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Abstract

This paper aims to model the joint dynamics of cryptocurrencies in a nonstation-
ary setting. In particular, we analyze the role of cointegration relationships within a
large system of cryptocurrencies in a vector error correction model (VECM) frame-
work. To enable analysis in a dynamic setting, we propose the COINtensity VECM,
a nonlinear VECM specification accounting for a varying systemwide cointegration
exposure. Our results show that cryptocurrencies are indeed cointegrated with a
cointegration rank of four. We also find that all currencies are affected by these long
term equilibrium relations. The nonlinearity in the error adjustment turned out to be
stronger during the height of the cryptocurrency bubble. A simple statistical arbi-
trage trading strategy is proposed showing a great in-sample performance, whereas
an out-of-sample analysis gives reason to treat the strategy with caution.
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1 Introduction

Cryptocurrencies have emerged as a new asset class over recent years. As of 2020,
the crypto universe includes almost 5000 currencies with a total market capitaliza-
tion close to 200 bn USD (coinmarketcap.com). We refer to Hérdle et al. (2020) for
a general overview on cryptocurrencies. While the market is still dominated by Bit-
coin (BTC), the analysis of the interdependence of cryptocurrencies received a lot
of attention from researchers as well as practitioners. For instance, Guo et al. (2018)
analyzed latent communities from a network perspective. A large strand of literature
is concerned with the relation of cryptocurrencies to other more traditional classes
of assets (Shahzad et al. 2019, Corbet et al. 2018). Yi et al. (2018) and Ji et al. (2019)
analyzed directional volatility spillover effects using the variance decomposition
method of Diebold and Yilmaz (2014). Sovbetov (2018) analyzed the cointegration
of a VAR system of four cryptocurrencies. Leung and Nguyen (2019) proposed and
discussed cointegration-based trading strategies.

While existing research contributions on cointegration restrict their focus to a
small number of currencies, we argue that this only paints an incomplete picture.
This paper aims to model the joint dynamics of cryptocurrencies in a nonstation-
ary and high dimensional setting. In particular, we investigate the role of potential
cointegration relationships among cryptocurrencies. In our empirical analysis, we
consider the ten largest currencies in terms of market capitalization in the period
from July 2017 to February 2020.

Our methodology is based on the vector error correction model (VECM), devel-
oped by Engle and Granger (1987), which augments the standard vector autoregres-
sive (VAR) model with an additional role for deviations from long-run equilibria.
To analyze the cointegration of cryptocurrencies in a dynamic setting, we propose
a novel nonlinear VECM model, which we call COINtensity (cointegration inten-
sity) VECM. The use of nonlinear specifications to model time series has a long
tradition, see the monographs of Granger and Terdsvirta (1993) and Fan and Yao
(2008)). Examples for nonlinear time series models include the smooth transition
autoregressive (STAR) model (Luukkonen et al. 1988; Terdsvirta 1994) and neural
networks (Kuan and White 1994; Lee et al. 1993). Nonlinear error correction mod-
els are discussed in Dv et al. (2002) and extended to the vector case by Kristensen
and Rahbek (2010). An advantage of nonlinear time series models is the increased
flexibility compared to linear specifications. Usually, this flexibility comes at the
expense of a large number of parameters to estimate. Our COINtensity VECM speci-
fication has the advantage that the number of additional parameters is equal to the
cointegration rank, i.e. it is non increasing in the dimension of the VAR system.
The nonlinear part of the model introduces a time-varying intensity effect for the
error adjustment, which implies that the cyptocurrencies will return to the long-run
equilibrium with varying speed. A crucial task is to select the number of those equi-
libria, also referred to as cointegration relations. Johansen (1988, 1991) proposed a
likelihood ratio test, which is now commonly used. However, the testing procedure
suffers from poor finite sample performance in systems of more than three varia-
bles (Johansen 2002; Liang and Schienle 2019). We, therefore, follow (Onatski and
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Wang 2018), who proposed an alternative test for cointegration that is designed for a
high-dimensional setting.

Our empirical results suggest that cointegration plays a crucial role in crypto-
currencies. In particular, we find four stationary long-run equilibria. We also find
that all currencies are significantly affected by long-term stochastic trends, reject-
ing the hypothesis of weak exogeneity. The results of our dynamic COINtensity
VECM show a time-varying dependence of cryptocurrencies on these stochastic
trends. We find that the nonlinearity of error correction is stronger during the
time of the cryptocurrency bubble, compared to a later time period. Based on our
estimated cointegration vectors, we construct a simple trading rule, following and
generalizing the strategy of Leung and Nguyen (2019). An in-sample analysis of
our trading strategy indicates that trading on large deviations from the long-run
equilibria can be profitable, while the out-of-sample analysis is more cautious. In
particular, the success of such a statistical arbitrage strategy is dependent on the
condition that the equilibrium relations will hold in the long-run.

The contributions of this paper are twofold. First, it is the first attempt to model
a system of cryptocurrencies in a large vector autoregression while accounting for
nonstationary effects. Second, we propose a novel, nonlinear VECM specification
which increases the flexibility and also has a good interpretability even in large
dimensions.

The remainder of the paper is organized as follows. Section 2 describes in
detail the steps of our modelling and estimation procedure. To show the validity
of our approach, we conduct a small simulation study in Sect. 3. In Sect. 4, we
apply our methodology to a system of the largest ten cryptocurrencies. Section 5
introduces a simple cointegration-based trading strategy and Sect. 6 concludes.

