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Abstract

To detect a changed segment (so called epidemic changes) in a time series, variants of
the CUSUM statistic are frequently used. However, they are sensitive to outliers in the
data and do not perform well for heavy tailed data, especially when short segments get
a high weight in the test statistic. We will present a robust test statistic for epidemic
changes based on the Wilcoxon statistic. To study their asymptotic behavior, we prove
functional limit theorems for U-processes in Holder spaces. We also study the finite
sample behavior via simulations and apply the statistic to a real data example.

Keywords Wilcoxon statistic - Epidemic change - Functional central limit theorem -
Holder space

1 Introduction

In change point detection, the hypothesis is typically stationarity, but there are different

types of alternatives, like the at most one change point or multiple change points. In this
article, we are interested in testing stationarity with respect to the so called epidemic

change or changed segment alternative: We have a random sample X1, X2, ..., X,
(with values in a sample space (S, S) and distributions Py,, Px,, ..., Px,) and we
wish to test the null hypothesis

Hy: Px, =Px, =---= Py,

versus the alternative

Hj : thereis a segment [ :={k*+1,...,m*} C I, :={1,2,...,n} such that
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P for i e I\I*
PX,:: orie L\ 4P £o.

Q for ieI*

Under H; the sample (X;,i € I*) constitutes a changed segment starting at k* and
having the length £* = m™ — k* and Q is then the corresponding distribution in the
changed segment. This type of alternative is of special relevance in epidemiology
and has first been studied by Levin and Kline (1985) in the case of a change in
mean. Their test statistic is a generalization of the CUSUM (cumulated sum) statistic.
Simultaneously, epidemic-type models were introduced by Commenges et al. (1986)
in connection with experimental neurophysiology.

If the changed segment is rather short compared to the sample size, tests that give
higher weight to short segments have more power. Asymptotic critical values for such
tests have been proved by Siegmund (1988) in the Gaussian case [see also (Siegmund
and Venkatraman 1995)]. The logarithmic case was treated in Kabluchko and Wang
(2014), and the regular varying case in Mikosch and Rackauskas (2010). Yao (1993)
and Huskova (1995) compared tests with different weightings. Rackauskas and Suquet
(2004, 2007) have suggested using a compromise weighting, that allows to express
the limit distribution of the test statistic as a function of a Brownian motion. However,
in order to apply the continuous mapping theorem for this statistic, it is necessary to
establish the weak convergence of the partial sum process to a Brownian motion with
respect to the Holder norm.

It is well known that the CUSUM statistic is sensitive to outliers in the data, see
e.g. PraSkova and Chochola (2014). The problem becomes worse if higher weights
are given to shorter segments. A common strategy to obtain a robust change point
test is to adapt robust two-sample tests like the Wilcoxon one. This was first used by
Darkhovsky (1976) and by Pettitt (1979) in the context of detecting at most one change
in a sequence of independent observations. For a comparison of different change point
test see Wolfe and Schechtman (1984). The results on the Wilcoxon type change point
statistic were generalized to long range dependent time series by Dehling et al. (2013).
The Wilcoxon statistic can either be expressed as a rank statistic or as a (two-sample)
U -statistic. This motivated Csorgé and Horvath (1989) to study more general U-
statistics for change point detection, followed by Ferger (1994) and Gombay (2001).
Orasch (2004) and Doring (2010) have studied U-statistics for detecting multiple
change-points in a sequence of independent observations. Results for change point
tests based on general two-sample U -statistics for short range dependent time series
were given by Dehling et al. (2015), for long range dependent time series by Dehling
et al. (2017). Betken (2016) has suggested a self-normalized change-point test based
on the Wilcoxon statistic. By using self-normalization, it is possible to avoid the
estimation of unknown parameters in the limit distribution.

Gombay (1994) has suggested to use a Wilcoxon type test also for the epidemic
change problem. The aim of this paper is to generalize these results in three aspects:
to study more general U -statistics, to allow the random variable to exhibit some form
of short range dependence, and to introduce weightings to the statistic. This way, we
obtain a robust test which still has good power for detecting short changed segments.

@ Springer



Convergence of U-processes in Holder spaces... 1411

To obtain asymptotic critical values, we will prove a functional central limit theorem
for U-processes in Holder spaces.

The article is organized as follows. Section 2 introduces U -statistics type test statis-
tics to deal with the epidemic change point problem. In Sect. 3 some experimental
results are presented and discussed whereas Sect. 4 deals with a concrete data set.
Sects. 5 and 6 constitute the theoretical part of the paper where asymptotic results are
established under the null hypothesis. Consistency under the alternative of a changed
segment is discussed in Sect. 7. Finally in Sect. 8, we present the table with asymptotic
critical values for the tests under consideration.

2 Tests for changed segment based on U-statistics

A general approach for constructing procedures to detect a changed segment is to use
a measure of heterogeneity A, (k, m) between two segments

{(Xi,i€elI(k,m)} and {X;,i € [(k,m)}, 0 <k <m <n,

where I (k,m) = {k+1,...,m}and I°(k, m) = I,\1(k, m). As neither the beginning
k* nor the end m™* of changed segment is known, the statistics

T, : Ak, m)

= max ———

0<k<m=n pyp (m —k)
may be used to test the presence of a changed segment in the sample (X;), where
pon(m — k) is a factor smoothing over the influence of either too short or too large data

windows. In this paper we consider a class of U -statistic type measures of heterogeneity
A, (k, m) defined via a measurable function 2 : S x S — R by

Ank,m) = Apulh,m):= > Y h(Xi, X)),

il (k,m) jel,\I (k,m)
and the corresponding test statistics

_ [Apn(k, m)]|
Tu(y, h) = o max_ —py((m Eysyme (D

where 0 < y < 1/2 and
py () =[t(1 -0, 0<r <.
Although other weighting functions are possible our choice is limited by application
of a functional central limit theorem in Holder spaces.
Recall the kernel A is symmetric if h(x,y) = h(y,x) and antisymmetric if

h(x,y) = —h(y,x) for all x,y € S. Any non symmetric kernel 4 can be anti-
symmetrized by considering
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1412 A. Rackauskas, M. Wendler

h(x,y) = h(x,y) —h(y,x),x,y €S.

