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Technical Appendix:
Calculating Government Consumption Multipliers in
New Zealand Using an Estimated DSGE Model

Andrew Binning

April 26, 2024

E Model

This Section describes the model used in this paper. The model is based on the small open economy
monetary-fiscal DSGE model used in Leeper et al. (2011). I add unemployment using the same
approach as Gal{ (2011) and government investment following Baxter & King (1993). Local currency
pricing is also introduced, following Adolfson et al. (2005), to better match the relative volatilities
of the exchange rate and tradeables inflation. The model setup is quite general, and includes some
features that I don’t make explicit use of in this paper.

E.1 The Represenative Ricardian Household (Savers)

The economy has a large representative Ricardian household with a continuum of members indexed
by the pair (j,k) € [0,1] x [0,1]. The first dimension j, indexes the type of labour service a family
member is specialised in, while the second dimension k, determines their disutility from working. If
the family member is employed, they receive disutilty from working equal to x:k¢, and they receive
zero disutility from working when they are unemployed. I use the subscript S to denote savers, when
referencing variables specific to the Ricardian household. The representative Ricardian household’s
expected present value of their lifetime utility Us o(j), is given by,
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where (g, is a consumption index defined as,
Og‘,t =Cst + ¢aGt + va,Gr t, (27)

G is public consumption, Gy is public investment, the accent over lagged consumption indicates
that habits are external, g ,(7) is the quantity of type j labour employed and &, is a labour prefence
shifter that evolves according to,

log ky = prlogki—1 + (1 — pi) K+ €x - (28)

The representative Ricardian household is subject to the following period by period flow budget
constraint,
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where 7¢; is the tax rate on consumption goods and P;; and Pc; are the nominal investment and
consumption deflators. Ig: denotes private investment, Bg; net public debt, and Fg; net foreign

debt denominated in domestic currency. Ap: is a risk premium shock process which I describe
. . . . . P .
in more detail below. R; is the gross nominal short term interest rate and m = Pc‘c;fl is gross

consumer price inflation. 7, is the average tax rate paid on labour income, W;(j) is the nominal




wage earned by the jth variety of labour, W; is the aggregate nominal wage and 7+ is a wage
inflation index described in more detail below. T+ is the average tax rate paid on capital income,
Ry is the rental/dividend rate on capital, I_(&t is the date t capital stock and v; is the rate of
capacity utilisation. Zg; denotes lump sum transfers paid to the Ricardian household, Dg; is
profits from domestic tradables producers and importers paid to the Ricardian household and &g,
is adjustment costs and shocks rebated to the Ricardian household.! The wage inflation index, 7y,
is defined as,

W = ﬂI‘fV‘j‘;_lﬂIl,;”W, (30)
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where Ty = is gross wage inflation. The risk premium shock process evolves according to,

At =pagABi—1+E€ays (31)

As per Section 4, €4, + is an endogenous risk premium shock. To incorporate parameter uncertainty
into the analysis, I normalise the interest rate tracks when calculating government consumption
multipliers at the endogenously binding lower bound. I use the endogenous risk premium shock
to condition on a common interest rate track across all model parameterisations. An additional
endogenous variable requires adding an equation to the system. I add the following equation to the
system of model equations,

Xi (R —Re) + (1 = X¢) (Eapt — €ap,t) =0, (32)

where X; is an indicator function that takes the value 1 in the periods the model is constrained
to match the forecast conditions and 0 in all other periods and R; is an exogenous interest rate
track. In all other settings, including estimation and simulation, X; is set to 0 in all periods. The
adjustment cost on capacity utilisation costs take the form,
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The representative Ricardian household is also constrained by capital’s law of motion,
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where Ay is an investment efficiency shock process which evolves according to,
Ary= A7} exp(ar). (38)

Setting up the Lagrangean for the representative Ricardian household,
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1Coenen et al. (2013) makes a similiar assumption, rebating intermediation premia, including risk premia shocks,

back to the household in the form of a lump sum payment. This assumption ensures final aggregate relationships do
not include adjustment costs or risk premia shock processes.
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where A; is the shadow price of consumption/wealth and @, is the shadow price of new capital
goods. The household is subject to the labour demand constraint for the jth variety of labour,

tsat) = (S) " (40

which follows from the labour aggregator’s cost minimization problem, where the elasticity of sub-
stitution, 7, follows the process,

ne=n;"yn' " exp (en) - (41)

Substituting the labour demand function into equation (39) gives,
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 (42)
I obtain the first order conditions with respect to consumption, wages, investment, net public debt,
physical capital and capacity utilisation:
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From equation (43), I obtain the marginal utility of consumption,
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From equation (44), I obtain the wage Phillips curve,
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In symmetric equilibrium, W;(j) = W, and ¢s,(j) = ¢s;, which means equation (50) can be ex-
pressed as,
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where W; = IKZ L is the real wage, my = sz/tl is gross wage inflation, and real wages are related to

both price and wage inflation according to,
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From equation (45), I obtain an expression that equates the marginal benefit of increasing investment
with the marginal cost,
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where ]517,5 = Iljé tt is the relative price of investment. From equation (46), I obtain the consumption

Euler equation for net government debt,

\ = E, { BAit1 Rtl exp (AB,t)} . (54)
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From equation (47), I obtain an asset pricing equation for Tobin’s Q,
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From equation (48), I get an expression that equates the marginal benefit of increasing capacity
utilization with the marginal cost,
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E.2 The Representative Rule-of-Thumb Household (Non-Savers)

The economy also has a representative rule of thumb household. Just like the representative Ri-
cardian household, they supply differentiated labour services, where j is used to index the type of
labour service provided. The rule of thumb household is unable to save or borrow and does not own
any assets. As a consequence they must consume all income, including net benefit payments, in
the period they are received. I use the subscript N to define variables specific to non-savers or the
rule of thumb household. The rule-of-thumb household is subject to the following period by period
budget constraint,
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where Cp, is consumption by the rule-of-thumb household, ¢ .(j) is the jth variety of labour
employed and Zy ; is transfers to the rule-of-thumb household. In a symmetric equilibrium,

(14+7ct) Cnie = (1= 700) Wil + Znt. (58)

Following Leeper et al. (2011), T assume that the rule of thumb household supplies labour according
to the same labour supply schedule used by the Ricardian household. In aggregate this implies,

ét = ,UESJ —+ (1 — [L) gN,t = éN,t = €Syt. (59)

As a result, I drop the S and N subscripts for labour in equilibrium.