All codes of this paper are available on quantlet.deQ

2 Modelling framework
2.1 VECM and testing for cointegration

As a baseline model we consider the following p-dimensional vector autoregres-
sive model with error correction term (VECM).

k
AX,=TIX, | + ) T[,AX,_, + @D, +¢,, (1)

i=1

where D, are deterministic variables and &, are zero-mean, independent error
terms. We assume that each univariate time series is integrated of order one,
X, ~1(1),i =1,...,p. Under cointegration, there exists a linear combination which
is stationary, i.e. X, ~ I(0). Thus, we can rewrite (1) in the following way,
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k
AX, = af"X,_ + ) TAX,_; + ®D, +¢,, )

i=1

where f is a p X r matrix of cointegration vectors and « is the p X r loading matrix.
The order of cointegration is characterized by the rank r of f. I';, i =1, ... ,k, are
p X p parameter matrices associated with the impact of lagged values of AX,.

Johansen (1988, 1991) developed a sequential likelihood testing procedure to
determine the cointegration rank . Under the null hypothesis there are at most r
cointegration relationships.

H, : rank(Il) <r vs H; : rank(I) > r 3)

In the special case of r = 0, there is no cointegration and we have to proceed with
a stationary VAR model in first differences. On the other hand, if r = p, we can use
a stationary VAR model in levels without any error correction terms. In all other
cases, 0 < r < p, the series are cointegrated.

The test statistic LR is based on the squared canonical correlations between
the residuals obtained by regressing AX, and X,_; on the lagged differences
(AX,_;,...,AX, ;) and the deterministic variables D,, respectively. These cor-

respond to the eigenvalues 4, >... >4, of the matrix SOlSl_lngngOl, with

So0 = %R(,,Rgt, So1 = %RO,RIT[ and S}, = %RI,Rth. R, are the residuals of regressing
AX, and R, are the residuals of regressing X,_; on (AX,_,, ..., AX,_ ;) and D,.
P
LR=-T Z log(1 — 4;). (4)
i=r+1

Under the null hypothesis, the test statistic converges in distribution to a function
of Brownian motions. The limiting distribution is different according to the spe-
cific form of D,, see Proposition 8.2 in Liitkepohl (2005). The critical values of the
Johansen test are obtained by simulations.

The test has been proved to have issues in small samples, in particular if
the dimension of the VAR model, p, becomes large. This issue is addressed in
Johansen (2002). Onatski and Wang (2018), therefore, developed a different
asymptotic setting. In particular, they consider the case where T and p go to infin-
ity simultaneously such that p/T — ¢ € (0, 1]. Consider a simplified representa-
tion of (1) without lagged differences.

AX, =1IX,_| + ®D, + ¢, 5)

Under this asymptotic regime and under the null hypothesis of no cointegration, the
empirical distribution function of the eigenvalues of the matrix Sy, S!S Sy, con-
verges weakly to the Wachter distribution.

F, ()= W.DEW(hie/(1+¢),2¢/(1 + ) (6)

where F, (1) = %Zle I(4; £ A) and W(4,y,,7,) denotes the Wachter distribution
1 (b, —A)(A—=b_)

function with parameters y,,y, € (0, 1) and density fy(4,7,,7,) = T T
: _
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2
on [b_,b,] with b, = (\/yl(l -7 V(- y1)> and atoms of size
max(0,1 —y,/y,) at zero and max(0, 1 — 1;—72) at unity. The rank of cointegration

can be determined graphically by comparing the empirical quantiles of the calcu-
lated eigenvalues with the theoretical quantiles of the Wachter distribution. Under
the null hypothesis of no cointegration the empirical quantiles of eigenvalues should
lie close to the theoretical quantiles of the Wachter. Onatski and Wang (2018) sug-
gest to select the cointegration rank by the number of eigenvalues which deviate
from the 45 degree line. We show the validity of this approach in a simulation study
in Sect. 3.

If the rank of the matrix of cointegration vectors is known, we can estimate cointe-
gration vectors f by reduced rank maximum likelihood estimation, corresponding to
the r largest eigenvalues of the matrix 50151_11 SOT1 Saol, which we defined in the previous
subsection. Without normalization, this estimator is not unique. Therefore, we set the
J-th element in the j-th cointegration vector to one (Johansen 1995). Then, we can esti-
mate the remaining parameters « and I' = (I'; : ... : I';) with equation-wise OLS by
plugging in the estimator for f§, and give their asymptotically normal distribution using
standard arguments for stationary processes.

2.2 COINtensity VECM

As an extension to the baseline setting, we consider a nonlinear VECM specifica-
tion. Such models originate from (Granger and Terésvirta 1993), who introduced the
smooth transition error correction model (STECM). A vector version was proposed
by Dv et al. (2002). Kristensen and Rahbek (2010) considered the general setting of
likelihood-based estimation with nonlinear error correction. Corresponding linearity
tests and inference-related issues are discussed in Kristensen and Rahbek (2013).
The general setting can be formulated as follows.

k
AX, = g(BTX,_1:0) + Y. T,AX,_; + @D, +¢,, (7)

=1

where g(-) is a parametric error correction function with parameter vector 6. The
error correction function can be nonlinear in the long term stochastic trends as well
as in 6. In the baseline linear setting, g(z;0) = az and 6 = vec(a). In the vector ver-
sion of the STECM we have g(z;0) = {a + ay(z; )}, where w(z; @) is a fixed func-
tion satisfying |y (z; ¢)| = o(1) as ||z]| = oo, and 8 = (vec(a)T, vec(@)', vec(¢p))T,
where vec is the vector operator that transforms matrix A, into an (mn X 1) vector
by stacking the columns.