Let’s note that the kernel % is antisymmetric if and only if E[h(X, Y)] = 0O for any
independent random variables with the same distribution such that the expectation
exists. The if part follows by Fubini and antisymmetry. To see the only if part, first
consider the one point distribution X = x and ¥ = x almost surely to conclude that
h(x, x) = 0 for all x. Next, consider the two point distribution P(X = x) = P(X =
y) = 1/2 and conclude that 0 = E[h(X,Y)] = (h(x,x) + h(y,y) + h(x,y) +
h(y, x))/4 and thus h(x, y) = —h(y, x). So a U-statistic with antisymmetric kernel
has expectation 0 if the observations are independent and identically distributed and
are good candidates for change point tests. We only consider antisymmetric kernels
in this paper.

In the case of a real valued sample, examples of antisymmetric kernels include the
CUSUM kernel ¢ (x, y) = x —y or the Wilcoxonkernel iy (x, y) = 1ix<y) —1{y<x).
The kernel Ay leads to Wilcoxon type statistics

To(y, hw) = max —j (10 <x,) = 1o, ]|
0<k<m<" py((m k)/n) zel%:m)jeln%(:km) e =

whereas with the kernel ¢ we get CUSUM type statistics

-1
o, oo ,
n Ty he) = 0<k<m<n po((m—k)/n)!. Z Xl
=k+1
where X,, = n~! ', X;. As more general classes of kernels and corresponding

statistics we can consider the CUSUM test of transformed data (h(x, y) := ¥ (x) —
¥ (y)) or a test based on two-sample M-estimators (h(x, y) = ¥ (x — y) for some
monotone function, see (Dehling et al. 2017).

Based on invariance principles in Holder spaces discussed in the next section,
we derive the limit distribution of test statistics 75 (y, h). Theorems 1 and 2 provide
examples of our results. Let W = (W (z),t > 0) be a standard Wiener process and
B = (B(t),0 <t < 1)beacorresponding Brownian bridge. Define for0 < y < 1/2,

|B(1) — B(s)|

T, =
O<s<t<l py(t —5)

Theorem 1 If (X;);en are independent and identically distributed random elements
and h is an antisymmetric kernel with E[|h(X1, X2)|’] < oo for some p > 2, then
forany y < (p —2)/2p, we have

lim P(n"%0, ' T, (y,h) < x) = P(T, <x), forall x €R,

n—oo

where the variance parameter oy, is defined by O'hz = var(h(X;)) and h;(x) =
E[h(x, X))]

@ Springer



Convergence of U-processes in Holder spaces... 1413

Note that in practice, the random variables X; might not have high moments, but if
we use a bounded kernel like /1w, we know that the condition of the theorem holds
for any p € (0, 00), so we have the convergence for any y < 1/2. Also, in practical
applications, the variance parameter has to be estimated. This can be done by

R | R
&2y = - > hiX)) 2)
i=1

with /1 (x) = n! Z?:l hx, X;i).

For the case of a dependent sample, we consider absolutely regular sequences
of random elements (also called g-mixing). Recall that the coefficients of absolute
regularity (B;,)men are defined by

Bu=E sup (P(AIF ) = P(4)),

AeFR

where ]-"ab =0(Xy4, Xg+1, - .., Xp) is the o-field generated by X,, X441, ..., Xp.

Theorem 2 Let (X;)ien be a stationary, absolutely regular sequence and h be an
antisymmetric kernel, and assume that the following conditions are satisfied:

(1) SUp; jeN E|h(X;, Xj)|? < oo for some q > 2;
() Y po, kﬂ,l_z/q <ooandy k’/z’lﬁ,i_r/q < oo forsome?2 <r <q.

Then forany 0 <y < 1/2 — 1/r, we have

lim P(n_3/200_olTn(y, h) <x) = P(T, <x), forall x e R,

n—oo
where the long run variance parameter oo is given by

o0

ago = Var(hl(Xl)) + ZZCOV (h](Xl)a hl(Xk))
k=2

For a bounded kernel / the conditions (ii) on decay of the coefficients of absolute
regularity reduces to

i) >, max{k, k21 By < oo for some r > 2.

Following Vogel and Wendler (2017), oozo can be estimated using a kernel variance
estimator. For this, define autocovariance estimators 5 (k) by

n—k

1 ~ ~
o(k) = — hi(Xi)h(X;
p(k) ”,’E—l 1(X)h1 (Xigr)

@ Springer



1414 A. Rackauskas, M. Wendler

with fll (x) = Z?:l h(x, X;). Then, for some Lipschitz continuous function K with
K (0) = 1 and finite integral, we set

n—1

bo =6j +2 ) K(k/ba)p(k),
k=1

where by, is a bandwidth such that b, — oo and b, /4/n — 0 as n — oo.

With the help of the limit distribution and the variance estimators, we obtain critical
values for our test statistic. Simulated quantiles for the limit distribution can be found
in Sect. 8.

To discuss the behavior of the test statistics T, (y, h) under the alternative we assume
that for each n > 1 we have two probability measures P, and Q, on (S, S) and a

random sample (X,;)1<i<, such that for k', £ € {1, ..., n},

Px . =

ni

Q,, foriel™:=1{ki+1,....k+£}
P,, for ie I,\I*".

Set
o = /;/Sh(x, ) On(dx)Py(dy), vy, = /S/s(h(x’ V) = )20 (dx) Po(dy).

Theorem3 Let 0 < y < 1. Assume that for all n € N, the random variables

Xnts ..., Xun are independent and let h be an antisymmetric kernel.

If

o £EN71-y * £¥\11-2r

lim /718, [—”(1 — l)] — 00 and Sup[—<1 - —)] v, < 00, (3)

n—00 n n n n n
then

02T,y h) —— 0. @
n—oo

For dependent random variables, we get a similar theorem:

Theorem 4 Assume that for all n € N, the random variables Xy, ..., Xy, are
absolutely regular with mixing coefficients (Br)ren not depending on n, such that

,fil kq/zﬂ;/Z—l/q < 00 for some q > 2. Let h be an antisymmetric kernel, such
that there exist C, < oo such that E[|h(X;n, Xjn)|9] < C4 foralln € N, i, j < n.
Furthermore, let 0 < y < 1 and assume that

e N1L-Y
lim /7 |8, [1(1 — —)] = o0. (5)
n— 00 n n

Then (4) holds.

This implies that a test based on statistic 7,,(y, k) is consistent. More on consistency
see Sect. 7. The proofs of Theorems 1 and 2 are given in Sect. 6.

