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Abstract

In this article a special class of nonlinear optimal control problems involving a
bilinear term in the boundary condition is studied. These kind of problems arise for
instance in the identification of an unknown space-dependent Robin coefficient from
a given measurement of the state, or when the Robin coefficient can be controlled
in order to reach a desired state. Necessary and sufficient optimality conditions
are derived and several discretization approaches for the numerical solution of the
optimal control problem are investigated. Considered are both a full discretization
and the postprocessing approach meaning that we compute an improved control by
a pointwise evaluation of the first-order optimality condition. For both approaches
finite element error estimates are shown and the validity of these results is confirmed
by numerical experiments.

Keywords Bilinear boundary control - Identification of Robin parameter - Finite
element error estimates - Postprocessing approach

1 Introduction

This paper is concerned with bilinear boundary control problems of the form

1 a .

subject to
—Ay+y=f in £,
Jdy+uy=g on T,
ueUy :={vel’I) :u,<u<u, aeon I},
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156 M. Winkler

where 2 C R”, n € {2,3}, is a bounded domain, & > 0 is the regularization param-
eter, y, € L*(Q) is a desired state and 0 < u, < u,, are the control bounds.

As an application of bilinear boundary control problems we mentioned the iden-
tification of an unknown Robin coefficient from a given measurement y, of the state
quantity. This is for instance of interest in the modeling of stem cell division pro-
cesses [16, 17], where u is the unknown parameter describing the chemical reactions
between proteins from the cell interior and the cell cortex. For further applications,
u can be interpreted as a heat-exchange coefficient in thermodynamics or as a quan-
tity for corrosion damage in electrostatics. There are many publications dealing with
the identification of the Robin coefficient, see for instance [12, 23, 31, 34]. Only a
few papers use an optimal control approach similar to the one considered in the pre-
sent article. We mention [22, 25], where the parabolic version of our model problem
is considered. The authors prove convergence of a finite element approximation but
no convergence rate is established. A similar problem is discussed in [21], dealing
with the recovery of the Robin parameter in a variational inequality.

The aim of the present paper is to derive necessary and sufficient optimality con-
ditions for the optimal control problem and to investigate several numerical approxi-
mations regarding convergence towards a local solution. This complements a pre-
vious contribution of Kroner and Vexler [27] where the distributed control case,
meaning that the bilinear term u y appears in the differential equation, is discussed.
The main results in their article are error estimates for the approximate controls in
the L2(2)-norm for several finite element approximations. To be more precise, the
convergence rate 1 is shown for piecewise constant and 3/2 for piecewise linear
approximations for the control. Moreover, advanced discretization concepts like the
postprocessing approach [32] and the variational discretization [24] are investigated
which allow an improvement up to a convergence rate of 2. It is the purpose of the
present article to extend the results to the case of bilinear boundary control.

The numerical analysis of boundary control problems is usually more difficult than
for distributed control problems as the adjoint control-to-state operator maps onto some
Sobolev/Lebesgue space defined on the boundary. As a consequence, error estimates
for the traces of finite element solutions have to be proved, more precisely, in the L>(I")
-norm. Here, we consider two different discretization approaches. The first one is a full
discretization using piecewise linear finite elements for the states and piecewise con-
stant functions on the boundary for the control approximation. Under the assumption
that the domain has a Lipschitz boundary we show that the discrete optimal control
converges with the optimal rate 1. To show this result we exploit the local coerciv-
ity of the objective, best-approximation properties of the control space and suboptimal
error estimates for the state and adjoint equation. In order to obtain a more accurate
solution we also investigate the postprocessing approach where an improved control is
computed by a pointwise application of the first-order optimality condition to the dis-
crete state variables. For this approach we have to assume more regularity for the exact
solution and thus, we restrict our considerations to two-dimensional domains with suf-
ficiently smooth boundary. Under this assumption we show the optimal convergence
rate of 2 — ¢ with arbitrary € > 0 which is the rate one would also expect in the case of
linear quadratic boundary control problems and smooth solutions [3, 4, 33] (even with
h~¢ replaced by | In A, where A is the maximal element diameter of the finite element
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Bilinear boundary control problems 157

mesh). The proof relies on the non-expansivity of the projection onto the feasible set as
well as sharp error estimates for the state and adjoint state in L>(I"). To obtain estimates
in these norms superconvergence properties of the midpoint interpolant, finite element
error estimates for the Ritz projection in L>(I") and a supercloseness result between the
midpoint interpolant of the exact and the discrete solution are exploited. To show the
L*(I')-norm error estimate we will, as we consider smooth solutions, derive a maxi-
mum norm estimate. To the best of the author’s knowledge these results are not avail-
able in the literature for problems with Robin boundary conditions. Based on the ideas
from [18] we formulate the missing proof.

We moreover note that the setting discussed here does not fit into the well-known
framework of the semilinear optimal control problems discussed e. g.in [5, 9, 11, 29],
as these contributions deal with nonlinearities depending solely on the state variable.
However, many techniques can be reused for the problem considered here. The only
publication where more general nonlinearities depending both on the state and the con-
trol variable is, to the best of the author’s knowledge, [35]. Therein optimality condi-
tions are discussed but there is no theory on the numerical analysis of approximation
methods for this problem class available yet. However, we think that the consideration
of bilinear control problems may serve as a starting point for the investigation of a more
general class of nonlinear optimal control problems.

The article is structured as follows. In Sect. 2 we discuss the solubility of the state
equation and regularity results for its solution. In Sect. 3 we analyze the optimal control
problem. In particular, necessary and sufficient optimality conditions are investigated.
Section 4 is devoted to the finite element discretization of the state equation, where we
show finite element error estimates required for the numerical analysis of the optimal
control problem later. The discretization of the optimal control problem is considered in
Sect. 5. In particular, we discuss convergence rates for the numerical solution obtained
by a full discretization of the optimal control problem as well as for an improved con-
trol obtained by a postprocessing step. The latter result requires some auxiliary results
that we discuss in the appendix. To be more precise, a maximum norm error estimate
for the finite element solution of an elliptic equation with Robin boundary conditions is
needed. A proof is given in Appendix 1. Moreover, a proof of local error estimates for
the midpoint interpolant and the L>(I") projection onto piecewise constant functions
on the boundary is needed. To the best of the author’s knowledge these results are not
available in the literature in case of domains with curved boundaries. Thus, we discuss
these auxiliary results in Appendix 2. Finally, we will compare the theoretical results
with numerical experiments in Sect. 6.

2 Analysis of the state equation

We consider the boundary value problem
—Ay+y=f in £ dy+uy=g on T,

on a bounded Lipschitz domain 2 C R”, n € {2,3}, with data f € L*(2) and
g € L*(I'). The corresponding weak formulation reads
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158 M. Winkler

Findy € H(Q) : a,y,v) = F(v) Vv € H'(Q), )
with

au(y, V) = (Vy, Vv)Lz(_Q) + (y, V)LZ(Q) + (M y, V)LZ(r)a
FO) 1=,V + (8 V)2

First, we show an existence and uniqueness result for (1). Therefore, we
introduce a decomposition of the control into positive and negative parts
ut,uw € L2(IN) :={veL*(I') :v>0a. e. on I'} such that u=u"—u". The
following result then relies on the Lax—Milgram—Lemma. However, an assumption
on the coefficient u is required.

Lemma 1 Assume that u € L*(I') satisfies

e Nz <

) < 3 ()
£

with the constant c* which is due to the estimate ||v||jary < c* |Vl gy Then, the

solution y of (1) belongs to H'(2) and satisfies the a priori estimate

1
YNl o) < y_ (“f”[—l‘(.Q)* + ||g||H-1/2(F))

u

withy, :=1—c ||u™ || 2 > 0.

Proof The boundedness of a, follows directly from the Cauchy—Schwarz inequality
and the continuity of the trace operator 7 : H'(£) — L*(I"). This implies

a(y,2) < Il 1zl ) + Nell 2oy 1N sy 120 sy
2
< (1 +c, ||M||L2(r)) IVl ) N1zl 1 )

+

To show the coercivity we take into account the decomposition u = u™ — u~ to get

r

Here, the assumption (2) will ensure the coercivity. An application of the Lax—Mil-
gram Lemma leads to the desired result. O

Note that {v € L*(I') : ||v™ |l 2y < ¢;} is an open subset of L*(I"). This is the
key idea which allows us to avoid the two-norm discrepancy for the optimal con-
trol problem as we will see that the reduced objective functional is differentiable
with respect to the L>(I')-topology. In the following we will hide the dependency
of the estimates on [|u~||;2;) and thus y, in the generic constant as we impose
positive control bounds in the considered optimal control problem.

Later, we will frequently make use of the following Lipschitz estimate.
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Bilinear boundary control problems 159

Lemma 2 If u,,u, € L*(I') satisfy the assumption (2), the corresponding states
v, ¥, € H'(2) solving

a, V) = (Vi + @iV VWeEH (), i=1,2,
fulfill the estimate
Iy = Yallmay < (g = woll 2o 12l
+ 1Ify _f2||111(g)* + 118 — 82”1171/2([))-
Proof Subtracting the variational formulations for y, and y, from each other leads to

(VO = y2)s VV)LZ(,Q) + O =y V)LZ(Q) + (u; Oy — ¥2)s V)LZ(r)
=(fi —fos Ve + (81— 82> Ve + (U — uy) ¥2. V) 121y

The result follows from Lemma 1 and the continuity of the product mapping from
LX(I') x HY*(I') to H~/%(I"), see [20, Theorem 1.4.4.2]. O

In the following theorem we collect some regularity results for the solution of (1).

Lemma 3 Let 2 C R", n € {2,3}, be a bounded Lipschitz domain. By y € H' ()
we denote the solution of (1). The following a priori estimates are valid, under the
assumption that the input data possess the regularity demanded by the right-hand
side:

@ Ifr>2n/(1+n)and p>2forn=2andp > 4 forn =3, then

Iyl 2y + W rery < C(l + ||M||U(r))(|lf||y(g) + ||g||L2(r))-

(b) Ifr>n/2, s>n—1,and p >2forn=2and p > 8/3forn =3, then

2
IVl < (1 + Nellpiry)” (W Nl + Ngllry)-
(c) Furthermore, if 2 is a convex polygonal/polyhedral domain, or possesses a
boundary which is of class C', there holds
2
Iyl < (1 + Nullgingy)” (W2 + I8lgaa)-

Proof (a)
In [15, Theorem 1.12] it is shown that the problem

—Ay=Fin 2,  dy=GonT

possesses a solution in H3/2(R) provided that F € H*~2(R) for some s € (3/2,2]
and G € L*(I'), as well as /QF + /rG = 0. The solubility condition is satis-
fied in our situation with F=f—y and G=g—uy and becomes clear when
testing (1) with v = 1. The regularity required for F' follows from the embedding
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160 M. Winkler

f € L'(R) < H™'/7¢(Q) for sufficiently small € > 0. Moreover, the Holder inequal-
ity and the continuity of the trace operator 7 : H'(£) — LI(I') for g < oo (n = 2)
or ¢ <4 (n=3) imply ||uyll;2ry < cllullppiry 1Y@ from which we conclude
G € LX(I"). From [15, Theorem 1.12] and Lemma 1 we then obtain

Wl < c<||F||L,-<g) 1l + ‘ / y(x)de
Q

<c(l1+ ||M||U(r))(|lf||Lr(_Q) + ||g||L2(F))'

3)

It remains to show the H'(I")-norm estimate. We split the solution into the parts Vr
and y, solving

—Ay,+y,=f -4y, +y, =0 in £,
9,y =0 0,y =8 — uy on I.

