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Abstract

This paper studies optimal time-consistent macroprudential policy in a model with endoge-
nous capital formation. Previous studies on optimal time-consistent macroprudential policy
in economies where borrowing is limited by the value of collateral assume that aggregate
capital is fixed or apply models where production does not depend on capital. I find that
it is optimal to restrict borrowing in “good times” in an economy with endogenous capital
formation, while borrowing should be supported in times of financial stress. Both of these
results are consistent with related studies with fixed aggregate capital. However, the imposi-
tion of macroprudential regulation distorts capital formation, which makes a more cautious
ex ante intervention compared to previous studies optimal. This is because less capital not
only leads to lower production but also hampers borrowing during crises, as capital serves as
collateral in debt contracts. As a main result, I find that the optimal macroprudential policy
hardly prevents crises and that the induced welfare gains are minimal. If financial regula-
tion is coordinated with an investment policy that addresses the adverse effects on capital

formation, almost all crises are prevented and the welfare gains are substantially higher.
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1 Introduction

Macroprudential policy - defined as measures to limit the build-up of excessive levels of private
debt - aims to prevent the emergence of financial crises and to reduce the severity of crisis
events once they occur. Research on macroprudential policy confirms that these goals can be
achieved to a high degree (see e.g. Bianchi 2011 and Bianchi and Mendoza 2018). Yet, limiting
the buildup of debt comes at the cost of restricting aggregate spending, i.e. consumption and
investment expenditures, in non-crisis times. Generally, less investment and hence capital not
only results in lower production, but also hampers borrowing during crises, as capital serves as
collateral in debt contracts. Ideally, regulation balances the costs and benefits of intervening in
debt markets. Therefore, the extent to which a regulator chooses to intervene in debt markets
critically depends on how strongly the costs of regulation in non-crisis times rise with reduced
borrowing.

Previous studies that have provided quantitative analyses of optimal macroprudential regulation
in terms of a state-contingent debt tax/subsidy, e.g. Bianchi 2011, Bianchi and Mendoza 2018,
Jeanne and Korinek 2019, Benigno et al. 2016 and Ma 2020, include cost of macroprudential
regulation in terms of lower consumption in favorable states. However, they assume that aggre-
gate capital is fixed or apply models where production does not depend on capital, even though
capital formation is typically considered as a fundamental factor for macroeconomic dynamics.”
Therefore, they underestimate the total cost by neglecting from capital formation. These studies
find that optimal macroprudential policy strongly reduces the number of crises and substantially
increases welfare.

The main novel contribution of this paper is to provide a quantitative analysis of optimal time-
consistent macroprudential policy in a model with endogenous capital formation, taking into
account the effects of macroprudential policy not only on consumption but also on investment.
Foremost, the magnitude of the optimal intervention as well as the effectiveness of optimal
macroprudential policy with regard to the reduction in crisis probability and the impact on
social welfare will be revisited. I find that under endogenous capital formation the optimal
macroprudential policy is more cautious than in an economy with fixed aggregate capital, that
it hardly prevents crises and that the induced welfare gains are minimal. Furthermore, the

analysis provides insights into how investment and crisis dynamics change when the optimal

1See e.g. Buch 2019 or Neely and Dunn 2023.

2Bianchi and Mendoza 2018 set up a planner problem with endogenous capital formation in their appendix
but do not derive or analyze the state-contingent debt tax, do not analyze the additional effects that come with
endogenous capital formation and do not provide a quantitative exploration.



macroprudential policy is implemented.

The competitive equilibrium of the model applied in this paper is constrained inefficient due
to a “collateral externality” (see Davila and Korinek 2017). This type of pecuniary externality
arises when agents do not take into account how their behavior affects the price of an asset that
serves as collateral in debt markets. Importantly, both borrowing and capital formation are
constrained inefficient. Since the political and academic debate on the prevention of financial
crises revolves around the macroprudential regulation of debt, I analyze the inefficiencies of the
competitive equilibrium with respect to the borrowing choice by solving for the constrained ef-
ficient allocation where a social planner chooses borrowing on behalf of agents, like Bianchi and
Mendoza 2018, Bianchi 2011, Ma 2020, Jeanne and Korinek 2019, Benigno et al. 2013, among
others. The type of intervention that is desirable is consistent with related studies: ex ante,
there is overborrowing, i.e. it is optimal to restrict borrowing, whereas ex post borrowing should
be supported. However, I show analytically that the size of the optimal intervention differs from
economies with a fixed level of aggregate capital since regulation distorts capital formation.
Quantitatively, I find that this distortion is harmful and increases the costs of macroprudential
policy, which makes a more cautious ex ante regulation - compared to studies without endoge-
nous capital formation - optimal.® Therefore, the crisis probability is reduced by 0.52 percentage
points only,* which is about one eighth of what related studies with fixed capital find.” Put
differently, despite an optimal intervention, severe crises occur approximately once every 25
years, as opposed to once every 22 years under laissez-faire. The welfare gains are negligibly
small compared to studies with a fixed level of aggregate capital, ranging from one twentieth
to one hundredth of the welfare gains in related studies, revealing the limited effectiveness of
macroprudential regulation due to its distortionary effect on investment.”

To assess whether, in general, there is a constrained efficient allocation in this economy with
substantial welfare improvements compared to laissez-faire, I construct a reference case: I solve
for the constrained efficient allocation resulting from a social planner problem where a regulator
chooses debt and investment on behalf of agents. This allocation can be implemented by com-
bining macroprudential policy with investment policy, which addresses the inefficiencies in the

investment decision as well as the distortionary impact of macroprudential policy on investment.

3The ex ante policy is defined as the imposed tax when the collateral constraint is not binding.

4The reduction of the crisis probability is due to the combination of ex post and ex ante policy. However, I
will provide evidence that the role of the ex post tax is limited.

®Bianchi and Mendoza 2018 find a reduction of the crisis probability by 3.98 percentage points and Ma 2020
finds a reduction of 4.16 percentage points.

SBianchi and Mendoza 2018 report a welfare gain of 0.3 percent and Ma 2020 reports a welfare gain of 0.06
percent, whereas I observe a welfare gain of 0.0022 percent.



I find that in this case welfare gains increase by a factor of thirteen, and crises become almost

nonexistent.

My analysis closely follows Bianchi and Mendoza 2018, facilitating a direct comparison with
their seminal study. Importantly, this paper’s open economy DSGE model with an occasionally
binding collateral constraint nests the model of Bianchi and Mendoza 2018, where aggregate
capital is fixed. The additional element is the inclusion of endogenous capital formation.” Pro-
ductive capital, which is traded by agents at an endogenous price, serves as collateral and can be
increased by firms by using a standard investment technology with adjustment costs. Borrowing
is restricted by a fraction of the market value of the pledgeable asset, i.e. capital. This collateral
constraint is the root of strong financial amplification. In adverse states, capital is traded at a
lower price. A lower price of capital reduces the value of collateral and the borrowing capacity
via the collateral constraint. This, in turn, reduces aggregate spending and thereby asset prices
in equilibrium, which is not internalized by private agents. This sets a downward spiral in mo-
tion which can cause severe crises.

For the analysis of optimal policy, I follow Bianchi and Mendoza 2018 and solve for the Markov
perfect equilibrium of the constrained efficient planner problem, ensuring time consistency. The
current planner takes the decision of future planners as given, but anticipates that his/her choices
of the state variables for the subsequent period will influence the future planner. The planner’s
decisions can be decentralized with a state-contingent Pigouvian debt tax/subsidy.

I follow the calibration strategy of Bianchi and Mendoza 2018 and calibrate my model to the
OECD member countries between 1984 and 2012. Due to endogenous capital formation some
parameter values differ from theirs, while my calibration strategy shares many targets. If, for
example, I use all of their parameter values, agents would rather save than borrow due to an
extremely tight collateral constraint.® The parameter values from my study, however, would
imply a fixed capital economy in which the collateral constraint is never binding.” To compare
my results of an economy with endogenous capital formation to an economy with a fixed level of
aggregate capital, I therefore repeatedly refer to their study. By endogenizing capital formation

my model closely relates to Mendoza 2010, where capital adjustment is essential to reproduce

"Endogenous capital formation not only increases the number of state variables but also introduces an addi-
tional endogenous variable to the collateral constraint, thereby increasing the complexity of the optimal policy
algorithms.

8This is because the endogenous level of capital resulting from their parameters would be much lower than
one, the value at which Bianchi and Mendoza fix aggregate capital.

9This is because the price of capital varies around one in my model with capital adjustment costs but would
vary around a multiple of one in a model with fixed capital, implying a very high collateral value.



the key features of sudden stops in Mexico. Therefore, my model also generates realistic financial
crisis dynamics. '’

I find that it is optimal to tax borrowing ex ante, which is consistent with Bianchi and Men-
doza 2018, Benigno et al. 2016, Biljanovska and Vardoulakis 2024, Jeanne and Korinek 2019,
Davila and Korinek 2017, Bianchi 2011, and to subsidize borrowing ex post, which is consistent
with Bianchi and Mendoza 2018 and Biljanovska and Vardoulakis 2024. However, the size of
the optimal intervention differs substantially compared to studies without capital formation. In
particular, the optimal ex ante Pigouvian debt tax of 0.53 percent is substantially lower than
e.g. in the study of Bianchi and Mendoza 2018 (3.6 percent). This difference arises because,
unlike in an economy with fixed aggregate capital, the social planner now considers the impact
of the intervention on capital formation. He/she takes into account that financial regulation
affects the price of capital and thereby distorts capital formation. Although the social planner
takes this additional cost of regulation into account, the state-contingent optimal macropruden-
tial regulation nevertheless reduces investment. The optimal policy leads to a reduction of the
crisis probability by only 0.52 percentage points (e.g. Bianchi and Mendoza 2018: reduction of
3.98 percentage points). In total, the welfare gain induced by macroprudential regulation is only
0.0025 percent, which is about one hundredth of what Bianchi and Mendoza 2018 find. Another
interesting finding is that the welfare effect of a pure ex ante policy is close to the welfare effect of
a combined ex ante and ex post policy.'! When the collateral constraint is binding, the amount
of collateral is predetermined so that only a higher price of collateral can increase the borrowing
capacity. In contrast to a model with fixed aggregate capital, where higher consumption is suf-
ficient to increase the price of capital in equilibrium via the asset pricing equation, in my model
a higher price of capital only emerges in the capital market if both consumption and investment
increase. Thus, increasing the price of capital is more costly and the power of the ex post policy
is limited.

In the reference case, i.e. the constrained efficient allocation where the social planner chooses
borrowing and investment on behalf of agents, the allocation can be decentralized with a Pigou-
vian debt tax/subsidy and a Pigouvian investment tax/subsidy. The sign of the optimal debt

tax/subsidy is identical to the case where the social planner can only choose borrowing opti-

10Without being specifically targeted, the response of price of capitals during average crises closely mirrors
observed crises (see Mendoza 2010) as opposed to models with fixed collateral, which produce excessively strong
decreases.

1This observation contributes to the discussion whether the ex ante or the ex post policy is the more relevant
part of the optimal policy (see Benigno et al. 2024). Benigno et al. argue that the ex post policy is the main
driver of welfare gains in the framework of Bianchi and Mendoza 2018. However, when capital formation is taken
into account, the ex ante policy is the more important part, as I will demonstrate in chapter 5.



mally, but the average level of the optimal ex ante tax differs substantially: it is 2.5 times as
high. This is because investment policy compensates for the effects of macroprudential policy
on investment: the social planner chooses higher investment than under laissez-faire, despite
less borrowing. Thus, macroprudential policy is used more intensively. Consequently, crises
are almost fully prevented: the probability of crises reduces to 0.03 percent and welfare gains
increase tenfold, i.e. to 0.0221 percent.

The remainder of the paper is structured as follows: Chapter 2 summarizes the related litera-
ture and chapter 3 describes the model and the competitive equilibrium. Chapter 4 analyzes
the social planner problem and the optimal tax rates. Chapter 5 explains the calibration and

summarizes the quantitative results. Chapter 6 concludes.

