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A MEAN-FIELD MODEL OF OPTIMAL INVESTMENT

ALESSANDRO CALVIA®!, SALVATORE FEDERICO®?, GIORGIO FERRARI®®, AND FAUSTO GOZZI%*

ABSTRACT. We establish the existence and uniqueness of the equilibrium for a stochastic mean-field
game of optimal investment. The analysis covers both finite and infinite time horizons, and the
mean-field interaction of the representative company with a mass of identical and indistinguish-
able firms is modeled through the time-dependent price at which the produced good is sold. At
equilibrium, this price is given in terms of a nonlinear function of the expected (optimally con-
trolled) production capacity of the representative company at each time. The proof of the existence
and uniqueness of the mean-field equilibrium relies on a priori estimates and the study of nonlin-
ear integral equations, but employs different techniques for the finite and infinite horizon cases.
Additionally, we investigate the deterministic counterpart of the mean-field game under study.

Keywords: mean-field games; mean-field equilibrium; forward-backward ODEs; optimal invest-
ment; price formation.

AMS 2020: 35Q89; 47H10; 49N10; 49N80; 91A07; 91B38; 91B70.
JEL classification: C02; C61; C62; C72; D25; D41.

1. INTRODUCTION

In this paper, we consider a mean-field model of optimal investment with competition a la
Cournot, where the price of the good produced by a representative company depends on the aggre-
gate production of the entire economy through a nonlinear inverse demand function. In the absence
of interventions, the production capacity of the representative company evolves stochastically over
time as a geometric Brownian motion, and its level can be increased through investment, subject to
quadratic costs. The representative company discounts profits and costs at a constant rate and aims
to maximize total expected profits from production, net of investment costs. Instantaneous profits
depend linearly on the company’s production capacity (thus, production occurs at full capacity)
and on the time-dependent price of the produced good. The mean-field equilibrium investment and
average production processes (U, q) are such that expected total net profits are maximized and, as-
suming an isoelastic inverse demand function, the price is given in terms of a nonlinear function of
the average optimally controlled production at each time (see also Achdou et al. [2] and Remark 2.4
below). We are able to prove the existence and uniqueness of the equilibrium pair (u,g) when the
problem’s time horizon is finite or infinite. Furthermore, we demonstrate that the existence and
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uniqueness carry over to the deterministic counterpart of our model, essentially using the same
techniques as in the stochastic case.

The investment problem under study falls under the category of mean-field games with scalar
interaction. Mean-field games, independently introduced by Lasry and Lions [17]|, and Huang,
Caines, and Malhamé [15], represent limit models of non-cooperative symmetric N-player games
with mean-field interaction as the number of players N tends to infinity. An exhaustive review of
mean-field models can be found in the two-volume book by Carmona and Delarue [3].

In our context, the consistency condition that the equilibrium price aligns at each time with a
decreasing nonlinear function of the expected (optimally controlled) production capacity can be
viewed as the limit, as the number N of identical and indistinguishable companies operating in the
market diverges, of the requirement that price inversely depends on the aggregate production of

the entire economy, scaled by a factor of 1/N. As discussed in Huang et al. [15], this scaling can
be justified by considering situations where "an increasing number of firms join together to serve
an increasing number of consumers" (see the discussion in Huang et al. [15], after Equation (2.4)
therein).

The equilibrium construction for a given time horizon 7' € (0, +o0] follows a three-step ap-
proach. Firstly, given a deterministic path of the average production ¢ = (gs) sefo,7], We solve the
representative company’s optimal investment problem. Because the production capacity evolves as
a geometric Brownian motion and is linearly dependent on the investment process and since the
performance criterion has linear dependence on the production capacity and quadratic dependence
on the investment costs, the resulting optimal control problem for the representative company is
of linear-quadratic type and has an explicit solution. Moreover, the optimal control aT9 for fixed
average production trajectory ¢ is deterministic. In the second step, we calculate the expectation of
the optimally controlled production capacity process, which is easily computable given the explicit
representation of the state process. Finally, in the third step, we impose the consistency condition,
requiring that this expectation must match g5 for each time s € [0,7]. This condition leads to a
nonlinear integral equation for the equilibrium average production trajectory q := (gs) sefo,7]- By
construction the control @ := 4(7*? and the function § form a mean-field equilibrium.

It is important to note that although the company’s optimal control problem for a fixed average
production trajectory ¢ is linear-quadratic, due to the nonlinear dependence of the net profit func-
tional on ¢, the overall mean-field problem is not of linear-quadratic type. In this regard, our results
differ from those presented in Bensoussan et al. [3], Delarue and Tchuendom [12], Tchuendom [19)],
among others, which focus on linear-quadratic mean-field games.

While the two-step approach previously outlined works for both the case where T' < +00 and the
case where T' = +oo, different technical arguments are used to prove the existence and uniqueness
of the equilibrium in the finite and infinite horizon cases. As a matter of fact, the integral equation
uniquely characterizing the equilibrium average production ¢ does not fall into the standard theory
of integro-differential equations, as we have an initial-value problem with the integral being back-
ward in time, and thus requires a careful ad hoc analysis. Specifically, the proof of the existence
of a solution to it relies on a priori estimates and Schauder’s fixed point theorem when T' < +o0,
whereas it utilizes a priori estimates and the Frechet-Kolmorogorov LP compactness theorem in
the case of T' = 4+00. Uniqueness is then established in both cases through suitable contradiction
arguments that exploit the properties of any mean-field equilibrium. Notably, when T' = 400, we
can also prove that the time-dependent equilibrium ¢ monotonically converges to the stationary
average production level. The latter is obtained as the unique constant solution to the integral
equation that uniquely determines g.

Given the geometric dynamics of the production capacity, the linear dependence of the profit
functional on the controlled state variable, the quadratic costs of investment, and the fact that the
mean-field interaction is of scalar type and only involves the expected value of the latter, it is not
surprising that the mean-field equilibrium is deterministic and does not depend on the volatility
coefficient o appearing in the production capacity’s dynamics. Guided by this observation, we also
consider the deterministic counterpart of the previously discussed mean-field game and show that
a unique equilibrium exists in this setting as well. This equilibrium can indeed be constructed by
following exactly the same arguments employed in the stochastic case.
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Games of optimal investment in both stochastic and deterministic settings are extensively covered
in the Economics literature, and a comprehensive overview of models and results can be found
in Vives [20]. Specifically, mean-field problems with Cournot competition have garnered interest
in recent literature; see Chan and Sircar [10] for an insightful overview. Graber and Bensoussan
[11] study the existence (and, under certain conditions, uniqueness) of a solution to a system of
partial differential equations (PDEs) (namely, the Hamilton-Jacobi-Bellman (HJB) and Fokker-
Planck equations) associated with a mean-field game involving Bertrand and Cournot competition
among a continuum of players. In Graber and Sircar [13], existence and uniqueness of the master
equation associated with a mean-field game of controls with absorption are proven, while Chan and
Sircar |9] delve into dynamic mean-field games with exhaustible capacities and interactions akin to
Cournot and Bertrand competitions. An optimal transport perspective on Cournot-Nash equilibria
is explored in Acciaio et al. [1|. Finally, Cao et al. [6] considers stationary discounted and ergodic
mean-field games of singular controls motivated by irreversible investment and provide existence
and uniqueness results, as well as relations across the two classes of considered problems.

To the best of our knowledge, the existence and uniqueness of the (nonstationary) mean-field
equilibrium for a mean-field model of optimal investment with an isoelastic demand function, as
discussed in this paper, is presented here for the first time.

The rest of the paper is organized as follows. The stochastic mean-field game is introduced in
Section 2. In Section 3 the company’s optimal investment problem is solved for both the cases
T < +oo and T = +oo, while existence and uniqueness of the equilibrium is shown in Section 4,
again for the finite and infinite time horizon cases. The deterministic version of the mean-field
problem is finally considered in Section 5.