Using [19, Theorem 5.4] we directly deduce

el < cllg = uyllzi < c(ligllzay + el 1)

and Lemma 1 leads to the desired estimate for y,. For the function y,, we get the
desired estimate by an application of a trace theorem and the a priori estimate (3)
which can in case of g = 0 be improved to

el iy < cllypllgsne) < il @)

provided that € > 0 is sufficiently small. The validity of the second step can be con-
firmed by means of [15, Theorem 1.12] and [14, Theorem 23.3]. The decomposition
y = yr +, and the estimates shown above imply the desired estimate in the H )
-norm.

(b) We prove the result for the case n = 3. The two-dimensional case follows
from the same arguments. From [8, Theorem 3.1] it is known that the solution of
(1) belongs to C(Q) if f € L"(2),r > n/2,and g —uy € L°(I'), s > n — 1. The latter
assumption can be concluded from the Holder inequality, a Sobolev embedding and
a trace theorem, which implies

Nluyllpscry < e lullppiry I Nscry < € lull iy 1N sie )

forl/p+1/8 =1/(2 + ¢). A simple computation shows that p > 8/3ands =2+ ¢
with € > O sufficiently small guarantee the validity of the previous steps. It remains
to show y € H3/4*¢(Q). This can be deduced from [14, Theorem 23.3] where the a
priori estimate

||y||1-15/4+s(g) < C(|lf||1—13/4—s(9)* +llg - ”)’||H—1/4+s(r)) “)

is stated. The regularity demanded by the right-hand side of (4) is confirmed with
the embeddings f € L'(Q) < H3/*¢(Q)* and g € L(I") & H~'/4*¢(I"). Moreover,
there holds |luy|l g-1/a+ecry < ¢ lull oy 1Vl sy se€ [20, Theorem 1.4.4.2]. Collect-
ing up the arguments above leads to
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Bilinear boundary control problems 161

”y”c(ﬁ) < C(”f”u(.()) + ”g”u(r) + ||l4||u)(r)||}’||H5/4+e(g))
2
<c(+ullpy) (Il + Ngllsw@ + IVllmw)

and the assertion follows after insertion of the a priori estimate from Lemma 1.

(c) With an embedding we deduce from the assumption that u € L*(I'). Hence,
(4) is applicable which implies y € H3/4(I") and thus, uy € H'/*(I"), see [20, Theo-
rem 1.4.4.2]. The H*(£2)-regularity of y then follows from a shift theorem applied to
the equation with boundary conditions 0,y = g — uy € H'/?(I') on T, see [20, Theo-
rem 2.4.2.7] (for domains with smooth boundary) or [20, Theorem 4.4.3.8] (for con-
vex polygonal domains). O

3 The optimal control problem

Due to the well-posedness of the state equation we may introduce the control-to-state
operator S : U,; — H'() defined by S(u) :=y, with y solving (1). This allows to
reformulate the optimal control problem introduced in Sect. 1 and we arrive at

. 1 a .

subject to u € Uy, :={veE€L*I') :u, <v<u,a. e onl} Here, >0 is the
regularization parameter, y, € L*(£2) the desired state and 0 < u, < u,, the control
bounds. Our aim is to derive necessary and sufficient optimality conditions as well
as regularity results for local solutions. Note, that the operator S is non-affine and
consequently, j is non-convex. The existence of at least one local solution can be
concluded from standard arguments [39], taking into account that for a minimizing
sequence {u,} C LI(I'), g € (2, o), the corresponding states converge strongly in
LP(I) for each p < 4, which is due the compact embedding H'(2) < L(I').

3.1 Optimality conditions

To derive optimality conditions differentiability properties of the (implicitly defined)
operator § are of interest.

Lemma 4 The operator S : U,, — H'(Q) is infinitely many times Fréchet differen-
tiable with respect to the L*(I')-topology. The first derivative 6y = S'(u)du is the
weak solution of the tangent equation

—Ady+06y=0 in Q,
0,6y +udéy=-6uy on I. ©)

Proof The result follows from an application of the implicit function theorem to the

operator e : H'(Q)x U - H'(2)* with U := {v € L*(I') : v fulfills (2)} defined
by
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162 M. Winkler

ey, wv 1= (Vy, VW) o) + 0. V) + @y Vg = V@) — @ V)@,

whose roots are solutions of (1). We choose 6y € H'(Q), éu € U such that
u+ 6u € U (note that U is an open subset of L2(I")). First, we confirm that the linear
operator ¢'(y, u) : H'(2) x U = H'(Q)* defined by

¢ (v, u)(8y, 6u) := (Véy, Vg + (0, Dpaq) + Wéy +you, )2 @)
is the Fréchet-derivative of e. This is a consequence of
e(y + 8y, u + 6u) — e(y,u) = €' (y, u)(5y, Su) + (u 8y, D2
and the fact that the remainder term satisfies

(6u oy, (P)Lz(f)
l6uéyllgi(@y = sup —————
pEH(Q) ||(P||H1(Q)

||(P||L4(r)

c sup ———— |[6ullz2cry N6Y Il pacr
peH! (Q) ||(P||H1(Q) o " ®)

2
< e 8l 1631y < (1601, + 1651 )

= o(|1(6y, )l g1 @yxr2ry)

where we applied the generalized Holder inequality and H 1(Q) o LY(I"). The sec-
ond Fréchet derivative

¢ H(Q)x U - L(H'(R2) x LX), H (2))
is given by
" (y, u)(8y, bu)(zy, Tu) 1= (Tudy + 5uty, )2

and the mapping (y, u) — € (y, u) is continuous. The derivatives of order n > 3 van-
ish. Hence, e : H'(2) x U - H'(R2)*is of class C*.
Finally, due to Lemma 1 we conclude that the linear mapping

oy = ey(y’ u)sy = (Voy, V’)LZ(Q) + (6, ‘)LZ(_Q) + (u 6y, ')Ll(r) € HI(Q)*

is bijective. The implicit function theorem implies the assertion and the derivative
6y 1= 8'(u)du is given by €'(y, u)(8y, su) = 0. This corresponds to the weak formu-
lation of (6). a

From the chain rule and Lemma 4 we directly conclude the following differen-
tiability result:

Lemma5 The functional j : U,; — R is infinitely many times Fréchet differentiable
with respect to the L*(I')-topology and the first derivative is given by
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Bilinear boundary control problems 163

(@), v) = (S@) =y, S @WV)p20) + @ WU, V)p2y, v E LX), )

The derivative of j can be simplified exploiting a precise representation of the
adjoint S'(u)* : H'(2)* — L*(I') of the linearized control-to-state operator S'(u).
In order to compute this, we introduce the the adjoint state p € H' () as the weak
solution of the adjoint equation

(10)

—Ap+p=y-y, in £,
o,p+up=0 on I

Testing the variational problems for (10) and (6) with 8y := S'(«)éu and p, respec-
tively, leads to the relation

O =Ya 5)’)L2(Q) =-0p, 5”)L2(r)a
which implies
S' W)y =yg) :=~lyplr. (1n

In the following we denote the control-to-adjoint mapping Z : L*(I") - H'(Q)
defined by u — Z(u) := p via (10) with y = S(u). Finally, we are able to formulate
the necessary optimality condition

<j’(u), v— u> = (Sw) -y S W)(v — Wy taw,v—uwpr =20 YWwelU,
and with (11) we get the equivalent representation
(J'w),v—u) =(au—SwW Zu),v—wp g 20 VveU,.

Taking into account the definitions of S and Z we can write this variational inequal-
ity in the form

—Ay+y=f  —Apt+tp=y-y, in L,
Jd,y+uy=g o,p+up=0 on I, (12)
(@u—yp,v—u)yry 20 for all ve U,.

The latter inequality is equivalent to the projection formula
1
u=,(plr) (13)
with I7,, the L*(I")-projection onto U,

As the problem (5) is not convex, we have to investigate second-order suffi-
cient conditions. To obtain the Hessian of j we apply the product rule and get

J' (w)(6u, Tu) = (a tu+ S (wyruZ(w) + S(u) Z' (u)ru, 5”)L2(r)' (14)

The function 7p = Z'(u)tu € H'(Q) is the weak solution of the “dual for
Hessian”-equation
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—Atp+1p =71y in £,
(15)

d,tp+utp=—tup onl,

where 7y = §'(u)tu. As in the proof of Lemma 3 this follows from the implicit
function theorem. Note that also further representations of the Hessian are possible.
For instance, a direct application of the product rule to (9) yields
7" ) (Su, Tu) = a(Su, Tu) 2 py + (8" (W, S'W)1) 2 )
+ (S(u) = g, 8" ()(Su, Tw)) 12 )

= a(éu, T”)LZ(F) + (6, T)’)LZ(Q) + O =Y 5Ty)L2(Q)e
with y = S(u), 6y = §'(w)dy, ty = S"(u)ru and 6ty = S""(u)(Su, u). The latter rela-
tion means that 87y € H'(Q) is the weak solution of

—Adty+ 6ty =0 in Q,

0,6ty +uodry =—oéutry—rtudy onl.
Moreover, due to the definition of p and 67y there holds the relation

(Y = Y4» 06TV 12() = —(p, SuTy + TU6Y);2 (1) and as a consequence, we can further
simplify the representation of the Hessian and obtain

J" ) (6u, Tu) = a(Bu, Tu) 2y + (8, TV) 1200y — (P SUTY + TUEY) 2.

Next, we derive some stability and Lipschitz properties of S, Z, S’ and Z'. As the
following results require different assumptions on f, y, and g we simply assume the
most restrictive ones, this is,

fryg € LY(Q), g€ H/X(I).

Moreover, we will hide the dependency on these quantities in the generic constant to
simplify the notation.

Lemma 6 Let u € L>(I") satisfy the assumption (2). The control-to-state operator S
satisfies the following inequalities:
IS 1) < ¢
ISCON a2y + IS@ 1y < € (X + Null iy
”S(”)”Lw(g) <c(l+ ”””Uz(r))zs

with py > 2and p, > 2 forn =2, and p, > 4 and p, > 8/3 for n = 3. The estimates
remain valid when replacing the operator S by the control-to-adjoint operator Z.

Proof The inequalities for S are a direct consequence of Lemmata 1 and 3. The
inequalities for Z can be derived with similar arguments, but the right-hand side of
the adjoint equation involves the corresponding state S(z). However, in all cases the
norms of S(u) — y, can be bounded by ¢ (1 + [|S()|| 1) < c. O
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Lemma 7 Given are u,du € L*(I') and it is assumed that u satisfies (2). Then, the
following stability estimates hold true:

IS @bull 1oy < € 6ull 20
3
||S’(u)5u”H3/2(Q) < C(l + ||”||uz(r)) lloull 2(rys

with p > 2 for n =2 and p > 4 for n = 3. The estimates remain valid when replac-
ingS"by 7.