E.3 Unemployment

Following Gali (2011), unemployment is determined as the difference between the total labour force,
those that would like to be employed at the current wage rate, and the number of people currently
employed. Taking the real wage Wy(j) as given, the kth family member in the jth Ricardian

household is willing to work if|
o k¢
(1 — Tg7t) Wt(j) Z K:t)T' (60)
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The marginal person prepared to supply labour at the given real wage, denoted by L;(j) is determined
by,
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The aggregate labour force is defined as,
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The aggregate labour force is then determined by,
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It then follows that the unemployment rate is given by,
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where T is the unemployment rate.

E.4 Domestically Produced Tradeable Goods Sector

There is a continuum of tradeable goods producers producing differentiated tradeable intermediate
goods. Domestic tradeables producers combine physical capital with labour, government capital and
technology to produce intermediate goods. The ith domestic tradeable goods producer produces
tradeable goods according to the Cobb-Douglas production function,

Yi(i) = AcKi (i) 4 (1) O K&S_y — Al m, (65)

where Y;(i) is the intermediate good, A; is total factor productivity, K;(i) is effective capital, £;(4)
is hours worked, K¢+ is government capital and 9 is a fixed cost of production which is scaled by
total factor productivity. Total factor productivity is assumed to follow an autoregressive process,

Ay = AD% exp (eas) (66)
and effective capital is defined as, -
Kt(l) = Ut(i)thl(i). (67)

The ith intermediate goods producer is subject to the following demand function for their variety

of goods,
) Pri(i)\ °
v = () v (68)
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which follows from the perfectly competitive aggregator’s cost minimization problem. The ith trade-
able goods producer maximizes the expected net present value of their current and future profits by
choosing prices for the variety of good they produce, and allocations of effective capital and labour,
subject to a quadratic adjustment cost of changing prices and their production function. The ith
producer’s objective function is thus,
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where Ap; is a stochastic subsidy to domestic tradeable goods producers that evolves according to,
Apt = papApi—1+€apt, (70)
Ap; is a labour demand shifter that follows the process,

AL,t = Ai‘:‘tL_l €xp (6AL,t) ) (71)



TH = PI:; - is domestically produced tradeables inflation, and 7 g is a tradeables inflation index
defined as,
TH = Ty [T (72)

Substituting the demand function into the firm’s problem gives,
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I obtain the first order conditions with respect to prices, effective capital and labour,
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From equation (74), I obtain the tradeables Phillips curve,
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In symmetric equilibrium Py (i) = Pg and Y;(¢) = Y3, which means equation (77) can be expressed

as,
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where IBH’t = 11?; : , which together with the definition of domestically produced tradeables inflation
implies,
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From equation (75), I obtain the firm’s demand function for physical capital,

Ry = QoA ()" (i) T KE5 - (80)
From equation (76), I obtain the firm’s demand function for labour,
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E.5 Importers

There is a continuum of importers, that buy imported goods at the docks, differentiate them and sell
them locally. The ith importer maximises their expected discounted stream of profits by choosing
prices for their variety of good subject to a quadratic adjustment cost of changing prices. The
expected net present value for the ith importer’s current and future profits is defined as follows,
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where

A1 = parAri—1 4+ €ar (83)
is a stochastic subsidy to importers, M;(i) is the ith firm’s supply of imports, Pr., is the price of
imports at the docks denominated in foreign currency, S; is the nominal exchange rate (the local
currency price for 1 unit of foreign currency), Pg(¢) is the import price in local currency set by the
1th importer, ¥y, is a fixed cost of production which is scaled by technology, Pr: is the aggregate

. . _ Pp, . . . . . .
import price in local currency, mp; = Pr,; Is gross import price inflation, 7F; is an imported
inflation index that is defined as,

~ _ LR 17LF
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Imports are the sum of the imported aggregate demand components: M; = Cp+Ipt+Gri+Grr s,
where the F' subscript indicates these are imports. Importers are also subject to the following demand
constraint for their variety of imported good,

M (i) = (1311;;?)) B M;. (85)

Substituting the demand curve into their profit function gives,
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I obtain the first order condition with respect to prices,
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This implies,
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In symmetric equilibrium Pp (i) = Pp: and My (i) = M, so that equation (88) becomes,
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where PRt = % is the relative import price in domestic currency. This can be rearranged to
obtain,
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where Q; = ‘3;:3 = S;Di;: t is the real exchange rate.? The definition of the relative import price,
Ppm implies,
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2Note that I assume P} = Py, so that imports priced in foreign currency are equal to the foreign aggregate price
level. This assumption follows from the small open economy assumption, where the domestic economy is infinitesi-
mally small relative to the foreign economy and domestically produced inputs into foreign final goods production are
negligible.



E.6 Final Goods Producers/Aggregators

The final consumption good is produced by combining domestically produced consumption goods
with imported consumption goods according to the constant elasticity of substitution (CES) aggre-
gator function,

a1 1--L L 1L %
C; = [(1 — vg)ho C'H,t“C +vie Cry “C} . (94)
Aggregation is carried out by a perfectly competitive aggregator firm. The aggregator chooses

allocations of foreign and domestically produced consumption goods to minimize their costs as
follows,
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and the first order condition with respect to foreign produced consumption goods,
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From equation (96), the demand function for home produced consumption goods is given by,
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From equation (97), the demand function for foreign produced consumption goods is given by,
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which after rearranging and cancelling terms leads to an expression for the consumption price index,
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The final investment goods are produced according to,

o _HI
_a 1 q_ 1 w1

11
I, = {(1 — ) Iy v I, . (105)

Cost minimisation by the final goods producer leads to the following demand equations for domes-
tically produced investment,

PH . —HI
Iy =(1-vy) P I, (106)
Tt
and foreign produced investment goods,
P —HI
Ipy =y (P“) I,. (107)
Tt

Plugging the demand functions, equations (106) and (107), into the final investment goods aggregator
function, equation (105), gives the investment goods price index,

N
Pr, = [(1 — ) PL 4 VIP;;HI} e (108)



The aggregator function for final government goods is given by,

1 1 11 kg1
Gi= (1 —va)7e Gy [0 +vES Gth“G] o (109)

