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On (constrained) efficiency of strategy-proof random

assignment”
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Abstract

We study random assignment of indivisible objects among a set of agents, when each
agent is to receive one object and has strict preferences over the objects. Random
Serial Dictatorship (RSD) satisfies equal treatment of equals, ex-post efficiency and
strategy-proofness. Answering a longstanding open question, we show that RSD is
not characterized by those properties — there are other mechanisms satisfying equal
treatment of equals, ex-post efficiency and strategy-proofness which are not welfare-
equivalent to RSD. On the other hand, we show that RSD is not Pareto-dominated by
any mechanism that is (i) strategy-proof and (ii) boundedly invariant. Moreover, the
same holds for all mechanisms that are ex-post efficient, strategy-proof and boundedly
invariant: no such mechanism is dominated by any other mechanism that is strategy-

proof and boundedly invariant.
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1 Introduction

Consider the problem of assigning indivisible objects among a set of agents — each agent is to
receive one object and has strict preferences over the set of objects. Further, while objects’
characteristics may include a fixed monetary payment, there are no additional transfers.
Problems like this arise in many real-life situations such as the assignment of on-campus
housing (where rents are fixed), organ allocation, school choice with ties in applicants’ pri-
orities, etc. Whenever several agents prefer the same object over any other, the indivisible
nature of objects, together with the absence of compensating transfers, will render any de-
terministic assignment unfair. For that reason, both theorists and policy makers have turned
to random assignments in such contexts.

To implement random assignments, a mechanism will have to elicit agents’ preferences
to then determine a probability distribution over deterministic assignments. Since eliciting
preferences over all possible lotteries is often impractical, agents are typically only asked
to report their preference ranking over objects — for example, school choice programs will
typically ask applicants to provide a list of schools, ranked from most- to least-preferred.
Crucially, given that preferences are private information, the design of random assignment
mechanisms has to take into account agents’ incentives to reveal their preferences.

Strategy-proofness makes truthful reporting a dominant strategy and thus should en-
sure that agents truthfully reveal their ordinal preferences over objects for any underlying
utility representation of preferences. Unfortunately, the literature on random assignment
mechanisms contains numerous impossibility results as soon as strategy-proofness and equal-
treatment-of-equals, as a minimal fairness requirement, are married with different ex-ante
notions of efficiency.! Hence we will focus on ex-post efficiency and analyse constrained ex-
ante efficiency in a class of mechanisms satisfying certain properties. Furthermore, we will
consider situations where each agent needs to be assigned exactly one object. We will refer
to this as the acceptable domain, as agents either desire all objects (but cannot consume
more than one) or cannot unilaterally reject an assignment.

One of the most prominent procedures, frequently used in real life, is random serial
dictatorship (RSD): After ordering agents uniformly at random, the first agent gets to pick
their most preferred object and each subsequent agent gets to pick their most preferred among
all remaining objects. Besides being easily implementable, RSD satisfies many desirable
properties: (1) equal treatment of equals — any two agents with the same preferences obtain

identical random assignments ex-ante, (2) ex-post efficiency — for any realized ordering of

I'Throughout ‘ex-ante’ is to be understood as before realizing the final deterministic assignment; this
corresponds to the term ‘interim’ used in mechanism design outside of the literature on random assignments.



agents, the associated deterministic assignment is Pareto efficient, and (3) strategy-proofness
— no agent has an incentive to pick a less preferred object when it is their turn to choose.
Moreover, the procedure can be readily implemented as a direct mechanism where agents
report their ordering over objects and the procedure picks optimally on their behalf. In that
case strategy-proofness is satisfied in that it is a dominant strategy to report preferences
truthfully.

It has been an open question for more than two decades whether RSD is characterized by
these properties in terms of welfare, i.e., whether any mechanism satisfying (1)-(3) necessarily
yields the same individual random assignments as RSD.? Our first main result invalidates
this conjecture—there exist mechanisms which satisfy equal treatment of equals, ex-post
efficiency and strategy-proofness, and for which for some preference profile and some agent,
her random assignment does not coincide with the one of RSD. In fact for some preference
profiles our constructed mechanism yields random assignments that Pareto dominate, in a
stochastic dominance sense, the ones arising under RSD. Hence, as preferences over objects
are strict, for any extension of preferences from objects to random assignments, all agent
prefer this random assignment (with strict preference holding for some agents). Thus, the
mechanism is not welfare equivalent to RSD.

In the mechanism constructed for our first main result, the random assignment of a given
object may depend on agents’ preferences over less preferred objects. This is disturbing as
strategy-proofness implies that an individual agent’s probability share for a given object does
not depend on their own preferences over less preferred objects. In contrast, RSD satisfies
(4) bounded invariance according to which the random assignment of any object x depends
only on agents’ preferences over objects which are preferred to x — changing the reported
ordering of less preferred objects does not affect the probability with which other agents
are assigned an object. Hence, for strategy-proof mechanisms, bounded invariance may be
viewed as a weak, object-wise, non-bossiness condition.

To the best of our knowledge, except for Deferred Acceptance (DA), all other mechanisms
considered in the literature as well as real-life mechanism used in practice satisfy bounded
invariance. For example, Probabilistic Serial, Immediate Acceptance and as well as the
Top-Trading-Cycles (TTC) mechanism are all boundedly invariant. Moreover, we show
that DA satisfies bounded invariance if and only if the underlying deterministic priority
structure ensures Pareto efficiency, adding to the main theorem by Ergin (2002) — hence DA’s
main weakness, the fact that it may lead to inefficient assignments, can be directly traced
back to instances where it violates bounded invariance. Further, we show that bounded

invariance plays a key role in another seminal contribution for deterministic mechanisms:

2Bogomolnaia and Moulin (2001) were able to prove this for the case of three agents and three objects.



in the characterization of hierarchial exchange rules by Pépai (2000) reallocation-proofness
may be replaced by bounded invariance.

Our second main result is that no mechanism satisfying properties (2)-(4) is Pareto
dominated (in terms of first-order stochastic dominance) by a strategy-proof and boundedly
invariant mechanism. As an immediate corollary we find that RSD is not Pareto dominated
by any mechanism satisfying strategy-proofness and bounded invariance. It is important
to stress that our main result applies to any mechanism and is not exclusive to RSD. For
instance, in applications one might take into account affirmative action constraints with
respect to minorities or disadvantaged groups by not choosing certain orders of agents (where
majorities or advantaged groups come first in the order) and apply a weighted version of
RSD.? Any such mechanism satisfies (2)-(4) and is therefore not Pareto dominated by any
strategy-proof and boundedly invariant mechanism. This addresses a question whether RSD
is constrained efficient in the class of strategy-proof mechanisms (where we impose bounded
invariance in addition), and provides a positive partial answer on the acceptable domain
to the long-standing open question by Zhou (1990) whether RSD is undominated in the
class of mechanisms satisfying (1)-(3) — our result does not impose (1) but instead imposes
(4). This is the first affirmative result for RSD in connection with ex-post efficiency and
strategy-proofness.

We connect our main results to the previous literature. Numerous contributions establish
the impossibility of strategy-proofness, envy-freeness and ex-ante efficiency. In the cardi-
nal framework, Zhou (1990) showed that no mechanism satisfies equal treatment of equals,
strategy-proofness and ex-ante efficiency (where the latter postulates always to choose a
random assignment which is not Pareto dominated in terms of expected utilities by any
other one). In the ordinal framework, Bogomolnaia and Moulin (2001) establish an analo-
gous impossibility result where envy-freeness is weakened to equal-treatment-of-equals. Nes-
terov (2017) shows that the impossibility persists when ex-ante efficiency is weakened to
ex-post efficiency (while maintaining envy-freeness).? Shende and Purohit (2023) show that
strategy-proofness and envy-freeness are incompatible with unanimity® (which they refer to
as contention-free efficiency), a significant weakening of ex-post efficiency. Further, Basteck
and Ehlers (2023) show that a strategy-proof and envy-free mechanism is ex-post unani-

mous with probability of at most % (where n is the number of agents). In other words, for

3For example, if there are several subgroups of agents, we may wish to randomize over orders in which
members of the groups alternate when ‘picking’ objects.

1Zhang (2019) proves a strong group-manipulability result, imposing ex-post efficiency and auxiliary
fairness axioms that are by themselves weaker than envy-freeness.

5Unanimity requires that whenever all agents consider a different object most-preferred, each should
receive their most-preferred object. In other words, whenever there is a unique Pareto efficient assignment,
it is chosen with probability one.



any strategy-proof and envy-free mechanism there exist preference profiles where the unique
ex-post efficient assignment is chosen with probability of at most % (and inefficient assign-
ments are chosen with probability of at least 1 — %) This finding strengthens significantly
the incompatibility of strategy-proofness, envy-freeness and ex-post efficiency and provides
an exact upper bound for ex-post unanimity. Bogomolnaia and Moulin (2001) introduced
the probabilistic serial (PS) mechanism and show that it is envy-free and ex-ante efficient
(hence necessarily violates strategy-proofness). Bogomolnaia and Heo (2012) provide an
axiomatic characterization of the PS mechanism via ex-ante efficiency, envy-freeness and
bounded invariance.’

Furthermore, one might allow agents to rank certain objects unacceptable. If agents
may rank objects unacceptable and possibly receive no object, notions of efficiency have to
take into account the set of (un)assigned objects: a deterministic assignment is non-wasteful
if no agent prefers an unassigned object to her assignment. As a stronger requirement,
ex-ante non-wastefulness demands that if an agent prefers an object over another and is
assigned the less-preferred with positive probability, then the more-preferred object must be
assigned with probability one. Erdil (2014) established that there are mechanisms Pareto-
dominating RSD which are less ex-ante wasteful, which is a negative answer on the full
domain to a question first raised by Zhou (1990). Notably, the mechanism constructed in
Erdil (2014, Proposition 3) coincides with RSD on the acceptable domain, i.e., it does not
Pareto-dominate RSD for the domain where all objects are acceptable. His constructed
mechanism satisfies equal treatment of equals and strategy-proofness but violates bounded
invariance. Our second main result implies that any strategy-proof and boundedly invariant
mechanism, which dominates RSD on the full domain, must coincide with RSD on the
acceptable domain. In other words, Pareto improvements over RSD are only possible for
profiles where objects are classified unacceptable in a “certain” way.

The paper is organized as follows. Section 2 introduces random assignments, their prop-
erties and several prominent mechanisms. Section 3 constructs a mechanism which satisfies
equal treatment of equals, ex-post efficiency and strategy-proofness, and which is not welfare-
equivalent to RSD. Section 4 states our second main result pertaining to the constrained
efficiency of any mechanism satisfying ex-post efficiency, strategy-proofness and bounded
invariance. Section 5 considers bounded invariance for deterministic mechanisms in Péapai
(2000) and Ergin (2002). Section 6 provides implications of our second main result for tie-
breaking of weak priorities. Section 7 concludes. The Appendix contains the proofs of our

main results.

6Hashimoto et al. (2014) weakened bounded invariance to weak invariance in this characterization, a
property which is satisfied by any strategy-proof mechanism.



2 Model

Let N = {1,...,n} denote the set of agents and O = {o0y,...,0,} denote the finite set of
objects. Throughout the main text we suppose |N| = |O] > 3 and allow for unequal numbers
of agents and objects in the Appendix. Each agent i has strict preferences over OU{i} where
i stands for being unassigned; let R; denote the corresponding linear order” and write P; for
its asymmetric part (where x Py is defined by xRy and = # y). Let R denote the set of all
strict preferences of agent i over O U {i} such that oR;i for all o € O, i.e., where all objects
are acceptable. Let RY = x;cyR* denote the set of all preference profiles R = (Ry, ..., R,),
which we call the acceptable domain.

An assignment is a mapping u : N — O U N such that® u; € O U {i} for all i € N and
w; # pj for all 7 # j. Let M denote the set of all assignments.

An assignment p is efficient under R if there exists no y/ € M such that p,R;u; for all
i € N and p; Pjp; for some j € N. As all objects are acceptable and |O] = |N], this implies
that no agent is unassigned under p. Let PO(R) denote the set of all efficient assignments
under R. An assignment p is weakly efficient under R if there exists no /' € M such that
wiPip; for all i € N. Let WPO(R) denote the set of all weakly efficient assignments under
R.

Let A(M) denote the set of all probability distributions over M. Given p € A(M), let
Pia denote the associated probability of ¢ being assigned a and refer to p; = (pia)acoui} as
agent ¢’s (individual) random assignment. Let supp(p) denote the support of p. Then (i) p
is ex-post efficient under R if supp(p) € PO(R), and (ii) p is ex-post weakly efficient under
R if supp(p) C WPO(R).

Foralli € N,all R; € R' and all z € OU{i}, let B(z, R;) = {y € OU{i} : yR;z}. Then
given any p,q € A(M), p; stochastically R;-dominates ¢; if for all z € O U {i},

Z Diy Z Z Qiy-

yEeB(z,R;) yE€B(z,R;)

A random assignment p stochastically R-dominates (or sd-dominates) another random as-
signment ¢ if p; R;-dominates ¢; for all i € N. A random assignment is stochastic dominance
(sd)-efficient if there is no random assignment g # p that stochastically R-dominates it.?