2 Literature Review

This paper is related to several studies on optimal macroprudential policy and on pecuniary
externalities in models with collateral constraints. The literature in this area is divided into
analytical papers, mainly using finite horizon models, and quantitative analyses. My paper con-
tributes to this literature by providing the first quantitative study of optimal time-consistent
macroprudential policy in a model where both components of the collateral value that limits
borrowing, i.e. the price of capital and the level of capital, are endogenous.

My paper is most closely related to the seminal study by Bianchi and Mendoza 2018, which
analyzes optimal time-consistent macroprudential policy in a model with a fixed level of aggre-
gate capital. Their model is nested in my model with endogenous capital formation and the
calibration is closely related. Bianchi and Mendoza show that a positive ex ante debt tax is
optimal. Quantitatively, they find that the probability of crises decreases to almost zero when
the optimal macroprudential policy is imposed. Ma 2020 provides a quantitative study of op-
timal macroprudential regulation, where productivity is endogenized and grows over time. It
analyzes the inefficiencies associated with borrowing in an economy with positive growth rates.
Households can invest in “growth-enhancing expenditures” (Ma 2020, p. 3) to increase future
productivity, while the aggregate amount of collateral is fixed. Ma finds that the optimal time-
consistent ex ante debt tax is positive and that the crisis probability is reduced by two-thirds
when the optimal macroprudential tax is imposed. Jeanne and Korinek 2019 analyzes optimal
time-consistent taxes on borrowing in an economy where income is exogenous, borrowing is lim-

ited by a collateral constraint and the amount of the collaterizeable asset is assumed to be fixed.



They find that it is optimal to tax debt when the collateral constraint is binding and that it can
be set to zero when it is not. Biljanovska and Vardoulakis 2024 is a quantitative study that adds
heterogeneity in the form of two agents (workers and entrepreneurs). They fix the aggregate
level of capital that serves as collateral and equip the social planner with a debt tax as well as a
payroll tax. They find that the optimal debt tax is positive on average but negative in sudden
stops. Zaretski 2024a analyzes the non-time-consistent optimal policy mix in an economy with
endogeneous capital formation, multiple financial frictions and sticky prices. Zaretski 2024b an-
alyzes optimal time-consistent and non-time-consistent policy in an economy with endogeneous
capital formation and heterogeneous bankers who can divert funds and are therefore subject to
an enforcement constraint. The constraint limits the value of banks to be greater than or equal
to a fraction of the value of bank assets. Zaretski decentralizes the Markov perfect constrained
efficient allocation with a deposit tax and a bank asset tax or a capital requirement. The analy-
sis differs from mine because in Zaretski’s model the constrained efficient equilibrium indicates
underborrowing (of banks) in some favorable states and because of different financial frictions:
in his model, the value of a bank rather than borrowing is constrained by the value of capital.

Bianchi and Mendoza 2020 is - to my knowledge - the only quantitative analysis of pure macro-
prudential regulation where both components of the collateral value that limits borrowing, i.e.
the price of capital and the level of capital, are endogenous. Their analysis differs from mine
because, first, they restrict their analysis to constant macroprudential taxes and under this re-
striction they choose the optimal debt tax. In my study, however, a planner problem is solved
to obtain the constrained efficient allocation and to analyze optimal state-contingent debt taxes.
Second, the model structure differs substantially. Their model is a two-sector model with trad-
able goods and non-tradable goods where the price of capital is determined by the price of non-
tradables and is furthermore directly influenced by an investment productivity shock. Bianchi
and Mendoza find that the best constant macroprudential debt tax is positive and that it leads
to small welfare gains. Consistent with findings in my study with optimal state-contingent
taxes, macroprudential policy reduces the capital-to-GDP ratio in their framework. In a further
analysis, the authors restrict their analysis of the interplay of macroprudential and investment
policy to the best one-time debt and one-time investment tax rates. Both taxes are levied in a
particular state for one period only, followed by zero tax rates in all subsequent periods, whereas
I analyze optimal state-contingent debt and investment tax rates/subsidies that are not limited
to one period. In this analysis they find that the sign of the best one-time investment tax de-

pends on the sign of the debt tax.



My paper is also related to further papers on financial crises and pecuniary externalities within
two-sector models with tradable and non-tradable goods, i.e. Bianchi 2011, Benigno et al. 2016,
Benigno et al. 2013, Schmitt-Grohé and Uribe 2017. In this part of the literature borrowing is
constrained by a share of income which is either assumed to be exogenous or independent of
capital.

There are also papers that use finite time horizon models where capital is endogenous for 1 or 2
periods. Davila and Korinek 2017 analyzes collateral and distributive externalities in a 3-period
model, where capital is endogenous only in the first period. The price of capital relevant to
the collateral constraint is affected only by the capital decision in the period before the crisis,
whereas in my model it is the current capital choice that affects the price of capital. They find
that in the case of two instruments the social planner wants to tax debt and that the sign of the
capital tax is ambiguous. They also show that in a version of their model without distributive
externalities there is ex ante underinvestment, as in my model. To bring their results and mine
together, I analyze a small open economy in the Appendix that builds on their model. Loren-
zoni 2008 analyzes collateral and distributive externalities in a 3-period model, where capital is
endogenous in the first and the second period. He does not solve for an optimal debt tax but
discusses a capital requirement to implement constrained efficiency.

Some infinite horizon papers on optimal policy in economies with externalities and a collateral
constraint focus on other instruments than macroprudential policy. Lanteri and Rampini 2023
builds a model with heterogeneous firms, old as well as new capital and distributive as well as
collateral externalities. They eliminate the borrowing externality, which is present in my model
as well as in Bianchi and Mendoza 2018, Jeanne and Korinek 2019, Ma 2020 and Biljanovska
and Vardoulakis 2024, by assuming a linear utility function. Consequently, they focus on capital
taxes. Lanteri and Rampini find that old capital should be taxed while new capital should be
subsidized. Bianchi 2016 focuses on bailouts and develops a model with a collateral constraint,
a constraint on dividends and endogenous capital formation. In contrast to the previous stud-
ies there is no collateral externality, i.e. no pecuniary externality with regard to prices in the

collateral constraint.

3 Model

In this section, I present a small open economy DSGE model with endogenous capital formation

and an occasionally binding collateral constraint. It contains several elements of the model by



Mendoza 2010, but differs in the way investment is modeled. Moreover, the model of Bianchi
and Mendoza 2018 is nested in my framework.

There are two types of agents: households and investment firms. I follow Bianchi and Mendoza
2018 and model production within a household who also decides on the factors of production.
There is a continuum of households of measure one, but since they behave identically I will use
the term “the (representative) household” from here on. To integrate the supply side of capital,
the model includes an investment firm that has access to a technology to increase the capital
stock of the economy. Since capital serves both as a factor of production and as collateral, I will
use the terms capital and collateral interchangeably in the following analysis.

Before proceeding with the details of the model, some general assumptions need to be made:
Time is discrete and indexed by ¢ = 1,2,... . All variables are in real terms. There are three
shocks in the model - a real interest rate shock, a productivity shock and a financial shock. The
shocks follow finite-state stationary Markov processes with compact support.

The following analysis begins with a description of the model setup and continues with the

definition and interpretation of the decentralized competitive equilibrium without regulation.

3.1 Setup

The representative household derives utility from consumption ¢ and disutility from supplying

labor h. The utility function is a standard CRRA function'?. Thus, preferences are given by

he l—0o

E, iﬂt(ct—XU) -1
t=0

l—0o ’ (1)
where E is the expectations operator, [ is the subjective discount factor, o is the coefficient of
constant relative risk aversion, y is a weighting parameter of the disutility of labor and ﬁ is
the Frisch elasticity.

The household produces a final good by combining capital k, labor A and an intermediate good
v. The production function is a standard Cobb-Douglas production function with total factor

productivity A:

F(kt,ht,vt) = Atktakh?hﬂtav . (2)

12The analytical results hold for every concave and twice continuously differentiable function that satisfies the
Inada conditions. To make the equations easier to read, I decided to present the results with a CRRA function
from the start.



A; is an exogenous productivity shock and ay, ap as well as «, denote parameters that de-
termine the share of the respective input in gross output. The household faces the following
trade-offs when choosing labor and intermediate inputs: Working time A increases production
on the one hand, but decreases utility on the other hand. The intermediate good v also increases
production, but costs p,, which is an exogenous price, per unit. Furthermore, a share 6 of the
cost of the intermediate good must be paid before production and is financed by foreign debt.

The household starts period ¢ with an level of capital k; and uses it for production. After pro-
duction the household enters the capital market, where he/she can trade with other households
or with investment firms. Since all households face the same (aggregate) shocks, all would like
to increase their depreciated capital holdings by the same amount and there will be no trade
between households in equilibrium. Unlike households, investment firms have a technology to
increase the capital stock in the economy at the cost of one unit of the final good and some

investment adjustment costs which are specified as

(ipe —1)" . (3)

N

cliry) =

7 is a parameter that serves as the investment benchmark and a is an adjustment cost parameter
that determines how strongly the adjustment costs react to deviations of investment from the
benchmark level. After the investment decision the (representative) investment firm sells the
amount of newly produced capital, i.e. ¢r;, to the households at price ¢;. The static problem of
the investment firm is therefore:

. . a ., . =
max Iy = qipg—ipe— 5(ipe—1)°. (4)
1Rt 2

The following equation displays the investment firm’s optimal investment choice:

. Qt ]- =
— . 5
1Rt = a +1 ( )

Equation (5) shows that if the price of capital is greater than 1, the investment firm chooses to
produce more than 7 and if the price of capital is less than 1, the investment firm produces less
than i. It also becomes clear that investment goes to zero for i = 0 and a — +oo. Investment
firms are owned by the households so that profits/losses enter the household budget constraint.
One-period, non-state contingent foreign bonds b are the second asset in the economy after

capital. Negative values of b imply that households borrow at the gross real interest R which



can be interpreted as the world interest rate that is taken as given by the domestic economy.
The interest rate is modeled as an exogenous shock and each level of bonds/debt is supplied by
the rest of the world.'® Total borrowing in one period is the sum of borrowing —b;; divided
by the gross interest rate and working capital 6p,vy, which is financed by intra-period loans at
an interest rate of zero.

As the model’s main financial friction the collateral constraint is at the heart of the model and
generates the financial amplification mechanism mentioned above. As in Bianchi and Mendoza

2018, borrowing is limited by a fraction x; of the current value of collateral:'*

bit1

R, —Opyvy > — Keqiky . (6)

Bianchi and Mendoza 2018 show that this constraint can be microfounded by an incentive
compatibility constraint on borrowers. The intuition is that borrowers can divert funds after
borrowing, and due to limited enforcement, the lender sells the seized collateral in this case.
In contrast to previous studies on optimal time-consistent macroprudential policy in economies
with collateral constraints, the capital level is modeled endogenously and therefore varies over
time. k; is a financial shock and can take two values. This reflects that borrowing tends to be
more constrained during crises.

Households maximize utility subject to the collateral constraint and the following budget con-
straint:

(07 o (073 b
Agky* hyt v + by — %1 +1I; =+ ks — q(1 — 0)ke + povy . (7)

Households spend the sum of production, profits of investment firms II; and net borrowing

on consumption, capital formation and on intermediate goods. To sum up, the household’s

maximization problem looks as follows:

he l1—0o

max E iﬁt (e = x%) -1 (8)
ct ket1,be41,08,ht 0 =0 l1—0 ’
s.t.
b
(\) AR R by — L LT = e+ gk — ao(1 — 8)ke + pove

Ry
(Budget constraint)

13Borrowing is, however, constrained by the collateral constraint below.
14The constraint realistically reflects the fact that a significant part of corporate (bank) borrowing is asset-based
(Ivashina et al. 2022).
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(1) berr

Hpvvt >

— Kiqiky .

(Collateral constraint)

The first-order conditions of the household will be stated and interpreted in the next subsection.

In equilibrium, the capital market has to clear so that ip; = kiy1 — (1 — d)k; V ¢ must hold.