Cost minimization leads to the demand function for home produced government consumption goods,

o PH,t —HG
Hit = (1 - VG) Po, Gt, (110)

and the demand function for foreign produced government consumption goods,

Pry\ M
Grt =vg PG’ Gy. (111)
it

Plugging equations (110) and (111) into equation (109) gives the government consumption price
index,

1
Pgy = [(1 —vg) P+ VGP;;“G} e (112)
The aggregator function for government investment good is given by,

1 1

1 e
1- 177G, 1
T GFI,ltGI:| o (113)

1 1——
_ _ e e e
Gr: = [(1 ve,)"r Gy, ' +rg,

Cost minimization by the government investment goods aggregator leads to the following demand
functions for home produced investment goods,

PHt —HGy
Gure = (1-ve,) (P : > Gr (114)
Gr,t
and foreign produced investment goods,
P —HGp
Grri=va, (PF’t ) Gru- (115)
Gr,t

Substituting equations (114) and (115) back into the aggregation function, equation (113), gives the
government investment deflator,

PG[,t = |:(1 - VGI)P}}I;HGI =+ VGIP;;HGI} e : (116)

Dividing equations (104), (108), (112), and (116) by Pc, and rearranging gives,

1

Py = [(1 —vo) + VcTtliuc} e (117)
P, =
L= (= wg) T ] (118)
Prr ¢
P =
Gt _ [(1 —vg) + Vthl_#G} e (119)
Py
~ 1
= [(1 —ve,) + VGITtl_MGI} e, (120)
Py

Pl,t ~ _ PG,t ~ _ PGI*t . . .
o Pg, = Pot and Pg, : = Po, are relative prices, and T; is the

- Pue 3
Where PH)t = ﬁ,t’ P[7t =
terms of trade defined as,
_ Pry  Pry
PH,t PHﬂg

T; (121)

E.7 Export Demand

The foreign final goods producer produces foreign final output by combining domestically produced
export goods, M, with foreign produced tradeable goods, V;*, according to the following CES
technology,

P
1 * et

Y= [(”*)“* (M;O;) 7 4 (L—v7) (Ve ; (122)

M*

2
where ©f = 1 — d)% ( M, 1) is an adjustment cost on changing imports (exports from the
t—1

domestic economy) relative to their level in the previous period. The accent over M;* ; indicates
this is an aggregate variable, which means the foreign tradeable goods producer does not take into



account how their actions affect this variable when optimising. The foreign final goods producer
minimizes costs by choosing allocations of imported tradeable goods and domesically produced
tradeable goods,

* Pj—k[tMt* . . " " oy L oy 1— L oy L . W th*
Zi = A;w: + Pp Vi + PRYS — |(00) (MPOF) 7 4+ (1 =) e (V) w =T , (123)

where Aj/x is an export demand shock that follows the process,
Anree = Qi oxp (Eayet) - (124)

I obtain the first order condition with respect to imports,

0%; _ Pi . (2
= Al
8Mt* A+ it

55) (007 (1) ) (e i

. X [@:—qﬁw (%—1) <Afl>} =0. (125)

Tt a0 () [er - o ($5 1) (3)). (126)

Substituting in the relative price of domestically produced tradeable goods and the real exchange
rate gives an expression for export goods demand,

Rearranging gives,

1

B ot (2 oo () ()]
Qt M=t Mt*e)zk t M My My, ’
Phe _ Pue _ Poy Puyu _ Puy
where Py T S PF T SPf Pc: Q¢ °

E.8 Government

The government’s period by period budget constraint in real terms is given by,

Ry

B, + TK,tRK,tUthfl + TZ,ttht +70+Ct = By_1 + PG,th + PGI,tGI,t +Z+ Asra (128)

Tt

where Agp 4, is an autocorrelated shock process,
Asrats = PSFAASFAL—1 T ESFAL- (129)
Tax revenue received from consumption is defined as,
Teow = 10,4Ch. (130)
Tax revenue from labour income is defined as,
To = 70 Wils. (131)
Tax revenue from capital income is defined as,
Tt = T R0 Ky 1, (132)
where K; = v;K;_, is effective capital. Consumption tax rates are set according to the simple rule,
Tor = To exp(uc,t). (133)

Tax rates on labour and capital are set according to the rules,

Y (24 B B Ye
Ter =T (Yt> ( %1> exp(ug,y), (134)

Y, PK B, YK
TRt = TK (Yf) ( tBl> exp(ug,t)- (135)

Government consumpion, government investment, transfers to the Ricardian household (5) and
transfers to the rule-of-thumb household (V) are set according to the rules,

Y, e B, -G
Gi=6(3)  (%5) el (136)
Y —¥PaGr B _ —Gyp
Gri =Gy (;) ( tBl> exp(ug, ), (137)
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Y, —¥zg B, —Vzg
zsi=25 (1) (%5t) etz (139)

Y, —$zZN B, —VzZyN
Int=IN <Yt) < tBl> exp(Uzy t)s (139)
where uct, Uk t, U, UzZs t, Uz t, U, a0d Uug, ¢ are shock processes that evolve according to,
uC,t - pucuc,tfl + Euc,t7 (140)
UKt = Pug UK t—1 + Eug ts (141)
Upp = Puyglhet—1 + Eug ity (142)
qu,t = puZSqu,t—l + €uzs,t7 (143)
uZN,t = puZNuZN,t—l + EuZN,ta (144)
uGﬂf = puGU/G,tfl + Eug,ta (145)
UGt = Pug, UG t—1 F Eug, t- (146)
The public capital stock evolves according to,
Kgi=(1-6c)Kgi—1+Gry. (147)
The central bank sets short term interest rates according to,
Ry =0(Z1:Ry +(1 = Z14) Rerp) + (1 — 0) (Zoy R+ (1 — Zot) RY), (148)

where ¢ is a parameter that takes the value 1 when the lower bound is set endogenously and 0
when an interest rate peg is set, R} is the shadow interest rate, Rgrp is the effective lower bound,
R is the steady state gross nominal interest rate and Z, ; and Zy; are indicator functions. Zj; is
exogenously determined taking the value 1 in the periods the interest rate is pegged at R and 0 in
all other periods. Z;; is endogenously determined, set according to,

. * <
th :{ 0 if Rt _RELB (149)

1if Rf > ReLp
where the shadow interest rate is set according to either,

ri = ) (R(2) (2)7) 7 ewtenn, (150)

™

or,

R = (Riy)™ (R (Z)™ (?)KYY/JR exp (ens). (151)

™

depending on which form of smoothing is assumed in the shadow rate rule, and g+ is a monetary
policy shock.?

