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Abstract
We review the physical aggregation of value added and capital in terms of work performance and information processing and 
its relation to the deflated monetary time series of output and capital. In growth accounting it complements the time series 
of labor and energy, measured in hours worked per year and kilowatt-hours consumed per year, respectively. This aggrega-
tion is the conceptual basis on which those energy-dependent production functions have been constructed that reproduce 
economic growth of major industrial countries in the 20th century with small residuals and output elasticities that are for 
energy much larger and for labor much smaller than the cost shares of these factors. Accounting for growth in such a way, 
which deviates from that of mainstream economics, may serve as a first step towards integrating the First and the Second 
Law of Thermodynamics into economics.

Keywords  Aggregation · Cost-share theorem · Economic growth · Energy · Entropy · Output elasticities

Introduction

Recently, Fix (2019) argued “that the growth of real GDP is not 
worth explaining”. This verdict is based on the following obser-
vations: (1) The output and the capital stock of a country’s econ-
omy are aggregated and measured monetarily by the national 
accounts of the country’s statistical offices. (2) The prices of the 
goods and services that make up the output—which is the GDP 
(or parts thereof, if one considers a sector of the economy)—are 
unstable over time because of inflation and subjective decisions. 
The latter concern corrections for inflation and quality changes 
of commodities. (3) The GDP ignores unpaid domestic work, 
environmental degradation, and social “bads”.

Interestingly, in the paragraph preceding the verdict, the 
author states that the field of growth accounting has tended 
to ignore the role of energy and continues: “Ecological and 
biophysical economists have devoted significant efforts in fix-
ing this situation. Many studies now exist that analyze the role 
that energy plays in driving the growth of real GDP (Ayres 

and Warr 2005, 2010; Hall et al. 2001; Kummel 1982, 1989; 
Kummel et al. 1985, 2000)”. Those of the cited publications, 
whose (partly flawed) references are explicitly reproduced 
here, do precisely what B. Fix criticizes: Elucidate the role 
of energy in the generation of output via growth accounting 
based on energy-dependent production functions with mon-
etary aggregation of capital and output. Obviously, there is 
need for a reappraisal of the biophysical reasoning and the 
methods that led to the macroscopic production functions in 
question. This paper tries to respond to that need.

The Importance of Understanding 
the Growth of GDP

Before addressing aggregation in growth accounting let us 
recall why it is important to look into the growth of GDP 
or parts thereof.

The gross domestic product (GDP) sums up all salaried 
economic activities that produce the output of value added 
within a country. It is measured in monetary units. It includes 
services that mitigate the damages from accidents, crime, 
pollution, and other harmful occurrences, such as the abuse 
of drugs and alcohol, and it excludes the domestic care of 
people for their children and parents, housekeeping by fam-
ily members, and community services. Thus, it does not 
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measure the overall well-being of a country’s population. 
This is common knowledge. Nevertheless, the growth of 
GDP and the growth of the output of economic sectors, such 
as agriculture, industry, and services, are of eminent politi-
cal and social importance. Studying “The Central Role of 
Energy in Urban Transition” (Burger et al. 2019) points out 
that recent “research ...suggests that increasing returns in 
Gross Domestic Product ...can be attributed to the enhanced 
networks facilitated by the ‘buzz of the city’ ...”; they “used 
GDP in constant US$ because it is ...highly correlated with 
other measures of economic well being, including the Human 
Development Index ...”. People go where the action is. They 
appreciate economic activities measured by GDP, notwith-
standing their negative side effects. One important reason is 
that economic activities provide jobs, especially when eco-
nomic growth opens up new fields whose jobs make up for 
the traditional jobs that are lost to progress in automation. 
Thus, voters tend to reelect governments that rule in times 
of growth, and oust the ones they hold responsible for eco-
nomic recessions. Migrants from less industrialized parts of 
the world with low GDP/capita risk their lives to get into 
highly industrialized countries with high GDP/capita.

The importance of understanding economic growth quan-
titatively showed dramatically in the political and social 
impacts the downturns and upswings of GDP had as a con-
sequence of the first and the second oil-price shock between 
1973 and 1981. Since then, growth models with restrictions 
concerning energy (Ströbele 1982), and production functions 
involving energy, have become part of the economic theory 
of natural resources (Eichhorn et al. 1982).

Work Performance and Information 
Processing

Since the publication of “The Limits to Growth” by Mead-
ows et al. (1972), the aim of sustaining that sort of economic 
growth the first two-thirds of the 20th century had seen in 
the highly industrialized countries has been questioned 
increasingly. Irrefutable are the objections that are based 
on the “constitution of the universe”, as one may call the 
First and the Second Law of Thermodynamics. Combined 
these two laws state: Nothing happens in the world without 
energy conversion and entropy production. They govern the 
evolution of the stars, of life on Earth, and of agricultural 
and industrial production. Had these laws been taken into 
account by textbook economics, there were no need for eco-
logical and biophysical economics.