@ Springer



Convergence of U-processes in Holder spaces... 1415

Table 1 Empirical rejection frequency under alternative for an AR(1)-process of length N = 480 with
AR-parameter 0.5 and t5 distributed-innovations, changed segment from 1 to 160 or from 161 to 320,
change height §,, = 0.58, level o = 5%

y =0 y =0.1 y =02 y =03 y =04
CUSUM
Start = 1, End = 160 0.791 0.794 0.794 0.786 0.747
Start = 161, End = 320 0.780 0.783 0.782 0.782 0.742
Wilcoxon
Start = 1, End = 160 0.853 0.859 0.858 0.852 0.805
Start = 161, End = 320 0.842 0.844 0.843 0.840 0.802

3 Simulation results

We compare the CUSUM type and the Wilcoxon type test statistic in a Monte Carlo
simulation study. The model is an autoregressive process (¥;),en of order 1 with
Y; = aYi_1 + €;, where (¢;);cN are either normal distributed, exponential distributed
or 15 distributed. We assume that the first L observations are shifted, so that we observe

Y;//var(Y;) + 6, fori=1,...,L

X =
l Yi/«/var(Y;) fori=L+1,...,n

Under independence, the distribution of the change-point statistics does not dependent
on the beginning of the changed segment, only on the length. In Table 1, we show some
simulation results comparing the power for a changed segment in the beginning of the
data and in the middle for a dependent sequence (autoregressive parameter a = 0.5).
The rejection frequencies do not differ much, so we restrict further simulations to
segments of the form /* = {1, ..., L}.

In Fig. 1, the results for n = 240 independent observations (a = 0) are shown. In
this case, we use the known variance of our observations and do not estimate the vari-
ance. The relative rejection frequency of 3000 simulation runs under the alternative
is plotted against the relative rejection frequency under the hypothesis for theoretical
significance levels of 1%, 2.5%, 5% and 10%. As expected, the CUSUM test has a
better performance than the Wilcoxon test for normal distributed data. For the expo-
nential and the #5 distribution, the Wilcoxon type test has higher power. For the long
changed segment (L = 80), the weighted tests with y = 0.1 outperform the tests
with y = 0.3. For the short changed segment (L = 30), the Wilcoxon type test has
more power with weight y = 0.3. The same holds for the CUSUM type test under
normality. For the other two distributions however, the empirical size is also higher
for y = 0.3 so that the size corrected power is not improved.

In Fig. 2, we show the results for n = 480 dependent observations (AR(1) with
a = 0.5). In this case, we estimated the long run variance with a kernel estimator,
using the quartic spectral kernel and the fixed bandwidth b = 4. Both tests become
too liberal now with typical rejection rates of 13% to 15% for a theoretical level of
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Fig. 1 Rejection frequency under alternative versus rejection frequency under the hypothesis for N = 240
independent observations using the true variance, normal (upper panels), exponential (middle panels) or
t5 distribution (lower panels) with change segment of length L = 80 and height §,, = 0.58 (left panels),
changed segment of length L = 30 and height §, = 0.78 (right panels), for the CUSUM type test (open
circle) and for the Wilcoxon type test (open diamond) with y = 0.1 (solid line) or y = 0.3 (dashed line)
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1418 A. Rackauskas, M. Wendler

10%. For the long changed segment (L = 160) it is better to use the weight y = 0.1,
for the short segment (L = 60) the weight y = 0.3. Under normality, the CUSUM
type test has a better performance, though the difference in power is not very large.
For the other two distributions, the Wilcoxon type test has a better power.

In practice, the strength of dependence is usually not known beforehand, so it would
make sense to use a data-adaptive bandwidth for the variance estimation. However, the
bias of the variance estimator under the alternative might get worse for data-adaptive
bandwidths, and this might lead to a nonmonotonic power of change-point tests, see
e.g. Vogelsang (1999) or Shao and Zhang (2010). For this reason, we propose to
estimate the variance the following way: Split the data set into five shorter parts of
equal length and use a variance estimator with data-adaptive bandwidth separately for
each of the parts. Then take the median of the five estimators for standardizing the test
statistic. The beginning and the end of the changed segment will only affect at most
two of the parts, so we have at least three estimates not affected. In the simulations
in Fig. 3, we study again an AR(1)-process and use the standard setting of the R
function 1var for the data-adaptive choice of the bandwidths in the five parts. With
this method, we do not observe a loss of power compared to the fixed bandwidth.
Under the hypothesis, the all tests become strongly oversized. The Wilcoxon type test
statistic clearly outperforms the CUSUM type statistic for nonnormal in innovations.

Another problem in many practical applications is the unknown length of the
changed segment, so that it is difficult to choose the value y € [0, 1/2) to achieve the
optimal power. If there is no a-priori knowledge of the typical length of an epidemic
change, it would also be possible to use the maximum of (suitable standardized) test
statistics for different values of y. Another straightforward application of Theorem 15
leads to the asymptotic distribution of this combined test statistic and critical values
could be obtained via simulations, but this goes beyond the scope of this paper.

4 Data example

We investigate the frequency of search for the term ‘Harry Potter’ from January 2004
until February 2019 obtained from Google trends. The time series is plotted in Fig. 4.
We apply the CUSUM type and the Wilcoxon type change-point test with weight
parameters y € {0,0.1,...,0.4}. The lag one autocovariance is estimated as 0.457,
so that we have to allow for dependence in our testing procedure. We estimate the long
run variance with a kernel estimator, using the quartic spectral kernel and the fixed
bandwidth b = 4.

The CUSUM type test does not reject the hypothesis of stationarity for a significance
level of 5%, regardless of the choice of y. In contrast, the Wilcoxon type test detects
a changed segment for any y € {0, 0.1, ..., 0.4}, even at a significance level of 1%.
The beginning and end of the changed segment are estimated differently for different
values of y: The unweighted Wilcoxon type test with y = 0 leads to a segment from
January 2008 to June 2016. For y = 0.1, 0.2, 0.3, we obtain January 2012 to June
2016 as an estimate. y = 0.4 leads to an estimated changed segment from January
2012 to May 2016.
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Fig.3 Rejection frequency under alternative versus rejection frequency under the hypothesis for an AR(1)-
process of length N = 480 using the median of five variance estimates with data-adaptive bandwidth,
normal (upper panels), exponential (middle panels) or 5 distribution (lower panels) with changed segment
of length L = 160 and height §,, = 0.58 (left panels), length L = 60 and height §,, = 0.78 (right panels),
for the CUSUM type test (open circle) and for the Wilcoxon type test (open diamond) with y = 0.1 (solid
line) or y = 0.3 (dashed line)
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Fig.4 Frequency of search queries for ‘harry potter’ obtained from Google trends: CUSUM type statistic
does not detect a change for any y € {0, 0.1, 0.2, 0.3, 0.4}. The Changed segment detected by the Wilcoxon

type statistic with y = 0 is indicated by blue solid line, changed segment detected for y € {0.1, 0.2, 0.3}
by red dashed line

By visual inspection of the time series, we come to the conclusion that the estimated
changed segment for values y > 0.1 fits the data better, because this segment coincides
with a period with only low frequencies of search. Furthermore, the spikes of this time
series can be explained by the release of movies, and the estimated changed segment
is between the release of the last harry potter movie in July 2011 and the release of
‘Fantastic Beasts and Where to Find Them’ in November 2016.