Proof In the following we write y := S(u) and 8y = S’ (u)du. The stability in H'(£2)
follows directly from Lemma 1 and the estimate
(ouy, (P)LZ(r)

Nouyllpg-1ory = sup —————— < cllullziry IVl o) (16)

peH1/2(r) ”(0”111/2([“)
»#0

which follows from the same arguments used already in (8). The boundedness of
y := S(u)in H'(£2) can be found in the previous lemma. The estimate in the H3/2(£2)
-norm follows analogously with Lemma 3a) and

Ily 5U||L2(r) <c ||)’||L°°(Q) ||5M||L2(p)

and the stability in L*(£2) proved in Lemma 6.

The estimates for Z’ are deduced with similar techniques. With the a priori esti-
mate from Lemma 3a) and the embedding H'(2) < L"(£2) which holds for r < co
(n=2)orr <6(n=23)we get

”Z’(U)5””H3/2(Q) < C(l + ”””1}(1")) (”P 5”“1}(0 + ”5}’||H1(Q))
< C(l + ||M||U(r))(1 + ||P||Lw(r))||5“||L2(r)

with p = Z(u). The stability of Zin L*(£2) is discussed in the previous lemma. O

Lemma8 Letu,v € L>(I') satisfy assumption (2). Then, the following Lipschitz esti-
mates hold:

I1S(u) — S(v)”Hl(,Q) <cllu- vlle(F)s
IS )du — S'Méull ) < ¢l =il ll6ull 2ry-

The estimates are also valid when replacing S by Z and Z by 7.

Proof The estimates for S and S’ follow directly from Lemma 2 and the stability
estimates for S and " in H(Q) proved in the Lemmata 6 and 7. The Lipschitz esti-
mate for Z is proved in a similar way. In this case one has to apply the Lipschitz
estimate shown for S to the term ||S(u) — S(V)|| 1) appearing due to the differences
in the right-hand sides. With the same idea we show the Lipschitz estimate for Z'.
Using again Lemma 2 we get
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12/ s = Z/)6ull ey < ¢ (= vl 2, 12/ @30l
+ 18" @bu = §' )6V ey + 180 (20 = ZOD v )

It remains to bound the three terms on the right-hand side. To this end, we apply
Lemma 7 to the first term, the Lipschitz estimate for S’(-)éu to the second term, and
the multiplication rule (16) with y = Z(u) — Z(v) as well as the Lipschitz estimate
for Z to the third term. O

As the optimal control problem is non-convex we have to deal with local solu-
tions. For some local solution # € U,; we require the following second-order suf-
ficient condition:

Assumption 1 (SSC) The objective functional is locally convex near the local solu-
tion i, 1. €., a constant 6 > 0 exists such that

J' @) =8Vl e LD (17)

With standard arguments and the estimate we will prove below in Corollary 1

one can show that each function # € U, fulfilling the first-order necessary condi-

tion (12) and the second-order sufficient condition (17) is indeed a local solution
and satisfies the quadratic growth condition

J@ < ju) =y lu=al},,  Vu€B.@),

with certain constants y, 7 > 0. Note that there are weaker assumptions which are
sufficient for local minima, for instance one could formulate (17) for all directions
v from a critical cone. However, with this assumption the convergence proof for the
postprocessing approach presented in Sect. 5.3 requires some more careful investi-
gations, in particular the construction of a modified interpolant onto U,,. One pos-
sible solution for this issue can be found in [29].

Later, we will require the following Lipschitz estimate for the Hessian of j.

Lemma9 Letu,v € L*(I') fulfilling (2) be given. Then, the Lipschitz-estimate

" )6, 1) = " ()61, 5u)| < € [18ullZs 1w = Vllzcro,

is valid for all 5u € L*(I').

Proof To shorten the notation we write y, = S(u), p, = Z(u), 8y, = S'(u)éu and
op,, = Z' (u)éu. From the representation (14) we obtain

/" (v)(6u, Su) — j" (u)(Su, bu)|
< |(pu 5yu —Dy 6yv +yu 5pu — Wy 6171" 5u)L2(F) .
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We estimate the right-hand side using the Cauchy—Schwarz inequality, the embed-
ding H'(R2) & L*(I") and the Lipschitz estimates from Lemma 8 as well as the a
priori estimates from Lemmata 6 and 7. This implies

Py 6y, — Py 6y, 61121y
< c(lpy = Pll oy 16yl gy + 165, = 89l ) 1Py e ) 1180l 22y

2

<c ”I/t - v”Lz(F) I|5u||L2(F)

With similar arguments we deduce
| (58P = 3, 8P, 84) 2 |

< C(“yu - yv”H‘(.Q) ||5Pu||H1(Q) + llép, — 5Pv||H1(_Q) “yv”H](.Q)) ||5”||L2(r)

2
S c ”u - v”LZ(F) ”(SMHLZ(F)’

and conclude the assertion. O

Corollary 1 Let i € U,; be a local solution of (5) satisfying Assumption 1. Then,
some € > 0 exists such that the inequality

, 0
7" @)6u, u) 2 ZN8ull

is valid for all Su € L*(I') and u € L*(I") with ||u — il 2y < €

Proof The assertion follows immediately from the previous lemma. For further
details we refer to [27, Lemma 2.23]. O

In the next Lemma we will collect some basic regularity results for the solu-
tion of (5).

Lemma 10 Ler Q C R", n € {2,3}, be a Lipschitz domain. Each local solution
u € U, of (5) and the corresponding states y = S(it), p = Z(&) satisfy

ne H(I')NL>), y.p € H¥*(Q)n H\(I') n C().

Proof All regularity result, except it € H'(I"), follow directly from Lemma 3. To
show it € H'(I") we apply the product rule

Iy Pllercry < C(”)_’”Hl(r) 1PNl o) + ¥ o) ||l_?||H1(r)) <c

and confirm yp € H'(I'). The desired result then follows after an application of the
Stampacchia-Lemma, [26, p. 50], to the projection formula (13). The fact that the
Stampacchia-Lemma is also valid on the boundary I" is discussed in [28, Lemma
2.8] and [30, Lemma 3.3]. O
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Under additional assumptions on the geometry of £ we can show even higher
regularity. This is needed for the postprocessing approach studied in Sect. 5.3 where
we will show almost quadratic convergence of the control approximations.

Lemma 11 Let 2 C R? be a bounded domain with a C 1'1-boundary I'. Then, there
holds

ne WD) nH>YIT),  y.pe W), g<oo,

forallT cc AorT cCZ,where A :={x€T : ulx) € {u,u,}}andT :=T\ A
denote the active and inactive set, respectively.

Proof With the regularity results obtained already in Lemma 10, in particu-
lar 7 € H'/3(I'), and Lemma 3c) we conclude y,p € H*(2) & W"4(I') for all
g < (1, c0) and a further application of the multiplication rule yields yp € W9(I").
From (13) we conclude the property & € W'4(I"). Furthermore, we confirm that
uy,ip € W'=1/249(I") and a standard shift theorem for the Neumann problem, com-
pare also the technique used in the proof of Lemma 3a), results in y, p € W>9(Q).
Repeating the arguments above, i. e., using the multiplication rule and the projection
formula, we obtain z € W2~1/44([") & H2-V4(T"). m|

We chose the assumptions of the previous lemma in such a way that the regularity
is only restricted due to the projection formula. Of course, when the control bounds
are never active we could further improve the regularity results.

4 Finite element approximation of the state equation

This section is devoted to the finite element approximation of the variational prob-
lem (1). While the results from the previous sections are valid for arbitrary Lipschitz
domains (unless otherwise explicitly assumed), we have to assume more smoothness
of the boundary I" in order to establish our discretization results:

(A1) The domain £2 C R", n € {2,3}, possesses a Lipschitz continuous boundary
I which is piecewise C'.

This definition includes arbitrary (possibly non-convex) polygonal or polyhedral
domains. Indeed, the regularity of solutions is in this case also restricted by cor-
ner and edge singularities. However, for the first convergence result we require only
H3/2(Q) n H'(I')-regularity of the solution. Later, we want to investigate improved
discretization techniques for which more regularity is needed. Then, we will use a
stronger assumption on the domain.

First, we introduce shape-regular triangulations {7, },., of £2 consisting of trian-
gles (n = 2) or tetrahedra (n = 3). The elements 7' may have curved edges/faces such
that the property
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e=T

TeT,

is valid for an arbitrary domain 2. Moreover, we assume that the triangulations are
feasible in the sense of Ciarlet [13].

The mesh parameter 4 > 0 is the maximal element diameter

h= rTnEaT)l( hy,  hy 1= diam(7).

The family of meshes {7} },., is assumed to be quasi-uniform, this means some
k > 0 independent of / exists such that each element T’ € 7, contains a ball with
radius p; satisfying the estimate 22 > k. Each triangulation 7, of £ induces also a
triangulation &, of the boundary I"

By F : T — T we denote the transformations from the reference triangle or tetra-
hedron 7 to the world element T’ € 7, The transformations F; may be non-affine for
elements with curved faces. Here, we consider transformations of the form

Fr=F; + @,

with some affine function F (%) = By& + by, By € R™™, b € R", chosen in such
a way that if 7 is a curved boundary element, T = FT(T) is an n-simplex whose
vertices coincide with the vertices of 7. The assumed shape-regularity implies
1B7|l < chyand ||BS'|| < k3!, see [13, Theorem 15.2].

To guarantee the validity of interpolation error estimates we assume:

(A2) The triangulations 7, are regular of order 2 in the sense of [6], this is, for all
sufficiently small # > 0 there holds

sup |[D®(%) - B!l <c <1,  sup||[D*®;(®)|| < ch?, (18)
2ef xef
forall T € 7,.
There are multiple strategies to construct the mappings ;- satisfying these assumptions
and we refer the reader for instance to [6, 37, 41]. Therein, it is assumed that I" is piece-
wise C3, only in the second reference C* is required.
The trial and test space is defined by

V, = {v, € C(Q) : v, = D,0F;", v, € P(T) for all T € T,)}.

Next, we introduce an interpolation operator onto V,. We partly use the quasi-inter-
polant proposed by Bernardi [6], but use a modification for boundary nodes as in
[36], see also [1, 2]. To each interior node x;, i =1, ... ,N™ of T,, we associate an
element o; := T € 7, with x; € T. For the boundary nodes x;, i = N" +1,...,N,
we define instead o; := E € &, with x; € E. Instead of using nodal values as for the
Lagrange interpolant, we use the nodal values of some regularized function com-
puted by an L-projection over ;. The interpolation operator IT, : W'(Q) — V, is
defined as follows. For eachnodei = 1, ..., N we define a local Lz—projection 7; onto
P (c;) by
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/(ﬁ,-(u) —uoF)qg=0 Vg € P,

with F; the transformation from the reference element T (i=1,...,N" or E
(i=N"+1,...,N) onto 5,. The interpolation operator is defined by

N

M) = Y (#w)oF; () ¢,(x),

i=1

where {¢;},_; .y is the nodal basis of V,. Note, that due to the modification for
boundary nodes, this operator is only applicable to W'!(£)-functions. The desired
interpolation properties remain valid. In particular, for each T € 7, there holds

lu — Il gy < chf_’”lluIIHf(ST), m<¢£<2¢>1, (19)

where S; is the patch of elements adjacent to 7, see [6, Theorem 4.1], [36, Theo-
rem 4.1]. Due to the special choice of the patches o, for the boundary nodes we get
similar interpolation error estimates on the boundary elements E € &,, this is,

f—
Nlu — Myullgngy < ch” " ullyes,), m<€ <2, (20)

with the patch Sy of that boundary elements E’ € &, that touch E. The proof follows
from the same arguments as in [36, Theorem 4.1].