1.1. Notation. In this section we collect the main notation used in this work.

e Throughout the paper the set N denotes the set of natural integers without the zero element,
ie, N = {1,2,...}, while R denotes the set of real numbers. Whenever T" = +o0, the
notation [0, 7] indicates the interval [0, +00).

e For any p > 1, any measure space (E,&, u), and any interval I C R, we indicate by
LP((E, &, p);I) the set of all functions with values in I that are p-integrable with respect
to p. If E C R, we take Z(F) as the Lebesgue o-algebra and as u the Lebesgue measure,
which is denoted by Leb, and we simply write LP?(F; ). When computing integrals with
respect to this measure, we simply write dz instead of Leb(dz).

e For any n > 0 and F, I C R, the notation LI (FE;I) indicates the set of all functions
f: E — I such that t — e " f(t) is p-integrable with respect to the Lebesgue measure.

e Given two intervals I, J C R, we denote by C(I;.J) the set of all continuous functions from
I to J, endowed with the usual sup-norm. The notation CP([;J), p € NU {+oc0}, denotes
the set of functions from [ to J that are continuously differentiable p times.

2. THE STOCHASTIC MODEL

Let (Q,F,F = (Fs)s>0,P) be a complete filtered probability space, with F satisfying the
usual assumptions, supporting an F-adapted standard Brownian motion B and an independent
Fo-measurable random variable . Throughout the paper, T' € (0, +00) U {+0o0} denotes a finite or
infinite time horizon. In what follows, whenever T' = +oo the notation [0, 7] indicates the interval
0, +00).

We consider a real-valued F-adapted process X = (X5) sefo,7], satisfying the stochastic differential
equation (SDE)

{dXS = —0Xsds+0X,dBs +usds, se€(0,T],

Xo—¢. (2.1)

where 6,0 > 0 are given coefficients, and the control process u := (us) se[o,7] is chosen in either of
the following two classes of admissible controls: if T' < 400,

Ur ::{u = (us)sefo,r) st w: Q x [0,T] = [0, +00) is (Fs)selo,r)-progressively measurable and
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E[/OTuﬁds] <+oo}; (2.2)

if, instead, T' = 400,

Uso ::{u = (us)s>0 8.t. u:  x [0,00) — [0, 4+00) is F-progressively measurable,

t +oo
E [/ Ug ds] < 400, P-a.s., Vi > 0, and E[/ e psu ds} < —i—oo} (2.3)
0 0

Whenever necessary, to stress the dependence of the solution to (2.1) on the initial condition & and
on the control u, we denote it by X&u

We observe that the solution to SDE (2.1) can be written explicitly (cf. [16, Problem 5.6.15]),
for each u € Uy, as

=Y +/ Zu,.dr, s€][0,T), (2.4)

where

Bs— (5-1—”—2) s

Y, =e" " )7, se|0,T]. (2.5)
In the mean-field game studied in this paper, the process X describes the private state of a
representative player. In particular, it models the evolution of her/his production capacity, which
depreciates at a rate 6 and can be increased by choosing the investment rate u € Up. Note that
the statistical distribution of the state of the other players in the economy does not influence the

production capacity level of the representative player.
Throughout the paper, we work under the following assumption.

Assumption 2.1. The initial condition & of SDE (2.1) is an Fo-measurable, positive, and integrable
random variable. More precisely, & > 0, P-a.s., and 0 < E[{] < +o0.

The assumption above ensures that, for any u € Uy, X§’u > 0, P-a.s., for all s € [0,7]. Thus,
the production capacity level of the representative agent is never negative. Moreover, it grants us
the following result, which will be used later on.

Lemma 2.2. Under Assumption 2.1 and for any u € Uy, the unique solution to SDE (2.1) has
finite first moment, given by

S
E[Xﬁ:u] — E[g]e—és +E I:/ 6_5(8_T)Ur d?‘] , SE [O,T]. (2_6)
0
Proof. Fix & and u as above. Using the expression of X&" given in (2.4) we have that

E[X5Y) = E[Y:¢] + E [/O }};u] dr, s€0,7).

T

Since the random variable Y is non-negative and Yj is independent of Fy, for all s € [0,T], we
can directly compute the first summand

E[Y.¢] = E[JE[Y,] = E[¢le ™.

For the second summand, observe that the integrand is non-negative and that, for each fixed
€ [0, T}, the random variable % is independent of F,., for all r € [0, s]. Therefore, applying the
Fubini-Tonelli theorem,

Y s Y Vs " b(se
E u,dr| = / E|=u,|dr= / E |=| E[u,]dr =E / e 0=y dr ,
0 Yv?“ 0 Y;" 0 Y'T 0
which is finite thanks to the assumptions on u. Therefore, we get (2.6). U

In our mean-field game we assume that every player aims at maximizing the discounted net

profit functional
T 1
sfew =5 | [ o {xsu - Jfas], (27)
0
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where p > 0 is a discount factor, 8 > 0 is a fixed parameter, and ¢ = (‘]s)se[O,T] is a given
deterministic measurable function. At equilibrium, the function g will identify with the average
production capacity of the whole population of agents. This is formalized in the next definition.

Definition 2.3. Fiz a random variable & under Assumption 2.1.
A pair (0,q), where U € Ur and q: [0,T] — (0,400) is a measurable function, is an equilibrium
of the mean-field game if

(Z) JT,(/]\(ga ﬁ) > JT,’q\(£7 u): fOT’ allu e Z/[T;'
(it) @ = B[X5Y, for all s € [0,T).

In the next sections we show that there exists a unique equilibrium by adopting a classic fixed
point approach. The first step is to solve an optimization problem for a given measurable function
q, representing the evolution of the average production capacity level of the agents in the economy.
We show that there exists a unique explicit and deterministic optimal control u € Uy, depending
on ¢, which provides us with the best response of the representative agent to the distribution of
the states of the other agents in the economy, summarized by the average q.

The second step is to determine the optimally controlled dynamics of the production capacity
level of the representative agent. Thanks to (2.6), we can compute explicitly E[X$"], s € [0,T7.
Since the optimal control u depends on ¢, the fixed point argument follows from condition (ii) in
Definition 2.3. We show that proving that there exists a unique equilibrium reduces to finding the
unique solution of an integro-differential equation.

Remark 2.4. The profit function appearing in (2.7) — i.c., the function (z,p) — xp~” — is related
to the isoelastic demand obtained from Spence-Dizit-Stiglitz preferences and can be motivated as
follows.*

Assume that each player in our economy is a firm indexed by its productivity (or size) x > 0.
We can consider the firms’ production capacities as a proxy for this index and, thus, this setting is
coherent with the model introduced above. Each firm produces a single good and faces the demand

function
-y
<7TE§)) . withy > 1,

where m(x) is the price set by a firm with productivity level z, and P = [ [ m(x)' ™7 p(dz)] VA=) 4
a price index, which is computed according to the statistical distribution p of the firms productivity
in the economy. Here we are assuming that the price set by two firms having an equal productivity
level is the same. In other words, the price policy of each firm is exclusively determined by its
productivity.

FEach firm (i.e., fix x > 0) aims at mazimizing the function

. ( m ) -7 1 ( s ) -
T 7= —— (= .
P x \P
It is easy to see that the mazimum profit is
-
R A a0 (2.8)
y—1\v—1
which is attained setting the price m(x) = h_ﬁ
This entails that P = ﬁ (fR x”flu(dm))l/(kw, and hence, substituting this expression into (2.8),
we get that the profit is

1 71
ﬁ:ﬂ_lp_v, with p= </R 7! ,u(d:c))W ) (2.9)

Therefore, setting B = v = 2, we get the profit function (x,p) — xp~? appearing in our model.
Note, however, that in the discounted net profit functional introduced in (2.7) we do not restrict the
choice of the parameter B to the one dictated by the economic application outlined above. Instead,

ISee also the discussion in Achdou et al. [2, p. 7, Footnote 5| concerning the the model in Luttmer [15].
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we consider any possible value 5 > 0, as the mathematical results that we prove can be stated in
this more general framework.

The discussion above highlights that it is possible to consider more general forms of interaction
between players in the profit function. In this paper we consider the average of the production
capacities of the firms in the economy, but in (2.9) the geometric average appears. More generally,

one can consider
p=r ([ fo)uan),
R

for some F, f: R — [0,+00) strictly increasing, see, e.g., [0]. However, as will be clear later on,
the analysis carried out in this work heavily relies on the fact that the interaction between players
is through the average of the production capacities. Indeed, thanks to this feature, we will find an
explicit characterization of the solution to the mean-field game introduced above.

3. THE OPTIMIZATION PROBLEM

In this section we consider the optimization problem associated to the mean-field game described
in Section 2. We show that, for each possible choice (in a suitable class of measurable functions)
of the function ¢ appearing in the discounted net profit functional (2.7), the corresponding maxi-
mization problem has a unique solution and we compute explicitly the associated optimal control.

