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1 | INTRODUCTION

| Erhard Cramer?

Abstract

The model of adaptive progressive Type-II censoring introduced by Ng et al. (2009)
(referred to as Ng—Kundu—Chan model) is extended to allow switching from a given
initial censoring plan & to any arbitrary given plan & of the same length. In this
generalized model, the joint distribution of the failure times and the correspond-
ing likelihood function is derived. It is illustrated that the computation of maximum
likelihood and Bayesian estimates are along the same lines as for standard progres-
sive Type-II censoring. However, the distributional properties of the estimators will
usually be different since the censoring plan actually applied in the (generalized)
Ng—Kundu—Chan model is random. As already mentioned in Cramer and Iliopoulos
(2010), we directly show that the normalized spacings are independent and identi-
cally exponentially distributed. However, it turns out that the spacings themselves are
generally dependent with mixtures of exponential distributions as marginals. These
results are used to study linear estimators. Finally, we propose an algorithm for gener-
ating random numbers in the generalized Ng—Kundu—Chan model and present some
simulation results. The results obtained also provide new findings in the original
Ng—Kundu—Chan model; the corresponding implications are highlighted.

KEYWORDS

adaptive progressive censoring, exponential distribution, likelihood inference, linear
inference, Ng—Kundu—Chan model, progressive Type-II censoring, spacings

n = m+ Y. R, More details on the model as well as

recent reviews of results and references are provided

In the last decade, progressively censored life testing has
received great attention in the literature and various modifica-
tions to the standard model of progressive Type-II censoring
have been proposed. In such a life test n items are put simul-
taneously on test. At the time of the first failure, a (prefixed)
number of R; items is randomly selected and removed from
the experiment. Then, the next (second) failure is observed
where R, items are withdrawn. This process is continued till
the m-th failure observation where the test is terminated. In
particular, m failure times X7 ... X7 . out of n life-
times are observed where £ = (Ry, ... ,R,,) denotes the
censoring plan. Obviously, it satisfies the linear equation

by Balakrishnan and Cramer (2014); Balakrishnan and
Cramer (2023). A schematic illustration of the stan-
dard model of progressive Type-II censoring is given in
Figure 1.

In order to increase the flexibility of the censoring scheme,
various modifications have been proposed. A data based
adaption of the censoring plan &% has been presented in Ng
et al. (2009), where, given a time threshold 7, the origi-
nal censoring plan &% is modified once the first failure time
exceeds the threshold. Then, no further removals occur which
means that the experimenter intends to terminate the experi-
ment as soon as possible given the restriction that exactly m
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FIGURE 1

Schematic representation of original Type-II progressive censoring.
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FIGURE 2  Schematic representation of the Ng—Kundu—Chan model of adaptive type-II progressive censoring.

measurements are made. Once the m-th failure is observed,
the experiment is terminated. The censoring scheme can
therefore be understood as a compromise between a manda-
tory termination at time 7 (as in Type-I censoring) and a
desired number of m observations. In the following, this
model will be referred to as the Ng—Kundu—Chan model (of
adaptive progressive Type-II censoring). A schematic illus-
tration of the Ng—Kundu—Chan model is provided in Figure 2.

Ng et al. (2009) presented inferential results for (one-
parameter) exponentially distributed lifetimes. In particu-
lar, they obtained the conditional distribution of the max-
imum likelihood estimate (given D = d) and used this
result to construct conditional confidence intervals for the
scale parameter of the exponential distribution. Further-
more, approximate confidence intervals based on normal
approximations as well as Bayesian credible intervals have
been proposed. Using a conditional distribution construc-
tion, Cramer and Iliopoulos (2010) proposed a very general
account to adaptive progressive Type-II censoring allow-
ing a general study of such models. They pointed out that
their approach includes, for example, standard progressive
Type-II censoring, the Ng—Kundu—Chan model described
above, as well as so-called progressive Type-II censoring
with random removals (see, e.g., Yuen and Tse (1996)).
They found that, for exponentially distributed lifetimes, the
distribution of the maximum likelihood estimator in both
the adaptive and non-adaptive model are the same. There-
fore, inferential results obtained in the non-adaptive model
can be directly applied in the adaptive model (for more
details as well as statistical implications of this property, see
Remark 3.2). An extension including also (adaptive) Type-I
progressive censoring has been developed in Cramer and
Mliopoulos (2015). Yan et al. (2021) proposed a modifica-
tion of the Ng—Kundu—Chan model called improved adaptive
progressive Type-1I censoring scheme (see also Dutta and
Kayal (2021)). This model is a Type-I censored version of

the Ng—Kundu—Chan model where the life test is terminated
at a second threshold 7" > T. Following the wording of
Balakrishnan et al. (2023), this model can be considered as an
hybrid censored version of the original data.

Further adaptive extensions have been proposed in
Bairamov and Parsi (2011) and Kinaci (2013) (see also
Balakrishnan and Cramer (2014, Sec. 6.2.3)). Moreover, it has
to be mentioned that the Ng—Kundu—Chan model has been
studied under the label adaptive Type-II progressive hybrid
censoring (see Balakrishnan et al. (2023), Chapter 13, as well
as references cited therein).

In the present paper, we provide an extension of the
Ng—Kundu—Chan model which allows to switch from the
original censoring plan £ to anew one & . Thus, let T € R be
a threshold and let Z = (Ry, ... ,Ry)and & = (51, ... ,Sw)
be progressive censoring plans taken from the set

Gm,n = {(1”1,

m,ri € {1, ... ,m}}

ST Fem =1 —

of all admissible censoring plans of length m, where, for con-
venience, we use the notation r,,, = ZJ ;- We also write
v; = vj(R) for short, j € {1, ... ,m}, which denotes the num-
ber of units in the experiment just before the j-th failure occurs
when the original censoring plan & is employed. A schematic
representation of the generalized Ng—Kundu—Chan model is
provided in Figure 3.

Compared to the original Ng—Kundu—Chan model of adap-
tive progressive Type-II censoring (cf. Figure 2), the general-
ization adds further flexibility to the experimental design. The
new censoring plan & can be chosen as any arbitrary admis-
sible censoring plan of the same length as &%. Choosing &
as right censoring, that is, 8 = (0, ... ,0,n — m), no further
removals occur after the time threshold 7 until exactly m mea-
surements are made and we get the original Ng—Kundu—Chan
model as a special case.

Furthermore, this flexibility in the choice of & enables
the experimenter to design the experiment according to the



SCHMIEDT and CRAMER

WILEY— !

change of censoring plan

-

withdrawal | withdrawal

Ry Ro Ry

| N

censoring

Lpn,a

time

Xl:m:n X2:m:n Xd:m:n

FIGURE 3

given needs where the time threshold T can be considered
as a control parameter. As mentioned above, choosing & as
in Type-II right censoring, the experiment will be terminated
as soon as possible with exactly m observed failure times.
This shows that the Ng—Kundu—Chan model is designed to
save time. However, the generalized Ng—Kundu—Chan model
allows for the implementation of other requirements that may
be imposed by management or external conditions. Recall that
a popular argument for progressive Type II censoring is to
use the censored objects for other tests. Therefore, the con-
trol parameter allows modelling of a changing demand for the
available objects after time 7.

The constraint of observing exactly m failures causes some
technical difficulties in the construction of the adaptive cen-
soring plan. In particular, the censoring plan & may not be
applied in its original form in order to ensure the observation
of m failures. Hence, an adaptation to an admissible censoring
plan will possibly be necessary. A detailed construction of the
adapted censoring plan £, along with illustrative examples
will be presented in Section 2.

The outline of the paper and its main contributions are
as follows. In Section 2, we formally introduce the general-
ized Ng—Kundu—Chan model and discuss the aforementioned
construction of the adaptive progressive Type-II censoring
plan. Moreover, we derive the joint distribution of the fail-
ure times, followed by the respective likelihood function in
Section 3. In the spirit of the representation in terms of adap-
tive progressive Type-II censoring in Cramer and Iliopou-
los (2010), we explain that many results of a general kind
can be directly obtained from this general account. However,
as often, a more detailed analysis is possible when focusing
on the generalized Ng—Kundu—Chan model. For this purpose,
we assume (two-parameter) exponential distributed lifetimes
in Section 3.1. In particular, in Sections 3.1.1 and 3.1.2, we
pay attention to the role of (normalized) spacings and derive
their distributions by the density transformation theorem. As
pointed out in Cramer and Iliopoulos (2010), the normal-
ized spacings are independent and identically exponentially
distributed. However, it turns out that this is not true for
the spacings themselves which are seen to be dependent in
general. Furthermore, we show that the marginal distribu-
tions are given by mixtures of exponential distributions. This
result will be used in Section 3.1.3 to study linear estima-
tors based on adaptive progressive Type-II censored order
statistics. In particular, we establish explicit expressions for

T Xd+1:m:n

mel:m:n Xm:m:n

Schematic representation of the generalized Ng—Kundu—Chan model with adapted censoring plan &,,.

the expectation of linear estimators. Note that the normal-
ized spacings can not be used in linear inference since the
normalizing factors are random (and depend on the failure
times)! Furthermore, in Section 3.1.3, we study the exis-
tence of linear unbiased estimators and present conditions
which ensure their existence. Then, in Section 3.2, we illus-
trate how our results can be applied to the Ng—Kundu—Chan
model, particularly with respect to linear inference. Finally,
we provide an algorithm to generate random numbers in
the generalized Ng—Kundu—Chan model and present some
simulation results for exponentially distributed lifetimes in
Section 4.

At this point, it is worth mentioning that the results obtained
in the generalized Ng—Kundu—Chan model also provide new
findings in the original Ng—Kundu—Chan model. This par-
ticularly addresses the results on exact confidence intervals,
the properties of (non-)normalized spacings, as well as the
discussion of (best) linear inference. Note that the role of
spacings and its implications on linear inference, to our
knowledge, have not been discussed in the literature for adap-
tive progressive Type-II censoring so far. The corresponding
implications for the original Ng—Kundu—Chan model are also
highlighted.

2 | MODEL DESCRIPTION AND
DISTRIBUTION OF THE DATA

Let £p be an adapted censoring plan where, after exceeding
the threshold 7, the original censoring plan &% is adapted as
follows. Let

D= 1can (x;?m:n) @.1)
j=1

be the random variable counting the number or progres-

sively Type-II censored order statistics X]‘.Ufn:n which do

not exceed 7. It is well-known that D has the following

properties (see, e.g., Balakrishnan et al., 2023, eq. (7.4)),

i.e. Lemma 2.1 follows from the identity P(D = d) =

P (X‘@ LT <X?% . ) and the fact that the distribution
d‘.%{n.n % d+1:m:n
of (Xd:m:n’Xd%l:m:n) depends only onyi, ... . 7441

Lemma 2.1. Let Fy. ., be the cumulative distri-
bution function (cdf) of X% . ,1 < d < m. The

d:m:n

probability mass function of D is given by
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P(D = d) = Pr(D = d)

l_Fl:m:n(T)’ d=0
=YFam:n(T) = Far1:m:0(T), d=1,...,m-1.
Foim:n(T), d=m
2.2)

Furthermore, the probabilities P(D = d) depend
only on the first d + 1 parameters yi, ... ,Vi+1
which are not affected by the change of the cen-
soring plan.