Furthermore, the final goods market must clear, leading to the following resource constraint:

Qg Oy 3 O b -
Atkt ’“vt Uht Pt by = il +cr+ ki1 — (1 — 5)kt + g(kt-l-l - (1 — 5)]€t — Z)2 + Py - (9)

Ry

3.2 Decentralized Equilibrium

The decentralized competitive equilibrium without regulation is defined as follows:

Definition 1 A competitive equilibrium consists of a set of sequences {ct, hy, ve, ki1, bit1, qt,

w3l satisfying

he\ 77
<Ct_X<;>
(=)

t Xw qt

he\ 9
<Ct — Xui) Pv + 10py

Xhi ™
L+a (ks — (1 —06)ke —7)

A0l he 4+ by

bii1
2L g,
R, DoVt
Mt
bi+1
o\ - + Keqiky — Opyvy
"

Vv

Y

BRtEt

R\ 7
(o —22)

PR,

w

ap—1 o, L«
apAirikily Ut+1htf;1> +Mt+1CIt+1Ht+1] ,

+,U,t,

he o\ °
(ctJrl —x t+1> <qt+1(1 —0)+ ...

he\ ™" 1
X Oy — ap,
<ct - Xw> o Arky Fo T hy

p AgkXE ROy

a ,

¢t + povr + kipr — (L= 0)ke +
%(kt—H — (1= 8k =),

— KeqGiky

0,

0,

given {A¢, Ry, k1152, bo, ko, and the associated transversality conditions.

b
A= I

Ry

I have used the capital market clearing condition to replace ir; above. As already mentioned

before, the model of Bianchi and Mendoza 2018 is nested in my model.

11
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choice of parameters investment goes to zero, capital is fixed and the decentralized competitive
equilibrium is the same as in Bianchi and Mendoza 2018: § = 0, a — 400 and 7 = 0.
Equations (10)-(13) are the optimality conditions of the household and equation (14) is the
optimality condition of the investment firm. The left-hand side of these equations represents
the cost of increasing the respective variable, while the right-hand side depicts the benefit from
an increase.

Equation (10) is the Euler equation in which the household takes into account that less borrowing
makes the collateral constraint less binding which is relevant when the collateral constraint is
binding, i.e. p; > 0. Equation (11) describes the household’s capital decision: the cost of one
additional unit of capital today is its price ¢, the benefit from one additional unit is that more
depreciated capital can be sold tomorrow at price g¢y1, more is produced and more collateral is
available, which is relevant if the constraint is binding in the subsequent period. Equation (12)
is the optimal decision with regard to the intermediate good: on the one hand, it costs p, and
makes the collateral constraint tighter because more working capital is needed, on the other hand,
production depends positively on the intermediate good. Equation (13) represents the optimal
labor decision. One unit more labor means less leisure and therefore less utility, but also more
production. Equation (14) is the optimal investment decision of investment firms. From their
perspective more investment increases costs in terms of the final good, influences adjustment
costs and increases revenues. Equation (15) represents the resource constraint, equation (16)
is the collateral constraint and equations (17) to (18) are the remaining Karush-Kuhn-Tucker

conditions.

4 Optimal Time-consistent Policy

In this section, I first define and qualitatively analyze the Markov perfect constrained efficient
equilibrium, where the social planner chooses borrowing on behalf of agents. This means that
he/she maximizes the household’s utility while not being constrained by the household’s first-
order condition on borrowing but by all other conditions of the competitive equilibrium. As
Bianchi and Mendoza 2018 show, there is a time consistency problem under commitment in
models of the type used in this paper, because the social planner tends to announce low future
consumption when the constraint is binding, which is no longer optimal ex post. Therefore,
like most other related studies I focus on optimal time-consistent policies. Time consistency is

ensured by solving for the Markov perfect equilibrium. For given policy functions of the future
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planner, the current planner chooses optimal values for all control variables and the subsequent
states, taking into account that the choice of the subsequent states, i.e. bonds and capital, will
change the future planner’s choice of control variables. A Markov perfect equilibrium prevails
when the policy functions of the current planner and those of the future planner are identical.
This means that the future planner and the current planner will make the same choices if the
states they are in are the same.

Furthermore, I analyze the state-contingent Pigouvian debt tax/subsidy, which decentralizes
the resulting allocation, and compare it to the tax that prevails in an economy with fixed
aggregate capital. Finally, I analyze the constrained efficient allocation of the reference case,
i.e. the case where a social planner chooses borrowing and investment on behalf of agents. The
resulting allocation can be decentralized with a state-contingent Pigouvian debt tax/subsidy
and a state-contingent Pigouvian investment tax/subsidy. From here on, the notation changes

to the recursive notation with / denoting the subsequent state of the state variables.

4.1 Social Planner Problem

The social planner, who can choose borrowing on behalf of the representative household, max-
imizes the household’s utility subject to the resource constraint, the collateral constraint and
two implementability constraints that arise from the choice of capital by households and from
the investment choice of the investment firm. In the Appendix I show that this reduced problem
is equivalent to the maximization problem which also contains the optimality conditions with
respect to the intermediate good v and labor h as well as the Karush-Kuhn-Tucker conditions
of problem (8) as implementability constraints.

The constrained social planner’s optimization problem can be summarized as follows:

V(bk,s) = max (=x)™” + BE VK, (19)
s vy e b g 1—o s'|s s IV y ;
s.t.
b’ -
(ASP) ARTo™ = S —btet K —(1 —5)k+%(k/— (1—8)k — )%+ pov
(Resource constraint)

sP v ~ ,

() 7 Op,v > kqk (Collateral constraint)
e\ 7 he,(V K, )N\ 7

(€) q (c — Xw> = BESI‘S{ (Cfp(b’, K, s’) — Xfp(w)>

((1 — 8)Qyp (b K, 8) + o AR (W, K 5)
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hfp(b/,k/,s/)ahﬂ + BEg)s | gV, K 8") Qpp (B, K, )R |

(Household capital decision)

() q = 1+alk —(1—-08k—1). (Firm investment decision)

In order to facilitate notation, the following shortcuts of the current planner’s policy functions
have been used above: b = B(b, k,s), k' = K(b,k, s), g = Q(b, k,s), ¢ = C(b, k,s), v =v(b, k,s)
and h = h(b, k,s). The subscript “fp” indicates that the respective policy function is a policy
function of the future planner, which the current planner takes as given. There is an important
difference between p/p #p and uS: w/p #p denotes the household’s multiplier of the collateral
constraint under the optimal choices of the current/future social planner, which is defined by
(12). u°F, however, denotes the social multiplier of the collateral constraint, which reflects the

social benefit of marginally relaxing the collateral constraint.

Definition 2 The Markov perfect constrained efficient equilibrium s defined by the policy func-
tions B(b, k,s), K(b,k,s), Q(b,k,s), C(b,k,s), v(bk,s), u(b,k,s),"> h(bk,s) and the value
function V(b,k,s), which, first, solve the social planner optimization problem (19) and, sec-
ond, are equal to the future planner’s policy functions: B(b,k,s) = Byp(b,k,s), K(b,k,s) =
Kip(b,k,s), Qb k,s) = Qpp(b, k,5), C(bk,s) =Crp(b, k,s), v(b, k,s) =vp(b k,5), p(bk,s) =
Ky (b, K, s) and h(b,k,s) = hy(bk,s).

The optimization problem leads to the following first-order conditions after applying the enve-

lope theorem:

h¥ -0 hw —o—1
NP = BREy, [XF] 4 457 4 BRE, (6] (21)
NPt aW = (1= 0k —=1) = BBy, [ A7 (apd ko= tuoepon.

+ (1= +alk’ — (1-0)K — z)))...
+ 15| + e+ BB — /(1= 0)a] . (22)

h“\ 7
xhe ™1 (c — Xw) = NP Ak por—1yo

'5The household’s multiplier on the collateral constraint is defined by equation (12) and is not binding for the
social planner (see Appendix).
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1+a(kl —(1-0)k—1i),

0,

b/

Q captures the effects of the current planner’s bond decision b’ on the future planner’s decisions

and thus on the first implementability constraint, which is taken into account by the current

planner:

Q = AN ;g ;o w—1 rog hfp(b/>k,75,)w !
—_U(Cfp,b(bak»S)_thpyb(bvk75)hfp(bak73) ) Crp(b, K, 5) — x———T—

w

(1= 8)Qpp¥, K, 5) + kAW (0K, g (8, K)o

bl7 k,7 Sl)w

h
+(C.fp(b/7kl73l)*X it -

)_g ((1 — §)pr7b(bl, k,, S/)...

o AR (avvfp,b(b’, K, sV (0 K, 8) 0 hy (0K ).

+anhpp (VK5 (O K 8) o (8, k:)))

+ pryb(blv klv sl)lj‘(b,a klv s/)“i, + pr(blv k,7 S,)u’b(bl? k/7 S,)K’/ .

(32)

Analogously, T' captures the effect of the current capital decision &’ on the future planner’s

decisions and thus on the first implementability constraint:

w

((1 — 8)Qsp(V K, 8) + an AK oy (6 K8 U hyp (VK s’)"h)...

bl7 k‘l7 S/)w

- (Cfp(b/7k/75/) - thp( w

((1 - 5)pr7k(b,v k/a 8/) + O‘kA,k/ak71 (O‘U'Ufpwk(blv k/a S/)vfp(blv kl: S/)avilhfp(bc klv S/)ah
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b b0 K V¥ K)oy (0K ).
+ ag (o — 1)A/klak_2vfp(bl, k:l, S/)avhfp(b/, k/, 8/)Qh>

+ Qspi(V K, s/),ufp(b/7 K, s"V6 + Qpp(b K, s/)ufp,k(b/, K, sk (33)

There are two dimensions of a pecuniary externalitiy with regard to the price of capital in the
model: First, households do not take into account in their borrowing choice that in equilibrium
the price of capital adapts to their consumption choice. This externality is the force which
makes an intervention desirable in related studies with a fixed level of aggregate capital, e.g.
Bianchi and Mendoza 2018 and Jeanne and Korinek 2020. Second, households also do not take
into account that the capital they demand changes the firm’s costs and therefore the price of
capital. This additional channel is novel compared to related literature with a fixed level of
aggregate capital. To sum up, if the collateral constraint is not binding, households do take
into account that additional capital might be helpful for borrowing within the next period when
the constraint may be binding. However, they do not take into account how their choices of
borrowing and capital influence the price of capital.

The most important equations for the interpretation of the results in the next sections are equa-
tions (20)-(22) and equation (24). Equation (20) is the first-order condition on consumption.
The second term on the right-hand side relates to the dimension of the pecuniary externality
that is driven by consumption and indicates that the social planner takes the effect of higher
consumption on the first implementability constraint (Household capital decision) into account:
a higher level of consumption reduces the marginal utility of consumption and therefore reduces
the cost of capital in utility terms for households. This, however, increases capital demand and
the price of capital as the Household capital decision reveals.

Equation (21) displays the optimal decision with regard to bonds. There are two differences
compared to the laissez-faire optimality condition: First, the size of the social multipliers (in
general) differs from the ones from section 3. Importantly, the multipliers A5 and A7 " differ
from A and )\/, as the social planner’s first order condition with regard to consumption differs
from the one of the household. Thus, the social planner takes into account in his intertemporal
decision that borrowing influences the price of capital today and tomorrow via the household
capital decision. Second, the social planner incorporates into his/her decision that the choice of
b’ affects the future planner’s choices of ¢, h, ¢, v and u, and thus the price of capital via the
first implementability constraint.

Equation (22) is the first-order condition on capital. Apart from the different multipliers com-
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pared to the laissez-faire, the equation reveals that the current planner takes into account that &’
influences the price of capital via the second implementability constraint (Firm investment decision)
both today and tomorrow. This relates to the second dimension of the pecuniary externality.
Moreover, it is incorporated that the choice of k' influences the future planner’s decisions re-
garding ¢, h, ¢, v and p and thus the first implementability constraint.

Finally, equation (24), which is the first-order condition on the price of capital, shows that the
multiplier of the collateral constraint and of the two implementability constraints are directly
linked. This is the case since on the one hand, a higher price of capital ¢ makes the collateral
constraint less binding and on the other hand, the planner has to take into account the social

cost of reaching this price on the capital market.