The advantage of using nonlinear models is an increased degree of flexibility.
However, often this flexibility comes at the expense of worse interpretability and
of overfitting the data. We therefore introduce a new class of vector error correction
models, which we call COINtensity (cointegration intensity) VECM.
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k
AX, = af X, {1+ G(s;r)} + D TAX, ; + @D, +e¢,, (8)

i=1

where s, is a d-dimensional vector of transition variables and G(:) : RY > (-=1,1)
is a parametric function with parameter vector y € RY. We propose the following
parameterisation, G(s,;y) = tanh(szTy) and s, = BX,_;, where tanh is the sigmoid
tangent function. We denote G(-) as the COINtensity (cointegration intensity) func-
tion. This function has a universal effect for all cryptocurrencies and measures the
intensity of the impact of cointegration. G(-) takes values in (—1, 1). In this model
specification, we still have a loading matrix @« which measures currency-specific
marginal effects. Please note that our COINtensity VECM is a generalization of the
baseline model, as model (8) reduces to model (2) if y = 0.

Our model specification has two advantages. First, it has only a few additional
parameters compared to the baseline specification. The overfitting problem of
nonlinear error correction models can therefore be contained. Second, the modi-
fied model enables us to analyze cointegration and the exposure of cryptocurren-
cies to long-term equilibrium relationships in a dynamic context.

If the cointegration vectors f are estimated a priori, model parameters can be
estimated b quasi maximum likelihood estlmauon (QMLE). For convenience,
we write 6= (vec(a)T, vec(D)T,yT)T. The QMLE, 8 of 0, is defined as the mini-
mizer of the following negative log-likelihood criterion,

T

Lr(0) = ) €] (0)¢,(0). ©

t=1

We split the parameters into two parts and write 6 = (vec(d,)T,67)7, with
6, = (,1) " and §, = y. Note that 6, is a (r + pk) X p parameter matrix. Further, we
define

W,(92)déf([/ﬂ {1 +tanh (6]87X,_,)}]" ijl,...,AxtT_k)T, (10)

where W,(0,) € R, Now, we can rewrite model (8) as follows.
AX, = 0] W,(0,) +¢, (a1
The profile estimator for ,(6,) can be obtained by standard OLS.

_IT

T
0,(6,) = {Z W(0,)W, (%)} > W (0,)AX] (12)
=1 t=1

We proceed by obtaining the corresponding vector of residuals.
£/(0y) = — 0 W,(0,) 13)

Given the profile estimator, we can estimate 6, by
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0, = arg 0132(1)12 L;(6,(6,),6,), (14)

where ©, is the parameter space of 8,. The final estimator for 8, can be obtained by
plugging (14) into (12). The interpretation of the parameters a, § and I" is almost
completely analogous to the linear VECM. In particular, the cointegration vector
has the same function as before, governing the long run equilibrium relations. The
only difference in the interpretation of parameters is that the loading intensity is now
time-varying. Regarding the selection of the cointegration rank » we cannot make a
definitive statement whether the asymptotics of Onatski and Wang (2018) also hold
in the COINtensity model. However, the procedure seems to work well in practice,
as shown in our simulation study.

3 Simulation study

In the first part of this simulation study, we examine the validity of the procedure of
Onatski and Wang (2018) to test for cointegration. They suggest to determine the
cointegration rank graphically by comparing the empirical quantiles of the eigen-
values with the theoretical quantiles of the Wachter distribution. The cointegration
rank is chosen according to the number of eigenvalues deviating from the 45° line.
Here, we calibrate the numerical example in Liang and Schienle (2019), which is an
8-dimensional VAR(2) process with four unit roots,i.e p =8, r=4, k= 1.

The Wachter g-q plot

1.0

Empirical quantiles

04

0.2

0.0

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Quantiles of Wachter

Fig.1 The Wachter O—Q plot for the linear data generating process. The plot shows that the number of
eigenvalues deviating from the 45° line is equal to the true cointegration rank, r = 4

@ Springer



8 Digital Finance (2021) 3:1-23

AX, = af'X,_, +T|AX, | +¢, (15)

with full-rank matrices a, § of dimension p X r and iid-distributed €, generated from
N(0,13). We consider T = 200, matrices a, f and I'; are listed in the appendix (set-
ting 1.1). Figure 1 shows that there are exactly four eigenvalues that deviate from
the 45 degree line, which also supports the simulation result of Onatski and Wang
(2018), while the Johansen test rejects the null hypothesis of a cointegration rank
smaller than or equal to four at 5% significance level, implying five cointegration
relationship.

As a second setting, we consider the COINtensity VECM as our data generat-
ing process,

AX,=af'X,_ {1 +tanh (y'BTX,_,)} +e, (16)

We consider the high dimensional case of p = 15 and r = 3. The error term is iid and
generated from N(0,0.05 - I;5). We choose a sample size of T = 200. The parameter
matrices are listed in the appendix (setting 1.2). Figure 2 shows exactly three eigen-
values deviating from the 45° line. The testing procedure seems to also work well in
the high dimensional and nonlinear setting. So, we apply the Wachter O—Q plot to
decide the number of cointegration in our large dimensional model.