The observed censoring plan £ = (L1 4, ...
D =dforsomed € {0, ... ,m} is defined by

,Lima) given

Ri, ifi<d
0id(Reds Sas1s - »Si),

m—1
n—=m=Re =241 Lia,

Lig= ifd+l1<i<m-1,

if i=m

(2.3)
where  0;x(Reg, Sat1 --- ,S5;)) denotes for any i €
{d+1, ... .m} afunction of Rug = Y, R; and Sg1, ... . S;
leading to an admissible censoring plan with exactly m mea-
surements. Of course, 0; 4(Red, Sq+1, --- »35;) can be chosen in
many ways depending, for example, on whether the test time
is to be extended, shortened or the number of withdrawals is
to be kept constant. For convenience, let Ry = Ry = 0.

Note thatin (2.3), forany d € {0, ... ,m}, conditions on the
withdrawal numbers ¢; s(Reg, Sa415 --. ,Si),d+1 < i <m—1,
need to be imposed in order to ensure that the experiment
is not terminated before m observations are made, that is,
in order to ensure that exactly Y. Liy = n — m items are
withdrawn or censored. In the following, we present a strat-
egy where withdrawals are essentially made according to the
censoring plan & .

2.1 | Construction of the adaptive censoring plan

By analogy with non-adaptive progressive Type-II censor-
ing, we consider y; = (Y14, -.. , Yma), Where y;4 has to be
interpreted as the number of units in the experiment imme-
diately before the j-th failure occurs. In particular, for any
JE€{d+2, ... ,m}, we must ensure yj4 > m —j+ 1 in order
to guarantee that exactly m measurements are observed. For
1 <j <d+ 1, the condition is satisfied by assumption since
R € G, is a proper censoring plan. Ford + 2 < j < m, we

define
j-1
nj,d=n—j+1—R.d— Z S;.
i=d+1

2.4)

Then, for j = d + 2, we have the condition
Nas2k =N—d—1—Reg—Say1 2m—d—1
= n—m—Rey = Sys1.

Thus, the number of withdrawn items in step d + 1 can be
maximally chosen as Ljy14 = (n — m — Reg) A Sg41. This

construction can be extended by iteration which leads to the
conditions

j=2
Hia=n—j+1—Rey— Z Lig—=Si-i2m—j+1
i=d+1
j=2
& n—m-Ruy—- Y Lia> S 2.5)
i=d+1

forje {d+2, ... ,m} sothat

=)
Li_1q= <n —m—Reg — Z Li,d> A Si-1,

i=d+1
JE{d+2,...,m}.
where x A y = min{x,y}, x,y € R. Similarly, we use the

notation x V y = max{x,y}. For j = m, everything left is
removed. Consequently, we set

j/j =I’l—j+ 1 _R-j—la
Vid = .
Hia V (m—j+1),

1<j<d+1

. (2.6)
d+2<j<m

Then, a censoring plan (2.3) where withdrawals are essen-
tially made according to the censoring plan & once the
threshold T has been exceeded, is given by

Liag=Yia—V+a—1 1Zj<m, 2.7)

where 7,,+14 = 0 for convenience. In particular, y; ; = n and
Ymd = Lm,d + 1.

Note that, given d, once yj, 4 = 1j,.aV(m—jo+1) = m—jo+1
for a certain jo € {d+2, ... ,m}, it follows L;; = 0 for all
J € {jos -
censoring anymore, as illustrated in Example 2.4 (see Table 2,
de {1,2}).

,m} in the sequel so that there is no withdrawal or

Remark 2.2. The max operator in (2.6) ensures
that we observe exactly m measurements. If the
censoring plans satisfy the condition

Y =1(R) <yi(S),

then the operator can be dropped in (2.6). Condi-
tion 2.8 means that, if we run the life test with the
censoring plan &%, we will have at most the same
number of items in the life test as under & at any
censoring time. In this sense, progressive censor-
ing according to the censoring plan &% will be
performed earlier than using & . Moreover, in this
case, the resulting censoring plan is constructed

j=1,....m=1, (28)

as a concatenation of the original ones (except for
the last component) as

(Rl, e stssd+19 (RN 9Sm—19n_m_R0d_S¢m—1 +Sld)

as desired. In the following, censoring plans satis-
fying this condition ford € {0, ... ,m} are called
regular paired.

In general, see for example, Example 2.4, the
effectively applied plan looks like

(R, oo s R4y Savts oo 5 Sas 8,150, ... ,0)
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with S | € {0, ... ,Sa41 — 1}. Here, d+1>
d+ 1 denotes the number where not enough items
would be available to ensure m measurements
when continuing with the removals according

to§.

Furthermore, we note the following simple but very useful
fact which follows directly from (2.6).

TABLE 1

Lemma 2.3. Given d € {0, ... ,m}, the first
d censoring numbers of the adaptive censoring
plan & ;4 are equal to those of R, that is,

Lj,dZRj j=1,...,d.
Moreover, this implies that yiqg = v, j =
1, ...,d+ 1.
Furthermore, forj € {d+2, ... ,m},
j-1 j-1
Yid = VYj = Z Rl‘= Z Sl‘.
i=d+1 i=d+1

Example 2.4. For illustration, consider the two
censoring plans # = (1,2,3,5,1,4) and & =
(6,3,0,1,4,2) with n = 22 and m = 6. For
d € {0, ...,6}, the respective observed cen-
soring plans £, are given in Tables 1 and 2.
Note that, in order to illustrate the change in the
censoring plan, neither the threshold 7' nor the
failure times X7 . ..., X% . need to be spec-
ified; according to Equation (2.1), any relevant
information is already included in the realization
d € {0, ... ,6} of the random variable D, that
is, in the observed number of failures before the
threshold 7. In Table 1, we start with the censor-
ing plan &# and switch to & after the threshold
T. In Table 2, we apply the censoring plans in
reversed order. Notice that both censoring plans
are employed as planned in the first situation pre-
sented in Table 1. In the situation of Table 2, the
censoring plan & can not be completely realized
as designed for d € {1, 2, 3,4} since not enough
items remain in the experiment after the change

(1,2,3,5,1,4) = R

Change number Adapted censoring plan
d Z,

0 6,3,0,1,4,2)= S

1 (1,3,0,1,4,7)

2 (1,2,0,1,4,8)

3 (1,2.3,1,4,5)

4 (1,2,3,5,4,1)

5

6

(1,2,3,51,4) =%

Vector of y,

of the censoring plan at time 7. This applies to
the cases D = d € {1,2} in Table 2. Notice
that in these situations no progressive censoring
occurs after X1 :m:1, Which is indicated by zeros
in the adapted censoring plan. Of course, this
comment does not apply to the last withdrawal
time where the experiment is terminated. Further
examples of the second phase’s censoring plans
are presented in Section 4.

Remark 2.5.

(1) Inthe Ng—Kundu—Chan model introduced
by Ng et al. (2009), we have in (2.3) §; =
0,1 < j < m — 1. This choice of the
alternate censoring plan & emphasises the
idea that the life testing experiment should
be terminated as soon as possible once
the test duration exceeds the prefixed time
threshold 7. Then, (2.6) may be written as
Yid = h—j+1=Remin@j-1), 1 <j <m.(In
Ng et al. (2009), the max-operator is erro-
neously written instead of min-operator as
upper limit in the sum in R, min@j-1) =
Z;‘:T(d‘f_l)Ri). Note that Y\ Lig =n—m
is always satisfied as long as & remains
an admissible censoring plan.

As mentioned above, adaptive versions
of progressive Type-Il censoring have

(ii)

also been proposed in Bairamov and
Parsi (2011) and Kinaci (2013), see also
Balakrishnan and Cramer (2014, Sec.
6.2.3). In Bairamov and Parsi (2011), an
extension regarding the number of pos-
sible adaptions of the censoring plan is
discussed. According to the notation in
(2.3), m — 1 thresholds 0 < T} < T, <

< Tp-1 are considered, where R;
units are removed from the experiment
when the j-th failure occurs before time 7

Adaptive censoring plans with initial plan &% and &' as desired plan after the change time 7.

Minimum requirement: (6, 5,4, 3,2, 1)

WILEY—

Y14
22
22
22
22
22
22
22

V24 Y3d Yad Ysd
15 11 10 8
20 16 15 13
20 17 16 14
20 17 13 11
20 17 13 7
20 17 13 7
20 17 13 7

Note: The parts of the adapted censoring plans are marked in the respective color of the original censoring plans.

Y6a

LY RV, T S B NN R e SIS
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TABLE 2 Adaptive censoring plans with initial plan & and % as desired plan after the change time 7.

Change number

d

[o NV, T S VS I S

Adapted censoring plan
2y

(1,2.3,5.1,4) = R
(6,2.3.5,0,0)
(6,3,3,4,0,0)
6,3,0,5,1,1)
(6,3,0,1,1,5)

6,3,0,1,4,2)= S
6.3,0,1,4,2) =&

Vector of v,

Minimum requirement: (6, 5,4,3,2,1)

Y14
22
22
22
22
22
22
22

Y24 Y3d Yaa Y54 Ye.a
20 17 13 7 5
15 12 8 2 1
15 11 7 2 1
15 11 10 4 2
15 11 10 8 6
15 11 10 8 3
15 11 10 8 3

Note: The parts of the adapted censoring plans are marked in the respective color of the original censoring plans.

(iii)

and S; units otherwise, whereby R; < §;
1 £ j £ m— 1. It is worth noticing
that the restriction R; < S; might be quite
counter intuitive to an experimentor’s aim
to reduce the time on test. Also, the model
presented in Bairamov and Parsi (2011)
cannot be considered as a generalization
of the Ng—Kundu—Chan model, having
S; =0,1 £j < m-1,in the latter. In
the model introduced in the present paper,
itisT) = T,1 < j < m-1, and we
detach ourselves from the assumption that
Rj < Sj.
Condition (2.8) holds for example when
the inequalities S; < R;, 1 <j <m—1, are
satisfied so that exactly m measurements
are guaranteed in the considered life test.
Note that this condition is trivially ful-
filled for any admissible censoring plan
% in the Ng—Kundu—Chan model since
§;=0,1<j<m-1

However, in general, dropping the max-
imum operator in (2.6) may lead to a
violation of condition (2.5), that is,

Yia <m-—j+1 forsome j>d+1.
Therefore, if sampling were carried out as
intended according to the switch from &%
to & after time 7, there might be too few
units available to ensure a total of m obser-
vations. The experiment would therefore
end before the m-th failure occurs, with
the sample size being at most m. However,
by design, at least one observation (the
minimum of the data) would be assured.