5 Double partial sum process

Throughout this section we assume that the sequence (X;) is stationary and Py := Py;
is the distribution of each X;. Consider for akernel 4 : S x S — R the double partial
sums

k n
Uno=Unn=0, Uk =Y Y hXi, X)), 1<k<n
i=1 j=k+1

and the corresponding polygonal line process U n = (Up »(t), t € [0, 1]) defined by
Up (1) = Up,\nr) + (nt — [0t (Un, \nt)+1 — Un,nr), £ € [0, 1], (6)

where for a real number a > 0, |a] :(= max{k: k e N, k < x}, N={0,1,...},is
a value of the floor function. So Uy, = (Un.»(2),t € [0, 1]), is a random polygonal
line with vertexes (Upx, k/n), k = 0,1, ..., n. As a functional framework for the
process Uy, we consider Banach spaces of Holder functions. Recall the space C[O0, 1]
of continuous functions on [0, 1] is endowed with the norm
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[lx|| = max [x(1)].
0<r<l1

The Holder space HJO/ [0,1],0 <y < 1, of functions x € C[0, 1] such that

|x(1) —x()]

wy(x,6) = sup ——— = 0as d—0,
y O<|s—t|<6 [t —s|”

is endowed with the norm
[lxlly = xO0)] + @y (x, 1).

Both C[0, 1] and Hf, [0, 1] are separable Banach spaces. The space Hg[0, 1] is iso-
morphic to C[0, 1].

Definition 5 For a kernel 2 and a number 0 < y < 1 we say that (X;) satisfies

(h, y)-FCLT if there is a Gaussian process U, = (U (t),t € [0, 1]) € H;ﬂ [0, 1], such
that

n_3/27/{h,,, L) Uy, in the space H;’, [0, 1].
n—oo

In order to make use of results for partial sum processes, we decompose the U -statistics
into a linear part and a so-called degenerate part. Hoeffding’s decomposition of the
kernel / reads

h(x,y) =h1(x) —hi(y) +gx,y), x,y €S,

where
hi(x) = /Sh(x, V) Px(dy), and g(x,y) =h(x,y) —hi(x) +hi(y), x,y €S,
and leads to the splitting

Unn(®) = n[Why 0 () = tWh n (D] +Ug (@), t €0, 1], (N

where

[nt]
Wiy () = Y hi(Xi) + (a1 — [nt)hi (X pey10), 1 € [0, 1],

i=1
is the polygonal line process defined by partial sums of random variables (71(X;)).

Decomposition (7) reduces (4, y)-FCLT to Holderian invariance principle for random
variables (h1(X;)) via the following lemma.
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1422 A. Rackauskas, M. Wendler

Lemma 6 [f there exists a constant C > 0 such that for any integers 0 <k <m <n
EUgm = Ug)* < Clm —k)(n — (m — k)) ®)
then
lIn=2Ug ully = op(1)

forany 0 <y < 1/2.

Remark 7 For an antisymmetric kernel 4 the condition (8) follows from the following
one: there exists a constant C > 0 such that forany 0 < m| < n; <my < ny,

2

n ny
E[ Y Y eXiXxp| <Cou—mpin—mo). ©)

i=mi+1 j=my+1

Indeed, by antisymmetry

m n m k
Usm = Uk = Y, Y hXi, X))+ Y > h(Xi, X)),

i=k+1 j=m+1 i=k+1 j=1

so that (9) yields

EUgm — Ugp)?
<2Clm—k\(n—m)+m —k)(k—1)] <2C(m —k)(n — (m — k)).

Before we proceed with the proof of Lemma 6 we need some preparation. Let D
be the set of dyadic numbers of level j in [0, 1], that is Do := {0, 1} and for j > 1
={@-127; 1<l <2 . Forre Djsetr™ :=r—270,r" :=r 427,

J ZO For f : [0,1] — Rand r € D; define

feD+ ) =2f() ifj=1,

MU= ifj=0.

The following sequential norm on 7 [0, 1] defined by

NI = sup2rd max |A Nl

/>

is equivalent to the norm || f|,,, see Ciesielski (1960): there is a positive constant ¢,
such that
I < fly < e llfIFY f e HOL0, 1. (10)

SetD; := {k27/, 0 < k < 2/}. In what follows, we denote by log the logarithm with
basis 2 (log2 = 1).

@ Springer



Convergence of U-processes in Holder spaces... 1423

Lemma8 Forany0 <y < 1thereisaconstant c, > 0 such that, if V, is a polygonal
line function with vertexes (0, 0), (k/n, V,(k/n)), k =1,...,n, then

[[Vully <¢, max 2"/ max |V, (lnr +n277 | /n) — Vu(lnr]/n)|.

0<j<logn reD;
Proof First we remark that for any j > 1,

max |4, (V)| < max |V, (rF) = V, (r)] 4 max |V, (r) =V, (r 7)1
reDj reDj FED_/

Asr* and r~ belong to Dj, this gives,

sup 27/ max |A,(V,)| < 2sup 2"/ m%x |Vo(r +279) = V,(r)]

j>1 reDj j>1 rebD;
and it follows by (10),

Vally < 2¢y supZV’max|V,,(r+2 N = Vv, ).
j=0 reD;

If s and ¢t > s belong to the same interval, say, [(k — 1)/n, k/n], then, observing that
the slope of V,, in this interval is precisely n[V,, (k/n) — V,((k — 1)/n)], we have

[Va () = Va(s)| = n(t = s)|Va(k/n) = Vi ((k = 1)/n)| < n(t —s) A,

where A, = maxXi<ik<u |Va(k/n) — Vy((k — )/n)|. If s € [(k — 1)/n,k/n),t €
[k/n, (k 4+ 1)/n) then

[Va (1) = V()] < [Va (@) — Valk/n)| + [Va(k/n) — Va(s)| < n(t — s)Ap.
Ifsel[(k—1)/n,k/n),t €[(j —1)/n, j/n)and j > k + 1, then

[Va (@) = Va()| < [V (1) = Vo ((G — D/m)| + |V (k/n) = Vau((j — D/n)]
+ [Va(k/n) — Vi (s)|
= Valk/m)=Vu((j — D/m)|+nlk/n —s) + ( — (j — D)/n)]A,.