The finite element solutions of (1) are characterized by the variational
formulations

Findy, eV, : a,(,,v,) =FQ,) Vv, € V). (21

As in the continuous case one can show that (21) possesses a unique solution for
each i > 0.

With the usual arguments we can derive an error estimate for the approxima-
tion error in the energy-norm.

Lemma 12 Assume that (A1) and (A2) are satisfied and that the solution y of (1)
belongs to H*(Q) with some s € [1,2]. Then, there holds the error estimate

Iy = Yl < ¢~ Iyl (22)

Proof The proof follows from the Céa-Lemma and the interpolation error estimates
(19). O

Of particular interest are error estimates on the boundary. This is required in
order to derive error estimates for boundary control problems. To this end, we
prove first a suboptimal result which is valid for arbitrary Lipschitz domains €.
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Lemma 13 Let the assumptions (Al) and (A2) be satisfied. It is assumed that the
solution y of (1) belongs to H/*(R). Moreover, the parameter u fulfills (2) and
belongs to LP(I") with p > 2 for n = 2 and p > 4 for n = 3. Then, the error estimate

Ily —yh”LZ(r) < Ch(l + ||M||1J1(r))||)/||113/2(g) < Ch(l + ||u||U,(F))2
holds, for all h > 0.
Proof We introduce the dual problem
Findwe H'(2):  a,0,w) =G -y.Vpg  WeH(Q)
and obtain with the typical arguments of the Aubin-Nitsche trick
Ily — yh”iz(p) <clly =yullmg lw = Hywll o)
<ch ”W”H3/2(_Q) ”y“H3/2(.Q)'

The last step is an application of Lemma 12 and the interpolation error estimate
(19). The regularity required for the dual solution w can be deduced from Lemma 3
with f = 0 and g = y — y,,. Taking into account the a priori estimate

Wl @) < C(l + ||M”U(r))”y = Yullzz2cr

we conclude the assertion. O

If the solution is more regular, we can also show a higher convergence rate.
In this case we will use the Holder inequality and a trace theorem to obtain
1y = yullzzary £ 11y = Ypllz () and insert the following result.

Theorem 2 Consider a planar domain domain 2 € R?. Letu € HY2(I') withu >0
a. e., and assume that (Al) and (A2) are satisfied. Assume that the solution y of (1)
belongs to y € W>9(Q) with g € [2, ). Then, the error estimate

1y = allzocoy < €279 [k Y llyeago)

is valid.

The proof requires rather technical arguments and is postponed to the appendix.

5 The discrete optimal control problem

In the following we investigate the discretized optimal control problem:

2

. 1
Find u, € U}‘fd D O uy) = Sy, = vallia o
2 (£2)

a .
+ S Iyl ) — mint - (23)
subject to
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y/’l S Vh’ auh(yh, Vh) = F(Vh) Vvh S Vh'

The reduced objective functional is denoted by j,(u,) 1= J,(S,(u,), u;,). We use
piecewise linear finite elements to approximate the state y, i. e., the space V), is
defined as in the previous section. The controls are sought in the space of piecewise
constant functions,

UM :={w, € L) : wylp €Py VEEEIN Uy,

where &, is the triangulation of the boundary induced by 7,,.
As in the continuous case we can derive a first-order necessary optimality condition
which reads

a, V> vi) = F(vy) forall v, €V,

@, Vo Pp) = O = Yo Vidirg)  forall v, €V, (24
(@uy, =y, pp>wy — Up)ry 20 forall w, € UZ".

The discrete control-to-state operator S, : L?>(I") — V, and the discrete control-to-
adjoint operator Z, : L>(I") — V,, are defined by y, = S, («) and p, = Z,(u) with

a, . vy) = F(v) Vv, € V),
a,(vp.pp) = On = Yas Vh)LZ(Q) Vv, € V.

Analogous to the continuous case we compute the first and second derivatives of j,
and obtain

Jwdu = (au—S,w) Z,w), 5"‘)L2(r) (25)
and
7 @) (@Su, tu) = (a tu— S,w) Z (wyru — S}, (wruZ,(u), 5M)L2(F), (26)
where 7y, = S} (u)ru € V, and 7p;, = Z, (u)tu € V), are the solutions of

a,(Tyy, vy) = —(TU Y, Vi) rer forallv, € V,,

a,(vy, Tpp) = (T, Vi) 2y — (TUpp vy forallv, €V,

with y, = §,(u) and p, = Z,(u). These are the discretized versions of the equations
(6) and (15). The first-order optimality condition reads in the short form

(o, — S, () Z3,(uy), Wy, = ) oy = 0 for all w, € U/ 27)
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5.1 Properties of the discrete control-to-state/adjoint operator

In Sect. 3 we have derived several stability and Lipschitz properties for the opera-
tors S, Z, §' and Z'. Here, we will derive the discrete analogues that are needed in
the following. Throughout this section we assume that (A1) and (A2) are fulfilled.

Lemma 14 There hold the following properties:

2
||Sh(u)||Hl(r) < C(l + ||u”U'1(p)) >
2
1S, |l ooy < C(l + ||”||Uz(r)) ,

for pi,py >2forn=2and p, >4, p, >4 for n =3. These estimates remain valid
when replacing S, by Z,,.

Proof We start with the estimate in the H'(I')-norm. With the triangle inequality
and an inverse estimate we obtain
||Sh(u)||H1(r) < C(”S(M) - Sh(“)”yl(r) + ||S(M)||Hl(r))
< ¢ (IS = ,S@ gy + B~ 1S@) = ISl 2
+hIS(u) - S|l 2cry + ||S(M)||Hl(r))-

The first two terms are bounded by the last one due to (20) and it remains to apply
the stability estimate from Lemma 6. For the third term we apply the error estimate
from Lemma 13. This implies the first estimate.

We prove the maximum norm estimate only for the case n = 3. In the following,

we write y, := S, (u). We introduce the function y € H'(£2) solving the problem
—-Ay+y=f in Q, 0,y=g—uy, on I.

n

Obviously, y, is the Neumann Ritz-projection of y, i. e.,
aN @y, =y.v,) = / (Vo= Vv, + =P v,) =0 for all v, € V.
Q

Let x* € T* with T* € 7, be the point where |y,| attains its maximum. With an
inverse inequality and the Holder inequality we get
Iyallzo = @O < 1T vyl
<c(IT 1715 = yullwrs) + 13lliscry) (28)
=c("y- Y t ¥l
where §" is a regularized delta function defined by §"(x) = |T*|~! sgn (F(x) — y,(x))

if x € T* and 6"(x) = 0 otherwise. The second term on the right-hand side can be
treated with the arguments used already in the proof of Lemma 3b), namely
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19l < (U llireay + Ngler + luvilloar)

with r > 3/2 and s = 2 + ¢ with € > 0 sufficiently small such that the following
arguments remain valid. We estimate the last term with the Holder inequality for
P, =42 +¢)/(2—¢)and p’ =4 (note that 1 /p, + 1/p’ = 1/s) and the embedding
H'(Q) < L*(I'). This yields

”“yh”Lx(r) <c ”””l/’z(r) ||yh||L4(r) <c ”u”lﬂz(r) ”yh”Hl(_Q)-
It remains to exploit stability of S, in the H!(£2)-norm to conclude
”5’”1}0(9) <c(l+ ”MHUz(r))- 29)

The estimate for the first term on the right-hand side of (28) is based on the
ideas from [40, Section 3.6]. First, we introduce a regularized Green’s func-
tion g" € H'(£2) solving the variational problem a™ (z,g") = (6", 7)1, for all
z € H'(2). The Neumann Ritz-projection of g” is denoted by gZ. Using the Galerkin
orthogonality we obtain

@".5-y)=aG-y.¢=a" G- 1,3.8" - g
< o215 h (30)
<ch ”)7”H3/2(Q) llg ”1—11(9)7

where the last step follows form the stability of the Ritz projection and the interpola-
tion error estimate (19). To bound the H'(£2)-norm of g" we apply the ellipticity of
a™, the definition of g", the Holder inequality and an embedding to arrive at

hy2 N I/ h h _h
C”g ”HI(.Q) S a (gl’g ) = (5 » 8 )LZ(Q)
h h -1/2 h
< c 118"l or5( 118" sy < ¢ h™ 2 118" g1 )

The last step follows from the property [|6” || /5y < ¢ |7*|71/ < ¢ h™'/2 that can be
confirmed with a simple computation. Insertion into (30) and taking into account
(28) and (29) yields the desired stability estimate.

The estimates for Z, follow in a similar way. One just has to replace fby S, (u) — y,
and the result follows from the estimates proved already for S, (). O

Lemma 15 Assume that u,v € L*(I) satisfy the assumption (2). Then, the Lipschitz
estimate

1S, @) — Sh(v)”Hl(,Q) <cllu- V”]}(r)

holds.

Proof The proof follows with the same arguments as in the continuous case, see
Lemmata 2 and 8. O

Next, we discuss some error estimates for the approximation of the control-
to-state and control-to-adjoint operator. While error estimates for S, and Z, are a
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direct consequence of Lemma 12, the results for the linearized operators S, and
Z}’L require some more effort as for instance S’ (u)éu — S;l(u)éu does not fulfill the
Galerkin orthogonality.

Lemma 16 For eachu € U,, and 5u € L*(I') the error estimates

1SG) = S @)1y < B> (4 Nuall o)
IS (w)du — S}, wdull 1y < B> (1 + Null o) N8ull 2y

are valid for p > 2 for n =2 and p > 4 for n = 3. The results are also valid when
replacing S and S, by Z and Z,,, as well as S’ and S;l by Z' and Z;l, respectively.

Proof The first estimate is just a combination of the Lemmata 6 and 12. To show the
estimate for the linearized operators we introduce again the abbreviations y := S(«),
v, = 8,w), 8y := S (uw)du and Sy, 1= S;l(u)éu. Moreover, define the auxiliary func-
tion 6y, € V,, as the solution of

au(ﬁj}h, V/’l) = (yéu, Vh)LZ(r) Vvh (S Vh

This function fulfills the Galerkin orthogonality, i. e., a,(6y — 6¥,,v,) =0 for
all v, € V,. Hence, we obtain with Lemma 12 and the Lipschitz-property from
Lemma 2 (note that this Lemma is also valid for the discrete solutions)

16y = 6yull () < c(||6y =Vl + 1169, — 5)’h||H'(Q))
< C(hl/z ||5)’||H3/2(_Q) + [[6u(y — yh)”H—l/2(f))*

For the first term we simply insert the second estimate from Lemma 7. The second
term on the right-hand side is further estimated by means of [20, Theorem 1.4.4.2]
and a trace theorem which yield

lou y = y)lllg-12cry < ¢ loull iy 1y = yallgi @)

and the assertion follows after an application of the estimate shown already for
S(u) — S, (u). The estimates for Z and Z’ follow with similar arguments. O

5.2 Convergence of the fully discrete solutions

Throughout this subsection we assume that the properties (A1) and (A2) are ful-
filled. These assumptions are needed to guarantee the required regularity of the
solution and the validity of interpolation error estimates.