Entropy production, which is always coupled to energy 
conversion and which involves emissions that may disturb 
the environment, was a topic of “Ecological Economics”, 
initially. Later, thermodynamics became less important, and 

topics and methods of the field moved closer to those of 
mainstream neoclassical economics.

Work performance (driven by the energy from ATP→ ADP 
conversion) and (genetic/neural) information processing in the 
living species, as well as work performance and information 
processing in the capital stock, which is handled by labor and 
activated by fossil, nuclear, and renewable energies in indus-
trial economies, pertain to the realm of biophysical econom-
ics. These operations are the physical basis from which the 
appropriate physical units for the aggregation of output and 
production factors can be derived. This, and how the physical 
units of output and capital can be related to deflated monetary 
units, is shown subsequently in some more detail than in prior 
publications. In so doing we follow Kümmel (2011). One 
may consider this as a response to the well-known objections 
against monetary aggregation of output and capital that have 
been raised since the times of the “Cambridge capital contro-
versy” (Robinson 1971). It provides the conceptual foundation 
for the macroscopic, energy-dependent production functions 
whose economic weights of energy and labor turn out to be 
at variance with neoclassical economics.

Felipe and Fisher (2003), and others as well, include mac-
roscopic production functions in their critique of the neoclas-
sical theory. Heun et al. (2017) tell “cautionary tales for policy 
making using aggregate production functions”. And there are 
scholars like Proops et al. (1993), who prefer to model eco-
nomic activities by input–output analyses, where microscopic 
production functions for firms may come into play.

Anyway, the energy-dependent production functions dis-
cussed in the next section are relatively simple instruments 
from the mathematical toolkit of economics. Nevertheless, 
used properly in growth accounting and optimization sub-
ject to constraints, they reveal the crux of textbook econom-
ics: the underestimation of energy’s high productive power. 
Combining energy’s big economic weight with the coupling 
of energy conversion to entropy production and the latter’s 
environmental impacts is one of the big challenges for a 
theory of economic growth that explores paths towards sus-
tainability. Let us consider the units proposed for (and used 
in) first steps towards such a theory.

Assumption 1 

•	 The monetary value of goods is the higher the more phys-
ical work must be performed and the more information 
must be processed in the production of the good or the 
service.1

1  This is not meant to contradict subjective value theory according 
to which value is ultimately derived from individual preferences and 
willingness-to-pay, i.e., demand. Rather, we assume that the produc-
tion of goods and services follows demand. If demand and production 
changes, and this changes the monetary evaluation of the required 
work performance and information processing, then this implies 
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•	 The monetary valuation of work performance and infor-
mation processing may differ for the different compo-
nents of output. However, the average, taken over all 
components, stays constant in good approximation dur-
ing time intervals that are shorter than the characteristic 
times for innovation diffusion.

•	 Correspondingly, the monetary valuation of capital goods 
depends on their capacities to perform physical work and 
process information, and the sum over all averages is the 
monetary value of the capital stock.

The following considerations on aggregation of output 
and capital constitute physically based measurement pre-
scriptions that are important conceptually. They respond to 
the Cambridge controversy (Robinson 1953, 1971), which 
criticized that output and capital could not be measured 
independently. Subsequently we show that physically based 
prescriptions for the measurement of output and capital are 
in fact possible, even if only in principle. While these pre-
scriptions are related, by definition, to monetary units for the 
sake of practicability, see below, the important point remains 
that the measurement of output and capital can fundamen-
tally be based on physical terms. Having in mind that the 
production process is, of course, a physical process based on 
work performance and information processing in the capi-
tal stock, this is the logical consequence for an engineering 
foundation of the macroeconomic production function.

Aggregation of Output

We choose the well-known kilowatt-hour (kWh) as the ener-
getic unit for measuring the work performed in the produc-
tion of a good or a service. The kilobit (kB) is the conveni-
ent unit for measuring the associated quantity of processed 
information.

Since there are no statistics that measure output in such 
physical units, one has to relate work performance and infor-
mation processing to the time series of output in deflated 
monetary units provided by the national accounts. For this, 
a fictitious unit called Mark is introduced as a dummy for 
any really existing monetary unit. Aggregation for a given 
economic system proceeds as follows. 