E.9 Market Clearing, Aggregation and Equilibrium

The domestically produced tradeable good can be consumed or invested by households, consumed
or invested by government, or exported,

Yi=Cus+Igt+Gui+ Gure+ M. (152)

Substituting in the demand functions from equations (98), (106), (110) and (114) gives,

~ —HI
i p
Yy = (1—ve) PgheCe+ (1 - vp) <P“> I...

Tt
~ —HG ~ —HGp
P, P,

..+(1fllg) <~H’t> Gt‘i’(l*VGI) < ~H7t> G[¢+Mt*. (153)
PG,t Gr,t

Imported goods can be consumed or invested by households, or consumed or invested by government,
so that,
My =Cpt+1pt +Grt + Grrg. (154)

Substituting in the demand functions from equations (99), (107), (111) and (115) gives,

P —HI p —HG P —HGp
Mt = I/CPP:’?C Ct +vr ~F’t It + vg ~F’t Gt + [ e = Ll G]’t. (155)
1.t PG,t Gt

3The model is linearised for estimation purposes. Linearisation ignores the lower bound constraint on interest
rates. This implies that ¢ = 0 and Z2 ; = 0 during estimation, for all time periods.
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I impose a modified uncovered interest rate parity condition on the model,*

Sii1 F, F
R* ex — = _ = —+ A s 156
S, t €XP ¢s PuiYs  PaY St (156)

Rt:Et

where R} is the foreign interest rate, F; is net foreign assets denominated in domestic currency and
Ag+ is an international risk premium shock that follows the process,

Ast = pagAst+cag (157)
With a bit of algebra, it can be shown that,

Ry
Tt

Fy

1
Fo1+ Pa M — O, (Mt + A~ 7J’M) ) (158)

1
where Py M} — Q; (Mt + A wM) is net exports.

The remaining aggregate variables, C;, Z;, I, K;, K;, B, F, and D, are defined as follows,

Cy = pCsyt + (1 —p) Cny, (159)
Zy=puZss+ (1 —p) Zne, (160)
I = plgy, (161)
K, = uKs,, (162)
Ky = pKg g, (163)
By = uBsy, (164)
F;, = uFs,, (165)
Dy = pDsgy, (166)
where,
Dy = Py Y, — Rg Ky — Wi, + P M, — Q, <Mt + Ag%“ wM> , (167)

is the combined profit of the domestic intermediate producers and the imported good producers.’
For reporting purposes I define the real interest rate as follows,

R, :Et{ Ry } (168)

Tt41

E.10 Foreign Economy

I model the foreign variables as autoregressive processes,

Yo = (V)T (V)™ exp (eve ), (169)

R; = (R)"70% (Ry1)" exp (e ), (170)

mp = () ()" exp (). (171)

where Y,* is foreign GDP, R; is the gross nominal foreign interest rate and 7} = PI? is the gross
t—1

foreign inflation rate.

4QOrdinarily the UIP condition would fall out of the household’s first order conditions with respect to net foreign
debt. However, because net foreign debt is priced in domestic currency, the UIP condition should fall out of the
foreign household’s optimisation problem. In this case I don’t find the foreign economy’s first order conditions as I
assume the foreign variables follow autoregressive processes, so I impose the UIP condition on the model.
Alternatively, specifying interest costs on net foreign debt as,

R?q St thl F
— Fsi_ 1exp(Ap+_1)exp | — — — = +Asi—1 |,
e Sy st p(Ap—1)exp | —¢s Pai Vi Pay S,t—1

Ri—1
Tt
in the same way as Algozhina (2012) does would allow the derivation of the UIP condition from the household’s first
order conditions.
5] assume that price adjustment costs are rebated back to the Ricardian household.

instead of,

Fsi_1exp(Ap_1),

12



E.11 Measurement Equations

For estimation purposes, I augment the model with the following measurement equations,

. Y,
Y, =100 x log (t> , (172)
Y
R, =100 x (R; — R), (173)
frt:lOOx (7'('15—7'(')7 (174)
Tw,e = 100 X (mwe — 7w ) , (175)
T, =100 x (T, =), (176)
I
I, = 100 x log (;) (177)
Cy = 100 x log (Ct) : (178)
C
~ MF
M =1 1 t 179
¢ =100 xdog (3. (179)
Gy =100 x log (Gt) , (180)
G
R G
Gr.e =100 x log ( ”) , (181)
Gr
. Z
Zy = 100 x log (Zt> , (182)
T,
Tey = 100 x log (“) , (183)
Tc
R T,
Ty.e = 100 x log ( “) 7 (184)
T,
R T
T+ =100 x log ( “) , (185)
s TK
B B, B
— =100 x N - . , (186)
Y 4><PH,tY;5 4><PHY
S, Sy >
=100 x -1, 187
Si—1 <St1 (187)
A Y.*
Y7 =100 x log( L ) : (188)
Y*
R =100 x (R — R*), (189)
A5 =100 x (7F — 7). (190)

E.12 Model Equations

The 93 model varlables TCts TK ) Tety Lty LNty 45, Yt, Csyt, Cny, Cy, It, Gy, Ly, Ly, Ty, Py +
PHt7 PG ¢ Tt S s Bey Fyy Riy T, T, Tty Qr Rices Wu TW,ts TW,t, Ut, Kt, K, Aty Dty Aty Qs
Yt*7 RL 7Tt7 Uc,t, UK,ta Ugty UZp,ty UZg,ty UGt KG,t, Gl,ta PGI,t; UGty TF ) Oy, My, PF,t» TFty CS’tv
Are, ke, ABt, Ase, Are, Apt, Asras, Axt, ALy, 7775, mt7AM* R:, Eapt, Tew, Tras Tos, Vi, Ry,
Te, TW 1., I, Cy, Mt Gy, Gy + Z, TCt, Tg t TKt, For s Yt*, Rt, and 7}, are determined by
the 93 equations: (27) — (32), (41), (49), (51) - (56), (58), (63) — (67), (70) — (72), (78) - (81), (83),

(84), (90), (92), (93), (117) — (121), (124), (127) — (148), (150), (151), (153), (155) — (157), (159),
(160), (167) — (190), as follows,