4.2 Optimal Debt Tax

The constrained efficient equilibrium can be decentralized with a tax on debt Tl;gp L A positive

debt tax reduces the funds the household receives for a given amount of newly issued debt. The
revenues from the tax are remitted to the households via a lump-sum transfer T.'® Consequently,

the household’s budget constraint changes to:

/

c+qk}1+7(1+Tl§P1)R

+pov = AEhh* 4 q(1-0)k+b+1I+T.

The expression for the optimal state-contingent debt tax is as follows:

SPL BREs [0’ (c’ - X%)*‘Pl e + 5@/} 0 (i_ X%w)—aﬂ 0t 1P — 1 -
BRE,| (¢ =) " |

where £ is defined as
h* 7 SP k
& = c—x— (,u kk — *y) . (35)

Combining the two equations above gives an expression for the tax, which is easier to interpret:

Egis {a (c’ - X%>_1 <MSP//£,]€/ — ’y’) g+ (c— X%)U (1°F kk — ) Q’}
Eqjs| (¢ = x%) 7|
—o (e = x") " (u5Prk —4) g+ 4P —
BRE [ (¢ —x2) ™7 |

PSP

+

1811 the case of a subsidy, a lump-sum tax is levied.
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Interestingly, the expression of the optimal tax in equation (34) is the same as in Bianchi and
Mendoza 2018 and Biljanovska and Vardoulakis 2024, where capital is fixed. This is the case
because the same externality on the pricing condition (28) is internalized by the social planner:
whether there is endogenous capital formation or not, households do not take into account that
their borrowing affects the price of capital via the asset pricing equation of capital. The impact
on utility of slightly relaxing the first implementability constraint, i.e. the asset pricing equation
of capital, is measured by £. Hence, also in the economy with endogenous capital formation it
holds: if uSF — u as well as € were zero, the social planner would impose a tax in case the
benefits from marginally relaxing the first implementability constraint tomorrow is larger than
today.

However, the benefits and cost from marginally relaxing the first implementability constraint
differ from an economy with a fixed level of aggregate capital because in an economy with en-
dogenous capital formation the multiplier of the asset pricing condition of capital, £, does not
solely depend on the collateral constraint multiplier °F, as can be seen from equation (35).
There is also a second relevant component measured by the multiplier on the optimality condi-
tion of the investment firm, ~.

1P Kk in equation (35) measures the benefit of a higher capital price induced by a less strongly
binding first implementability constraint. Less borrowing and therefore more consumption de-
crease the marginal utility of consumption, making capital cheaper in utility terms for house-
holds. This, however, implies a higher price of collateral via the first implementability constraint,
which makes the collateral constraint less binding, as measured by p5"kk. The multiplier v,
however, is determined by equation (22) and measures the cost/benefit of the distortion of cap-
ital formation initiated by a higher price of capital. If the multipliers v and %" were zero in
the current state and 7/ and %" were positive, the ex ante tax would be smaller than in an
economy with fixed capital due to the effect of regulation on capital formation.

Analytically, the sign of v is not clear. The quantitative analysis (see section 5) leads to the
following conclusions: When the collateral constraint is binding, v is negative in 8 states and
positive in 9669 states. Moreover, it holds that the lower the capital level and the higher the
initial debt, the higher is v. When the constraint is not binding, v is negative for most states
but always close to zero. To sum up, the distortion of capital formation tends to reduce the

optimal debt tax when the collateral constraint is not binding.
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4.3 Reference Case

In the reference case, i.e. the constrained efficient allocation where the social planner chooses
borrowing and investment on behalf of agents, the allocation can be decentralized with a Pigou-
vian debt tax/subsidy and a Pigouvian investment tax/subsidy. The planner’s optimization
problem is available in the Appendix.

The debt tax is implemented as in the case where the social planner only chooses borrowing
optimally. The investment tax is levied on the costs in terms of the final good incurred by
investment firms. A positive investment tax TiSP 2 increases firms’ cost and leads c.p. to lower
investment. Consequently, the profit function of the investment firm changes to:

. . a,. -
o = qu—(1+TZ-SP2)zF—§(zF—Z)2.

The constrained efficient allocation implies the following investment tax/subsidy:

BEyjs AP (ap AR/ e 4 (1= 8)(1+ a(k” — (1= O)K' = 1)) + pSF% ¢’ + 5721

i =4d \SP2
(37)

The right part of the expression is the price that would make firms choose the socially optimal
investment level, from here on called ¢/. Investment is taxed if the actual price of capital is
higher than ¢ and subsidized if the price of capital is lower than ¢!. Hence, the tax/subsidy
changes the cost structure of firms so that they always choose the socially optimal investment
level irrespective of the level of the capital price q.

Opposed to the case where the social planner only chooses borrowing on agents’ behalf, increasing
the capital price by relaxing the first implementability constraint in the reference case does not
come at the cost of a distortion of investment. Still, a higher capital price makes the collateral

SP2

constraint less binding so that & is defined as follows (via the planner’s first order condition

on q):
£SP2 — <C_X};> (,U,SPQHIC) ) (38)

For macroprudential policy this implies that there are no costs due to distorted investment any

longer and the expression for the optimal debt tax/subsidy is the same as in an economy with
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a fixed level of aggregate capital:

Iw —o—1 / wN —o—1
BREg|s {U <Cl — x ) ¢S + §SP2Q’] — o (e—xZ) TSPy SP2 )

SP2 W
BRE, | (¢ —x%) 77 |

(39)

w w

=

Iw -1 ’ wy —
5REsf|s[ff (C/_Xh ) 1/SP2 K'k’q’—l—uSPkaQ’} —a(c—xh—) INSPQHkCI+MSP2—

I

BRE,, | (¢ = ") 7|
(40)

Thus, the interpretation of the tax is the same as in an economy with a fixed level of aggregate
capital (e.g. Bianchi and Mendoza 2018 or Biljanovska and Vardoulakis 2024): If the collateral
constraint is not binding today, i.e. p2 = 0, the ex ante tax is positive, so that households
borrow less, which increases the price of capital and the value of collateral in the subsequent
period. To sum up, due to the availability of an investment tax/subsidy, a change in the price

of capital due to macroprudential policy no longer has a distorting effect on capital formation.

5 Quantitative Analysis

In this section, I present a quantitative analysis of the decentralized equilibrium without regula-
tion and of optimal policy. First, I describe the calibration of the model and briefly summarize
the structure of the algorithms for laissez-faire and optimal policy. It is then shown that the
model is able to generate financial crises that are consistent with related studies. Finally, I
present and interpret the quantitative results. A description of the data that has been used to

compute the targets can be found in the Appendix.

5.1 Calibration and Algorithms

I follow the calibration strategy of Bianchi and Mendoza 2018 and calibrate my model to the
OECD member countries between 1984 and 2012. As in their calibration, data from all 34
OECD members (as of 2012) were used and aggregated. To calculate the targets, the individual
statistics were weighted by the 2012 real GDP in purchasing power standards. The focus of my
calibration was, on the one hand, to share many parameters/targets with Bianchi and Mendoza
2018 and, on the other hand, to match many moments related to investment. The parameters
were determined partly by simulation and partly ex ante. In particular, those parameters that

are difficult to observe but have a direct impact on certain statistics that can be more easily
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observed were chosen to be determined by simulation.

I set the constant relative risk aversion coeflicient to one, which is standard. The shares of inputs
and labor in gross output are taken from Bianchi and Mendoza 2018.'" I choose a value of 0.198
for the capital share so that the exponents of the production function sum to one, i.e. there are
constant returns to scale. This implies a capital share in GDP of 0.36, since GDP is defined as
F(k¢, he,ve) — pyv. The labor disutility coefficient is normalized so that labor is equal to one
third in the deterministic steady state without collateral constraint. For the parameter w, which
determines the Frisch elasticity ﬁ, I choose a value that is standard in macroeconomics. For
the working capital coefficient I pick the same value as Bianchi and Mendoza, who compute it
by using data from the US Flow of Funds data set. The logged interest rate follows the AR(1)
process In(R;) = (1 — pr)R + prIn(Ry_1) + ¢ with ¢, ~ N(0,0.). For the parameters of this
process I follow Bianchi and Mendoza 2018.

The two possible realizations of x, which determine the maximum loan-to-value ratio (LTV),
are not easy to identify at the macroeconomic level. In this paper, capital is defined as total
fixed capital. Because LTVs differ between debt contracts backed by different types of fixed
assets, and because data on debt contracts tend to be highly selective, it is difficult to obtain an
average value for the economy as a whole. However, a recent study by Kermani and Ma 2022
uses data on the liquidation value of assets on corporate balance sheets in the U.S. and finds
that the average liquidation value of property, plant and equipment is 35% of its book value.
This is a good approximation for x, because it is thought to reflect the expected sale price of
the collateral if the borrower is unable to repay. I therefore set the loan-to-value ratio in normal
times kz to 0.35.'% To determine the value in crisis periods, I apply the same relative reduction
of k as in Bianchi and Mendoza 2018.

There are eight parameters that are determined by simulation. The targets are mainly thought
to represent several important moments of investment of the OECD member countries. The
discount factor is chosen so that the ratio of capital to GDP in the stochastic steady state is
equal to the capital-to-GDP ratio of OECD members of 2.89. Productivity A; is defined as

follows:

At = e* y (41)

2t = Z+ pzri—1 -+ €, (42)

"For a detailed description of how these values are calculated I refer to their paper.
8Bianchi and Mendoza 2018 use higher values, since their price of capital is substantially lower than one in
steady state.
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e ~ N(0,0.) . (43)

The mean of Z is set to zero so that the mean of A is 1. To match the observed autocorrelation
of GDP of 0.68, p, is set to 0.52. The standard deviation o, equals 2.25% to match the ratio of
the standard deviation of investment to the standard deviation of GDP, which is 2.8 on average
for OECD countries.

The parameter i, which determines the level of investment at which adjustment costs are zero
and the price of capital is 1, is set to the mean of investment in the stochastic steady state,
which is 0.0248. As the price of capital, ¢, is also the price of investment in my model, the
sensitivity of ¢ to deviations of investment from i is equal to 6.2 in my calibration to match
the standard deviation of the OECD investment price. Since the relative price of investment
is not directly observable, I follow the method of studies on the relative price of capital (e.g.
Lian et al. 2020) and compute it as the ratio of the investment price level to the consumption
price level. This parameterization leads to an average adjustment cost relative to GDP of 0.13%
under laissez-faire.

The transition probabilities of the loan-to-value ratio x are set to match a crisis probability of
4% and an average crisis duration of one year. These targets as well as the definition of crises
are taken from Bianchi and Mendoza 2018: “A financial crisis is defined as an event in which
the linearly detrended current account is above two standard deviations from its mean”.

Since there is evidence that local solution methods are imprecise for the type of model used in
this paper (Groot et al. 2023), I use a global solution method for both laissez-faire and the social
planner problems. In particular, I use fixed-point iteration on the model’s Euler equations to
compute policy functions on a discrete grid b X k x z X R x k. The grid size is 60 x 30 x 3 x 3 x 2.
So there are 32400 states. For values that do not lie on the grid I use bilinear interpolation. In
the case of laissez-faire, the algorithm is a modified version of the “FiPit-algorithm” by Mendoza
and Villalvazo 2020, which was designed to solve the model of Mendoza 2010 very fast. I adapt
the algorithm to the equations and shocks of my model. For the optimal policy problems I
use two nested fixed-point algorithms, which differ from other optimal macroprudential policy
papers in the solution method I use in the inner loop. In the outer loop I update the policy
functions of the future planner. In the inner loop I solve for the policy functions given the policy
functions of the future planner by using a fixed-point algorithm. A detailed description of the

three algorithms can be found in the Appendix.
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Table 1: Calibration

Parameter Description Value Source/Target
o Risk aversion 1 Standard
Qy Share of inputs in gross output 0.45 Bianchi and Mendoza 2018
ap, Share of labor in gross output 0.352 Bianchi and Mendoza 2018
ag Share of capital in gross output 0.198 Constant returns to scale
X Labor disutility coefficient 0.49 Normalization so that
h = % in steady state

without collateral constraint
ﬁ Frisch elasticity 1 Standard
0 Working capital coefficient 0.16 Bianchi and Mendoza 2018
KH Normal credit regime 0.35 Average liquidation value of

fixed assets (Kermani and Ma 2022)

KL, Tight credit regime 0.29 Procentual reduction

of LTV observed for housing
R Mean of interest rate process 1.1% Bianchi and Mendoza 2018
PR Autocorrelation of interest rate process | 0.68 Bianchi and Mendoza 2018
o¢ Conditional SD of interest rate process | 1.38 % Bianchi and Mendoza 2018

Parameters determined by simulation
B8 Discount factor 0.97 Ratio of capital to GDP = 2.89
a Adjustment cost parameter I 6.2 SD of investment price = 0.04
i Adjustment cost parameter IT 0.0248 Mean of investment
(stochastic steady state)
z Mean of TFP process 0 Normalization
Pz Autocorrelation of TFP process 0.52 Autocorrelation of GDP of 0.68
O Conditional SD of TFP process 2.25% Ratio of SD of investment
and SD of GDP = 2.8

P 1, Transition probability kg to kr, 0.06 Crises probability of 4 %
Prr Transition probability xz to K, 0 Average crises duration

)

of 1 year
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5.2 Crisis Events under Laissez-faire

To depict the dynamics around financial crises, I first simulated the laissez-faire economy for
100,000 periods and identified all events as a financial crisis where the current account is two
standard deviations above its mean. Then, for each crisis event and for several variables, I cre-
ated a time series from 5 years before to four years after the crisis. Finally, I computed for each
period the mean value of all events. Figure 1 shows the dynamics around crises which occur
in T'= 0. All values are in levels - except for R and TFP which are in percentage deviations
from the long run mean. The dotted line in each subfigure displays the long-run mean of the
respective variable.