1.	 Subdivide the monetarily measured output Ymon(t) at 
time t in M(t) ≫ 1 parts Yi,mon that all have the same 
monetary value �Mark. Thus, 

2.	 The physical work performed in the production of Yi,mon 
can be measured (a) by the enthalpy E of the primary 
energy carriers2 that are fed into the processes that 
produce Yi,mon ; it includes the losses from entropy pro-
duction; or (b) by the exergy that works directly on the 
materials that are used in the processes. Exergy is the 
useful component of an energy quantity E. It can be con-
verted into any other convenient energy form. It is not 
conserved. Rather, the First Law of Thermodynamics on 
energy conservation states: 

 Anergy, generated inevitably by entropy production, 
is completely useless. Whenever something happens, 
entropy is produced and anergy grows at the expense 
of exergy. In this sense, “energy consumption” really 
means “exergy” consumption.3 An example for anergy 
is heat dumped into the environment. Many examples 
for exergy are given by Fricke and Borst (1984), some 
are reproduced in Kümmel (2011). In principle, at suf-
ficiently high process temperatures, all fossil and nuclear 
fuels are 100% exergy, and so is solar radiation. Whether 
one uses primary energy E or exergy as a measure of 
the physical work employed in production depends on 
the availability and reliability of the corresponding data. 
Here, as in Lindenberger et al. (2017) and elsewhere, 
we use primary energy data. (They are usually given in 
enthalpy units like Joule, where 1 kilowatt-hour = 3.6 
Megajoules.) The use of exergy data, such as the ones 
calculated by Ayres et al. (2003), will be discussed in 
the next section.

	   We define:
	   Wi = number of kWh of primary energy consumed in 

the production of Yi,mon.
	   Vi = number of kilobits processed in the production 

of Yi,mon.
	   Machine standards can be established for the meas-

urements of the Wi and Vi embodied in the goods and 
services by considering them as being produced (hypo-

(1)Ymon(t) =

M
∑

i=1

Yi,mon = M(t)�Mark.

Energy ≡ Exergy + Anergy = Constant.

2  Enthalpy E measures the heating value of fuels in precisely defined 
combustion processes.
3  A thorough understanding of energy and entropy, and their impor-
tance for industrial economies, can be obtained, e.g., from Baehr 
(1964), Reif (1965), Kluge and Neugebauer (1993), and van Gool 
(1998).

structural changes in the production system, which will be reflected 
by time-changing technology parameters in the production function, 
see “Energy-Dependent Production Functions” section. This may also 
include changes in the role and share of products with abnormal price 
elasticity (e.g., Veblen goods, whose demand increases with increas-
ing price), or products associated with positive externalities (e.g., 
software, positive network effects, or knowledge spill overs).

Footnote 1 (continued)
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thetically) in fully automated factories and offices. The 
studies on artificial intelligence are helpful for that.

3.	 The physical quantity Yphys of value added in the system 
is defined as 

 According to the definitions in step 1 the monetary 
value of Yi,phys is �Mark.

	   The physical unit of value added in terms of work 
performance and information processing has been given 
the name ENIN (as a short hand for “ENergy and INfor-
mation”), and it is defined by the average 

 where 

 Thus, the total output of an economic system in physi-
cal units is 

 The equivalence factor � changes in time t, if the mon-
etary valuation of work performance and information 
processing changes in time in such a way that the num-
bers Wi ⋅ Vi , which correspond to � , and the rhs of equa-
tion (4) become time dependent.

4.	 From the above equations the relation between monetary 
and physical output results as 

 As long as � stays constant, the monetary Ymon and its 
time series are proportional to the physical Yphys and its 
time series, aggregated in the technological ENIN units.

5.	 If one works with dimensionless variables normalized to 
their magnitudes in a base year at time t0 , the dimension-
less output at time t is 

 with Y0 = Y(t0) . Consequently, the dimensionless physi-
cal value added at time t is 

 Because of Eq. (6), the monetary output in the base 
year t0 is 

(2)Yphys(t) =

M
∑

i=1

Yi,phys ≡

M
∑

i=1

Wi ⋅ kWh ⋅ Vi ⋅ kB.

(3)ENIN ≡
1

M

M
∑

i=1

Wi ⋅ kWh ⋅ Vi ⋅ kB = �kWh ⋅ kB,

(4)� ≡
1

M

M
∑

i=1

Wi ⋅ Vi.

(5)Yphys = M ⋅ ENIN.

(6)

Ymon(t)

Yphys(t)
=

M� ⋅Mark

M ⋅ ENIN
=

�

�
⋅

Mark

kWh ⋅ kB
.

(7)y(t) ≡ Y(t)∕Y0,

(8)yphys(t) ≡
Yphys(t)

Yphys(t0)
.

 Combining Eqs. (6), (8), and (9), one sees that the 
dimensionless time series of monetary output is equal to 
the dimensionless time series of the physically aggre-
gated output, multiplied by the factor �0

�
 : 

 As long as the equivalence factor � is time independent 
and equal to �0 , the dimensionless monetary time series 
of output is equal to the dimensionless physical time 
series. If � becomes time dependent, technology param-
eters of appropriate energy-dependent production func-
tions may change in time. This will be further discussed 
in the next section.

