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VARIATIONAL INEQUALITIES AND SMOOTH-FIT PRINCIPLE FOR

SINGULAR STOCHASTIC CONTROL PROBLEMS IN HILBERT SPACES

SALVATORE FEDERICO, GIORGIO FERRARI, FRANK RIEDEL, AND MICHAEL RÖCKNER

Abstract. We consider a class of infinite-dimensional singular stochastic control problems.
These can be thought of as spatial monotone follower problems and find applications in spatial
models of production and climate transition. Let (D,M, µ) be a finite measure space and
consider the Hilbert space H := L2(D,M, µ;R). Let then X be an H-valued stochastic process
on a suitable complete probability space, whose evolution is determined through an SPDE
driven by a self-adjoint linear operator A and affected by a cylindrical Brownian motion. The
evolution of X is controlled linearly via an H-valued control consisting of the direction and the
intensity of action, a real-valued nondecreasing right-continuous stochastic process, adapted to
the underlying filtration. The goal is to minimize a discounted convex cost-functional over an
infinite time-horizon. By combining properties of semiconcave functions and techniques from
viscosity theory, we first show that the value function of the problem V is a C1,Lip(H)-viscosity
solution to the corresponding dynamic programming equation, which here takes the form of
a variational inequality with gradient constraint. Then, by allowing the decision maker to
choose only the intensity of the control and requiring that the given control direction n̂ is an
eigenvector of the linear operator A, we establish that the directional derivative Vn̂ is of class
C1(H), hence a second-order smooth-fit principle in the controlled direction holds for V . This
result is obtained by exploiting a connection to optimal stopping and combining results and
techniques from convex analysis and viscosity theory.

Keywords: infinite-dimensional singular stochastic control; viscosity solution; variational
inequality; infinite-dimensional optimal stopping; smooth-fit principle.

MSC2020 subject classification: 93E20, 37L55, 35D40, 49J40, 60G40, 91B72.

1. Introduction

Singular control and optimal stopping problems arise frequently in Economics, Finance, En-
gineering, and related fields. Due to their inherent complexity, much analysis tends to focus on
one-dimensional problems, where our understanding is relatively comprehensive. However, con-
temporary societal challenges present complex structures for singular control problems, that ask
for a rigorous and sound mathematical basis. This paper introduces a framework for address-
ing singular control problems in the context of state processes governed by stochastic partial
differential equations. By combining convex-analytic arguments and the theory of viscosity so-
lutions, we show that the problem’s value function V is a C1,Lip(H)-viscosity solution to the
corresponding dynamic programming equation. Furthermore, by exploiting a connection to a
suitable family of simpler optimal stopping problems, we are able to further enhance regularity
and prove that a second-order smooth-fit principle holds for V . Finally, we discuss potential
applications in fields such as energy economics or climate modeling.

Let us describe the class of infinite-dimensional singular stochastic control problems and our
contributions more precisely. Let (D,M, µ) be a finite measure space, and consider the Hilbert
space H := L2(D,M, µ;R). The state variable is described by a stochastic process X with
values in H. Its evolution is determined by a stochastic partial differential equation (SPDE)
driven by a self-adjoint linear operator A and a cylindrical Brownian motion. Next to technical
requirements, we assume that the operator A generates a C0-semigroup of positivity-preserving
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contractions. As a benchmark case, one can consider the sum of the Laplacian operator and a
multiplicative operator of the form −δx, for δ > 0, representing a depreciation or dissipative
term. The evolution of X is controlled linearly through an H-valued control, encompassing both
direction and intensity of action, the latter being a real-valued nondecreasing right-continuous
stochastic process adapted to the underlying filtration. The objective is to minimize a discounted
convex cost-functional of the form

(1.1) J (x; I) := E

[ ∫ ∞

0−
e−ρt

(
G(Xx,I

t )dt+ ⟨q,dIt⟩H
)]
, (x, I) ∈ H × I,

where Xx,I is the state process starting at x and controlled via I ∈ I (cf. (2.12) below), G is
a running cost function (see Assumption 2.8 below), q ∈ H is a (stritly positive) proportional
cost of action, and ρ > 0 is an intertemporal discount rate. The problem under study can thus
be thought of as the infinite-dimensional version of the monotone follower problems addressed
in [42, 43, 44], among others.

Our analysis begins by establishing preliminary regularity properties of the problem’s value
function, denoted as V . Specifically, assuming that the running cost function G is convex
and semiconcave (with respect to the norm of H), we demonstrate that these properties are
inherited by V . Thus, by adapting results from [14] to our infinite-dimensional setting, we find
that V ∈ C1,Lip(H).

We proceed by deriving the dynamic programming equation associated with (1.1) and demon-
strate that V is a C1,Lip(H)-viscosity solution to it. The proof of this result relies on a Dynkin’s
formula for test functions of semimartingales and utilizes an equivalent representation of V , de-
rived from a tailored application of the Radon-Nikodym theorem for vector-valued measures (see
Lemma 2.11 and (2.19) below). It is noteworthy that the proof of the supersolution property of
V employs a novel argument derived from an inequality stemming from Dynkin’s formula and
the dissipativity property of the operator A. This approach is applicable in finite-dimensional
settings as well, substantially reducing the technicalities usually associated with demonstrat-
ing the supersolution (or subsolution) property in minimization (or maximization) problems
involving singular controls (see, e.g., [16], [34, Ch. VIII], [38], and [49], among others).

To further enhance the regularity of V , we introduce the assumption that the decision-maker
can only control the intensity of action. The direction of action, denoted by n̂ ∈ H, is then taken
to be an eigenvector of the operator A. Under this requirement and further technical properties
ofG, we are able to show that the directional derivative of V in the direction of control, Vn̂, is such
that Vn̂ ∈ C1(H). This result can be read as a second-order smooth fit property of V , a regularity
result of particular relevance in singular stochastic control problems (see the discussion in Section
5.1 below). The aforementioned smooth-fit property is obtained by identifying Vn̂ as the value
function of an optimal stopping problem (in the spirit of the finite-finite dimensional contribution
[4]) and subsequently examining the regularity of its (sub)gradient. In particular, under a
suitable nondegeneracy condition on the Brownian noise, assuming that the directional derivative
Gn̂ is semiconcave, and combining arguments from viscosity theory and convex analysis, we are
able to show that Vn̂ is Fréchet differentiable at any x ∈ H and that the gradient DVn̂ ∈
C(H;D(A)) (with the domain D(A) being endowed with the graph norm). For further details,
please refer to Proposition 4.17.

In Section 6, we demonstrate the relevance of our framework in economic applications. For
instance, we examine an irreversible investment problem in energy capacity and an energy
balance climate model incorporating human impact. In the former, an energy producer seeks
to maximize the net total expected surplus resulting from irreversible investments in energy
production. In the latter, temperature is increased by human activities through carbon emissions
and a social planner aims to minimize an intertemporal expected cost criterion, penalizing
temperature deviations from an ideal level, such as pre-industrial temperatures.
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Let us now discuss related literature and our contribution to it. The origin of singular sto-
chastic control dates back to the early contributions by Bather and Chernoff [6] , and later by
Beneš, Shepp, and Witsenhausen [7] and Karatzas [42, 43]. Those seminal papers deal with one-
dimensional problems of so-called monotone follower type, in which a process with monotone
paths (or, more generally, of bounded-variation) has to be chosen in order to track the evolution
of a Brownian motion so that an expected cost criterion is minimized. Since then, the theory
of singular stochastic control has attracted increasing attention, also boosted by its connection
to optimal stopping (see [4], [9], and [44], just to cite a few) and its numerous applications in
Economics and Finance. Among those, problems of optimal capacity expansion [4], optimal in-
vestment with transaction costs [58], optimal harvesting [2], and optimal dividends’ distribution
[41].

For stationary one-dimensional problems, or for two-dimensional degenerate problems with
a suitable structure [31, 51], explicit solutions can be expected. Typically, these solutions are
obtained through the guess-and-verify approach. This involves first determining a smooth so-
lution to the problem’s dynamic programming equation (in this case, a variational inequality
with gradient constraints), and then verifying its optimality using a version of Itô’s formula.
Additionally, an optimal control is determined as a byproduct of this analysis. This is given in
terms of the solution to a Skorokhod reflection problem at the so-called free boundary, i.e. the
topological boundary of the region in which the gradient constraint is not active (the so-called
no-action or continuation region).

For time-dependent problems or for stationary problems in dimension larger than one, the
guess-and-verify approach is not feasible. This is because the dynamic programming equation
now becomes a partial differential equation (PDE) with gradient constraints, for which explicit
solutions are typically not available. As a consequence, direct probabilistic and analytical ap-
proaches are put in place in order to obtain regularity of the value function (typically under
convexity requirements; see, e.g., [39, 40, 50, 57]) and, when possible, to characterize the optimal
control as the minimal amount of effort needed to keep the underlying state process within the
no-action region (see [23], [46], and references therein). As a matter of fact, differently to before,
in multi-dimensional settings, the free boundary is not explicit and constructing a solution to
the related Skorokhod reflection problem is far from trivial. We refer to the introduction of
[23] for a discussion on this aspect. The aforementioned challenges explain why the number of
contributions on singular stochastic control problems in multi-dimensional settings is still very
limited.

The theory of regular stochastic control and of optimal stopping in infinite-dimensional (no-
tably, Hilbert) spaces received a large attention in the last decades (see, e.g., the monography
[27] for control problems, and [5], [18], [19], [29], [35], [36], [59] for optimal stopping). As pre-
viously discussed, we contribute to that bunch of literature by providing the viscosity property
and C1-regularity (smooth-fit) of the value function of a class of optimal stopping problems in
Hilbert spaces. To the best of our knowledge, such a regularity result appears here for the first
time, and it is therefore of independent interest.

On the other hand, the literature on singular stochastic control in infinite-dimensional spaces
is very limited. The only three papers brought to our attention are [1] and [54], motivated by
optimal harvesting, and ours [28]. In [54] the problem is posed for a quite general controlled
SPDE, which also enjoys a space-mean dependence in [1]. The authors establish a necessary
Maximum Principle, which is also sufficient assuming the concavity of the Hamiltonian function
pertaining to the control problem under consideration. However, despite their significant con-
tributions, there appears to be a foundational concern when dealing with (singularly controlled)
SPDEs, particularly regarding the existence of a solution and the application of Itô’s formula
(refer to [47] for theory and results on SPDEs). Specifically, it is important to notice that in
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infinite-dimensional singular (stochastic) control problems, the precise interpretation of the inte-
gral with respect to the vector measure represented by the control process - and thus the exact
interpretation of the controlled state equation - poses a nuanced issue that warrants careful
consideration. Finally, our previous work [28] derives necessary and sufficient conditions for a
class of singular stochastic control problems on an abstract partially ordered infinite-dimensional
space. The main differences with respect to the present work are in the framework, the method-
ology, and the nature of the results. In [28], the controlled state process is fully degenerate
and randomness comes into the problem only in a parametric form, thus making the underlying
optimization problem not necessarily Markovian. Furthermore, the main result is obtained by
the exclusive mean of convex analytic arguments, and no statement about the regularity of the
value function is made. In this work, we deal with a singularly controlled SPDE and exploit the
dynamic programming approach together with viscosity theory and convex analysis in order to
achieve regularity results on the problem’s value function.

Organization of the Paper. The rest of the paper is organized as follows. In Section 2 we
provide the setting and introduce the problem. In Section 3 we then consider the variational
inequality associated to the problem and prove preliminary regularity and viscosity property of
its value function V . Under a suitable requirement on the direction of action, in Section 4 a
connection to optimal stopping is derived and regularity of the optimal stopping problem’s value
function is proved. As a byproduct of that, in Section 5 a second-order smooth-fit property for V
is then obtained. Finally, Section 6 proposes two applications in Economics, while Appendix A
collects a result on semiconcave and semiconvex functions and Appendix B technical lemmata.

2. Setting and Problem Formulation

2.1. Setting. Let (D,M, µ) be a finite standard Borel measure space and assume, without loss
of generality for what follows, that µ(D) = 1. Consider the separable Hilbert space

H := L2(D,M, µ;R).
The dual H∗ is identified with H via the classical Riesz representation of H∗. The nonnegative
cone of H is denoted by

H+ :=
{
x ∈ H : x ≥ 0

}
.

We denote by L(H) the space of linear bounded operators on H and by L+(H) the subspace of
positivity-preserving operators of L(H); i.e., P ∈ L+(H) if

x ∈ H+ =⇒ Px ∈ H+.

Throughout the paper, we consider a linear operator A : D(A) ⊆ H → H satisfying the
following standing requirements.

Assumption 2.1. A is self-adjoint, closed, densely defined, and such that, for some δ > 0, we
have

⟨Ax, x⟩H ≤ −δ|x|2H , ∀x ∈ H.

In particular (see, e.g., [26, Ch. II, Sec. 3] and [8, Ch. II-1, Sec. 2.10.1]), under Assumption 2.1,
the operator A generates a C0-semigroup of contractions (etA)t≥0 ⊆ L(H) and

|etA|L(H) ≤ e−δt, ∀t ≥ 0.

Moreover, 0 ∈ ϱ(A) – with ϱ denoting the resolvent set – so that A is invertible and

A−1 ∈ L(H).

We also assume the following.

Assumption 2.2. The C0-semigroup of contractions (etA)t≥0 ⊆ L(H) is positivity-preserving;
that is, (etA)t≥0 ⊆ L+(H).
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Remark 2.3. Sufficient conditions guaranteeing positivity of semigroups can be found, e.g., in
[3, Chap. C-II, Thm. 1.2, Thm. 1.8] and [20, Thm. 7.29 and Prop. 7.46]

Furthermore, we impose the next assumption.

Assumption 2.4. D(A) ↪→ L∞(D,M, µ;R).