Another extension would be to consider
censoring plans of different lengths and
thus different numbers of intended obser-
vations, that is, % would have the length
m; and & would have the length m,.

Both modifications would lead to models
with a random sample size. Such exten-
sions will be subject of future research.

2.2 | Joint distribution

Let Xﬁ;:n, ,Xf:%:n be the adaptive progressively Type-1I
censored data with proper censoring plan as in (2.3) (for con-
venience, let Xb% ::1 L, = —oo). It is worth noticing that the
censoring plan &p is random in general. Moreover, after
exceeding the threshold 7', the observation of the subsequent
failure time X]i‘; .m:n does only depend on R of the initially

applied censoring plan & € €, .
In order to derive the joint cumulative distribution func-
tion of X7° . ... ,Xg’) for #1, ... ,t, € R, by similarity

1:m:n’ m:m:n>
with the derivations in Cramer and Balakrishnan (2013) (see

also Balakrishnan et al. (2023)), we get

P (XT.?D

P (X:ff

D
jim:

Il
M=

<01 <j<mD=k)

>~
(=)

—_

3

Zy ) . %y Z
P (inmin < t/’l =J= m’Xk:m:n =T< Xk+1:m:n>

>~
(=)

+

m:n —

P(Xt?" <61 <j<m X2

jim:

<7).
Then,

P (Xgmn

. R
o ST 1 Sj < m X

<T>

m.n —

=F%

1,“_’m:m:n (tls s ,tm—lstm /\ T) *

Fork € {0, ... ,m— 1}, we get

(X7, <€ (1o m)\
<, Z,
{k}’Xk:;ﬁn S A I.T< Xk+k1:m:n)
= P(X2h., <tie (1 m)\

kLX7E < AT,T<X.:

k+1:m:n’ T < mn tJ)

k+1<j<m
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i “CZk .
{k}’Xk:fn:n S A T)
- P(x% <t,je{l m}\
Jjimin — ioJ [
Z
{k’k+ 1}’Xk:m:n < Ik A T’Xk+l m:n < T)]
=1 min ¢
[7.c0) <k+l</<m ]>
Z
F] m'm'i’l([l’ R 7tk—19tkAT9tk+19 “ee 9tm)
—F om0 e e AT T g, ’lm)]'
Therefore, we find the following expression
P(X72, <51 <j<m)
jim:n
m
=Y P(Xh, <y <j<mD=k)
jim:n
k=0
m
= 1 min ¢
L,
FU i oo st e AT Bt e T)
m—1
- 1,7 min
; (T.c0) <k+15j§m ’)
&
Fl,f(..,m:m:n(tl’ cee 9tk—17tk A T7 T9tk+29 L atm)' (2'9)

Thus, differentiating the cumulative distribution function
w.r.t. 1, ... ,t,;, we get the density function (with 1, =
—00, Im+1 = m)

<
fl,.l.). L ([1,

mimin

m
<,
)= ) o (D (1),
k=0

<<ty (2.10)

Obviously, the joint density function in the general-
ized adaptive model with random censoring plan &Zp is
defined step-wise in terms of the joint density functions of
non-adaptive progressively Type II censored order statistics
with deterministic censoring plans &, 0 < k < m. The result
can be found for the standard Ng—Kundu—Chan model by Ng
etal. (2009) in Balakrishnan et al. (2023, Remark 13.4). In the
following, we will use the identity (2.10) for the likelihood to
point out that many results in statistical inference in the gen-
eralized Ng—Kundu—Chan can be directly obtained from the
corresponding results under progressive Type-II censoring
(see also comments in Cramer and Iliopoulos (2010)).

3 | INFERENCE IN THE GENERALIZED
NG-KUNDU-CHAN MODEL

In the following, we assume that the items under study have
a life time distribution with an absolutely continuous cumu-
lative distribution function Fy with density function fp that
depends depends on a finite-dimensional parameter 6 € ©.

WILEY— L5

Given observed failure times x; < ---
(2.10) the likelihood function

< Xp, we get from

<
LOIx, ... .Xp) = 2HMH](T)fLﬁ_,m:m:,,;o(xl, e )

ff% memeno L5 oo 2 Xm) 3.1

with d = erilll(_ooj"] (x;) being obtained directly from the
data. Although the censoring plan is random in the adap-
tive model, according to (3.1), the likelihood function in the
adaptive model equals that in the non-adaptive model when
the observed censoring plan is used. Consequently, assuming
that Xg” R ,Xf:’i,l:n are based on a cumulative distribu-
tion functlon Fg with density function fy with some unknown
finite-dimensional parameter 8 € @, the likelihood function
(3.1) is given by
L(O|xy, ... ,xp)

= H(}’j,d fe(xj) 1- FG(Xj))Lf-d)
j=1

m d
= (L) - (er(xj)> <H 1= Fo(xy)) >
j=1 j=1
m—1
I1- Fe(x,o)Lf”)(l — Folxu)ym™', (3.2)
j=d+1
where L;, is defined as in (2.7) and «(Z,) = H}L}’j,d-
Thus, maximization of £(0|xy, ... ,x,) W.r.t. to @ in the in
the generalized Ng—Kundu—Chan model yields the same solu-
tion as in the non-adaptive model. Consequently, results on
maximum likelihood inference regarding existence, unique-
ness of maximum likelihood estimates and their explicit
expressions or, respectively, approximation methods can be
directly derived from the non-adaptive model of progres-
sive Type II censored order statistics. For a comprehen-
sive summary, we refer to Balakrishnan and Cramer (2014,
Chapter 12).

Bayesian inference in the generalized Ng—Kundu—Chan
model can be conducted by similarity with progressively
Type-II censored data. A general discussion of Bayesian
inference under progressive Type-II censoring can be found
in Chapter 15 of Balakrishnan and Cramer (2014). Gen-
erally, given the prior distribution with density function
72(0) and hyperparameters a, the posterior density function

i (-|x1, ... ,Xy) is given by
. wa(O)LO|x1, ... s Xp)
a(e LR m) = . (33)
O ) = e @) dE

Clearly, the likelihood function in (3.1) is that of a pro-
gressively Type-II censored sample with the adapted censor-
ing plan. Therefore, all the Bayesian inferential results can
directly be applied to construct Bayesian estimates etc. in
the generalized Ng—Kundu—Chan model. As a matter of fact,
we get the same form of the estimators (like e.g., the pos-
terior mean). But, as for the likelihood estimator, one has
to take into account that the censoring plan is not fixed in
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advance but observed during the life test. Respective results
can be found in, for example, Kundu (2008) (Weibull distri-
bution), Ali Mousa and Al-Sagheer (2006), Wu et al. (2006)
(Rayleigh distribution), Ali Mousa and Jaheen (2002) (Burr
distribution), and Ali Mousa (2001) (Pareto distribution). Fur-
ther references are given in Balakrishnan and Cramer (2014);
Balakrishnan and Cramer (2023).

3.1 | Exponential distribution

Let the adaptlve progressively Type-II censored order statis-
tics X|. “b b X,f ".., be based on a two-parameter expo-
nent1a1 d1str1bution Exp(u, 9) having cumulative distribution

function
Fpo() =1—exp(—(t—pu)/9),

and density function f, 9(t) = 1/9 exp(—=(t — u)/9), t > u,
with distribution parameters 4 € R and 9 > 0. If y = 0, then
we write Fy, fy for short.

Then, given observations y < x; < - - -
the likelihood function is given by

t>u,

< X, with D = d,

L, x5 ... ,xp) =c(ZLHI™
1 m
exp<—§ <F21(Lj,d + D(xj — /4)>>]l(y,oo)(xl)- 3.4

By similarity with standard progressive Type-II censoring

(see, e.g., Balakrishnan and Cramer, 2014, Sec. 12.1), it is

maximized by the maximum likelihood estimators (MLEs)
n=x7 = =X’?  and

1:m:n 1:m:n

= l(z( D+ X2 —Xf’:’;;m)) (3.5)
m\ =

If u is supposed known, one gets the maximum likelihood
estimator for 9 as

1 < 1
=— +1)X = —TTT,
m@ D >,mn> p

where TTT = ijzl(Lj,D +1) )(ﬁfri::n denotes the total time on
test in the generalized Ng—Kundu—Chan model.

Note that D = ¥ Twr(X7, ) and the effectively
applied censoring plan <p in (3.6) and (3.5) are random
so that the MLE is a weighted version of the failure times
with random weights. Note that the form of the MLE equals
that under non-adaptive progressive Type-II censoring when
interpreting the effectively applied censoring plan &p as
non-random. However, as pointed out in Cramer and Iliopou-
los (2010), the distribution of the MLE under adaptive pro-
gressive Type-II censoring equals that of the MLE under
non-adaptive censoring. In order to illustrate this result, we
derive the distribution of :9}, i = 1,2, directly by studying
the distribution of the (normalized) spacings under adaptive
progressive Type-II censoring. In particular, the following
representations of the scale MLEs in terms of the spacings

(3.6)

W =X —XT o 1<jsm X =u 3)
are obviously true:
~” 1w ¥ A~ e z

3.1.1 | Normalized spacings

To derive the distribution of the maximum likelihood estima-
tors @,-, i = 1,2, werewrite (3.6) and (3.5) in terms of normal-
ized spacings of the adaptive progressively Type-II censored
order statistics X "?D R, ¢ l:n .- We show subsequently for
exponentially dlstrlbuted lifetimes that the normalized spac-
ings are independent and identically exponentially distributed
random variables. To prove these properties, we will apply
the density transformation theorem as well as the law of total

probability by conditioning on {D = d},d € {0, ... ,m}.

Thus, let
ST =ypW,?, 1<j<m, (3.9)
. . & &
be the no;mahzed spacing of the sample X1 ;; e X0 s
where XO:i)n g = M In (3.9), the normalizing factors y; p,
.., Ym.p are random turning to fixed values y; 4, ... , ¥ma @S
defined in (2.6), once the normalized spacings S]CZ”, ,Sf”

are considered conditionally on the number of observed fail-
ures D = d before time T. The joint probability mass function
of the random normalizing factors is given in Balakrishnan
et al. (2023, Sec. 13.2).