As the solutions of both the continuous and discrete optimal control prob-
lem (5) and (23), respectively, are not unique we have to construct a sequence of
discrete local solutions converging towards a continuous one. The first question
which arises is whether such a sequence exists. To this end, we introduce a local-
ized problem
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Jjn(uy) —» min! st u, € U N B, (@), 31)

where z € U, is a fixed local solution of (5) fulfilling Assumption 1 and B, (&) is the
L?(I')-ball with radius € around . The parameter £ > 0 is arbitrary but sufficiently
small. First, we show that this problem possesses a unique local solution which
would immediately follow if we could show that the coercivity discussed in Corol-
lary 1 is transferred to the discrete case. The following arguments are similar to the
investigations in [11], in particular Theorem 4.4 and 4.5 therein.

Lemma 17 Let i € U, be a local solution of (5). Assume that € > 0 and h > 0 are
sufficiently small. Then, the inequality

41 0
Jh (M)(Sll ZI|5u||L2(r)

is valid for all u satisfying |[u — u|| ;2 ) < €.

Proof With the explicit representations of j” and j)' from (14) and (26), respectively,
and Corollary 1, we obtain

216l < (708 = @32+ 3

< (”yh opy, — y(SP”LZ(r) + 16y, ) — 5)’]’”1}(1‘)) ||5“||L2(r) +j;:(u)5u2,

(32)
with y = S(u), p = Z(u), 8y = S'(u)éu and 6p = Z'(u)éu, and the discrete analogues
Yo = Sp), p, = Z,(w), 8y, = S, (w)éu and ép, = Z, (u)éu. It remains to bound the
two norms in parentheses appropriately. Therefore, we apply the triangle inequality,
the stability properties for §’, S),, Z’ and Z, from Lemmata 6, 7 and 14 as well as the
error estimates from Lemma 16. Note that the control bounds provide the regularity
for u that is required for these estimates. As a consequence we obtain

ly, épy —y 5P||L2(r)

< c(lly = Yl 16PNl @) + 116p = 6ppllm o) ”yh”Hl(_Q))
<ch'/? loullr2¢ry-

With similar arguments we can show

16y, Py — 5yl7||L2(r)
< c(16y = 8yl oy IPallin ) + 112 = Pall oy 16Vl o))
<ch'/? loullr2¢ry-

The previous two estimates together with (32) imply

8
5 W8ullLs ) < R N8ull )+, @)U’
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Choosing 4 sufficiently small such that ¢ 2!/ < g leads to the assertion. O

Theorem 3 Let it € U, be a local solution of (5) satisfying Assumption 1. Assume
that € > 0 and hy > 0 are sufficiently small. Then, the auxiliary problem (31) pos-
sesses a unique solution for each h < h, denoted by u;, and there holds

lim ||& — @ || ;2 = 0.
fim (17— %3,

Proof The existence of at least one solution of (31) follows immediately from the
compactness and non-emptyness of UZ" N B, (it). Note that the L?(I')-projection
Q,,u of i onto U, defined in (81) in Appendix 2, belongs to UZd N B, (i) provided
that 2 > 0 is sufficiently small. This means that the feasible set is not empty. Due to
Lemma 17 this solution is unique.

Moreover, the family {aj},, is bounded and hence, a weakly convergent
sequence {u;k }een With A\ O exists. The weak limit is denoted by & € L*(I") and
from the convexity of the feasible set we deduce it € Uzd N B_(it). Without loss of
generality it is assumed that ft; —ginL*(INash \, 0.

Next, we show that i is a local minimum of the continuous problem. First, we
show the convergence of the corresponding states which follows with the arguments
from [10]. First, we employ the triangle inequality to get

1S@) = Sy@ 11y < c(I1S@) = S, @) + 15, = Sy@EDN ) (33)

For the first term on the right-hand side we exploit convergence of the finite element
method proved in Lemma 16 which yields

I1SG@) = S @) = 0, A\ O.
With similar arguments as in the proof of Lemma 2 we moreover deduce
1S,(@) = Sy ) = —(@ S, 0) — ity S5, S,@) = S, 21,
=—((& - ﬁh) Sh(ﬁ)’ Sh(ﬁ) - Sh(ﬁZ))LZ(r)
- / i, (S,(@1) = S, (@;))°.
r
The integral term on the right-hand side is non-negative due to the lower control
bounds &}, > u, > 0. We can bound the first term on the right-hand side with the

Cauchy—Schwarz inequality and the multiplication rule from [20, Theorem 1.4.4.2]
which provides

~ —£\[12
”Sh(u) - Sh(uh)”Hl(Q)
< i = gy WSp@ e oy 1S4 = Sp@) 1 2

for arbitrary s € (0, 1/2). Note that there holds ||& — i; || -y — 0 for A \, 0 due to
the compact embedding L>(I") < H*(I'), s > 0. It remains to bound the second fac-
tor on the right-hand side by an application of Lemma 14 and to divide the whole
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estimate by the third factor. After insertion of this estimate into (33) we obtain the
strong convergence of the states, this is,

Next, we show that 7 is a local solution of the continuous problem (5). To this end
we exploit (34) and the lower semi-continuity of the norm map to arrive at

(1) < liminfj, (i) < li @) < i j i) < j(@).
J(@) < lim inf j,(7,) < lr}rll\sypfh(uh) < IT\S(')Jp]h(Qhu) < Jj(@) (35)

The second to last step follows from the optimality of & for (31) and the admis-
sibility of the L*(I")-projection Q,i for sufficiently small # > 0. The last step fol-
lows from the strong convergence of the L?(I")-projection Q,, in L*(I'). Note that
this implies limy, g [|S,(Q,#) — S(@)|| 2() = 0. Due to Assumption 1 the solution &
is unique within B, (&) when € > 0 is sufficiently small. This implies & = #. Note that
all “<” signs in (35) then turn to “=" signs.

To conclude the strong convergence of the sequence {i; },., we show addition-
ally the convergence of the norms. This follows from (35) and the strong conver-
gence of the states from which we infer

&t 112, = lim (7,5 = S8, =yl )
2 N0 ) T o VAR T 5 IR, CAEe)

PR I 2 _ %o

O

The previous lemma guarantees that every local solution u € U, satisfying
the second-order sufficient condition in Assumption 1 can be approximated by
a sequence of local solutions of the discretized problems (31). Due to u; € B, (1)
and ﬁ; — it for h \{ O (i. e., the constraint 1"4; € B_(1) is never active), the func-
tions &, are local solutions of the discrete problems (23) provided that 2> 0 is
small enough. Hence, we neglect the superscript € in the following and denote by
i;, the sequence of discrete local solutions converging to the local solution ii.

Next, we show linear convergence of the sequence i,

Theorem 4 Let 1 € U,; be a local solution of (5) which fulfills Assumption 1, and
{i),} 40 are local solutions of (23) with i, — i for h \, 0. Then, the error estimate

Cc

< h
Ve

i — @yl 2y <

holds.

Proof Let & = i+ t(i;, — ) with t € (0, 1). From Corollary 1 we obtain for suffi-
ciently small 4 the estimate
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2= ., <O - 1)
=j/ (@)@ — @) — j (@)@ — ),

where the last step follows from the mean value theorem for some # € (0, 1). Next,
we confirm with the first-order optimality conditions that

J @)@ = i,) <0 < (,)(Qyit — i)

with the L?>(I") projection Q,, onto U,. Note that the property Q,it € U, is trivially
satisfied. Insertion into the inequality above leads to

O,- - g - g _ g = _

E “M - uh”iZ(]") S (];,(uh) _.],(uh))(Qhu - uh) _]’(uh)(u - Qhu) (36)
An estimate for the second part follows from orthogonality of the L>(I")-projection,
this is,

j/(ﬁh)(b_‘ - Qhﬁ) = (a i, — S(ITth)Z(ITth), u— Qhﬁ)LZ(r)
= (Q,,(S(@y,) Z(uy)) — S(ay,) Z(aay,), t — Qpit) 2y 37)
<ch? 1SCGa) Z@) g oy Nl g -

Furthermore, we exploit the Leibniz rule and the stability properties for S and Z
from Lemma 6 to obtain

||S(ﬁh)z(’_4h)||yl(r) < C(”S(ﬁh)”fll(r) ”Z(ﬁh)”Lm(Q)

(33)
+ 118Gl 1 () ||Z(ﬁh)||H1(r)> <c

Next, we discuss the first term on the right-hand side of (36). Insertion of the defini-
tion of 7, and j’ and the stability of Q, yield

(@) = J' (,))(Qyit — iay)
= (S(uy,) Z(ay,) — Sy(uy) Z, (@), Qi — )2y
< e (W2 1) = Syl
+ 1S, @) ooy 12(02) — Z;,(%)“U(r)) i — iyl 2y

< ch(1Z@ oy 1S@ 2y + WSK@ oy 12| 2(2))

X i = iyl 2y

In the last step we inserted the finite element error estimates from Lemma 13.
Exploiting also the stability estimates from Lemmata 6 and 14 we obtain

(].;1(17!;,) —j,(ﬁh))(Qhﬂ - ﬁh) <chlla- ﬁh”LZ(r)-

Together with (36), (37) and (38) we arrive at the assertion. O
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5.3 Postprocessing approach

In this section we consider the so-called postprocessing approach introduced in
[33]. The basic idea is to compute an “improved” control i, by a pointwise evalu-
ation of the projection formula, i. e.,

1

Wy i= Had(&b_]hph]r>’ (39)

where ¥, and p, is the discrete state and adjoint state, respectively, obtained by the
full discretization approach discussed in Sect. 5.2. As we require higher regularity
of the exact solution in order to observe a higher convergence rate than for the full
discretization approach, we replace (A1) by the stronger assumption

(A1’) The domain £ is planar and its boundary is globally C>.

The most technical part of convergence proofs for this approach is the proof of
L?-norm estimates for the state variables. This is usually done by considering the
following three terms separately:

Iy = Sull 2y < C(”)_’ =S @l 2y + 1Sp(@) = S, (Rl 12

(40)
+ IS, (Ry i) — )_’h||L2(r))-

In [33] R, : C(I") = U, is chosen as the midpoint interpolant. We will construct
and investigate such an operator in Appendix 1. Note that a definition of a midpoint
interpolant on curved elements is not straight-forward. The first term on the right-
hand side of (40) is a finite element error in the L>(I")-norm. We collect the required
estimates in the following Lemma.

Lemma 18 For all g < oo there hold the estimates

Iy — Sh(l_l)”LZ(r) <ch*?4 | Inh| ”y”qu(Q)
P = Z, @l 2y < ch*2/4|Inh (12Nl w2ac) + 17Nl 2ge)) -

Proof The first estimate follows from the Holder inequality and the maximum norm
estimate derived in Theorem 2. The second estimate requires an intermediate step.
We denote by p”(ir) € V), the solution of the equation

a (" @), vy) = (S@) =Yg vy Vi € Ve
As p'(@) is the Ritz-projection of p we can apply Theorem 2 again and obtain

1P = P @llory < B>~ AL IP N o

@ Springer



Bilinear boundary control problems 181

To show an estimate for the error between p(it) and Z,(it) we test the equations
defining both functions by v, = p/(it) — Z,(it), compare the proof of Lemma 2.
Together with the non-negativity of & we obtain

Ip" @) = Z, @17
=-/uW@%L@W+G@—&@MWW—%@M@
r
<ch? Iyl 2 ) Ip" @) — Z, (@) g )-

The last step follows from the estimate ||S(it) — S,(@) || ;2(q) < ch? ||IS@)|| 12(q) Which
is a consequence of the Aubin-Nitsche trick. With the triangle inequality we con-
clude the desired estimate for the discrete control-to-adjoint operator. O

To obtain an optimal error estimate for the second term we need an addi-
tional assumption which is used in all contributions studying the postprocessing
approach. To this end, define the subsets K, :=U{E : E€ E,, EC A, or ECT}
and KC; := I' \ K,. In the following we will assume that K, satisfies

IK,| < ch. (41)

The idea of this assumption is, that the control can only switch between active and
inactive set on XC;. Only due to these switching points the regularity of the control is
reduced, see also Lemma 11. One can in general expect that this happens at finitely
many points and thus, the assumption (41) is not very restrictive.