Given two random assignments p and ¢, we say that p and q are welfare-equivalent if p; = g;

"Thus, R; is (i) complete, (ii) transitive and (iii) antisymmetric (xR;y and yR;z implies = y).

8We will use throughout the convention to write y; instead of (i) for any i € N.

9Bogomolnaia and Moulin (2001) refer to this as “ordinal efficiency”. It implies Pareto-efficiency with re-
spect to expected utilities for some von Neumann-Morgenstern-representations of agents’ ordinal preferences
over objects (McLennan, 2002).



for all i € N.1°

A mechanism (or rule) is a mapping f : RY — A(M). Then f(R) denotes the random
assignment chosen for R, and f;,(R) denotes the probability of agent i being assigned object
a. Fori € N, f;(R) denotes the tuple of assignment probabilities ( fi(RR)), o, and for a € O,
fa(R) is defined accordingly as the tuple of probability shares with which a is assigned to
the various agents. A mechanism f sd-dominates another mechanism ¢, denoted as f >* g,
if for any profile R the random assignment f(R) stochastically R-dominates the random
assignment g(R), and for some profile R and i € N we have f;(R) # ¢;(R). Further f
is sd-efficient if for all R € RY, f(R) is sd-efficient under R. Similarly, we define ex-post
(weak) efficiency for a mechanism. A mechanism f is deterministic if for any profile R,
|supp(f(R))| = 1, i.e. the mechanism chooses one assignment with probability one.

Then f is strategy-proof if for all R € RY, alli € N and all R, € R, f;(R) stochastically
R;-dominates f;(R., R_;). Strategy-proofness is equivalent to the requirement that for any
von Neumann-Morgenstern utility presentation compatible with a given ordinal ranking of
objects, submitting the true ordinal ranking maximizes an agent’s expected utility. Most real-
life mechanisms only elicit this ordinal information (instead of von Neumann-Morgenstern
utilities).

Furthermore, f is envy-free if for all R € RY and all i € N, f;(R) stochastically R;-
dominates f;(R) (where in f;(R) the outside option j is replaced by ). If f(R) attaches
probability one to assignment p, then this is equivalent to p; R;p; for all 7, j € N. Finally, f
satisfies symmetry (or more descriptively, equal treatment of equals) if for all R € RY and
all ,7 € N, R; = R; implies f;,(R) = fjo(R) for all 0 € O.

Most properties are defined in terms of an agents’ random assignments. For a given set
of properties, we say that a mechanism f is unique in terms of probability shares, if for any
other mechanism ¢ satisfying this set of properties, f(R) and ¢(R) are welfare-equivalent
for any profile R, i.e., if individual random assignments coincide. Below we introduce two
well-known mechanisms.

Let > denote a strict priority ranking over N and let II denote the set of all strict
priority orders. Given =€ II, let f~ denote the (deterministic) serial dictatorship (SD)

mechanism where agents are assigned their most-preferred among all available objects in

19Some papers directly define a bistochastic matrix (piq)icn.aco rather than a random assignment per
se, i.e., a convex combination of deterministic assignments. Nonetheless, corresponding random assignments
exist as any bistochastic matrix (p;q)ien,aco can be decomposed as a convex combination of deterministic
assignments by the Birkhoff-von Neumann Theorem (Birkhoff, 1946). Abdulkadiroglu and Sénmez (2003a)
observe that an ex-post efficient random assignment may be welfare-equivalent to a random assignment with
support contained in the set of inefficient assignments so that p; = ¢; for all ¢ € N does not imply p = g.
The latter also observed by Pycia and Troyan (2023) for RSD.



order of their priority.!! Then the random serial dictatorship (RSD) mechanism is defined
by RSD(R) = & > . /7 (R) for all R € RY.

We omit the formal definition of the probabilistic serial (PS) mechanism'?

and provide
an intuitive formulation instead: agents start eating, with uniform speed, from their most-
preferred object; once an object is exhausted, each agent eats with uniform speed from his
most-preferred among the remaining objects, and so on until all objects are exhausted. The
assignment probabilities of any agent in PS are simply the shares of objects the agent has
eaten over the course of this process.!?

The literature widely discusses the tradeoff among these two mechanisms: on the one
hand RSD satisfies ex-post efficiency, symmetry and strategy-proofness but violates sd-
efficiency and envy-freeness while on the other hand PS satisfies sd-efficiency and envy-

freeness but violates strategy-proofness.

3 Ex-post Efficiency, Symmetry and Strategy-proofness

It has long been an open question, at least since Bogomolnaia and Moulin (2001) were able to
prove the statement for |N| = |O| = 3, whether random serial dictatorship is characterized
(in terms of welfare) by ex-post efficiency, symmetry and strategy-proofness. As we show,

this is not the case for five agents or more.

Theorem 1 For five agents or more, there exist mechanisms satisfying ex-post efficiency,
symmetry and strategy-proofness, which are not welfare-equivalent to random serial dictator-

ship.

We give an informal description of the main steps of the construction of such a mechanism
for five agents and five objects below. The starting point of the construction is inspired by
Erdil (2014, Proposition 3), and adapted to the acceptable domain in an inventive way.'

The detailed demonstration is relegated to the Appendix.

HFor any R € RN and iy > iy = --- > i,, 41 receives his most R;,-preferred object in O (denoted by
fi(R)), and for [ = 2,...,n, 4 receives his most R;-preferred object in O\{f; (R),..., f;_ (R)} (denoted
by £ (R)).

12For that, we refer the reader to Bogomolnaia and Moulin (2001); Bogomolnaia (2015) offers an alter-
native definition of PS, and Katta and Sethuraman (2006) extend PS to the domain where indifferences are
allowed.

13The PS-mechanism pins down individuals’ object assignment probabilities directly but can be decom-
posed as a convex combination of deterministic assignments by the Birkhoff-von Neumann Theorem (Birkhoff,
1946).

1Erdil (2014) considers random assignment with unacceptable objects where RSD may leave some objects
unassigned and shows that it is possible to assign them with higher probability without violating strategy-
proofness. Note that on the acceptable domain, his constructed mechanism coincides with RSD.



First, we describe an alternative formulation of RSD. Namely, define the mechanism g*
where the four agents in N\{i} get to choose in random order like in RSD, while i is assigned
the residual object. Now randomizing over all such mechanisms ¢¢, i € N, with probability
1/5 gives us back RSD.

Second, we describe a mechanism which strictly sd-dominates g2 for agent 1 and yields

the same random assignments for agents 2, 3 and 4. Let Ry, R3, R4 be as follows

Ry | Ry | Ry
c | c|c
a | b | e
d | d|d
el el a
b|al|b

Objects d and e will play the role of leftover objects where it will be crucial for agents 2 and
3 to rank the same leftover object d above e and for agent 4 to rank e above d. Now for ¢2,
agent 1 does not get a, b or ¢ for the orders 4 —2—-3—-1—-5and 4 -3 —2—1—5 (where
any order has probability 1/24), i.e. at least with probability 1/12.

Now suppose R; : ab....'> Note that agent 5 gets object b for the orders 3—1—-2—-4—5
and 3 —1—4—2—5, i.e. with at least probability 1/12. We will increase for agent 1 the
share of b by 1/12 (while keeping his share of a unchanged) and reduce for agent 5 the share
of b by 1/12, i.e. agent 1 will receive (18a + 6b)/24 in the new mechanism g' 3. Agents 2,
3 and 4 always get the same random assignment under ¢g'=® and ¢°, and agent 5’s random
assignment is the residual.

We verify that ex-post efficiency for g'=2 is preserved. This can be done by replacing
the efficient assignments on the left below with the efficient assignments on the right with
probability share 1/12 each. Let {d,e} = {z,y} and zPy:

1 2 3 45 1 2 3 45 1 2 3 45 1 2 3 45
- — + .
(xabcy) (adceb) (baced) (adbce)

Note that the first assignment is obtained for the orders 4—2—3—1—5and 4—3—2—1-5,
the second one for the orders 3 —1—-2—4 —5and 3—1—4 —2 —5 (since agents 2 and 4
have opposite preferences over d and e), the third one for the orders 3 —2—1—4 —5 and
3—2—4—1-5, and the fourth one for the orders 4 —1—-2—-3—-5and4—-1—-3—2—5.

Indeed, we thus improve agent 1’s share of b by 1/12 whenever agent 1 prefers a over b

15We use this notation to write aPbPyo for all o € O\{a, b}.



and prefers both over d and e. In an analogous way, we improve agent 1’s share of a by 1/12
whenever agent 1 prefers b over a and prefers both over over d and e. Otherwise, whenever
the preferences of agents 2, 3 and 4 are not as above or agent 1 prefers d or e over a or b, let
g'2(R) and ¢°(R) coincide.

One can verify strategy-proofness of g'~2. Obviously, agent 1 and 5 are treated differently.
In order to recover symmetry, we first permute the roles of agents 1, 2, 3 and 4 and obtain a
mechanism which treats those agents equally, and finally we may choose arbitrarily an agent
to be the last one to choose.'® In doing this for ¢> we get back RSD but not for ¢g*~2. For
instance, for R : abecd and Rj : edcab and (Ry, Rs, Ry) as above, g2 gives a positive share
of e to agent 1 whereas g' =2 gives zero share of e to agent 1 (as his share of b is increased
by 1/12). Permuting the roles of agents and considering ¢"2(R) and ¢?(R), we find that for
i =5, j =1 the two coincide as 5 does not rank a and b above d and e (as 1 did in g 73(R))
while for {i,j} # {1,5} we find that ¢"Z(R) and ¢Z(R) coincide as either 1 or 5 is now
in the role of 2,3, or 4 in g'~2(R) but does not rank ¢ at the top. Considering the convex
combination of the permuted mechanisms agents 2, 3 and 4 get the same random assignment
and agent 5 is better off for the profile R and ¢g'~2 (as his share of b is decreased by 1/12
and otherwise she gets the same random assignment. Thus, the constructed mechanism and
RSD are not welfare-equivalent as the random assignment for the constructed mechanism
stochastically R-dominates the one of RSD for all agents, i.e. agents 1 and 5 are ex-ante
better off while agents 2, 3 and 4 are indifferent.!”

Furthermore, when there are more than five agents, the first four agents play the same
role as above and we let the remaining agents choose in a fixed order, and obtain the same
conclusions.

One can even recover neutrality by permuting the names of the objects. Hence, Theorem
1 remains true when neutrality is added. We also show that for this conclusion it suffices
to have at least five agents and at least five objects (but possibly with unequal numbers of
agents and objects). We establish all this in the Appendix.

We finish with the observation that in the above construction, we may ignore agent 5
and consider assigning five objects among four agents. Then the constructed mechanism
sd-dominates RSD, i.e. even though under RSD any agent is always assigned an object (or
RSD has size one), RSD might be sd-dominated when there are more objects than agents.
Erdil (2014) has studied in detail random assignment with outside options, i.e. where agents

may be unassigned and may prefer this to certain objects. He showed that RSD may be

16Tn fact, by permuting the roles of agents, we even ensure anonymity, see Appendix A.
17At the same time (i) there exists no profile for which RSD sd-dominates the constructed mechanism,
and (ii) agent 5 might be worse off for the constructed mechanism for the profile (R_5, R5) with Rf : bedca.

10



sd-dominated where his constructed mechanism coincides with RSD when agents find all

objects acceptable, i.e. on the acceptable domain.

4 Non-Domination

In the constructed mechanism above, the random assignment of a certain object may depend
on preferences over less preferred objects.'® Hence, even though strategy-proofness ensures
that an agent’s probability share for a particular object is unaffected by changes to the order
in which they rank less preferred objects, such changes may still affect the probability shares
of this object for other agents. The following invariance condition, called bounded invariance,
rules out such effects and may therefore be interpreted as a weak object-wise non-bossiness
condition for strategy-proof mechanisms. It was first proposed by Bogomolnaia and Heo
(2012) who used it in conjunction with ex-ante efficiency and envy-freeness to characterize

the probabilistic serial mechanism.'?

Definition 1 Given i € N, R; € R' and z € O, let Ri(z) = R;|B(z,R;) denote the
restriction of R; to the weak upper contour set of x. Now a mechanism f satisfies bounded
invariance (BI) if for all R € RN, alli € N, all R, € R and all x € O, if Ri(z) = Ri(x),
then f.(R) = fo(R}, R_.).

In other words, if agent ¢’s preference above object & remains unchanged, then the random
assignment of x remains unchanged.

Recall that a mechanism f sd-dominates another mechanism g if for any profile R the
random assignment f(R) stochastically R-dominates the random assignment g(R), and for
some profile R and i € N we have fi(R) # g;(R).

Theorem 2 On the acceptable domain, if a mechanism g satisfies ex-post efficiency, bounded
wmvariance and strategy-proofness, then no boundedly invariant and strategy-proof mechanism

sd-dominates g.

