regression at
the 5% significance level for the response variable TB3SMFFM (Part 1). Intervals covering
one correspond to the significant idiosyncratic variables. Please refer to Figure 1 for the
description of the intervals.
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Scaled Statistics for Variable TB3SMFFM (2)

0 2 4 6 8

Figure F.6: FRED-MD dataset: Significance of variables after neural factor regression at
the 5% significance level for the response variable TB3SMFFM (Part 2). Intervals covering
one correspond to the significant idiosyncratic variables. Please refer to Figure 1 for the
description of the intervals.
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Scaled Statistics for Variable TB3SMFFM (3)

Figure F.7: FRED-MD dataset: Significance of variables after neural factor regression at
the 5% significance level for the response variable TB3SMFFM (Part 3). Intervals covering
one correspond to the significant idiosyncratic variables. Please refer to Figure 1 for the
description of the intervals.
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Scaled Statistics for Variable TB3SMFFM (4)

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

Figure F.8: FRED-MD dataset: Significance of variables after neural factor regression at
the 5% significance level for the response variable TB3SMFFM (Part 4). Intervals covering
one correspond to the significant idiosyncratic variables. Please refer to Figure 1 for the
description of the intervals.
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Scaled Statistics for Variable TB6SMFFM (1)

0.0 0.5 1.0 1.5 2.0 2.5

Figure F.9: FRED-MD dataset: Significance of variables after neural factor regression at
the 5% significance level for the response variable TB6SMFFM (Part 1). Intervals covering
one correspond to the significant idiosyncratic variables. Please refer to Figure 1 for the
description of the intervals.
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Scaled Statistics for Variable TB6SMFFM (2)

0 2 4 6 8 10

Figure F.10: FRED-MD dataset: Significance of variables after neural factor regression at
the 5% significance level for the response variable TB6SMFFM (Part 2). Intervals covering
one correspond to the significant idiosyncratic variables. Please refer to Figure 1 for the
description of the intervals.
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Scaled Statistics for Variable TB6SMFFM (3)

Figure F.11: FRED-MD dataset: Significance of variables after neural factor regression at
the 5% significance level for the response variable TB6SMFFM (Part 3). Intervals covering
one correspond to the significant idiosyncratic variables. Please refer to Figure 1 for the
description of the intervals.
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Scaled Statistics for Variable TB6SMFFM (4)

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure F.12: FRED-MD dataset: Significance of variables after neural factor regression at
the 5% significance level for the response variable TB6SMFFM (Part 4). Intervals covering
one correspond to the significant idiosyncratic variables. Please refer to Figure 1 for the
description of the intervals.
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