Remark 2.5. In the examples considered in Section 6, D(A) will be the Sobolev space W 2,2(O)
with appropriate boundary conditions, for O being an open, simply connected, and bounded set
of Rn (n < 4) with smooth boundary. Assumption 2.4 is then verified in this setting by [12, Cor.
9.15].

Let us now come to the probabilistic structure of our setup. We endow the time-interval
[0,∞) with the Borel σ-algebra B([0,∞)). Also, let (Ω,F ,F,P) be a filtered probability space,
with filtration F := (Ft)t∈[0,∞) satisfying the usual conditions, and letW be a cylindrical Wiener
process on (Ω,F ,F,P), taking values in another Hilbert space K. Finally, for future use, we
denote by T the set of all F-stopping times.

In the following, all the relationships involving ω ∈ Ω as hidden random parameter are
intended to hold P-almost surely. Also, in order to simplify the exposition, often we will not
stress the explicit dependence of the involved random variables and processes with respect to
ω ∈ Ω.

Let ∆ ⊆ H+ be a convex cone of H+ and set

M :=
{
I : Ω× [0,∞) → H+ : I· is F− adapted and such that t 7→ It

is càdlàg and with It − Is− ∈ ∆ ∀s, t ∈ [0,∞) such that t ≥ s
}
.(2.1)

Notice that, since any I ∈ M takes values in H+, right-continuity is intended in the norm of H.
In the following, we set I0− := 0 ∈ H+ for any I ∈ M (see Remark 2.6 below).

Any given I ∈ M can be seen as a (random) countably additive vector measure

I : B([0,∞)) → H+

of local finite variation, defined as

I([s, t]) := It − Is− ∀s, t ∈ [0,∞), t ≥ s.

We denote by |I| the variation of I; it is a nonnegative (optional random) measure on ([0,∞),B([0,∞)))
that, due to monotonicity of I, can be simply expressed as

(2.2) |I|([s, t]) = |It − Is− |H , ∀s, t ∈ [0,∞), s ≤ t.

Remark 2.6. By setting I0− := 0 for any I ∈ M, we mean that we extend any I ∈ M by
setting I ≡ 0 on [−ε, 0), for a given and fixed ε > 0. In this way, the associated measures have a
positive mass at initial time of size I0. Notice that this is equivalent with identifying any control
I with a countably additive measure I : B([0,∞)) → [0,∞) of local finite variation defined as
I((s, t]) := It − Is, for every s, t ∈ [0,∞), s < t, plus a Dirac-delta at time 0 of amplitude I0.

Since H is a reflexive Banach space, by [24], Corollary 13 at p. 76 (see also Definition 3 at p.

61), there exists a Bochner measurable function ϑ̂ = ϑ̂(ω) : [0,∞) → H+ such that

(2.3)

∫
[0,T ]

|ϑ̂t|Hd|I|t <∞ ∀T > 0 and dIt = ϑ̂t d|I|t ∀t ≥ 0.

Notice that, seen as a stochastic process, ϑ̂ = (ϑ̂t)t≥0 is F-adapted, because so is I. Furthermore,
given that the measures I and |I| are equivalent by (2.2), one has

(2.4) ϑ̂t ̸= 0 for a.e. t ≥ 0.

The process ϑ̂ is clearly unique up to P× |I|−null measure sets.
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Then, for a given H+−valued F-adapted process f := (ft)t∈[0,∞), recalling (2.3), for any
t ∈ [0,∞) we define∫ t

0−
⟨fs, dIs⟩H :=

∫
[0,t]

⟨fs, ϑ̂s⟩H d|I|s =
∫
[0,t]

(∫
D
fs(ξ)ϑ̂s(ξ)µ(dξ)

)
d|I|s

=

∫
D

(∫
[0,t]

fs(ξ)ϑ̂s(ξ)d|I|s
)
µ(dξ),(2.5)

where the last step is possible due to Fubini-Tonelli’s theorem. With regard to (2.3), we also set

(2.6)

∫ t

0−
e(t−s)AdIs :=

∫ t

0−
e(t−s)Aϑ̂sd|I|s, t ≥ 0.

Thanks to (2.6), for any given I ∈ M, we can then introduce the singularly continuous
controlled dynamics

(2.7) dXx,I
t = AXx,I

t dt+ σdWt + dIt, t ≥ 0, Xx,I
0− = x ∈ H,

and define the unique mild solution to (2.7) as

(2.8) Xx,I
t = etAx+WA,σ

t +

∫ t

0−
e(t−s)AdIs, t ≥ 0.

Here,

(2.9) WA,σ
t :=

∫ t

0
e(t−s)AσdWs, t ≥ 0,

with σ satisfying the following standing condition.

Assumption 2.7. σ ∈ L2(K;H), where L2(K;H) denotes the space of Hilbert-Schmidt opera-
tors from K to H.

Denoting by L1(H) the set of nonnegative trace-class operators on H and endowing L1(H)
with the usual norm

|Q|L1(H) := Tr[Q] =
∞∑
k=0

⟨Qek, ek⟩H ,

where (ek) is any orthonormal basis of H, we then have under Assumption 2.7 that

σσ∗ ∈ L1(H).

Notice that Assumptions 2.1 and 2.7 imply that the stochastic convolution (2.9) is well defined
and continuous (see [21, Ch. 5]). For future use, we also note that, because of Assumptions 2.1
and 2.7, for all m ∈ [1,∞) one has for some cm > 0 (see [37])

(2.10) E

[
sup
t≥0

|WA,σ
t |mH

]
≤ cm,

which, denoting the mild solution to (2.7) when I is the null control by Xx,0
t , implies

(2.11) E

[
sup
t≥0

|Xx,0
t |mH

]
≤ cp(1 + |x|mH), ∀x ∈ H,

for some other constant cm > 0.
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2.2. Problem formulation. We now move on by introducing the infinite-dimensional singular
stochastic control problem which is the object of our study. Let

G : H → R
be a running cost function, satisfying the following requirements.

Assumption 2.8.
(i) G is convex; There exists co, κ1, κ2 > 0 and p ≥ 2 such that

κ1|x|pH − κ2 ≤ G(x) ≤ co(1 + |x|pH);

(ii) G is semiconcave with semiconcavity constant c1 > 0; that is, there exists c1 > 0 such that

λG(x) + (1− λ)G(y)−G(λx+ (1− λ)y) ≤ c1
2
λ(1− λ)|x− y|2H , ∀x, y ∈ H, λ ∈ [0, 1].

Notice that by Lemma A.1(ii) one has that G ∈ C1,Lip(H).

Remark 2.9. Benchmark examples satisfying Assumption 2.8 are the quadratic cost function

G(x) =
1

2
|x− x|2H , x ∈ H,

for some target level x ∈ H, as well as

G(x) =
1

2
⟨x, h⟩2H , or G(x) =

1

2
⟨Qx, x⟩H , x ∈ H,

with h ∈ H, and with Q being positive semidefinite and symmetric.

Let now (cf. (2.1))

I :=
{
I ∈ M : E

[∣∣∣ ∫ T

0−
|ϑ̂s|H d|I|s

∣∣∣p] <∞ for p ≥ 2 as in

Assumption 2.8 and ∀T > 0
}

(2.12)

be the class of admissible controls. For a discount rate ρ > 0 and for q ∈ H+ such that q ≥ qo1
for some qo > 0 (being 1 ∈ H the constant unitary vector of H), recalling (2.5) we introduce
the expected cost functional

(2.13) J (x; I) := E

[ ∫ ∞

0−
e−ρt

(
G(Xx,I

t )dt+ ⟨q,dIt⟩H
)]
, (x, I) ∈ H × I,

which is well-defined, although potentially infinite. The infinite-dimensional singular stochastic
control problem under study is then

(2.14) V (x) := inf
I∈I

J (x; I), x ∈ H.

Remark 2.10. Notice that the integrability condition in (2.12) is not required for the well
posedness of (2.13), but it will be needed in the next section for the proof of the viscosity property
of V .

Given the structure of the cost functional (2.13), it is convenient to rewrite the decomposition
(2.3) in a tailored way based on the instantaneous cost of control ⟨q,dIt⟩H . To that end, recall
that ∆ ⊆ H+ is a convex cone of H+ (cf. (2.12), consider the convex set

(2.15) Θ :=
{
θ ∈ ∆ : ⟨q, θ⟩H = 1

}
,

and define

S := {ν : Ω× [0,∞) → [0,∞) : ν· is F− adapted and such that t 7→ νt

is càdlàg and nondecreasing}.(2.16)
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In the sequel, we set ν0− := 0 for any ν ∈ S (see also Remark 2.6). Then, define

I0 :=
{
(ϑ, ν) : Ω× [0,∞) → Θ× [0,∞) : ϑ· is F− adapted, ν· ∈ S and

E

[∣∣∣ ∫ T

0−
|ϑs|H dνs

∣∣∣p] for p ≥ 2 as in (2.12) and ∀T > 0
}
.(2.17)

Lemma 2.11. For each I ∈ I, there exists a couple (ϑ, ν) ∈ I0, with ν ∼ |I|, such that

(2.18) dIt = ϑt dνt, ∀t ≥ 0.

This couple is unique in the following sense: the optional random measure ν is unique and ϑ is
unique up to P⊗ ν−null measure sets.

Proof. Due to (2.3), positivity of ϑ̂ and the fact that q ≥ qo1, for some qo > 0, we can write for
any t ≥ 0

dIt = ϑ̂td|I|t =
ϑ̂t

⟨q, ϑ̂t⟩H
⟨q, ϑ̂t⟩Hd|I|t = ϑt dνt,

where

ϑt :=
ϑ̂t

⟨q, ϑ̂t⟩H
, and dνt := ⟨q, ϑ̂t⟩Hd|I|t.

For p ≥ 2 as in Assumption 2.8 (see also (2.12)), one clearly has that the integrability conditions
required in (2.17) are met, because of the previous definitions of ϑ and dν, and because I ∈ I.
This shows the first part of the claim.

Let us prove uniqueness. Assume that

dIt = ϑ
(1)
t dν

(1)
t = ϑ

(2)
t dν

(2)
t .

Then, for all 0 ≤ a ≤ b, ∫
[a,b]

⟨q, ϑ(1)t ⟩Hdν
(1)
t =

∫
[a,b]

⟨q, ϑ(2)t ⟩Hdν
(2)
t ,

implying, by definition of Θ, ∫
[a,b]

dν
(1)
t =

∫
[a,b]

dν
(2)
t .

Hence, ν(1) = ν(2) =: ν. Then, for all 0 ≤ a ≤ b,∫
[a,b]

dIt =

∫
[a,b]

ϑ
(1)
t dνt =

∫
[a,b]

ϑ
(2)
t dνt,

implying ϑ(1) = ϑ(2) up to P⊗ ν-null measure sets. □

Thanks to Lemma 2.11, we may identify I with I0 (cf. (2.12) and (2.17), respectively). Hence,
hereafter, with a slight abuse of notation, we will often identify elements of the above sets. The
cost functional (2.19) then rewrites as

(2.19) J (x; I) = E

[ ∫ ∞

0−
e−ρt

(
G(Xx,I

t )dt+ dνt

)]
, x ∈ H, I = (ϑ, ν) ∈ I0,

and the value function as

(2.20) V (x) = inf
(ϑ,ν)∈I0

J (x; I), x ∈ H.

In the next Section 3, we will make use of both the equivalent representations (2.14) and
(2.20). In particular, preliminary regularity properties of V (see Section 3.1 below) as well as
Propositions 3.3 and 3.4 in Section 3.2 will be shown by using (2.14), while the viscosity property
of V will be proved through (2.20) (see Proposition 3.5 and Theorem 3.7 in Section 3.2).
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3. Regularity and Viscosity Property of V

In this section we first show via direct convex-analytic arguments that V is convex, has
subquadratic growth and it is such that V ∈ C1,Lip(H). Then, we prove that V is a viscosity
solution to the associated Hamilton-Jacobi-Bellman equation, which in the present setting takes
the form of a variational inequality with gradient constraint.

3.1. Preliminary properties of V . Here we provide some a priori regularity properties of the
value function V : H → R as in (2.14).

Proposition 3.1.
(i) V is convex;
(ii) There exists ĉo > 0 such that, for p ≥ 2 and κ2 > 0 as in Assumption 2.8,

−κ2 ≤ V (x) ≤ ĉo(1 + |x|pH);

(iii) V is locally Lipschitz;
(iv) V is semiconcave with semiconcavity constant ĉ1; that is, there exists ĉ1 > 0 such that

λV (x) + (1− λ)V (y)− V (λx+ (1− λ)y) ≤ ĉ1
2
λ(1− λ)|x− y|2H , ∀x, y ∈ H, λ ∈ [0, 1];

(v) V ∈ C1,Lip(H).

Proof. We prove each item separately.

Proof of (i). For i = 1, 2, let xi ∈ H and let I(i) be ε-optimal for the initial data xi, for some
ε > 0; that is,

V (xi) + ε ≥ J (xi; I
(i)).

For λ ∈ [0, 1], define

xλ := λx1 + (1− λ)x2, I(λ) := λI(1) + (1− λ)I(2).

Given that the mapping (x, I) 7→ Xx,I is linear (see (2.9) and (2.8)), we have

Xxλ,I
(λ)

= λXx1,I(1) + (1− λ)Xx2,I(2) .

Then, using the convexity of G, we write from (2.14)

V (xλ) ≤ J (xλ; I
(λ)) = E

[ ∫ ∞

0−
e−ρt

(
G(Xxλ,I

(λ)

t )dt+ ⟨q,dI(λ)t ⟩H
)]

≤ λE

[ ∫ ∞

0−
e−ρt

(
G(Xx1,I(1)

t )dt+ ⟨q,dI(1)t ⟩H
)]

+ (1− λ)E

[ ∫ ∞

0−
e−ρt

(
G(Xx2,I(2)

t )dt+ ⟨q,dI(2)t ⟩H
)]

= λJ (x1; I
(1)) + (1− λ)J (x2; I

(2)) ≤ λV (x1) + (1− λ)V (x2) + ε.