The credit-to-GDP ratio drops in a crisis because the collateral constraint is binding, the loan-
to-value ratio is lower than usual due to a bad realization of the financial shock and the price
of collateral is low due to the financial amplification mechanism. The fall in investment in a
crisis is much stronger than the one in consumption. As the financial shock, «, is at the low
realization for only one period, the loan-to-value ratio will increase again in the next period
and more will be borrowed and consumed. Therefore, the future marginal utility is quite low
compared to today, making the purchase of capital expensive in utility terms. For that reason,
households decide to buy less new capital and the investment level is low. Moreover, the sum
of investment, consumption, and spending on intermediate goods must fall as lower GDP and
less borrowing lead to a reduction in available funds. The current account increases strongly
during a crisis as this is how a crisis is defined. Like in Mendoza 2010, crises in my model occur
when the already low interest rate has decreased ex ante, stimulating overborrowing, and then
rises again. Furthermore, in crisis periods the financial shock x is at the lower level, while in
the preceding periods it was at the high realization. The price of capital declines up to a level
of 0.9, which is consistent with the magnitude of the decline observed in sudden stop events by
Mendoza 2010. The price of capital is low because of financial amplification: since investment
and consumption are low, both first-order conditions related to capital imply a lower price of
capital, which further tightens the collateral constraint and Except for the financial shock, these
pre-crisis and crisis dynamics are qualitatively in line with Mendoza 2010. In Mendoza’s study,
the third shock after the interest rate shock and the TFP shock is a shock to price of intermedi-
ate goods.

After the crisis the credit-to-GDP ratio increases because financial conditions improve. Conse-

quently, the current account is negative. Capital and GDP are declining one period after the
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financial crisis due to the reduction of investment one period earlier. In Mendoza 2010 there
is a stronger decline in GDP during the crisis and an increase in GDP in period T=1. This is
due to the different crisis definition in his study, which requires not only a positive deviation
of the current account from its long-run mean, but also a negative deviation of GDP from its
mean. When I use the same crisis definition as Mendoza, the GDP dynamics are again in line.
Labor shrinks in a crisis because the low demand for intermediate goods due to tight financing
conditions reduces the return to labor. In the post-crisis period, the low level of capital induced
by the low level of investment in 7" = 0 further reduces the return to labor and thus the hours
worked. Investment rises strongly in the first period after the crisis because TFP has risen and
the current level of capital is low, implying a high marginal product of capital.

Compared to Bianchi and Mendoza 2018, who show the crisis dynamics for the credit-to-GDP
ratio, the price of capital, output, consumption and shocks, the figures look almost the same, ex-
cept for production and the interest rate. For production, Bianchi and Mendoza do not observe
a fall in the post-crisis period because capital is fixed. For the interest rate, the level hardly
changes after the crisis period, while in my simulation the interest rate continues to rise on av-
erage after the crisis. To sum up, the model produces strong financial crises under laissez-faire

that are in line with related studies.

5.3 Results for Optimal Policy

In this subsection, the constrained efficient equilibrium and the Pigouvian debt tax which repli-
cates this equilibrium as a competitive equilibrium will be described and interpreted. First, the
optimal state-contingent tax rates will be analyzed. A closer look at differences in borrowing
and investment between laissez-faire and the constrained efficient equilibrium will follow. Fur-
thermore, summary statistics will be presented and crisis dynamics under laissez-faire will be
compared to those under constrained efficiency. Finally, the quantitative results of the reference

case will be analyzed.

5.3.1 Optimal Taxes

Figure 2 shows the optimal debt tax when the collateral constraint is not binding (ex ante tax)
and figure 3 shows the optimal debt tax when the collateral constraint is binding (ex post tax).
I plot the ex ante tax for intermediate values of the interest rate and the productivity shock and

a high realization of the financial shock k. For the ex post tax I choose the same values of the
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interest rate and the productivity shock but a low x.
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Figure 2: Optimal Pigouvian ex ante debt tax
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Figure 3: Optimal Pigouvian ex post debt tax

The optimal ex ante debt tax is zero when debt is low, i.e. the bond level is negative but close
to zero, because the probability of being constrained in the subsequent state is very low. When
debt is high and the constraint is not yet binding, debt is taxed by up to 1.3 percent. The closer
the state is to the binding region (left part of the figure), the higher is the macroprudential tax.
This is due to the high probability that the collateral constraint will be binding in the next
period with the pecuniary externality having strong adverse effects. In the binding region the
ex ante tax is zero, because the ex post tax is in place. It is also striking that the value of the
ex ante debt tax depends on the level of capital. If the economy is in a state with a relatively
high level of capital, the tax starts to be greater than zero for higher levels of debt, and the
constraint starts to be binding for higher levels of debt. This is because a higher level of capital

means a higher level of collateral.

9The figure only changes slightly when considering the same financial shock, but the probability that the
constraint is binding, i.e. an ex post tax has to be imposed, is much higher when the financial shock is at the low
realization.
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The optimal ex post debt tax is slightly positive when the constraint is hardly binding and
becomes more negative the higher the level of debt and the lower the level of capital. Since the
price of capital is lower in the high debt, low capital region, the amplification effects are strong
and it is optimal to increase the price of capital by reducing the amount of debt that has to
be repayed via a subsidy. Households do not take into account that their consumption as well
as their capital demand affect the price of capital, which means that they consume to less and
demand too less capital implying a decreased collateral value. This, however, has adverse con-
sequences, since the lower price of capital would induce an even lower level of consumption and
an even lower price of capital. The social planner is aware of the amplification mechanism and
subsidizes borrowing to increase aggregate expenditures and thus consumption and investment.
The lower the level of debt and capital, the stronger is the reduction of the price of capital,

making a very high debt subsidy (up to 50 percent at the corner of the grid) optimal.

5.3.2 Differences in Borrowing and Investment

Figures 4 and 5 show the bond and investment policy functions under laissez-faire and the
constrained efficient allocation, respectively. To facilitate comparison, capital is fixed at an
intermediate level. The interest rate shock and the productivity shock are also at intermediate

levels, while the maximum loan-to-value ratio, x, is high.

Bond policy function
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Figure 4: Bond policy functions for a given level of capital and exogenous states: Laissez-faire
(red) vs. Optimal macroprudential policy (blue)
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Figure 5: Investment policy functions for a given level of capital and exogenous states: Laissez-
faire (red) vs. Optimal macroprudential policy (blue)

The social planner chooses less borrowing than under laissez-faire when the constraint is not
binding. This is because the regulator internalizes the effect of high debt on the price of capital
when there is a positive probability that the constraint is binding in the subsequent state. The
difference increases with higher debt as long as the collateral constraint is not binding and peaks
in the last state before the constraint binds, which is the point of the kink in the bond policy
function. However, the difference is small because less borrowing also reduces investment. This
correlation is evident in figure 5. The difference in investment between laissez-faire and the
constrained efficient equilibrium also increases as one moves closer to the constrained region,
meaning that investment is reduced most when debt is high and the collateral constraint is not yet
binding. When the collateral constraint is binding, the social planner borrows slightly more than
under laissez-faire and invests more. More borrowing under the constraint efficient allocation

increases the price of capital and thus the borrowing limit, creating room for consumption and

investment spending.

5.3.3 Summary Statistics and Welfare

The following table summarizes the main results of the quantitative analysis. Welfare is com-
puted as the standard compensating consumption variations for each initial state that equates

the current expected utility of laissez-faire and the economies of interest (with consumption c*
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and labor ~A*). This means that welfare is computed as (b, k, s), which satisfies

o |3 fulet"(1 +19>,ht”)] _E, [z ﬁtu@,hn]
t=0

t=0

Table 2: Main Results

Laissez-faire Optimal policy Ex ante debt tax

(Ex ante & ex post) only
Average ex ante - 0.53 0.52
debt tax (in %)
Average ex post - -1.71 -
debt tax (in %)
Probability of crises 4.47 3.95 4.06
(in %)
Binding collateral 39.7 25.62 24.28
constraint (in %)
Change of investment - -0.16 -0.28
compared to
laissez-faire (in %)
Average debt to GDP 0.836 0.82 0.815
Average capital to GDP 2.884 2.882 2.879
Average welfare gain 0.0025 0.0018
(in %)

The optimal ex ante Pigouvian tax on debt is 0.53 percent on average, which is much lower
than what other studies find (see table 3).2C As the analytical analysis showed, the optimal
ex ante tax is reduced when the multiplier of the firms’ investment decision, -y, is positive in
the subsequent state. Indeed, when the collateral constraint is binding, v is positive, indicating
that in a state where the collateral constraint is not binding but there is a positive probability
that it will be binding in the subsequent state the ex ante tax is lower than if capital formation
was not distorted. This finding is confirmed by the following experiment: if v was zero in all
states but all other variables remained unchanged, the ex ante tax would average 3.1 percent,
which is very close to the value of Bianchi and Mendoza 2018. The optimal ex post Pigouvian
tax on debt averages —1.71 percent. The optimal time-consistent debt policy, i.e. ex ante and
ex post debt policy, reduces the probability of crises by 0.52 percentage points.?! This means

that there is one severe crises approximately once every 25 years under the constrained efficient

29The average is computed with the ergodic distribution.
21The current account values that define a crisis are those from laissez-faire.
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allocation, as opposed to once every 22 years under laissez-faire. Nevertheless, the optimal debt
tax is very effective at reducing the probability of being in a constrained state. This suggests
that optimal macroprudential policy is effective at making states non-binding where the con-
straint is hardly binding under laissez-faire, but not effective at improving conditions when the
constraint is strongly binding under laissez-faire. Average investment is reduced by 0.16% due
to reduced borrowing. The reduction in investment is small because the social planner takes the
distortionary effect on investment into account and changes borrowing only slightly compared
to laissez-faire. Welfare increases by 0.0025 percent, which is a tiny value compared to related
studies.

To assess the relative importance of the ex ante part of the optimal policy, I also compute policy
functions and the ergodic distribution when only the optimal state-contingent ex ante tax is ap-
plied.?? This experiment provides evidence that the major part of the welfare gain is due to the
ex ante tax. When the collateral constraint is binding, the amount of collateral is predetermined
and only a higher price of collateral can increase the borrowing capacity. In contrast to a model
with fixed aggregate capital, where higher consumption increases the price of capital directly,
a higher price of capital in my model can only arise in the capital market if both consumption
and investment increase. Thus, increasing the price of capital is more costly in utility terms.
The experiment also reveals that the ex post part of optimal policy also helps to prevent (some)
crises because the probability of crises is lower compared to laissez-faire when the ex post tax is

imposed.