We divide our analysis into two subsections, the first devoted to the finite time horizon case, the
second one to the infinite time horizon case.

3.1. The finite time horizon case. Let us consider the finite time horizon case, i.e., fix T < +o0.
For each fixed ¢: [0,T] — (0, +o0) such that ¢ € L1((0,T7]; (0, +00)), we consider the problem of
maximizing the functional

T 1
Jrqe(§,u) =E [/ e Ps {Xf’“qs_ﬂ — 2u§} ds] , (3.1)
0

where ¢ satisfies Assumption 2.1, u is chosen in the class of admissible controls introduced in (2.2),
and X% is the unique solution of SDE (2.1). We also introduce the value function corresponding
to the optimization problem, namely,

Vrg(&) = sup Jrgq(§,u), €€ LY((Q, Fo,P); (0, +00)). (3.2)

uelr
In the next proposition we are going to show important properties of the functional Jr .

Proposition 3.1. Fiz a random variable & satisfying Assumption 2.1, u € Up, and q: [0,T] —
(0, +00) such that ¢~? € L1((0,T]; (0,+00)). Then, the functional Jr, defined in (3.1) is finite and
verifies

T
Jrq(§,u) = E[g]z[()T’Q) +E [/ e P? {ng’q)us — ;ug} ds] , (3.3)
0

where 219 [0, T] — [0, +00) is the deterministic function given by
T
210 = / e~ PHr=) =B qr 50,7 (3.4)
Moreover, if £, & both verify Assumption 2.1 and are such that E[§] = E[¢'], then Jrq(&u) =
Jrq(&'50), for any u € Ur.

Proof. Fix ¢ € LY((Q, Fo,P); (0,4+0)), and u € Ur. Since the assumptions of Lemma 2.2 are
verified, we can use (2.6) and apply the Fubini-Tonelli theorem (note that the integrand is non-
negative) to get

T T T rs
E {/ e P XSG h ds} = E[¢] / e e % Pds + E {/ / e P 0 By, drds| .
0 0 o Jo

Clearly, the first summand of the last equality is finite, thanks to the assumptions on £ and gq.
Moreover,

T
E[¢] / o e 9% P ds = B[]z
0
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Also the second summand is finite, thanks to the assumptions on ¢ and u. Exchanging the order
of the two time integrals we get

T s T T
E {/ / e P30 By, dr ds} =E [/ e(sruT/ e~ (PH)s =B s dr]
o Jo 0 r
T T T
=E {/ epruT/ e~ (P =B g5 dr] =E {/ e P2 (TDy, dr] .
0 T 0

It easily follows that Jr 4 is finite and that Equation (3.3) holds, which also entails the last statement
of the Proposition. O

Remark 3.2. The last statement in Proposition 3.1 implies that the value function V4 depends on
the initial condition & only through its average. More precisely, if £,& both verify Assumption 2.1
and are such that E[§] = E[¢], then Vi 4(§) = Vrq(£).

Thanks to the Proposition above we can find the optimal control for our optimization problem
and this, as a byproduct, allows us to explicitly compute the value function.

Theorem 3.3. Fiz a random variable £ satisfying Assumption 2.1 and q: [0,T] — (0,400) such
that g% € LY((0,T7; (0, +00)). Then, 9 = (19 ¢ Yp, where 279 is the function defined
in (3.4), is an optimal control for problem (3.2), which is deterministic and independent of €.

Moreover, 1D is essentially unique, i.e., if @09 € Up is an optimal control for problem (3.2)
different from 479 then

a0 =19 for P® Leb-a.e. (w,s) € Qx[0,T].

Finally, the value of the optimization problem admits the explicit expression

1 (T
Vrg(6) = Elglzg ™ + 3 / e 5 (2(T0)2 gs, (3.5)
0
and the optimally controlled state process X&) g given by
S

= Y,
X68Y _ye 4 / ?qu@q) dr, sel0,T], (3.6)

0 T

where Y is the process defined in (2.5).
Proof. Fix € € L}((Q, Fo,P); (0, 4+00)). From (3.3) it immediately follows that

T
Vra®) = I + s | [ 07 {700 gt . (37)
0

uelr

~ o . 1
Hence, if we can find a™9 € Up that maximizes the integrand ng’q)us — iug, for P ® Leb-a.e.

(w,s) € Qx[0,T], then @™ it must be optimal. Clearly, the integrand is maximized in the sense
above if we take 479 = 2(T:9) | Its admissibility is a consequence of the fact that 279 is bounded.
Therefore, G(79 is optimal, and clearly essentially unique in the sense specified above. Substituting
its definition in (3.7) we immediately get (3.5) and (3.6). O

3.2. The infinite time horizon case. We analyze now the infinite time horizon case, i.e., we set
T = +oo0. For each fixed ¢: [0, +00) — (0, +00) such that ¢—# € L!((0, 4-00); (0, +00)), we consider
the problem of maximizing the functional

+oo 1
Joog(§u) =E {/ e P8 {Xﬁ’“qs_ﬁ — 21@} ds} , (3.8)
0

where ¢ satisfies Assumption 2.1, u is chosen in the class of admissible controls defined in (2.3),
and X% is the unique solution of SDE (2.1). We also introduce the value function corresponding
to the optimization problem, namely,
Vooa(€) = D Joog(§u), €€ L (2, Fo, P); (0, +00)). (3.9)
uclso

The next result is analogous to Proposition 3.1. The proof proceeds along the same lines and,
thus, we omit it.
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Proposition 3.4. Fiz a random variable & satisfying Assumption 2.1 and u € Uy,. Consider a
function q: [0,400) — (0,400) such that ¢~° € L})+5((O, +00); (0, +00)) and such that the function

5(00,0) . [0, +00) — (0, +00) given by
—+o0
2e00) / PN By 5> 0, (3.10)

is bounded on [0, +00).
Then, the functional J 4 defined in (3.8) is finite and verifies

+oo 1
Jooq(€,0) = E[¢)z9 +E [/0 e Ps {z§°°»q)u8 - 2u§} ds} . (3.11)
Moreover, if £,& both verify Assumption 2.1 and are such that E[§] = E[£'], then Joo (€, u) =
Jooq(&' 1), for any u € Us.

Remark 3.5. Also in this case (cf. Remark 3.2) the last statement in Proposition 3.4 entails that
the value function Vi 4 depends on the initial condition & only through its average.

Thanks to Proposition 3.4, also in the infinite time horizon case we can find the optimal control
for problem (3.9) and the explicit form of the corresponding value function, as stated in the next
theorem. Its proof is omitted, being similar to that of Theorem 3.3.

Theorem 3.6. Fiz a random variable § satisfying Assumption 2.1. Consider a function q: [0, 4+00) —
(0, +00) such that =P € L;_M((O7 400); (0, +00)) and such that the function z(>9)  defined in (3.10)
is bounded on [0, +00).

Then, G := (9 € Y is an optimal control for problem (3.9), which is deterministic and
independent of &.

Moreover, 4> s essentially unique, i.e., ifﬁ(oo’q) € U is an optimal control for problem (3.9)
different from G(°>9 | then

w00 =39 for P@ Leb-a.e. (w,s) € Q x [0, 400).

Finally, the value function of the optimization problem admits the explicit expression

o 1 [*ee
Vooal®) = El™0 +5 [ e (=), (312)

and the optimally controlled state process X6 g given by
S
G(oo, Y,
Xg’u( - +/ ?Sz,goom dr, s>0, (3.13)
0 r

where Y is the process defined in (2.5).

Remark 3.7. All the results of this section can be straightforwardly extended to the case where the
optimization problem starts at a time t > 0. More precisely, setting the initial condition X; = x > 0
in SDE (2.1), we get that (2.6) becomes

E[X5Y] = E[¢]le %D + E { / ey, dr] . selt,T),
t

while the expressions of the functional Jr 4 and of the value function Vi, (now both dependent on
t) given in (3.3) and (3.5), if T' < 400, and in (3.11) and (3.12), if T = +o0, become

T
Jrg(t, & u) = E[ﬁ]e*ptzt(T’q) +E [/ e {ng’Q)us — ;uz} ds} )
t
T I
Veg(t,§) =B e 570 1 5 [ (T as,
t

with optimal control G190 = (19 where

T
Z(T’q) = / e_(p+§)(T_S)QT'_ﬂ dT’, s € [t7T]

S
S
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4. EXISTENCE AND UNIQUENESS OF EQUILIBRIA

In this section we discuss the existence and the uniqueness of an equilibrium for the mean-field
game introduced in Section 2.
As usual in mean-field games theory, looking for an equilibrium boils down to finding a fixed point

of a suitable map. According to Definition 2.3, in our case this map is (gs) sejo,7] + (E[Xﬁ’a(m)]) o’
se|0,

where G(7°9 is the optimal control for the maximization problem studied in Section 3, whose ex-
pression is given either in Theorem 3.3, in the case T < +oo, or in Theorem 3.6, in the case
T = +o0.