In the second part of the simulation study, we investigate the finite-sample
properties of our estimator for the COINtensity VECM. We follow the study
design of Kristensen and Rahbek (2010), focusing on the case where p =2 and

The Wachter g-q plot

1.0

0.6

Empirical quantiles
0.4

0.2
|

0.0
1

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Quantiles of Wachter

Fig.2 The Wachter Q-0 plot for the nonlinear data generating process. The plot shows that the number
of eigenvalues deviating from the 45° line is equal to the true cointegration rank, r = 3
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Table1 RMSE for QMLE of

R . T =250 T =500 T = 1000 T = 2000
individual parameters in our

COINtensity VECM Qpitps a 0.1136 0.0910 0.0736 0.0581
://github.com/QuantLet/Crypt

oDynamics/tree/master/Crypt a, 0.0448 0.0322 0.0246 0.0187
oDynamics_Simulation y 0.3584 0.2887 0.2218 0.1696

the number of cointegration relation is r = 1. Further, the number of lagged dif-
ferences entering our model is k = 1. We consider four different sample sizes,
T € {250,500, 1000,2000}. The cointegration vector is assumed to be esti-
mated in advance, f = (1,—1)". The loading parameters are set to a; = 0.5 and
a, = —0.5. The elements matrix of parameters associated with the lagged first dif-
ferences are set to ij = 0.05 for j, k = 1,2. Finally, we set y = 0.2. For each sam-
ple size, we simulate 1000 sample paths of our VECM specification. We evalu-
ate the performance of the estimator by the root mean square error (RMSE). The
simulation results can be found in Table 1.

For the individual-specific parameters, @, and a,, we can observe a good estima-
tion accuracy already in small and moderate samples. As expected, the estimates
become more precise with increasing sample size 7. This is also the case for y,
which governs the intensity by which the individual series are affected by deviations
from the long-term equilibrium. However, the estimates for y are not as precise as
for the former parameters.

We consider a second setting for the evaluation of our estimation procedure. In
this setting, we have the relative large dimensional case of p = 8 and r = 3. The true
values for @, f and y are again listed in the appendix (setting 2.2). The simulation
results, based on 1000 Monte Carlo iterations, can be found in Table 2. We report
the average Frobenius error of estimating the loading matrix a, ||@ — «||, as well as
the RMSE of y,, 7, and y5. The result confirms that the estimation error can be effec-
tively reduced with increasing sample size, even if the dimensionality is comparably
high.

Table 2 The first row shows

. T =250 T =500 T = 1000 T = 2000
the average Frobenius error,
& = all, for the estimated p 03965 0.3440 0.2948 0.2669
parameter matrix aQhttps:/
github.com/QuantLet/Crypt 7 0.0634 0.0457 0.0327 0.0298
oDynamics/tree/master/Crypt 7 0.0627 0.0416 0.0466 0.0363
oDynamics_Simulation s 0.0752 0.0714 0.0638 0.0447

The remaining rows show the RMSE for QMLE of 7 in our COIN-
tensity VECM
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4 Dynamics of cryptocurrencies
4.1 Data and descriptive statistics

In the empirical part of the paper, we analyze the joint dynamics of the largest cryp-
tocurrencies. In particular, we are interested in the following set of questions.

I. Do cointegration relations exist among cryptocurrencies?
II. Which cryptocurrencies affect and which are affected by long-term equilibrium
effects?
III. How does the impact of the cointegration relationships change in a dynamic
setting?

We use daily time-series data of the largest ten cryptocurrencies, which we obtained
from Coinmarketcap.com. Since some of the currencies have a very short trading
history, we restrict our analysis to those with a time series dating back to at least
July 2017. The reason for this decision is to include the boom and the bust of the
crypto-bubble at the end of 2017 and start of 2018. To avoid pathological cases, we
also remove stable coins such as Tether (USDT). Stable coins are characterized by a
fixed exchange rate with the USD and are therefore expected to be stationary in lev-
els. The list of currencies included in our analysis can be found in Table 3. In total,
we have 945 daily price observations from July 25, 2017 until February 25, 2020.

The aggregated market capitalization of our sample is around 230 bn USD and
captures more than 95% of the total market capitalization of cryptocurrencies. Our
analysis, therefore, has a high degree of external validity. By looking at Table 3, it
becomes apparent that the crypto market is still dominated by Bitcoin. However,
also ETH and XRP occupy a dominant position in the market.

Figure 3 shows the development of the log prices over time. The multivariate
time series reveals a strong co-movement of cryptocurrencies. For instance, we can
observe a sharp rise in prices for all currencies at the end of 2017, followed by a

Table 3 List of cryptocurrencies

C Symbol Market Cap Avg Ret %

and descriptive statistics. Market urrency ymbo (18: SSD'e)iP ve Return (%) - o

capitalization as of February

25, 2020, obtained from Bitcoin BTC 170370  0.181 0.019

Coinmarketcap.com Qhttps

//github.com/QuantLet/Crypt Ethereum ETH 27,223 0.077 0.020

oDynamics/tree/master/Crypt XRP XRP 11,087 0.028 0.022

oDynamics_Simulation Bitcoin Cash BCH 6477 0.133 0.047
Litecoin LTC 4567 0.092 0.025
EOS EOS 3764 0.107 0.034
Binance Coin BNB 3164 0.338 0.053
Monero XMR 1978 0.204 0.031
Stellar XLM 1320 0.222 0.045
Ethereum Classic ETC 1076 0.066 0.032
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o .Mﬂ\/\.\h\fw/‘wﬂw