RSD satisfies ex-post efficiency, bounded invariance and strategy-proofness — hence, by

Theorem 2, RSD is not sd-dominated by any mechanism satisfying bounded invariance and

18For instance, for the above profile R agent 1 receives 1/12 more of object b under gi _é(R) compared
to g%(R), ie. gigé(R) # gi(R). Now if we change R3 to R} : cba..., then for R' = (R}, R_3), we have
g} _é(R’ ) = g%(R’ ). Then for the mechanism where we permute the roles of agents as above, call it h, we
have h1p(R) # RSD1p(R) but hip(R') = RSD1p(R’) (even though agent 3 kept unchanged his two most
preferred objects, i.e. Rg:cb... and R :cb...).

9The set of all ex-ante efficient, strategy-proof, non-bossy, neutral, and boundedly invariant mechanisms
has recently been characterized by Alva et al. (2024).
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strategy-proofness. The same is true for weighted versions of RSD, i.e., where we attach
different weights to different orders of agents and apply SD. Such weights could take into
account minorities/majorities and (dis)advanted groups.?’ Furthermore, in Theorem 2 ex-
post efficiency cannot be weakened to ex-post weak efficiency. For instance, the Random-
Dictatorship-cum-Equal-Division?! by Basteck and Ehlers (2023) satisfies ex-post weak effi-
ciency, bounded invariance and strategy-proofness, but is sd-dominated by RSD.

Several questions remain. First, does Theorem 2 remain true when we drop bounded
invariance as a requirement on the second mechanism, i.e., keep bounded invariance only for
the first mechanism, thus strengthening the implication? Second, could we drop bounded
invariance as a requirement on the first mechanism, weakening Theorem 2’s premise? Third,
is RSD characterized by ex-post efficiency, bounded invariance, strategy-proofness and sym-
metry?

We provide an outline of the proof of Theorem 2. As a basic step we show that for any
efficient deterministic assignment, any agent must rank his allocated object weakly above
some non-top ranked object. Then for a fixed object, say z, we count for any profile and
for any agent the number of non-top ranked objects below z, and consider lexicographic
minimization with respect to those numbers. If g sd-dominates f, then the set of profiles
where f and g differ is non-empty. Now in this set we choose a profile where object z is
ranked as low as possible with respect to the minimization outlined above and show that the
random assignment of z must coincide for f and g. Remaining in the set of profiles where
f and g differ and z is ranked as low as possible, we take another object, say y, choose a
profile where y is ranked as low as possible and show that the random assignment of y (and
z) is identical for f and g. Iterating we eventually exhaust the set of objects and obtain
that f and ¢ coincide, which implies that the set of profiles where f and ¢ differ was empty

yielding the final contradiction.

5 Bounded Invariance for Deterministic Mechanisms

Even though bounded invariance has been introduced for random assignment and has not
been explicitly considered for deterministic assignment, we show below that it plays a crucial

role for two seminal contributions in the literature.

20E.g., if objects are to be assigned to a set of agents comprised of two groups, one might consider orders
that alternate between members of the two subgroups and randomize within each.

21'We omit the formal definition and refer to Basteck and Ehlers (2023). Informally, the mechanism works
as follows: any agent i is chosen with probability %, then agent 7 picks his most preferred object and the
remaining objects are assigned uniformly among the other agents.
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5.1 Hierarchical Exchange

Pépai (2000) introduces and characterizes hierarchical exchange rules. Extreme cases are
the top-trading-cycles (TTC) rule where each agent owns one house (or object)?? and the
SD rule where houses are allocated in a certain order of agents. For the TTC rule each
agent points to his most preferred house and each house points to its owner, before trading
cycles are then executed iteratively. For the SD rule, the first agent to choose implicitly
owns all houses and picks his most preferred house, then the second agent implicitly inherits
all unassigned houses from the first agents and picks his most preferred house, and so on.
Hierarchical exchange rules give a precise formulation of those ideas by covering immediate
cases as follows: any house is owned by one agent, any agent points to his most preferred
house, and each house points to its owner. Then following the execution of trading cycles,
unassigned objects are inherited by agents who remain unassigned, and so on. We give a
formulation of hierarchical exchange rules based on Pycia and Unver (2017).

A submatching on I C N is an injective function o : I — O. A submatching allocates a
subset of houses to a subset of agents so that no two different agents obtain the same house,
i.e. o(i) is the house matched with agent i € N and o~'(h) is the agent matched with house
h € o(I). The set of submatchings is denoted by S. For each o € S, the set of matched
agents is denoted by I, and the set of matched houses is denoted by H,. We write I,, for
N\I, and H, for O\ H,.

Definition 2 An ownership structure is a collection of mappings
(ccr : ﬁa — TO’)O’ES

where at submatching o, the function c, maps each unmatched house h to the unique un-
matched agent c,(h) who owns it then, and the following (consistency) condition is satisfied:
for any 0,0’ € S such that o C o, if i € I, owns house h € Hy, at o (c,(h) = 1), then i
owns h at o' (c,(h) =1).

Hierarchical Exchange Algorithm:

Given an ownership structure (¢,)ses, the algorithm starts with empty the submatching
0% = (), and in each round r = 1,2,... it matches some agents with houses. Let ¢! we
denote the submatching of agents matched before round r. If 6"~! ¢ M, then the algorithm

proceeds with the following steps of round r.

22Throughout this subsection we often use the term house instead of object.
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Step 1: Pointing. Each house h € H,—1 points to the agent who owns it at ¢"~'. Each
agent i € I ,~—1 points to his most preferred house in H ,r-1.

Step 2: Execution of trading cycles. A trading cycle is given by hy — iy — --- — hy —
ix — hy in which k € {1,2,...}, agent i, € I,~—1 points at house h;,; € H,~1, and house h;
points to 7;. Each agent in each trading cycle is matched with the house she is pointing to.

Step 3. Submatching o is defined as the union of ¢" !

and the set of newly matched
agent—house pairs. When all agents or all houses are matched under ¢”, then the algorithm

terminates and gives matching o” as its outcome. Otherwise we continue with round r + 1.

Now a rule is a hierarchical exchange rule if we can find an ownership structure such that
the outcomes of the rule and the above algorithm are identical.

Reallocation-proofness excludes the possibility that two individuals can gain by jointly
manipulating the outcome and swapping objects ex-post, when the collusion is self-enforcing
in the sense that neither party can lose by reporting false preferences in case the other party

does not adhere to the agreement and reports honestly.

Definition 3 A mechanism f is manipulable via reallocation if there exist R, i,7 € N and
R, R} such that fy(R) = fr(R},, R_p) # fu(R}, R, R_i;) for h =i, j, and both f;(R;, R}, R_i;) P; fi(R)
and fi( R}, R, R_i;) R; f;(R). An assignment rule is reallocation-proof if it is non-manipulable

via reallocation.

The following property rules out manipulations of other agents’ assignments without
changing the agent’s own assignment. A deterministic mechanism f satisfies non-bossiness
if for any profiles R and (R}, R_;) (where i € N), fi(R) = fi(R,, R_;) implies f(R) =
F(RLR).

We show the following basic implication, namely, strategy-proofness, non-bossiness and

bounded invariance imply reallocation-proofness.

Lemma 1 For deterministic mechanisms, strategy-proofness, non-bossiness and bounded in-

variance imply reallocation-proofness.

Proof. Suppose that f is manipulable via reallocation. Then by non-bossiness, we have
F(R) = F(Ry, R_y) for h = i,j. Thus, f(R) = f(R, R_) = (R}, R_;). Let a = fi(R) =
fi(R R_j), b= fj(R}, R}, R_;;) and ¢ = f;(Rl, R}, R_j;).

Since f is manipulable via reallocation, we have a = f;(R}, R_;) # fi(R}, R}, R_;;) = c.
Hence, by strategy-proofness, aP;c and c¢P/a. Furthermore, bP;aP;c.

Let R! be defined as follows: R/ ranks first B(R;,a)\{a} according to R;, then ¢, and
then all remaining objects according to R;, i.e. R! : R;|B(R;,a)\{a},c,a,---. Then by
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strategy-proofness, f;(R, R}, R_;;) = c and fi(R}, R_;) = a, we obtain f;(R], R}, R_i;) = c.
Thus, by non-bossiness, f(R;, R}, R_;;) = f(R], R}, R_j;).

But then f;(R}, R}, R_i;) = f;j(R;, R}, R_i;) = b # f;j(R}, R_;) contradicts bounded in-
variance as b € B(R;,a)\{a} = B(R},c)\{c} and R;|B(R;,a)\{a} = R/|B(R/,c)\{c}. O

Note that Lemma 1 does not use efficiency but will be crucial for the main result of Pépai
(2000). Below we show replacing reallocation-proofness with bounded invariance yields the

same characterization of hierarchical exchange rules.
Theorem 3 The following are equivalent:

(i) f satisfies strategy-proofness, non-bossiness, efficiency and bounded invariance.
(i1) f satisfies strategy-proofness, non-bossiness, efficiency and reallocation-proofness.

(iii) f is a hierarchical exchange rule.

Proof. (i)=-(ii): This follows from Lemma 1.

(ii) < (iii) follows from Pépai (2000, Theorem).

(iii)=(i): Suppose f is a hierarchical exchange rule. Then by (ii), f satisfies strategy-
proofness, non-bossiness and efficiency. Suppose f violates bounded invariance. But then we
must have a = f;(R) # fi(R,, R_;) = b (as otherwise we apply non-bossiness to obtain the
desired conclusion). Thus, by strategy-proofness, aP;b and bP/a. Now for some ¢ € B(R;,a)
we have f.(R) # f.(Rl, R_,).

Using strategy-proofness, non-bossiness and R;(c) = R;(c), without loss of generality, we
may suppose that R; : cab... and R] : cba . . ..

But then for f under R and (R}, R_;), agent i always points to ¢ and is not allocated
any object before object ¢ is allocated. As the pointing and the allocations/inheritances of
other agents are independent of 7’s pointing before i is allocated his object, object ¢ must be

assigned to the same agent under R and (R}, R_;). O

Pycia and Unver (2017) characterize trading cycles algorithms with ownership and bro-
kerage via efficiency, strategy-proofness and non-bossiness. Loosely speaking a broker owns
a house which she is only allocated if nobody else wants it (or in other words she is forbidden
to point to his owned house). Now by the above theorem, rules with a broker violate both

bounded invariance and reallocation proofness.?3:24

23This can also be seen in the usual three agent-three object example where N = {1,2,3}, O = {a, b, c},
1 owns a, 2 owns b, 3 owns ¢, and agent 1 is a broker for a, i.e. 1 is not allocated a, and agents 2 and 3 want
a. For Ry : abe, 1 and 2 exchange objects (i.e. 2 gets a) and for R : acb, 1 and 3 exchange objects (i.e. 3
gets a), which is a violation to bounded invariance.

240One may then wonder whether strategy-proofness, efficiency and bounded invariance imply non-
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We stress again that in the mechanism constructed for the proof of Theorem 1 ran-
domization does not give us back RSD. This in contrast to randomization of deterministic
mechanisms satisfying ex-post efficiency, strategy-proofness and non-bossiness which gives
us back RSD (Bade, 2020). Furthermore, as bounded invariance is preserved for weighted
versions for hierarchical exchange rules, Theorem 2 shows that any such weighted version
of hierarchical exchange rules is not sd-dominated by another strategy-proof and boundedly

invariant mechanism.

5.2 Deferred Acceptance

In certain applications objects are allocated according agents’ priorities — a priority order
for an object o is a linear order 3=, over N, and a priority structure is given by == (=,)oco-

For priority-based object allocation, the two well known and studied mechanisms are
TTC and Deferred Acceptance (DA). TTC is the subclass of inheritance rules for which
inheritance depends only on =, i.e., for any ¢ and o € H,, the =,-highest ranked agent in
I, owns object 0. TTC is efficient and strategy-proof (but unstable) whereas DA is stable
and strategy-proof (but inefficient).?® This is the well-known stability-efficiency tradeoff in
deterministic assignment problems and depending on the application under consideration,
either TTC or DA is recommended, which was studied in detail for school choice by Ab-
dulkadiroglu and Sénmez (2003b).

Deferred Acceptance Algorithm.

Let = be a priority structure and R be a preference profile.

Step 1. Let each agent propose to his most preferred object. Each object tentatively
accepts (if any) the highest priority-ranked agent among all proposals and rejects the rest.
Stop if no agent is rejected (and all (tentative) acceptances become the outcome), and
otherwise continue with Step 2.

Step r. Fach rejected agent proposes to the next most preferred object (to which he
has not proposed yet). Each object tentatively accepts (if any) the highest priority-ranked
agent among all proposals and tentative acceptance, and rejects the rest. Stop if no agent is
rejected (and all (tentative) acceptances become the outcome), and otherwise continue with
Step r + 1.

bossiness. This is not the case which we show in the Appendix using an example from Svensson (1999,
p.563).