For convcnience, “define  the Vrandom ~ vectors
W;fn — (WffD, 30)/ Sy,) — (S’?D 5fD)/ and
< _ Zp 5/1) / m
X7 = X/P. ... X0 (for a € R™, @ denotes
the transpose of a). Then, given D = d, we can write

W% = A (X7 — pe;) and 877 =
matrices A and M, being defined by

My - (X7 — pey) with

0 .0 —-11
7ia O
~Y2.d YV2d
Ma=]| 0 -y34 134 0 1. (3.10)
0 0 —Ymd Ymd
respectively, and vector e’1 =(1,0, ... ,0) e R™,

From (2.10) and (3.2) we get

a0

1 Z,

= P,o(D = d)fl,...,m:m:n;,u,mg(t)]]'(tdvth](T)
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o(Za) _ 1 m
P,s(D=d) P< 19j=21 ij.d i
]l(tz]vtd+1](T)7 U<t <<ty

By density transformation and proceeding as in Balakrishnan
and Cramer (2014, Sec. 2.3.1), it follows that the conditional
joint density function of S§7r = (S“l%, ,Sf”)’ condition-
ally on D = d is given by
1

S7p|p=d —m
= —19
f u,&(D = d)
1 m
exp(— 5 Z tj) ]l(Vd_d(t)’Vd,dH (t)](T)
=1
P &(D 2 (l:lf9(tj)>]l(vdvd(t),vdvdﬂ(t)](T)a
0<ty, .o by, 3.11)
where
va () = 2 ti/Yia» J €11, ... m),
Vao@®) = 0, Vg my1() = o0 (3.12)

ford € {0, ... ,m}. Notice that

Vaat) < vgar @), def0,...,m},

as & is assumed to be an admissible censoring plan in €, ,

and t{, ... ,t, > 0. In detail, we have
1) voo@®) =0 <vo1(8) =t1/y10 Withy19 =n— R
=nford=0;
(1]) Vm,m(t) = er'r;lti/%,m < Vm+1,m(t) = oo with
Yim =n—i+1—R._; > O0foranyi € {1, ... ,m}
ford = m;

(i) 0 < vga®) < Vagar1(® = Vaa®) +tas1/vas1a <

withyy1g=n—d—Ryy=n—d— Z?:lRi > 0.

In particular, the numbers v, 4(f), vg4+1(¢) depend for any

d € {0, ... ,m} only on the initial censoring plan Z € €,,, .

Using the law of total probability, we conclude that

the (unconditional) joint density function of S%» =
(S?D, ,Sff”)’ is given by

150 = ZPM oD =y

= Hf@(tj) Z Lo, @ wyun @n(T)
=1 d=0
m

= Hfs(fj),
=1

Thus, even though the normalized spacings in (3.9) have ran-
dom normalizing factors depending on the random number
D = ¥ 1wnX7,.,) of failure times before threshold
T, they are independent and identically Exp(9)-distributed.
Here, Exp(9) = Exp(0, 9) denotes the one-parameter expo-
nential distribution with mean 9. Summing up, we get the

0<ty, .. by (3.13)

WILEY—*

following result which extends the analogous one for standard
progressively Type-II censored order statistics (see Balakrish-
nan and Cramer (2014), Theorem 2.3.2). Note that 9 1 depends
on y via the first spacing S“l% = n(Xi:m:n — M) so that the
estimator can not be used in case of an unknown location
parameter.

Corollary 3.1. Given
lifetimes  with
scale parameter 9, the normalized spacings
S?’), ,Sf” as defined in (3.9) are indepen-
dent and identically Exp(9)-distributed random

variables.

Exp(u, 9)-distributed

location parameter u and

(i) If the location parameter u is supposed to
be known, then the MLE 31 of 9 has a
scaled y*-distribution with 2m degrees of
freedom, that is,

2md, /9 ~ 12 (2m).

(ii) If uis unknown, then we have for the MLE
9, that

2md, /9 ~ y2(2m - 2).

In particular, expectations and variances are
given by E,9(§1) = 9, Varg(gl) = 9%/m and
E,g(ﬁg) = mT_lé), Var9(§2) = %82, respectively,
for 8> 0.

Proof. By analogy with standard progres-
sive Type-II censoring (see Balakrishnan and
Cramer, 2014, p. 271), the representation in terms
of spacings in (3.8) shows that the MLEs can
be written as a sum of the normalized spacings
in (3.9). Since these spacings are independent
and identically Exp(9)-distributed by (3.13), the
scale MLEs have the given y2-distributions. =

Remark 3.2. Based on the distributional results
presented in Corollary 3.1, we discuss proper-
ties of the MLEs in the one- and two parameter
exponential model (cf. (i) to (iv)). Furthermore,
we present inferential results based on these esti-
mators. In particular, this includes exact confi-
dence intervals for the parameter 9 (cf. (v)) as
well as exact confidence regions for (u,9) in the
two-parameter model.

(i) Note that 9 1 is an unbiased estimator of
9 and 9, is an asymptotically unbiased
estimator as m tends to infinity, respec-
tively. Moreover, due to the invariance
property of maximum likelihood estima-
tors, the squared MLE 512 /m is the MLE
of the variance Varg(ﬁi). Ng et al. (2009)
pointed out that :912 /m is an estimator of the
asymptotic variance.
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(i)

(iii)

@iv)

)
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The MLEs /i and 95 in the two-parameter
model are independent and

_m g,

(m—1)n

=h-
is an unbiased estimator of u since
i ~ Exp(u,9/n) (see Balakrishnan and
Cramer, 2014, p. 271). Moreover, it follows
that both 3)\1 and (i, :9\2) are complete suf-
ficient statistics given the respective distri-
butional assumption so that we get directly
the uniformly minimum variance unbiased
estimators of the parameters in the general-
ized Ng—Kundu—Chan model, too. Notice
that the estimators are not linear estimators
in general since the weights y; p are random
variables! Thus, the best linear unbiased
estimators can not be obtained from this
result.

In the one-parameter model (assuming y =
0), a linear unbiased estimator of 9 is given
by '9L = nX Zp .
malized spacmg Wthh by definition, has
a non-random weight. In order to discuss
the problem whether other linear unbiased
estimators exist, we consider properties of
the spacings in Section 3.1.2.

Using a moment generating function
approach, an explicit expression of the
density function of 9| has been derived in
Lin and Huang (2012). The connection to
the y2-distribution of the maximum like-
lihood estimator as given in Corollary 3.1,
however, is hidden behind the alternating
sum structure presented there.

The above estimators in the generalized
Ng—Kundu—Chan model are based only
on the normalized spacings and, thus,
their distribution equals that in case of
standard progressive Type-II censoring.
Therefore, all the inferential results estab-
lished under progressive Type-II censor-
ing can directly be applied in the gener-
alized Ng—Kundu—Chan model as long as
they are based on these estimators. This
particularly applies to confidence inter-
vals and regions, statistical tests, and so
forth.

For instance, exact statistical intervals
and regions can be directly constructed
from the comments given in (ii) (see Chap-
ter 17 in Balakrishnan and Cramer (2014)).
For the parameter 9, we get confi-
dence intervals based on quantiles of

x2-distributions. Denoting by )(ﬂ(k) the

, that is, the first nor-

p-quantile of the y?(k)-distribution with k
degrees of freedom,

l 2m:9\1 2m 1 ]

Liapy@m) a2, 2m) |
em-2)8 (Q2m-2)9,

l 21 p(2m — 2)" 12 1p(2m — 2)]

yield two-sided exact 1 — a confidence
intervals for d. By analogy, one sided con-
fidence intervals are obtained. An exact
confidence for u can be directly taken from
Balakrishnan and Cramer (2014, Corollary
17.1.1) Simultaneous confidence regions
for (u,9) can be constructed using results
of Wu (2010) (see also Balakrishnan
and Cramer (2014, Theorem 17.1.3)).
Of course, computational approaches like
bootstrap can be used to construct confi-
dence intervals.

All the goodness of fit tests prepared for
the exponential distribution under progres-
sive Type-II censoring can be used when
they are based on the normalized spac-
ings. A survey is provided in Doring and
Cramer (2019). For other topics, we refer
to Balakrishnan and Cramer (2014); Bal-
akrishnan and Cramer (2023).

3.1.2 | Non-normalized spacings

For the non-normalized spacings WICZD Y e W;;[ " as defined
in (3.7), the situation becomes different since the normaliz-
ing factors of the normalized spacings S“l%, ,S;,%)’) given
in (3.9) are random in general. Even though in Section 3.1.1
the normalized spacings were shown to be independent
and identically exponentially distributed, we will prove that
the non-normalized spacings are generally dependent with
marginal distributions given by mixtures of exponential dis-
tributions. For this purpose, we will again apply the density
transformation theorem and the law of total probability, fol-
lowed by a rather technical proof of Theorem 3.3, which is
moved to the appendix.

First, we get similarly to the case of normalized spacings by
the density transformation formula that the conditional joint
density function of WZ» = (W;?D Wf 2y conditionally
on D = d is given by

fw D|D—d() o(Za) o m
P,s(D=4d)
1 m
exp<—§ 2 yj’dtj>ﬂ(tod’t-d+]J(T)
=
yS(D d),ll Yidf3iat) Loyt 1 (D,
0<ty, o st (3.14)
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ford € {0, ... ,m}, where by similarity with (3.12) that is, the distribution of W]f[” is a mixture of

possibly different exponential distributions. Fur-

J
(A7'), = D=1,

i=1

, JE {1, ... ,m},

(3.15)

th = Os tom+1 = o0,

sothat 0 = ty) < fe) < -+ < topy < fems1 = 0. In particular,

m

“p\pe 1
Tuo 70 = g L iatntiay).

J=1

0<ty, ... ,ty, teg<T <tegs1- (3.16)

Notice that in (3.14) compared to (3.11) the indicator does not
depend on the censoring plans anymore but the exponential
density function does instead, which fundamentally changes
the situation regarding the spacings’ unconditional joint and
marginal density functions.

Applying again the law of total probability, by (3.14)
the (unconditional) joint density function of W7 =
(Wf/p", ,Wf")’ is given by

” 2D | D=
WP =Y Pua=dyy "=
d=0

= 2 ]l(l.dsf.dﬂ](T)H (}'j,df& (Yj,dtj)) ’
d=0 =1

0<ty, .o,y (3.17)

This illustrates that the joint density function of the the
non-normalized spacings is connected to densities of inde-
pendent exponential random variables. However, the spacings
are obviously not independent except when y;4 = y; for all
d e {0,...,m}andj € {1, ... ,m}. This holds only when
X = &, that is, the censoring plan is not affected by the
threshold 7.

The marginal cumulative distribution functions and den-
sity functions are given in Theorem 3.3 where Z;O cee=0
is defined. The rather technical proofs are presented in the
appendix.

Theorem 3.3. Let Fy.,,:n and fy.pm.n be the
marginal cumulative distribution function and
density function of the d-th progressively type-11
censored order statistics Zﬁm:n based on the
censoring plan R and a standard exponential
distribution.