A summary of the above is that a physical measure of output 
can be established based on the elementary processes under-
lying any production, namely work performance and infor-
mation processing. The corresponding units of measurement 
are (a weighted sum of) kWh times kBits “spent” in the 
production process. For practical reasons, since data on work 
performed and information processed during production are 
not available, proportionality between the physical units and 
the statistically available monetary units (in deflated cur-
rency) has to be assumed. This proportionality holds by 
definition, as long as the monetary evaluation of work per-
formance and information processing does not change in 
time. If this evaluation changes, however, this makes the 
associated proportionality “constants” time dependent. This 
is associated with structural changes in the economy and 
will be modeled by time-changing technology parameters in 
the production function, see  “Energy-Dependent Production 
Functions” section. We emphasize that the physical units, 
due to the lack of physical data, do not directly enter the 
econometrics but are important for conceptual reasons and 
the interpretation of results.

As (instrumental) capital represents the maximum capac-
ity to produce output per unit time, analogous physical units 
can be established to aggregate and measure instrumental 
capital. The corresponding units will be (a weighted sum of) 
kW times kBits per second. This is discussed subsequently.

Aggregation of Capital

The capital stock of an industrial economy consists of all 
energy conversion devices and information processors and 
all buildings and installations necessary for their operation 
and protection. We relate its capacity of performing work 
and process information to the time series of its deflated 
monetary values that are published by the national accounts. 

(9)Ymon(t0) =
�

�0
⋅

Mark

kWh ⋅ kB
Yphys(t0), �0 ≡ �(t0).

(10)ymon(t) ≡
Ymon(t)

Ymon(t0)
=

�0

�

Yphys(t)

Yphys(t0)
≡

�0

�
yphys(t).
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As in the aggregation of output, aggregation of instrumental 
capital in physical units proceeds in five steps. 

1.	 Subdivide the monetarily measured gross capital stock 
Kmon(t) at time t in N(t) ≫ 1 parts Ki,mon that all have the 
same monetary value �Mark. Thus, 

2.	 The capacity of performing work per unit time is meas-
ured in kilowatts (kW), and the capacity of processing 
information per unit time is measured in kilobits per 
second (kB/s). We define:

	   Si = number of kW the capital component Ki,mon is 
able to perform.

	   Ti = number of kB/s the capital component Ki,mon is 
able to process.

	   The Si can be obtained from the specifications of the 
machines, and the Ti are given by the number of switch-
ing processes that per unit time block or let pass the 
energy flows in the machines at maximum utilization of 
Ki,mon.

3.	 The physical magnitude of the capital stock, Kphys , is 
defined as 

 According to the definitions in step 1 the monetary 
value of Ki,phys is �Mark.

	   The physical unit of capital is defined as the average 

 where 

 It is measured in terms of kW ⋅ kB/s . We call this unit 
ATON, short for AuTomatiON, since automation con-
sists in work performance and information processing 
within the capital stock. (This autonomous production 
by machines can be seen as opposed to “zero auto-
mation”, where work is performed and information 
processed through human hands and brains, e.g., in 
hand-crafting).

	   Thus, the capital stock of an economic system in 
physical units is 

(11)Kmon =

N
∑

i=1

Ki,mon = N(t)�Mark.

(12)Kphys =

N
∑

i=1

Ki,phys ≡

N
∑

i=1

Si ⋅ kW ⋅ Ti ⋅ kB/s.

(13)

ATON ≡
1

N

N
∑

i=1

Si ⋅ Ti ⋅ kW ⋅ kB/s = � ⋅ kW ⋅ kB/s,

(14)� ≡
1

N

N
∑

i=1

Si ⋅ Ti.

(15)Kphys = N ⋅ ATON .

 The equivalence factor � changes in time t, if the mon-
etary valuations of the capacities to perform work and 
process information change in such a way that the num-
bers Si ⋅ Ti , which correspond to � , and the rhs of Eq. 
(14) become time dependent.

4.	 From the above equations, the relation between mon-
etary and physical capital results as 

 As long as � stays constant, the monetary Kmon and its 
time series are proportional to the physical Kphys and its 
time series, aggregated in the technological ATON units.

5.	 If one uses dimensionless variables, which are normal-
ized to their magnitudes in a base year t0 , the dimension-
less capital stock at time t is 

 Consequently, the physical capital stock is 

 Because of (16) the monetary capital stock in the base 
year t0 is 

 Combining Eqs. (16), (18), and (19), one sees that the 
dimensionless time series of monetarily aggregated 
capital is equal to the dimensionless time series of the 
physically aggregated capital, multiplied by the factor �0

�
 : 

 As long as the equivalence factor � is time independ-
ent and equal to �0 , the dimensionless monetary time 
series of capital is equal to the dimensionless physical 
time series. If � becomes time dependent, technology 
parameters of appropriate energy-dependent production 
functions may change in time. As in the case of output, 
this will be further discussed in the next section.