25 An assignment p is stable for R and = if there does not exist an agent-object pair (i, ) such that 2 P;u;
and either x is not assigned to any agent or for y1; = x we have i >, j, i.e. ¢ has higher priority than j to
be assigned z.
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Definition 4 A priority structure = contains a cycle if there exist distinct a,b € O and
distinct i, 5,k € N such that i =, j =4 k and k =y ©. The priority structure is acyclic if it

does not contain any cycle.

Ergin (2002) has shown that acyclicity characterizes the priority structures for which DA
is efficient meaning that the efficiency-stability tradeoff disappears for DA. Below we show

that equivalently bounded invariance is crucial for DA to be efficient.?¢

Theorem 4 Let = be a priority structure and consider the associated DA mechanism. The

following are equivalent:

(i) DA satisfies bounded invariance.
(i1) DA satisfies efficiency.
(i) DA satisfies non-bossiness.

(v) = is acyclic.

Proof. (i)=(iv): Suppose that 3= contains a cycle, say 1 >, 2 >, 3 and 3 >, 1. Let

O = {a,b,c,01,...,0,3} Ry : bac..., Ry : acb..., and R3 : abc... and R; : 0;_3... for
1 2 3 )

i # 1,2,3. We have (where i # 1,2,3) DA(R) = ) ' and DA is inefficient
a cC 0;_3

(as agents 1 and 3 would prefer to swap their assigned objects). Now let Rj : acb... and

1 2 3
we obtain (where i # 1,2,3) DA(R;, R_3) = ( , ' ), a violation to bounded
a C 0O;_3

invariance as DA (R) = a = DAy (R}, R—3) and both R3 and R rank a at the top. Thus, =
must be acyclic.

(ii)<(iili)<(iv): This follows from the Ergin (2002, Theorem).

(iv)=-(i): If 5= is acyclic, then DA becomes a hierarchical exchange rule where inheritance
of objects follows the priority structure »=. Thus, by Theorem 3, DA satisfies bounded

invariance. O

6 Tie-breaking in Top-Trading-Cycles

Although the priority orders considered above were strict, in applications such as school

choice they are often weak, i.e., =, may contain ties when agents have equal priority for

26Ergin (2002) considers a general assignment model where both objects come with capacities and agents
have the option to be unassigned (which may be preferred to certain objects). Then a “scarcity” condition
has to be added to Definition 4. One can check that Theorem 4 remains unchanged in this more general
setup.
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object 0. This raises the question of how to break ties, which has been discussed in de-
tail for deterministic mechanisms given the desirability of stability, strategy-proofness and
constrained efficiency among stable assignments®’ (where for strict priorities DA satisfies all
these properties). For instance, Abdulkadiroglu et al. (2009) show that DA with tie-breaking
is not Pareto-dominated by any strategy-proof deterministic mechanism while Erdil and Er-
gin (2008) show the non-existence of stable, strategy-proof and constrained efficient deter-
ministic mechanisms. Ehlers and Erdil (2010) characterize the priority structures for which
constrained efficiency among stable matchings is equivalent to efficiency while Ehlers and
Westkamp (2018) characterize the weak priority structures for which strategy-proofness, sta-
bility and constrained efficiency are compatible for deterministic mechanisms. Han (2018)
characterizes priority structures for which strategy-proofness, stability and efficiency are
compatible for deterministic mechanisms.

There is continued discussion whether to use single-tie-breaking (STB) or multiple-tie-
breaking (MTB) for weak priority structures, see Pathak (2017) for a detailed account. STB
means that ties are broken in the same way for all objects’ priority orderings while MTB
means that ties are broken in possible different ways for objects’ priority orderings. For
deterministic mechanisms, there is no clear recommendation for using STB versus MTB for
DA — while some agents may be better off at some preference profile, others will be worse
off, possibly at another profile. Recent contributions have considered the ex-ante welfare
effects of STB and MTB before tie-breaking, i.e., for random mechanisms where for STB
any tie-breaking order is chosen with equal probability whereas for MTB any profile of tie-
breaking orders is chosen with equal probability. For given preference profiles, but before
ties are broken, Han (2020) characterized the priority-structures for which STB-DA is ex-
post constrained efficient. For an ex-ante analysis — before agents’ preference realization
and tie-breaking — in large markets with random preferences, such as Ashlagi et al. (2019),
Ashlagi and Nikzad (2020), Arnosti (2023), and Allman et al. (2023) provide a detailed rank
distribution comparison analysis (to which choices agents are matched) for STB-DA and
MTB-DA, and identify circumstances under which STB-DA is superior to MTB-DA.

Most importantly, this has not been discussed in detail for the TTC-mechanism with
tie-breaking. Obviously, as TTC-mechanisms are efficient, unlike DA the issue of Pareto-
dominance does not arise among deterministic mechanisms. Once ties are broken randomly
like in STB or MTB this is no longer true. For instance, for single tie-breaking (STB) we
take an order of agents, denoted by > to break ties identically: for all o € O, if i ~, j
and ¢ >, j, then ¢ =7 j. For the obtained strict priority structure we apply TTC. Now
choosing any tie-breaking order with equal probability 1/n!, we obtain STB-TTC which is

271.e., assignments which are not Pareto-dominated by any other stable assignment.
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ex-post efficient, strategy-proof and boundedly invariant (by Theorem 3), and hence by our
second main result — Theorem 2 — not stochastically dominated by any other strategy-proof
and boundedly invariant mechanism. The same is true for multiple tie-breaking whereby we
choose different tie-breaking orders for different objects, i.e., for any object o we have a tie-
breaking order >, to break ties in %=,, and now any profile of tie-breaking orders (one for each
object) (>,)oco we apply TTC for the obtained strict priority structure. Now MTB-TTC is
obtained by choosing any profile of tie-breaking orders with equal probability 1/(n!)"”. Again
by Theorem 2 MTB-TTC is not stochastically dominated by any other strategy-proof and

boundedly invariant mechanism.

Corollary 1 Let = be a weak priority structure.
(i) No boundedly invariant and strategy-proof mechanism sd-dominates STB-TTC.

(i1) No boundedly invariant and strategy-proof mechanism sd-dominates MTB-TTC.

Furthermore, this remains true when different tie-breaking orders are chosen with dif-
ferent weights, i.e., again such a weighted MTB-TTC is not stochastically dominated by
any other strategy-proof and boundedly invariant mechanism. It follows from Theorem 2
that weighted versions of MTB-TTC (including weighted versions of STB-TTC) do not sd-
dominate each other as they all satisfy ex-post efficiency, strategy-proofness and bounded
invariance. For random versions of STB-TTC and MTB-TTC, Corollary 1 is parallel to
Abdulkadiroglu et al. (2009) for the deterministic versions of STB-DA and MTB-DA (but as
explained above, they do not hold any longer for random versions of STB-DA and MTB-DA).

Note that when all agents have equal priority at all objects, then STB-TTC coincides
with RSD, i.e., as a special case we obtain again that RSD is not sd-dominated in the class

of boundedly invariant strategy-proof mechanisms.

7 Conclusion

Instead of reporting ordinal preferences, one might ask agents to report cardinal utility
functions, assuming that they evaluate random assignments according to their expected
utilities. We implicitly assume ordinality of mechanisms, i.e., constrain random assignments
to be the same across cardinal utility profiles which induce identical ordinal preferences.
For applications ordinality is a natural requirement as it facilitates reporting, when agents
are unable to determine their exact utilities but are able to compare individual objects. Of
course, allowing cardinal reports but imposing ordinality yields the same result as imposing

ordinal preference reports. In particular, in such contexts RSD is not dominated by any
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mechanism satisfying ordinality, strategy-proofness and bounded invariance. This is positive
answer on the acceptable domain and addresses a question raised by Zhou (1990), who
showed that in the cardinal framework no mechanism satisfies equal treatment of equals,
strategy-proofness and ex-ante efficiency. The latter postulates always to choose a random
assignment which is not Pareto dominated in terms of expected utility by any other. It is
clear that in the cardinal context the properties of ordinality, equal treatment of equals and
ex-ante efficiency are incompatible: as a simple example, let N = {1,2,3}, O = {a,b,c},
uy = (Uq, Urp, u1e) = (1,1 —€,0) = up and ug = (1, ¢,0) where € > 0 is small; when all agents
have utility function us equal treatment of equals requires each agent to obtain a with
probability one third, and similarly, when all agents have utility function u; equal treatment
of equals requires each agent to obtain ¢ with probability one third; now ordinality requires
for the profile (ug,us,us) that each agent obtains any object with probability %, which is
dominated in terms of expected utility by assigning agent 3 object b with probability one,
and assigning agents 1 and 2 objects a and ¢ each with probability one half.

The last example shows the disrelation of Zhou’s result and the impossibility results in
the ordinal framework with respect to efficiency, equity and strategy-proofness. Ordinality,
sd-efficiency and envy-freeness are compatible as PS satisfies all those properties. As soon as
strategy-proofness is added, we obtain an incompatibility, which is robust when weakening
sd-efficiency to ex-post efficiency, or envy-freeness to equal treatment of equals.

Theorem 1 invalidated the conjecture that RSD was characterized by ex-post efficiency,
equal treatment of equals and strategy-proofness.?® Pycia and Troyan (2021) recently showed
that RSD is characterized by symmetry, efficiency, and obvious strategyproofness among all
mechanisms that, roughly speaking, can be represented as a symmetrization of an extensive-
form game where in each stage, one agent is allowed to pick one house from a subset of the
remaining houses or “pass” on this opportunity. For the assignment of one object, Ehlers
(2002) characterized the uniform random dictatorship mechanism by ex-post efficiency, envy-
freeness and strategy-proofness.

Another strand of the literature studies large markets. In particular one may enlarge
markets in two different ways: either by keeping the set of object types fixed and adding
copies to match an increasing number of agents, or by considering a sequence of economies
where the number of distinct agents and the number of distinct objects grow at the same
rate. First, when we add object copies, Liu and Pycia (2016, Theorem 2) have shown that

9 29

any two symmetric and “regular”®’ mechanisms, which are asymptotically strategy-proof

28Brandt et al. (2023) claimed to have found an affirmative answer to this question for five agents via
computational methods.

29Loosely speaking, this means that agents cannot change to “too much” the random assignments of other
agents (in terms of probability shares) as the market becomes large.
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and asymptotically efficient, coincide asymptotically, i.e., they choose the same allocations
in the limit. For instance, this implies asymptotic coincidence of RSD* and PS (which
was first shown by Che and Kojima (2010)), and that RSD and, respectively, PS satisfy
ex-post efficiency and asymptotically both strategy-proofness and envy-freeness. In some
sense, then, it does not matter in the large whether we choose RSD or PS (or any other
mechanism satisfying the above three properties). However when we consider economies
with a large number of distinct agents and distinct objects,> Manea (2009) has shown that
RSD is sd-efficient with probability approaching zero, and hence RSD and PS diverge with
probability one. Thus, continued discussions in real-life markets show the importance of the
choice of the random assignment mechanism to be implemented. As we have shown, RSD

cannot be improved in an unambiguous way while maintaining our two basic properties.
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APPENDIX.

A General Version of Theorem 1

Below we allow for the possibility of unequal numbers of agents and objects. With fewer
objects than agents, some agents may remain unassigned. All our definitions then extend in
a straightforward way. Theorem 1 is a corollary from this more general result.

We further strengthen symmetry to anonymity where agents’ names are treated equally:
a mechanism f satisfies anonymity if for any permutation 7 : N — N of agents and for any
profile R, we have f;(R) = fxu)(Rx@))ien)-

In addition, the constructed mechanism is immune to renaming objects: a mechanism f
satisfies neutrality if for any permutation 7 : O — O of objects and for any profile R, we
define 7(R) = (7(R;)ien) € RY such that for 0,0’ € O, 7(0)7(R;)7(d) iff oR;0’, and we have
for all i € N and all 0 € O, fio(R) = fir0)(T(R)).

Theorem 5 For |N| > 5 and |O| > 5, there exist mechanisms satisfying ex-post efficiency,
anonymity, neutrality and strategy-proofness, which are not welfare equivalent to random

serial dictatorship.

Proof. We begin with five agents and five objects, i.e., let N = {1,...,5} and O =
{a,b,c,d,e}.
First, we define the following mechanism ¢ whereby agents 1, 2, 3 and 4 are ranked arbi-

trarily and choose in that order (as in RSD for four agents) and afterwards agent 5 receives
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the remaining object. Making it symmetric for agents (by choosing ¢¢ with probability %) we
get back RSD (as then any order is chosen with equal probability %), i.e., RSD = 1 3.\ ¢*.
Second, let Ry, R3, R4 be as follows

Ry | Ry | Ry
c | c|c
a | b | e
d| d| d
el el a
b|al|bd

It will turn out to be crucial that the same object d is ranked below ¢ and a for agent 2 and
below ¢ and b for agent 3, and that agent 4 ranks the different object e below ¢. We define
the mechanism ¢!~ whereby agent 1 is improved over ¢2, agents 2, 3 and 4 receive identical
random assignments under ¢'~2 and ¢, and agent 5 is worse off or better off under ¢g'=2
compared to g¢°.