10

T T T
2018 2019 2020

Fig.3 Time Series of log prices from July 2017-February 2020. BTC, ETH, XRP, BCH and all others
Qbhttps://github.com/QuantLet/CryptoDynamics/tree/master/CryptoDynamics_Simulation

sharp decrease at the beginning of 2018 during burst of the cryptocurrency bubble.
This empirical observation suggests a dependence of currencies in levels, not only in
first differences. It is thus an essential task to account for cointegration, when ana-
lyzing the joint dynamics of cryptocurrencies. Failing to do so would only paint an
incomplete picture.

Before any cointegration analysis can be done, one has to assure that all the cur-
rencies series are non-stationary and integrated of the same order. Performing the
Augmented Dickey-Fuller (ADF) test with a constant and a time trend, the null
hypothesis of a unit root cannot be rejected for the individual logged prices at 90%
level. The lag length k for the ADF test has been selected by the Ng and Perron
(1995) downtesting procedure starting with a maximum lag of 12. However, the

Table 4 p Values of the

stationary tests for the level and X AX,

first difference data ADF KPSS ADF KPSS
BTC 0.76 < 0.01 <0.01 > 0.1
ETH 0.56 < 0.01 < 0.01 > 0.1
XRP 0.21 < 0.01 < 0.01 > 0.1
BCH 0.59 < 0.01 < 0.01 > 0.1
LTC 0.60 < 0.01 < 0.01 > 0.1
EOS 0.41 < 0.01 < 0.01 > 0.1
BNB 0.40 < 0.01 < 0.01 0.04
XMR 0.62 <0.01 <0.01 > 0.1
XLM 0.28 < 0.01 < 0.01 0.07
ETC 0.39 <0.01 <0.01 > 0.1
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The Wachter g-q plot
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Fig. 4 Wachter O—Q plot to determine the cointegration rank r

Table 5 Estimated cointegration vectors ﬁthtps://github.com/QuantLet/CryptoDynamics/tree/master/
CryptoDynamics_Simulation

BTC ETH XRP BCH LTC EOS BNB XMR XLM ETC

b 1.00  0.00 0.00 0.00 1.98 0.13 -094 -342 0.57 0.70

b 0.00 1.00  0.00  0.00 -028 =027 024 -1.09 0.11 0.31
b3 0.00  0.00 1.00  0.00 - 0.97 0.39 0.20 0.54 -0.76 0.00
by 0.00 0.00 0.00 1.00 0.53 -043 -0.06 —-1.27 0.37 - 042

results of the ADF test are not sensitive to the choice of k and the null cannot be
rejected for any number of lagged terms in each of the series.

In the next step, we apply differences of the time series and compute the ADF
test statistic on the differenced data. This time, the null of non-stationarity is
rejected for all indices at the 99% level. This suggests that daily returns follow
a stationary process. Since the original series must be differenced one time to
achieve stationarity, we conclude that the cryptocurrency prices are integrated of
order one, such that the vector X, is I(1). The results of the tests are summarized
in Table 4. Having confirmed that all the series are integrated of the same order,
this allows to test for cointegration.
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Fig.5 Time series of the long-term stochastic trends. [/STX,_I, @X,_l, /?;X,_1 and ﬁ;rXI_IthtpS://githu
b.com/QuantLet/CryptoDynamics/tree/master/CryptoDynamics_Simulation

Table 6 Estimated loading

matrix @Qhttps://github.com/ Ecty ECT ECT, ECT,

QuantLet/CryptoDynamics/ree/ g 00045  —00017  —00119 0.0005

master/CryptoDynamics_Simul

ation ETH 0.0084 —0.0228 0.0098 0.0085
XRP —0.0010 —0.0385 —0.0287 0.0164
BCH 0.0044 0.0024 —0.0348 -0.0403
LTC 0.0019 —-0.0144 —0.0185 —-0.0138
EOS —0.0068 —0.0293 —0.0382 0.0438
BNB 0.0308 —0.0199 0.0142 —0.0047
XMR 0.0024 0.0026 —0.0123 0.0268
XLM 0.0067 —0.0276 0.0205 0.0205
ETC — 0.0009 -0.0096 0.0007 0.0282

Bold indicates significance of negative coefficients, italic indicates
significance of positive coefficients, with significance at 5%, 1% and
0.1% level

4.2 Estimation results for linear VECM

In the first step, we determine the cointegration rank graphically using the Wachter
0-0 plot proposed by Onatski and Wang (2018). As explained in the last section,
large deviations of the empirical quantiles of eigenvalues from the theoretical quan-
tiles of the Wachter distribution indicate that the present matrix does not have full
rank. We conclude from Fig. 4 that there are four cointegration relations since we
can observe four eigenvalues deviating from the 45° line.