We apply these three configurations to s = r and t = r +27/.If j > logn then only
the first two configurations are possible and we deduce

max 2"/ max |V,(r +277) — V,(r)| < max 2Y/'n277 A, = 2n" A,,.

j=logn reD; j=logn
If j < logn then we apply the third configuration to obtain

max 2"/ max |V, (r +277) — V,(r)|

j<logn reD;
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< max 2"/ max |V, (lnr +n277 |/n) — V,(lnr]/n)|

j<logn reD;
+2 max 2¥/n27/ max |Va(k/n) — V, ((k — 1) /n)]
j<logn
< max ZV’maxlvn(Lnr—l-nZ T /n) = Vu(lnr | /n)| + 2nY A,,.
j<logn reD;

To complete the proof just observe that [nr + 271‘ ] =|nar] +1if j =logn and so
Ay < maxj<logn 2vJ max,ep; [Va(lnr +n277]/n) — V,(lnr]/n)|. ]

Proof of Lemma 6 By Lemma 8 we have with some constant C > 0,
logn
E|Ugall2 < C Y2272 max E(ug o (Lnr +n277 | /n) — Uy, n(LnrJ/n))

j=0

Condition (8) gives

2
E(Up.nn/m) = Ug n (/)" = Clom = ) = (m = k).

This yields, taking into account that [nr +n2~/ | — [nr] <n27/ forr D;,

logn

E|ln™ Uy 5 < Cyn™? Z 2292027 (n —n27)] < Cyn~ .
j=1
This completes the proof due to the restriction 0 < y < 1/2. O

The next lemma gives a general conditions for the tightness of the sequence
(n=1/2 Wh,.») in Holder spaces.

Lemma 9 Assume that the sequence (X;)ieN is a stationary and for a g > 2, there is
a constant cg > 0 such that forany 0 <k <m <n

E| 5 M| = ¢gom — 1. an
i=k+1

Then for any 0 < y < 1/2 — 1/q the sequence (n_l/ZWhl,,,) is tight in the space
HS [0, 1].
Y

Proof Fix B > OsuchthatO <y < 8 < 1/2—1/q. By Arcela—Ascoli the embedding
H% [0,1] — H;j [0, 1] is compact, hence, it is enough to prove

lim sup P(||n~ > Wy, 4llg > a) = 0. (12)

a—o0 n>1
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By Lemma 8,
P(ln" " P Wy allg > @) < Lu(a),
where

In@=P( | _max 287 max | Wy, o (Lnr-+n271 | /)= Wi u(Lnr) /)| = cpn'/a).
0<j=<logn reD;

with some constant cg > 0. Since [nr +n27/ ] — |nr| < n27/ we have by condition

1,

logn

A . q
In(@) < en™9/%a=1 Y 298727 max E‘Whl,n(Lnr +n279 | /n) — Wi, (L) /n)
reD;
j=1 !
logn nr+n277 ] q
—on" 92474 24BinJ E hi(X;
en~%a Z 1‘161%); . Z 1(X3)
j=1 i=nr]+1
logn
<cn~12q74 Z 24Bini(n2=7y4/2
j=1

logn
<ca™1 Z 2-Jq/2=qp=1D)
j=1

with some constant ¢ > 0. Since ¢g/2 — gB — 1 > 0, we obtain I,,(a) < ca— and
complete the proof of (12) and that of the lemma. O

Summing up we have the following functional limit theorem for the process U, ;.

Theorem 10 Assume that the sequence (X;) is stationary sequence of S-valued random
elements. Let h be an antisymmetric kernel end E|h(X1, X2)|P < oo for some p > 2.

If
(1) there is a constant C > 0 such that for any 0 < m; < n; < my < np the
inequality (9) is satisfied;
(i) for some 2 < q < p the inequality (11) is satisfied;
(iii) there is a Gaussian process Uy, such that

_ fdd
Wi = Ui,
then
_ D .
n 3/21/{;1,,1 — Uy inthe space 'H; [0, 1]

forany Q0 <y < 1/q, where U,‘l’ = Uy (t) — tUy(1),t € [0, 1]).
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5.1 iid sample

In this subsection we establish the (&, y) — FCLT for independent identically dis-
tributed sequences (X;);eN-.

Theorem 11 Assume that (X;) are independent and identically distributed random
elements in S and the measurable function h : S x S — R is antisymmetric. If
E|h(X1, X2)|9 < oo for some q > 2, then (X;) satisfies (h,y) — FCLT for any
0 <y < 1/2 —1/q with the limit process Uy, = o, B, where B = (B(t),t € [0, 1])
is a standard Brownian bridge.

Particularly, ifthe kernel h is antisymmetric and bounded, then (X;) satisfies (h, y)-
FCLT forany 0 <y < 1/2.

Proof We need to check conditions (i)—(iii) of Theorem 10. Starting with (i) we have

ni ny 2 ny ny
E Z Z §Xi, Xj) | = Z Z Eg(Xi, Xj)g(Xir, Xjr)
i=m+1 j=my+1 i,i’=mi+1 j=my+1

and observe that Eg(X;, X;)g(Xy/, X ;1) = Oif either i # i’ or j # j'. Indeed, it is
enough to observe that Eg(X1, x) = 0 for each x:

Eg(X1,x) = E[h(X1,x) —hi1(X1) + hi1(x)]
= E[—h(x, X1) — h1(X1) + h1(x)]
=FEhi(X1)=0.

Now, if i #i’, j = j’ then we have

Eg(Xi. X)g(Xi X;) = /S Eg(Xi, x)Eg(Xu, x) Py (dx) = 0.

Hence,
2
ni ny ni na
E[f Y > exixp| = > > EFXiX)
i=mi+1 j=ma+1 i=mi+1 j=my+1

= (n] —m1)(ny —m2)Eg* (X1, X2)
< 4(ny —my)(ny — ma) ER*(X1, X2).