Fork € {1, ... ,m}, the marginal density func-
tion and cumulative distribution function of the
k-th spacing are given by

thermore, the €-th moment of Wf” is given by

E(WIZ?D)K

=,9f<

%Fd;mm((T — 10/9) = Far1:m:n((T — 1)/ 9)

‘
=0 Yia

o Fictinsn(T = ;4)/19))

ve

Remark 3.4.

®

Plots of the densities of the spacings
WfD, k = 1,...,6, in the generalized
Ng—Kundu—Chan model are presented in
Figure 4 for the censoring plans # =
1,2,3,5,1,4), § = (6,3,0,1,4,2) as
considered in Example 2.4. The mean J of
the exponential distribution and the time
threshold T are chosenas 9 = 1 and T =
.1, respectively. The densities of the first
spacing, which by definition is the density
of the first failure time itself, are obviously
identical. However, for the other spac-
ings, the difference between the (strictly
decreasing) density function of the spac-
ing W]:CZD ,2 < k < 6, and the density of the
exponential distribution with parameter
1/7(R) resp. 1/y;($8) becomes visible,
illustrating that the marginal distribution
of the respective spacing is indeed not
an exponential density. Differences of the
densities with respect to the exponential
densities are shown in Figure 5 for easier
comparison.

Note that the densities of the spacings
are strictly decreasing on (0, o0). Further-
more, it follows that they are log-convex
(see An, 1998, Proposition 3) and com-
pletely monotone as a mixture of expo-
nentials (see Bernstein, 1929, Feller 1971,
p- 439). Since the density function of a
spacing is decreasing, we conclude from

W k=2 Bagnoli and Bergstrom (2005, Corollary
f,l,g 0= Z(Fdimin((T = W/9 = Farromn((T = 1)/ 9)) 1) that the cumulative distribution func-
4=0 tion of a spacing is log-concave.
Yedfoeat) + Fe-timen(T = )/ Orifs(ret), - 120, (ii) Furthermore, we get stochastic ordering
WD k2 of the spacings if # and & are regu-
Fy 0= ;](Fdimin((T = /) = Fasim:n(T = )/ 9)) larly paired as introduced in Remark 2.2.

Fy(Yiat) + Fi1:m:a((T — ) /NFo(rit), 20,

According to (2.6), yja = 7;, 1 <j < d+1,
and
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FIGURE 4 Plots of the densities of the (non-normalized) spacings W;YD Y e

j-1
Yia=n—j+1—Re— Z Si=7;

i=d+1

j-1
+ ) Ri=S), d+2<j<m
i=d+1

Therefore, for alld € {0, ... ,m —2} and
je{d+2, ... ,m}, we get

-1
Vid 2V = 2 (Ri —S8)>0.
i=dt1

This condition is equivalent to S; < R,
1 <£i <m— 1. From Theorem 3.3, we get
for t > 0 in this case

2 k=2
FZV;) (t) 2 Z(Fdimin((T - /4)/19)
d=0

—Fai1:m:n(T = 1) /9 Fy(yit))
+ Fr—t:m:n(T — ) /9)Fy(yit)
= Fy(yid).

s Wgy . in the generalized Ng—Kundu—Chan model for the censoring plans
R =(1,2,3,51,4),8 =(6,3,0,1,4,2), threshold 7T = .1 and distribution parameter 9 = 1 (solid lines). For comparison the exponential densities with
parameters 1/, (%) (dotted lines) and 1/y,($) (dashed lines), respectively, are also depicted.

Hence, the k-th  spacing Wf L
is  stochastically larger than an
Exp(9/yy)-distribution, k € {1, ... ,m}.
Of course, for £k =
Exp(8d/n)-distribution.
Some plots of the means (i.e., for £ =
1) of the spacings (divided by 9) as a
function of 9 are presented in Figure 6,
illustrating that the means are not linear in
the parameter J.

1, it equals an

(iii)

Remark 3.5. In order find a computable expres-
sion for the density function, we use the following
well-known representations which hold in case
of the standard exponential distribution (see Bal-
akrishnan and Cramer (2014), eqs. 2.19 and 2.20;
1<r<m):

r t

I

a;

e 9
Vj

J=1

Frimn(®)=1- Hyi
i=1

r

2 aj, e, >0,

=1

frma® = [T 7 (3.18)
i=1
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FIGURE 5 Plots of the differences of the densities of the spacings Wf“, k=1, ... ,6, in the generalized Ng—Kundu—Chan model for the censoring plans
R =(1,2,3,51,4),8 =(6,3,0,1,4,2), threshold T = .1 and distribution parameter 9 = 1 with respect to the exponential densities with parameters

1/7(Z) (dotted lines) and 1/y,(S) (dashed lines), respectively.

with a;, H;:Li#(%' -y L= 1, ..
Moreover, as pointed out in Balakrishnan and
Cramer (2014), for d € {1, ... ,m — 1}, the
following identity holds in case of standard expo-
nentially distributed lifetimes

1

LT,

Fiim:n(X) — Fay1:m:n(x) =
d+

3.1.3 | Application to linear inference

_fd+12m:n(x), x> 0.
Yd+1

”Xig:fm:n is always a linear unbiased estimator of d so that the
existence of a linear unbiased estimator is guaranteed.

In the next theorem, we present results on unbiased estimators
of the parameter J in the generalized Ng—Kundu—Chan model

assuming Exp(J)-distributed lifetimes. Notice that nW?

D

L1_r 1_1
72 o 73 730
1 1
0 —
73 731
A= 0 0
0 0

Yk YKo
Yk Tk1
1 1
Yk Yhk-2

Theorem 3.6. Given k € {1, ... ,m} and cen-
soring plans R and & , the expectation of Wg P
is a linear function in the parameter 9 > 0 if an
only if yi(8) = yi(R),j € {1, ... ,k}. In this
case, EWf” %, 9> 0.

In general, the expectation of a linear estimator
L = &' W7 is linear in the parameter 9 > 0 only

if the equation

Aa,. =0
!
holds where a., = (az, ... ,ay) and
1 _ 1
Tm Ym0
l _ 1
Tm Ym,1
1 _ 1
Tm Ymk-2
4o+ 1 _ 1
Ym-1 Ym-1m=3  ¥m Ymm=3
1 1
0 1 _
Ym Yimm—

(3.19)

(3.20)
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FIGURE 6 Plots of the means of the (non-normalized) spacings W'ly”, ey Wf”, divided by 9, in the generalized Ng—Kundu—Chan model with threshold

T = .1 as a function of 9 for (A) on the left the censoring plans £ = (1,2,3,5,1,4), § =(6,3,0,1,4,2) and (B) on the right for equal censoring plans
R=8=(,2,3,51,4).

If a € R" satisfies (3.19), then the linear
estimator L is unbiased for 9 if

m
4
a =7y — }’IZf,
j=2 7j,0

where y1 = y1(R) = yi($) = nand yjo = 7{($),
j=2,...,m

(3.21)

Proof. From Theorem 3.3, we find that the
expectation of a linear estimator of progres-
sively Type-II censored order statistics in
the generalized Ng—Kundu—Chan model, that
is, of

m

z = ij?D

oy =D X7 =D ATWTr = d' W (322)

J=1

with A as in (3.10) and @’ = b'A~!, is given
by EL = a EW?r. Therefore, it is sufficient
to study the linear estimators in terms of W27,
Since W;?D = Xﬁzm:n, the case k =
be excluded from the discussion so that we can
assume k > 2 subsequently. First, we con-
sider the expectation of a single spacing Wf 2,

ke {2, ...,m).

1 can

Clearly, we get from Theorem 3.3

k=2

Fimn(T/8) — Fay1:m:n(T/8
EW]:?ngxd..(/) d+1:m:n(T/9)
= Yid

Feet:m:n(T/9
+kl—(/)> =9 Ck(19)7 say.
Yk

Therefore, E Wf ? is a linear function of § if and
only if the term in the brackets denoted by c(9)
is constant w.r.t. d, that is,

k-2
Faomn(T/9) = Fastmn(T/9
() = o = Z dmn(T /) = Far1:m:n(T/8)
d=0 Yid
Fit:m:n(T/8
+ k—1: .n( / ) (323)
Yk
I 1 1
=_+2Fd:m:n(T/19)<__ )
Yo 4o Ykd — Vkd—1
+&+m0w(i— 1), (323)
Yk o Vik-2
where Zfzj -+~ = 0 when k = 2. Notice
that Fi.p:ny -.. » Fi—1:m:n are linearly indepen-
dent functions since y; > - - - > y,, and
Span{l’gylv s 7gyk_|} = Span{laFl:m:n, s 7Fk—]:m:n}
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with g,(t) = e%', t > 0; see, e.g., (3.18).

Thus, cx(9) is constant w.r.t. 9 if and only if the
coefficients in (3.23) are zero for d > 1, that is,

(3.25)

Al 0 d=1... k-2 (when k> 3)
Yk.d Yk,d—1

1__1

Vi o Vik=2

This obviously holds iff

Yeo = = Vkk-2 = Vk-

Furthermore, by construction of the censoring
plans, we know that y4(S§') = yio0 and yx = 7 (X)
and we conclude from Lemma 2.3 that y;(§') =
vi(R),j € {1, ..., k}. Therefore, we obtain that

EW/> =¢d9 Y8>0

& y(S) = (R jE{], ... k).

In this case, c 1/yx so that yka” is an
unbiased estimator of 9. In other words, due to
n = yi(8) = y1(R), condition (3.26) is gener-
ally satisfied for W;% = Xffn ., For Wf P we
need that R; = ;. For Wf 2. the condition can
be written as Ry + R, = S + S,, and so forth.
For a general linear estimator, the situation is
somewhat more involved compared to the situ-
ation assumed in (3.25), since eliminations of
non-linear terms may be possible. For a linear
estimator L as in (3.22), we get the expectation

EL = d EW?? = 9a' Ay(9)

the
A

lower

Rmxm s

with
matrix

triangular
S that is,

Vik—2

1

Ymm=2

1

Ymm=3  Vm

1

1

Ymm=2

403

(3.27)

- 0 0
41
1 1 !
Y20 T2 Y20
11 11 1
—_ ——— = 0
Y30 V31 Y30 73 731
A=] :
4 01t 11 1 _ 1 1_
ko Vi Yo Yi2 Vi1 Yiek—2 Vik=3 Vi
SRS S S SRR I
Ym0 Vm Ym0 Vm2 Ym,1
[
and 77(19) - (]s Fl:m:n(T/s)s cee s Fm—l:m:n(T/’g))-
From the linear independence of
Fim:ons oo s Fi—1:m:n, we get the linear equations
— a
a )
d L =1, dA, =0 (3.28)
4! i=2 j0
which have to be satisfied in order to get a linear
unbiased estimator. Here, A, is constructed from
A by deleting the first column and first row; and
itisal, = (as, ... ,ay). Therefore, a linear unbi-
ased estimator of 9 must satisfy the condition in
1i_ 1 1t _ 1 1 _ 1
72 720 731 730 Vi1 Yk0
0 1_1 1 _ 1
73 731 Y2 Vi1
1 1
Aa, = 0 0 0 —
Yk Yik-2
0
0 o ... ..