We decompose the preference domain for agent 1 as the disjoint union of the following

three sets:

R = {R,:aPbPyx for all x € O\{a,b,c}}
R, = {R;:bPaPyx for all x € O\{a,b,c}}
R' = {Ry: there exists z € O\{a,b, ¢} such that zPa or zPb} .

For all Q € RY, let
9, %(Q) = g7(Q) for i = 2,3,4. (1)

Moreover, for any profile Q, if Q_15 # (Ra, Rs, Ry) or Q1 € R', then ¢ 3(Q) = ¢3(Q).

Otherwise, suppose 1 € R U R} and Q_15 = (Ry, R3, Ry). Note that once we have
defined g, >(Q), then g; >(Q) is the residual given (1).

If Q, € Rl then under ¢g2(Q) agent 1 receives their most preferred object from O\{a, b, c}
for the orders 4-2-3-1-5 and 4-3-2-1-5 (where any such order is chosen with probability
1/24), i.e., with probability 1/12. Similarly, object b is assigned to agent 5 for the orders
3—1—-4—2—-5and3—-1—-2—4—-25,ie., at least with probability 1/12.

Then let g, >(Q) = ¢2(Q) + 1/12b — 1/12x where x is 1’s most preferred object from
O\{a, b, c}. Note that then g%_é(Q) strictly sd-improves agent 1 over gi’*(@) (and if Q5 : be. . .,
then g%(Q) strictly sd-dominates gi_é(Q), i.e., agent 5 is unambiguously worse off, and if
Qs : ...b, then g >(Q) strictly sd-dominates ¢>(Q), i.e., agent 5 is unambiguously better
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off).

Analogously, if Q; € R}, then let g, 2(Q) = ¢7(Q) + 1/12a — 1/12z where z is 1’s most
preferred object from O\{a, b, c}.

It remains to show that ¢! =2 is strategy-proof and ex-post efficient. For strategy-proofness,
it is obvious that agents 2, 3, 4 and 5 cannot gain from manipulation. Let Q € RY. If
Q_15 # (Ry, R3, Ry), then agent 1 cannot gain from manipulation as g, >(Q) = ¢>(Q) and
91 2(R1,Q_1) = ¢>(Ry,Q_4) for all Ry. Thus, let Q_;5 = (R, Rs, R4). By Lemma 2 of Gib-
bard (1977) it suffices to consider pairwise switches of objects ranked adjacently, i.e., compare
the random assignment of agent 1 when reporting @; and when reporting Ry = Q47 for
two objects y, z € O ranked adjacent in (.32

Suppose that @; € R!. Note that by ex-post efficiency and as agent 5 chooses last, agent
1 receives object ¢ with probability zero when c¢ is not ranked first in ;. Suppose ¢ is not
ranked first in Q1. Then by construction g; >(Q) = (18a + 6b)/24. If Ry € RL U R}, yet ¢
is not ranked first under R;, then 1’s random assignment either unchanged when reporting
R, instead of @ or changed to (180 + 6a)/24. If instead R; € R UR}, and ¢ is now ranked
first under R, then g%fé(Rl, Q_1) = (6¢ + 12a + 6b)/24. The case where c is ranked first
under @ and R; € R} UR; is analysed analogously.

Suppose Ry € R'. Then g >(Ry,Q_1) = ¢o(R1,Q_1). But then g, >(Q) by construc-
tion stochastically )1-dominates gi’*(@), which, by strategy-proofness of g2, stochastically
(Q1-dominates g%(Rl,Q_l) = gi_é(Rl,Q_l). Thus, reporting R; leads to a @;-dominated
random assignment.

This completes the analysis for Q; € R.. The case Q; € R} is analysed analogously.

For Q; € R, if R, € R! then ¢; 2 and ¢> coincide both at Q and at (Ry, Q_;) — hence
strategy-proofness of g% implies that g%_é(Q) stochastically ();-dominates g%(Rl,Q_l). If
Ry € R!, then the pairwise swap of two objects must have involved b (ranked below a under
both @ and Ry) and object x € O\{a,b,c} such that 2Q,d and zQqe, i.e., aQxQ1b and
aR;bRyz. By construction, when reporting R; instead of ), this only moves probability
mass from x to b — hence gi_é(Q) stochastically ();-dominates g%(Rl, ()—1). Again, the case
R; € R} is analysed analogously.

For completeness below we just list the first three objects in Ry (where x € {d, e} is such
that *Ryd and xRe), By = QY7* (where possibly z € {z,9}), and Q; € R: UR}. This
implies that x cannot be ranked at the top of R;, and x cannot be ranked second while ¢ is
ranked third in R;):

If aPibPyx or aPicPyb, then her assignment is (18a + 6b)/24.

32If Ry : wowyzz, then Q : uvwzyx.
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If bPiaPyz or bPicPia, then her assignment is (18b + 6a)/24.
If cPyaPyb, then her assignment is (6¢ 4+ 12a + 6b)/24.

If ¢PibPya, then her assignment is (6¢ 4+ 12b + 6a)/24.

If aPyxPib, then her assignment is (18a + 4x + 2b)/24.

If aPycP x, then her assignment is (18a + 6z)/24.

If bPycPix, then her assignment is (18b + 6z)/24.

If bPyxPia, then her assignment is (18b + 4x + 2a)/24.

If cPiaPyx, then her assignment is (6¢ + 12a + 6x)/24.

If ¢cPbPz, then her assignment is (6¢ + 120 + 6z)/24.

Under the first four announcements agent 1 receives objects d and e with probability
zero, and at each announcement agent 1 receives with probability one his first three objects.
A straightforward pairwise comparison of these ten outcomes verifies that at each preference
ranking Q; € RLUR}UR!, truthful revelation (weakly or strongly) first-order stochastically
dominates untruthful revelation.

Finally, we verify ex-post efficiency of ¢g'=2. Here it is crucial that the same object d is
ranked below ¢ and a for agent 2 and below ¢ and b for agent 3, and that agent 4 ranks the
different object e below c. Improving 1’s assignment when R; € R! involves increasing her
share of b by 1/12, while holding unchanged the assignment of agents 2, 3, and 4. This can
be done by replacing the assignments on the left below with the assignments on the right
with probability share 1/12 each. Each assignment on the left is realized with probability
1/12 or more, therefore this improvement is indeed feasible. And the assignments on the

right are efficient, therefore ex-post efficiency is preserved (where {d, e} = {z,y} and zPy)

1 2 3 45 1 2 3 45 1 2 3 45 1 2 3 45
+ — +
r a b cuy a d c e b b a ¢ e d a d b c e

Note that the first assignment is obtained for the orders 4—2—-3—1—-5and 4—3—-2—1-5,
the second one for the orders 3—1—-2—4—5and 3 —1—4 — 2 — 5, the third one for the
orders 3—2—1—4—5and 3—2—4—1-5, and the fourth one for the orders 4—1—-2—-3—-5
and4—-1—-3—-2-05.

The argument for the case when R; € R} is analogous but for completeness we verify it
below. Improving 1’s assignment when R; € R} involves increasing her share of a by 1/12,
while holding unchanged the assignment of agents 2, 3, and 4. This can be done by replacing
the assignments on the left below with the assignments on the right with probability share

1/12 each. Each assignment on the left is realized with probability 1/12 or more, therefore
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this improvement is indeed feasible. And the assignments on the right are efficient, therefore

ex-post efficiency is preserved (where {d,e} = {z,y} and xPy)

1 2 3 45 1 2 3 45 1 2345 1 2 3 45
+ — +
(zabcy) (bcdea) (acbed) (badce)

The first assignment is obtained for the orders 4 —2 -3 —-1—-5and 4 -3 -2 —1— 5, the
second one for the orders 2—1—-3—4—5and 2—1—4 — 3 — 5, the third one for the orders
2—3—-1—4—5and 2—3—4—1-05, and the fourth one for the orders 4 —1—-2—-3 -5
and 4 —1—-3—-2—05.

Third, the mechanism ¢'~2 treats agent 1 differently in comparison to agents 2, 3 and
4. In order to recover equal treatment of equals among agents 1, 2, 3, and 4, we appeal to
randomization again.

Let m be a permutation of the agents with agent 5 staying put, ie., let 7 : N — N
be a bijection such that m(5) = 5. Then 7(g'™2) is defined via changing the roles of the
agents in mechanism ¢'~2 according to the permutation 7. Denoting with II° the set of all

permutations of N where agent 5 stays put, we define h® as

1 _
hi:@ Zﬂ'(gl é)

well®

Then A2 inherits ex-post efficiency and strategy-proofness from ¢' =2, and agents 1, 2, 3, and
4 are treated symmetrically. Note also that » s 7(g2) = ¢2, and hence agents 1, 2, 3 and
4 are better off under h2 and agent 5 is worse off or better off under h2 (when compared to
%)

Fourth, in order to recover anonymity (and, respectively, symmetry) completely, let h =
%Zie ~ Pt Again, h inherits ex-post efficiency and strategy-proofness from h*, and satisfies
anonymity and symmetry.

Fifth, we show that h does not coincide with RSD, i.e., there exists a profile () such that
hi(Q) # RSD;(Q) for some i € N. Thus, there exist other random mechanisms (in terms
of probability shares) satisfying ex-post efficiency, symmetry and strategy-proofness. Let
Q € RY be such that Q, : abecd, Q_15 = (Ry, R3, Ry) and Q5 : edcab.

Then g; 2(Q) = (18a+6b) /24 # (18a+4b+2¢)/24 = ¢>(Q). Now let us consider ¢ 4(Q)
and ¢2(Q), i.e., where we permute the roles of agents. For i = 5 and j = 1 the two coincide,
since agent 5 does not rank a and b over d and e. Finally, if {i,7} # {1,5} then again
3 2(Q) = ¢2(Q) since either 1 or 5 is now in the role of agents 2,3, or 4 in g'~3 but neither

1 nor 5 ranks c first.
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But now it follows that hi.(Q) # RSD:1.(Q), and h(Q) stochastically @)-dominates
RSD(Q) (as agents 1 and 5 are better off and agents 2, 3 and 4 receive identical random
assignments).

Finally, we show that neutrality can be recovered from the above mechanism. Let 7 :
O — O be a renaming of the objects and denote by I' the set of all such bijections. Let 7(h)
denote the permuted mechanism where the names of the objects in h are changed according
to 7, and let h = L3 .
neutrality. Furthermore, for the above profile, we continue to have h1.(Q) # RSD1.(Q).

Lastly, suppose that there at least five agents and at least five objects, i.e., N = {1,...,n}
with n > 5 and O = {a,b,c,d,e,01,...,00-5} with |O] > 5 where possibly |N| # |O]. We

then define the mechanism ¢ by letting choose agents 1 — 4 in a random order and then

7(h). But then h inherits all the properties from h and satisfies

the remaining agents in the order 5—6—- - -—n. Again permuting gives us back RSD. For the
mechanism ¢' 5" we add to the preferences Ry, Rs and R, the other objects in the same
order 0 — - -+ — 0p|-5 at the bottom. Now for agent 1 an improvement is applied under the
same conditions (where no x € O\{a, b, ¢} shall be ranked above a or b). One can check again
strategy-proofness and ex-post efficiency, and make the mechanism symmetric. In showing
that the new mechanism does not coincide with RSD, let the preferences of agents 1-5 be as
above in profile Q with the other objects being ranked in the same order 0y — -+ —0/0|—5 at
the bottom and let agent ¢ (with ¢ > 5) have the same preference as agent 5. Note that then
the above improvement is applied for agent 1 in the mechanism ¢~ but when at least one
agent ¢ with ¢ > 5 plays the role of agent 2, 3 or 4, then no improvement can be applied as

1 ranks e at the top. Finally, neutrality can be recovered as above. 0

B Proof of Theorem 2

We begin by introducing some additional notation. Given R; € R, let top(R;) € O denote
the top-ranked object in O according to R;, i.e., top(R;)R;x for all x € O. For a subset
I' C N, let top(R;) = Ujer{top(R;)} and denote the set of objects top-ranked by some
i € N by top(R) = Ujen{top(R;)}. Conversely, let top(R) = O\top(R) denote the set of
objects which are not top-ranked by any i € V.

If all agents rank a different object at the top, i.e., if top(R) = O, Pareto efficiency requires
that each agent receives their top-ranked object. Our first lemma concerns an implication of
efficiency when preferences are at least partially in conflict, i.e., if top(R) # O — top-ranked
objects will not be assigned to agents who rank them at the bottom, i.e., below non-top

ranked objects.
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Lemma 2 Consider any ex-post efficient mechanism g and any preference profile R € RY
such that top(R) # O. Then for all i € N and all y € top(R) such that xPy for all
x € top(R), we have g, (R) = 0. Moreover, for any mechanism f such that f > g, we also
have f;,(R) = 0.

Proof. Towards a contradiction, assume there exists an ¢ € N and y € top(R) € O, such
that g;,(R) > 0 while for all € top(R) we have xP;y. Since g is ex-post efficient, there
exists p € PO(R) such that p; = y.

Since top(R;) Pz P;u; for all z € top(R), we have top(R;) # pi — and since u; € top(R),
there must be another agent, j € N\{i}, for whom top(R;) = ;.