Table 3: Results of Related Studies with Fixed Aggregate Capital

Bianchi and Mendoza 2018 | Ma 2020
Optimal ex ante debt tax (in %) 3.6 1.28
Average welfare gain (in %) 0.3 0.06
Reduction of crisis probability (in %) 4 to 0.02 6.23 to 1.89

5.3.4 Crises under Laissez-faire: What Would a Social Planner Do?

Figure 6 compares the average crises dynamics under laissez faire to dynamics of the constrained
efficient allocation. For given bond and capital states five periods before the laissez-faire crisis
and for given sequences of shocks from five period before until four periods after the crisis, I

compute the optimal choice of the social planner. It is important to underline that the graphs

220pposed to Bianchi and Mendoza 2018 the ex ante tax is not necessarily optimal without the ex post part.
However, it is a good reference point.
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cannot be interpreted as a time series, since they do not depict an example crisis but the av-
erage of all laissez-faire crisis situations. However, if the averages diverge, the differences point
at systematical deviations of the constrained efficient equilibrium under unfavorable economic
situations.

Before a crisis, the social planner chooses to borrow less than under laissez-faire. Lower borrow-
ing reduces aggregate spending on consumption, investment and the intermediate good compared
to laissez-faire. Reduced investment leads to a lower level of capital before the crisis which im-
plies a lower return to labor and therefore less labor. Consequently, GDP is lower under the
optimal policy compared to laissez-faire. Less borrowing also implies a slightly positive/less
negative current account to GDP ratio. The optimal policy leads to slightly less consumption
before the crisis compared to laissez-faire due to reduced borrowing. The price of capital is
almost the same before the crisis, because the differences in investment and in consumption are
small.

In the crisis period, i.e. T = 0, the lower initial level of debt chosen by the social planner
compared to laissez-faire leads to a lower debt service and, furthermore, the planner borrows
more. Thus, there are more funds available, which leads to a slightly less pronounced decrease
in investment as well as a slightly higher consumption level than under laissez-faire, which sta-
bilizes the price of capital and dampens financial amplification. The borrowing capacity does
not drop as strongly as under laissez-faire, which is reflected by the less positive current account
and the higher credit to GDP ratio. Labor falls more strongly compared to laissez-faire, because
the lower capital level reduces the return to labor. Overall, the increase in households’ utility
merely comes from reduced working hours. After the crisis the average of most variables align,

since the economies return to “normal times” and the probability of another crisis is low.

5.3.5 Reference Case

In the reference case, where the social planner optimally chooses borrowing and investment, the
type of intervention that is desirable is the same as in the case, in which social planner only
chooses borrowing on agents’ behalf. It is also optimal to subsidize debt when the collateral
constraint is binding and to tax debt if not. However, the ex ante debt tax is considerably
higher in the reference case, both on average and in the individual states. Figure 7 compares
the optimal state-contingent ex ante debt tax that result from the two analyzed social planner

problems.

32



0.088 0.062
0.087 0.061 -
0.086 0.06
0.085 0.059
0.084 0.058
0.083 0.057
0.082 0.056
-5 -4 -3 2 - 0 1 2 3 4 -5 -4 -3 2 -1 0 1 2 3 4
T: Time Horizon T: Time Horizon
Labor Capital
0335 T T T T T T T T 0.255
0.334 0.25
0.333 0.245
0.332 0.24
0.331 0.235
0.33 023
0.329 0.225
-5 -4 -3 2 -1 0 1 2 3 4 -5 -4 -3 2 -1 0 1 2 3 4
T: Time Horizon T: Time Horizon
Investment Capital price
0.035 T T T T T T T 1.04
1.02
0.03
1
0.025
0.98
0.02 0.96
0.94
0.015
0.92
0.01
09
0.005 0.88
E -4 -3 2 -1 0 1 2 3 4 E -4 3 2 -1 0 1 2 3 4
T: Time Horizon T: Time Horizon
i Credit - GDP ratio Current account - GDP ratio
1.05
1
0.95
09
0.85
08
0.75
07 -0.15
5 -4 -3 2 -1 0 1 2 3 4 - -4 -3 2 -1 0 1 2 3 4
T: Time Horizon T: Time Horizon
o Interest Rate 04 Max LTV ratio (kappa)
005 038
0.1 1 036
015 034
02 032
025 03
03 028
035 026
04 024
045 022 045+
05 02 05
4 3 2 a4 0 1 2 3 4 5 4 3 2 a4 0 1 2 3 4 5 4 3 2 a4 0 1 2 3 4

T: Time Horizon T: Time Horizon T: Time Horizon

Figure 6: Crises situations under laissez-faire: what would a social planner do?
Red line = Laissez-faire, Blue line = Optimal macroprudential policy
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Figure 7: Optimal Pigouvian ex ante debt tax: Pure macroprudential policy (left) vs. Reference
case (right)

In both cases the optimal ex ante tax increases the closer the constrained region is because
the probability of being in a constrained state tomorrow is highest. However, the ex ante debt
tax increases much more strongly in the reference case and reaches much higher levels. As the
analytical expression for the optimal debt tax indicated, this is due to the fact the investment
tax/subsidy counteracts distorting effects of the debt tax, reducing the costs of macroprudential
policy. The difference is largest when the level of debt is high and the level of capital is low
because in the case where the social planner only chooses borrowing optimally because the a
further reduction of investment due to macroprudential policy is most costly. The ex post debt
tax is on a comparable level in both analyzed cases.

The debt tax is accompanied by an investment tax that is negative when the collateral constraint
does not bind and positive when it is binding. This implies that there is ex ante underinvestment
under laissez-faire and ex post overinvestment. Intuitively, the ex ante investment subsidy
counteracts the negative effect of the ex ante debt tax on capital formation and the ex post
investment tax leads to high prices when the collateral constraint is binding despite of low
investment.

The optimal policy in the reference case reduces the crisis probability to 0.03 percent, i.e. there
is approximately one crisis every 3000 years. Consequently, welfare gains are ten times as high

as in the case, in which the social planner cannot choose investment on behalf of firms.

Table 4: Results Reference Case

Average ex ante 1.34 | Average ex post -1.31
debt tax (in %) debt tax (in %)

Average ex ante -1.89 | Average ex post 8.67
investment tax (in %) investment tax (in %)

Probability of crises 0.03 | Average welfare gain | 0.0221
(in %) (in %)
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6 Conclusions

This paper presented an analysis of optimal time-consistent macroprudential policy in an econ-
omy with endogenous capital formation. The main difference from an economy with a fixed
level of aggregate capital is that the price of capital is determined not only by an asset pric-
ing equation but also by firms’ decision on current investment. A macroprudential policy that
stabilizes the value of collateral in crises by stabilizing the price of capital will therefore always
affect capital formation, which is what a social planner takes into account. Thus, a cautious
macroprudential policy that distorts capital only to a small amount is optimal ex ante. As a
consequence, the optimal policy yields much smaller welfare gains and much less effective crisis
prevention than related literature without endogenous capital formation. However, if the dis-
torting effect of macroprudential policy on capital formation is counteracted by an investment
tax/subsidy, almost all crises can be prevented and welfare gains are substantially higher.

My analysis raises two interesting questions that remain unanswered: First, what would optimal
macroprudential policy look like if there were not only collateral externalities in the borrowing
decision, but also distributional externalities arising from differences between old and new cap-
ital (like in Lanteri and Rampini 2023)? Second, this analysis aggregates across different types
of capital. How would the results change if different types of capital with different prices and

loan-to-value ratios were analyzed? These questions are left for future research.
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A Reference case

The constrained social planner’s optimization problem can be summarized as follows:

(c—x)"™
Vibks) = max Ty B VRS, (App-1)
s.t.
v ,
(A5F2) ARSI = = b et K —(1—08)k+ %(k’ —(1=0)k—9)2+po,
(Resource constraint)

b/

(uSF2) = Opov > — Kk, (Collateral constraint)
he\ 7 by, (0 K, s )<\ 7

({SPQ) q <C — Xw) = 5E5/|5[ <Cfp(b’7 k;/7 3/) o Xfp(w)>

((1 —8)Qpp (1 K, 8) + o AR (W, K 8)

hyp( K 5) )| + BEg),

/’l’fp(blv klv S,) pr(b,’ k,a S,)/{/] .
(Household capital decision)

The optimization problem leads to the following first-order conditions after applying the envelope

theorem:
B —0 B —o—1
AP = (c - x) +¢0 (c — x) q, (App.2)
w w
X2 = BREy), AP 4 uSP 4 BREL ST, (App3)
NP4 a(l = (1= 0k =1)) = BBy, X7 (adBo oo,
F (=0 +alk’ — (1- 8K — z)))...
+ p5F Zlq’fﬁ’] + BEy,[¢577T] (App.4)
xhe 1 (c — XZ) = NP2q, AkOrpor—lye |
SP2 w—1 h* —o!
&R e =X q, (App.5)
PSPk = o2 <c - XZ) : (App.6)
o )
ARSS R — = b = et K = (1= )k + g(k' (1= 8k —1)2—pev, (App.7)
)\SPZPU — )\SPQaUAkakvav—lhozh _ MSPepv ’ (App.8)
b/
E —Op,v >  —kqk, (App.g)
R ~° hy, (0, K, 89\ 7
q (c — Xw) = BEgs (Cfp(b’, K, s — Xfp(w)>

((1 —8)Qpy (W, K ) + o AR Lo (B K 5 .

39



BV K 5)™ ) + gy (0K 5) Qg (U, K )R |

(App.10)

pt? >0, (App.11)
b/

0 = pf? (R — Opyv + nqk) . (App.12)

Q captures the effects of the current planner’s bond decision b’ on the future planner’s decisions,
which is taken into account by the current planner:

r_ /gt AR NN /gl w—1 ’oqr hfp(blyk/asl)w Tot
Q' == 0 (Crpp(t, k', s") = xhppp (b, K, s Vg (b, K, ) 7) Cfp(be,S)—xiw

((1 — 8)Qp (VK 8") + an Ak o, (U, K 8 Ry (B K s/)o"‘)...

hyp(0 K s\ 77 i
XM) <(1—5)pr,b(b,k7sf)...

w

+ (cfp(b’,k’,s’) -
+akA’k’%*l(avvfp,b(b’,k’,s’)vfp(b’,k’,s’)“vflhfp(b’,k’,s’)%...
+ahhfp,b(b’,k’,s’)hfp(b’,k’,s’)‘*h—lvfp(b’,k’,s’)““)>

+ Qs (W K S K sV + Qpp (VK 8y (VK 8K

Analogously, I' captures the effect of the current capital decision &’ on the future planner’s
decision on the choice variables:

Fl— AN AR RN /g0 Iw—1 /o hfp(b/aklasl)w ot
=0 (Crpn(V, K, 8") = xhpp (V' k', s Vhpp (U, K, 87) )Cfp(bvkas)*XT

(1= 9)Qra(b' )+ ar AR w0, (K, 8) g (8, K, 5) ).

/ ! \w —0
+ (Cfp(b’yk”s’)_xw)

w
<(1 —8)Qsp (b K, 8) + ax AR+ (awfp,k(b', KL svp(b k) (b K 8)
+anhyp k(b K, sy (0, K, Sl)a]rlvfp(b/, K, S,)av)-.,
+an(ar = VAR 2o, (0, K, 8) Ry (6K s/)ah>

+ pr,k(b/, k/a Sl)”’fp(b/a klv SI)I{, + pr(bl7 k‘,a s/)l"'fp,k(b/v k/a Sl)ﬁ, . (Applg)

Definition 3 The Markov perfect constrained efficient equilibrium is defined by the policy func-
tions B(b, k,s), K(b,k,s), Q(b,k,s), C(b,k,s), v(bk,s), u(b,k,s),>> h(b k,s) and the value
function V(b, k, s) that, first, solve the social planner optimization problem (App.1) and, sec-
ond, are equal to the future planner’s policy functions: B(b,k,s) = Bgp(b,k,s), K(b,k,s) =
Kep(bk,s), Qb,k,s) = Qpp(b, k,5), C(bk,s) =Crp(b, k,s), v(b, k,5) =vp(b k,5), p(bk,s) =
Ky (b, K, s) and h(b,k,s) = hy,(bk,s).