Labor and Energy

The human contribution to value added consists of routine 
labor, which is the production factor L(t), and creative actions. 
The former is measured physically by the hours worked per 
year by the workforce of the considered economic system (or, 
less precisely, by the number of employed persons per year). 
The latter is the impact of ideas, inventions, and value decisions 

(16)
Kmon(t)

Kphys(t)
=

N� ⋅Mark

N ⋅ ATON
=

�

�
⋅

Mark

kW ⋅ kB/s
.

(17)k(t) ≡ K(t)∕K(t0) ≡ K(t)∕K0.

(18)kphys(t) ≡
Kphys(t)

Kphys(t0)
.

(19)

Kmon(t0) =
�

�0
⋅

Mark

kW ⋅ kB/s
Kphys(t0), �0 ≡ �(t0).

(20)kmon(t) ≡
Kmon(t)

Kmon(t0)
=

�0

�

Kphys(t)

Kphys(t0)
≡

�0

�
kphys(t).
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on economic evolution; its econometric measurement is indi-
cated in the next section. The production factor energy E(t) is 
measured quantitatively by the enthalpy of the inputted energy 
carriers and qualitatively by their exergy. The dimensionless 
units, normalized to the factor quantities in the base year t0 , are

The Relation Between Output Y and Production Factors 
K, L, E

Economic growth depends on (a) human decisions concerning 
the quantities of K(t), L(t), E(t) to be used at time t, and (b) the 
technical cooperation of these factors.

Standard economic assumptions with respect to (a) are opti-
mization of profit or of time-integrated utility. Prices are cru-
cial for that. Forecasting them is difficult, to say the least, and 
is not our subject. What matters in growth accounting is (b), 
i.e., the fact that the technical cooperation of capital K(t), labor 
L(t), and energy E(t) is governed by the causal technical laws 
that rule the performance of work and the processing of infor-
mation by the production factors. Therefore, the output, which 
embodies work performance and information processing, is 
unequivocally determined by the factors. Mathematically this 
means that value added Y is a twice-differentiable function 
Y(K, L, E; t) of the variables K, L, E. All such functions are 
production functions. The energy-dependent production func-
tions discussed subsequently are state functions of economic 
systems, just as internal energy, enthalpy, and entropy are 
state functions of thermodynamic systems. In this sense, they 
resemble neoclassical production functions. But they are dif-
ferent from them in a fundamental aspect.

Energy‑Dependent Production Functions

An early attempt on describing the growth of GDP with the 
help of energy-dependent production functions, based on the 
aggregation by work performance and information process-
ing, developed and employed LinEx functions YL(K, L,E; t) . 
There is a family of these functions. They all have energy E(t) 
as a third production factor, which, like capital K(t) and labor 
L(t), can be chosen at will by the economic actors within tech-
nological constraints. According to them, output Y depends 
linearly on one of the factors and exponentially on ratios of 
the three factors. For example, YL1 , which was derived in 1982 
with focus on the output of highly industrialized economies, 
depends linearly on E and exponentially on factor ratios:

(21)
l(t) ≡ L(t)∕L(t0) ≡ L(t)∕L0, e(t) ≡ E(t)∕E(t0) ≡ E(t)∕E0.

(22)YL1(K, L,E; t) = Y0(t)
E

E0

exp

[

a(t)

(

2 −
L∕L0 + E∕E0

K∕K0

)

+ a(t)c(t)

(

L∕L0

E∕E0

− 1

)]

.

For notational simplicity, the time dependence of K, L, E 
is not written out explicitly. The two service production 
functions of Lindenberger (2003), describing services that 
include banking, insurance, trade, retail, and public admin-
istration, where digitization and automation also play an 
increasing role, depend linearly on L and exponentially 
on factor ratios. A production function which includes the 
limiting case of a totally digitized and automated economy, 
which requires massive capital intensity, turns out to depend 
linearly on K and exponentially on factor ratios (Kümmel 
et al. 2018). Note that LinEx functions depend on time t 
implicitly via the time dependence of the production fac-
tors K(t), L(t), E(t) and explicitly via the parameters Y0(t) , 
a(t), and c(t). The latter change in time, when human ideas, 
inventions and value decisions, in short “creativity”, influ-
ence technological efficiencies, structural changes, and the 
monetary valuation of work performance and information 
processing.

The LinEx functions have NOT been designed in con-
formity with neoclassical textbook economics. Formally, 
they and their output elasticities are special solutions of 
the set of differential equations all (twice differentiable, 
linearly homogeneous) production functions, including 
energy-dependent Cobb–Douglas and CES functions, 
must satisfy at a given time t. Their three, possibly time-
dependent parameters are integration constants of the dif-
ferential equations and are determined by minimizing the 
sum of squared errors (SSE), using empirically given time 
series of Y, K, L, E. By construction, LinEx functions 
ignore the fundamental cost-share theorem of neoclassi-
cal economics, according to which the output elasticity 
of a production factor, which gives the productive power 
of the factor, should be equal to the factor’s share in total 
factor cost. They reproduce observed economic growth in 
highly industrialized countries with small residuals and 
yield output elasticities of energy that are much larger 
than energy’s cost share of roughly 5% (on an OECD 
average), whereas the output elasticities of labor turn out 
to be much smaller than labor’s cost share of about 70%. 
This contradicts the cost-share theorem.