Having fixed the cointegration rank, we can proceed with estimating the cointe-
gration vectors. The estimated coefficients can be found in Table 5. To make the esti-
mator unique, we normalize the j-th entry of the j-th cointegration vector to 1. Due
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to this normalization, we have one vector associated with each of the four largest
currencies. For instance, we can observe for f, that the entry for BTC is one whereas
the entries for ETH, XRP and BCH are all close to zero. Based on these estimation
results, we plot the time series of our four stochastic trends in Fig. 5. Apart from the
beginning of our observation period and apart from the crypto bubble of 2017/2018,
we can observe steady and mean-reverting stochastic trends. These observations can
be confirmed statistically. Results from the ADF test reject the hypothesis that these
trends have a unit root. We can continue to estimate the short-run parameters @ and
I'. In the following, we select the lag order, k = 1, using the Bayesian information
criterion (BIC).

The estimation results of our baseline VECM indicate that cointegration plays an
important role for cryptocurrencies. See Table 6 for the estimation of the loading
matrix @. The (j,i)-th entry of the etfelge shows how currency j is affected by error
correction term i, where ECT;,_;=p; X,_;. Almost all currencies are significantly
affected by at least one stochastic trend, with BTC and LTC being the only excep-
tions. We additionally test the hypothesis of weak exogeneity to examine whether
a given currency is unaffected by all stochastic trends. The null and alternative
hypotheses are:

Hy: a,=...=0a,=0 vs. H @ Jay,#0 (17)

The test statistic is constructed as a classical Wald statistic. We reject the null
hypothesis for all currencies at a significance level of 0.1%. Cointegration, therefore,
has universal effects. The long-run linkages between the indices suggest that cryp-
tocurrency prices are not independent, but predictable using information of others.
The results also suggest that investors who seek to diversify their portfolios inter-
nationally should be aware that the ten cryptocurrency prices in the system follow
a common stochastic trend. This means that these markets generate similar returns
in the long-run. Therefore, diversification across the markets is limited and investors
should include other markets with lower correlation to hedge their risk.

In the first error correction term, ETH and BNB do not tend to return to the long-
run equilibrium as the coefficient on the error term is positive. In the second one,
ETH, XRP, EOS and XLM all have the predicted negative sign, which indicates
that the disequilibrium given in the error correction term will be reduced period by
period. However, the size of the estimates differs widely and is quite small compared
to the other short-term adjustment parameters. These results suggest that distortions
in the long-run equilibrium will be corrected slowly and unevenly among the ten
cryptocurrencies. In the third one, XRP, BCH and EOS carry the burden of adjust-
ment to return to the long-run relationship. In the fourth one, EOS, XMR, ETC are
the leaders in the system and that BCH carries the burden of adjustment to return to
the long-run relationship.

The estimation results for the lagged differences can be found in Table 7. Com-
pared to the estimated coefficients for the error correction terms, the lagged differ-
ences seem to be less important. Some currencies, such as BCH and BNB, have
highly significant coefficients associated with their own lagged value. Another inter-
esting observation is that BTC and BCH both depend on each other negatively.
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Table7 Estimated coefficient matrix ﬁthtps://github.com/QuantLet/CryptoDynamics/tree/master/
CryptoDynamics_Simulation

BTC ETH XRP BCH LTC EOS BNB XMR XLM ETC

BTC 008 -0.08 -0.03 -=0.05 -0.06 0.07  0.00 0.06 0.02 -0.04
ETH -0.07 0.05 -0.07 0.00 0.07 —-0.02 0.01 0.02 0.02 —-0.08
XRP  —-0.17 0.06 011 -0.03 0.03 0.01  0.05 006 -0.08 —0.12
BCH -0.28 0.13 —-0.09 019 —-0.05 -0.00 0.08 0.06 001 -0.14
LTC 001 -0.11 -0.03 0.02 0.09 -0.05 0.02 0.03 -0.01 -0.02
EOS -0.07 -0.06 -0.07 -0.03 0.11 0.00 0.08 0.02 0.01 -0.01
BNB 0.15 0.01 0.02 003 —-0.18 001 018 -004 -—-013 -0.06
XMR -0.05 =001 -007 =001 0.02 003 0.07 -004 -001 -0.05
XLM 0.04 -008 -004 -0.07 0.09 0.03 0.00 -0.03 013 -0.11
ETC 005 -0.01 -0.09 0.05 —0.00 0.05 0.01 -0.08 0.02 -0.07

Bold indicates significance of negative coefficients, italic indicates significance of positive coefficients,
with significance at 5%, 1% and 0.1% level

-0.5
|

2018 2019 2020

Fig.6 Time series of cointegration intensity G(ﬁr X,_,;7) (grey) and spline interpolation (blue) Qhttps
://github.com/QuantLet/CryptoDynamics/tree/master/CryptoDynamics_Simulation (colour figure online)

4.3 Estimation results for COINtensity VECM

All the previous results are obtained in the baseline linear VECM setting. For a
dynamic analysis, we henceforth rely on our COINtensity VECM. We estimate the
model by the profile likelihood estimation framework introduced in Sect. 2.2. In the
first step, we estimate the cointegration vectors f as before. In practice, we then esti-
mate the nonlinear part of the model by random parameter search. We assume that
the parameter vector 6, = y lies in ®, = [—1, 1]". The candidate parameters are gen-
erated from the r-dimensional uniform distribution in the same range. Our number
of simulations is 10,000.
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The time series of the estimated COINtensity function, G(ﬁ X,_,7), is visualized
in Fig. 6. We can observe a time-varying pattern of the intensity by which cryp-
tocurrencies are affected by long run equilibrium effects. Prior to the building of
the bubble at the end of 2017, cointegration intensity was low with values below
zero. The following increase goes along with the strong increase in prices across all
cryptocurrencies in the last quarter of the same year. The subsequent months can be
characterized by a highly volatile cointegration intensity. Recently, from the second
half of 2018, we can observe a period of stabilization with only a few values exceed-
ing the —0.5 and 0.5 thresholds. We conclude that nonlinearity was more prevalent
in the turbulent period of the cryptocurrency bubble.