23 Analogously to the case where the social planner only chooses borrowing on agents’ behalf, the household’s
multiplier on the collateral constraint is defined by equation (12) and is not binding for the social planner.
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B Proof

The reduced social planner problem is (19) equivalent to the social planner problem incorporating
all first-order conditions of the decentralized equilibrium (except for the first-order condition on
bonds):
he1—0
(c—x U)

V(b, k, S) = Ck]}ll?.); U? —+ BES/‘SV(b,’ ]{,’ Sl) ,

s.t.
b’ a -
ARy pon = Fobtet E—1—-0)k+ 5(k:’ — (1 =086k —19)2+pyv,
(Resource constraint)
b/
R Op,v > —kqgk, (Collateral constraint)
h\ 7 _ WA hfp(b/a K, s\ 7
q<cxw> = BESI|S[<Cfp(b,k,S)XW
((1 — 8)Qpp (1 K, 8) + o ARy (0, K 8)
gl K.Y ) | 4 BB | pgy (O K ) QK. s'w] ,
(Household capital decision)
q = l1+alk —(1-08k—1), (Firm investment decision)
h* - h* - g, ay—11ap
c— XU po + pbp, = c— X; oy AR F 0TI R (App.14)
XhTh = ap ARMRRO T (App.15)
pn>0, (App.16)
b/
1 <R — Opyv + nqk) =0. (App.17)

p is defined via equation (App.14). Combining equations (26) and (App.14) leads to the following

he —0 NSP
()
Equation (App.16) is not binding since the equation above shows that it is positively related to

pSP . which is either positive or zero. If the collateral constraint is not binding, x5 and - as

relation between p and pS°:

can be seen in the equation above - also p are equal to zero. Thus, equation (App.17) is not
binding. Equation (App.15) is not binding because the combination of equations (20) and (23)
of the reduced planner problem yields the same condition. Finally, equation (App.14) is not

binding because it only defines p, which is not relevant for any binding constraint.
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C Algorithms

Laissez-faire (for an even more detailed description of the updating steps see Mendoza and
Villalvazo 2020%%)

1.

. Guess the ratio of the collateral constraint multiplier p to A which is denoted by fi;

Uniformly spaced discrete grids for the state variables bond b (60 nodes) and capital &k (30
nodes) as well as a grid for the shock state space are created. The interest rate shock and
the productivity shock are discretized by Tauchen’s method with 3 realizations each. The
financial shock has two realizations so that there are 18 different possible combinations of
shocks. Thus, the state space has 60 x 30 x 18 elements. The interpolation scheme is

bilinear interpolation.

~ Guess
M

the bond policy function Bg;“ess and the price of capital policy function QOGuess. I used
Q§uess = ones(b, k, s), B¢ = b(b, k, s) and ﬂg“ess = zeros(b, k, s) as initial guesses.

Use guesses ﬂjG“ess, B]G“e“ , QjG“esS to compute guesses ICJG““S, C]-G“ess, h]GueSS and 'vJG“ess .

4. Assume that the collateral constraint is not binding and use the equilibrium conditions to

o N oo

update all policy functions except Q.

Check whether the collateral constraint is binding.

Solve for fi; in the binding states. Update all other policy functions except for Q.

Use all updated policy functions and equation (11) to compute Q;.

Check convergence. If supp i s||z;(b, k,s) — x?“ess(b, k,s)|| > e for x = Q, B, fi, compute
Q?ffss, BJfoss and ,&fﬁfss as weighted sums of QjG“ess , BJ»G““S, ﬁl,jG“ess and Q;, B; and
f;. Then go to step 3. Else stop.

24Please note that I use a different notation.
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Optimal policy:
Outer loop
1. Equivalent to the decentralized equilibrium, uniformly spaced discrete grids for the state
variables bond (60 nodes) and capital (30 nodes) as well as a grid for the shock state
space are created. The interest rate shock and the productivity shock are discretized by
Tauchen’s method with 3 realizations each. The financial shock has two realizations so
that there are 18 different possible combinations of shocks. Thus, the state space has 60
x 30 x 18 elements. The interpolation scheme is bilinear interpolation.
2. Guess the policy functions of the future planner Q?ﬁgss, p%fgss, h%fgss, v%fﬁss and Cﬁ%ss.

Compute derivatives of these policy functions with respect to b and k.

Inner Loop (iteration of current planner’s policy functions given the policy functions of
the future planner):

(a) Guess the ratio of the collateral constraint multiplier ¢ to A, which is denoted by

p,g; “ess the bond policy function Bguess, the price of capital policy function Qg”ess

and the investment implementability constraint multiplier 700“855 .

(b) Use guesses [L?uess, B]-Guess , QJ»G““S to compute guesses ICJ»GW“ , CJG“@SS, th“ess and

Guess
vj .

(c) Eliminate £ in all equations by using equation (25). Assume that the collateral

constraint is not binding and update all policy functions of the current planner except

Q.
(d) Check whether the collateral constraint is binding.
(e) Solve for fi; in the binding states. Update all other policy functions except for Q.
(f) Use updated policy functions and equation (28) to compute Q;.
(g) Check convergence. If supp i s|zj(b, k,s) — x?uess(b,k,s)ﬂ > eforx = Q, B, i,
<, compute Q]C.i'i_tless7 ijfssj ﬂj(iuless and 7]‘Gfless as weighted sums of QJGuess7 B]Guess,

~ Guess Guess

1> Y5 and Qj, Bj, 1, v;. Then go to step b. Else stop.
3. Check convergence. Q;(b,k,s), u;(b, k,s), hi(b,k,s), vi(b, k,s) and C;(b, k, s) are the con-
verged policy functions of the inner loop given the guessed future planner’s policy functions
of the outer loop’s iteration i. If supp i s||zi(b, k, s) —w?ﬁfss(b, k,s)|| > €* forx = Q, u, h,

v, C, compute new guesses Q?;‘ffl, u?ﬁffl, h%fffl, v%‘ffl and C%“ffl as weighted sums
of old guesses and converged policy functions from the inner loop. Compute derivatives of

these policy functions with respect to b and k. Then go to the inner loop. Else stop.
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Optimal policy (reference case):
Outer loop
1. Equivalent to the decentralized equilibrium, uniformly spaced discrete grids for the state
variables bond (60 nodes) and capital (30 nodes) as well as a grid for the shock state
space are created. The interest rate shock and the productivity shock are discretized by
Tauchen’s method with 3 realizations each. The financial shock has two realizations so
that there are 18 different possible combinations of shocks. Thus, the state space has 60
x 30 x 18 elements. The interpolation scheme is bilinear interpolation.
2. Guess the policy functions of the future planner Q?ﬁgss, p%fgss, h%fgss, v%fﬁss and Cﬁ%ss.

Compute derivatives of these policy functions with respect to b and k.

Inner Loop (iteration of current planner’s policy functions given the policy functions of the
future planner):

(a) Guess the ratio of the collateral constraint multiplier x to A, which is denoted by

pg uess the bond policy function B§“¢** and the capital policy function A§uess.

(b) Use guesses ﬂ?"ess, BJG“eSS, ICJG“‘ZSS to compute guesses CJG”“S, h]G“eSS, UJG““S and
hu)fo'

g&"ess. ¢ is an auxiliary variable defined as follows: § := ¢ (c - X5

(c) E]liminate ¢ in all equations by using equation (App.6). Assume that the collateral
constraint is not binding and update all policy functions of the current planner.

(d) Check whether collateral constraint is binding.

(e) Solve for fi; in the binding states. Update all other policy functions.

(f) Check convergence. If supp i s||lz;(b, k,s) — :U]G““S(b,k,s)H >eforz =K, B, @,
compute ICJG_,?{BSS , Bf_,_“fss and [LJGfr‘fss as weighted sums of Kfuess, B]G“ess, ﬂf“ess and
K;, Bj and f1;. Then go to step b. Else stop.

3. Check convergence. Q;(b,k,s), p;(b,k,s), hi(b,k,s), vi(b, k,s) and C;(b, k, s) are the con-
verged policy functions of the inner loop given the guessed future planner’s policy functions
of the outer loop’s iteration i. If supp i s||zi(b, k, s) —x?ﬁfss(b, k,s)|| > €* forx = Q, u, h,
v, C, compute new guesses Q?gffl, “%fffp h%fffl, v%ﬁffl and C}%“fﬁ

of old guesses and converged policy functions of the current planner. Compute derivatives

as weighted sums

of these new guesses with respect to b and k. Then go to the inner loop. Else stop.
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D Data

Table 5: Data Sources

Data Measure Unit Source URL / Reference Usage
Annual National Accounts, Current Local OECD https://stats.oecd.org/ Computation of
9B. Balance sheets for non- | prices currency, capital-to-GDP ratio
financial assets: Millions
Fixed assets & GDP
(expenditure approach)
Annual National Accounts, | VOB: Local OECD https://stats.oecd.org/ Logarithmized and
1. Gross domestic product Constant currency, linearly detrended time
(GDP): Prices: Millions series of investment
Gross fixed capital OECD and GDP per worker
formation & GDP base year used to compute
(expenditure approach) standard deviation
(sd) of investment
relative to sd of to GDP
and autocorrelation of GDP
Annual National Accounts, | Constant US Dollar | OECD https://stats.oecd.org/ Computation of
1. Gross domestic product Prices, Millions, country weights
(GDP): Constant 2015 (2012 share of
GDP (expenditure PPPs, summed real GDP)
approach) OECD
base year
Annual Labor Force: - Persons, OECD https://stats.oecd.org/ Computation of
Statistics: Thousands investment and GDP
ALFS Summary tables per worker
Penn World Table, Price level University https://dataverse.nl/api/access/datafile/354095 | Logarithmized and HP-filter

version 10.01,
Price level of capital
formation & of consumption

relative to
price level
of US GDP
in 2017

of Groningen

Feenstra et al. 2015

detrended time series of
relative price of capital
used to compute sd
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E 3-period model

As mentioned in the literature review, in this section I analyze optimal policy in a 3-period
model that builds on Davila and Korinek 2017. Above all, I will make two points. First, also in
a 3-period model, the optimal borrowing tax when there is only macroprudential policy takes
into account that the imposed tax reduces capital. Second, it is optimal to tax debt ex ante and
subsidize investment ex ante in the case where macroprudential policy and investment policy
are combined, which is in line with the results of the main part of this paper.

Different from Dévila and Korinek 2017, the following model builds on an open economy setting
instead of a two-agent setting. Like in D&avila and Korinek 2017, ex ante instruments will be

used to implement the social planner allocations.

E.1 Set-up

Agents/households live for three periods ¢ = 1,2,3. There is a continuum of agents of mass one.
They derive utility from consumption of a non-durable good ¢;. Agents maximize their lifetime
utility Zle Btu(c;) and their preferences satisfy u; = loge; for t = 1,2 and u; = ¢; for t = 3.
There is no uncertainty and only one type of agent.

In the first period, the household receives an exogenous income y and can borrow —bs at the
interest rate Ry in this period.?” Income and borrowed funds are spent on consumption ¢; and
on investment. The investment technology is given by a quadratic cost function as in chapter 4
of Davila and Korinek 2017. Thus, higher investment increases the stock of capital in the next
period ks, but also increases investment cost in the current period.

Production in period 2 is given by the product of productivity A, and capital ks. In the same
period households are subject to a collateral constraint and can only borrow up to a fraction ¢
of the value of their collateral, which is given by end-of-period capital holdings times the price
of capital ¢o. Income plus borrowing —bs at the rate Ry can be spent on consumption ¢o and on
capital accumulation: households can trade non-depreciating capital among each other at price

g2- In the last period the household receives income Asks, repays its debt —b3 and consumes cs.
Table 6: Summary of household income and constraints

Period 1 Period I1 Period III
Income Y Asks Asks

Budget constraint Yy — %21 —c — %k% Aoky — %32 —co — qa(ks — ko) + ba | Asks + b3 — c3

. be
Collateral constraint - Ty = —0a2ks -

Borrowed funds are assumed to be supplied in any amount by a foreign country. Aggregate

capital is fixed from period in period t = 2 on so that k = ko = k3 holds.