The next result formalizes this fact, showing also that the fixed point map is precisely the solution
map of an integral equation.

Theorem 4.1. Let us fix a random variable & satisfying Assumption 2.1.
Consider the mean-field game introduced in Section 2 in the finite time horizon case, i.e., T <
+o00. Then,

(i) If there exists an equilibrium (U, q) in the sense of Definition 2.3, such that
g7 € L'((0,T7; (0, +00)), (4.1)

then q is a solution to the integral equation
s T
ys = e P E[¢] +/ e~ / e~ (P =B qudr, s € 0,T]. (4.2)
0 r

(ii) Vice versa, if there exist a unique solution q to (4.2) satisfying (4.1), then there exists a
unique equilibrium (4, q) = (219, Q) of the mean-field game among all equilibria (1, §) such

that § verifies (4.1), where 219 is the function defined in (3.4).
Consider, instead, the same mean-field game in the infinite time horizon case, i.e., T = +00. Then,

(11i) If there exists an equilibrium (4, q) in the sense of Definition 2.3, such that
g"e L}H_(g((o, +00); (0,400))  and 29 is bounded on [0,+00), (4.3)

where 2(9) s the Junction defined in (3.10), then q is a solution to the integral equation
S —+o00
ys = e PE[¢] +/ e 0= / e~ (PO =B qudr, s>0. (4.4)
0 r

(iv) Vice versa, if there exist a unique solution q to (4.4) satisfying (4.3), then there exists a
unique equilibrium (4,q) = (2(°9.q) of the mean-field game among all equilibria (1, q)
such that q verifies (4.3).

Proof. We prove only the first two statements in the finite time horizon case, as the case T' = 400
is analogous.

(i). Let (u,q) be an equilibrium of the mean-field game, with u € Uy and q: [0,7] — (0, +00),
such that g7 € L((0,T); (0, +00)). Since point (i) of Definition 2.3 holds, from Theorem 3.3 we
have that 1 = z(T"D, for P ® Leb-a.e. (w, s) € Q x [0, T]. Combining the expression of z(79) given
in (3.4), and (2.6), we get

E[X$%] = E[€le™™ +E [ / e g, dr] —E[gle ™ +E [ / o= (T gy
0 0

s T
= e RE[¢] +/ e_‘s(s_T)/ e~ (PH)=Z=B gy dr, s € [0,T). (4.5)
0

r

Therefore, by point (ii) of Definition 2.3, we get that ¢ is a solution to (4.2).

(ii). Let @ be the unique solution to (4.2) such that g% € L'((0,T]; (0, +00)). Define i := (79
according to (3.4). Then, by Theorem 3.3, we know that U is optimal for the problem of maximizing
Jrg, i.e., that point (i) of Definition 2.3 holds. We also have that equation (4.5) above is verified,

and hence, since we assumed that g solves (4.2), we get that g, = E[Xg’ﬁ], for all s € [0,T7, i.e.,
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that point (ii) of Definition 2.3 also holds. This means that (u, g) is an equilibrium of the mean-field
game.

If (1,q) is any other equilibrium of the mean-field game, such that g=# € L((0,77; (0, 4+00)),
then necessarily 1 = z(T:9 for P ® Leb-a.e. (w,s) € Q x [0, T], by Theorem 3.3. Therefore, we can
repeat the same argument of the proof of point (i) to get that ¢ is a solution to (4.2), and hence
that (u,q) = (10, q), since we assumed that (4.2) has a unique solution. O

Thanks to Theorem 4.1 we can reduce our search for a unique equilibrium of our mean-field
game to proving existence and uniqueness of a solution to the integral equation (4.2), in the finite
time horizon case, or (4.4), in the infinite time horizon case. This, in turn, is equivalent to showing
existence and uniqueness of a solution y: [0,7] — (0, +00) to the integro-differential equation

d —_
dsys -
Yo =

T
_ —(p+0)(u—s), —B
6ys+/s e v, du, se€l0,T], (4.6)

for any initial datum x > 0.
Indeed, this equivalence follows from the next two definitions and from Proposition 4.4 below,
whose proof is omitted, being a standard result.

Definition 4.2. A function y € C*([0,T7]; (0,4+00)) that satisfies (4.6) for all s € [0,T) is called a
classical solution to (4.6).

Definition 4.3. A function y € C([0,T7]; (0,400)) that satifies the integral equation

s T
yo = =550 + / e=0(s=7) / P8 Gy dr 5 € [0, T,
0 r

is called a mild solution to (4.6).

Proposition 4.4. Any classical solution y € C([0,T]; (0,+00)) to (4.6) is also a mild solution.
Vice versa, any mild solution y € C([0,T]; (0,4+00)) to (4.6) is continuously differentiable in [0,T]
and also a classical solution.

Remark 4.5. From now on, we will just speak of a solution (in either sense) to (4.6), unless
otherwise specified.

It is convenient to introduce a further integro-differential equation, namely

d s [ —(pr—5B)u
= olpt2 )S/S e~ (P08 =B gy, s e[0,T], (47)
20 =,
and the corresponding integral equation
s T
2s =X +/ e(p”‘m/ e~ (PHO=0Bu =B gy dr, s €[0,T], (4.8)
0 r

which we consider for any initial datum = > 0.

The notions of classical and mild solution to (4.7) are analogous to those given in Definitions 4.2
and 4.3. Also in this case, a result similar to Proposition 4.4 shows that these two solution concepts
are equivalent.

The following result, whose proof is omitted being based on routine computations, shows that
solutions to (4.6) can be expressed in terms of those of (4.7) and vice versa. Thus, we can study
either of these two equations, depending on convenience.

Proposition 4.6. If y: [0,T] — (0,400) is a solution to (4.6), then z, = e*y,, s € [0,T) is
a solution to (4.7). Vice versa, if z: [0,T] — (0,+00) is a solution to (4.7), then ys == e %%z,
s € [0,T)] is a solution to (4.6).

Remark 4.7. Note that equations (4.6) and (4.7) do not fall into the standard theory of integro-
differential equations, as we have an initial-value problem with the integral being backward in time.
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Now, we proceed to study existence and uniqueness of a solution to (4.6) or, equivalently, (4.7).
As in the previous section, we are going to divide our analysis into two subsections, the first devoted
to the finite time horizon case, the second one to the infinite time horizon case.

4.1. The finite time horizon case. Let us fix T" < +oo and x > 0. We observe, first, that
solutions of (4.7) satisfy suitable a priori estimates.

Proposition 4.8. Let z € C([0,T7]; (0,400)) be a solution to (4.7). Then, for all s € [0,T],
zs > Qr, and zs < O, (4.9)
where

=z, s€]0,7], (4.10)

S

[8)

and, for any s € [0,T],

T S R s S L fB#E1+2
e pto—08| s(L+5) ] ")
s .21?76 |
v _ (p+20)s _ f = 5
T pt20) {[1+(p+25)(T s)le [1+(P+25)T]}’ ve=tty

Proof. Since zs > 0, for all s € [0,T1], the right hand side of (4.8) is positive, and hence, again for
all s € 0,7,

zs > T, and 2P <a P, (4.12)
which provides us with the lower bound. To get the upper bound, it is enough to substitute the
second inequality in (4.12) into the right hand side of (4.8) and compute the integrals. O

Given the result above our goal will be to show that (4.7) admits a unique solution in the
(nonempty) set
C, ={f€C(0,T];(0,400)): a¥ < fs <a%, Vs €[0,T]}. (4.13)

Theorem 4.9. For each fized x > 0, there exists a unique solution to the integro-differential
equation (4.7) in the set Cy defined in (4.13), which is also twice continuously differentiable. Con-
sequently, the integro-differential equation (4.6) admits a unique solution y. Such solution belongs

to C2([0,T7; (0,4+0o0)) and satisfies
e %r <y, < e %%a’ s €10,T). (4.14)

S

Proof. Fix x > 0. Showing that (4.7) admits a unique solution is equivalent to proving that the
operator I', defined on C([0,T7; (0, 4+00)) and given by

s T
L(f)s =z + / e(”+25)r/ e~ (P00 =B qudr, s e [0,T], (4.15)
0 r

admits a unique fixed point in C,.