Condition (ii) is obtained via Rosenthal’s inequality. Since the moment assumption
gives Elh1(X1)|? = E[|E[h(X1, X2)|X2]|7] = E|h(X1, X2)|7 < 0o we have
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E| > x|’ = ( > enxn) + 3 Elln (X))
1

i=k+1 i=k+ i=k+1
< 2¢,(m — K)12E| (X)),

fdd . .
As the convergence n~'/2Wj,, , —— oy, W is well known, the proof is completed.
n—oo

m}

5.2 Mixing sample
In this subsection we establish the (%, y) — FCLT for B-mixing sequences (X;);eN.

For A C Z we will denote by Py4 the joint distribution of {X;,i € A}. We write Px
for the distribution of X;. We need some auxiliary lemmas:

Lemma12 Let iy < iy < --- < i be arbitrary integers. Let f : S* — R be a
measurable function such that forany j, 1 < j <k — 1,

§/(148
Xik)‘ §4M1/(1+8),3 /(1+8)

lj+1=1j"

Proof The proof goes along the lines of the proof of Lemma 1 in Yoshihara (1976).
]

Lemma 13 Assume that for a 5 > O there is a constant M such that
Elh(X;. X < M

forany 1 <i,j <nand

o0
S kMY < o0,
k=0

Then for any 0 < mj < ny <mp < ny,
ny

ni
Imy,n,ma,ny) =E[ Y > gXi, X)) | < Cly—mi)na—mo)
i=m1+1 j=ma+1
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Proof We have

n na
Imy,n,ma,my) = Y > I, 1 ),
i io=mi+1 ji, ja=my+1
where
J(ir, iz, 1y J2) = Eg(Xiy, Xj))8(Xiy, Xjp)-
First consider the case where i; < iy and j; < j». If jo» — j;1 > i — iy then by

Lemma 12 we have

‘J(il,iz,jl,jz) — | g(x1,x2)8(x3,x4)d Px; x; x;, ® Px, ’ < 4M1/(1+5)ﬂ§/(,1»+5)-
4 i &g Ay b J1=j2
Ifi; —i; > jo — ji then

< 4p1/(1+8) gd/(1+0),

i1—i2

‘J(ih 02, J1> J2) = /34 g(x1, x2)g(x3, x4)d Px; ® Px;, x; .x;,
Note that for any y € S,

/Sg(y,X)Px_,-z (dx) = /;[h(y,x) — (h1(y) = hi(x)]Px;, (dx) =0
and

/Sg(xy y)Px; (dx) = /S[h(x, y) = (h1(x) = hi(»))]Px; (dx) = 0.

Treating the other cases in the same way, we deduce that for any m| < i1, ip < ng <
my < ji1, j2 < na,

T (i1, in. ji. j2)| < 4m /(050 goU+e)

min{liz—i1],lj2—j11}"
This yields
ni na
8/(148)
[I(my,ny,my,n2)| <C Z Z Prwin{lia—i1 11 jo—j11}-

i1, ip=m1+1 ji, jo=ma+1

If k := min{|ip — i1], |j2 — j1|} = li2 — i1], then there are less than n; — m choices
for i1, at most 2 choices for i, as i» € {i1 —k, i1 + k}. Furthermore, there are less than
no — my choices for ji, and, because | j» — ji| < k, at most 2k + 1 choices for j;. In
the case k := min{|i» —i1|, |j2 — j1|} = |j2 — j1|, we can use a similar reasoning. In
total, there are less than 12(n; — m1)(n> — mo)k ways to chose the indices for given
k. We arrive at
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oo
[ (my, ny, my, n2)| < C(ny —my)(ny —ma) Zkﬂi/(Ha) = C(ny —mi)(n2 —ma)
k=0

provided that ), kﬁ,f/ 1+ < .

Lemma 14 Assume that

r+8
/S(/Sh(x,y)Px(dyQ Px(dx) < oo

for somer >2and § > 0. If

Zkr/ZflIB;j/(f"ra) < 00
k

then there is a constant ¢, s > 0 such that forany 0 < k <m <n,

,
= Cr,&(m - k)r/2~

B[ 3 mox

i=k+1

Proof This lemma is proved in Yokoyama (1980) for real valued strongly mixing
random variables. We need to note that if (X;) is B-mixing then (k1 (X;)) is B-mixing
as well for any measurable 2] : S — R. Being such this sequence is also strongly
mixing. O

Theorem 15 Assume that (X;) is a strictly stationary B-mixing sequence of random
elements in S and the measurable function h : S x S — R is antisymmetric. If
E\h(Xy, X2)|9 < o0 and

Zkﬂ]:—Z/q < o0, Zkr/Z—lﬁ;—r/q < oo, (13)
k k

for some g > 2 and 2 < r < q, then (X;) satisfies (h,y) — FCLT for any 0 <
y < 1/2 — 1/r with the limit process U, = o B, where B = (B(t),t € [0,1]) isa
standard Brownian bridge and

o0
02 = var(hi(X1)) + 2 cov (1 (X1), hi(Xp)).
k=2
Particularly, if the kernel h is antisymmetric and bounded then condition (13) becomes

>k k218, < oo, and in this case (X;) satisfies (h,y)-FCLT for any 0 < y <
1/2—1/r.
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Proof We need to check conditions (i)—(iii) of Theorem 10. First we check (i) using
Lemma 13 with § = (¢ — 2)/2. Condition (ii) follows imediately from Lemma 14.
Finally, convergence of finite dimensional distributions can be deduced from invari-
ance principles for o-mixing sequences proved by a number of authors (see, e.g.,
(Herrndorf 1985) and references therein). O

6 Asymptotic distribution under null

In the following, we show how the asymptotic behaviour of the statistic 7, (y, h)
follows from the functional limit results for U -processes:

Theorem 16 Let O < y < 1/2 and let the kernel h : S x S — R be antisymmetric.
Assume that (X;) is a stationary sequence and satisfies (h, y)-FCLT with the limit
process Uy. Then

L D __ U (1) — Un(5))|
m ) S = S oA = — T

Proof Set for f € H;[O, 1]l,and0 <s <t <1,

sy e LO =IO —p(r([—_sz;f(l) - O
14

Consider the functions

Fo(f) :=0<§(n<a’§<nl(f;k/n,m/n), and F(f)= sup I(f;s,1), feH)IO, 1]

0<s<t<l

Since Uy, (0) = Uy (1) we see that F'(Uy) = T,,. We have due to anti-symmetry of &,
forany 0 <k <m <n,

m

n k n
Upn(m/n) —Unnk/m) =" D h(Xi, X)) =D > h(Xi, X))

i=1 j=m+1 i=1 j=k+1

m n k n n
=3 Y oaxxp+y [ X - | xp

i=k+1 j=m+1 i=1 j=m+l j=k+1

m n k m
2D D SRR 3 SRR

i=k+1 j=m+1 i=1 j=k+1
= Apn(k, m).

Hence, F, (n_3/2l/{h,,,) = n_3/2Tn(y, h). We prove next that

Fu(n ™ Uy n () = Fn ™ Uy n () + 0p(1). (14)
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To this aim we apply the following simple lemma (the proof is given in Rackauskas
and Suquet (2004), see Lemma 13 therein).