But then top(R;) # p;. By efficiency, p; € top(R) — as otherwise p;P;u; and p; =
top(R;)Pjpu;, creating a possible trading cycle where all included agents become strictly
better off. Thus, there must be another agent, k € N\{3, j}, for whom top(Ry) = p;.

But then top(Ry) # . By efficiency, py, € top(R) — as otherwise juPijt;, i Pjp;, and
1 Prpix, creating a possible trading cycle where all included agents become strictly better
off. Thus there must be another agent, | € N\{3, j, k} for whom top(R;) = p;.

Continue in this way. Since N is finite, we eventually arrive at a contradiction once we
have exhausted N. This establishes the first part of the lemma: no agent receives objects
ranked below their least preferred object in top(R) under g. A fortiori, the same needs to

hold for any mechanism f which stochastically dominates g. 0

Suppose now that mechanism g satisfies ex-post efficiency, bounded invariance and strategy-
proofness. Towards a contradiction, assume there exists a bounded invariant and strategy-
proof mechanism f such that f >*? g. In particular, this implies that there is a non-empty
set of preference profiles where f and g are not welfare-equivalent. Let Rf)é denote this set,
ie.,

RZ = {R e R : fi(R) # gi(R) for some i € N'}.

To prove Theorem 2 by contradiction, we will show that Rff = (). For this, we will
consider an arbitrary sequence of objects z1, 2o, ..., 2z, € O along with a decreasing sequence

of subsets of preference profiles
R DRI DR;..2R?

where (i) for each k = 1,...,n, R}_, # 0 implies R} # §) while (i) f.,(R) = g.,(R) for all
| <kand all R € R}. This way, (i) implies R¥ # 0 (given R7 # 0), while (ii) implies that
for R € R7 all objects 21, ..., z, have to be assigned with the same assignment probabilities
under f and g —i.e., R7 = ().
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Intuitively, each R,f is the set of preference profiles where z; is ranked as low as possible
by all agents (relative to objects in fop(R)), subject to the constraint that R} C R]_, C
.. C Rﬁf, i.e., subject to preserving a difference between f and g and subject to ranking the
preceding objects zp_1, 2x_o..., 21 as low as possible. Moreover, note that for all preference
profiles in 723é , and hence also for all profiles in Rf, we have top(R) # O as otherwise ex-post
efficiency requires that all agents receive their top ranked object with probability one so that
f(R) =g(R).

To make this precise and define the sets R? formally, let N = {0,1,...} denote the set
of natural numbers including zero. Let N'ZN " denote the set of all vectors v € NIV such that
vy > vy > -+ > v)y|, i.e., the coordinates of v are arranged in non-increasing order. Let =
denote the lexicographical ordering on N'zN . for all v,w € leN |, v = w means either v = w
or there is 1 <t < n, such that v; < wy and v; = w; for every ¢ < t and . We write v < w if
v 2w and w # v.

Furthermore, for any z € O and R;, let
L(z,Ri) ={y € O: zPy}

denote the strict lower contour set of z at R;. Note that this set excludes z.
Next, let O = {z1,..., 2.}, define Os; = {z,...,2,}, for any 1 < ¢ < n, and for any
1€ N let
pi(ze, R) = |L(z, Ri) N O N Top(R)]

be the rank that z; occupies in agents’ preferences, where the rank of z; is the number of
non-top-ranked objects below z;, ignoring objects 2z with [ < ¢. Further, let 0(z;, R) € N%
be the vector of ranks, ordered in non-increasing fashion, i.e., 6;(z, R) = p-)(2, R) for an

appropriate permutation 7 : N — N. For any t > 1 define
R ={R € R}, : there exists no R € R}, such that 0(z;, R) < 6(z, R)},

where 0(z, R) and 0(z,, R) are ordered by lexicographic minimization. Hence, R} contains
all profiles where z; is ranked as low as possible, provided that (i) f and g still differ in the
assignment probability shares of some object, and that (ii) all objects z; € O, | < t, are
likewise ranked as low as possible (with rank-minimization of z,, taking precedence over the
rank-minimization of z,, for any m < m’ <t).

We first show in two lemmas that for any preference profile in Rf, the assignment
probabilities of z; coincide under f and g. We then proceed by induction to show that the
same holds for any R,f, and objects 2, [ < k. This implies that R7 = () and thus establishes
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the desired contradiction.

Lemma 3 Consider z; € O and R € Rf, and partition N as follows: N = I, U I, with
I ={i € N : L(z1, R;) Ntop(R) = 0} and Iy = N\I (i.e., I consists of those agents for
which z is ranked least relative to top(R) while agents in Iy rank some object from top(R)
below z1). If there is some j € N such that f;.,(R) > ¢j. (R), then j € Iy and for all
i € L\{j} we have (L(z1,R;) Ntop(R)) 2D (L(z1, R;) Ntop(R)) # O (i.e., i’s lower contour

set of z1 at R; contains all objects in top(R) which are contained in j’s lower contour set).

Proof. First, given that f>%g, f;,, (R) > g;., (R) implies that there is some object x ranked
below z; by j, for which f;,(R) < g;z(R). If x € top(R), then we have L(z1, R;)Ntop(R) # 0;
and if = € top(R), then Lemma 2 implies L(z1, R;) Ntop(R) C L(x, R;j) Ntop(R) # (. Hence,
in either case we have j € I,. Now take any a € L(z1, R;) Ntop(R) and move it up to just
below zp, arriving at R’. Note that top(R) = top(R’) so that 0(z;, R) = 0(z;, R') and hence
R' € R]. By strategy-proofness we have f;,, (R') > g;.,(R') and since R’ € R] we have
fia(R') < gjo(R') — otherwise, we could swap a and z;, arriving at R” where f(R") # g(R"),
yet top(R")\{z1} 2 top(R')\{z1} so that z; is ranked lower relative to non-top-ranked objects
in R” than in R’, contradicting R’ € Rf Any agent ¢ # j who does not rank z; least relative
to top(R') = top(R), i.e., for whom L(z1, R;) Ntop(R') # 0, must also rank a below z; in
R; = R;: otherwise, they could move z; to the bottom of their preferences in R’ — call the
new profile R”. By BI, we still have f;,(R") < gjo(R"). Again, this would contradict
R € Rf, i.e., that z; is ranked as low as possible in R'.

Since a € L(z1, Rj) Ntop(R) was chosen arbitrarily, this proves the Lemma 3. O

Lemma 4 Let R € RT. Then fi.,(R) = g;.,(R) for alli € N,

Proof. Towards a contradiction, assume there exists j € N with f;,, (R) > g;.,(R) and
consider the partition {[;, o} as in Lemma 3. By Lemma 3 we know that j € I, i.e.,
L(z1, R;j) Ntop(R) # 0, and 0 = pp(z1, R) < pj(z1, R) < pi(z1, R) for all h € I and | € L.
We will construct a new profile R* such that f(R*) # g(R*) but where the number of non-
top ranked objects below z; for agents in I is lower than in R — strictly so for j € Iy —
and where for all agents in i € I; we have p;(z1, R*) < p;(z1, R). Thereby we will find that
0(z1, R*) < (21, R), contradicting R € RT .

First we will rule out z; € top(R). For that, note that since R € R7, we need to have
fizn(R) > giz, (R) for alli € I —otherwise, for i € I such that fi., (R) < gi., (R), fi>*¢g would
imply there to be a higher-ranked object, x Pz, such that f;,(R) > gi(R) and we could move
z1 to the bottom of ¢ preference order. For the new profile, denoted R, strategy-proofness
would imply fio(R) > gi(R), i.e., f(R) # g(R). Since top(R) = top(R) and 2 is now ranked
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lower for i but unchanged for all k # i, i.e., 0 = |L(z, R;) Ntop(R)| < |L(z:, R;) N Top(R)|
and |L(z, Ry) Ntop(R)| = |L(z, Ry) N top(R)|, this contradicts R € R}. We conclude that
fins(R) > gizy (R), for all i € I.

But then it cannot be the case that z; € top(R), since Lemma 2 would imply fi., (R) =
0 = ¢, (R), for all ¢ € I}, which, together with f;.,(R) > ¢, (R), for all i € I, as well as
fizi(R) > gj., (R), would contradict the fact that 2y is assigned with probability one in both
f and g.

Now, if top(Ryr,) N L(z1, R;) # 0, take any = € top(Ry,) N L(z, R;) and move up z
in R; just below 2 to arrive at Rf. Note that top(Rj, R_;) = top(R) and L(z1, R}) =
L(z1, R;). By strategy-proofness, we still have f;. (R, R_;) > g;., (R, R_;). We have
either f;, (R, R_j) < gj=(R5, R_j) or fj.(R}, R_;) > gju(Rj, R_;). We show that for both
cases we obtain a new profile R' where f;,, (R') > ¢;.,(R'), where p;(21, R") = pi(z1, R) for
all i € Iy and where p;(z1, R') < p;j(z1, R) for all i € 1. Let I denote the set of agents in Iy
who rank x at the top.

Case (1.z): if fi.(R}, R_;) < gju(R}, R_;), let all i € I push {21} U (L(z1, R;) Ntop(R)) to
the bottom of their preference order, in the same order as they are ranked in R;, to arrive
at Rj. For j, relabel R, = Rf and for all other i € N\(I{ U {j}), relabel R} = R; to arrive
at R' = (R}, )ken. By BI, we still have f;,(R') < g;»(R'). Towards a contradiction, assume
fiz (R') < gjzy (R'). Then there would be some object yPjz; such that f;,(R') > g;,(R).
Moreover, yP!z for all i € IT. Hence we could push z; to the bottom of the preference
order for all agents ¢ € I as well as for j and, by BI, arrive at a profile R where f and g
differ in the assignment probabilities of y. Since in R, z; is ranked lower relative to objects
top(R) = Top(R) than at our initial profile R, this contradicts R € R7 — and we conclude
that fj., (R') > gz, (R).

Case (2.z): if instead we have f;,(R, R_j) > gj-(Rj, R_;), swap x and z; in the ranking of
J — let us denote this new preference order as R and the new preference profile (R, R_;)
simply as R'. Note that since z; # top(Rf) = top(R;) we have top(R') = top(R). Towards
a contradiction, assume f;,(R’) > g;»(R'). Then we could push down z; to the bottom of
J’s preference order, below all other top(R’), and do the same for all i € I{ — call the new
preference profile R. By BI this preserves f]x(R) > gjx(}%). Since in R object z; is ranked
lower relative to objects fop(R) = fop(R) than at our initial profile R, this contradicts
R e Rf Therefore, after having swapped x and z;, we must have f;,(R') < g;,(R') and
thus f., (R) > gj (R').

Thus, independently of whether Case (1.z) or Case (2.x) applies, we arrive at a new
profile R where f;., (R') > g;., (R') and where p;(z1, R') = pi(21, R) for all i € I, i.e., 2 is
ranked as low as before for all agents in I5. While z; might be ranked higher than in R for
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agents in 17, we still have py(z1, R') < p;(z1, R') < pi(z1, R') for all k € I and | € I,.

Next, if there is any other 2’ € (top(Rr,) N L(z1, R;))\{z} C top(R},) N L(z1, R}), we
proceed as before and move up 2’ in R just below z;. Refer to this preference order as Rf/.
By strategy-proofness, we still have szl(R;”/,R’_ i) > gjzl(R;”/, R’ ;). We proceed as above
and obtain profile R” where f;,, (R") > g;.,(R") and the rank of z; relative to non-top-ranked
objects remains unchanged for agents in /5.

Case (1.2°): if fjx/(Rfl, R ;)< ng/(Rf-/, R’ ;) we proceed as in Case (1.7) — the only difference
is that we now need to take into account the possible changes made to preferences of agents
in 7 in Case (1.z). Let all i € I¥ push {2} U (L(z1, R;) NTop(R)) to the bottom of their
preference order, in the same order as they are ranked in Rj, to arrive at R;. For j, relabel
R/ = RY and for all other i € N\(I{' U{j}), relabel R} = R} to arrive at R” = (R})ren. By
BI, we still have f;,/(R") < gjs(R"). Towards a contradiction, assume f;,, (R") < g;,, (R").
Then there would be some object yP}'z; such that fj,(R") > g;,(R"). Moreover, yP;'z
for all i € I? as well as for all i € I? if we arrived at R’ via Case (1.z). Hence we could
push z; to the bottom of the preference order for all agents in I; for whom we have so far
constructed new preferences®® as well as for j and, by BI, arrive at a profile R where fandg
differ in the assignment probabilities of y. Since in R, 7 is ranked lower relative to objects
top(R) = Top(R) than at our initial profile R, this contradicts R € R] — and we conclude
that f;., (R") > g;., (R").

