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(u
,v

)
=
u

+
v
−

1
+
C

(1
−
u
,1
−
v
).

6

B
ei

sp
ie

le
:

1.
U

n
ab

h
än

gi
gk

ei
ts

co
p
u
la

:
Π

(u
,v

)
=
u
v

2.
M

in
im

u
m

sc
op

u
la

:
W

(u
,v

)
=

m
ax

(0
,u

+
v
−

1)

3.
M

ax
im

u
m

sc
op

u
la

:
M

(u
,v

)
=

m
in

(u
,v

)

7

K
o
n
ve

xe
K

o
m

b
in

a
ti
o
n
en

W
en

n
C

1
u
n
d
C

2
zw

ei
C
op

u
la

s
si
n
d
,
is
t

au
ch

C
(u
,v

)
=

θC
1
(u
,v

)
+

(1
−
θ)
C

2
(u
,v

)

=
C

2
(u
,v

)
+
θ(
C

1
(u
,v

)
−
C

2
(u
,v

))

=
C

2
(u
,v

)
+

(−
θ)

(C
2
(u
,v

)
−
C

1
(u
,v

))
.

ei
n
e

C
op

u
la

fü
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ü
sc

h
en

d
o
rf
-C

o
p
u
la

d
ic

h
te

c(
u
,v

)
=

1
+
θf

1
(u
,v

)
m

it

f
1
(u
,v

)
=
∂
F

1
(u
,v

)
∂
u
∂
v

.

D
.h

.
in

sb
es

on
d
er

e

∫ 1 0

f
1
(u
,v

)d
u

=
∫ 1 0

f
1
(u
,v

)d
v

=
0

fü
r
u
,v
∈

[0
,1

].

P
ro

b
le

m
:
E
s

m
u
ß
θ

ex
is
ti
er

en
,
so

d
aß

c(
u
,v

)
≥

0
fü
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fü
r

0
≤
ω
≤

1.

27
28



29
30

A
llg

em
ei

n
e

P
ro

d
u
k
tc

o
p
u
la

s
(S

ar
m

a
n
o
v-

C
o
p
u
la

s)

F
1
(u
,v

)
=

φ
(u

)ψ
(v

)
−
u
ψ

(v
)φ

(1
)
−
v
φ
(u

)ψ
(1

)
+
u
v
φ
(1

)ψ
(1

)

=
(φ

(u
)
−
u
φ
(1

))
(ψ

(v
)
−
v
ψ

(1
))

fü
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fü
r

al
le
u

1
,u

2
∈

[0
,1

]

40



gi
lt
.
F
ü
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lö

se
n
.

50

D
ie

L
ös

u
n
g

la
u
te

t

F
(x

)
=
k
( 1

+
C
e−

k
/
(k

+
1
)x
) −k ,

w
ob

ei
C

d
er

ar
t,

d
aß

F
d
ie

E
ig

en
sc

h
af

te
n

ei
n
er

V
er

te
ilu

n
gs

fu
n
kt

io
n

b
e-

si
tz

t.

51

B
ew

ei
s:

S
et

ze
y

=
F

(x
)

u
n
d
y
′
=
f
(x

).
D

an
n

is
t

zu
lö
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fü

r
u
,v
∈

[0
,1

]

gi
lt
.

58

S
ym

m
et

ri
e

d
er

R
ü
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fü
r
u
,v
∈

[0
,1

]

n
ot

w
en

d
ig

fü
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äc

h
st

ge
m

ei
n
sa

m
sy

m
m

et
ri
sc

h
e

C
o-

p
u
la

s
au

s,
d
a
−
f
(F

−
1
(1
−
u
))
≤

0
fü
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ä
n
g
ig

ke
it
se

ig
en

sc
h
a
ft

en
vo

n
C
o
p
u
la

s

•
B

ed
in

gu
n
ge

n
fü

r
T
ai

l-
M

on
ot

on
ie

:

L
T
D

(Y
|X

)
⇐
⇒

C
(u
,v

)
u

n
ic

h
tz

u
n
eh

m
en

d
in
u

b
zw

. L
T
D

(Y
|X

)
⇐
⇒

P
(V

≤
v
|U

=
u
)

=
∂
C

(u
,v

)
∂
u

≤
C

(u
,v

)
u

.

u
n
d

R
T
I
(Y
|X

)
⇐
⇒

1
−
u
−
v
−
C

(u
,v

)
1
−
u

n
ic

h
ta

b
n
eh

m
en

d
in
u

85

b
zw

.

R
T
I
(Y
|X

)
⇐
⇒

v
−
C

(u
,v

)
1
−
u

n
ic

h
tz

u
n
eh

m
en

d
in
u

b
zw

. R
T
I
(Y
|X

)
⇐
⇒

P
(V

≤
v
|U

=
u
)

=
∂
C

(u
,v

)
∂
u

≥
v
−
C

(u
,v

)
1
−
u

.

86

•
S
to

ch
as

ti
ca

lly
In

cr
ea

si
n
g:

S
I
(Y
|X

)
⇐
⇒

P
(V

≤
v
|U

=
u
)

=
∂
C

(u
,v

)
∂
u

n
ic

h
t

zu
n
eh

m
en

d
in
u

b
zw

.

S
I
(Y
|X

)
⇐
⇒

C
(u
,v

)
ko

n
ka

v
in
u

87

•
C
or

n
er

S
et

E
ig

en
sc

h
af

te
n
:

L
C
S
D

(X
,Y

)
⇐
⇒

C
(u
,v

)C
(u
′ ,
v
′ )
≥
C

(u
,v
′ )
C

(u
′ ,
v
)

fü
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fü

r
al

le
v
∈

[0
,1

]
se

in
m

u
ß,

gi
lt

S
I
(Y
|X

)
⇐
⇒

φ
ko

n
ka

v
o
d
er

ko
n
ve

x.

D
a
φ

u
n
d
ψ

ü
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fü
r
u

1
,u

2
,v

1
,v

2
∈

[0
,1

]
m

it
u

1
<
u

2
,
v 1
<
v 2

.

D
an

n
is
t

L
C
S
D

(X
,Y

)
⇐
⇒
( φ(u

2
)

u
2
−
φ
(u

1
)

u
1

)( ψ
(v

2
)

v 2
−
ψ

(v
1
)

v 1

) u
1
u

2
v 1
v 2
≥

0

fü
r
u

1
,u

2
,v

1
,v

2
∈

[0
,1

]
m

it
u

1
<
u

2
,
v 1
<
v 2

.

11
3

W
en

n
φ
(u

2
)/
u

2
≥
φ
(u

1
)/
u

1
)

is
t,

d
an

n
fo

lg
t
ψ

(v
2
)/
v 2
≥
ψ

(v
1
)/
v 1

fü
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