Rtl

N(1+Tc,t)cs,t+151,tft+Bt+Ft Bt 1-

Rtl

Ft 1+,u(1_7-€t)Wt€t

ot (1 - TK,t) RK7tUth_1 + /,LZSﬂ: + Dt, (191)
- - - 1
D, = Py .Yy — Rg Ky — Wily + Pr My — Q4 (Mt + Atl_”/JM) ) (192)

13



I_(t = (1 — (5) I_(t—l + AI,t

o1 (I 2
1- 2 - I 1

> \ 7 ‘s (193)
Kegi=(1—-d¢)Kgi-1+Gry, (194)

(C5,—0C5,1) "

A =
¢ 1 + TC,t

, (195)

Cg',t =Csy +9cGi +9a,Gre, (196)

At Ty a1 £ 5
.+ FE {( ow ) pltl “Witt] Tl [Tw,i41 — 77W,t+1]}7 (197)

ne—1 At T by
. Lé
(1 — Tg,t) Wt = :‘QtTt, (198)
14
T, =1- ftt (199)

B B (bf It 2 It It
Pro=QiAr, (1 s\ el ) o)

A I
L+ E {ﬁ st Qi+1Ar 14101 ( tIH
¢ ¢

_1> <IZ1>2}7 (200)

A
R
At = Ey {5)\t+1 t exXp (AB,t)} ) (201)
Tt+1
S F; F
R, =FE, { ;-:1 R} exp <—¢S <[3H tY _ m) + Asﬂf) } , (202)
Xt

(1 - TK,tJrl) RK,t+1Ut+1 -

MQu=FErq P P {wl (Vps1 — 1) + % (Va1 — 1)2} FQua(1—=08) [ (203)
(1 — Ti.t) Rt = Prg [h1 + g (v; — 1)] (204)

(14 70.4)Cnt = (1 — 70.0) Wik + Zn 4, (205)

Cy = puCsyi+ (1 — ) Cnyg, (206)

Zy =pZsy+ (1 —p) Zng, (207)

Y, = AKP GRS - Atl%alﬁH’ (208)

Ry = QA KK, (209)

Wy = AL Qs (1 — o) A K IT KES (210)

- € Q
(€¢Pl> TH [THL — TH = (5 - 1) 151;,,5 —exp(Apy)...

op At41 W?{ 4t Yig1 -
...+ FE : — 211
+ B { (E 1) T (Tre1 — Tl o, (211)
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<5¢—F1> ﬂ—F,t [7TF,t — ﬁ-F,t} = ( ° > NQt — exp (AT,t) e

e—1 P,
oF At+1 ﬂ-%‘tJrl My -
..+ FE ’ — 212
+ Ey { (5 — )7 N mar MM, [Tt — Trea] ¢, (212)
- —1
Py = [(1 _ VC) + VCTtl—uc} B = ’ (213)
P =i
ol B2 [(1 — ) +y,Tt1—’“}1 r (214)
Py
P, =
~G,t _ |:(1 _ VG) _’_VGT;*IJ«G} kG , (215)
P,
P, e 1T
5= [(1 —ve,) +ve, T, HG'} A (216)
Py
P —HI
}/t:(l—l/c)P};fZCOt—F(l—l/])<pH’t I; ...
Tt

[:) —HI p e p —HGy
M; = VCPE,QLCC% +ur (PF’t> I +vg ( ~F’t> Gt +vg, < St ) Grt, (219)

1,t PG,t PGI,t
Kt = ’Uthfh (220)
Py =Py, (221)
Tt
Pry =" Ppy (222)
Tt
W, = "Wy, (223)
Tt
St 7T;:
tQ,. 224
Qt St_1 7Tt Qt 1, ( )
P
T, = =2t (225)
Py
fpe =miE, Ty T, (226)
Ty =mg_ (227)
Fwe =,y v, (228)

Bi + T Ric 40 K1 + 104 Wily + 7040 = 'B, 1 + PGy + Pa, «Gri+ Zi + Aspay, (229)

Tt

Rt =0 (Zl’tR: + (1 - Zl,t) RELB) + (1 - ,Q) (ZQ,tR + (1 - ZQ’t) R;) , (230)
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ri = ) (R(2) (5)7) 7 e tena

or

Rf = R{" (R (%)M (};)“Y>1_”R exp (€r,t) (231)
7o = 1o exp(uc,t), (232)
T =Te (?) - (?)Vz exp(ue,t), (233)
Grt =Gy (?) e (Bégl ) o exp(ug, ), (236)
Zsy = Zs <§;>% <B;31>WZS exp(uzg.t), (237)
Zni=2n (?) e <B gl > o exp(Uzy 1), (238)
R, = Et{ R } (239)

Ti41
UC,t = PucUC,t—1 Tt Euc,t) (240)
UKt = Pug UK t—1 + Eug ts (241)
Upt = PuyUti—1+ Eugts (242)
UZyt = Pugy UZnt—1 F Eugy it (243)
UZs,t = PuzyUZs,t—1 T Euzg b (244)
UGt = Puctici—1 + Eug.ts (245)
UGt = Pug, UGy t—1 F Eug, b (246)
log As = palogAi—1 +caq, (247)
Y= (V)T (V)" exp (eve ), (248)
Ry = (R*)'™"% (Ry_;)"™ exp(er-1) (249)
m = ()0 (m1)" exp (ene ) s (250)
Ay = A?ﬁil exp (€4, .t), (251)
Ko = Kp RO exp (en) (252)
Apt=payzABi—1+E€a,t, (253)
Asy = pagAsi—1 +Eagt, (254)
Ary = par AT +€agt, (255)
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Apt = papApi—1+Eap,ts
Asrat = psraAsrai—1+EsFat,
Apep = Aﬁji‘:’t*_l exp (EA,ut) s
Ay =APE Jexp(ea,.e),
e =1g" ' P exp (eq,) 4
Xt (Re —Rg) + (1 = Xy) (Eapt —€apt) =0,
TC,t = TC,tCt7
TZ,t = Tz,tthm
Tt = T R0 K1,
Y, = 100 x log (?) ,
R, =100 x (R; — R),
7y =100 % (7 — m),
we = 100 X (mw — 7w ),
T, =100 x (T, =),