Case (2.2°): if instead we have fjx/(R}”/, R ;) > gjx/(R;’?/, R’ ;), swap 2’ and 2; in the ranking
of j — let us denote this new preference order as R} and the new preference profile (R}, R’ ;)
simply as R”. Note that since z; # top(Rf) = top(R;) we have top(R") = top(R). Towards
a contradiction, assume f;,(R") > ¢;,(R"). Then we could push down z; to the bottom
of j's preference order, below all other Zop(R"), and do the same for all i € I, as well
as for all other ¢ € I; for whom we may have so far constructed new preferences — call
the new preference profile 2. By BI this preserves fjx(f%) > gjz(f%). Since in R object z; is
ranked lower relative to objects fop(R) = op(R) than at our initial profile R, this contradicts
R € R}. Therefore, after having swapped & and z, we must have f;,(R") < g;»(R") and
thus f (RY) > gy (R).

Repeat these steps for all z* € top(Ry,) N L(z1, R;), i.e., move up z* in the preference
order of j to just below z; and then proceed as in Case (1.2") or (2.2'). This way, we arrive
at a profile, refer to it as R, where top(R]) = top(R;) for alli € N, f;.,(R") > g,., (R'), and
I; has been partitioned into two subsets: I includes all agents ¢ € I; for whom RZT = R;

and hence L(zy, Rj) Ntop(R) = 0, and whose top ranked objects are ranked above z; by j —

BLe., for i € I¥ U I if we arrived at R’ via Case (1.z), and for i € I¥" if we arrived at R via Case (2.z).

34



in R but also in R' since j’s lower contour set has only gotten weakly smaller as we moved
away from R to RT (strictly smaller whenever Case 2 applied). Second, I} includes all agents
i € I) whose lower contour set L(zy, R!) consists of all objects L(z, R;) N Zop(R). Third,
compared to R, j’s lower contour set at z; has gotten weakly smaller in that some objects
from top(Ry,) may now be ranked above z; — however, no object in top(R) has been raised
above z; as we moved to R}, Le., L(z1, R;) Ntop(R) = L(z1, R;) Ntop(RY). Last the ranking
of other agents i € I,\{j} is unchanged, i.e., Rl = R;.

By Lemma 3 as well as the preceding construction, we have for all h € I} and all | € I,

L(z, R}) ntop(R') € L(2k+1>R;) Ntop(R") C L(z1, Rf) Ntop(RY),
pr(z1, RY) < pj(z1, RY) < pi(z1, RY) and  py(z1, RY) = pi(z1, R).

Now, for all ¢ € I{ U I5 (including j) change the order of objects in the lower contour set
L(z1, R!) as follows: (i) objects that are in L(z, R)\L(z, RJT) are ranked immediately below
z1 (beyond that, their order does not matter), (ii) objects that are also in L(z1, RJT) Ntop(R")
are ranked next, in the same order as by R}, (iii) last, all objects in L(z, RT) N L(z, R;) N
top(RT) are ranked below (beyond that, their order does not matter). Call this new (and
penultlmate) profile R. By BI, we still have f;., (R) > g;.,(R). By Lemma 2 and f>*¢g, we
have fi.(R) =0 = gin(R) for all i € I, and all « € L(z1, R;) N L(z1, R;) Ntop(R).

Hence, we now have all agents in Ij U I, ranking objects L(z1, R;) N fop(R) adjacent
and in the same order as R;, and below that only objects in top(R) = top(R) for which
the assignment probabilities are equal to zero under f and ¢ by Lemma 2. Since szl(é) >
gj= (R), there is some y, ranked below z;, by R;, such that f;,(R) < g;,(R) — and thus some
i € N with fi,(R) > giy(R). Moreover, by Lemma 2, we have y € L(z1, R;) N top(R).

If i € I} U Iy, then there is ¢ with yR;y/, such that fi,(R) < gi,(R) — and thus some
i' € N with fy,(R) > gsy(R). Hence, by Lemma 2, it must be that y € fop(R), so that
y' € L(y, R;) Ntop(R). Thus, ¢/ is ranked lower than y according to R;.

If ' € I U I, then there is y” with ' Ryy”, such that fi,»(R) < gy (R) — and thus some
i’ € N with fu(R) > giny(R), and so on.

Since L(z, R;) Ntop(R) is finite and we move down (according to R;) in each iteration,
eventually there is some y* € L(z, R;) Ntop(R) and i* € I} = N\(I{ U I,) such that
fzy()>gzy(R) 3 3 )

Note that B, = R;, and thus, y*P,z for any i € I;. If y*Pitop(R;+), then change R; to
R! as follows: (i) objects in B(y*, R; ) are ranked first according to R, (ii) then top(R;) and
(iii) then objects in L(y*, R;)\{top(R;)} according to R;. After having done this for all such
i € I! and denoting the obtained profile by R’, by BI we continue to have f;- - (R > g~ - <(R".
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But then let i* exchange the positions of y* and top(f%i*) in R;* and call this final profile
R*. This strictly decreases the number of non-top objects ranked below z, for j, as well
as all i € I/, and weakly decreases it for all i € I} (as either top(R;.)Ply* P!z or top(R;)
is ranked immediately below y* in R!) and for all i € I,\{j} (only weakly if i € I,\{j}
ranked both top(R;-) and top(R%) below z;). Hence, pi(z1, R*) < pi(z1, R) for i € L\{j},
pi(z1, R*) < p;j(z1, R), and pi(z1, R*) < p;(z1, R*) for i € I, contradicting R € R . O

The following two lemmas extend Lemma 3 and Lemma 4 to RZA , t =1,...,n, thereby
completing the proof. Recall that Os; = {z,...,2,}, forany 1 <t <n. Let Z; = {z1,..., 2}
for any 1 <t < n.

Lemma 5 Consider1 <t <n,z € O and R € Rf, and partition N as follows: N = [1UI,
with [ = {i € N : L(z, R;) N Os; Ntop(R) = 0} and Iy = N\I; (i.e., I consists of those
agents for which z is ranked least relative to Os;Ntop(R) while agents in Iy rank some object
from Os; Ntop(R) below z;). If there is some j € N such that f;.,(R) > g;.,(R) then j € I
and for all i € I,\{j} we have L(z, R;) N Os¢ Ntop(R) D L(z, R;) N OsyNitop(R) # 0 (i.e.,
i’s lower contour set of z at R; contains all objects in Osy Ntop(R) which are contained in

J’s lower contour set).
Lemma 6 Let R € RY. Then fi.,(R) = gi.,(R) for alli € N.

Proof of Lemma 5 and 6. For ¢t = 1, this is established by Lemma 3 and 4, which serve
as the basis for the following induction. For the induction step, assume we have established
both statements for all 1 < ¢ < k < n (the induction hypothesis). It remains to show that
both hold for ¢ = k£ + 1. For this, the following observation will be useful.

Claim 6 If there is some j € I such that f;.,  (R) > g;.,.,(R) for R € R,il, then zp1 #
top(R;).

Proof of Claim 6: Suppose top(R;) = zp41. Since fj., ., (R) > gjz,,(R), there exists i
with fi.,,, (R) < giz,, (R). We have either L(zp41, R;) N Ospp1 Ntop(R) # 0 or L(zgy1, R;) N
Op41 Ntop(R) = 0.

Suppose L(z11, Bi) N Ospq Ntop(R) # 0. By f >*¢ g there exists @ with 2Pz
and fiz(R) > giz(R). But then we could move Zy 1 N L(241, R;) to the bottom of R; in
unchanged order, arriving at a contradiction to R € R,il.

Suppose instead L(zgy1, Ri) NOspy1Ntop(R) = 0. By Lemma 2 and 2441 € top(R), there
exists y € top(R) N L(z11, R;). Hence we must have y € Z;,. Furthermore, by f >*¢ g and

fiznir (R) < Giz,, (R), we have ZonzoPﬂkH fio(R) > ZOQOIOP%H gio(R). Now reorder the
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objects in R; as follows: first rank O\(L(zg+1, R;) U{2k11}), then top(R) N L(zk41, R;), and
then, at the bottom top(R) N L(zk41, R;) U{zk+1}. Call the new preference profile R'. Since
objects O\(L(zg+1, R;) U {zkx+1}) are still ranked above objects in (L(zg11, Ri) U {zk41}),
strategy-proofness implies Zon\(L(zk+1,Ri)U{zk+1}) fio(R) > Zon\(L(zk+1,Ri)u{zk+1}) gio(R').
Yet by the induction hypothesis and Lemma 2, we have f;,(R') = g;y(R') for all y €
(L(2k41, Ri) U {zp41}). Hence > o fio(R') > > co gio(R') — contradicting feasibility and
thus establishing Claim 6.

Induction step for Lemma 5. First, given that f>*'g, f;.,.,(R) > gj., ., (R) implies that
there is some object x ranked below zj4 for which f;,(R) < g;(R). Thus, by Lemma 2 and
the induction hypothesis, we have L(zgy1, Rj)Ntop(R)NOski1 # 0, i.e., j € Iy otherwise all
objects in L(zj41, Rj) would either be top-ranked objects or from Z;. But then we could move
to R} by reordering j's lower contour set, pushing all objects in top(R) to the bottom. Since
this leaves the rank of objects z € Zj;, unaffected, we would still have (R, R_;) € ’Rfﬂ.
But now Lemma 2 implies that f;, (R}, R_;) = gj.(R}, R_;) for all z € top(R) = top(R}, R_;)
while the induction hypothesis implies that f;.(R}, R_;) = gj.(R}, R_;) for all x € Z;. Since
strategy-proofness ensures fj., ., (R}, R_j) > gz, (R}, R_;), this would contradict f > g.

Now take any a € L(zgi1, Rj) N Osgi1 N top(R) and move it up to just below zgi1,
arriving at R'. Note that top(R) = top(R’) so that p(zxi1, R) = p(zk+1, R') and hence
R € Rfﬂ. By strategy-proofness we have f;., . (R') > gj.,,,(R) and since R’ € R,il
we have f;.(R) < gjo(R') — otherwise, we could swap a and 24, in R}, arriving at R”
where fi(R") # g/(R") for some [ € N, yet, by Claim 6, top(R") = top(R'), so that zp is
ranked lower relative to non-top-ranked objects from Osj4q in R” than in R’, contradicting
R € Rfﬂ. Any agent i # j who does not rank zp,; least relative to top(R') = top(R)
and Osgi1, ie., for whom L(zgi1, R;) N Osg1 Ntop(R') # (), must also rank a below
241 in R; = R}: otherwise, they could move 2,1 to the bottom of their preferences
in R" — call the new profile R”. By BI, we still have f;,(R") < g;o(R"). Again, this
would contradict R’ € RZH, i.e., that z,,; is ranked as low as possible in R’. Since
a € L(zgy1, Rj) N Osgy1 Ntop(R) was chosen arbitrarily, this completes the induction step

for Lemma 5.

Induction step for Lemma 6. Suppose the statement is not true for t = k£ + 1. Then
there exist R € Rfﬂ and j € N with fj., . (R) > gjs,.,,(R). By Claim 6, zx41 € top(R).
Moreover, without loss of generality, we may assume that all objects in Z, are ranked at
the bottom of R; such that z,,R;z, for m < m' < k: otherwise we can begin by moving
z1 to the bottom of j’s preference list in single, pairwise swaps. Since these transformations
keep the profile in R], C R} we have f;., (R) = g;., (R) both before and after the swap and
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hence, by SP, fj., ., (R) > gz, (R) (where R denotes an arbitrary profile in the sequence
starting at R). Repeating this for each m with 1 < m < k establishes the claim.

Consider the partition {I;, 5} as in Lemma 5 — by the induction hypothesis and the
induction step for Lemma 5 above, this exists for ¢ = k + 1. By Lemma 5 we know that
J € Iy, ie., L(zk11, Rj)NOsp1Ntop(R) # 0, and 0 = pg(z41, R) < pj (2611, R) < pi(2k41, R)
for all k € I, and | € I,. As in Lemma 3, we will construct a new profile R* in which 2,
is ranked lower to contradict R € Rfﬂ.

Now, if top(Rp) N L(zkt+1, Rj) N Oske1 # 0, take any = € top(Ry,) N L(zgt1, R;) N
O>p41 and move up z in R; just below z,.; to arrive at Rf. Note that top(Rj, R_;) =
top(R) and L(zpy1, ) = L(zk41, ;). By strategy-proofness, we still have f;.,  (Rj, R_;) >
Gjze (15, R_j). We have either f. (RS, R_j) < gj.(Rf, R_j) or fi.(Rf, R_;) > gjz(Rj, R_;).
We show that for both cases we obtain a new profile R’ where f;., ., (R') > g;.,(R'), where
pi(zkt1, R') = pi(zk11, R) for all i € I, and where p;(z541, R') < pj(2k41, R) for all i € I;.
Let I{ denote the set of agents in /3 who rank x at the top.