It is easy to verify that C, is a closed, bounded, and convex subset of C([0, T]; (0, +o0)) (which is
endowed with the usual sup-norm). Moreover, I" maps C, into itself. Indeed, from (4.15) we readily
verify that, for all f € C, and all s € [0,T], I'(f)s > aF, since f is a positive function; moreover,
noting that for all f, g € C,

fs<gs = F(f)s > F(g)57 s € [O7T])

we immediately check that I'(f)s < I'(a®)s = @?. Finally, I" is compact in C, as a consequence of
the Ascoli-Arzela theorem. Indeed, any sequence in C, is equi-bounded, thanks to the definition of
Cz, and equi-continuous since, for all f € C,, ['(f) is differentiable and

T

d

sup sup |I'(f).| =sup sup {e(p+25)5/ e~ (pHo—0B)u p =4 du} < sup —a; < +o0.
fec s€[0,T) fec s€l0,T] s selo,T) dS

Therefore, by Schauder’s fixed point theorem the map I has a fixed point z € Cy, i.e., 2 verifies (4.8).

Hence, z is a solution of equation (4.7). The fact that z € C2([0,77; (0,+00)) simply follows by

differentiating twice (4.8).
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To show uniqueness, assume that two different solutions z,z € C,, of (4.7) exist. It is convenient
to write the integro-differential equation satisfied by ws := zp_s and ws = zp_g, s € [0, 7],

iU)s = _e5(l+ﬁ)(Tfs) /S ef(p+575ﬁ)(877“)w;,8 dT, S € [O;TL
dS 0 (416)
wr =2.
From this equation we deduce that
wl — @, = —HOHAT=) / T o (p+5-58)(s-) [wr? @ ?|ar, selo). (@17)
0

The following two cases may occur:

Case 1. Consider wg # wy and assume, without loss of generality, that wg > wg. Let us define
s =1inf{u > 0: w, = w,}.

For each fixed s € [0, s*), we have that ws > w, and, hence, wr? — @7 <0, forallr e [0, s]; thus,
we deduce from (4.17) that w!, — w!, > 0, i.e., that the distance between the two solutions increases
in time. Therefore, s* = 400, but this contradicts the fact that wr = wr.

Case 2. Consider wyg = wy and note that both w and w are bounded below by the constant z,
since 2,7 € C,. Observe, also, that the function w — w™? is Lipschitz in [z, +00), with Lipschitz
constant L := 2~7~1, Therefore, integrating (4.17) on [0, s] we get

we — @y = — / S(1+8) (T ) / o—(p-0=38)(u=1) [wr—ﬁ _ @T—B] drdu, se[0,7],

0 0
whence
g — @] < L / {66(1+5)(T—u) / o (p+5-58) () dr} sup [wy — @[ du, s € [0,T].
0 0 r€[0,u]

Since s — sup |w, — w,| is bounded on [0, T, applying Gronwall’s lemma we get that ws = ws for
rel0,s]
all s € [0, 7], which contradicts the assumption that w and w are different.
Therefore, equation (4.7) admits a unique solution in C,. Finally, from Proposition 4.6, we
immediately deduce that also (4.6) has a unique solution in C2([0,77];(0 + o00)) satisfying the
bounds in (4.14). O

Thanks to the result above, we can establish the following.

Proposition 4.10. For each fixed random variable £ satisfying Assumption 2.1, there exists a
unique equilibrium (4, q) for the mean-field game with finite time horizon, among all equilibria
verifying the integrability condition (4.1).

More precisely, 0 = 2D where 21D s the function defined in (3.4), and q is the unique
solution to (4.6), with initial condition v = E[£].

Proof. Let q be the unique solution to (4.6), with x = E[¢]. Since ¢ satisfies the bounds (4.14) and
since the functions s ++ e%*z and s — e~%°a® are continuous on [0, 7], hence therein bounded, we
deduce that also ¢ is bounded on [0,T]. More precisely,

0<m<gs<M, VYsel0,T], withm:=e Tz and M = sup e %a’. (4.18)
s€[0,7T

Therefore, g satisfies the integrability condition (4.1) and applying Theorem 4.1-(ii) we get the
result. 0

4.2. The infinite time horizon case. We discuss now the infinite time horizon case, i.e., we
fix T = +o0o. Here we work under the assumption § < 1+ §, which will be used to guarantee
convergence of the integral appearing in (4.7).

A reasoning similar to the one used to prove Proposition 4.8 shows that the following holds.
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Proposition 4.11. Let z € C([0, +00); (0, +00)) be a solution to (4.7), with T = 400, and assume
that § <1+ &. Then, for all s >0,

zg > a2, and zs < ag™. (4.19)

where
ay =z, s5>0, (4.20)

and
-B 1 — e0(148)s
x e

ab>® =gz — , §>0. 4.21
? p+5—56{ 1+ p5) } - (4.21)

We aim at showing that (4.7) admits a unique solution in the (nonempty) set
Cr00 = {f € C([0,400); (0, +00)): a5 < fs <@y™, Vs > 0}. (4.22)
Note, in particular, that for any f € C; o we have that
+o00 +o0 .73_’8

/ o~ (o Ha=08)u =8 4y, < / o= (PH=08)u, B gy = T (45385 oo Ws >0,

s s P+ 6 — 5/8
as f is bounded below by the constant x and we assumed 5 < 1+ %.
Theorem 4.12. Let T = 400 and assume that B < 1+ g. Then, for each fized x > 0, there exists
a unique solution to the integro-differential equation (4.7) in the set Cy oo defined in (4.22), which

is also twice continuously differentiable. Moreover, the integro-differential equation (4.6) admits a
unique solution y. Such solution belongs to C?([0,+00); (0,+00)) and satisfies

x8 s p=h
A+ B (pr0-08)] 51+ p+o—0p)

e <y, <e % s> 0. (4.23)

1
Finally, if = yso = (0(p + 6)) 51, then the function ys = Yo, for all s > 0, is the unique
constant solution to (4.6). If, instead, x # Yoo, then the corresponding solution y to (4.6) is strictly
monotone and such that

SEIJPOO Ys = Yoo

Proof. We divide the proof as follows. First, we show existence and uniqueness of a solution to (4.7)
in the set C; o, for each fixed x > 0. As in the finite time horizon case, the fact that such solution
is twice continuously differentiable follows by differentiation of (4.8). Then, it immediately follows
from Proposition 4.6 that (4.6) admits a unique solution y € C2([0, +00); (0, +00)) satisfying the
bounds given in (4.23). Finally, we will show that the constant function equal to Y is the unique
constant solution to (4.6), and that the solutions starting at  # y., are monotone in time and
converge to Yoo-

Ezistence. Fix > 0, and consider the family of solutions Z = {Z(n)}n21, where z(™ is the
solution to the finite horizon problems with terminal time T = n, i.e.,

A ) _ Jora0)s / ”e_(p+5_53)u(z<n))—ﬂ du, s€[0,n]
5 ; u : o (4.24)
20 =.

We extend each of them by continuity taking them to be constant over (n, 4+00), so that PADNS Cz, 00,
as a? < @y, for all s € [0, n]. Differently from the finite horizon case, here we cannot directly apply
the Ascoli-Arzela theorem, as the infinite horizon does not allow to get the same equicontinuity
estimates as in the proof of Theorem 4.9. Hence, use a weaker compactness criterion based on the
Fréchet-Kolmogorov theorem.

Let us define the set

L}, 55([0,00); R) :== {fi [0,00) = R: / e~ P23 11 ds < +oo} :
0

endowed with the usual weighted norm ||-||1 ,425. Clearly Z C L})Jr%([o, 00); R).
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We observe that, given the bounds in (4.22), the family Z is equibounded. We want to show
that it is also equi-integrable in L})Jr%. For any s > 0 and h > 0 we have that

s+h n
Zii)h — zgn) = 1[0,n—h](5)/ (z,(,”))/dr + 1[n_h’n](s)/ (z,(”))/dr.