As an intermediate result required to prove estimates for Z,(it) — Z,(R,i) in
L[*(I'), we need an estimate for S, (@) — S;,(R,,it) in L3(Q).

Lemma 19 For all g < oo there holds the estimate
1,0) = SR 20 < €741+ Nllygracry + Nl z-sagiy)-

Proof To shorten the notation we write e, : = S,(%) — S, (R,#). Moreover, we intro-
duce the function w € H!(£2) solving the equation

a;(v.w) = (e Vg YW EH' (). 42)
This implies
lleall 7z = aalen, w = IL,w) + az(ey, IT,w). 43)

Next, we discuss both terms on the right-hand side separately. The first one is treated
with the Cauchy—Schwarz inequality and the interpolation error estimate (19). These
arguments lead to

a(e,,w—1Ilw)<ch ||€h||H1(Q) ||eh||L2(Q)-

@ Springer



182 M. Winkler

The H'(£2)-norm of ¢, is further estimated by the Lipschitz property from Lemma 15
and the interpolation error estimate for the midpoint interpolant from Lemma 25.
This yields

||eh||H1(Q) S C ”L_i - Rhljt”Lz([) S Ch ”L_t”WIq(F)

forallg > 2.
Insertion into the estimate above taking into account the stability estimates from
Lemma 14 yields

az (e, w—Iw) < Ch2||’7¢||wl~q(r)||eh||1‘2(g)- (44)

Next, we consider the second term on the right-hand side of (43). After a reformula-
tion by means of the definition of S, we get

az(ey, Iyw) = ay (S, (@), IT,w) — a;(S;,(R,i), IT,w)
= aRhB(Sh(Rhﬁ), th) - aE(Sh(Rhﬁ), th) (45)

We can further estimate this term with the interpolation error estimate from
Lemma 27

((Ryit = @) Sy, (R i), TT,w) 2y < € W |t o oy 1S, Ry i) TT,wll oy

ISR sl T | [ @R
E

Eeg,

<c <h2 + Z |/(ﬁ - Rhﬁ)D(l + ||17t||H1(r)) IS, Ry g1 oy 1T pw | g ry-
EcE, YE

(46)
The last step follows from the embedding H'(I") < L*(I') and the multiplication
rule [luvllgiry < cllullgiry Vi), see [20, Theorem 1.4.4.2]. Both properties are
only fulfilled in case of n = 2.
Let us discuss the terms on the right-hand side separately. For elements E C K,
we can exploit the assumption (41) which provides the estimate ). K, |E| < chand
the second interpolation error estimate from Lemma 25 to arrive at

> /E(u — Ryii)

Eeé),

EcKy
On elements E C K, the control has higher regularity, namely iz € H>~'/4(E). To
this end, we show by interpolation arguments in Banach spaces, see e. g. [7, Sec-
tion 14.3], that the two estimates from Lemma 25 (the second one with r = 1 and
q = 2) also imply

— — 2—-1 =
SC}’Z”M—RhM”Lm(T‘) SCh /4 ||VM”L‘I(F)'

/ V=R <PVl ooy, vEHTVID), g€ [l,00]. (47
E
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As a consequence, we deduce

1/2
) / (i = Ry < b2l ey (X 1)
E

Eeg), Ee&y
ECKy ECKy

2-1/q 11
<ch*' ”““HZ-l/q(}CZ)-

The remaining terms on the right-hand side of (46) can be treated with stability esti-
mates for S, (see Lemma 14) and R, the estimate || IT,w|| 1y < ¢ |[wl| g stated in
(20) and the a priori estimate |[w||z1 1) < clle,ll 2oy from Lemma 3a). Insertion of

the previous estimates into (46) yields
((Rhﬁ - ﬁ) Sh(Rhu)’ HhW)LZ(r)
_ _ _ 48
<ch? l/q(l + ”unwhq(r) + ”u”HZfl/q(}cz)) ”eh”LZ(_Q)- (“48)

Note that we hide the of lower-order norms of & in the generic constant as these
quantities may be estimated by means of the control bounds u, and u,,. Insertion of
(44), (45) and (48) into (43) and dividing by [le, | 2o, implies the assertion. |

Lemma 20 Under the assumption (41) the estimates

19,8 = S, Ry@ll 2y < 29 (1 Wl + Nllyracrs)-
12, (@) — Z,(R, i)l 12y < ch* 14 (1 + il go-17agic,) + ||ﬁ||wl-q(r))

are valid for arbitrary q € [2, ).

Proof We will only prove the second estimate as the first one follows from the same
technique and is even easier as the right-hand sides of the equations defining S, (i)
and S,(R,it) coincide. This is not the case for the control-to-adjoint operator.

To shorten the notation we write e, = Z,(it) — Z,(R,it). As in the previous
lemma we rewrite the error by a duality argument using a dual problem similar to
(42) with solution w € H'(£2), more precisely,

a;(v,w) = (e, V)iz(r Vv € H(Q).
This yields
llewll7o ) = aatens w = I,w) + az(ey, IT,w). (49)
We rewrite the second expression in (49) and get analogous to (45)

a;(ey,, IT,w)
= a,(Z,(n), IT,w) + aR,,u(Zh(Rhﬁ)’ I1,w) — a,(Z,(R,n), I1,w) (50)
= (8,(8) — S,(R, i), W)y + (Ryit — i) Z,, (R, i), 11, w) 12y,

Note that the first term would not appear when deriving estimates for S, instead of
Z, as the equations defining S, (i) and S, (R, &) have the same right-hand side.
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The first term can be treated with the Cauchy—Schwarz inequality, Lemma 19 and
the estimate || IT,w|| ;2o) < ¢ Wl @) < ¢ lle,ll 2y Which can be deduced from (19)
and Lemma 1 with g = ¢,,. These ideas lead to

(Sh(ﬁ) - Sh(Rhﬁ), H;,W)LZ(.Q)
_ _ _ 51
< RV (1t Nl + 17,y el Gb

For the second term on the right-hand side of (50) we apply the same steps as for
(48) with the only modification that the a priori estimate |[|w|| g1y < ¢ [ley |12 from
Lemma 3a) has to be employed. From this we infer

(Rt — it) Zy(Ry ), ITyw) 2y
< IV Nl + 1l IZ0Ridli ey 1w ey (52)

2-1 - -
<ch /q(l + ||”||W1~q(r) + ||”||H271/4(1c2))||€/,||L2(r)-

In the last step we used the boundedness of Z,(R,ut), see Lemma 14. Insertion of
(51) and (52) into (50) leads to

az(e,, ,w) < Chz_]/q(l + il wracry + ”L_l“HZ—l/q(}CZ))”eh”U(r)- (53)

It remains to discuss the first term on the right-hand side of (49). We obtain with the
boundedness of a;, the interpolation error estimate (19) and Lemma 3a)

1/2
az(ep,w—1Iw)<ch / ”eh”Hl(,Q) ||W||H3/2(52)
" (54)
< ch eyl o lenllaery-
An estimate for the expression ||e,,|| 41 (o) follows from the equality

||eh||?.11(g) + (@ Z, (@) = RyuZ,,(Ry,i), )2y = (S, () = S) (R, 1), €)) 12 ()

which can be deduced by subtracting the equations for Z, (i) and Z,(R,,it) from each
other. Rearranging the terms yields

”eh”i[l(g) (Rt — i) Z,,(Ry ), €)1
—(ey, ep) 2y + 1S,) = SR, 2y llenl 2

The second term on the right-hand side can be bounded by zero as # > 0. An esti-
mate for the last term is proved in Lemma 19. For the first term we apply the esti-
mate (52) with IT,w replaced by ¢,,. All together, we obtain

2 2-1 - -
lenliz g < B>+ lallyragry + @l g-vage,)

(55)
X (“eh“Hl(F) + ”eh”Hl(Q))'

Moreover, with an inverse inequality and a trace theorem we get

-1/2 -1/2
”eh”Hl(r) <ch™/ ”eh”Hl/Z(r) <ch™/ ”eh”Hl(,Q)-
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Consequently, we deduce from (55)
leallmay < ¢ BP9 (1+ Nallyragry + Nll e, ) -
Insertion into (54) leads to
ag(epw — IMw) < c K29 (14 @l yracry + 1@l e-vage, ) Nenll 2

Together with (53) and (49) we conclude the desired estimate for Z,. O

Lemma 21 Under the assumption (41) there holds the estimate
IRy = @yl 2y < cH*~2/7 | In k]
with
c= C(||17||H2—1/q()cz), Nl wracrys 13l wzacoys 1PN w2aa)) -
Proof We observe that each function & :=tR,i + (1 — 1), for t € [0, 1] satisfies
it = Ell oy < tllie = Ryitll oy + (1 = Dl = |l 2y <€,

for arbitrary € > 0 provided that # is sufficiently small. This follows from the con-
vergence of the midpoint interpolant, see Lemma 25, and convergence of &, towards
i1, see Theorem 3. Hence, with the coercivity of j;l’ proved in Lemma 17 and the
mean value theorem we conclude

1) o ; o
1 IRy — “h”iz(p) <JEOR,n — ii;)*
= jy (R, )Ryt — @) — J, (i1, ) (Rt — ity).

For the latter term we exploit the discrete optimality condition and the fact that the
continuous optimality condition holds even pointwise. This implies the inequality

T @Ry — ) > 0 > (a Ryit = R, (¥ P), Ryit — )2 ry-
Insertion into the estimate above implies
Oip = 112
leRhu — Mh“LZ(F) (56)
< (R,GP) =D + VP — Sy(Ryit) Z,(Ryit), Ryt — L_‘h)Lz(r)~

The right-hand side can be decomposed into two parts. With appropriate intermedi-
ate functions we obtain for the latter one
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(YD — Sp(Ryt) Z), (R, i), Ryii — Uy 2y
=(( = S,(R,) p + S, (R,it) (P — Z,(R, 1)), Ryit — i) 2
<c(I1y = SRl 2y 1PN ooy
+ 1P = Z, (R, il 121y ||Sh(th_l)||L°°(r)) IR, & — |l 12y

Moreover, we apply the triangle inequality and the estimates from Lemmata 18
and 20 to deduce

Iy = SpRid 2y < MY = Sp@ll 2y + 1S, = S (R0l 12y
< ch*™4|1nh.