I, =100 x log

Cy =100 x log

= Q‘Q ~|
oy \_/\_/

3
\T/

M; =100 x log

Gy =100 x log

QIR
N———

G“ =100 x log

Z, =100 x log

N———

S ONN

TCt =100 x log

St
N———

s

Ty.e = 100 x log

N————

T+ = 100 x log

Q
SE
N———

FF =
N—

B, B, B
— =100 x = - = ,
Y} 4XPH’tY;5 4><PHY

St :100><( St —1>,

St—l St—l

N Y.*
Y, =100 x log (Y?) ,

Rf =100 x (Rf — R"),

7y =100 x (7w} —7*).
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F Steady State

I describe two approaches for solving the steady state model. The first approach is a short hand
method that results in a pencil and paper solution of the steady state model. This approach can
be used to solve the steady state when estimating the model and when steady state fiscal policy
remains unchanged. When permanent changes are made to fiscal policy, the second more complicated
approach must be used. This approach involves solving a system of non-linear equations using
numerical methods.

Using the first method, I fix the steady state employment level and the real exchange rate, which
allows me to find a pencil and paper expression for output. As a consequence I need to solve for
the value of labour preferences, x;, that is consistent with the level employment is fixed at. With
the level of employment fixed, an analytical expression for labour preferences exists. This method
is useful for calibrating a baseline version of the model because the level of employment and fiscal
ratios can easily be chosen to match calibration targets in the data.

When investigating counterfactual fiscal policy, the level of labour and GDP, along with all the
other endogenous variables, need to adjust to changes in fiscal policy. This means holding the value
of labour preferences constant and solving for the levels of employment and the real exchange rate
that are consistent with the new fiscal policy. This is equivalent to solving for the level of employment
and the real exchange rate consistent with the new policy. There is no pencil and paper solution
with this approach, which leads to the solution of a system of two (non-linear) equations in two
unknowns.

F.1 Solving the Steady State by Fixing the Employment Level

I start by setting all the shock processes to the steady state values implied by their respective
processes. Usings equations (251), (240) - (247) and (253) - (259), I set the exogenous shock processes
as follows,

A=A =Amr=Arr =1, (284)
Apt=Ast =Ary = Apr = Agras =UCt =ULt = UKt = UGt = UG, t = Uzgt = Uzy .t = 0.
(285)
I set the endogenous shock €4, ; equal to 0 in the steady state,
€apt=0. (286)
I set the tax rates equal to their calibrated steady state levels,
TC,t = TC (287)
TK = TK, (288)
Tet = Te. (289)
The inflation and inflation indices are all set equal to the steady state inflation rate,
Ty — ﬂ—H,t = ﬁH,t = WW,t = ﬁW,t = ’JT;Ek = 7~T—F,t = ’ﬁ'Fﬂg = T. (290)
I set the steady state real exchange rate to ensure that PF,t =1,
~ e—1
Qi = Pp, ( . ) . (291)
Using equation (212) in steady state,
Pry=(——)0 =1 (292)
e ¢ = L.
Using equation (213), I find an expression for IE’H¢ as a function of vat,
. —1
Pry = |(1 = vo) +veT} e |77, (293)
~ _ L
1= (1= ve) P +voPte ] ™ (294)
~ 1
By 1—voPp e e
Py, = : 295
Ht l e (295)
With expressions for PH,t and ]5F,t, I can determine the terms of trade,
P,
T, = 2L (296)
Prr ¢
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The other relative prices can be determined using equations (214), (215) and (216), combined with
the values for Py, and T%,

1
PI,t = ]BH,t [(1 — l/[) =+ l/[T1 HI:| T 5 (297)
Pgy = P [(1 —va)+ VGTtl_”G} e (298)
1
Payi = Pu [(1 ~ve,) +ve, T, MGI} e (299)
In steady state, the nominal exchange rate does not grow,
S,
é =1. (300)
In steady state, equation (200) implies, 3
Q= Pry. (301)
In steady state, equation (201) implies
Tt
Ry = L. (302)
p

I assume that the steady state foreign interest rate is equal to the steady state domestic interest
rate,

R} = R;. (303)
The shadow interest rate is equal to the nominal interest rate in steady state,
R} = R;. (304)
The real interest rate is determine by,
R
Ry = —. (305)
Uy

I set the steady state capacity utilization rate to 1,
vy = 1. (306)

From equation (211), T obtain the steady state real marginal cost,

O, = Pr, (5; 1) . (307)

The fixed cost in the tradeables sector, 1 g, is chosen to ensure that profits in the domestic tradeables
sector equal 0 in equilibrium,

P Yy — <Y; + A" ¢H> = 0. (308)

Using equation (308), ¢y can be written as a function of Y;. This expression can then be used to
substitute for the fixed cost of production in subsequent expressions, which is necessary to solve the
steady state model. Substituting PH ¢ ( ) for ©; in equation (308) and rearranging for vy,

~ ~ e—1 1
P Yy — Pry (€> (Yt + Atlad}H) =0, (309)

Y, - <551> <Yt+A;-le) ~0, (310)
yt< )y < )Ale, (311)
<5_1> i (312)

From equation (209), the demand for capital is given by,

Ricq = QoA K T K2, (313)

This can be rewritten as,

Y+ Al

Ri:=0Q
Kt tQy K, ,

(314)

Using equation (312),
vi+ () v

Ri:=0Q
Kt t& K,

: (315)
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€ Y,
RKﬂg tQY (5_ 1) Kt (3 6)

Substituting equation (307) into equation (316),

~ e—1 € Y:
Ri+= P, —. 317
Kt H’t< € )a<€—1>Kt ( )
Cancelling terms gives,
5 Y
Ryt = Pgia— 318
Kt H’taKt’ ( )
From equation (203),
AMQr = B ( (1 = 7r.t) Ricevr + Q1 (1 —0) > (319)
From equation (319), I obtain an expression for the steady state output capital ratio,
Y 1-8(1-9¢
K PH,t 046(1_7_1(,15)
I use equation (318) to obtain the steady state rental/dividend rate,
RK,t = OépH,t?, (321)
which T use to find the capacity utilization parameter,
Y1 =R (1 —TK4), (322)
which leads to,
Y2 = Xx¥1. (323)
I fix the number of employed workers,
ft = g, (324)
and find an expression for the steady state output level, starting from equation (208),
Yi= AKMTOKES — AT v (325)