Growth accounting with production functions that do 
observe the cost-share theorem results in large residuals, 
which bear the name of their discoverer (Solow 1957, 
1994). The Solow residuals are attributed to “technologi-
cal progress”, which is a word for what neoclassically 
weighted production factors cannot explain. To make up 
for these residuals one has introduced time-dependent 
“technological progress” functions that multiply the fac-
tor-dependent part of the neoclassical production function 
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and minimize the difference between observed and theo-
retical growth. Since the measure of ignorance “techno-
logical progress” is an unspecified concept for powerful, 
mysterious economic forces, people also call it “The Holy 
Grail of Economics”.

Critique of the use of prices in growth accounting with 
neoclassical production functions is justified, because the 
cost-share theorem is invalid at the factor prices we have 
known so far. In its derivation from the optimization of profit 
or time-integrated utility one has disregarded technological 
constraints on the combinations of capital, labor, and energy. 
Those constraints are related to capital’s utilization and auto-
mation. They require that, at a given point in time, (i) capi-
tal’s degree of utilization, of course depending on capital, 
labor, and energy, cannot exceed 100%, and (ii) capital’s 
degree of automation, also depending on capital, labor, and 
energy, is limited by the maximum, technologically feasible 
degree of automation, which cannot exceed 100%. These 
“hard” constraints on capacity utilization and automation 
(plus additional “soft” constraints related to social laws 
limiting fire and hire in connection with progress of auto-
mation) are by their very nature (potentially) binding. As a 
consequence, the technological constraints are associated 
with shadow prices that drive a wedge between the factors’ 
marginal productivities and prices and between the factor’s 
cost shares and their productive powers (output elasticities), 
as well. In this sense, the cost-share theorem of standard 
neoclassical economics is invalid, or, to be more precise, has 
to be generalized by extending it via appropriate inclusion 
of factor shadow prices (Kümmel and Lindenberger 2014, 
and references therein). Thus, the role of prices differs in 
standard neoclassical and generalized growth accounting. In 
neoclassical production functions, prices enter the monetary 
aggregation of output and capital, and the economic weights 
of the production factors are equal to the factors’ cost shares. 
In non-neoclassical production functions, monetary aggrega-
tion of output and capital is used, too, but capital, labor, and 
energy are not weighted by their cost shares. Rather, output 
elasticities are determined by econometrics.4

Lindenberger et al. (2017) describe the foundations of 
the research on growth accounting without the cost-share 

theorem. They present the differential equations for energy-
dependent production functions and the asymptotic bound-
ary conditions for the output elasticities from which LinEx 
functions result. They point out that the non-negativity con-
straint on output elasticities, also crucial in SSE minimiza-
tion, defines the volume in K, L, E-space, where LinEx func-
tions are defined. Considering and reproducing economic 
growth in the USA and Germany between 1960 and 2013, 
they determine the integration constants of the differential 
equations, which are technology parameters, i.e., Y0(t) , a(t), 
c(t) in the LinEx function YL1 , Eq. (22). Their time depend-
ence is due to the economic working of the human factor 
creativity, defined above. Temporal changes of Y0(t) and a(t) 
are related to temporal changes of � in Eq. (4) and � in Eq. 
(14), whereas c(t) decreases when the energetic efficiency of 
the fully utilized capital stock increases; a(t) and c(t) enter 
the output elasticities of YL1 . In general, given any produc-
tion function Y(K, L, E; t), these elasticities are defined as 
� ≡ (K∕Y)(�Y∕�K) for capital, � ≡ (L∕Y)(�Y∕�L) for labor, 
� ≡ (E∕Y)(�Y∕�E) for energy, and � ≡ (Δt∕Y)(�Y∕�t) for 
creativity. Computing the output elasticities of YL1 in each 
year between 1960 and 2013, Lindenberger et al. (2017) find 
their time averages 𝛼̄ , 𝛽  , 𝛾̄ , and 𝛿 to be as follows: a) for the 
total economy of the Federal Republic of Germany (FRG), 
𝛼̄ = 0.37 , 𝛽 = 0.19 , 𝛾̄ = 0.44 , and 𝛿 = 0.22 ; b) for the indus-
trial sector of the FRG, 𝛼̄ = 0.28 , 𝛽 = 0.08 , 𝛾̄ = 0.64 , and 
𝛿 = 0.13 ; and c) for the total economy of the USA, 𝛼̄ = 0.52 , 
𝛽 = 0.19 , 𝛾̄ = 0.29 , and 𝛿 = 0.20 . Error bars and statistical 
quality measures are given in Table I5 of Lindenberger et al. 
(2017). Thus, energy and creativity account for most of the 
growth attributed to “technological progress” by neoclas-
sical economics. Energy is pivotal, since its variations in 
time are essentially responsible for the reproduction of the 
economic recessions and recoveries in the wake of the two 
oil-price shocks between 1973 and 1981 and the financial 
and economic crisis between 2008 and 2010; see Figs. 2-4 
of Lindenberger et al. (2017). Creativity is responsible for 
fine tuning in fitting by SSE minimization. It is of minor 
importance in the short run, but decisive in the long run, 
since human ideas, inventions, value decisions may funda-
mentally change the course of economic evolution. A recent 
example is the decision of the winners of World War II to let 
divided Germany reunite.