25p denotes bonds. So a positive amount of b means saving and a negative amount means borrowing.
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E.2 Laissez-faire

The Lagrangian of the household’s maximization problem looks as follows:

L =logc) + Blogcy + B2[Asks + bs]

b a
Sl 2 e

b
+BA2[Agky — R*?; — 2 — q2(k3 — k2) + by]

b
+5M[R—‘°’2 + Gaoks) -

(App.18)

Parameters are restricted to the subspace that leads to a binding collateral constraint under

laissez-faire. Thus, the problem above leads to the following first-order conditions:

1
el — =X =0
C1
1
Ccy a—)\QZO
A1
by : . Ao =10
2 R1+52
A2
b S R
3 B 7 R
ko : —akoA1 + B(g2 + A2)X2 =0
ks BA3 + ppga — qaA2 = 0.

Equilibrium:

Capital is assumed to be fixed so that capital market clearing implies

k:=ko=ks.

(App.19)
(App.20)
(App.21)

(App.22)

(App.23)
(App.24)

(App.25)

The combination of the capital market clearing condition and budget constraints yields the

following resource constraints:

b2 a2
—1:y— -2 _¢—= _
t Y R c1 2k: 0
b3
t=2: Ak — — — b =0
2 R c2 + 02
t=3: Ask +bg —c3 =0.

Furthermore, the collateral constraint is binding:

The household’s optimality conditions can be rearranged in the following way:

c2 = c1BRy
1
p=——BRy
Co
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(App.27)

(App.28)

(App.29)

(App.30)

(App.31)



(A2 + @2)cn

k=p s (App.32)
B BAszco
© = BT (App.33)

Equations (App.32) and (App.33) will be taken into account by the social planner who is
equipped with a debt tax and an investment subsidy. The social planner who is equipped
with a debt tax only just takes equation (App.33) into account.

As can be seen in equation (App.33), the price of capital crucially depends on the loan to value
ratio ¢. If the borrowing limit is equal to the entire collateral value, i.e. ¢ = 1, the price of
collateral no longer depends on the level of consumption and there is no externality. That is
because the collateral constraint becomes the natural borrowing limit if ¢ = 1. I define the price

of capital that emerges for ¢ =1 as ¢*:

As
= App.34
=%, (App.34)
It is now possible to split the price of capital into the price without externality ¢* and the
distorting externality A(c2), which will contribute to better understand the optimal policies in

+

the next subsections:2°

g = A(grz)Q* : (App.35)

. BRaca
th  A(cy) = .
with M) = T o Raes

(App-36)

E.3 Optimal policy: macroprudential policy combined with investment policy

In this subsection, it is solved for the macroprudential and investment policy that decentralize
the constrained efficient allocation, where a social planner chooses investment and borrowing in
period 1 on agent’s behalf.

The social planner is constrained by the collateral and resource constraint as well as the second
period’s capital optimality condition and borrowing condition. The allocation that results from
the optimization problem can be decentralized with a Pigouvian debt tax and a Pigouvian

investment tax. A positive debt tax T,;QP 2 would mean that the amount the household receives

for a given level of newly issued debt in period 1 was reduced. A positive investment tax TiSP 2
would mean that the quadratic investment cost in the first period was increased. Thus, the

household’s budget constraint in period 1 changes to:

(1-— TI;SP2)Z)2
Ry

a

—01—(1+7'-SP2)2

7

Yy — K. (App.37)
Moreover, the household’s decisions on borrowing and investment (App.30) and (App.32) change

to:

co(1 = 7)7%) = c1fRy (App.38)

-3 (A2 + q2)c1

—_ App.39
(1+777%)acy (App-39)

26The plus sign under ¢y indicates that A is a function of ¢y which positively depends on cs.
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The social planner maximizes households’ consumption subject to the resource constraints as
well as to the collateral constraint. The implementability conditions have been combined to
receive equation (App.33) which is used to replace go below. Consequently, the planner takes
into account that the price of collateral in the collateral constraint is directly influenced by the
level of consumption in the second period. The Lagrangian below follows from the maximization

problem:

L =logecy 4 Blogco + B%[Ask + bs]

b
R

R’ 2

b3
+BAS 2 [Agk — — — ¢y + by
Ry

s RCALE (App.40)

Ry

The maximization problem above leads to the following first-order conditions:

1
€l o AP P2 =0, (App.41)
1 ., OA
€2 o AT+ g (9702]{ =0, (App.42)
+
)\SPQ
by: — ;{1 + BAST? =0, (App.43)
)\SPZ :U'SPQ
by: — 22 =0 App.44
2 Rt B+ 7 , (App.44)
ko —akAT? 4+ BAST2 Ay + B2 A5 + ,Busmgzﬁq*A(CE) =0. (App.45)

It is possible to write down all multipliers as functions of cy:

1
A2 = — (App.46)
C1

1
A5 F2 = App.4T
Gl (App.47)

1

SP2

- — BR,. App.48
1 GerRs SRy (App.48)

The combination of equations (App.42) and (App.47) leads to the following equation:

1 1 Gpo » OA

S =0, App.49

& Bak +op” g ey (App.49)
+

Furthermore, the investment decision can be rewritten by using equations (App.45), (App.46),
(App.47) and (App.48):

okt = ﬁﬂlRAz 482434+ 8 (5113 - m) 60" Ae2) = 0. (App.50)
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It is now possible to use the equations above as well as equations (App.20), (App.22), (App.24),
(App.38) and (App.39) to solve for the optimal debt and investment tax:

1- 1

ngPQ *aAk 0

Be1Rq Be1Ry aCQ
) aA
& BerRiguq 5,k = U (App.51)
+

< SP2,, 01 _ B2Ay— 5¢(7 — BRy)q *A(Cz) B— )
Ay + B?As+ B < - 5R2> ¢q"A(c2) =
01R +
1 % _ SP2 i
©5<@_ﬁc R, ) <¢q Ae HA?) ST
650131 ((bq*A(CQ) + A2>
- = P2 (App.52)

The optimal debt tax 7; SP2 has a positive sign, which means that under laissez-faire there is
overborrowing and the social planner incentivizes the household to issue less debt. This is due
to the fact that less debt to be repaid in period 2 leads to a higher level of consumption, which
in turn increases the price of capital and loosens the collateral constraint. Furthermore, it can

be seen that the tax is a function of the externality é% and is zero if there is no externality, i.e.

A _ .
dca
The optimal investment tax has a negative sign which means that a subsidy is paid. Thus, the

SP2

social planner incentivizes the household to invest more. If the debt tax T, was zero, i.e. there

was no externality, the optimal investment tax would also be zero.

E.4 Optimal policy: pure macroprudential policy

In this subsection, it is solved for the macroprudential policy that decentralizes the constrained
efficient allocation, where a social planner chooses borrowing in period 1 on agent’s behalf.

The social planner is constrained by the collateral and resource constraint as well as all house-
hold’s optimality conditions but the borrowing condition of period 1. The allocation that results
from the optimization problem can be decentralized with a Pigouvian debt tax. A positive debt

SP1

tax 774" would mean that the amount the household receives for a given level of newly issued

debt in period 1 was reduced. Thus, the household’s budget constraint in period 1 changes to:

(1—7")by

a
R —c — =k, (App.53)

y— 2

Moreover, the household’s decision on borrowing (App.30) changes to:

co(1— 7P = c1fRy . (App.54)
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The social planner maximizes household’s consumption subject to the resource constraints as
well as to the collateral constraint. The implementability conditions have been combined to
express g2 as function of ¢y and k as function of ¢; and ca. Consequently, the planner takes into
account that the price of collateral in the collateral constraint is directly influenced by the level
of consumption in the second period and that capital is a function of the level of consumption

in period 1 and 2. The Lagrangian below follows from the maximization problem:

L =logc; + Bloges + 52 [yg + bs + Agk(cﬁ, 02)]

sP1 k(cj’CQ)Q by
\ O
+ Al Yy1—cr—a 5 Ry

b
+ BASF! I:yQ + by + Ask(c1,c2) — o — 3}
+ = Ry

b *
+ Bus {RSQ + ¢q A(Cf)k(il,C_z)] :

The maximization problem above leads to the following first-order conditions:

)\SPl
bi: — ;2 + AT =0, (App.5d)
1
SP1 SP1
Ha A3
by : — =0 App.56
25 TR +6 7 . (App.56)
D — Az— — — 1 Ag— ...
C1 c1 +B 3861 )\1 aac1k($’cg)+ +ﬁ)\2 2801
+ + +
SP1 , x ok
+Buz "¢ Mez) 5 =0, (App.57)
+70c1
+
1 ok 1 ok ok
- A TSPl SP1 A -1
C2 o + 3 37802 ﬂ)\l 07862]{(23» 0_2) + A3 27662
L9k L OA
+ st dq" Mea) 2 — + pq* k(1 c2) =0. (App.58)
£70co Ocg "+ =

Equation (App.55) can be used to eliminate A5 in equations (App.57) and (App.58):

1 o, 0k  op [ Ok MY Ok
— Az — — — 1 —_—
C1 +5 3601 >\1 aacl k(c-&’C—z) + + R1 2601
+ + +
SP1 ;, x ok
+Buz g Aez) 5 =0  (App.59)
+0C
+
1 ok 1 ok ATPL ok
- A TSPl 1 A -1
C2 +h %0y ﬁ)\l a302k(c+17c—2) * BRy 2 dey
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% ok L OA
+ 5 | 0qAea) - — + dg* 2 —k(cr, ¢2) =0. (App.60)
£ 0cy Ocy "4 =
+

The combination of the two equations above and equation (App.54) make it possible to derive

a first expression of the optimal tax:

SP1 SP1
Tp _ % _ % 2,4 ySP1 AT SP1 ,
a1 Rl@cz Jcy Fids =X ak:(c+1,c_2)+ Ry Az + By 0 A(Cf)
- +
L ON
+ BR15"60" 5 " k(ere2) (App-61)
+

The forces that determine the optimal tax can be interpreted in an intuitive way. The second
line is - despite the size of the collateral constraint multiplier - exactly the same expression as
the optimal debt tax in chapter E.3. Thus, this part is a point in favor of a positive debt tax,
since a higher level of consumption in period 2 increases the price of collateral, which is not
taken into account by the agents.

The first line incorporates the effects that arise because of the distorting effect of the debt tax
on the level of capital. The expression inside the second bracket reflects the marginal social gain
of having an additional unit of capital. Since a higher tax reduces capital, i.e. Rl% — % <0,
a positive expression in the second bracket implies that the tax foregoes gains from a higher
stock capital, resulting in a lower optimal debt tax. The social gain of increasing capital is not
positive per construction, however, the case in chapter E.3 has shown that this value is positive
for the optimal debt tax TbSP 2 (otherwise an investment subsidy would not be optimal).

To show that the tax is zero when there is no externality, I rewrite the expression for the tax.

I use the fact that \{”' = BR;(BRs + u5T') and substitute the o in equation (App.32) by
1_TSP1
Bt
by the tax:

to take into account that the marginal costs of capital, ak(cy,ce) are directly influenced

Ber (le?f; - g?c"l) (BRz (1 - A(Cf)) ¢+ (¢ - 1)A(C+2)) + 501R1¢>M§P1q*§%k(0+1702)
SP1 =

_ + +
(1 —a <R1 bes 5!2) B(BR2 + M§P1)> (Az + A(cf>q*)

- +

Ty =

(App.62)

If there is no externality, i.e. ¢ = 1, A(c2) = 1 and g—g = 0, the optimal tax is zero. In this
case the constrained social planner cannot improve the allocation as he is also constrained by
the collateral constraint.

It is important to underline that in this simplified 3-period model there is no further capital
accumulation in period 2, the price of capital/collateral in period 2 hence does not depend on
investment in that period and there is no depreciation. Furthermore, the stock of capital is only
productive for 3 periods. Thus, some important effects influencing the allocation as well as the
sign and size of the debt tax are missing. Nevertheless, this simple model makes it easier to
understand some of the effects that are incorporated in a more complex model and it already

shows that even without the effects outlined above the level of the optimal debt tax depends on
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how strongly it distorts capital formation.
A more complex model containing all these capital effects is needed to fully evaluate the inter-

action of a debt tax and capital accumulation and is analyzed in the main part of this paper.
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