We also evaluate the out-of-sample predictive power of the COINtensity VECM
compared to the linear baseline model. Even if prediction is not the main purpose of
this research, it can still provide insight into the usefulness of the nonlinear speci-
fication. For the out-of-sample analysis, we consider the period from February 26
to October 13, 2020. The results can be found in Table 8. We report the root mean
square error (RMSE) of prediction for both models and for each cryptocurrency sep-
arately. It becomes evident that the COINtensity specification outperforms the linear
model. For nine out of ten currencies the RMSE is lower. We apply the test of Die-
bold and Mariano (2002) to test whether this outperformance is significant. We find
that only for one currency (BNB) the forecast is significantly better.

5 A simple statistical arbitrage trading strategy

In this section, we apply a simple cointegration-based trading strategy for cryptocur-
rencies. We use the same data as in the previous section. Under the assumption of
mean reversion of the long term stochastic trends, a large deviation from the equi-
librium relationships should lead to profitable investment opportunities. In the fol-
lowing, we define the cointegration spreads. For each cointegration relationship,
j=1,...,r, we have

Table 8 Out-of-sample

L. . Linear COINtensity DM-test

predictive performance in

terms of root mean squared BTC 0.0451 0.0450 0.1883

error (RMSE) for the linear ’ : ’

VECM and COINtensity VECM ~ ETH 0.0614 0.0579 0.8132

specification XRP 0.0488 0.0446 0.8226
BCH 0.0580 0.0579 0.8991
LTC 0.0504 0.0506 0.8904
EOS 0.0575 0.0541 0.8004
BNB 0.0675 0.0589 0.0413
XMR 0.0538 0.0527 0.1571
XLM 0.0559 0.0524 0.7931
ETC 0.0539 0.0539 0.6541

Additionally, p values from the Diebold-Mariano test are reported
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Fig. 7 Visualization of the statistical arbitrage trading strategy for simulated data. Neutral position, short
position and long position

Table9 In-sample performance . 1q +0; +1.50; +20; CRIX
statistics for different threshold /

levels Q https://github.com/

. Number of Trades 40 21 12 -
QuantLet/CryptoDynamics/tree/
master/CryptoDynamics_Simul Net Profits 28,474 24,876 21,247 15,330
ation Maximal Drawdown 3078 2989 2893 55,297
Annual Sharpe Ratio 2.24 1.99 1.77 0.22
—nT
S, =X,

(18)
= ﬂj,lXI,l + e +ﬁ_][) pt*

These spreads are nothing more than weighted averages of log prices of crypto-
currencies, where the weighting is done by the cointegration vectors. If the spread
exceeds an upper threshold, we enter a short position, if the spread goes below the
lower threshold, we enter a long position. The reasoning behind the strategy is very
intuitive. A large positive spread is a signal that the portfolio is overpriced and it is
profitable to sell it. On the other hand, if we encounter a large negative spread, the
portfolio is underpriced and we should buy it. The logic of the trading strategy is vis-
ualized in Fig. 7. We choose three different threshold levels, 7 € (ia,, +1. 50'], 120' ),
which are chosen to be symmetric around the long term mean of the stochastic trend
and o; is the estimated standard deviation. This investment decision is repeated for
each estlmated cointegration relationship and for each trading day. So each day, we
have to make a decision to either buy, sell or hold our positions. The trading strategy
follows (Leung and Nguyen 2019), who consider a similar statistical arbitrage strat-
egy. However, our strategy differs in two aspects. First, Leung and Nguyen (2019)
use the approach of Engle and Granger (1987) to estimate the cointegration vector
and second, our paper utilizes r cointegration relations while their paper is restricted
to a single one. We backtest our strategy and compare the performance to the cryp-
tocurrency index CRIX (Trimborn and Hérdle 2018).
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Fig. 8 In-sample performance of the trading strategy with thresholds = = +1.5¢ (black) vs. CRIX (yel-
low) (colour figure online)

Table 9 summarizes the performance of our trading strategy for different thresh-
old levels and compares it to the performance of the CRIX. The number of trades is
decreasing with an increasing threshold level. For each of the candidate thresholds,
we can make substantial profits. The optimal threshold in our analysis is 7 = +0;. It
has the highest net profits, the largest Sharpe ratio and a similar maximal drawdown
to the other threshold levels. While the net profits of the benchmark index portfolio
(CRIX) are comparable to our arbitrage strategy, the risk is significantly higher. The
maximal drawdown is more than ten times as large as for the optimal strategy. Also
the Sharpe ratio, which relates expected returns to the standard deviation, is clearly
smaller. Figure 8 visualizes the time series of the cumulative returns of our trading
strategy and of the CRIX. As expected of an arbitrage strategy, there is almost no
dependence of the cumulative returns to the market. An interesting observation is
that the only substantial losses are made during the height of the crypto bubble at
the end of 2017. The gains and losses are very volatile in this period. From the mid-
dle of 2018 until the beginning of 2020 we can observe small but steady profits.