Energy-dependent Cobb–Douglas functions with output 
elasticities that are NOT equal to factor shares but are close 
to the time-averaged LinEx output elasticities also repro-
duce overall growth, less well than LinEx, though, but also 
with residuals much smaller than Solow’s, especially when 
applied to the industrial sector; see, e.g., Fig. 7 of Linden-
berger et al. (2017). Furthermore, cointegration analyses for 

4  Note that our method of estimating production functions econo-
metrically, i.e., estimating their free technology parameters and the 
resulting output elasticities, does NOT involve optimizing (factor-cost 
minimizing or profit maximizing) producer behavior. In other words, 
neither do we assume optimizing behavior, nor is our method incon-
sistent with it. What we do say, however, is that IF producers opti-
mize in today’s REAL world THEN, contrary to standard neoclassical 
equilibrium modeling, the factors’ output elasticities will NOT turn 
out as being equal to their cost shares. Only if energy prices become 
so high that the cost-gradients in the cost mountain do no longer point 
towards the technological barrier “capacity utilization cannot exceed 
100%” (Kümmel and Lindenberger 2014), things will be different. 5  This table contains a typo in 𝛼̄ for Germany’s industrial sector.
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Germany, Japan, and the USA also lead to energy-dependent 
Cobb–Douglas functions with output elasticities close to the 
time averages obtained with LinEx (Stresing et al. 2008).

Thus, energy-dependent production functions that disre-
gard the cost-share theorem but rather determine output elas-
ticities econometrically reveal energy as a powerful driver of 
economic growth. If they include time-dependent technol-
ogy parameters, as LinEx functions do, they also contain 
information on changes due to creativity.

Ayres and Warr (2009) also used the LinEx function (22), 
although in a formally modified form with exergy (“useful 
work”) data instead of primary energy data. “Useful work” 
is the exergy that works directly from machines on mate-
rials plus the physical work performed by animals.6 They 
reproduced economic growth in the USA and Japan between 
1900 and 2005 (excluding the years 1941–1948) with rather 
small residuals. Their output elasticities—especially after 
1950—are for “useful work” much larger and for labor much 
smaller than the respective cost shares.

An interesting analysis of output composition during eco-
nomic growth is given by Illig and Schindler (2017). They 
analyze the changing distribution of wealth in terms of 
changing sectoral output composition in the economy over 
time. In particular, they argue that a high “importance” of an 
economic sector (in the sense of a high elasticity of output 
with respect to the sector) during economic growth is asso-
ciated with a decreasing share of this sector. An example 
would be a decreasing share of money spent for essential 
commodities like oil or food, leaving an increasing share 
of money spendable for other goods and services—with a 
positive effect on economic activity and growth. Note that 
this consideration refers to the distribution of wealth with 
respect to sectoral output shares (for what products money 
is spent), whereas we consider factor input cost shares of 
capital, labor, and energy, used in the generation of wealth 
(what costs are associated with the use of the factor inputs). 
Of course, it has to be recognized that “energy” can play 
both roles: i) as a factor input (e.g., crude oil inputted into a 
refinery or electricity driving a manufacturing process) and 
ii) as a produced output (e.g., gasoline or electricity as final 
products, outputted by refineries or power plants), and that 
the specific role of energy depends on the chosen system 
boundaries of the production system under consideration; 
in any case sectoral distribution of wealth, on the one hand, 
and generation of wealth on the other are distinctly differ-
ent issues. Sectoral distribution is associated with output 
shares, whereas value generation is associated with factor 
input cost shares. The above argument of Illig and Schindler 