Analogously, one can derive an estimate for the term ||p — Z, (R, i)| ;2. Moreover,
we apply Lemmata 6 and 14 to bound the norms of p = Z(1) and S, (R,,it), respec-
tively. All together we obtain the estimate

(3P — Sy(Ryi) Zy(Ry i), Ryt — ) < c 729 | Inh| Ryt — Wyl 2y (57)

Next we discuss that part of (56) which involves the term R,(yp) — ¥ p in the first
argument. Here, we again use the interpolation error estimate (47) exploiting regu-
larity in fractional-order Sobolev spaces and obtain

R,(3p) =y P, Ryt — i) 2y = Z [Ryit — ﬁh]E/E (yp—R,GP))
Eeé,

<c DR R = g TN pll-vae) (58)

Eeg,
< e YR =yl 2y 19 Pll vy
With [20, Theorem 1.4.4.2] and a trace theorem we conclude
”)_’1_7“;12—1/:1(1“) <c ”)_’“WZ—l/qvq(r) ||l_7||W2—1/4«q(r) <c “)_’”qu(g) “ﬁ”WZ«'i(_Q)'

Insertion of the estimates (57) and (58) into (56), and dividing the resulting estimate
by [|R,u — up|| 2 ), leads to the desired result. O

Now we are in the position to state the main result of this section.

Theorem 5 Let (3, i1, p) be a local solution of (12) satisfying the assumption (41).
Moreover, let {ii,},-, be a sequence of local solutions of (27) such that for suffi-
ciently small €, hy > O the property

||ﬁ_ﬁh||L2([‘)<£ Vh<h0
holds. Then, the error estimate
@ — diyl oy < ch* 24| Inh|

is satisfied with ¢ = C(”ﬁllwl»q(f)a ”ﬁ”HZfl/q(;cQ)a ||)_’”W2~q(g), ||1_7”W2~q(g))'
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Proof With the projection formulas (13) and (39), respectively, the non-expansivity
of the operator 11, and the triangle inequality we obtain

. 1__ 1_ _
llze — Mh”LZ(r) <c ||Had<; yp) - Had<ayhph> ||L2(r)
C - - _ _ L
< p (Ily = ullzcry 1PNl oy + 31l o) P —Ph||L2(r))~

The assertion follows after insertion of (40) together with the estimates obtained
in Lemmata 18, 20 and 21, as well as the stability estimates of Z and S, from Lem-
mata 3 and 14, respectively. O

6 Numerical experiments

It is the purpose of this last section to confirm the theoretical results by numerical
experiments. To this end, we reformulate the discrete optimality condition (27) and
use the equivalent projection formula

1

" = Had<; Riimp(Sh(uh)Zh(uh))). (59)

Here, Rzimp : C(I') — U, is a projection operator based on the Simpson rule, this is,
i 1
R, ™ W]g = 2 (vxg,) +4via) + v(x,)).

where x; and x; are the endpoints of the boundary edge E € &, and x its midpoint.
The numerical solution of (59) is computed by a semismooth Newton-method.

The input data of the considered benchmark problem is chosen as follows. The
computational domain is the unit square £ := (0, 1)>. We define the exact Robin
parameter i by

i _ { max(=0.01, 1 —30(x, — 0.5, if x, =0,
i(xp, %) 2= { —-0.01, otherwise ,

and use the desired state y, = S, (1) and the right-hand side f = 0. Moreover, the
regularization parameter @ = 1072 and the control bounds u, = 0, u, = oo are used.

We compute the numerical solution of our benchmark problem on a sequence of
meshes starting with Tho’ hy = \/E consisting of two rectangular triangles only. The
remaining grids 7, ,i = 1,2, ..., are obtained by a double bisection through the long-
est edge of each element applied to the previous mesh. This guarantees /; = %hi_l.
In order to compute the discretization error we use the solution on the mesh 7, as
an approximation of the exact solution, this means,

i — ap |l 2y = iy, — a2y, 0=0,1,...,10.
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Fig. 1 Optimal state (surface) and the optimal control (boundary curve) for the benchmark problem

Table 1 Experimentally

i  DOF BD DOF - p —it ||,2
computed errors for the 1 [l U, “L-(F) (eoc) |lu up, ||L~(r) (eoc)
full dlscren;atlon and the . 3113 32 1.60e—2 (1.06) 1.81e=2 (1.15)
postprocessing approach with
the corresponding experimental 4 35 64 5.8le=3(1.46) 443e-3 (2.03)
convergence rates (in 5 1217 128 2.56e—3 (1.18) 1.03e-3 (2.11)
parentheses) 6 4481 256 1.24e-3 (1.05) 1.65e—4 (2.64)

7 17,153 512 6.17e—4 (1.00) 7.52e-5 (1.13)

8 67,073 1024 3.06e—4 (1.01) 1.79e-5 (2.07)

9 265217 2048 1.49¢—4 (1.04) 4.31e—6 (2.05)

10 1,054,716 4096

6.67e—5 (1.16)

8.50e—7 (2.34)

Analogously, we compute the error for the approximation obtained by the post-
processing strategy. However, in this case the exact solution is approximated
by i Had(iyh“ Pn,,)- The error norms ||Had(£yhnj)h“) - Had(iyhi P2y
i=0,...,11, are computed element-wise by the Simpson quadrature formula with
the modification that elements E are split at those points where y, pj or ¥, P
change its sign.

The optimal control and corresponding state of our benchmark problem is illus-
trated in Fig. 1 and the measured discretization errors as well as the experimentally
computed convergence rates are summarized in Table 1. As we have proven in The-
orem 4 the numerical solutions obtained by a full discretization using a piecewise
constant control approximation converge with the optimal convergence rate 1. More-
over, it is confirmed that the solution obtained with a postprocessing step, see Theo-
rem 5, converges with order 2 — €, € > (. Note that we actually proved the results for
the case that the boundary is smooth which is indeed not the case in our example.
However, the corner singularities contained in the solution are for a 90°-corner com-
paratively mild so that the regularity results from Lemma 11 remain valid.
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Appendix 1: Proof of Theorem 2

The proof of the maximum norm estimate presented in Theorem 2 follows basi-
cally from the arguments of [18, 38]. For the convenience of the reader we want
to repeat the proof as the result of Theorem 2 is, for our specific situation, not
directly available in the literature. The novelty of the present proof is that it
includes curved elements as well as Robin boundary conditions. In the aforemen-
tioned articles, a representation of the error term based on a regularized Dirac
function is used. This function forms the right-hand side of a dual problem whose
solution is an approximation of Green’s function. The main difficulty is to bound
this solution in appropriate norms.

To this end, we denote by T*€7, the element where |y—y,|
attains its maximum. The regularized Dirac function is defined by
8"(x) 1= |T*|7' sgn (y(x) — y,(x)) if x € T*, and §"(x) :=0 if x & T*. The corre-
sponding Green’s function denoted by g" solves the problem

~Ag"+¢"=6" in Q@ 09,8 +ug"=0 on T. (60)
The Dirac function satisfies the properties
||5h||L1(.Q) <c ||5h||L2(g) <ch™. (61)

We start our considerations with some a priori estimates for the solution g”.

Lemma 22 The following a priori estimates hold:
@ 18" Mm@ <clnh? @) 18"l < ch™
i) 118"l < |l

Proof (ii) To show the estimate in the H?(£2)-norm we apply the a priori estimate
from Lemma 3¢) and [|6" | 2 ) < ch™".
(1) The weak form of (60) and the property (61) imply
Yu ||gh||12{1(9) <a,g".g" = (5h’gh)L2(.Q) <c ||gh“L°°(Q)
h_ h 1/2 )k (62)
<c(llg" - 8yllo) + [ 1Al ||gh||H1(g)),
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where the discrete Sobolev inequality was applied in the last step. The function
gz € V, is the Ritz-projection of g’ and satisfies the usual stability estimate

“gZ”H‘(.Q) <c ”gh”H'(.Q)' (63)

Next, we derive a suboptimal error estimate for the finite-element error in the L*(£2)
-norm. Using an inverse inequality, estimates for the interpolant IT, from (19), the
Aubin-Nitsche trick and the a priori estimate shown already in the H*(£2)-norm we
deduce

”gh - gZ”Lw(.Q) < ”gh - thh||L°°(Q) +ch™ (”gh - thh”Lz(,Q) + ”gh - gZ”LZ(Q))
<ch ||gh||H2(.Q) <c
(64)
Note that we hide the dependency on u, or more precisely on ||u| 12y and lower-
order norms, in the generic constant to simplify the notation. Insertion of (63) and
(64) into (62) yields with Young’s inequality

1
78" gy < 1AL+ 3 7, 118"

The desired estimate follows form a kick-back-argument.
(iii) The L*(£2)-estimate follows directly from (62), (63) and (64) using the ine-
quality (). O

Next, we show an a priori estimate for g" in a weighted norm. This is the key

idea which allows us to bound second derivatives by a logarithmic factor only.
The weight function we will use is defined by

o(x) := \/lx—x*|§+ch2,

with x* := argmax .. |y — y,|(x). This function satisfies
-1 12 -1 -1/2
loe™ Nl 2 < c|Inh| 2, loe™ Nl 2ry S ch 2, (65)

which follows from a simple computation. With this weight function at hand we can
prove the following regularity result:

Lemma 23 Assume that u € H'/2(I"). There holds the estimate
le Vg ll 2y < | Inh|'/2.

Proof We introduce the functions &; := |x; — x;.k |, i = 1,2, which allow us to write
2
2 _h)2 2 _h)2 2 1922
lo V& 720, = D 16 V& 720y + ¢ P IVPE" 2 - (66)
i=1

With the reverse product rule we obtain
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Moreover, we easily confirm that & g” is the solution of the problem

h h agh hooo
—A¢; g+ & g =—2$+§i5 in 0,

0,(&; gh) +ué gh = gh n; on I,

where 7; is the ith component of the outer unit normal vector on I'. Lemma 3c) using
the property ||&; 5| 2@ < ¢, which follows from a simple computation, leads to

V3¢ gh)“LZ(.Q) < C(l + ||M||Hl/2(r))(1 + ”Vgh“Lz(.Q) + ||gh||H1/2(r))

(68)
<c(1+ 118" k)

Insertion into (67) and using Lemma 22(i) leads to
1€ V28" |2 < clnh]'/?, i=1,2.

An estimate for the second term on the right-hand side of (66) is derived in
Lemma 22(ii). O

Next, we derive some error estimates for the approximation gZ in several
norms.

Lemma 24 Assume that u € H'/2(I"). Then, there hold the error estimates

h! ||gh - gZ”LZ(.Q) + ||V(gh - 82)”L2(9) <c
loV3(g" - gZ)”ng(m <c|lnh|'/?.

Proof The first estimate follows directly from the H'(£2)-error estimate stated in
Lemma 12 and the Aubin-Nitsche trick. Moreover, the a priori estimate for the
H?*(£2)-norm of g" from Lemma 22 has to be exploited.

In the second estimate one observes that the discrete function gz would vanish
except on curved elements (note that gZ is affine on the reference element only, but
not on 7). With the transformation result [6, Lemma 2.3] we obtain

2

V(8" = gDz < ¢ 1T 072 Y B2 195@" = @Dl aehy
k=0

< C(||V28h||L2(T) +hllg" - gZ“HI(T)),
where g" = g"oF;!, gl = gloF;!. Taking into account inf,; 6(x) ~ sup,.; o(x),
which holds due to the assumed shape-regularity, and |o(x)| < ¢ for all x € 2, we

obtain

lo V3(g" - 82)“%,(9) <c(lle V28h||L2(_Q) +hllg" - 82“}11(.{2))-
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The first term has been discussed in the previous lemma and the last term has been
considered in the present Lemma already. a

Now we are in the position to prove Theorem 2.