1
Ym-1

(3.28). Clearly, this implies (3.21). The rank of
A, depends on the censoring plans # and § . For
instance, forj € {1, ... ,m — 1}, the j-th column
of A, is zero iff R; = §;. To be more precisely,
we have

rank A, =m—1- Z Ly (rig=2)-

=2
In order to proceed, we transpose A,.
Then, a, must be an element of the
kernel of A, which has dimension

Zj’iz]l{,j}(yj j—2).- That is, we get the equation

BRI
Ym,1 Ym0
4t
Ym2 Ym,1
a
| -0
Ymk-1 Y k=2
am
1 1
Ym=1m=3  Vmm=2 Yimm=3
0 ER——
Ym Ymm=2

(3.29)
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the left by the regular matrix B = 0 S

SCHMIEDT and CRAMER

11 ...1
1

0..01

we get A = BA/ with A as in (3.20) and the
equivalent equation given in (3.19). [

Remark 3.7.

®

Theorem 3.6 shows that, except for
anfD , the single spacings usually do not
lead to an unbiased estimator of 9. In fact,
this only holds for the k-th spacing Wlff b
when the censoring plans & and § are
identical up to censoring number k — 1.

For a general linear estimator, this con-
dition may not hold as there may be
cancellation effects. Therefore, the con-
dition for a linear unbiased estimator
becomes somewhat more complicated,
and the respective single spacings may
be involved even though they may not
be unbiased themselves. An example is
provided in Example 3.8.

(i1) Note that the condition in Equation (3.21)
can be written as
i
Ei(S)
S0 b3 S0
Y2Y20 73730 YkYk0
0 53,] 51:,]
Y3731 YicVi,1
Aa.=| 0 0 Des
* UTE
0 o ... ..

where the matrix components are func-
tions of the differences Yo, | (R — S;)
and the diagonal elements A;; are equal
to a positive factor times R; — S;, i €
{1, ... ,m —1}. Hence, these differences
determine the rank of A, that is,
m—1
rank A=m—1- ) T15)(R). (3.30)
j=1
This leads to a simplified version of
(3.29) and the dimension of the kernel is
given by 375 (R)).
Furthermore, the above representation
can be used to calculate coefficients a

(iii)

@iv)

1)

m—1,m=3
Ym=1Ym=1,m-3

0

Moreover, due to condition (3.21), we
conclude that an unbiased estimator of
8 exists provided that a linear estimator
with mean linear in 9 exists.

Clearly, we have in (3.19) either a,, = 0
Of Ym = Ymm—2. If a, = 0, then we
can delete the last column of the matrix
and get a reduced equation involving only
ayy ... yam—1.If a,, # 0,then v = Yim—2
must hold which, by Lemma 2.3, means
that R,,—1 = S,—1.

Suppose that the censoring plans are reg-
ular paired according to Remark 2.2.
Then, ford € {0, ... ,k — 2} and k €

{2, ... ,m}, we find the identity
1 1 1

Yk o Vid B YiVkd

Yid = i)

k

-1
LY ®-5$)

ViVkd ;2351

Ok
= , say,
YiVkd
. k—1 .

with 6y = Y._,, (Ri — S;) measuring
the differences between the censoring
plans # and & once the threshold has
been exceeded. Therefore, we have the

representation

6/71,0
YmYmo
'm,1

Ym¥m1

Omi2
k2 g, =0,
YmVmj—2
Om—3
Ym¥mm-3

'mm—2

Ym¥mm—2

leading to an unbiased estimator. For
illustration, we sketch the first steps. If
a,, # 0 holds for the linear estimator
then, as mentioned above, we must have
Ry-1 = Su-1 ot Oy m— = 0 in order to
get unbiasedness. Then, row m — 2 of A
yields the equation

5m—1,m—3
Ym—1Ym—1,m-3
Ry — Sy—
— m—2 m—2
Ym=1Ym—1,m-3
Ry2—Sy—
+ m—2 m Za
Ym¥Ym.m—3

m—1
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Thus, we have two cases. First, R,,_, =
S,u_», that is, there is no restriction on
Am—1, A, or, secondly, for R,,_» # S,—2,

Ym=1Ym—1,m-3
YmYmm=3

ap—1 = —

Thus, we can freely choose the variables
a; for those j with R; = S;. The oth-
ers are then determined by the respective
equations.

Example 3.8.
(i) Form =2,A = 1_1e R. Thus, we

72 720
find that either a; = O or y, = y,0 must
hold. Ifa; = O then L = a; W;”” must hold.
If a, # 0 then R; = S;, which means that

the censoring plans % and & are identical.

Expectation divided by theta

1.0

00 02 04 06 08

405

- — 1stspacing
- 2nd spacing
e 3rd spacing

theta

FIGURE 7 Plots of the means of the spacings Wff’, k=1,2,3,and L
divided by & in Example 3.8 with threshold 7' = .1 as a function of 9 for
censoring plans # = (1,2,1), § =(0,2,2).

Theorem 3.9. Given regular paired censoring
plans R and S with

Therefore, for Ry # S, L= nWi?’) is the Ri=S8;,je({l, ... .k}, Ri#S,j€lko+1, ... ,m—1},
unique linear unbiased estimator whereas,
for Ry = S§), any linear estimator satis- for some ko € . {0, ....m — 1}, whe.re
fying Equation (3.21) is a linear unbiased {1 ...k} = 0 if ko = 0, the best lin-
estimator. However. in this case. we are in ear unbiased estimator of the parameter 9 >
the model of standard progressive Type-II 0 in the generalized Ng—Kundu—Chan model is
censoring. given by
(i) Let m = 3. Now, for regularly paired ) ko+1
censoring plans, we have 9, = -W‘?D
gp L kot Z’ i
620 630 k
1 Z Z
Y2720 ¥3Y3,0 = ,
A= o = k0+1<;(R,+ DX +yk0+lxkoil>.
0— =
13731 Furthermore,
RS, R+R,=S,-S,
— | 0 73730 2x2 ~ 92 ko + 1~
o R SR Var(@) = ——. =8, ~ Qo + 1)),
73731 k() +1 9
Now, with # = (1,2,1)and & = (0,2,2),
we have y(R) = (7,5,2),7(8) = (7,6,3) Proof. According to Theorem 3.6 and
and Remark 3.7, a linear unbiased estimator must
- . only be based on the spacings W;? L ,W]ffl.
A=[35623)=(3 6 However, due to the assumption, these spacings
0 0 00 coincide with progressively Type-II cen-
) o sored order statistics based on the parameters
so that a solution of Aa, = 0 is given by H h di b
; — (=30,6). Then, it is eas Y15 oo s VigHl- ence, the corresponding Dbest
G = (iz’a*;) - ( 0 ’ f' ’ y linear unbiased estimator can be directly taken
to see that the weights o from this model (see, e.g., Balakrishnan and
T _ Z Z Z Cramer, 2014, p. 253). n
L =28W," - 30W,” + 6W;” p-253)
) ~ . Example 3.10.
satisfy (3.19) and (3.21) so that L is a
linear unbiased estimator of § although (i) Given the censoring plans in Example 2.4,
EWf > and EW;g P are not linear in 9 we get that k) = 0. Hence, the best linear
(see Figure 7). This illustrates that the unbiased estimator of 9 is given by 9, =
. . Zp PN . .
non-linear parts of these expectations can- rX; ”. In fact, 9, is the only linear unbi-
cel out. ased estimator of 9 given these censoring
Using the result in Theorem 3.6, we can find the best lin- plans.
ear unbiased estimator in the generalized Ng—Kundu—Chan (i1) For the censoring plans given in Table 3,

model under certain restrictions on the censoring plans. we have kg = 2 so that the best linear
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TABLE 3  Adaptive censoring plans with initial plan &% and & as desired plan after the change time 7.

Vector of v,

Minimum requirement: (6,5,4,3,2,1)

Change number Adapted censoring plan

d Za Y14
0 (1,2,0,0,0,13) = & 22
1 (1,2,0,0,0,13) = & 22
2 (1,2,0,0,0,13) = & 22
3 (1,2,3,0,0,10) 22
4 (1,2,3,5,0,5) 22
5 (1,2,3,5,1,4) =% 22
6 (1,2,3,5,1,4)=R 22

Y24 Y3d Yaa Y54 Ye.a
20 17 16 15 14
20 17 16 15 14
20 17 16 15 14
20 17 13 12 11
20 17 13 7 6
20 17 13 7 5
20 17 13 7 5

Note: The parts of the adapted censoring plans are marked in the respective color of the original censoring plans.

unbiased estimator is given by

w7

:9\ =
L J

W | =

1

<
1l

—

1 , r
= 3(@®+ DX/ + (R, + DX, + mxfﬂ).

3.14 |
For exponentially distributed life times, the prior

Bayesian inference

Mo
7ap(9) = @19 B=De=49 9> 0,

with hyper-parameters § > 0 and 4 > 0 can be used to obtain
explicit Bayesian estimates. Then, from the likelihood func-
tion (3.4) and (3.3), the posterior density function 71':, ﬂ(- |data)
of 9 is obtained as

(TTT + Ay"*P

19—(m+ﬂ—1)e—(TTT+A)/19’19 > 0’
I'(m+ p)

ﬂ'Z ﬂ(19|data) =

(3.31)

where the total time on test TTT is defined in (3.6). The

Bayesian estimator of d under the squared-error loss function

is simply obtained as the posterior mean (which is immediate
from (3.31))

~ TIT+ A
= — 3.32
BT f—1 ( )

Note that it exists for any §, A > 0.

3.2 | Application to Ng—Kundu—Chan model

Given a censoring plan £ € €,,,, the Ng-Kundu-Chan
model is included in the presented model by choosing & =
0, = (0, ... ,0,n —m), that is, right censoring is applied as
second plan. In fact, this reflects the strategy that the exper-
iment should be terminated as fast as possible after passing
the threshold 7. From (2.4) and (2.6), we get

n—j+1—-R,_1,
Vid = .
n—j+1—Re,

1<j<d+1
d+2<j<m

The above mentioned estimators can thus be applied in this
model with obvious adaptions of the censoring plan.