I substitute equation (312) for the fixed cost of production in equation (208) and rearrange for Y;,

1
Yi = ARSI OKES — (5—1) Yy, (326)

Y, (5 - 1) = AKOTOKES, (327)

I rewrite the production function in terms of %, which has already been determined, and %,

l—a—ag € _ 5 ¢ j e & “e
v () —a(5) e (52) (329)

() (@) ™" o

where I make use of K¢+ = igt which can be obtained from equation (194) in steady state and I

assume % is a parameter that I set when calibrating the model.® With Y; determined, I can solve

for the remaining model variables. Using equation (210) and the steady state value of Y; I can find
the steady state real wage,

Y;

W, =(1-a) PH,t%. (330)
Steady state government consumption is obtained according to,
6= ()% (31)
where (%) is a parameter set when calibrating the model.” Steady state government investment is
determined according to,
6= (§) 7 (332)

6 Alternatively, I could have set the steady state value of Gr,¢ rather than the ratio of Gy ; to GDP, in which case

equation (329) becomes,
1
e—1 K\*“ _1\oc ]| T-«
w2 ()

7 Alternatively I could have set the level of government spending directly. However, setting the ratio makes it easier
to calibrate the model as this is one of the targets that is matched.

20



where (%) is a parameter set when calibrating the model.® The steady state capital stock is found

using equation (320),
K

I use equation (67) to determine the steady state level of the capital stock,

K
K, ==t (334)

Ut

Using equation (193) in steady state, I obtain the value of investment,
I, = 0K,. (335)

Net foreign debt is determined by,

F o\ -
F=(——) Py, 336
t (PHY> Y (336)

where ( PF Y) is a parameter set when calibrating the model. Combining equations (191), (205),
H

(229) and (206) and rearranging for Cy gives,

~ ~ ~ ~ R
Ci = Pu1Ye — PG — Po, 1Gre — Praly — <1 - ﬂt) Fy. (337)
t

From equation (194) in steady state, I obtain,

Kg

=5 (338)

Net government debt is obtained according to,

B
B, = ( . ) Ys, (339)
Py

where ( I5BY> is a parameter set in the calibration of the model. I obtain the steady state level of
H

transfers from equation (229),°

R -
Zy = By (1 - t) — Gt —Gr — 19 Wil + T t R 1 Kt + 10t Wil + 701 Cy. (340)

Tt
I set transfers payments for the Ricardian household,
Zst=Zs, (341)

where Zg is a parameter set to calibrate the model. Using equation (207), I find the steady state
level of transfers paid to the rule of thumb household,

N Zy — ,MZS,t

Int = 342
v = A (342)

I use equation (205) to find the steady state level of consumption by the rule of thumb household,

N (1 — 700) Wil + Zni s
Nt = .
1 + TC,t

(343)

I use equation (206) to determine the steady state level of consumption by the Ricardian household,

_ Ci—(1 _N)CN,t
W

Cs.

)

(344)

From equation (219), T obtain an expression for the steady state level of imports,

]3 —HI p —HG P —HGy
My = v PRt Cy + v | 22 I + v | =2 Gy +vg, | =2 Gre.  (345)
Pry Pay Gr.t

Next, I find an expression for the fixed cost in the importer’s production function. I choose ¥,; so
that profits are zero in steady state,

PF,tMt - (Mt + Atl(YT/JM) =0, (346)

8 As mentioned in an earlier footnote, I could set the value of G, directly, but setting the ratio makes it easier to
calibrate the model.

9T am assuming here that transfers payments are the residual in steady state, chosen to match the desired debt to
GDP ratio and the other fiscal policy choices. It is possible to make other fiscal variables the residual or balancing
item in steady state, although this would change around some of the ordering for the steady state solution.
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= 5 e—1 =
Pp My — Ppy ( . ) (Mt + A ¢M> =0,
e—1 =
M, — ( 5 > (Mt +At1a1/)M) =0,
1 e—1 -
th = ( ) Atlia"/}M7

1 M
e Atl—a

From equation (192), T get an expression for the steady state profit levels,
. - . 1
D, = Py Yy — R+ Ky — Wily + Pri My — Q4 (Mt + A wM) .

I use equation (196) to obtain the consumption index,
C5t=Csi+9aGi+ 96, Gr i,
which allows a steady state expression for the shadow price of consumption to be found,

(Ct.(1-0)"
1 + TC,t '

(347)
(348)
(349)

(350)

(351)

(352)

(353)

The steady state unemployment rate is only a function of the inverse of the Frisch labour supply
elasticity and the elasticity of substitution between differentiated labour. I set the steady state
unemployment rate and the labour supply elasticity and find the elasticity between differentiated

varieties of labour.
Tt = T,

In steady state, equations (197) and (198) imply

3 13
L2 WA
e —1 At At

Y 3 13
0; =L,
(Ut—l)t ‘

"t £ ¢
)5 =1I8,
(Ut—1>t !

Rearrange for 7,

1
1-T) =1-—,
( 2 ui
1
1—(1-") ==,
( 2 ui

B 1
" 1—(1-7T)%

Using equation (197), I find an expression for the value of labour preferences,

Tt 1 At LNI/t
= 1-— .
K¢ ( m ) ( Té,t) ( f? )

*
M;
-
n* « [ Prt
Alppe v ( o, )

Total tax revenue is determined by equations (262), (263) and (264),

Tat = TC,tCta
TZ,t = TZ,tthtv
TK,t = TK,tRK,tUth~

The measurement variables are all gaps and are equal to zero in steady state,

Yt:Rt:ﬁ't:ﬁ'W,t:Yt:jt: t:Mt*:ét:GI7t:Zt:---

(354)

(355)

(356)
(357)
(358)
(359)

(360)

(361)

(362)

(363)

(364)

(365)
(366)

(367)



F.2 Solving the Steady State With Fixed Labour Preferences

Using the second approach for solving the steady state, I fix the value for labour preferences, kq,
and I solve for the steady state levels of GDP and the Terms of trade, which also means solving the
level of employment and the real exchange rate, as well as all the other endogenous variables.

I start by setting the steady state values for the shock processes, the tax rates and the inflation
rates using equations (284) through (290) and I set the nominal and real interest rates using equations
(302) through (305).