Proof With an inverse inequality and the Holder inequality, the definition of 6" and
a maximum norm estimate for the interpolant I7,, see e. g. [6, Theorem 4.1], we
obtain
Iy = Yull oy = 1y = Yull poo ey
<c(lly = Iyl ey + 1T 7Ty = yyll o))
< e(lly = Myl s + (8" = vz
< C(hz_z/q IVl woaq) + @y = Yo gh)),

(69)

where gZ € V), denotes the Ritz projection of g".

For the latter part on the right-hand side of (69) we get with the Galerkin orthog-
onality, the Holder inequality, a trace theorem for the boundary integral term as well
as ”u”Loo(r) <c

hy — h_ h
a,(y—yp.8) =a,y—1I,y.g" —g,)

(70)
<clly = Myyllyre 18" = g}llwiiq)-

An estimate for the interpolation error is deduced in [6]. The L!(£2)-norms can be
replaced by weighted L?(£2)-norms involving the weighting function . Taking into
account the properties (65) we obtain

lg" - gZ”WH(,Q) <c|Inn'/? (”0' V(g" - gZ)”LZ(Q) +g" - gZ“LZ(Q))- (71)

In the following we will show that the expressions on the right-hand side of (71) are
bounded by ¢ & | In i|'/2. Therefore, we apply the reverse product rule and get

h N1
“O- v(g - gh)”LZ(Q)
= (V(o? (" =g, V(&' — gz — (& — &) V™, V(&' = g2
From this we conclude

0% := [loV(g" = gl + 8" = gill 7 g,

, (72)
<a,(c*g" —gh.g" — g - (&" — gV, V(" — g2

Here, we exploited that (u o (8" — g/, 8" — g2 > O due tou > u, > 0. Next, we

introduce the abbreviation z := 62 (g" — g/). The Galerkin orthogonality of g" — g,

Young’s inequality and the trace theorem taking into account|o| + |Vo| < ¢ yield
lovilary < C(“U Vi) + IV(e V)||L2(.Q)) < C(“V”LZ(Q) + llo VV”LZ(Q))

and thus,
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a,c*(g"—gh.¢"— g =a,z-Mzg" —gh

1 2 -1 2
<0+ <||0' Viz- 0,012, (73)

—1 2 -1 2
o™ @ = Mg + o™ = TN, ).

Next, we derive local interpolation error estimates. In the following we use the nota-
tion o, :=inf .y 6(x) and 67 = sup,cr 6(x). Due to the assumed shape-regularity
there holds Op ™~ o forall T € 7, and hence,

”0'_1 V(z - HhZ)“LZ(T) +h! ||C7—l (z— th)”LZ(T)
- 2 ¢} h
< CETI hile(g" - 8;,)||H2(sr)s

where S; is the patch of all elements adjacent to T (note that I1, is a quasi-interpo-
lant). The Leibniz rule and the properties |Vo?| < 6 and |V?6?| < ¢ imply

llo® (¢" = gDlls,) <NE" = &illizs,) + 1o V(E" = gl s,
+llo® V(g" - gZ)“LZ(ST)'

Next, we combine the two estimates above and take into account the properties
hoy! <cand G, ~ o, which follows from the assumed quasi-uniformity. Summa-
tion over all T € 7, and an application of Lemma 24 yields

6™V - )2+ o™ @ — T2l 20
< K oh BV — oh Bl V2(eh — o
<c(llg” = gyllize) + 1V = gl + 1 llo VI(E" =gl ) ) (74)
<ch|lnh|'.

It remains to discuss the third term on the right-hand side of (73). With interpolation
error estimates for 7, on the boundary, compare also (20), and u € L*(I") we obtain

-1 -1
”O' M(Z - th)”LZ(E) S Cth ”VZ”LZ(SE)

. (75)
<ch(llg" - g}l 2 + llo V(g" - gZ)“LZ(SE))a

where we exploited the product rule and the property Vo? < 201 in the last step.
With a trace theorem and Lemma 24 we conclude

h_ h h_ o h
lg" — gullizry < cllg” — gyll o) < ¢

and with a multiplicative trace theorem, Young’s inequality, the product rule and the
estimates from Lemma 24 we obtain
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lo V(gh - gZ)“LZ(F) < C<||0' V(gh - gZ)”LZ(Q) + V(e V(gh - 82))||L12m,(9)>
< C<||V(gh — g2 + llo V2(g" - 8Z)||L§W(Q)>
<c|Inh|'/?.
The estimate (75) then simplifies to
lo™" (z = )l 2y < ch|Inh|'/2. (76)
Insertion of (74) and (76) into (73) leads to the estimate

1
a(c*(g" — gh.g" — g < 182 +ch?|Inhl. (77)

It remains to show an estimate for the second term on the right-hand side of
(72). Due to |Ve?| <201, Young’s inequality and the L?(£2)-error estimate from
Lemma 24 we get

1
((gh - gZ)VO'2, V(gh - gZ))LZ(_Q) S c ”gh - gZHiZ(_Q) + Z ”O' V(gh - glh1)||i2(g)

1
<ch*+-0%
<ch + 1
(78)
Insertion of (77) and (78) into (72) yields
@zs%@2+ch2|1nh| (79)

and with a kick-back-argument we conclude ©2 = ¢ h? | In k|. Finally, we collect up
the previous estimates. To this end, we insert (79) into (71), the resulting estimate
into (70) and this into (69). O

Appendix 2: Local estimates for the midpoint interpolant
and the L2(/)-projection

To the best of the author’s knowledge there are no error estimates for the midpoint
interpolant defined on a curved boundary available in the literature. Thus, we prove
the following Lemmata which are needed in the proof of Lemma 20.

Consider a single boundary element E C 7T with corresponding ele-
ment 7 € 7,. A parametrization of the boundary element is given by
E = {yg(&) :=F;(,0), £ € (0,1)} when assuming that the edge of T with end-
points (0, 0), (1, 0) is mapped onto E. In the following we denote the length of a
boundary element E € £, by L, = /01 |7£(E)| dE.
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Lemma 25 For each functionu : I' — R there exists some piecewise constant func-
tion R,u € U, satisfying the local estimates

/(u —R,u)
E

flu— Rhu”Lr(E) < ch'*/rl/a ||VM||U(E), r€[l,00], g € (1,00],

< Ch5/2(||vu||L2(E) + ”VZMHLZ(E))»

for all E € &, provided that u possesses the regularity demanded by the right-hand
side.

Proof Let us first construct a suitable interpolation operator. To obtain the desired
second-order accuracy we have to guarantee that the property / P = f & Ryp holds
for all functions p(yz(¢)) = p(&) with some first-order polynomial p(§) :=a+bé.
The transformation to £ := (0, 1) x {0} yields

1 1
/(P(X) — Ryp)ds, = / B = PER) 7£(O)dE =D / (€= Ep) 17£(©)]dE = 0.
E 0 0

The latter step holds true when choosing

N A
é‘E-—L—E/O Slye®)dé

To this end, we define our operator by R,u|; := (uoyy)(&g). Obviously, the defini-
tion of R;, depends on the transformations F;.

To show the interpolation error estimates we apply the property /E(p -Rp)=0
for arbitrary p satisfying p = poyy € P, the stability of the interpolant R,it = (&),
the properties (18) of the transformation F and the Bramble—Hilbert Lemma. This
yields

1 A
/(u - Ryu)ds, = / (I = R)(@ = p)&) |7(5)] d&
E 0
<ch ”’2 _ﬁlle(ﬁ) <ch ||0.§§’:‘”L2(fz)-
For the transformation back to the world element E we apply the chain rule
0::0() = 75(&) V2uly(£) 75(E) + 7(&)" Vu(yg(&)

and the properties (18) to arrive at

2

| 1/2
19zitll 2z < ch2<mgx [ZGIDY /O (D u(re(©)’ 175()| de:)

la|=1
-1)2
<ch? <m§in |J/E(§)|> (”VMHU(E) + ||V2u||L2(E))-

Finally, the norm of y; can be bounded by means of
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-1
@17 = IDF(E, 001, 0|7 < (fﬂi‘} IDF7 (¢, 0)x|> = IDF7(& 07"l

(80)
Note, that the last step is valid for the spectral norm only.
An application of Lemma 2.2 from [6] which provides sup; |[DF ()~ || < ch™!
leads to the first estimate.
The second estimate follows with similar arguments. For an arbitrary constant p
we then obtain

1 fal A A
llu = Rytell ey < cB'7 1A = RY@ = Pl
<ch'/r Iitlwl,q(g) < chMHVr=1q IVull Loy

O

A further operator that is needed in Sect. 3 is the L?(I")-projection onto U,. In
case of curved boundaries, this operator reads

1
(0] = /0 V() 176(8)] de
E

for each E € £,. Again, this definition depends on the parametrizations y; of the
boundary elements E € £,. By a simple computation one can show that this defini-
tion implies the orthogonality property

(u—Quu,vi)2ry =0 Vv, € U, (81)

With similar arguments as in the previous lemma we obtain the following local esti-
mate which is standard in case of a boundary consisting of straight edges.

Lemma 26 Assume that u € H'(I'). Then the estimate
[l — Qh“”LZ(E) <ch ||Vu||L2(E)

is fulfilled for all E € &,.

Proof We introduce a further projection onto U,,, namely [Qhu] lg 1= /01 u(yg(§)) dé.
Using (81), the transformation to the reference element as in the previous lemma
and the Poincaré inequality we obtain

2 7~ 2
”I/l - QhM”LZ(E) S ”M - Qhu”LZ(E)

1 1 2
= / <u(VE(§))— / u(VE(f’))d§’> [7£(&)] d&
0 0

< ch ”aéu(yE())”iZ(o’]) < Ch2 ||vu“i2(E)7

where the last step is a consequence of the chain rule 0;u(y(£)) = Vu(yg($)) - 7£(&)
and |yz(&)| ~ hforall £ € (0, 1), see also (80). O

@ Springer



Bilinear boundary control problems 197

We conclude this section with an estimate for an expression which is need in
Lemma 20.

Lemma 27 Assume that the functions u and v belong to € H'(I"). Then the inequality

/(u - R,u)
E

2
(u = Ryu,v)ary < ch™ [Vull ooy 1V 20y + € VIl s Z
Eeg,

is valid.

Proof First, we split the term under consideration using the L?(I")-projection onto
U, and obtain

(u = Ryu,v)pary = (= Quu, v — Q)2 + (O (u — Ryu), V)2 ).

The first term on the right-hand side can be treated with the local estimate from
Lemma 26 which yields

2
(u = Qpu,v = OpV)2py < ch™ ||Vl 2y 1Vl 2y

For the second term we exploit the definition of Q) and R, on the reference element.
For each E € &, we then obtain

1
Li /0 (W(rp() — u(ygE)) [7p(@)] | 17p(EN] d&’
E

/(u - R,u)
E

where we used /01 |75(E")| A€’ = L in the second step. Consequently, we obtain

/(u — Ryu)
E

and conclude the assertion. O

1
19, — Ryl gy = /
0

)

1
/0 (u(yg(8) — ulyg(Ep)) l7e(©)| dé

(O, (u — Ryu), V)LZ(r) <c ||V||L°°(F) Z
E€g,
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