For instance, the likelihood function simplifies to

L@, ..o xn) = (L) - <er<x,->>
J=1
d R
' <H(1 — Fo(x))) j> (1 = Fo(oy))" ™" e,

J=1

with normalizing constant «(Zs) = [IzZ,7a = [[i2,(n -
J+ 1 = Remin@,j-1)) - It is worth to note that no conditional
inference by conditioning on the number of observed failures
D = d is needed for the above result, as was indicated in Ng
et al. (2009). Note that, for example, both the maximum like-
lihood estimator in (3.6) and the Bayesian estimator in (3.32)
have the same form but with appropriately adapted total time
on test statistic TTT (which depends on the censoring plans).

In the Ng—Kundu—Chan model, it is given by

D m—1
Z
TIT= Y R+ 1) Xpn+ ), X0
Jj=1 j=D+1

+(—m+1—Rp)X.2 ...

Regarding linear estimation, note first that censoring plans %
and 0, are always regularly paired in the sense of Remark 2.2.
The rank condition in (3.30) on A simplifies to

m—1 m—1

rank A=m—1-Y Tio)R) =) TpeR), (3.33)
j=1

j=1
that is, the rank is given by the number of positive censoring
numbers R;,j € {1, ... ,m—1}.

In particular, assuming R; > O for every j € {1, ... ,m},
we get rank A = m — 1 and the kernel {0}. Therefore, §L =
an[” is the only unbiased linear estimator of 9 and, thus,
trivially the best one. Of course, the condition can be slightly
extended as stated in Theorem 3.9 meaning that the initial part
of the censoring plan & consists of zeros until component k.

The density functions of the spacings do not exhibit a par-
ticularly simpler structure so that the formulas remain the
same except for inserting particular y’s. Note that, accord-
ing to Remark 2.5, we have y;4 > y; in the Ng—Kundu—Chan
model. Hence, the spacings are always stochastically larger
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than an exponential distribution. Some plots of the cumula-
tive distribution functions are given in Figure 8. The ordering
of the cumulative distribution function is illustrated by these
plots. The difference between the distribution function of
the spacing and the exponential one becomes larger for an
increasing number of the spacing.

4 | ILLUSTRATIVE EXAMPLES AND
SIMULATIONS

In this section, we first provide an algorithm to generate ran-
dom numbers in the generalized Ng—Kundu—Chan model and,
second, we present selected simulation results.

4.1 | Simulation algorithm

The generation of non-adaptive progressively Type-II
censored order statistics was introduced in Balakrishnan
and Sandhu (1995), who proposed a popular generation

WILEY— L7

algorithm in the case of underlying independent and identi-
cally distributed random variables. Different approaches to
simulate progressively Type-II censored order statistics are
Balakrishnan
Cramer (2014, Chapter 8). We follow one of these proce-

summarized and discussed in and

dures in the following that is based on independent standard

exponential random variables Z;, ... Z,,. That is, we propose
Z

X D

a procedure to generate a sample from X‘i?zl,n, e X
as follows, with F being the underlying distribution function

having quantile function F~.

Procedure 4.1. Generation of adapted progres-
sively Type-II censored data (from cdf F)

Input: Censoring plans &#,S§
threshold 7' € R.

Adaptive progressively Type-II cen-

€ (s:m,n;

Output:

_ <,
sored order statistics X;.7.,,
L ..

Za.

r =

,m, and applied censoring plan

a | a a |
o o | o
c o c = c e
S S S
B 5 B
=4 c c
2 2 2
§ 2 5§ 24 5§ 24
5 5 5
o o o
= = =
il B B
o b=l b=
o = | o = | o = |
2 o 2 o = o
i} B B
=} 3 3
E E E
3 3 3
S o ° o ©
o o o
o | a o
o o o
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FIGURE 8  Plots of the cumulative distribution functions of the spacings W, P k=1, ... ,6, in the (generalized) Ng—Kundu—Chan model for the censoring

schemes # = (1,2,3,5,1,4), 8 =(0,0,0,0,0, 16), threshold T = .1 and distribution parameter 9 = 1 (solid lines), compared to the cumulative distribution

function of the Exp(1/y,(%))-distribution (dotted lines).
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(D Generate m independent Exp(1)- (a) save Z‘laj.'zm:n’ S ZE
distrit;lzlted random variables Z, ... Z,,; as fon e ,Zidm:n and
@ Let Y0 :=0.Fork=1, ... ,m: continue with step ©);

(a) calculate Yf? — Zi/ i (b) else, that is, d . €
where 7, = 7(R) is {0, ... ,m=2}, sav; 2
obtained from initial censoring 2 as 2
plan %#; Ziil, . and continue with

B B m:n
(b) calculate Z” =~ = Y + step O);
Zﬁl'm'n; Let de Z‘% For k = d
o @ € d+1 d+1:m:n’ or - +
. 2, ... ,m
@ Determine d = ZTzl]]-(—oo,—ln(l—F(T))
(ZZ o) (a) determine yu(ZL4) = Yika

@ 1Ifd € {m—1,m}, then
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FIGURE 9 Plots of the densities of the spacings Wf P k=1, ...,6,in the generalized Ng—Kundu—Chan model for the censoring plans #Z = (1,2,3,5, 1,4),
§ =(6,3,0,1,4,2), threshold T = .1 and distribution parameter 9 = 1 (solid lines) compared to the results of 1,000,000 simulations as well as to the
exponential densities with parameters 1/y,(%) (dotted line) and 1/y,(S") (dashed line), respectively. Note the different scales of the vertical axis.
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(b) calculate Ylff’d = Zi/7d; Procedure 4.2 (Sub-procedure to determine
(c) calculate Z]f;in:n — Ygd + 1 (&) = Yk.d> k=d+2,..,m,in step @ of
Zidl _ Procedure 4.1).
Input: Censoring plans #,§ € €,,,,; num-
® Let X = F(1—exp(=Z % ). r = berd € {0, ... ,m —2}
1, ...,m Output: y(ZLy) = Yka- k=d+2, ... ,m.

@ Ifd = 0, then let y(ZLy) = 7(S), k =

Note that step 6 can be omitted if the underlying distribu-
2, ... ,m, where y;(8) is obtained from

tion is standard exponential. The same holds in the case of an

Exp(9)-baseline distribution if in step (D), instead of indepen- censoring plan & and stop the procedure;

dent Exp(1)-, independent Exp(8)-distributed random vari- else, thatis,d € {1, ... ,m — 2}, continue
ables are generated. with step @);
o _
o _ o4
o
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N z
5 2 - 2 o
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FIGURE 10  Plots of the densities of the spacings Wkg P k=1, ...,6,in the generalized Ng—Kundu—Chan model for the censoring plans

X =(1,2,3,5,1,4), 8 =(1,2,0,0,0, 13), threshold T = .1 and distribution parameter d = 1 (solid lines) compared to the results of 1,000,000 simulations as
well as to the exponential densities with parameters 1/y,(%) (dotted line) and 1/y,(S§) (dashed line), respectively. Note the different scales of the vertical

axis.
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TABLE 4 Adaptive censoring plans with initial plan &% and &' as desired plan after the change time 7.

Change number

AN R W N = O &

Adapted censoring plan
2y

(0,0,0,0,0,16) = &
(16,0,0,0,0,0) = &
(16,0,0,0,0,0) = %
(16,0,0,0,0,0) = %
(16,0,0,0,0,0) = &
(16,0,0,0,0,0) = %
(16,0,0,0,0,0) = &

Vector of v,

Minimum requirement: (6, 5,4,3,2,1)

Y14
22
22
22
22
22
22
22

Y24 Y3d Yaa Y54
21 20 19 18
5 4 3 2

5 4 3 2

5 4 3 2

5 4 3 2

5 4 3 2

5 4 3 2

Note: The parts of the adapted censoring plans are marked in the respective color of the original censoring plans.

@ Determine y(ZLy) = ma vV (im — k + 1),
k=d+2,...,mwithmy =n—-k+
1=Rug— Y2}, Si according to Equations
(2.6) and (2.4).

4.2 | Simulation results and illustrative examples

In that what follows, we present simulation results for selected

illustrative cases.

Example 4.3. We first take up Example 2.4 and
consider the censoring plans £ = (1,2,3,5,1,4)
and & = (6,3,0,1,4,2) with n = 22 and
m = 6. The corresponding censoring plans &,
and gamma schemes y, for any d € {0, ... ,6}
are given in Table 1. While y, 4, that is, the
number of items in the experiment immediately
before the first failure occurs, does not depend
on d, the number y; 4 of items in the experiment
immediately before the k-th failure does for any

k € {2, ...,6}. This can be easily seen from
Table 1.

In Figure 9, we plot the densities of the spac-
ings Wf)", k=1, ...,6, for the censoring plans

R and &, threshold T = .1, and distribution
parameter 9 = 1 (see also Figure 4) against
the results of 1,000,000 simulations according to
Procedure 4.1. It can be seen that the simula-
tions results for each spacing W]:? ? correspond
<,
well to the marginal density function fMW; ’ given
in Theorem 3.3, the latter being plotted as solid
line.

For each spacing Wkg P also the exponential
density curves with parameters 1/y (%) (dot-
ted line) resp. 1/yx(S8) (dashed line) are shown
for comparison. As the first spacing Wig” is
exponentially distributed with parameter 1/n (cf.
proof of Theorem 3.3), the density curves do not
differ for the first spacing since n = y (%) =
71($8). For other spacings, the marginal density

functions (solid lines) are initially quite similar to
the densities of the exponential distribution with
parameter 1/y(R). However, the plots show
that the marginal densities and the exponential
densities can differ significantly for both expo-
nential distributions with parameters 1/yx(S)
(dashed lines) and 1/yx() (dotted lines); see
also Figure 5.

Example 4.4. Compared to Example 4.3,
we keep the first censoring plan # =
(1,2,3,5,1,4) and change the second one to
§ = (1,2,0,0,0,13). Thus, as can been seen
from Table 3, the applied adapted censoring
plan £, remains stable for d € {0,1,2} and
differs for change numbers d afterwards. Cor-
respondingly, the number of items y;, in the
experiment immediately before the k-th failure
does not depend on d for k € {1,2,3}. In con-
trast, the numbers y; 4 differ depending on d for
any k € {4,5,6} (see table columns referring to
Ya.d 10 Y6.4)-

In Figure 10, we plot again the densities of
the spacings W,;%, k=1, ...,6, for the censor-
ing plan &£ and the modified plan &, threshold
T = .1 and distribution parameter 9 = 1 against
the results of 1,000,000 simulations as well as
the exponential density curves with parameter
1/7(£) (dotted lines) and 1/yx(8) (dashed
lines). Then, the density curves do not differ for
the first, second and third spacing. However, for
higher spacings the density curves become quite
different. In this example, the density function of
the 5th resp. 6th spacing differ significantly from
the exponential density with parameters 1/y5(2%)
resp. 1/y6(%) (dotted lines). By contrast, the
deviation from the density function of the expo-
nential function with parameters 1/ys(S) resp.
1/76(8) (dashed lines) is not so pronounced. The
latter is due to the fact that censoring according

Y6a

S
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FIGURE 11  Plots of the densities of the spacings Wkg P k=1, ...,6,in the generalized Ng—Kundu—Chan model for the censoring plans

% = (16,0,0,0,0,0), § =(0,0,0,0,0,16), threshold 7 = .1 and distribution parameter 9 = 1 (solid lines) compared to the results of 1,000,000 simulations as
well as to the exponential densities with parameters 1/y,(%) (dotted line) and 1/y,($") (dashed line), respectively. Note the different scales of the vertical axis.

to plan & takes place not only for d = 0 but also
ford=1,2.