Lemma 17 Let (1,),>1 be a tight sequence of random elements in the separable
Banach space B and g,,, g be continuous functionals B — R. Assume that g, converges
pointwise to g on B and that (g,)n>1 is equicontinuous. Then

&n(n) = g(nn) +op(1).

We check the continuity of the function F first. We have if t —s < 1/2, p,, (t —5) >
27Y(t — s)” and this yields

Ifisty <2 sup Lf(t) = f(s) — (t —$)(f(1) = £(0))]
0<s<t<1 (t —s)
<2"71£1, .

Ift—s>1/2thenl —(t —s) > 1 —tand 1 — (t —s) > s. This yields

) [f()—fMD]  1fO) = f) A= —=s)f()— fO)]
I(f,s,t)szy{ Ty + = + TETEY; }

< 32711 f1ly-

Hence, F(f) < 6| f]l, and this yields the continuity since the inequality |F(f) —
F(g)| < F(f — g) can be easily checked. Similarly we have |F,,(f) — F,(g)| <
F,(f—g) < 32"|| f—gl|,, therefore the sequence (F},) is equicontinuous on H3 10, 1].
To check the point-wise convergence on H‘; [0, 1] of F}, to F,itis enough to show that
foreach f € H)‘j [0, 1] the function (s, t) — I(f; s, t) can be extended by continuity
to the compact set T = {(s,¢) € [0, 1]2,0 < s <t < 1}. As above we get for
t—s < 1/21(f;s,t) <2%w, (fit—s)+27[f(1)— fO)|(t — $)177, which allows
the continuous extension along the diagonal putting I(f;s,s) ;= 0. Ift —s > 1/2
weget I(f;s,1) < 2w, (f,1 =@ —=5)+2Yf1) = fOI( 41— $)1=7 which
allows the continuous extension at the point (0, 1) putting 7(f; 0, 1) := 0.

The pointwise convergence of (F},) being now established, and observing that by
the (y, h)-FCLT, the sequence n=3%U, is tight, Lemma 17 gives (14). Since F is
continuous, continuous mapping theorem together with (4, y)-FCLT yield

— D
F(n™2Unn () —— FUn) = Ty

By (14) we get

— - D
n T y) = Fy( P Upn) —— Ty

This completes the proof. O
Combination of this general result with Theorems 11 and 15 gives the proofs of
Theorems 1 and 2 respectively.
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7 Behavior under the alternative

To discuss the behaviour of the test statistics 7, (y, &) under the alternative we assume
that for each n > 1 we have two probability measures P, and Q, on (S, S) and a
random sample (X,,;)1<;<, such that for k', m} € {1, ..., n},

Py — Op, foriel*=1{ki+1,...,m}}
" P,, forie I,\I*".

We will write k* = k;, m* = m}; and £* = m* — k* for short. Set

50 = 5(Py. On) =[S/Sh(x,y>Qn<dx)Pn(dy>.

Note that §,, measures in a sense the difference between the probability distributions
P, and Q,.If P, = Q,, thend, = 0. If h(x, y) = h.(x, y) then §, = fsPn(dx) —
[xQn(dx). If h = hy then 8, = [ P,(x)Qn(dx) — [ Qn(x)Py(dx). The general
consistency result is in the following elementary lemma.

Lemma 18 If
1 -3/2
_ h(X,i, Xui) — 6, =0p(1 15
py(ﬁ*/n)n l;jg%\:l*[ (Xni n/) n] p(D) (15)
and o~ iy
Y T
then

n=32T, (y, h) —— 0.
n—oo

Proof of Theorem 3 Set fori € I*, j € I,\I*,
Zij = h(Xni, Xpj) — n.

Noting that £Z;; = 0 and EZl.zj =v, foranyi € I'**, j € I,\I*, we obtain

E(Z Z Zij)zz Z Z E(ZijZyj) < nl*(n — £)v,.

iel* jel,\I* iiel* j,jlel,\I*

This yields (15) by (3) and completes the proof. O
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Table 2 Upper quantiles of 77 (upper half) and 7 (lower half)

50% 20% 10% 5% 2.5% 1% 0.5% 0.25% 0.1%
One-sided
y=0 1.101 1.360 1.515 1.647 1.769 1.922 2.029 2.121 2.244
y = 0.05 1.199 1.466 1.631 1.770 1.899 2.041 2.161 2.251 2.370
y =0.1 1.230 1.591 1.764 1.914 2.045 2211 2.324 2.437 2.567
y =0.15 1.416 1.712 1.897 2.057 2213 2.379 2.505 2.611 2.760
y =02 1.551 1.871 2.061 2.231 2.387 2.571 2.695 2.817 2.999
y =0.25 1.705 2.033 2232 2411 2.569 2.757 2.906 3.031 3.169
y =03 1.903 2.238 2.445 2.623 2.784 3.00 3.167 3.309 3.444
y =0.35 2.148 2.475 2.687 2.880 3.069 3.271 3.419 3.578 3.753
y =04 2.508 2.814 3.015 3.192 3.367 3.581 3.717 3.850 4.023
y =045 3.121 3.387 3.560 3.723 3.877 4.079 4.223 4.388 4.585
Two-sided
y=0 1.213 1.460 1.612 1.741 1.857 2.012 2.104 2.195 2311
y = 0.05 1.314 1.573 1.732 1.862 1.987 2.143 2.242 2.334 2476
y =0.1 1.423 1.708 1.876 2.016 2.148 2.306 2417 2.501 2.638
y =0.15 1.544 1.839 2.017 2.172 2.309 2.485 2.596 2.720 2.859
y =02 1.684 1.995 2.175 2.344 2.498 2.677 2.812 2.947 3.085
y =0.25 1.846 2.172 2.357 2.527 2.684 2.862 2.998 3.104 3.219
y =03 2.042 2.372 2.572 2.748 2.906 3.122 3.262 3.372 3.562
y =0.35 2.294 2.621 2.825 3.017 3.196 3.387 3.541 3.695 3.860
y =04 2.654 2.961 3.150 3.330 3.499 3.695 3.852 4.002 4.208
y =045 3.268 3.529 3.697 3.852 4.011 4216 4.362 4.486 4.627

Proof of Theorem 4 We will use a Hoeffding decomposition adjusted to the changing
distribution. To this aim we define

hin(x) 1=/Sh(x,y)Qn(dy)—5n,

Hon(y) = /S h(x, y) Pa(dx) — 8.

gn(x,y) :=h(x,y) = hin(x) = h2n(y) — dn.