By arbitrariness of ε, the claim follows.

Proof of (ii). The bound from below is immediate given that G ≥ −κ2 on H, q ∈ H+, and
I ∈ I. As for the bound from above, recall that Xx,0 denote the uncontrolled mild solution to
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(2.7). Then, by Assumption 2.8(ii), (2.9) and the fact that |etA|L(H) ≤ e−δt|x|H , we can write

V (x) ≤ J (x; 0) = E

[∫ ∞

0
e−ρtG(Xx,0

t )dt

]
≤ c0

∫ ∞

0
e−ρt

(
1 + E[|Xx,0

t |pH ]dt
)

≤ c0

(
1

ρ
+ 2p−1

∫ ∞

0
e−ρt

(
|etAx|pH + E[|W σ,A

t |pH ]
)
dt

)
≤ c0

(
1

ρ
+ 2p−1

∫ ∞

0
e−(ρ+pδ)t|x|pHdt+ 2p−1 1

ρ
cp

)
= c0

(
1

ρ

(
1 + 2p−1cp

)
+

2p−1

ρ+ pδ
|x|pH

)
,

and the claim is proved.

Proof of (iii). It follows from the previous items and, e.g., [25, Cor. 2.4, p. 12].

Proof of (iv). Let x, y ∈ H and λ ∈ [0, 1], and take an ε-optimal control Iε ∈ I for λx+(1−λ)y.
Since the state equation is affine (cf. (2.8)), we have

Xλx+(1−λ)y,Iε = λXx,Iε + (1− λ)Xy,Iε ,

and the semiconcavity of G allows to write (cf. (2.13))

λV (x) + (1− λ)V (y)− V (λx+ (1− λ)y)

≤ λJ (x; Iε) + (1− λ)J (y; Iε)− J(λx+ (1− λ)y; Iε) + ε

= E

[∫ ∞

0
e−ρt

(
λG(Xx,Iε

t ) + (1− λ)G(Xy,Iε

t )−G(λXx,Iε

t + (1− λ)Xy,Iε

t

)
dt

]
+ ε

= E

[∫ ∞

0
e−ρt c1

2
λ(1− λ)|Xx,Iε

t −Xy,Iε

t |2dt
]
+ ε =

c1
2
λ(1− λ)

∫ ∞

0
e−ρt

∣∣etA(x− y)
∣∣2
H
dt+ ε

≤ c1
2
λ(1− λ)

∫ ∞

0
e−ρte−2δt|x− y|2Hdt+ ε =

c1
2(ρ+ 2δ)

λ(1− λ)|x− y|2H + ε.

By arbitrariness of ε, the claim follows.

Proof of (v). This follows by Lemma A.1(ii). □

Note that, since V is finite on H and G is uniformly bounded from below on H, we can
restrict the optimization (2.20) to the class of controls

(3.1) Î0 :=
{
I = (ϑ, ν) ∈ I0 : E

[ ∫ ∞

0−
e−ρtdνt

]
<∞

}
.

3.2. Dynamic programming equation and viscosity solutions. In this section we show
that V is a viscosity solution to the dynamic programming equation associated to (2.20). To
that end, we consider the variational inequality with gradient constraint

(3.2) max
{
(ρ− G)v(x)−G(x), sup

θ∈Θ

{
− ⟨Dv(x), θ⟩H − 1

}}
= 0, x ∈ H,

where Θ is as in (2.15) and where we have defined the second-order differential operator G,
formally associated to the process X0 and acting on sufficiently smooth functions v : H → R, as

(3.3) [Gv](x) := ⟨Ax,Dv(x)⟩H +
1

2
Tr

[
σσ∗D2v(x)

]
.

Recall that D(A) ⊆ H denotes the domain of the operator A and endow it with the graph
norm | · |D(A); that is,

(3.4) |x|2D(A) := |x|2H + |Ax|2H , x ∈ D(A).
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Hence, in order to provide the definition of viscosity solution to (3.2), we first introduce the
suitable class of test functions, and we then have a Dynkin’s formula for those functions (see

Proposition 3.3 below). For a given but arbitrary Ĉ > 0, let

X :=
{
φ ∈ C2(H) : Dφ ∈ C(H;D(A)), σσ∗D2φ ∈ C(H;L1(H)), |φ(x)| ≤ Ĉ(1 + |x|2H),

|Dφ(x)|H + |ADφ(x)|H + |σσ∗D2φ(x)|L1(H) ≤ Ĉ ∀x ∈ H
}
.(3.5)

Remark 3.2. In the context of classical stochastic control, the set X , combined with the set of
radial functions, is typically large enough to prove comparison results for viscosity solutions of
the PDE (see [27, Ch. 3]), and therefore to characterize the value function of the control problem
as the unique solution to the associated HJB equation.

In this paper, we do not address the (relevant) topic of uniqueness (see also Remark 3.9 below).
However, we will use test functionw from the set X – of quadratic form – in Section 4 in order
to prove our regularity results (see, in particular, the proof of Proposition 4.15).

In the rest of this paper, for any measurable function f : H → R, we set, for any τ ∈ T and
any I ∈ I,

(3.6) e−ρτf(Xx,I
τ ) := lim sup

t→∞
e−ρtf(Xx,I

t ) on {τ = +∞}.

We then have the next Dynkin’s formula for functions in X . In the subsequent analysis we
shall use that any I ∈ I is identified with an element (ϑ, ν) ∈ I0 (see Lemma 2.11 and the

discussion afterwards) and that the optimization in (2.20) can be actually performed over Î0
(cf. (3.1)).

Proposition 3.3. Let x ∈ H, φ ∈ X , I ∈ Î0, and τ ∈ T . Assume that

(3.7) E

[∫ τ

0−
e−ρt

∣∣∣⟨Dφ(Xx,I
t ), ϑt⟩H

∣∣∣dνt] <∞.

Then, the following Dynkin’s formula holds true:

(3.8) E
[
e−ρτφ(Xx,I

τ )
]
= φ(x) +E

[∫ τ

0
e−ρt[(G − ρ)φ](Xx,I

t )dt+

∫ τ

0−
e−ρt⟨Dφ(Xx,I

t ), ϑt⟩Hdνt

]
.

Proof. Let (An)n∈N be the Yosida approximants of A (see, e.g., [26, Eq. (3.7), Ch. II]), and let
Xn;x,I denote the solution to

dXn;x,I
t = AnX

n;x,I
t dt+ σdWt + dIt, X0− = x ∈ H;

that is (cf. (2.8)),

Xn;x,I
t = etAnx+WAn,σ

t +

∫ t

0−
e(t−s)AndIs, t ≥ 0.

Also, set

[Gnφ](x) := ⟨Anx,Dφ(x)⟩+
1

2
Tr

[
σσ∗D2φ(x)

]
.

Thanks to [26, Lemma 3.4(ii), Ch. 2] and due to the fact that A is dissipative (cf. Assumption
2.1), we then have, as n ↑ ∞,

(3.9) Any → Ay and sup
n∈N

|Any|H ≤ |Ay|H ∀y ∈ D(A),

From the second claim of (3.9), it follows that

(3.10) sup
n∈N

|Any|H ≤ |y|D(A), ∀y ∈ D(A).
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Moreover, for p ≥ 2 as in Assumption 2.8 (see also (2.12)), by Lemma B.1(ii) (see also [27, Prop.
1.132] for the regular control case and references therein) it holds

(3.11) lim
n→∞

E[ sup
t∈[0,T ]

|Xn;x,I
t −Xx,I

t |p] = 0.

The latter implies – up to passing to a subsequence – that Xn;x,I
t → Xx,I

t and with probability
one as n → ∞. Also, by [52, Thm. 27.2], for any φ ∈ X , τ ∈ T , and for T > 0, the following
Dynkin’s formula holds true

E[e−ρ(τ∧T )φ(Xn;x,I
τ∧T )] = φ(x) + E

[ ∫ τ∧T

0
e−ρt[(Gn − ρ)φ](Xn;x,I

t )dt

]
+ E

[ ∫ τ∧T

0−
e−ρt⟨Dφ(Xn;x,I

t ), ϑt⟩Hdνt

]
.(3.12)

As a matter of fact, the growth condition |σσ∗D2φ(x)|L1(H) ≤ Ĉ, for some Ĉ > 0, as required
for any test function φ ∈ X ensures that the local martingale term vanishes in expectation.

We now aim at taking n → ∞ in (3.12). In this regard, the only convergences that require
some attention are
(3.13)

lim
n→∞

E

[∫ τ∧T

0
e−ρt⟨Xn;x,I

t ,AnDφ(X
n;x,I
t )⟩Hdt

]
= E

[∫ τ∧T

0
e−ρt⟨Xx,I

t ,ADφ(Xx,I
t )⟩Hdt

]
and

(3.14) lim
n→∞

E

[ ∫ τ∧T

0−
e−ρt⟨Dφ(Xn;x,I

t ), ϑt⟩Hdνt

]
= E

[ ∫ τ∧T

0−
e−ρt⟨Dφ(Xx,I

t ), ϑt⟩Hdνt

]
.

All the other convergences can be performed by using arguments as in the proof of [27, Prop.
1.164] (in the case of regular controls). Assuming then that limits as n ↑ ∞ can be indeed
interchanged with expectations and integrals in (3.12) (we will verify later that (3.13) and
(3.14) do hold), we find that

E
[
e−ρ(τ∧T )φ(Xx,I

τ∧T )
]
= φ(x) + E

[ ∫ τ∧T

0
e−ρt[(G − ρ)φ](Xx,I

t )dt

]
+ E

[ ∫ τ∧T

0−
e−ρt⟨Dφ(Xx,I

t ), ϑt⟩Hdνt

]
,

so that finally letting T ↑ ∞ we obtain (3.8).
It thus remains to check the validity of (3.13) and (3.14). As for (3.14), recalling (3.5) one

has ∣∣∣1[0,τ∧T ](t)e
−ρt⟨Dφ(Xn;x,I

t ), ϑt⟩H
∣∣∣ ≤ Ĉ|ϑt|H

and, because (ϑ, ν) ∈ I0 (cf. (2.17)),

E

[ ∫ T

0−

∣∣∣1[0,τ∧T ](t)e
−ρt⟨Dφ(Xn;x,I

t ), ϑt⟩H | dνt
]
≤ ĈE

[ ∫ T

0−
|ϑt|H dνt

]
<∞.

Hence, the dominated convergence theorem implies (3.14), upon recalling that (up to a subse-

quence) Xn;x,I
t → Xx,I

t with probability one as n→ ∞.
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We now move on by proving the validity of (3.13). Notice that, if (xn) ⊆ H, (yn) ⊂ D(A),
and x ∈ H, y ∈ D(A), we have, using (3.10),

|⟨xn,Anyn⟩ − ⟨x,Ay⟩H | ≤ |⟨(xn − x),Anyn⟩H |+ |⟨x,An(yn − y)⟩H |+ |⟨x, (An −A)y⟩H |
≤ |xn − x|H |Anyn|H + |x|H |An(yn − y)|H + |x|H |(An −A)y|H
≤ |xn − x|H |yn|D(A) + |x|H |yn − y|D(A) + |x|H |(An −A)y|H .(3.15)

Therefore, by using Hölder’s inequality, for a constant C > 0 that may vary from line to line,
we find

E

[∫ τ∧T

0
e−ρt

∣∣∣⟨Xn;x,I
t ,AnDφ(X

n;x,I
t )⟩H − ⟨Xx,I

t ,ADφ(Xx,I
t )⟩H

∣∣∣dt]
≤ C

(
E

[∫ τ∧T

0
e−ρt|Xn;x,I

t −Xx,I
t |2Hdt

]
E

[∫ τ∧T

0
e−ρt|Dφ(Xn;x,I

t )|2D(A)dt

])1/2

+ C

(
E

[∫ τ∧T

0
e−ρt|Xx,I

t |2Hdt

]
E

[∫ τ∧T

0
e−ρt|Dφ(Xn;x,I

t )−Dφ(Xx,I
t )|2D(A)dt

])1/2

+ E

[∫ τ∧T

0
e−ρt|Xx,I

t |H |(An −A)Dφ(Xx,I
t )|Hdt

]
.

We now verify that the dominated convergence theorem can be applied when taking limits
as n ↑ ∞ in order to show that the right-hand side of the last inequality converges to zero and
thus (3.13) holds. We provide details only for the term

E

[∫ τ∧T

0
e−ρt|Dφ(Xn;x,I

t )−Dφ(Xx,I
t )|2D(A)dt

]
since all the others can be treated by similar arguments (thanks also to (3.11)). Recall (3.4)
and (3.5). Then ∣∣∣1(t)[0,τ∧T ]e

−ρt|Dφ(Xn;x,I
t )−Dφ(Xx,I

t )|2D(A)

∣∣∣ ≤ Ĉ2,

so that the dominated convergence theorem ensures that

lim
n↑∞

E

[∫ τ∧T

0
e−ρt|Dφ(Xn;x,I

t )−Dφ(Xx,I
t )|2D(A)dt

]
= 0,

upon recalling again that (up to a subsequence) Xn;x,I
t → Xx,I

t with probability one as n →
∞. □

The next proposition provides an inequality for the cube of the norm on H. This will be
exploited in the proof of the viscosity property of V (see Theorem 3.7 below).

Proposition 3.4. Let x ∈ H, φ ∈ X , I ∈ Î0, and τ ∈ T . Assume that

(3.16) E

[∫ τ

0−
e−ρt|Xx,I

t − x|H |⟨Xx,I
t − x, ϑt⟩H |dνt

]
<∞.