Example 4.5. In this last example, we consider
two opposite one-step censoring plans £ =
(16,0,0,0,0,0) and & = (0,0,0,0,0,16),
that is first-step censoring (see Balakrishnan
et al. (2008); Park and Ng (2012)) and right cen-
soring. Obviously, see Table 4, the first applied
censoring plan & = (16,0,0,0,0,0) is main-
tained regardless of d except for the case d = 0,
that is, except for the case that no failure has
been observed before the predefined threshold
T. Thus, the number of units in the experiment
immediately before the k-th failure y; 4 already

5

differs significantly from y;, for k = 2 and
decreases steadily by one afterwards for k =
3,...,6.

In Figure 11 it is thus seen that for any spac-
ing W,‘?D, k € {2,...,6}, the marginal den-
sity curves (solid lines) differ significantly from
both exponential density curves with parameters
1/7:(R) (dotted line) and 1/yx($) (dashed line),
respectively.

CONCLUSION

In the present paper, we have extended the model of adaptive
Type-1I progressive censoring introduced by Ng et al. (2009)
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by allowing to switch from a given initial censoring plan to
any new plan of the same length once a failure time exceeds
a given threshold. We have described this so-called gener-
alized Ng—Kundu—Chan model in detail, paying particular
attention to the construction of the adaptive censoring plan,
which depends on the observed number of observations that
do not exceed the prefixed threshold, in order to ensure that
the desired number of measurements is made. Taking into
account that the censoring plan is generally random, it has
been shown that the joint distribution of the adaptive progres-
sively Type-II censored order statistics is defined stepwise
based on the joint density functions of standard progressively
Type-II censored order statistics with non-random censor-
ing plans. Since the number of observations not exceeding
the threshold is obtained directly from the sample, we have
discussed that likelihood based inference such as the com-
putation of maximum likelihood (and Bayesian) estimates is
along the same lines as for non-adaptive progressive Type-II
censoring.

Assuming exponentially distributed failure times, we have
further discussed the distributional properties of maximum
likelihood estimators. It was found that the normalized
spacings are independent and identically exponentially dis-
tributed, as for standard progressive Type-II censored order
statistics. This result holds even though the normalized spac-
ings in the generalized Ng-Kundu-Chan model have normal-
izing factors that depend on the random number D of failure
times before the threshold and are thus themselves random.
However, the situation is different for non-normalized spac-
ings. It turned out that spacings themselves are generally not
independent and have marginal distributions that are mixtures
of exponentials. This result has been used to discuss linear
inference in the generalized Ng-Kundu-Chan-Model. While
the first normalized spacing is always a linear estimator for
the exponential rate parameter, it was proved that other single
spacings do not generally lead to an unbiased estimator. How-
ever, we have derived conditions which ensure the existence
of an unbiased estimator when higher spacings are involved,
even though they themselves are biased. This is due to can-
cellation effects of non-linear parts in the expectation of a
single spacing. We have also discussed restrictions on the
censoring plans that enable us to find a best linear unbiased
estimator in the generalized Ng-Kundu-Chan model. Apply-
ing our findings to the standard Ng-Kundu-Chan model, we
find, for example, that assuming that censoring after the first
observed failure time is foreseen according to the initial cen-
soring plan, the first normalized spacing is the only and hence
the best linear unbiased estimator of the exponential rate
parameter.

Our findings have been illustrated by several examples
throughout the paper. Finally, we have also presented an
algorithm to generate random failure times in the general-
ized Ng-Kundu-Chan model along with selected illustrative
simulation results.

Adaptive versions of progressive censoring has been
considered in the literature before. To our best knowl-
edge, modifications of adaptive progressive Type-II cen-
sored models that would lead to non-deterministic sample
size have not been considered so far. In the generalized
Ng-Kundu-Chan-model, for example, it would be of inter-
est in experimental design to consider the initial and sec-
ond censoring plan as possibly being of different lengths.
Similarly, the intended sampling according to the switch
from the first to the second censoring plan once the thresh-
old has been exceeded, without adapting the censoring plan
as described in detail in the present paper, would lead
to a random sample size that is at most the length of
the the initial censoring plan. Such extensions of the gen-
eralized Ng-Kundu-Chan model are subject of our future
research.
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APPENDIX

Proof of Theorem 3.3. In order to derive
the marginal density functions, we use sim-
ilar arguments to those applied in Cramer
and Balakrishnan (2013). First, from the den-
sity property of f;v Pib=d we get from (3.16)
and Lemma 2.3 for arbitrary 7 > 0 and

0<d<m-1
/ H (viafs(iat)) dt
Wd(m)(T) i
d+1

- / H(yjﬁg(yjtj)) dtys
W 0T o

=P(D =d) = Pr(D =d), (AD)
where 7 "(T) = {x = (x,...x%) €
R:l0|x‘d < T £ Xegt1})s W;d+1)(T) = {x =
(X1, ... s Xq41) € Rigllx.d < T < Xeq41} and
Pr(D = d) as in (2.2). Notice that the variables
tys2, ... » Ly are not involved in the condition so
that the respective part of the integral leads to the
factor one. For d = m, we get

/ [T (infoGint)) dte
anm)(T) j=1
= /]l(o,TJ(l.m)H(nf&(?jfj)) dt,,
j=1
= P(D =m) =Pr(D=m), say. (A2)

First, notice that W;C[” = Xi%;min’ which
means that WI?D ~ Exp(d/n). For
k € {2,...,m} fixed, we have to con-
sider subcases. Depending on

d € {0, ... ,m}, we have to evaluate the integrals

various
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m
f WP D= d(tk) _ ﬁ/ . l)(ﬁ)g Viafs@iat))dtn ... divadixoy ... dty, 1> 0, (A3)
forke {1, ... ,m}andd € {0, ... ,m — 1} with
{% € R Xeg < T < Xegr1 ) Dd<k-2
W3 T 1) = 4 {Fe € R xes < T < xoq +1 @d=k-1. (A4)
{xkeR Ny 1J#kx]+t<T<Zd+lld#kx,+t} dd>k

and, ford = m,

{;kelelzj 1,/#kx/+t<T} @k<m-1

Vo To=q L
’ {xER;"01|x.m_1+t<T} Qk=m

(AS5)

Hereby the notation X; € R”"! means that the k-th component x; of the vector x € R™ is omitted, that is, X =
(-xl’ coe s Xk—15 Xkt15 --- ,xm) € Rm_l'

Taking into account the cases (I) — O), the integration in (A3) can be written as

-

Vil s WViat) d+1
% /Wd(dJrl)(T) =1 (}/_,"cg“g(}/‘/‘,dl}))dl‘d_,_] dtl, d<k-2
5 (Veal) k-1
y;jf(;yis) J La—en D12 (vafoat))di-r ... dn, d=k-1
3’1)
|D=d Vil s Wiat)
f (1) =+ ;);:D:k;) /‘W( )(T 9 H _1J#k(yjdf,9()/1dlj )dld+1 o dbdtiy L. dE, k<d<m-1
lYlf;( Jllt)
}/;T(QT};km) / ]l ,T—t](t.m_l)HFu;ék(ijft‘?(yj,mtj )dtm o dtdt—y L. dt, k<d=m
Yand 9 Wam®) -1
P,.(9D=m) / ]l(O,T—t]([-m—l)H/'ril (J/j,df;?()/j,ml}'))dtm—l ... dt, k=d=m
where t(lz | EJ 1240~ In case D), we get from (A1) that the integral equals P7(D = d) so that

W/P|D=d

f @) = yrafos(yeat), t>0.

In case (), the integral equals the probability Pr_(Dyy = d — 1) = F;k)l - n(T -1 - Ffik:) d:n(T — t) where the parameters are
given by (cf. Lemma 2.3)

(V1> -+ > Yi=Lid> VikLds -+ > Yd1.d) = (V15 - s Viels Vit ls -+- > Yd+1)-
Obviously, it is zero for T' < t. The same holds for case @). Here we get Pr—(Dyy = m—1) = F’(:)I - n(T —1). In case ),
the probability is given by Pr_,(D,, = m— 1) = Fp_1:py—1:2(T — 1). In case @), we have d = k — 1 so that we can write
k-1
/ ]l(T—t,T)(tck—l)H(}’j,k—LfS(}’j,k—ltj))dlk_l ... dn
j=1

using properties of the indicator function and Lemma 2.3 forj < k — 1
k=1
= / ]1(0,T](l.k—1)H(J’jf&()’jlj))dlk—l ... dhy
j=1
k-1

_/]l(O,T—z](tok—l)H(}’jﬁ?(?’jtj))dtk—l ..o dn
j=1
= P(Xk—l:m:n < T) _P(Xk—l:m:n < T - t) = Fk—l:m:n(T) - Fk—l:m:n(T - t)
Summing up, we getfor0 <t < T and 1 < k < m—1 with the definition Fy.,;.,(T) = 1 and F_;.;:n(T—1) = Fl((k)] e n(T—t) that

k=2
w

fy* (t)—Z(den(T) Faeromn(T)¥edfo Viat)

+ (Fk—l :m:n(T) - Fk—l :m:n(T - t))?’kﬁ?(?’kt)
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m—1
+ Y FEL T =0 = FL (T = 0)eafo@reat) + F | (T = 0o (md)
d=k

k=2

= Z(Fd:m:n(T) = Fastmn(T)yrafo(reat) + Fi—t1:m—1:2(D)vifo(vad),
a=0

using that g = vk, d =k, ... ,m (see Lemma 2.1). For k = m, we find

2 m=2
£ = Y Faemen(T) = Fast:men(DYmafsUmat) + Foutm1:n(T)nfo(Fmt),
d=0
For T < t, we get by analogy
W k-2
£y 0= Y Famn(T) = Farromn(D)iealoFad) + Fiormn(Drifo(vid)-
d=0

This yields the mixture representation of the density function. The expressions for cumulative distribution function and moments

follows directly from properties of the mixture.
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