Next we show that the following estimates hold with an absolute constant C > 0:

k*40*
( Z h2,n (Xi,n)

i=k*+1

m

L i=1

(Zhl,n(xi,n) +

n

2

i=k*4+0*+1

2
) < Ct*,

2
hl,n(Xi,n)) <C(n—10%),

a7

(18)
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k*  k*4e* n k*e* 2
E (Z Z gn(Xi,nan,n)+ Z Z gn(XiJl’Xj;”))

i=1 j=k*+1 i=k* 0541 j=k*+1
< Cl*(n—£€"). (19)
These estimates yield

2

E[Y" D [h(Xui Xpj) =8 | < Cnt*(n— %)

iel* jel,\I*
with an absolute constant C > 0 and (15) follows by (5). Hence, it remains to prove
(17)-(19).
Conditions (17) and (18) follow from Lemma 14, (19) follows from Lemma 13. O

8 Critical values

In Table 2, we give the upper quantiles of limit distribution of the one-sided and
two-sided test statistics, that is

B(t) — B(s)
T, := sup
s,t€[0,1],s <t =)V =@ —ys)
T, = sup |B(t) _ B(S)|

suef01)s<t & =)V (L= (@ —s5)r’

where B is a standard Brownian bridge. The distribution was evaluated on a grid of
size 10,000 and we run a Monte-Carlo-simulation with 30,000 runs.

Acknowledgements Open Access funding provided by Projekt DEAL. We thank the editor and two anony-
mous referees for their careful reading of the article and their thoughtful comments, which have led to an
improvement of the article. We also would like to thank Lea Wegner for her help concerning language
corrections and additional R programming.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Betken A (2016) Testing for change-points in long-range dependent time series by means of a self-
normalized Wilcoxon test. J Time Ser Anal 37(6):785-809

@ Springer


http://creativecommons.org/licenses/by/4.0/

Convergence of U-processes in Holder spaces... 1435

Ciesielski Z (1960) On the isomorphisms of the spaces Hy and m. Bull Acad Pol Sci Ser Sci Math Phys
8:217-222

Commenges D, Seal J, Pinatel F (1986) Inference about a change point in experimental neurophysiology.
Math Biosci 80:81-108

Csorgé M, Horvéth L (1989) Invariance principles for changepoint problems. In: CR Rao, MM Rao (eds)
Multivariate statistics and probability, pp 151-168

Darkhovsky BS (1976) A nonparametric method for the a posteriori detection of the “disorder” time of a
sequence of independent random variables. Theory Probab Appl 21:178-183

Dehling H, Rooch A, Taqqu MS (2013) Non-parametric change-point tests for long-range dependent data.
Scand J Stat 40(1):153-173

Dehling H, Fried R, Garcia I, Wendler M (2015) Change-point detection under dependence based on two-
sample U-statistics. In: Dawson D et al (eds) Asymptotic laws and methods in stochastics. Springer,
New York, pp 195-220

Dehling H, Rooch A, Wendler M (2017) Two-sample U-statistic processes for long-range dependent data.
Statistics 51(1):84-104

Déring M (2010) Multiple change-point estimation with U-statistics. J Stat Plann Inference 140(7):2003—
2017

Ferger D (1994) On the power of nonparametric changepoint-tests. Metrika 41(1):277-292

Gombay E (1994) Testing for change-points with rank and sign statistics. Stat Probab Lett 20(1):49-55

Gombay E (2001) U-statistics for change under alternatives. J Multivar Anal 78(1):139-158

Huskova M (1995) Estimators for epidemic alternatives. Comment Math Univ Carolin 36(2):279-291

Herrndorf N (1985) A functional central limit theorem for strongly mixing sequences of random variables.
Z Wahrscheinlichkeitstheor verw Geb 69(4):541-550

Kabluchko Z, Wang Y (2014) Limiting distribution for the maximal standardized increment of a random
walk. Stoch Process Appl 124:2824-2867

Levin B, Kline J (1985) The cusum test of homogeneity with an application in spontaneous abortion
epidemiology. Stat Med 4(4):469-488

Mikosch T, Rackauskas A (2010) The limit distribution of the maximum increment of a random walk with
regularly varying jump size distribution. Bernoulli 16(4):1016-1038

Orasch M (2004) Using U-statistcs based processes to detect multiple change-points. Asymptot Methods
Stoch Fields Inst Commun 44:315-334

Pettitt AN (1979) A non-parametric approach to the change-point problem. J R Stat Soc Ser B 28:126-135

Praskova Z, Chochola O (2014) M-procedures for detection of a change under weak dependence. J Stat
Plan Inference 149:60-76

Rackauskas A, Suquet C (2004) Holder norm test statistics for epidemic change. J Stat Plan Inference
126(2):495-520

Rackauska A, Suquet C (2007) Estimating a changed segment in a sample. Acta Appl Math 97(1-3):189-210

Shao X, Zhang X (2010) Testing for change points in time series. J Am Stat Assoc 105(491):1228-1240

Siegmund D (1988) Approximate tail probabilities for the maxima of some random fields. Ann Probab
16(2):487-501

Siegmund D, Venkatraman ES (1995) Using the generalized likelihood ratio statistic for sequential detection
of a change-point. Ann Stat 23:255-271

Vogel D, Wendler M (2017) Studentized U-quantile processes under dependence with applications to
change-point analysis. Bernoulli 23(4B):3114-3144

Vogelsang TJ (1999) Sources of nonmonotonic power when testing for a shift in mean of a dynamic time
series. J Econom 88(2):283-299

Wolfe DA, Schechtman E (1984) Nonparametric statistical procedures for the changepoint problem. J Stat
Plan Inference 9(3):389-396

Yao Q (1993) Tests for change-points with epidemic alternatives. Biometrika 80(1):179-191

Yoshihara KI (1976) Limiting behavior of U-statistics for stationary, absolutely regular processes. Z
Wahrscheinlichkeitstheor verw Geb 35(3):237-252

Yokoyama R (1980) Moment bounds for stationary mixing sequences. Z Wahrscheinlichkeitstheorie verw
Gebiete 52:45-57

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Convergence of U-processes in Hölder spaces with application to robust detection of a changed segment
	Abstract
	1 Introduction
	2 Tests for changed segment based on U-statistics
	3 Simulation results
	4 Data example
	5 Double partial sum process
	5.1 iid sample
	5.2 Mixing sample

	6 Asymptotic distribution under null
	7 Behavior under the alternative
	8 Critical values
	Acknowledgements
	References