Case (1.z): if fj.(Rj,R_j) < gj(Rf, R_j), let all i € IT push {zp1} U (L(zpt1, By) N
top(R)) U Zy, to the bottom of their preference order, in the same order as they are ranked
in Rj, to arrive at R;. For j, relabel R = RY and for all other i € N\(I{ U {j}), relabel
R, = R; to arrive at R’ = (R))ien. By BI, we still have f;,(R') < g;z(R’). Towards a
contradiction, assume fj, . (R) < gj., ., (&). Then there would be some object yP}zy 1
such that f;,(R') > g;,(R'). Moreover, yP/zx 1y for all i € IT. Hence we could push zg4
down in the preference order, ranking just above Zj, for all agents ¢ € I as well as for j and,
by BI, arrive at a profile R where f and g differ in the assignment probabilities of y. Since
in R, 2.1 is ranked lower relative to objects Osp1 N @(.ﬁi) = O>p41 Ntop(R) than at our
initial profile R, this contradicts R € Rfﬂ —and we conclude that f;.,  (R') > gj., ., (R).

Case (2.x): if instead we have f;. (RS, R_;) > g;.(R5, R_;), swap = and zj1 in the ranking
of j —let us denote this new preference order as R} and the new preference profile (R}, R_;)
simply as R'. Since zy1 € top(R), we have top(R') = top(R) — thus the set of (non-
Jtop ranked objects relevant to determine the ranks of z;, [ < k + 1 in agents preferences
is unchanged. Towards a contradiction, assume f;,(R') > g¢;,(R’). Then we could push
down 241 in j’s preference order, ranking just above Z; and hence below all other O>j41 N
top(R’), and do the same for all i € If, i.e., push down {231} U Z; to the bottom of
1’s preferences. Call the new preference profile R. By BI the transformation from R’ to
R preserves fjx(R) > gjx(f%). Since in R object z,,1 is ranked lower relative to objects
Ospi1 NT0p(R) = Ospyy NEop(R) than at our initial profile R, this contradicts R € Rfﬂ.
Therefore, after having swapped z and 241, we must have f;,(R') < g;(R') and thus

szk+1 (Rl} > iz (R/)
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Thus, independently of whether Case (1.z) or Case (2.x) applies, we arrive at a new
profile R" where f;., . (R') > gjz,.,,(R') and where p;(zk41, R') = pi(2r41, R) for all i € Iy,
i.e., 2,11 is ranked as low as before for all agents in I,. While z;,; might be ranked higher
than in R for agents in IT, we still have pp(2k+1, R') < pj(zh41, R) < pi(zp41, R') for all
h el and l € I,.

Next, if there is any other 2’ € (top(Ry) N L(zk41, Rj) N Ospp1)\{x} C top(R},) N
L(zp11, R;) N Oxpy1, we proceed as before and move up 2’ in R} just below 2z;4;. Refer
to this preference order as Rf'. By strategy-proofness, we still have f;,, +1(R}”/,R’_ i) >
iz (RY, R';). We proceed as above and obtain profile R” where fj.,,,(R") > gj., ., (R")
and the rank of 2,4, relative to non-top-ranked objects in O>y41 remains unchanged for
agents in /.

Case (1.2°): if fjx/(R;”/, R ;) < gjx/(R;’?', R’ ;) we proceed as in Case (1.z) — the only difference
is that we now need to take into account the possible changes made to preferences of agents in
I¥ in Case (1.z). Let alli € I push {zj1 }U(L(2x11, R;)Ntop(R))UZ} to the bottom of their
preference order, in the same order as they are ranked in R;, to arrive at R;. For j, relabel
R/ = R* and for all other i € N\(I{ U{j}), relabel R/ = R} to arrive at R’ = (R});en. By
BI, we still have fj,/(R") < gjor(R"). Towards a contradiction, assume fj., ., (R") < g;., (R").
Then there would be some object yP}'z;41 such that fj,(R") > g;,(R"). Moreover, y Pz,
for all i € I?" as well as for all 4 € I} if we arrived at R’ via Case (1.z). Hence we could
push 2z, down in the preference order, ranking just above 7, for all agents in I; for whom
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we have so far constructed new preferences®* as well as for j and, by BI, arrive at a profile

R where f and g differ in the assignment probabilities of y. Since in R, 241 is ranked
lower relative to objects Ospy1 NTop(R) = Ospy1 NEop(R) than at our initial profile R, this
contradicts R € R,il —and we conclude that f;.,  (R") > gjz,,,(R").

Case (2.2°): if instead we have sz/(Rf/,RLj) > gjx/(Rf',RLj), swap 2’ and zpyq in the
ranking of j — let us denote this new preference order as R and the new preference profile
(Rj, R ;) simply as R". Since zj.41 € top(R), we have top(R') = top(R) — thus the set of (non-
Jtop ranked objects relevant to determine the ranks of z;, [ < k + 1 in agents preferences is
unchanged. Towards a contradiction, assume f;,(R") > g;,(R"). Then we could push down
zk11 in j’s preference order, ranking just above Z;, and hence below all other Os,1 Ntop(R/),
and do the same for all i € I, |, i.e., push down {z;,1}U Z; to the bottom of i’s preferences.
Moreover, do the same for all other ¢ € I} for whom we may have so far constructed new
preferences. Call the new preference profile . By BI this preserves fjx(l%) > gjx(é). Since
in R object zy; is ranked lower relative to objects Ospyy NEop(R) = Osjp1 N Eop(R) than
at our initial profile R, this contradicts R € R,il. Therefore, after having swapped x and

ML e., for i € I¥ UTT if we arrived at R’ via Case (1.z), and for i € I¥" if we arrived at R via Case (2.z).
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z, we must have f;,(R") < g;(R") and thus fj., ., (R") > gj.,., (R").

Repeat these steps for all * € top(Rp) N L(2k+1, Rj) N Osgy1, ie., move up z* in
the preference order of j to just below zpy; and then proceed as in Case (1.z') or (2.2').
This way, we arrive at a profile, refer to it as R, where top(Rj) = top(R;) for all i € N,
fiznea (RY) > gj2,,, (RY), and I; has been partitioned into two subsets: I{ includes all agents
i € I, for whom R! = R; and hence L(zg41, R1) N Ospi1 NTop(R) = 0, and whose top ranked
objects are in Z;, or ranked above 2,1 by j — in R but also in R' since j’s lower contour set
has only gotten weakly smaller as we moved away from R to R' (strictly smaller whenever
Case 2 applied). Second, I’ includes all agents i € I; whose lower contour set L(zji1, R))
consists of all objects (L(zx+1, R;) Ntop(R)) U Zg. Third, compared to R, j’s lower contour
set at z,41 has gotten weakly smaller in that some objects from top(R;,) may now be ranked
above z,41 — however, no object in Osj.1 Ntop(R) has been raised above zj,1 as we moved
to R, ie., L(zpt1, Rj) N Ospyr NE0p(R) = L(zg11, RY) N Osppa NEop(RY). Last the ranking
of other agents i € I,\{j} is unchanged, i.e., Rl = R;.

By the induction step for Lemma 5 as well as the preceding construction, we have for all
h el and all | € I,

L(241, R}) N O NEop(R) € L(zp1a, R]T) N Ospp1 NTop(RY)  C Lzipy1, R)) N Ospyr NEop(RY),
pr(2it1, BY) < pj(2s1, RY) < pilz141, RY) and pu(zis1, RT) = pi(zk41, R).

Now, for all ¢ € I{ U I5 (including j) change the order of objects in the lower contour set
L(zp41, RY) as follows: (i) objects that are in L(zj41, RZ)\L(Z;HJ,R}) are ranked immedi-
ately below zpy1 (beyond that, their order does not matter), (ii) objects that are also in
L(zg41, R;) N top(RY) are ranked next, in the same order as by R}, (iii) last, all objects in
L(zps1, RN N Lz, R;) Ntop(R') are ranked below (beyond that, their order does not mat-
ter). Call this new (and penultimate) profile R. By BI, we still have f;., ., (R) > g;.,,,(R).
By Lemma 2 and f > g, we have fi,(R) = 0 = giz(R) for all i € I U I, and all
& € L(zps1, Ri) N L(zp41, Rj) N top(R). Lastly, since in moving from R to R' and on to
R objects in Z, were only moved down relative to non-top ranked objects, we still have
ReR].

Hence, we now have all agents in I? U I, ranking objects L(zg41, R;) N fop(R) adjacent
and in the same order as R;, and below that only objects in top(R) = top(R) for which the
assignment probabilities are equal to zero under f and g by Lemma 2. Since fj,, +1(/7?) >
ngk+1(R)a there is some y, ranked below 2., by R;, such that f;,(R) < g;,(R) — and thus

some ¢ € N with f;,(R) > ¢, (R). Moreover, by Lemma 2 and the induction hypothesis, we

have (VRS L(szrl, R]) N Ozk+1 N @(R)
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If i € I U1, then there is i/ # y with yR;y/, such that fly/(f%) < giy/(R) — and thus some
i' € N with fi,(R) > g, (R). Moreover, given that y € L(2,1, R;), our construction of R;
implies that 3’ is ranked lower than y according to Rj, while by Lemma 2 and the induction
hypothesis, it must be that ' € L(y, R;) N Ospi1 N top(R).

If i’ € I U I, then there is 3" # ' with ¢/ Ryy”, such that fi,(R) < giyn(R) — and thus
some i” € N with fin,(R) > g (R), and so on.

Since L(2x11, R;) N Ospy1 NTop(R) is finite and we move down (according to R;) in each
iteration, eventually there is some y* € L(z, R;) N Osgy1 Ntop(R) and i* € I} = N\(I! U T,)
such that fiy-(R) > giy-(R).

Suppose top(Ri*) € Osky1. Note that R; = R;, and thus, y*P,z, for any i € I. For
any i € I where y*Ptop(Rs), change R; to R) as follows: (i) objects in B(y*, R;) are
ranked first according to R;, (ii) then top(R;) and (iii) then objects in L(y*, R;)\{top(R;)}
according to R;. After having done this for all such ¢ € I] and denoting the obtained profile
by R, by BI we continue to have fi*y*(}?’) > gi*y*(}?’). As only top(R;) was moved up
and R € Rf, we still have R € R,f But then let i* exchange the positions of y* and
top(Ri*) in R; and call this final profile R*. This strictly decreases the number of non-top
objects ranked below zjy; for j, as well as all ¢ € I, and weakly decreases it for all i € I]
(as either top(R;)Ply*Plz11 or top(R;+) is ranked immediately below y* in R!) and for
all i € I,\{j} (only weakly if i € I5\{j} ranked both top(R;) and top(R%) below z.1).
Note that this also weakly decreases the number of non-top objects ranked below any object
in Zy. Hence, pi(241, R*) < pizrs1, R) for i € I\{j}, pj(zei1, R*) < pj(2zr41, R), and
Pi(Zkt1, R*) < pi(%k+1, ]?*) for i € I contradicting R € R,il.

Finally, consider top(]%i*) = 2y € Zy (ie., m < k). Since fly(é) > gzy(R) there must
be some lower ranked 7 such that fl*y(é) < gz*y(}?) But then, consider the strict upper
countour set of ¢, i.e. U(f, RY) = {o € O : oP/j}. Push all elements in U(f, R+) N Zj to
just above § to arrive at R*. This preserves fzy(}?*) < gzy(f{*) (by SP). Moreover, since we

have pushed these objects below y* and y* € Osyy1 Ntop(R), we have reduced their rank.
But that contradicts R € Rf — which concludes the proof. [l

C Independence of Non-Bossiness in Theorem 3

Using the example from Svensson (1999, p.563) we show that strategy-proofness, efficiency

and bounded invariance do not imply non-bossiness.

Example 1 Let N ={1,2,3,4} and O = {a, b, ¢, d}.
Let g be defined as follows: if Ry = Ry, then use the SD order 1 — 2 — 3 — 4, and
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otherwise use the SD order 1 —2 —4 — 3. It is easy to see that g satisfies strategy-proofness
and efficiency, and violates non-bossiness. We show that ¢ satisfies bounded invariance.

Let R be a profile. Agents 3 and 4 cannot affect who gets objects in their upper contour
set by changing their ranking below, since from their perspective the ordering in which agents
choose is exogenous — their lower contour set for a given object only matters if all objects in
their upper contour set have already been assigned to other agents by the time they get to
pick an object.

Now for agents 1 and 2 there are only two ways in which an agent can change their
ranking such that bounded invariance has any bite — either they change the ranking below
their top ranked object (this should not affect who gets their top-ranked object) or they
change the order of the two least preferred objects (this should not change who gets the two
most-preferred objects)

Let denote the top ranked object of agent 1 by x and consider three cases.
Case 1: Both 1 and 2 rank z at the top and the same object at the second position: Ry : zy. ..
and Ryt xy. ...
If 1 changes the ordering below x, she still gets z; if 1 changes the order of the last two
objects, 2 still gets y. The same holds for 2.
Case 2: Both 1 and 2 rank x at the top but different objects at second position: Ry : zy. ..
and Ry :zz. ...
If 1 changes the ordering below x, she still gets z; if 1 changes the order of the last two
objects, 2 still gets z and the same SD order 1 — 2 — 4 — 3 is used. Same holds for 2.
Case 3: 1 and 2 rank different objects at the top: Ry :x...and Ry :y.. ..

No matter whether 1 or 2 change the order below their most-(or second-most-)preferred
object, 1 receives x and 2 receives y while 4 gets to choose next and receives her most

preferred object among O\{x, y}.
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