A pencil and paper solution for the entire set of steady state model equations does not exist when
this method is used, which means I need to solve a system of equations. This can be drastically
simplified to a system of two equations in two unknowns, Y; and Ty, as follows,

(Y, b —1+ (368)
€1t = e — 1 t)\tWt To,ty
P —HKrI
(l—l/C)PH’l;cCt—f—(l—l/[)( ~H’t> It
1.t

p —HG
62,t = }/} — -+ (1 — VG) NH’t Gt s (369)

Pay

~ —HG;
+(1—VGI)<~H¢> Gri+ M;
PG[,t

where equations (368) and (369) follow from equations (361) and (217) respectively. Note that T}
does not appear directly in equations (368) and (369) but is important for determining a number
of variables that appear in these equations as illustrated by the equations below. I find values of
output Y; and the terms of trade T} so that €;; = 0 and ez ; = 0, using a root finding algorithm. I
set the following variables in these equations according to,

Kt = K, (370)
Tet = Te, (371)
TRt = TK, (372)
TCt = TC, (373)
Y =Y, (374)
Y, =T. (375)

I either set the levels or the ratios of government consumption, government investment and transfers,

Gt = C;7 or Gt = (5) }/t, (376)

G[’t = G[, or G[,t = (GYI) th (377)
Z

Zy =2, or Z, = <Y> Y;, (378)

depending whether the government targets the level or ratio of spending. The other variables in the
system of two equations are determined by equations (360), (295), (297), (298), (299), (296), (291),
(301), (307), (320), (338), (327), (334), (335), (210), (337), (343), (344), (353) and (218) as follows,

1
’r] = T 379
S TTIE T (879)
Py = [(1 —vo) + VcTtliuc} e (380)
y ; .

Pri= Pgy [(1 — )+ VITtl—m} —kT ’ (381)
Pey = Py [(1 — ) + Vthl_uG} e (382)

i N N p——
Paya = Puy (1= va,) +ve, T | 7700 (383)
PF,t = TtPH,h (384)

~ e—1
Qi = Pry ) (385)
g

Qi = Pry, (386)
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0 = Py (5?)7 (387)
Y Q- QiB(1—0)

Y _ & 7 (388)
K PH,tOéﬂ(l—TK,t)
Kg: = 551G1,t, (389)
Y ((e—1\ (E\" os\""
= () () =) a0
K
K, = (Y) ¥, (391)
_ K,
k=X (392)
U
I, = 0Ky, (393)
v\ -l
Wy = (1 - a) QK KEE, (395)
F\ .
F = <Y> Py Yy, (396)
i i ~ ~ R,
Cy = Py, Yy — Pg Gy — Pg, «Gre — Prily — Fy (11— — ) (397)
t
_ (1 —704) tht + 2Ny
Oy = o (398)
(11—
Csﬂf _ Ct ( /J/) CfN7t7 (399)
7
Cr =Csi+ ¢cGi + 06, Gr e, (400)
(Cr(1-0)"
A= UZY) 401
K 1+704 (401)
~ —p*
My = A, F (2“) Y/ (402)
’ t

When values of T; and Y; have been determined such that the residuals of equations (368) and (369)
are sufficiently small, T can use equations (380), (384), (381), (382) and (383) to determine Py ¢, Pr,
]51,,5, ]5@7t and ]5(;17,5. The real exchange rate, Q;, is determined using equation (385), real marginal
costs are determined by equation (387), Tobin’s Q is determined by equation (386). Government
consumption and government investment are determined by equations (376) and (378) and the public
capital stock is determined by equation (389). The private capital stock is determined by dividing
output by % from equation (388), while private investment is determined by equation (393). The
number employed is determined by equation (394), while real wages and the real rental/dividend
rate are determined by equations (395) and (318). Exports are determined by equation (402) and
aggregate consumption is determined by rearranging equation (217) to obtain,

B —hr B e P s
m—((l—m(;j’f) It+<1—uc>(,{§’j> G‘+(1_VG1)< H) IGz,t+M:)

PGt
C; = — L
(1—ve)Pghe

(403)

Transfers to the Ricardian household are set according to equation (341) while transfers to rule of
thumb consumers are determined by equation (342). Consumption by the rule of thumb household
is determined by equation (343) and consumption by the Ricardian household is determined by
equation (344). C%, is determined by equation (352) while the marginal utility of consumption A,
is determined by equation (353). Imports are determined by equation (219) and net foreign debt is
determined by equation (396). Foreign output is determined by equation (374) and net government
debt is determined by,

] . - - R\
By = (TKUth + T Wily + 70,:Ct — Zy — PGy — PGz,tGLt> <7Tt - 1) : (404)
t

Note that net government debt is the residual or balancing item in steady state. Other fiscal variables
could be made the residual, although this would change the ordering of the solution. Consumption
tax revenue, labour tax revenue and capital income tax revenue are determined by equations (364),
(365), and (366). The steady states for the measurement variables are determined by equation (367).
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G Prior Predictive Analysis Parameter Comparisons

I carry out prior predictive analysis in Section 6 of this paper under a number of different monetary
policy assumptions. In nearly all cases, the estimated government consumption bands fall outside the
99% prior bands. To understand which parameters are causing some of the estimated multipliers to
be higher or lower than the 99% prior bands, I compare the distribution of the estimated parameters
that generate draws that fall outside the prior bands with those that always fall within the prior
bands. Figures 16 through 19 plot the distributions of the estimated parameters that fall within the
99% prior bands for the government consumption multipliers (red) against the distributions of the
estimated parameters that fall outside the 99% prior bands for at least 1 quarter (blue).
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Figure 16: Normal Times: Inside vs Outside Parameter Distributions
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Figure 17: Counterfactual Government Consumption Multipliers
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Figure 18: Counterfactual Government Consumption Multipliers
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Figure 19: Counterfactual Government Consumption Multipliers
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H Monte Carlo Filtering Results
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Figure 20: Normal Times Impact
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Figure 22: ELB Lagged Shadow Rate Impact

Figure 23: ELB Lagged Shadow Rate Two Years
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Figure 24: ELB Lagged Actual Rate Impact
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Figure 25: ELB Lagged Actual Rate Two Years
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Figure 26: Four Quarter Interest Rate Peg Impact
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Figure 27: Four Quarter Interest Rate Peg Two Years
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Figure 28: Eight Quarter Interest Rate Peg Impact
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Figure 29: Eight Quarter Interest Rate Peg Two Years
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