Let K = %. Using the fact that 0 < (z§">)’ < K485 for all s > 0, and all n > 1, we get
that, for any A > 0 small enough,

+o00
||Z(—t;l - Z(n)||17p+26 = /0 e_(p+26)s|zéi)h _ Zén)| ds

n—h s+h n n
S/ e(p+26)s/ (Z7E"))/drds+/ e(p+25)s/ (Zﬁn))/dr
0 s n—h s

< K(PUHOh — 1) /n_h o= (P+3—=0B)s 44
- 5(1+ ) 0
(1 n n n
+ W/ e~ (p120)s ds_K/ e~ (PH0=0B)s 44
5(1+/8) n—h 5<1+ﬂ) n—h
<0

Ko (p+d—38)n

K (e5(+8)h _ 1)
5(1+ B)(p +28)

= 51+ B)(p+ 5 5) -
K(eS0+8h _ 1) K

< +

TO0(1+B)(p+d—08) 61+ B)(p+20)

Therefore, we obtain that

1 —e~(ra=08)n=t)] 4 (20 _ ]

[elPt20h _ 9] wn > 1.

Jim, igI;HZ.(ZL — 2|y pr2s = 0,
i.e., that the family Z is equi-integrable in L}>+26'

By the Frechet-Kolmogorov theorem, it follows that Z is relatively compact, so we can extract
a subsequence {z(™},>; C Z, still labeled (with an abuse of notation) by {z(™},>1, such that
2(") — (%) with respect to ||-||1,p425, as m — 0o. Then, we can extract a sub-subsequence, still
labeled (with an abuse of notation) by {z(”)}nzh such that z§”) — z§°°)
as n — oo. Clearly, the limit 2(°) belongs to L;1)+25 and, since z(" ¢ Cr00, for any n > 1, we

, for almost every s > 0,

have that o2 < z§°°) < @™, for almost every s > 0, where o®> and @™ are the functions
defined in (4.20) and (4.21). Now we use (4.7) to get that also the derivative {(z("))/} of the last

subsequence {z(™} converges a.e. to the function

+o0o -8
w(™®) = e(p+25)5/ o~ (pto—3B)u (Zl(fo)> du, s>0,

S
S

which belongs to L}) 105+ By standard computations, it follows that {(z(“))/} - L}J 1os and that

!/ m_ﬂ 5
0< (Zgn)> S me (1+58)s = Js, Vs Z 0, Vn Z 1,

with g € Lllj 105+ Therefore, the sequence of derivatives {(z(”)),} converges in Lll) o5 tO w(™). We de-

duce that the subsequence {z(™} converges in the weighted Sobolev space Whi o (cf. [1, Chapter 8,

p+26
Remark 4]). By completeness of this space, we get that w§°°) = (z§°°))’ , for a.e. s > 0. Moreover,

using the same argument as in the proof of [/, Theorem 8.2], we get that there exists a function
z(®) € ([0, +00); (0, +00)) such that 7o) = z§°°>, for almost every s > 0, and

0 0
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Substituting the expression of w(®) in the previous equality we get that

s “+oo -8
EgOO) = +/ e(l)+25)7”/ e_(P+5—5/3)U (g&“)) dudr s> (),
0

that is, 2(>) € C,  and solves (4.7).

Uniqueness. As we observed at the beginning of the proof, any solution z to (4.7) is (at least)
twice differentiable. Differentiating (4.7) with respect to the time variable and denoting by ’ and
first- and second-order derivatives with respect to this variable, we have that z verifies

{zg = (p+20)z, — e‘s(l"'ﬂ)szs_ﬂ, s >0,

20 — X .

(4.25)

The equation above is a second-order ODE with locally Lipschitz coefficients over (s, z) € [0, +00) X
(0, +00), to which we can associate the following initial value problem

2= (p+26)2, —SUHDs 8 5>,
2=, (4.26)
2 =¢>0.

Note that we only need to consider ¢ > 0, since solutions to (4.7) are such that their first derivative
is strictly positive for all s > 0. For each fixed x > 0 and ¢ > 0, (4.26) has a unique solution z%¢
on the maximal interval [0, 7*(x, ()), with 7*(x, () < 4o0.

Since any solution z to (4.7) also verifies (4.25), it also satisfies (4.26) for some ¢ > 0. Therefore,
if we show that for each given x > 0, there exists a unique ¢ > 0 such that (4.26) has a unique global
solution 2% € Cy o0, then necessarily ¢ = ¢ and 2% must also be the unique solution to (4.7). The
idea is, thus, to study, for each fixed 2 > 0, the dependence of the solution %< to (4.26) on ¢ > 0.

Let us fix z > 0. Standard results (see, e.g., [I1, Theorem 7,5, Chapter 1|) ensure that the
solution 2%¢ to (4.26) and its first- and second-order derivatives with respect to the time variable
are differentiable with respect to ¢ and that the order of differentiation can be exchanged.

Therefore, defining z5(¢) = 8%2?’4, for all s > 0, we get from (4.26) that z({) solves the initial
value problem

20(C) = (p+20)2L(C) + BTz (O)P12(¢), s >0,
Z0(¢) =0, (4.27)
() =1,

where 2,(¢) == 22°. Let
s*(¢) ==1inf{s > 0: Z,(¢) <0} > 0.

By definition 2.(¢) > 0, for all s € [0, s*({)), which implies
zs(¢) > 0, Vs € [0,5"(C))-

Therefore, using (4.27) we get that z7(¢) > 0, for all s € [0,5*(¢)). It follows that
Z(0) =1,  Vse[0,57(0)),

which implies that s*(¢) = 400 and, in turn, that z5(¢) > s, for all s > 0.

Using again (4.27), we then get

Ze(€) = (p+20)Z(C), s>0,
Q) 2 (p+ 20210 o
ZO(g) = ]-7

which, implies, by comparison,
and, consequently,

Thus, for every a < b, we have
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b
b) — > 3 d¢ > (b—a)———[elPt29)s _ 1 Vs > 0.
(b= 2(0) > [ 200> (- a)— e | vz
We know that, for some ¢ > 0, there exists a global solution 2(() € Cy 0 to (4.26), since any
solution z to (4.7) also verifies this equation. Using the estimate above and (4.22), we get, for all

b>a:=¢(,

_ - 1
25(0) = 25(0) + (0= O[T —1] > 2+ (b— C)m[e(pwé)s -1,  Vs>0.
This implies that z(b) would grow exponentially at a rate at least p + 2§ > §(1 + ), which
contradicts the fact that solutions in (4.22) need to grow at a rate at most 6(1 + 53).

Similarly, we get, for all a < { =: b,

25(a) < %(0) = (T — )P — 1] <@® = (C— )T — 1], Vs >0,

p+20
This implies that z(a) becomes negative in finite time, which contradicts the fact that solutions
in (4.22) are positive. B B
By arbitrariness of b > ¢ and a < ¢, we conclude.

Convergence. As recalled at the beginning of the proof, uniqueness of the solution to (4.7)
implies uniqueness of the solution to (4.6), which is also twice continuously differentiable. Differ-
entiating (4.6), we get the second-order ODE

yl = pyl + (p+0)dys —y; 7, s> 0. (4.29)

Hence, any solution to (4.6) is also a solution to (4.29). We observe that y is the unique solution
to the algebraic equation

(p+8)dy—y P =0 (4.30)

Hence, the function ys = Yoo, for all s > 0, is the unique stationary solution to (4.6).
Now, we show monotonicity and convergence of the solution to (4.6) when x # yo. We prove
the case x > Yoo, as the other one can be established by similar arguments.
Let y be the unique solution to (4.6) and fix > yo. We prove, first, that ys > y, for all s > 0.
Let us define
so =1inf{s > 0: ys = Yoo} ,
and assume, by contradiction, that sg < +00. We have two cases:
(i) ¥4y <O;
(ii) ygo =0.
Consider the first case. By the flow property, the function ys = ys_s,, S > so, solves (4.6) with
initial condition equal to Y~ and it satisfies the a priori bounds given in (4.23) (with z = y).
However, this solution is different from the constant one, which is the unique solution to (4.6) with
initial condition y, and satisfying the aforementioned bounds. Hence we have a contradiction.
The second case leads to a contradiction as well. Indeed, we would have two different solutions
in the interval [0, so] to the Cauchy problem (4.29), with terminal conditions ys, = yoo and y;, =0,
which clearly admits unique solution, that is, ys = Yo, for all s > 0.
Hence, we have proved that ys > 9o, for all s > 0. This implies, by strict monotonicity of the
map y — (p+0)d0y — vy~ and (4.30), that