Then, the following inequality form of Dynkin’s formula holds true:

E
[
e−ρτ |Xx,I

τ − x|3H
]

≤ E

[∫ τ

0
e−ρt

(
3|σσ∗|L1(H)|X

x,I
t − x|H − ρ|Xx,I

t − x|3H
)
dt+

∫ τ

0−
e−ρt3|Xx,I

t − x|H⟨Xx,I
t − x, ϑt⟩Hdνt

]
.

Proof. Notice that, setting

g(y) := |y − x|3H , y, x ∈ H,



14 FEDERICO, FERRARI, RIEDEL, AND RÖCKNER

one has

Dg(y) = 3|y − x|H(y − x), D2g(y) = 3|y − x|−1
H (y − x)⊗ (y − x) + 3|y − x|H · IdH .

In particular

Tr
[
σσ∗D2g(y)

]
≤ |D2g(y)|L(H)Tr [σσ

∗] ≤ 6|y − x|H |σσ∗|L1(H).

The claim then follows by arguments as in the proof of Proposition 3.3, upon noticing that for

the Yosida approximants ⟨AnX
n;x,I
t , Xn;x,I

t ⟩H ≤ 0 (by dissipativity) and then taking the lim sup

(in place of the lim) as n → ∞ so to get rid of the unbounded term ⟨Xx,I
t ,AXx,I

t ⟩H . See also
[27, Prop. 1.166] for the regular control case. □

The next result is the dynamic programming principle for the singular stochastic control
problem (2.20). We are not going to provide a proof here, as this would very much follow the
arguments used in the finite-dimensional settings (see [22], [38], and [49], among others). As a
matter of fact, the key steps in the proof are based on the flow property of the solution to the
controlled dynamics, which is, in the present setting, guaranteed by the semigroup property.

Proposition 3.5. [Dynamic Programming Principle for V ] Recall (3.1). For each τ ∈ T , we
have

(3.17) V (x) = inf
I:=(ϑ,ν)∈Î0

E

[∫ τ

0−
e−ρt

(
G(Xx,I

t )dt+ dνt

)
+ e−ρτV (Xx,I

τ )

]
, x ∈ H.

We are then ready to provide the definition of viscosity solution to (3.2) and to prove the
viscosity property of V as in (2.20).

Definition 3.6 (Viscosity solution).

(i) We say that v ∈ C(H) is a viscosity supersolution to (3.2) at x ∈ H if, for every φ ∈ X
such that 0 = v(x)− φ(x) = min(v − φ), one has

max
{
(ρ− G)φ(x)−G(x), sup

θ∈Θ

{
− ⟨Dφ(x), θ⟩H − 1

}}
≥ 0.

(ii) We say that v ∈ C(H) is a viscosity subsolution to (3.2) at x ∈ H if, for every φ ∈ X such
that 0 = v(x)− φ(x) = max(v − φ), one has

max
{
(ρ− G)φ(x)−G(x), sup

θ∈Θ

{
− ⟨Dφ(x), θ⟩H − 1

}}
≤ 0.

(iii) We say that v ∈ C(H) is a viscosity solution to (3.2) at x ∈ H if it is both a viscosity
super- and subsolution.

Theorem 3.7. V is a viscosity solution to (3.2) at all x ∈ H.

Proof. (Subsolution property.) Let x ∈ H, φ ∈ X be such that 0 = V (x)−φ(x) = max(V −φ).
Step 1. For θ ∈ Θ and ζ > 0, consider the control

I· = (ϑ·, ν·) ≡ (θ, ν̂) ∈ Î0,
with ν̂0− = 0 and ν̂t = ζ for any t ≥ 0. By Proposition 3.5, we have for h > 0

(3.18) V (x) ≤ E

[∫ h

0
e−ρtG(Xx,I

t )dt+ ζ + e−ρhV (Xx,I
h )

]
.

We now aim at taking limits as h→ 0+ in (3.18). To that end, note that the limits in the right-
hand side of (3.18) can be interchanged with the expectation: By the monotone convergence
theorem for the integral term; because of the dominated convergence theorem for the third

addend, since V has sub-polynomial growth (cf. Proposition 3.1), and since Xx,I
h = Xx,0

h + ζθ
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(cf. (2.7)) and E[supt∈[0,T ] |X
x,0
t |p] < ∞, for p ≥ 2 and for any T > 0 by (2.11). Hence, due to

Xx,I
h → x+ ζθ as h→ 0+, we find

(3.19) V (x) ≤ ζ + V (x+ ζθ).

But then, (3.19) yields
φ(x) ≤ ζ + φ(x+ ζθ),

which, dividing by ζ and letting ζ → 0+, in turn gives (cf. Proposition 3.1)

−⟨Dφ(x), θ⟩H ≤ 1.

Since the latter holds for every θ ∈ Θ, we find

sup
θ∈Θ

{−⟨Dφ(x), θ⟩H − 1} ≤ 0.

Step 2. Let now I = 0 be the null control. Setting

τR := inf{t ≥ 0 : |Xx,0
t |H ≥ R}

(with inf ∅ = +∞) and letting h > 0, by Proposition 3.5 we have

φ(x) ≤ E

[∫ τR∧h

0
e−ρtG(Xx,0

t )dt+ e−ρ(τR∧h)φ(Xx,0
τR∧h)

]
.

Using now Proposition 3.3, we find

E

[ ∫ τR∧h

0
e−ρt

([
(ρ− G)φ

]
(Xx,0

t )−G(Xx,0
t )

)
dt

]
≤ 0.

Dividing by h, recalling that φ ∈ X and using that E[supt∈[0,T ] |X
x,0
t |] < ∞, for any T > 0 by

(2.11), we can invoke the integral mean-value and the dominated convergence theorems when
letting h→ 0+, and we obtain

(ρ− G)φ(x)−G(x) ≤ 0.

Step 3. Combining the last two steps we obtain the desired subsolution property of V .

(Supersolution property.) Let now x ∈ H, φ ∈ X be such that 0 = V (x)−φ(x) = min(V −φ).
Assume, by contradiction that there exists η > 0 such that

(3.20) sup
θ∈Θ

{−⟨Dφ(x), θ⟩H − 1} ≤ −2η

and

(3.21) (ρ− G)φ(x)−G(x) ≤ −2η.

By continuity, for a suitable ε > 0,

(3.22) sup
θ∈Θ

{−⟨Dφ(y), θ⟩H − 1} ≤ −η, ∀y ∈ B|·|H (x, ε).

and

(3.23) (ρ− G)φ(y)−G(y) ≤ −η, ∀y ∈ B|·|H (x, ε),

where
B|·|H (x, ε) := {y ∈ H : |y − x|H ≤ ε}.

Let now I = (ϑ, ν) ∈ Î0 be arbitrary but fixed, and set

τ Iε := inf{t ≥ 0 : Xx,I
t /∈ B|·|H (x, ε)},

with the convention inf ∅ = ∞, which still provides a sense to the formulae below. In the
following, we are going simply to write τε instead of τ Iε , unless it becomes important to stress
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the explicit dependence on I. By Assumption 2.4 and the fact that φ ∈ X , we have for a
constant C > 0

sup
B|·|H (x,ε)

|Dφ|L∞ ≤ C · sup
B|·|H (x,ε)

|Dφ|D(A) =: C̃ <∞.

Then, since q ≥ qo1, we have

E

[ ∫ τε

0−
e−ρt

∣∣∣⟨Dφ(Xx,I
t ), ϑt⟩H

∣∣∣dνt] ≤ C̃E

[ ∫ τε

0−
e−ρt⟨1, ϑt⟩Hdνt

]
=
C̃

qo
E

[ ∫ ∞

0−
e−ρt⟨qo1, ϑt⟩Hdνt

]
≤ C̃

qo
E

[ ∫ ∞

0−
e−ρt⟨q, ϑt⟩Hdνt

]
(3.24)

=
C̃

qo
E

[ ∫ ∞

0−
e−ρtdνt

]
<∞.

Similarly, one gets

(3.25) E

[∫ τε

0−
e−ρt

∣∣∣⟨Xx,I
t − x, ϑt⟩H

∣∣∣dνt] <∞.

Hence, employing (3.22), (3.23), and Propositions 3.3 and 3.4, whose requirements are met
due to (3.24) and (3.25), we find

V (x)− E[e−ρτεV (Xx,I
τε )] ≤ φ(x)− E[e−ρτεφ(Xx,I

τε )]

= −E
[
e−ρτε

∣∣Xx,I
τε − x

∣∣3
H

]
+ E

[
e−ρτε

∣∣Xx,I
τε − x

∣∣3
H

]
+ E

[∫ τε

0
e−ρt(ρ− G)φ(Xx,I

t )dt−
∫ τε

0−
e−ρt⟨Dφ(Xx,I

t ), ϑt⟩Hdνt

]
≤ −ε3E

[
e−ρτε1{τε<∞}

]
+ E

[∫ τε

0
e−ρt3|σσ∗|L1(H)εdt+

∫ τε

0−
3e−ρtε2dνt

]
+ E

[∫ τε

0−
e−ρt(G(Xx,I

t )dt+ dνt)

]
− ηE

[∫ τε

0−
e−ρt(dt+ dνt)

]
.

The latter implies

V (x)− E

[∫ τε

0−
e−ρt(G(Xx,I

t )dt+ dνt) + e−ρτεV (Xx,I
τε )

](3.26)

≤ −ε3E
[
e−ρτε

]
+ E

[∫ τε

0
e−ρt3|σσ∗|L1(H)εdt+

∫ τε

0−
3e−ρtε2dνt

]
− ηE

[∫ τε

0−
e−ρt(dt+ dνt)

]
,

where we have used that e−ρτε1{τε=+∞} = 0 by (3.6).

Stressing now the dependency of τε with respect to the given and fixed I ∈ Î0, taking the
supremum on both terms of (3.26) with respect to I ∈ Î0, using (3.17), and considering the
identity

e−ρτIε + ρ

∫ τIε

0
e−ρtdt = 1,

we obtain

0 ≤ sup
I∈Î0

{
−ε3E

[
ρ−

∫ τIε

0
e−ρtdt

]
+ E

[∫ τIε

0
e−ρt

(
3|σσ∗|L1(H)ε− η

)
dt+

∫ τIε

0−
e−ρt(3ε2 − η)dνt

]}
;
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that is,

0 ≤ −ρε3 + sup
I∈Î0

E

[∫ τIε

0
e−ρt

(
3ε|σσ∗|L1(H) + ε3 − η

)
dt+

∫ τIε

0−
e−ρt(3ε2 − η)dνt

]
,

Taking ε small enough with respect to η, which can be done without loss of generality, the
integrands on the right-hand side of the last display formula are negative, so that the supremum is
nonpositive. Hence, we reach a contradiction and the supersolution property of V is proved. □

Remark 3.8. It is worth emphasizing that the argument of the proof of the supersolution prop-
erty can be clearly applied also in the finite-dimensional setting. As a consequence, this novel
argument is able to reduce substantially the technicalities that are typically needed in Rn, n ≥ 1,
in order to show the supersolution (respectively, subsolution) property in minimization problems
(respectively, maximization problems) involving singular controls (see, e.g., [16], [34, Ch. VIII],
[38], and [49], among others).

Remark 3.9. To the best of our knowledge, there are only two contributions in the literature
in which the viscosity approach is developed for variational inequalities in infinite dimensional
spaces: These are [15] and [36]. In both of them, the variational inequality is related to an
obstacle problem and thus involves a constraint on the solution itself, and not on its gradient
(as, instead, it is in our case).

(i) In [15], a problem of optimal stopping for a stochastic process with memory is considered.
The infinite-dimensional space in which the underlying state process takes values is that
of continuous functions, and the evolution of the process is subject to the action of an
unbounded operator (the first-order derivative). However, the Brownian noise is finite-
dimensional in [15].

(ii) In [36], the aim is to price American options defined on forward-rates models. The interest
rate process takes values in an Hilbert space and it evolves according to nonlinear dynamics,
which however do not involve an unbounded operator. In this framework, the authors are
able to prove a comparison result and to apply it in order to (uniquely) characterize the
value function of the underlying infinite-dimensional optimal stopping problem. Remark
4.10 below will articulate more on the relation between our paper and [36].

4. Selecting a specific direction of action: A related optimal stopping problem

In order to achieve further regularity of V , we now specialize to the case in which the controller
can only choose the intensity ν ∈ S appearing in the decomposition (ϑ, ν) ∈ I0 of any admissible
control I ∈ I.

In particular, we select the convex cone

∆ = Span{n̂},
where n̂ ∈ H+ \ {0} and it is such that, without loss of generality, ⟨q, n̂⟩H = 1. Consequently
(cf. (2.15)), Θ = {n̂} and we make the following assumption, which will hold throughout the
rest of the paper without further mention.

Assumption 4.1. The vector n̂ ∈ H+ \ {0} is an eigenvector of A with eigenvalue λ1.

Remark 4.2. (i) It is worth stressing that Assumption 4.1 does not imply that there exists
a singularly controlled component of the state variable X that is decoupled from the rest
of the infinite-dimensional dynamics of X. To clarify this, suppose that H = R2 and
consider

A =

(
1 0
1 1

)
and n̂ =

(
0
1

)
.

1Clearly, with λ ≤ −δ < 0, where δ is as in Assumption 2.1.
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Notice n̂ is an eigenvector of A. In this case, the two components of the state process X
are truly coupled through the operator A so that the action along the direction n̂ affects
indirectly also the first component of X.

(ii) Sufficient conditions guaranteeing the validity of Assumption 4.1 can be found in [3, 20].
We refer to Section 4 in [13] for a detailed discussion.

For future use, we recall here that the uncontrolled state-process uniquely solves in the mild
sense (cf. (2.7))

dXx,0
t = AXx,0

t dt+ σdWt, Xx,0
0 = x ∈ H;

that is (cf. (2.9)),

(4.1) Xx,0
t = etAx+

∫ t

0
e(t−s)AσdWs = etAx+WA,σ

t , t ≥ 0.