(2017) (that the output share of important sectors is shrink-
ing during economic growth) relates to the former, whereas 
the invalidity of the cost-share theorem, addressed by us 
and others, relates to the latter. The complementarity of the 
two issues may be illustrated by the following example. An 
economy may include an energy-intensive industrial sec-
tor plus an expanding service sector. The expansion of the 
service sector may decrease the energy intensity of the total 
economy and may be associated with both a decreasing out-
put share of energy (e.g., a smaller share of money spent 
for gasoline and electricity) and a decreasing factor input 
cost share of energy in the total economy (since, through 
the expanding service sector, the economy gets less energy-
intensive, and more labor-intensive). At the same time, the 
factor input cost share of energy may well be exceeded by 
the output elasticity of energy, reflecting the invalidity of 
the “cost-share theorem”. This is supported by our results 
on the German and US Total Economies, whose service sec-
tors did in fact increase over the considered time spans, as 
discussed in Lindenberger et al. (2017). Even in the service 
sector alone, using capital, labor, and (final) energy as fac-
tor inputs, the output elasticity of (final) energy may exceed 
energy’s factor cost share in service production consider-
ably (Lindenberger 2003). Hence the argument of Illig and 
Schindler (2017) that the “importance” of a sector may be 
associated with a decreasing output share during growth, 
and the invalidity of the factor input cost-share theorem, 
emphasized by us and others, are not at all contradictory.

The conceptual and methodological framework of growth 
accounting recalled in this article has not only been helpful 
for computing the impact of energy conversion on economic 
growth. It also provides means for computing the impact of 
entropy production—the ugly twin of energy conversion. For 
instance, Kümmel (2016) introduced the concepts of con-
ventional output YC(K, L,E; t) , defined as the sum of goods 
and services not dedicated to abating the emissions that 
result from entropy production, and of loss Λm(t) , defined 
as the (monetary value of the) goods and services that are 
dedicated to emission mitigation of type m. The total output, 
which includes all goods and services, is described by the 
LinEx function YL1 from Eq. (22). Thus,

A first attempt to calculate Λ and YC(K, L,E; t) exemplarily 
assumed that before some critical time tC German society 
had not bothered about emission mitigation. Total output had 
been equal to the output consumers and investors had used 
for their conventional individual needs, so that Λ(t < tC) = 0 
and YC(K, L,E; t < tC) = YL1(K, L,E; t < tC) . However, at 
time tC people realize the need to invest in new, unconven-
tional economic activities that protect the environment. One 

(23)

YC(K, L,E; t) ≡ YL1(K, L,E; t) − Λ(t), where Λ ≡

∑

m

Λm(t).

6  The first LinEx study of Ayres and Warr (2001) with “useful work” 
data and constant technology parameters was done for the USA from 
1900 to 1998.
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of the options available is emission mitigation via energy 
conservation. In order to stimulate energy conservation in 
the industrial sector of the Federal Republic of Germany, 
energy taxation is introduced. Contrary to what had hap-
pened in reality, this starts in 1986.

Under simplifying, idealized thermodynamic assump-
tions, the potential of energy conservation had been com-
puted by thermoeconomic optimization of the combina-
tion of heat exchanger networks (e), heat pumps (p), and 
cogeneration (c). Under the constraint that the total cost of 
the energy system with energy taxation must not exceed the 
cost without energy taxation, Groscurth and Kümmel (1989) 
had found that a maximum reduction of the annual primary 
energy demand (by roughly 30%) could be achieved by an 
energy tax that quintuples the aggregated energy price in 
1986.

Now, if one disregards the positive effects energy taxa-
tion may have, provided the revenues from it are wisely 
used, the loss Λ in Eq. (23) would be equal to the annual 
cost Λepc of exhausting the energy saving potential com-
pletely. This Λepc turns out to be about 6% of the total output 
YL1(K, L,E; t = tC = 1986) in 1986. Based on this, one can 
also compute the number Φ < 1 , which, multiplying LinEx 
output elasticities, transforms them into the elasticities of 
conventional output YC(K, L,E; t ≥ tC) , with which society 
must get along, when emissions are mitigated by energy con-
servation. One finds Φ = 0.91 . Of course, the model is crude. 
But it indicates what can be done in principle to include 
emission abatement in analyses of economic growth.

Similarly, one may calculate other future scenarios of 
economic growth. What one would need are reasonable (or 
bold) forecasts of technical innovations, political changes 
(like German reunification), and entrepreneurial decisions 
on investing in capital, labor, and energy.

Summary

The aggregation of output and capital in terms of work per-
formance and information processing, and its mapping on 
monetary aggregation, puts the computation of economic 
growth by means of production functions on a consistent 
conceptual footing. All energy-dependent production func-
tions must be twice differentiable and hence satisfy the cor-
responding set of differential equations. Non-neoclassical 
growth analyses with such production functions do not 
weigh capital, labor, and energy by their cost shares, but 
rather determine output elasticities econometrically. These 
analyses show that the production factor energy explains a 
substantial part of economic growth that had been attributed 
to unexplained “technological progress” by mainstream eco-
nomics. The production functions involved have output elas-
ticities that are for energy much larger and for labor much 

smaller than the cost shares of these factors. They may also 
serve for adjusting growth accounting to the cost of abat-
ing harmful emissions from energy conversion and entropy 
production.
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