(p+6)0ys — 45" > (p+6)0yoo —y =0, Vs >0, (4.31)
and hence, from (4.29), that
Ye > pys, Vs >0. (4.32)
Now we show that y, < 0, for all s > 0. Let

s1 = inf{s > 0: y, > 0}.
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Assume, by contradiction, that s; < +o0c. Then, from (4.32) we get that y, > 0. It follows that
there exist 7,e > 0 such that y; ,. =n > 0. Using (4.32) again, we get

{y%’ > pyl, Vs > 51 + ¢, (433)
Ysi4e =1 > 0.
Therefore, solving the corresponding Cauchy problem and using the comparison, we get
yh > el 5 00 s > 5 46 (4.34)
Next, differentiating (4.29), we get that y € C3(]0, +00); (0, +00)) and that it satisfies
Y = pyi + (p+0)0ys + By, Py, s> 0. (4.35)

Since, by (4.34), we know that y. > 0 for all s > s1 + £, we deduce that

Ys > pys + (p+0)0ys, Vs> s+,

/ —
y51+€ =

" o
y51+5 =R,

with n > 0 and K > np > 0, by (4.33). Solving the corresponding Cauchy problem and using the
comparison, we get

) M0+ R o(p+0)ls—(s1+e)] | Me—ﬂs—(ﬁ%)]’

Vs > .
Ys PEY PR §>81+e¢

This implies that y grows, in the long run, at least with rate p + § which is strictly bigger than
353, as prescribed by the admissibility condition in (4.23). The contradiction follows, and hence we
proved that y. < 0, for all s > 0.

We are now going to show that y” > 0, for all s > 0. Since we proved that y, < 0, for all s > 0,
we deduce from (4.35) that

n

Yy < pyl, Vs>0. (4.36)

Assume by contradiction that 7, < 0 for some sy > 0. Then, from (4.36) we get that ., < 0. It
follows that there exist 9 < 0, 7 > 0 such that y2 , =9 < 0. Using again (4.36), we get

Yy < pys, Vs>sat,
y;/2+7_ =7.

Therefore, y” < Je* < 0, for all s > so + 7. Considering that y, < 0, for all s > 0, this implies

that the graph of s — y, lies below a straight line with strictly negative slope, contradicting the

fact that ys > 9o, for all s > 0, as previously established.
So, we have proved that, for all s > 0,

Ys > Yoo, Ys <0, 77 >0.

This implies that there exists § = ll>m Ys = Yoo and that lgn y. = 0. However, it cannot be that
S o S o
U > Yoo, as it would imply, using (4.29), that lim y” > 0, contradicting the fact that 3, — 0, as
5—00
s = +00. Therefore, § = yoo- O

We are now ready to establish existence and uniqueness of an equilibrium for the mean-field
game.

Proposition 4.13. For each fixed random variable £ satisfying Assumption 2.1, there exists a
unique equilibrium (U, q) for the mean-field game with infinite time horizon, among all equilibria
verifying condition (4.3).

More precisely, 0 = 2000 where 229 s the function defined in (3.10), and q is the unique
solution to (4.6), with initial condition x = E[£].
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Proof. Let @ be the unique solution to (4.6), with z = E[{]. We need to check that condition (4.3)
is satisfied. We have the following three cases.

Case = yoo. From Theorem 4.12, we know that ¢s = y~, for all s > 0. Therefore,
IR y_ﬁ
Zgoo,q) =K:="2°_ Vs>0, (4.37)
p+o
and hence ¢ verifies condition (4.3).

Case & > Yoo. From Theorem 4.12, we know that ¢ is monotone decreasing and converges to Yoo.
This implies that, 0 < yso < @5 < x, for all s > 0, and that 2(00:0) ig positive and bounded above
by the constant K defined in (4.37). Therefore, g satisfies condition (4.3).

Case T < Yoo. From Theorem 4.12, we know that ¢ is monotone increasing and converges to .
This implies that, 0 < z < s < Yoo, for all s > 0, and that z(°> is positive and bounded above

by i%. Therefore, g satisfies condition (4.3).

Applying Theorem 4.1-(iv) we get the result. O

Remark 4.14. Also in this case the results of this section can be easily extended to the case where
we consider an initial time time t > 0.

Clearly, we need to adapt (in an obvious way) the definition of equilibrium given in Definition 2.3
to include the initial time t. The statement of Theorem 4.1 is also adapted accordingly.

The integro-differential equation (4.6) becomes

T
iys = —0ys +/ e~ (PH)u=9)y =B gy, s e[t T,
S S

d (4.38)
b=,
while equation (4.7) becomes
d T
— 2y = e(p+25)5/ e_(pM_‘sB)“z;ﬂ du, s€|[t,T],
ds s (4.39)
Zt = e&x .
The sets in which we look for solutions to (4.39) (now dependent on t) are
Cix = {f € C([t,T]; (0, +0)): e’ta® < f, < a?, Vs € [t, T]}, (4.40)
in the finite time horizon case, and
Cizoo = {f € C([t, +00); (0, +00)): *'a®>® < f, < @V, Vs > t}, (4.41)

in the infinite time horizon case.
The statements of Theorems 4.9 and 4.12, and of Propositions 4.10 and 4.13, remain the same
(except for minor modifications). The bounds given in (4.14) become

e 6y <y, <e 0 Na?, s e[t T, (4.42)
while those given in (4.23) become

5(s—1) v f R (4.43)
<y, <e VY g — + , s>t .
Y 51+ B)(p+06-388)]  8(1+B)(p+5—6D)

5. THE DETERMINISTIC MODEL

In this section we discuss the deterministic version of the mean-field game problem introduced
in Section 2. The structure of the problem will allow us to exploit the results given in Sections 3
and 4, to get the unique equilibrium of the mean-field game in an explicit form.

Let us consider the ordinary differential equation (ODE)
d
X, ==X, +us, s € (0,7],
s
XO =T,
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where § > 0 is a given coefficient and the control u = (us)c[o,7] is chosen in either of the following
two classes of admissible controls: if T' < +oo,

T
Ur ::{u: [0,7] — [0, +00) measurable and s.t. / u?ds < +oo} ; (5.2)
0
if, instead, T = +oo,

Uso ::{u: [0,00) — [0, 4+00) measurable and s.t. / up dr < 400, Vs > 0,
0

+oo
and / e Pulds < —I—oo} . (5.3)
0
Note that, for any z € R and any u € Uy, Equation (5.1) has a unique solution X*", given by
S
XU = e 0y 4 / e 06y, dr, s €0,T]. (5.4)
0

As in the stochastic case, X describes the evolution of the production capacity of a representative
agent, which depreciates at a rate 0 and can be increased by choosing the investment rate u € Up.
Next, we consider the discounted net profit functional

T
1
Jrg(z,u) = /0 e ¢ {Xf’“qs_ﬁ - 2u§} ds, (5.5)

where p > 0 is a discount factor, 8 > 0 is a fixed parameter, and ¢ = (‘Js)se[O,T] is a given
deterministic measurable function.
We introduce the following assumption.

Assumption 5.1. The initial distribution of the agents in the economy vy has a density mgo with
respect to the Lebesgue measure on R, is supported on (0,+00), and has finite first moment. More
precisely, there exists mg € L1((0,400); (0, 400)) such that

v(A) = /Amo(x) dz, VAe Z(R), /04‘00 mo(x)der =1, /0+ooxmo($) dr < +00.

Since the representative agent is chosen randomly by picking her/his initial production capacity
level x according to the initial distribution vg, the assumption above ensures that, for any u € Uy,
X" >0, for all s € [0, T]. Thus, the production capacity level of the representative agent is never
negative.

To introduce the definition of equilibrium for the deterministic mean-field game, we need to
consider the so-called continuity equation (also known as Liouville equation, cf. [5]) associated to
ODE (5.1)

gsp(&w) + 8333 (p(s,z)[—0x +us)) =0, (s,x) € (0,7] x (0,400),
p(0,2) = po(w), z € (0,400),

(5.6)

where u = (us)ejo,r] € Ur and po is a given initial probability density function. This equation
describes the evolution of pp under the flow determined by ODE (5.1).
Solutions to (5.6) are understood in the weak sense, according to the following definition.