Furthermore, Xx,0 has continuous sample paths.
For our subsequent analysis, we define

(4.2) Gn̂(x) := ⟨DG(x), n̂⟩H , x ∈ H,

and introduce the optimal stopping problem

sup
τ∈T

E

[ ∫ τ

0
e−(ρ−λ)tGn̂(X

x,0
t )dt− e−(ρ−λ)τ

]
, x ∈ H,

where T denotes the set of the F-stopping times. The next result relates the previous optimal
stopping problem to the directional derivative of V as in (2.20), in the direction n̂. This can be
thought of as an infinite-dimensional analogue of the result in [4], where, in a finite-dimensional
setting, it is proven that a suitable optimal timing problem provides the marginal value of an
irreversible investment problem of monotone follower type.

Theorem 4.3. For any x ∈ H, one has

(4.3) Vn̂(x) := ⟨DV (x), n̂⟩H = sup
τ∈T

E

[ ∫ τ

0
e−(ρ−λ)tGn̂(X

x,0
t )dt− e−(ρ−λ)τ

]
.

Proof. The proof is organized in two steps.

Step 1. Let x ∈ H. Here we prove that there exists an optimal control I⋆ := (n̂, ν⋆) ∈ I0 for
V (x) as in (2.20). Furthermore, if G is strictly convex, I⋆ is unique up to indistinguishability.

Let (Ik)k∈N := (n̂, νk)k∈N ⊆ I0 be a minimizing sequence for V (x). Let us denote by Xx,k :=

Xx,Ik , k ∈ N. Given that V (x) ≤ ĉo(1 + |x|pH), x ∈ H, (cf. Proposition 3.1) for p ≥ 2 as in
Assumption 2.8, we have for some ε > 0

(4.4) sup
k∈N

E

[ ∫ ∞

0−
e−ρt|Xx,k

t |pH dt

]
≤ 1

κ1

(
ĉo(1 + |x|pH) + ε+

κ2
ρ

)
.

Because

Xx,k
t = etAx+WA,σ

t t + n̂

∫ t

0−
eλ(t−s)dνkt ,

simple estimates using λ < 0, (2.10), and |etA|L(H) ≤ e−δt, for all t ≥ 0, give, for a constant
C > 0 (changing from line to line),

(4.5) |n̂|pHe
λtpE

[
|νkt |p

]
≤ C

(
|x|pH + cp + E

[
|Xx,k

t |p
])
.

This in turn yields by (4.4)

(4.6) sup
k∈N

E

[ ∫ ∞

0
e−(ρ−λp)t|νkt |pdt

]
≤ C

(
1 + |x|pH + sup

k∈N
E

[ ∫ ∞

0
e−ρt|Xx,k

t |pdt
])

<∞.
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Hence, by Banach-Saks theorem, there exist a subsequence of (νk)k∈N - still denoted by

(νk)k∈N - and some ν⋆ ∈ Lp(Ω× [0,∞);P⊗ e−(ρ−λp)tdt) such that

(4.7) ν̂j :=
1

j + 1

j∑
k=0

νk → ν⋆ in Lp(Ω× [0,∞);P⊗ e−(ρ−λp)tdt).

Actually, up to passing to a further subsequence (again, relabeled in the following), such a

convergence can be realized P⊗ e−(ρ−λp)tdt-a.e. Then, by arguing as in [44, Lemmata 4.5-4.7],
the process ν⋆ admits a modification - still denoted by ν⋆ - that is right-continuous, nondecreasing
and F-adapted, and thus belongs to S. Furthermore, given that ν⋆ ∈ Lp(Ω × [0,∞);P ⊗
e−(ρ−λp)tdt) and that t 7→ E[|ν⋆t |p] is nondecreasing, it follows that the integrability condition

required in (2.17) is also met (recall that, in this section, ϑt ≡ n̂). Set then Îj := (n̂, ν̂j) ∈ I0,
j ∈ N, and I⋆ := (n̂, ν⋆) ∈ I0.

Notice now that by making use of an integration by parts in the integrals with respect to dν̂j ,
one also has that P⊗ e−ρtdt-a.e. (cf. (2.9) and (2.8))

Xx,Îj

t = etAx+WA,σ
t +

∫ t

0−
e(t−s)An̂ dν̂js = etAx+WA,σ

t + n̂

∫ t

0−
eλ(t−s)dν̂js → Xx,I⋆

t ,

and also P-a.s. ∫ ∞

0−
e−ρtdν̂jt →

∫ ∞

0−
e−ρtdν⋆t .

By convexity of (x, ν) 7→ J (x; I) (cf. (2.19)) the sequence (Îj)j∈N := (n̂, ν̂j)j∈N is minimizing
as well, and we conclude by Fatou’s lemma and the previous convergences that

V (x) = lim inf
j→∞

J (x; Îj) ≥ J (x; I⋆), x ∈ H,

from which the optimality of I⋆ = (n̂, ν⋆) ∈ I0 for V (x) follows.
Finally, the uniqueness claim follows from strict convexity of G, upon using arguments as

those in the proof of Proposition 3.4 in [30].

Step 2. Here we prove (4.3). Since the proof very much follows the lines of those of Lemmata
3 and 4 in [4], we only sketch it.

Let x ∈ H, I⋆ = (n̂, ν⋆) ∈ I0 be optimal for V (x) (cf. Step 1 above), and for τ ∈ T and ε > 0,
define

(4.8) ξt :=

{
I⋆t , 0 ≤ t < τ,

I⋆t + εeλτ n̂, t ≥ τ.

The process ξ ∈ I0 and it has direction of action n̂ and intensity of action νξ such that νξ
0− = 0

and dνξt = dν⋆t + εeλtδ(t − τ), for any t ≥ 0. Furthermore, letting Xx−εn̂,ξ be the solution to
(2.7) started at time 0− from level x−εn̂ and controlled by ξ, we have that: Xx−εn̂,ξ ≡ Xx−εn̂,I⋆

on [0, τ), while Xx−εn̂,ξ ≡ Xx,I⋆ on [τ,∞).
Hence, by exploiting the convexity of G, Assumption 2.2, and the previous observations,

V (x)− V (x− εn̂) ≥ J (x; I⋆)− J (x− εn̂; ξ)

= E

[ ∫ τ

0
e−ρt⟨DG(Xx−εn̂,I⋆

t ), Xx,I⋆

t −Xx−εn̂,I⋆

t ⟩Hdt− εe−(ρ−λ)τ

]
= εE

[ ∫ τ

0
e−(ρ−λ)t⟨DG(Xx−εn̂,I⋆

t ), n̂⟩Hdt− e−(ρ−λ)τ

]
(4.9)

≥ εE

[ ∫ τ

0
e−(ρ−λ)t⟨DG(Xx−εn̂,0

t ), n̂⟩Hdt− e−(ρ−λ)τ

]
,
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from which

(4.10) lim inf
ε→0

1

ε

(
V (x)− V (x− εn̂)

)
≥ sup

τ∈T
E

[ ∫ τ

0
e−(ρ−λ)tGn̂(X

x,0
t )dt− e−(ρ−λ)τ

]
.

Under the usual convention inf ∅ = +∞, let now τ⋆ := inf{t ≥ 0 : ν⋆t > 0} and τ ε := inf{t ≥
0 : ν⋆t ≥ εeλt}, for ε > 0. Clearly, τ ε ↓ τ⋆ as ε ↓ 0. We then define

(4.11) ηt :=

{
0, 0 ≤ t < τ ε,

I⋆t − εeλτ
ε
n̂, t ≥ τ ε,

and notice that denoting by Xx+εn̂,η the solution to (2.7) started at time 0− from level x+ εn̂
and controlled by η, we have that: Xx+εn̂,η ≡ Xx+εn̂,0 on [0, τ ε), while Xx+εn̂,η ≡ Xx,I⋆ on
[τ ε,∞).

Convexity of G then yields

V (x+ εn̂)− V (x) ≤ J (x+ εn̂; η)− J (x; I⋆)

(4.12)

= E

[ ∫ τε

0
e−ρt⟨DG(Xx+εn̂,0

t ), Xx+εn̂,0
t −Xx,I⋆

t ⟩Hdt−
∫ τε

0−
e−ρtdν⋆t −

(
εe−λτε − ν⋆τε

)
e−ρτε

]
.

Notice now that

Xx+εn̂,0
t −Xx,I⋆

t = n̂eλt
(
ε−

∫ t

0−
e−λsdν⋆s

)
.

Plugging the latter relation into (4.12), dividing by ε and adding and substracting terms, one
arrives at

1

ε

(
V (x+ εn̂)− V (x)

)
≤ E

[ ∫ τ⋆

0
e−(ρ−λ)t⟨DG(Xx,0

t ), n̂⟩Hdt− e−(ρ−λ)τ⋆

]

+ E

[ ∫ τ⋆

0
e−(ρ−λ)t⟨DG(Xx+εn̂,0

t )−DG(Xx,0
t ), n̂⟩Hdt

]
+ E

[
e−(ρ−λ)τ⋆ − e−(ρ−λ)τε

]
(4.13)

+ E

[ ∫ τε

τ⋆
e−(ρ−λ)t⟨DG(Xx+εn̂,0

t ), n̂⟩H
(
1− 1

ε

∫ t

0−
e−λsdν⋆s

)
dt

]
.

Taking limits as ε ↓ 0 it is not difficult to see that all the addends on the right-hand side of
(4.13) but the first converge to zero. Hence,

lim sup
ε→0

1

ε

(
V (x+ εn̂)− V (x)

)
≤ E

[ ∫ τ⋆

0
e−(ρ−λ)tGn̂(X

x,0
t )dt− e−(ρ−λ)τ⋆

]
≤ sup

τ∈T
E

[ ∫ τ

0
e−(ρ−λ)tGn̂(X

x,0
t )dt− e−(ρ−λ)τ

]
.(4.14)

Combining (4.10) and (4.14) and using the fact that V ∈ C1,Lip(H) (cf. Proposition 3.1(v))
we obtain (4.3) and thus complete the proof. □

We assume the next condition on the directional derivative Gn̂.

Assumption 4.4. Gn̂ ∈ C1(H) and |DGn̂|H ≤ KGn̂
.

For our subsequent analysis, it is convenient to make an integration by parts and exploit the
strong Markov property to write

Vn̂(x) = −1− Φ(x) + sup
τ∈T

E
[
e−(ρ−λ)τΦ(Xx,0

τ )
]
, x ∈ H,
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with

(4.15) Φ(x) := −E

[ ∫ ∞

0
e−(ρ−λ)t

(
Gn̂(X

x,0
t ) + ρ− λ

)
dt

]
, x ∈ H.

Under Assumption 4.4, using (4.1) and that |etA|L(H) ≤ e−δt, one finds for any x1, x2 ∈ H that
(recall λ ≤ −δ < 0)

|Φ(x2)− Φ(x1)|H ≤ E

[ ∫ ∞

0
e−(ρ−λ)t

∣∣Gn̂(X
x2,0
t )−Gn̂(X

x1,0
t )

∣∣
H
dt

]
≤ E

[ ∫ ∞

0
e−(ρ−λ)t

∣∣etA(x2 − x1)
∣∣
H
dt

]
≤ KGn̂

ρ− λ+ δ
|x2 − x1|H .(4.16)

Actually, given that Gn̂ ∈ C1(H), it can be easily shown by direct calculations that Φ ∈ C1(H).
With regard to those properties of Φ, in order to further investigate the C1-regularity of Vn̂

it then suffices to consider

(4.17) U(x) := Vn̂(x) + 1 + Φ(x) = sup
τ∈T

E
[
e−(ρ−λ)τΦ(Xx,0

τ )
]
, x ∈ H.

Proposition 4.5. Let Assumption 4.4 hold. Then, one has

|U(x2)− U(x1)|H ≤ KGn̂

ρ− λ+ δ
|x2 − x1|H , x1, x2 ∈ H.

Proof. For x1, x2 ∈ H, recalling (4.1) and using (4.16) as well as |etA|L(H) ≤ e−δt for any t ≥ 0,
one has

|U(x2)− U(x1)| ≤ sup
τ∈T

E
[
e−(ρ−λ)τ

∣∣Φ(Xx2,0
τ )− Φ(Xx1,0

τ )
∣∣]

≤ KGn̂

ρ− λ+ δ
sup
τ∈T

E
[
e−(ρ−λ)τ

∣∣eτA(x2 − x1)
∣∣
H

]
≤ KGn̂

ρ− λ+ δ
|x2 − x1|H .

□

By continuity of U , the stopping region {x ∈ H : U(x) = Φ(x)} is closed. Hence, by standard
theory of optimal stopping (see, e.g., [55, Ch. I, Sec. 2.2], whose results hold for an underlying
process taking values in a measurable space), one has P-a.s. that

τ⋆ := inf{t ≥ 0 : U(Xx,0
t ) = Φ(Xx,0

t )}, x ∈ H,

is optimal.

Proposition 4.6 (Dynamic Programming Principle for U). For all stopping times θ ∈ T we
have

(4.18) U(x) = sup
τ∈T

E
[
e−(ρ−λ)τ1τ<θΦ(X

x
τ ) + e−(ρ−λ)θ1τ≥θU(Xx

θ )
]
, ∀x ∈ H.

We refrain from providing a proof of the previous result. As a matter of fact, this would
follow the same lines and steps as in the finite-dimensional settings (see, e.g., [56, Sec. 5.2] and
references therein) and exploit the flow property of X, which is ensured here by the semigroup
property.

Based on the dynamic programming principle, one has that the differential problem associated
to U is the variational inequality

(4.19) min
{
((ρ− λ)− G)u, u− Φ

}
= 0 on H,

with G as in (3.3), and for which, recalling the class (3.5), we now provide the definition of
viscosity solution.