While the backtesting results show a great performance of our trading strategy, a
word of caution is needed. First, backtesting is an in-sample evaluation with limited
external validity. There is no guarantee that long-term relationship will hold in the
future, which is an implicit assumption in our cointegration analysis. This problem
is particularly severe in the case of cryptocurrencies due to their very short history.
Another caveat is that we assume perfect markets. In reality, investors face short
selling restrictions and transaction costs, even if some exchanges as Bitfinex allow
for short selling.

Table 10 Out—ofjsqmp{e Threshold o 150 70 CRIX
performance statistics for J J J
different threshold levelsQhttps  Number of Trades 5 4 3 B

://github.com/QuantLet/Crypt

oDynamics/tree/master/Crypt Net Profits —-2134 — 2363 — 1660 10,692
oDynamics_Simulation Maximal Drawdown 675 571 543 10,186
Annual Sharpe Ratio - 1.56 -2.20 -1.73 0.87
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Fig.9 Time series of long-run stochastic trends. Dashed vertical line indicates the begin of the out-of-
sample period
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Fig. 10 Out-of-sample analysis of long run equilibrium relationships and profits from corresponding
trading strategies. The red horizontal lines visualize the thresholds 7 = +1.5¢

To further evaluate our trading strategy, we take a look at its out-of-sample per-
formance. We consider the same set of cryptocurrencies in a time period from Feb-
ruary 26 to October 13, 2020. The results are reported in Table 10. It becomes evi-
dent that for none of the threshold levels we can make a positive profit. The reason
for this is the divergence of the cointegration relation in the out-of-sample period,
as shown in Fig. 9. To analyze the trading performance in more detail, we consider
each cointegration relation separately in Fig. 10 for a threshold of + 1.5¢. Most of
the losses originate from the first long-run relationship, which begins to deviate
from its mean at the end of August. A similar phenomenon can be observed for
the fourth cointegration relation. The remaining two stochastic trends do not diverge
significantly, leading to a close-to-zero profit. It will be interesting to observe in the
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future whether our estimated cointegration relations are indeed mean-reversing, i.e.
whether they will return to their equilibria, as predicted by our model. This would
also provide more information on the profitability of our trading strategy. While the
out-of-sample analysis can be seen as evidence against the possibility of statistical
arbitrage, it is too soon to tell whether the long-run relations disappeared completely.

6 Conclusion

This paper examined the joint behavior of cryptocurrencies in a non-stationary set-
ting. We were in particular interested in three questions.

I. Do cointegration relations exist among cryptocurrencies?
II.  Which cryptocurrencies affect and which are affected by long-term equilibrium
effects?
III. How does the impact of the cointegration relationships change in a dynamic
setting?

To address problem (I) and (II), we tested for cointegration using the approach of
Onatski and Wang (2018) and estimated a linear VECM. We found that our sam-
ple of currencies are indeed cointegrated with rank four. By testing for weak exog-
eneity, we were able to show that all cryptocurrencies are significantly affected by
long term stochastic trends. To address problem (III), we proposed a new nonlin-
ear VECM specification, which we call COINtensity VECM. The model has a good
interpretability without the need of having to estimate many new parameters. The
results of our dynamic VECM show a time-varying dependence of cryptocurrencies
on deviations from long run equilibria. We find that the nonlinearity of error correc-
tion is stronger during the time of the cryptocurrency bubble, compared to a later
time period.

Finally, we utilized the estimated cointegration relationships to construct a sim-
ple statistical arbitrage trading strategy, extending the one proposed in Leung and
Nguyen (2019). Our strategy shows a great in-sample performance, beating the
industry benchmark CRIX in terms of net profits, Sharpe ratio and maximal draw-
down. A look at the out-of-sample performance takes a more cautious perspective.
In particular, the trading strategy can only be successful if the cointegration equilib-
rium relations hold in the long-run.

Appendix: simulation design

Setting 1.1: Baseline VECM specification:
AX, = af'X,_; +T|AX, | +¢,

with parameter matrices
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-147 -13 0 —1.26
0 097 0 0
0 0 -0.74 0
—-1.19  0.85 0 0
0.55 0.78 -1 -1.37
0.8 0.75 0 0
0 -074 -126 0.78
0 -14 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 08|
0 0 -129 149
-087 0 —-0.53 -0.82
1.45 1.48 09 -0.69

I', =diag{0,0.7979,0,0.7932,0,0.5377,0, 0.7227}.

Setting 1.2: COINtensity VECM specification:

AX; =aﬂTXf—l {1 + tanh (yTﬂTXl_l )} + Sl.

y =(0.2,0.3,-0.4)".

Setting 2.2:

-0.10
0.10
0.67
0.37

-0.71

-0.62

—-1.00

—-0.82

-0.77

—-0.08

-0.01

-0.62
0.27
0.95

—0.58

047 —-0.12
-0.20 -0.12
0.20 —0.30
0.34  0.30
049 0.28
-045 0.10
0.03 0.32
0.72  0.88
0.50 —0.70
0.76  0.24
-0.82 -0.05
0.58  0.68
091 -0.28
-044 0.03
091 0.11
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-0.14 0.20 —-0.30
-0.08 0.10 0.30
0.04 0.08 0.16
0.24 -0.26 —0.00
-0.18 -0.18 0.13
024 -0.19 0.30
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0
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