Definition 5.2. A function p € L1([0,T] x (0,+00); (0,+00)) is a weak solution to (5.6) if, for
any function p € C>([0,T] x (0,+00)) with compact support, and any t > 0, we have

+o00o
/0 o(t,z)p(t,z) dz (5.7)

= /0+Oo (0, z)po(z) dz + /Ot /O+Oo {aascp(s,x) + [0z + us]%ga(s, x)}p(s,x) dzds.
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Lemma 5.3. For any u € Up and any initial probability density py, supported on (0,+oc0) and
with finite first moment, the continuity equation (5.6) has a unique solution, given by

PP (s, ) = e py <e65x - /s e, dr) ,  (s,2) €]0,T] x (0,400) . (5.8)
0

Moreover, for each s € [0,T], the probability density pPo"(s,-) has finite first moment, given by

+oo —+00 s
/ xpPoU(s,x)dx = e_‘;s/ xpo(x)de + / ey, dr s e0,77. (5.9)
0 0 0

Proof. Fix u € Ur and py as above. The fact that pP>" is a solution to (5.6) can be verified via
standard computations (see, e.g., |5, Example 2.5.2| or |7, Lemma 4.15]). Uniqueness follows from
an argument similar to the one used in the proof of [7, Lemma 4.16].

Finally, using the change of variables y = ez — f(f e u, dr, we get that, for each s € [0, 77,

+oo +oo s
/ xpPot(s,x)dx = / ze%py <e55x - / e, dr> dz
0 0 0
+oo s +oo s
:/ e % <y + / e, dr) poy)dy = e5s/ ypo(z)dy + / e 0y, dr
0 0 0 0

which is finite thanks to the assumptions on pg and u. Thus, pP>"(s, ) has finite first moment, for
any s € [0, 7], which satisfies (5.9). O

We are now ready to state the definition of equilibrium for our deterministic mean-field game.

Definition 5.4. Fiz an initial distribution vg under Assumption 5.1 and let mqg be its density with
respect to the Lebesgue measure.
A pair (4, q), where u € Ur and q: [0,T] — (0,4+00) is a measurable function, is an equilibrium
of the deterministic mean-field game if
(i) Jpg(x,a) > Jpg(x,u), for allu € Ur and vy-a.e. x > 0;
+oo . ~
(ii) qs = xm% (s, x)dx, for all s € [0,T], where m™>"% is the unique solution of the

0
continuity equation (5.6), given by (5.8), with initial condition mqy and control U.

Also in this case, we can adopt a fixed point argument to show that there exists a unique equi-
librium, by solving, first, the problem of maximizing (5.5) for a given measurable function ¢, then
determining the optimally controlled dynamics of the production capacity level of the representative
agent and, finally, setting the fixed point argument from condition (ii) in Definition 5.4.

5.1. The optimization problem. Let us consider the optimization problem

Vrg(z) = sup Jrg(z,u), >0, (5.10)
uelr

where Jr 4 is the discounted net profit functional defined in (5.5), for any given and fixed ¢ mea-
surable and deterministic function.

In the finite time horizon case, i.e. T < 400, the following result holds, which is analogous to
Theorem 3.3.

Theorem 5.5. Fiz 2 > 0 and q: [0,T] — (0,+00) such that ¢~? € L*((0,T]; (0,+o0)). Then,
a1 = 219 e Yp, where 21D s the function defined in (3.4), is an optimal control for prob-
lem (5.10).

Moreover, W19 is essentially unique, i.e., if Q"9 € Ur is an optimal control for problem (5.10)
different from 479 then

w10 = gD for Leb-a.e. s € [0,7T].

Finally, the value function of the optimization problem admits the explicit expression

1 T
Vig(a) = 2279 + 5 / e Ps(2(T)2 g, (5.11)
0
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and the optimally controlled state D GOF given by
S
Xf’u(T’q) = 0%y +/ T qr s e0,T]. (5.12)
0

Proof. Replicating the argument of the proof of Proposition 3.1, we get that

T
1
Trg(@,u) = 226" + / e {ZgT’q)us = uz} ds.
0

Then, the result follows using the same reasoning as in the proof of Theorem 3.3. U

In the infinite time horizon case, i.e. T = +00, we have the following statement, which is the
deterministic counterpart of Theorem 3.6. We state it without proof.

Theorem 5.6. Fiz x > 0 and consider a function q: [0,4+00) — (0,400) such that ¢° €

L;JF(S((O, 400); (0, +00)) and such that the function 2°9  defined in (3.10) is bounded on [0, +00).

Then, 69 = 200 ¢ U is an optimal control for problem (5.10). Moreover, a0 g
essentially unique, i.e., if WD € Uy is an optimal control for problem (5.10) different from
(9 | then

>0 = (>0  for Leb-a.e. s > 0.

Finally, the value function of the optimization problem admits the explicit expression

(00) | 1 T s (00,q)\2
Vi () = 22 +2/0 o3 (0002 g, (5.13)
and the optimally controlled state Xz given by
S
Xg”’“(oom —e ¥y —i—/ e 000 gr 5> 0. (5.14)
0

5.2. Existence and uniqueness of equilibria. Also in the deterministic mean-field game pre-
viously introduced, the search for an equilibrium boils down to finding a fixed point of a suitable

map. According to Definition 5.4, this map is (gs) sejo,7) = <f0+oo gz mmo At (s, ) dx) w0z’ where
179 is the optimal control for the optimization problem (5.10) — whose expression is given either
in Theorem 5.5, in the case T' < 400, or in Theorem 5.6, in the case T' = 400 — and mmo:a e g
the unique solution to (5.6), with initial probability density mg and control a9,

The next result, which is analogous to Theorem 4.1, shows that also in the deterministic case
the fixed point map is the solution map of the same integral equation studied in Section 4. We omit

its proof, which is a straightforward adaptation of the proof of Theorem 4.1.

Theorem 5.7. Let us fix an initial distribution vy satisfying Assumption 5.1, and let mqg be its
density with respect to the Lebesgue measure.
Consider the deterministic mean-field game in the finite time horizon case, i.e., T < +oo. Then,

(i) If there exists an equilibrium (U, q) in the sense of Definition 5.4, such that
" e LY((0,T7]; (0, +)), (5.15)

then q is a solution to the integral equation

+oo s T
Ys = e_‘ss/ ymo(y) dy —I—/ e 00s=m) / e~ Py =B qudr, s e0,T]. (5.16)
0 0

T

(ii) Vice versa, if there exist a unique solution q to (5.16) satisfying (5.15), then there exists
a unique equilibrium (4,q) = (279,q) of the mean-field game among all equilibria (U, q)
such that § verifies (5.15), where 279 is the function defined in (3.4).

Consider, instead, the deterministic mean-field game in the infinite time horizon case, i.e., T = 400.
Then,
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(iii) If there exists an equilibrium (U, q) in the sense of Definition 5.4, such that
g"e L;_H;((O, +00); (0,400))  and 29 is bounded on [0, +00), (5.17)

where 2(%9 is the function defined in (3.10), then q is a solution to the integral equation

+o0o s +o00
Ys = e‘ss/ ymo(y) dy —|—/ e s / e~ (P =B qudr, s>0. (5.18)
0 0 r

(iv) Vice versa, if there exist a unique solution q to (5.18) satisfying (5.17), then there exists
a unique equilibrium (U, q) = (2(007‘1),(’1\) of the mean-field game among all equilibria (U, q)
such that q verifies (5.17).

Finally, we get the following result, which establishes existence and uniqueness of an equilibrium
also for the deterministic mean-field game. We omit its proof, since it follows the same lines of the
proofs of Propositions 4.10 and 4.13, except for minor adaptations.

Proposition 5.8. For each fixed vy satisfying Assumption 5.1, there exists a unique equilibrium
(U,q) for the deterministic mean-field game with finite time horizon (resp., infinite time horizon),
among all equilibria verifying the integrability condition (5.15) (resp., (5.17)).

More precisely, 6 = 27D where 21D is the function defined in (3.4) (resp. (3.10)), and q is
the unique solution to (4.6), with initial condition x = f0+oo ymo(y) dy, where my is the density of
vy with respect to the Lebesgue measure.
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