Definition 4.7.
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(i) We say that u ∈ C(H) is a viscosity supersolution to (4.19) at x ∈ H if, for every φ ∈ X
such that 0 = u(x)− φ(x) = min(u− φ), one has

min
{
((ρ− λ)− G)φ, φ− Φ

}
≥ 0.

(ii) We say that u ∈ C(H) is a viscosity subsolution to (4.19) at x ∈ H if, for every φ ∈ X
such that 0 = u(x)− φ(x) = max(u− φ), one has

min
{
((ρ− λ)− G)φ, φ− Φ

}
≤ 0.

(iii) We say that u ∈ C(H) is a viscosity solution to (4.19) at x ∈ H if it is both a viscosity
super- and subsolution.

Lemma 4.8. Let x ∈ H, ε > 0, and let

θ := inf{t ≥ 0 : Xx,0
t /∈ B|·|H (x, ε)} ∧ 1,

with B|·|H (x, ε) := {y ∈ H : |y − x|H ≤ ε}. There exists mo > 0 such that

(4.20) E

[∫ θ∧τ

0
e−(ρ−λ)tdt+

e−(ρ−λ)τ

ρ− λ
1τ<θ

]
≥ mo, ∀τ ∈ T .

Proof. First of all, notice that

E

[∫ θ∧τ

0
e−(ρ−λ)tdt+

e−(ρ−λ)τ

ρ− λ
1τ<θ

]

= E

[(∫ θ

0
e−(ρ−λ)tdt

)
1τ≥θ +

(∫ τ

0
e−(ρ−λ)tdt

)
1τ<θ +

e−(ρ−λ)τ

ρ− λ
1τ<θ

]

= E

[
1− e−(ρ−λ)θ

ρ− λ
1τ≥θ +

1

ρ− λ
1τ<θ

]
.

Then assume, by aiming for a contradiction, that there exists a sequence (τn) ⊆ T such that

E

[
1− e−(ρ−λ)θ

ρ− λ
1τn≥θ +

1

ρ− λ
1τn<θ

]
→ 0.

This means that

(4.21) E

[
1− e−(ρ−λ)θ

ρ− λ
1τn≥θ

]
→ 0 and E [1τn<θ] → 0.

The second convergence above yields, passing to a subsequence still labeled in the same way,

lim
n
1τn≥θ = 1 a.s..

But then, the dominated convergence theorem gives

E

[
1− e−(ρ−λ)θ

ρ− λ
1τn≥θ

]
→ E

[
1− e−(ρ−λ)θ

ρ− λ

]
> 0,

where the strict inequality in the formula above is clearly due to continuity of trajectories of the
process Xx,0. Hence, we have found a contradiction with the first convergence in (4.21) and the
proof is thus complete. □

Proposition 4.9. U is a viscosity solution to (4.19) at all x ∈ H.
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Proof. We follow the ideas of the proof in the finite-dimensional setting proposed by [56, Thm.
5.2.1], but we simplify substantially the proof of the subsolution property thanks to Lemma 4.8.

Supersolution property. Recall (3.5) and let φ ∈ X be such that

0 = U(x)− φ(x) = min(U − φ).

Clearly,

φ(x) = U(x) ≥ Φ(x).

Therefore, it remains to show that

((ρ− λ)− G)φ(x) ≥ 0.

Setting

τR := inf{t ≥ 0 : |Xx,0
t |H ≥ R}

(with inf ∅ = +∞) and letting h > 0, by Proposition 3.5 we have

U(x) ≥ E[e−(ρ−λ)(τR∧h)U(Xx,0
τR∧h)],

so that

0 ≥ E[e−(ρ−λ)(τR∧h)U(Xx,0
τR∧h)]− U(x) ≥ E[e−(ρ−λ)(τR∧h)φ(Xx,0

τR∧h)]− φ(x).

On the other hand, Proposition 3.3, applied in the case of I = 0 (the null control), yields

E[e−(ρ−λ)(τR∧h)φ(Xx,0
τR∧h)] = φ(x) + E

[∫ τR∧h

0
e−(ρ−λ)t[(G − (ρ− λ))φ](Xx,0

t )dt

]
.

Combining the last two display equations and dividing by h we obtain

1

h
E

[∫ τR∧h

0
e−(ρ−λ)t

[
((ρ− λ)− G)φ

]
(Xx,0

t )dt

]
≥ 0.

We conclude by taking h→ 0+ and applying the integral mean-value theorem and the dominated
convergence theorem, since φ ∈ X .

Subsolution property. Let φ ∈ X be such that 0 = U(x) − φ(x) = max(U − φ) and assume,
by contradiction, that there exists some η > 0 such that

((ρ− λ)− G)φ(x) > 2η and U(x)− Φ(x) >
2η

ρ− λ
.

By continuity,

((ρ− λ)− G)φ(y) > η and U(y)− Φ(y) >
η

ρ− λ
∀B|·|H (x, ε),

where we recall that B|·|H (x, ε) := {y ∈ H : |y − x|H ≤ ε}.
Let us define the stopping time

θ := inf{t ≥ 0 : Xx,0
t /∈ B|·|H (x, ε)} ∧ 1.

Then, using Dynkin’s formula of Proposition 3.3 (applied again in the case of I being the null
control) we obtain for each τ ∈ T

E
[
e−(ρ−λ)(θ∧τ)U(Xx,0

θ∧τ )
]
− U(x) ≤ E

[
e−(ρ−λ)(θ∧τ)φ(Xx,0

θ∧τ )
]
− φ(x)

= E

[∫ θ∧τ

0
e−(ρ−λ)t

[(
G − (ρ− λ)

)
φ
]
(Xx,0

t )dt

]
,
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which in turn, thanks to Lemma 4.8, implies

U(x) ≥ E

[
η

∫ θ∧τ

0
e−(ρ−λ)tdt+ e−(ρ−λ)(θ∧τ)U(Xx,0

θ∧τ )

]
≥ E

[
η

∫ θ∧τ

0
e−(ρ−λ)tdt+ e−(ρ−λ)τ1τ<θ

(
η

ρ− λ
+Φ(Xx,0

τ )

)
+ e−(ρ−λ)θ1τ≥θU(Xx,0

θ )

]
= ηE

[∫ θ∧τ

0
e−(ρ−λ)tdt+

e−(ρ−λ)τ

ρ− λ
1τ<θ

]
+ E

[
e−(ρ−λ)τ1τ<θΦ(X

x,0
τ ) + e−(ρ−λ)θ1τ≥θU(Xx,0

θ )
]

≥ ηmo + E
[
e−(ρ−λ)τ1τ<θΦ(X

x,0
τ ) + e−(ρ−λ)θ1τ≥θU(Xx,0

θ )
]
.

Taking the supremum over τ ∈ T in the latter, we contradict (4.18), concluding the proof. □

Remark 4.10. Comments as those collected in Remark 3.9 apply to (4.19). The analogy of
our setting with [36] is at this point even tighter, as now (4.19) takes the form of an obstacle
problem and thus involves a constraint on the solution itself (and not on its gradient as it was
in the previous section).

If one aims at a comparison theorem for (4.19), this might be proved by adapting the techniques
of [36] in order to deal with the unbounded operator in the dynamics of the state process (not
present in [36]). To that end, one should treat the unbounded term as in the regular control
case by adding radial functions as test functions in the definition of viscosity solutions (see [27,
Ch. 3]).

However, because our main aim is to provide regularity results for the optimal stopping problem
under consideration, we refrain from studying the relevant question of uniqueness of the viscosity
solution to (4.19), which is then left for future research.

Thanks to Assumption 2.1, we can introduce

(4.22) |x|−1 := |A−1x|H ,
Then, in order to achieve the C1-regularity of U , we strengthen the assumption on Gn̂, by

requiring the following, which will be standing in the rest of the section.

Assumption 4.11. There exists κo > 0 such that |Gn̂(x)| ≤ κo(1 + |x|−1). Furthermore, Gn̂ is
semiconcave with respect to the norm | · |−1; that is, there exists κ1 > 0 such that

λGn̂(x) + (1− λ)Gn̂(y)−Gn̂(λx+ (1− λ)y) ≤ κ1
2
λ(1− λ)|x− y|2−1, ∀x, y ∈ H, λ ∈ [0, 1].

Remark 4.12. Assumptions 2.8, 4.4, and 4.11 are satisfied, e.g., if

G(x) =
1

2
(⟨x, h⟩H)2, or G(x) =

1

2
⟨Qx, x⟩H , x ∈ H,

with h ∈ D(A), and with Q being positive semidefinite, symmetric and such that Qn̂ ∈ D(A).
Indeed, in these cases,

Gn̂(x) = ⟨x, h⟩H⟨h, n̂⟩H , respectively Gn̂(x) = ⟨x,Qn̂⟩H , x ∈ H,

so that Gn̂ is clearly concave, belongs to C1(H) and it has sublinear growth with respect to | · |H .
Moreover, in the first case, setting k := Ah, one has

|Gn̂(x)| ≤ |h|H
∣∣⟨x, h⟩H ∣∣ = |h|H

∣∣⟨x,A−1k⟩H
∣∣ = |h|H

∣∣⟨x,A−1k⟩H
∣∣

= |h|H
∣∣⟨A−1x, k⟩H

∣∣ ≤ |h|H |k|H |x|−1.

Similarly, in the second case, setting k := AQn̂, one has

|Gn̂(x)| ≤ |⟨x,Qn̂⟩H | = |⟨x,A−1k⟩H | = |⟨x,A−1k⟩H |
= |⟨A−1x, k⟩H | ≤ |k|H |x|−1.
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Recall (2.9) and (4.22). By (4.1), it holds

|A−1Xx,0
s |H ≤ |etAA−1x|H + |A−1WA,σ

s |H .
Then, the contraction property of the semigroup etA, estimate (2.10), and the fact that the
norm | · |−1 is clearly dominated by the norm | · |H give

(4.23) E

[
sup
s≥0

|Xx,0
s |−1

]
≤ κ̄(1 + |x|−1), ∀x ∈ H,

for some κ̄ > 0.
One then has the following preliminary result.

Proposition 4.13. U is semiconvex with respect to the | · |−1 norm and there exists κ̂o > 0 such
that

(4.24) |U(x)| ≤ κ̂o(1 + |x|−1).

Furthermore, U is | · |−1-locally Lipschitz continuous.

Proof. Using (4.1) and that |etA|L(H) ≤ e−δt, one easily finds from (4.15) that the semiconcavity
with respect to the | · |−1 norm of Gn̂ implies semiconvexity of Φ with respect to the | · |−1 norm

as well. Hence, given that x 7→ Xx,0
· is linear, we find that U is semiconvex with respect to the

| · |−1 norm being supremum of semiconvex functions (see [14, Prop. 2.1.5], whose proof does
not suffer the dimensionality of the state space).

By (4.15), one also has that the growth condition on Gn̂, together with (4.23), imply that
|Φ(x)| ≤ KΦ(1 + |x|−1), for a suitable KΦ > 0. The latter, together with (4.24), in turn gives
for κ̂o > 0

|U(x)| ≤ sup
τ∈T

E
[
|Φ(Xx,0

τ )|
]
≤ KΦ

(
1 + E

[
sup
s≥0

|Xx,0
s |−1

])
≤ κ̂o(1 + |x|−1).

Finally, the last claim is due to [25, Cor. 2.4, p. 12] and to the fact that, being U semiconvex
with respect to | · |−1 norm, by Lemma A.1(i) one can write

U(x) = U0(x)−
κ̂1
2
|x|2−1, x ∈ H,

for some κ̂1 > 0 and U0 convex. □

In the rest of the paper, we are going to study the regularity properties of the (sub)gradient
of U .

Proposition 4.14. The following hold true:

(i) D−U(x) ⊆ D(A) at all x ∈ H;
(ii) The multivalued map D−U : H → D(A) is | · |H-to-| · |D(A) upper hemicontinuous, with

D(A) being endowed with the graph norm.

Proof. Recall that by (i) in Lemma A.1 we can write

U(x) = U0(x)−
κ̂1
2
|x|2−1, x ∈ H,

for some κ̂1 > 0 and U0 convex, so that, for any x ∈ H,

D−U(x) = D−U0(x)− κ̂1A−1x.

Hence, without loss of generality, up to replace U by U0, we work in the rest of this proof under
the assumption that U is convex. We now prove each item separately.

Proof of (i). Let x ∈ H, (hn) ⊆ D(A) be such that hn → 0 with respect to | · |H , and set

ĥn := Ahn, so that also |ĥn|−1 → 0. For p ∈ D−U(x), by convexity of U we have

U(x+ ĥn)− U(x) ≥ ⟨p, ĥn⟩H ,
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which rewrites as

(4.25) U(x+ ĥn)− U(x) ≥ ⟨p,Ahn⟩H .
Since U is | · |−1-continuous by Proposition 4.13, the linear functional

Tx : D(A) → R, Tx(h) = ⟨p,Ah⟩H
is | · |H -upper semicontinuous by (4.25); that is, lim supn→∞ Tx(hn) ≤ 0. Taking now the
sequence (−hn) ⊆ D(A) and exploiting the linearity of Tx, it also holds that Tx is | · |H -lower
semicontinuous. Hence, it is | · |H -continuous, which means that p ∈ D(A).

Proof of (ii). Consider the function

u : D(A) → R, u(x) := U(Ax), x ∈ H,

so that U = u ◦ A−1. Then u is convex and by Proposition 4.13 one has

|u(x)| = |U(Ax)| ≤ κ̂o(1 + |Ax|−1) = κ̂o(1 + |A−1Ax|H) = κ̂o(1 + |x|H), x ∈ H.

Hence, u is | · |H -locally Lipschitz continuous by [25, Cor. 2.4, p. 12] and thus it can be extended
to a continuous function defined to the whole space H. Moreover, for all x ∈ D(A), we have

q ∈ D−u(x) ⇐⇒ p = Aq ∈ D−U(Ax).
Hence, by using the definition of subgradient,

D−u(x) = ADU−(Ax), ∀x ∈ D(A).

By convexity, the multivalued map

(D(A), | · |H) → (H, | · |H), x 7→ D−u(x)

is upper hemicontinuous. Because

D−U(x) = A−1D−u(A−1x),

it then follows that D−U : H → D(A) is | · |H -to-| · |D(A) upper hemicontinuous. □

Proposition 4.15. Recall Assumption 2.7, let x ∈ H, ĥ ∈ K, and set h := σĥ. If h ∈ D(A),
then U is differentiable at x along the direction h.

Proof. We assume, without loss of generality, that U(x) = 0. Indeed, this can be always achieved
by a translation. Again, by (i) in Lemma A.1 we can write

U(y) = U0(y)−
κ̂1
2
|y − x|2−1, y ∈ H,

for some κ̂1 > 0 and U0 convex.
We now argue by contradiction and assume that U (hence U0) is not differentiable along the

direction h := σĥ, with ĥ ∈ K. By convexity of U0 (cf. Proposition 4.13) and by Proposition
4.14, there exist p, p̄ ∈ D−U0(x) ⊆ D(A) such that

⟨p, h⟩H < ⟨p̄, h⟩H .
Again by convexity,

U0(y) ≥ ⟨p, y − x⟩H ∨ ⟨p̄, y − x⟩H , ∀y ∈ H.

It is then possible to construct (φ̂n) ⊆ X (cf. (3.5)) such that for any n ∈ N

φ̂n(x) = U0(x) = 0,

φ̂n ≤ U0,

|Dφ̂n(x)|H + |ADφ̂n(x)|H ≤M <∞,

⟨D2φ̂n(x)h, h⟩H ≥ n,

⟨D2φ̂n(x)k, k̄⟩H = 0 ∀k, k̄ ∈ Span{h}⊥,
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for some M > 0. Notice that it follows from the previous properties that

(4.26)
1

2
Tr

[
σσ∗D2φ̂n(x)

]
≥ n.

As a matter of fact, the sequence

φ̂n(y) =
1

2
⟨p+ p̄, y − x⟩H +

n

2
⟨y − x, h⟩2H , n ∈ N, y ∈ H,

realizes all the previous requirements, at least in a neighborhood of x (and can be easily modified
in order to satisfy them globally on H).

Define now φn(y) := φ̂n(y)− κ̂1
2 |y − x|2−1 for any y ∈ H. Then (cf. (4.26))

φn(x) = U(x) = 0,

φn ≤ U,

|Dφn(x)|H + |ADφn(x)|H ≤M <∞,
1
2Tr

[
σσ∗D2φn(x)

]
≥ n− 1

2κ1Tr
[
σσ∗A−1

]
.

Because U is a viscosity supersolution at x of (4.19) (cf. Proposition 4.9), one finally has

0 ≤
[(
(ρ− λ)− G

)
φn

]
(x) = −1

2
Tr

[
σσ∗D2φn(x)

]
− ⟨x,ADφn(x)⟩H

≤ −n+
1

2
κ1Tr

[
σσ∗A−1

]
+M |x|H → −∞ as n→ ∞,

which gives the desired contradiction and thus completes the proof. □

Remark 4.16. It is worth noticing that the proof of Proposition 4.15 only exploits the viscos-
ity supersolution property of U , which is actually the easiest part to be shown in the proof of
Proposition 4.9.

The next proposition strenghts the regularity result of Proposition 4.15 in the case

R(σ) ∩ D(A) = H,

where R(σ) denotes the range of σ (with σ satisfying Assumption 2.7).

Proposition 4.17. If

R(σ) ∩ D(A) = H,

then U is (Fréchet) differentiable at x, DU(x) ∈ D(A), and DU ∈ C(H;D(A)), with D(A)
being endowed with the graph norm.

Proof. By following the arguments developed at the beginning of Proposition 4.14, we can here
assume that U is convex. Then, due to Proposition 4.15 and convexity of U , we know that, for
each h ∈ R(σ) ∩ D(A), the set

{⟨h, p⟩H : p ∈ D−U(x)}

is a singleton. Since R(σ) ∩ D(A) = H, the set D−U(x) must be a singleton too. Again by
convexity of U , it follows that U is differentiable at x ∈ H. Furthermore, using Proposition
4.14(i), we conclude that DU(x) ∈ D(A).

The last assertion finally follows from the previous conclusions and Proposition 4.14. □
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5. Second-order smooth-fit for V

Thanks to Proposition 4.17 and Theorem 4.3 we finally achieve the second-order smooth-fit
of V in the direction of n̂. More precisely, we have the following corollary.

Corollary 5.1. Under the assumptions of Proposition 4.17, V ∈ C1,Lip(H) and Vn̂ ∈ C1(H).

The second-order regularity of the value function has been a fundamental aspect of singular
stochastic control theory since its beginning. The underlying idea is that such smoothness of
the value function lays the groundwork for characterizing the problem’s free boundary and,
consequently, for constructing an optimal control of reflection type.

In one-dimensional or two-dimensional fully degenerate stationary settings, where a guess-and-
verify approach can be employed, imposing a suitable second-order regularity on the solution of
the variational inequality enables the unique determination of certain otherwise free parameters.
This, in turn, allows for the identification of the value function of the problem and the free
boundary at which the state process should be optimally reflected (see [2, 33, 41, 51], among
many others).

The validation of a second-order smooth-fit property in multiple dimensions still requires
verification on a case-by-case basis. This is well described in the introduction of the seminal
work by S.E. Shreve and H.M. Soner [57]: ”An important question is whether the principle of
smooth fit can be expected to apply to multidimensional singular control problems, or is it strictly
a one-dimensional phenomenon. Karatzas and Shreve [45] suggested that it might apply in higher
dimensions. [...] Our discovery of a C2-value function provides strong support for the belief in
a widely applicable principle of smooth fit. Nevertheless, the argument of this paper depends
heavily on the fact that only two dimensions are involved [...], and we have not found a way to
obtain a similar result in higher dimensions.”

In suitable multiple-dimensional frameworks, second-order regularity of the derivative of the
value function of the singular stochastic control problem along the direction of the control process
has been obtained more recently through its relation to optimal stopping (see, e.g., [17, 23, 32]
). Our result is thus situated within this body of literature and actually provides, for the first
time, the validation of a second-order smooth-fit property in an infinite-dimensional setting.

6. Two applications in Economics

Here we discuss two economic models that can embedded into our setting.

6.1. An irreversible investment problem into energy capacity. Let O be an open, simply
connected, and bounded subset of Rn, n < 4, with smooth boundary. We endow it with the
Lebesgue measure µ on the Borel σ-algebra of O, and consider the Hilbert space H = L2(O;µ).

Within this mathematical framework, we consider a company which has to deliver energy to
the locations of O. We assume that, in absence of any investment by the company, the energy
supply at time t and location ξ – denoted by E0(t, ξ) – evolves according to the parabolic PDE

(6.1)


∂E0

∂t
(t, ξ) = ∆E0(t, ξ)− δE0(t, ξ), (t, ξ) ∈ R+ ×O,

E0(0, ξ) = e(ξ), ξ ∈ O,
∂E0

∂n
(t, ξ) = 0, (t, ξ) ∈ R+ × ∂O,

where ∆ is the Laplacian operator over O, δ > 0 is a depreciation factor, e(ξ) is the initial
value of the energy supply at location ξ, and n denotes the unitary outer normal vector at the
boundary of O; the Neumann boundary condition at ∂O models the fact that we assume there
is no flux of energy at the boundary. Under suitable conditions on the domain, the above PDE
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is well posed as an abstract evolution equation in H. Precisely (see, e.g., [48, Sec.3.1]), defining
the operator

L : D(L) ⊆ H → H,

where

D(L) =W 2,2
0 (O) :=

{
f ∈W 2,2(O) :

∂f

∂n
= 0 on O

}
, Lf := ∆f − δf,

one has that L generates a strongly continuous semigroup of linear operators in H and (6.1) can
be rewritten in abstract terms as

dE0
t = LE0

t dt, E0 = e.

Assume now that the company can implement irreversible investment strategies It(ξ) in order
to adjust the production capacity. The energy supply over the region, i.e. the spatial process
EI

t (ξ), then evolves according to the controlled abstract evolution equation

dEI
t = LEI

t dt+ dIt, EI
0− = e.

Next, we model the total demand of energy as a spatial process At(ξ) evolving according to the
SPDE

dAt(ξ) = BAt(ξ)dt− σdWt(ξ), A0(ξ) = a(ξ),

for some initial maximal demand a ∈ H+, some bounded nonnegative self-adjoint linear operator
B ∈ L(H) such that L−B satisfies Assumption 2.2, and for σ andW satisfying the requirements
of Section 2. The set of admissible investment strategies is therefore naturally modeled by the
class I (cf. (2.12)). Moreover, we model the inverse demand function for energy assuming that
it depends on the location ξ ∈ O and is linear in the quantity EI

t (ξ) that is being delivered; that
is,

pt(ξ, E
I
t (ξ)) = At(ξ)−B(ξ)EI

t (ξ),

for some function B(ξ) > 0. Here, At(ξ)/B(ξ) is the maximal possible demand at location ξ at
time t. We set B ≡ 1 in the following (just for simplicity). Then, the total surplus at a given
time t and location ξ is given by

Ut(ξ) =

∫ Et(ξ)

0
pt(ξ, z)dz = At(ξ)Et(ξ)−

1

2
(Et(ξ))

2 ,

so that the overall total surplus at time t is

St =

∫
D
Ut(ξ)µ(dξ) = ⟨At, E

I
t ⟩H − 1

2
⟨EI

t , E
I
t ⟩H = −1

2
⟨EI

t −At, Et −At⟩H +
1

2
⟨At, At⟩H .

As the last term is independent of the control I, it is irrelevant in the optimization process we
are going to define and we ignore it in the following.

Set now XI
t := EI

t −At and A := L − B. Then we have

(6.2) dXI
t = AXI

t dt+ σdWt + dIt, XI
0− = e− a =: x,

The latter controlled SPDE satisfies our Assumptions 2.1, 2.2, and 2.4.
For an intertemporal discount factor ρ > 0, the energy producer aims at maximizing the total

expected surplus, net of the investment costs. Assuming that the cost of investment may vary
with location ξ and that it is modeled by a local price q ∈ H+, bounded away from zero – that
is, there exists qo > 0 such that q(ξ) ≥ qo for every ξ ∈ O – the company’s optimization problem
is

sup
I∈I

E

[ ∫ ∞

0
e−ρt

(
− 1

2
|Xt|2H − ⟨q,dIt⟩H

)]
.

The latter is clearly equivalent to minimizing the cost functional (2.13) with G(x) = |x|2H .



30 FEDERICO, FERRARI, RIEDEL, AND RÖCKNER

6.2. An energy balance climate model with human impact. Let us consider a one-
dimensional Energy Balance Climate Model with Human Impact (see, e.g., [10]; the basic climate
model dates back to Gerald North, see [53]).

We first describe quickly the basics of an energy balance climate model. The earth’s tem-
perature is taken to be the result of incoming radiation from the sun and outgoing radiation
through reflection. We consider temperature on the hemisphere, modeled by the half-circle that
we identify with the interval D := [−1, 1], where ξ ∈ [−1, 1] is the sine of latitude. M is the
Borel σ-algebra on D, and µ is taken to be the Lebesgue measure on (D,M).

We now model the temperature evolution Tt(ξ) over time t at location ξ ∈ D. The incoming
radiation at ξ is denoted by R(ξ) = QS(ξ)α(ξ). Here, S(ξ) is the solar energy arriving at
latitude ξ, Q is the solar constant divided by 4, and α(ξ) describes the amount of heat absorbed
at location ξ (co-albedo); in general, it depends on temperature and location, but here as in [53]
we assume that it is just a function of ξ ∈ D. The outgoing infrared radiation at location ξ is
linear in temperature, say γ + ηTt(ξ), for two constants γ and η > 0. On the surface, we have a

typical heat transport that is modeled via the second derivative d2

dξ2
, or more generally, by the

operator

(Bf)(ξ) := d

dξ

(
D(ξ)

d

dξ
f(ξ)

)
,

for some diffusion coefficient D driving the heat transport. The overall resulting energy-balance
operator

(6.3)
(
Qf

)
(ξ) := QS(ξ)α(ξ)− γ − ηf(ξ) +

(
Bf

)
(ξ)

describes the energy balance of the earth without human impact. The equilibrium temperature
distribution T ⋆(ξ) is given by the solution to the partial differential equation QT ⋆ = 0, subject
to appropriate boundary conditions (for instance, both zero Neumann or periodic boundary
conditions can be chosen).

We now add human impact due to carbon emissions. Let global cumulative human carbon
emissions be described by the (real-valued) process ν ∈ S (cf. (2.16)).

The temperature evolution at time t is then described by

(6.4) dTt = QTtdt+ σdWt + 1dνt, T0− = x ∈ H,

with 1 being the unitary vecor in H, and with σ and W as specified in Section 2. In particular,
the Brownian motion W takes care of noise and unmodeled influences.

The dynamics (6.4) does not fit exactly into our setting because of the constant (in time)
drift term

b(ξ) := QS(ξ)α(ξ)− γ,

but this problem can be easily fixed. Define

Xt := Tt − T ⋆, Af := −ηf + Bf,

so that

Qf = Af + b.

Recalling that T ⋆ is an equilibrium distribution for the temperature, we may write

dXt = d(Tt − T ⋆) = QTtdt−QT ⋆dt+ σdWt + 1dνt

= ATtdt−AT ⋆dt+ σdWt + 1dνt

= AXtdt+ σdWt + 1dνt

and we are back in our setting. In particular, the operator A with the aforementioned boundary
conditions satisfies Assumptions 2.1, 2.2, and 2.4 (for the null Neumann boundary conditions
one, see, e.g., [48, Sec.3.1]; for the periodic ones, see Section 5.2 in [28]).
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Assume now that a decision maker (for instance, in this context, the United Nations) has an

ideal profile of temperature T̂ in mind; this could be the pre-industrial equilibrium temperature
T ⋆ or a temperature distribution in its vicinity. The planner thus aims at minimizing the

average square distance |T − T̂ |2H to that ideal temperature and measures the cost of investment
into capacity by some price q > 0. Then, the resulting minimization problem in terms of the
controlled process Xν is (cf. (2.12))

inf
ν∈S

E

[ ∫ ∞

0
e−ρt

(∣∣Xν
t + T ⋆ − T̂

∣∣2
H
dt+ qdνt

)]
,

for some intertemporal discount rate ρ > 0. This falls into our setting for G(x) = |x+T ⋆− T̂
∣∣2
H
.

Such a specification greatly simplifies the full economic model which would be beyond the scope
of the current paper. Compare [11] for an attempt in that direction.
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Appendix A. A result on semiconcave and semiconvex functions

We state here some properties of semiconcave and semiconvex functions on H.

Lemma A.1. (i) Let H be endowed with an arbitrary norm | · | and take F : H → R be
semiconvex (with respect to the norm | · |); that is, there exists cF > 0 such that

λF (x) + (1− λ)F (y)− F (λx+ (1− λ)y) ≥ −cF
2
λ(1− λ)|x− y|2, ∀x, y ∈ S, λ ∈ [0, 1].

Then

x 7→ F (x) +
cF
2
|x|2

is convex.
(ii) Let F : H → R be both semiconcave and semiconvex (with respect to the norm | · |H);

that is, there exists cF > 0 such that

|λF (x) + (1− λ)F (y)− F (λx+ (1− λ)y)| ≤ cF
2
λ(1− λ)|x− y|2H ,

for every x, y ∈ S and λ ∈ [0, 1]. Then F ∈ C1,Lip(H).

Proof. Proof of (i). This follows from [14, Prop. 1.1.3] (equivalences (a)-(c)), whose proof is not
affected by the dimensionality of the space under consideration.

Proof of (ii). This follows by adapting the convex-analytic arguments of the finite-dimensional
setting in [14, Ch.3]. We report these here for completeness. Let x ∈ S. Since F is semiconvex
and semiconcave, we have that both the supergradient D+F (x) and the subgradient D−F (x)
are not empty. We now show that F is differentiable at x ∈ H. Suppose, by the aim of
contradiction, that p1 ∈ D−F (x) and p2 ∈ D+F (x) and that p1 ̸= p2. Then, for h ∈ H, by
definition of subgradient and by Proposition 3.3.1 in [14, Ch.3] (whose proof does not suffer the
dimensionality of the considered space) in the case of linear modulus ω(r) = cF

2 r, r ≥ 0, we find

(A-1) ⟨p1, h⟩H − cF
2
|h|2H ≤ F (x+ h)− F (x) ≤ ⟨p2, h⟩H +

cF
2
|h|2H .

Therefore, we obtain

0 ≥ ⟨p1 − p2, h⟩H − cF |h|2H .
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Given the arbitrariness of h, we can now take h = α(p1 − p2), for α > cF so to achieve a
contradiction. Hence, p1 = p2, which, using (A-1), leads to

(A-2)
|F (x+ h)− F (x)− ⟨p1, h⟩H |

|h|H
≤ cF

2
|h|H ,

and therefore, in particular, to the differentiability of F at x ∈ H with DF (x) = p1.
We now show that DF : H → H is Lipschitz continuous. To that end, we borrow argu-

ments from the proof of Theorem 3.3.7 in [14, Ch.3], which, once more, does not suffer the
dimensionality of the considered space. By (A-2) with p1 = DF (x), for any x, y ∈ H we have

(A-3) |F (y)− F (x)− ⟨DF (x), y − x⟩H | ≤ cF
2
|y − x|2H .

Then, for each x, v, w ∈ H, we have

⟨DF (x+ w), v⟩H ≤ F (x+ w + v)− F (x+ w) +
cF
2
|v|2H ,

and

⟨DF (x), v⟩H ≥ F (x+ v)− F (x)− cF
2
|v|2H .

Hence, from the last two display equations, we obtain

⟨DF (x+ w)−DF (x), v⟩H ≤ F (x+ w + v)− F (x+ w)− F (x+ v) + F (x) + cF |v|2H

= F (x+ w + v)− 1

2
F (x+ 2v)− 1

2
F (x+ 2w)

− F (x+ w) +
1

2
F (x+ 2w) +

1

2
F (x)

− F (x+ v) +
1

2
F (x+ 2v) +

1

2
F (x) + cF |v|2H

≤ 2cF
(
|w|2H + |v|2H

)
,

where in the last estimate we used the semiconcavity and the semiconvexity of F . The latter
estimate now implies the claimed Lipschitz property, since

|DF (x+ w)−DF (x)|H =
1

|w|H
max

|v|H=|w|H
⟨DF (x+ w)−DF (x), v⟩H ≤ 2cF |w|H .

□

Appendix B. Some technical results

Lemma B.1. Let x ∈ H, I ∈ I, (An)n∈N be the Yosida approximants of A, and denote by
Xn;x,I the unique mild solution to

dXn;x,I
t = AnX

n;x,I
t dt+ σdWt + dIt, X0− = x ∈ H;

that is,

(B-1) Xn;x,I
t = etAnx+WAn,σ

t +

∫ t

0−
e(t−s)AndIs, t ≥ 0.

For p ≥ 2 as in (2.12), for any T > 0 and for some M > 0 it holds:

(i) E
[
supt∈[0,T ]

∣∣Xn;x,I
t

∣∣p
H

]
≤M

(
1 + |x|pH + E

[∣∣∣ ∫ T
0

∣∣ϑ̂s∣∣Hd|I|s
∣∣∣p]);

(ii) limn↑∞ E
[
supt∈[0,T ]

∣∣Xn;x,I
t −Xx,I

t

∣∣p
H
] = 0.
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Proof. We start by proving (i). By (B-1), the Burkholder-Davis-Gundy inequality (see Theorem

1.111 in [27]), the fact that |etAn |L(H) ≤ e−
nδ
n+δ

t (cf. Equation (B-14) in [27]), and an estimate
analogous to (2.10), we have, for some constant M > 0 (possibly depending on p and changing
from line to line),

E
[

sup
t∈[0,T ]

∣∣Xn;x,I
t

∣∣p
H

]
≤ M

(
|x|pH + E

[
sup

t∈[0,T ]

∣∣∣ ∫ t

0
e(t−s)AnσdWs

∣∣∣p
H

]
+E

[
sup

t∈[0,T ]

∣∣∣ ∫ t

0
e(t−s)An ϑ̂sd|I|s

∣∣∣p
H

])
≤M

(
|x|pH + E

[ ∫ T

0
|σσ∗|L1(H)ds

] p
2
+ E

[∣∣∣ ∫ T

0

∣∣ϑ̂s∣∣Hd|I|s
∣∣∣p])

≤M
(
1 + |x|pH + E

[∣∣∣ ∫ T

0

∣∣ϑ̂s∣∣Hd|I|s
∣∣∣p]),

where the last expectation is finite due to the fact that I ∈ I (cf. (2.12)). This proves the first
claim.

As for (ii) notice that, for a constant M > 0 changing from line to line,

E
[

sup
t∈[0,T ]

∣∣Xn;x,I
t −Xx,I

t

∣∣p
H

]
≤ M

(
sup

t∈[0,T ]

∣∣(etAn − etA
)
x
∣∣p
H

+E
[

sup
t∈[0,T ]

∣∣∣ ∫ t

0

(
e(t−s)An − e(t−s)A

)
σdWs

∣∣∣p
H

]
+E

[
sup

t∈[0,T ]

∣∣∣ ∫ t

0

(
e(t−s)An − e(t−s)A

)
ϑ̂sd|I|s

∣∣∣p
H

])
.

The first two addends on the right-hand side of the latter display equation converge to zero as
n ↑ ∞ as in the proof of [27, Thm. 1.131]. In order to deal with the third addend, define

ψn(s) := sup
t∈[s,T ]

∣∣∣(e(t−s)An − e(t−s)A
)
ϑ̂s

∣∣∣
H
, s ∈ [t, T ],

which is such that ψn(s) → 0 as n ↑ ∞ P-a.s. by [27, Prop. B.34]. Since now |ψn(s)| ≤ 2|ϑ̂s|H ,

and, for any T > 0,
∫ T
0 |ϑ̂s|Hd|I|s < ∞ P-a.s. by (2.3) and E[|

∫ T
0 |ϑ̂s|Hd|I|s|p] < ∞ because

I ∈ I, the dominated convergence theorem gives

lim
n↑∞

E
[

sup
t∈[0,T ]

∣∣∣ ∫ t

0

(
e(t−s)An − e(t−s)A

)
ϑ̂sd|I|s

∣∣∣p
H

]
≤ lim

n↑∞
E
[

sup
t∈[0,T ]

∣∣∣ ∫ t

0
ψn(s)d|I|s

∣∣∣p
H

]
= 0

□

By arguing as in the proof of Lemma B.1(i) one can also prove the following.

Lemma B.2. Let x ∈ H, I ∈ I and let Xx,I denote the unique mild solution to (2.7); that is,

Xx,I
t = etAx+WA,σ

t +

∫ t

0−
e(t−s)AdIs, t ≥ 0.

Let p ≥ 2 as in (2.12). Then, for any T > 0 and for some M > 0 it holds:

E
[

sup
t∈[0,T ]

∣∣Xx,I
t

∣∣p
H

]
≤M

(
1 + |x|pH + E

[∣∣∣ ∫ T

0

∣∣ϑ̂s∣∣Hd|I|s
∣∣∣p]).
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[9] Boetius, F., Kohlmann, M. (1998). Connections between Optimal Stopping and Singular Stochastic
Control. Stochastic Process. Appl. 77 253-281.

[10] Brock, W.A., Engström, G., Grass, D., Xepapadeas, A. (2013). Energy Balance Climate Models and
General Equilibrium Optimal Mitigation Policies. J. Econ. Dyn. Con. 37(12) 2371–2396.

[11] Brock, W.A., Engström, G., Xepapadeas, A. (2013). Spatial Climate-Economic Models in the Design
of Optimal Climate Policies across Locations. Eur. Econ. Rev. 69 78–103.

[12] Brezis, H. (2010). Functional Analysis, Sobolev Spaces and Partial Differential Equation. Springer.
[13] Calvia, A., Federico, S., Gozzi, F. (2021). State Constrained Control Problems in Banach Lattices and

Applications. SIAM J. Control Optim. 59 4481-4510.
[14] Cannarsa, P., Sinestrari C. (2004). Semiconcave Functions, Hamilton–Jacobi Equations, and Optimal

Control. Birkhauser.
[15] Chang, M.H., Peng, T., Pemy, M. (2012). Viscosity Solution of Optimal Stopping Problem for Stochastic

Systems with Bounded Memory. Stoch. Anal. Appl. 30 1102–1135.
[16] Chiarolla, M.B. (1997). Singular Stochastic Control of a Singular Diffusion Process. Stoch. Stoch. Rep.

62(1-2) 31-63.
[17] Chiarolla, M.B., Haussmann, U. (2000). Controlling Inflation: The Infinite Horizon Case. Appl Math

Optim. 41 25-50.
[18] Chiarolla, M.B., De Angelis, T. (2016). Optimal stopping of a Hilbert space valued diffusion: an infinite

dimensional variational inequality. Appl. Math. Optim. 73(2) 271-312.
[19] Chow, P.L., Menaldi, J.L. (2006). Variational Inequalities for the Control of Stochastic Partial Differential

Equations. In: Stochastic Partial Differential Equations and Applications II : Proceedings of a Conference
held in Trento, Italy February 1–6, 1988 (pp. 42-52). Springer Berlin Heidelberg.

[20] Clément, P., Heijmans, H.J.A.M., Angenent, S., Van Duijn, C.J., De Pagter, B. (1987). One
Parameter Semigroups. CWI Monographs 5, North-Holland Publishing Co., Amsterdam.

[21] Da Prato, G., Zacbzyk, J. (2014). Stochastic Equations in Infinite Dimensions (Second Edition). Ency-
clopedia of Mathematics and its Applications 152. Cambridge University Press.

[22] De Angelis, T., Milazzo, A. (2023). Dynamic Programming Principle for Classical and Singular Sto-
chastic Control with Discretionary Stopping. Appl. Math. Optim. 88(7).

[23] Dianetti, J., Ferrari, G. (2023). Multidimensional Singular Control and Related Skorokhod Problem:
Sufficient Conditions for the Characterization of Optimal Controls. Stoch. Process. Appl. 162 547–592.

[24] Diestel, J., Uhl, J.J. Jr. (1977). Vector Measures. Mathematical Surveys-Number 15. American Mathe-
matical Society.

[25] Ekeland, I., Temam, R. (1999). Convex Analysis and Variational Problems. SIAM Press.
[26] Engel K.J., Nagel R. (1995). One-parameter Semigroups for Linear Evolution Equations. Springer, Grad-

uate Texts in Mathematics 194.
[27] Fabbri, G., Gozzi, F., Swiech, A. (2017). Stochastic Optimal Control in Infinite Dimension: Dynamic

Programming and HJB Equations. Probability Theory and Stochastic Modelling 82. Springer.
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40126, Bologna, Italy

Email address: s..federico@unibo.it

G. Ferrari: Center for Mathematical Economics (IMW), Bielefeld University, Universitätsstrasse
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