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Abstract

In this article we consider the post-retirement phase optimization problem for a spe-
cific pension product in Germany that comes without guarantees. The continuous-
time optimization problem is defined consisting of two specialties: first, we have a
product-specific pension adjustment mechanism based on a certain capital coverage
ratio which stipulates compulsory pension adjustments if the pension fund is under-
funded or significantly overfunded. Second, due to the retiree’s fear of and aversion
against pension reductions, we introduce a total wealth distribution to an investment
portfolio and a buffer portfolio to lower the probability of future potential pension
shortenings. The target functional in the optimization, that is to be maximized, is the
client’s expected accumulated utility from the stochastic future pension cash flows.
The optimization outcome is the optimal investment strategy in the proposed model.
Due to the inherent complexity of the continuous-time framework, the discrete-time
version of the optimization problem is considered and solved via the Bellman prin-
ciple. In addition, for computational reasons, a policy function iteration algorithm is
introduced to find a stationary solution to the problem in a computationally efficient
and elegant fashion. A numerical case study on optimization and simulation com-
pletes the work with highlighting the benefits of the proposed model.
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1 Introduction

In this article, we study a pension insurance related optimization problem which
targets to maximize the expected utility of the future stochastic pension cash flows
of a client within a specific pension adjustment and investment model. This model
covers a certain pension adjustment mechanism, where pension guarantees are dis-
regarded, but the pension needs to be adjusted (either reduced or increased) if the
pension fund becomes underfunded or significantly overfunded, and a buffer rule to
smooth the pension development over time and to reduce the probability of pension
shortenings. The solution to the problem is given in form of the optimal investment
strategy in the proposed system.

The above is motivated by the need of a suitable pension product that allows for
higher expected returns on the investments particularly when interest rates are low
or even negative. In the recent low interest-rate environment, traditional pension
funds, which allocate a high proportion of their wealth to defensive assets such as
government bonds due to the promised guarantees, can only offer a relatively small
expected return on the investments. By this, the pension fund wealth of a client
grows at a rather small rate and consequently the future pension payments will be
quite low. Generally, clients seek for and desire a stable evolution of their reported
wealth (and their pension) at a high expected return and with a limited downside.
Therefore, alternative strategies without guarantees but with a certain downside pro-
tection can provide a significant contribution.

For this reason, we consider a certain pension product' that comes with a buffer
and a pension adjustment mechanism to enhance expected returns. The product allows
company pension schemes to only make contribution-related promises but forbids
performance-related guarantees. To allow for a performance- or return-seeking char-
acteristic, the product comes with no pension cash flow guarantee at all. The product
generally consists of two phases: the pre-retirement or accumulation phase and the
post-retirement or decumulation phase. We focus on the wealth decumulation phase
in what follows. This phase can be regarded as a modification of a defined benefit
(DB) plan, where the pensions stay constant as long as the wealth remains inside a
pre-defined corridor. As this new pension product is currently in a development stage
in Germany and is being built up, we study the impact of the associated model. As
every investor has an individual risk appetite or risk attitude, professional decision
making under uncertainty needs to consider an adequate modeling of a certain risk-
reward tradeoff. A more risk-averse investor generally prefers a portfolio with a lower
risk in terms of some risk measure, coming at the cost of smaller returns on average.
The general question arises how the pension fund’s wealth is to be invested such that
the benefits for the clients are maximized. This particular question about a scientifically

! The considered pension scheme is named “Nahles—Rente” or “Sozialpartnermodell” in Germany,
and is also known under “reine Beitragszusage”. It is regulated by “Bundesanstalt fiir Finanzdienstleis-
tungsaufsicht (BaFin)” and its political starting point is the so-called “Betriebsrentenstirkungsgesetz
(BRSG)” which came into force on January Ist, 2018. Some more details, information and current status
can be found in [1] and [15].
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founded investment strategy for a Nahles—Rente pension product is addressed in this
work. Thus, we contribute with the following: First, a mathematical model (for a single
client and an age-grouped cohort) is built up that incorporates a certain buffer rule and
a pension adjustment mechanism. Moreover, the optimal investment strategy is derived
by maximizing the expected utility of the stochastic pension cash flows. Afterwards, a
numerical optimization and simulation case study is carried out to illustrate the optimal
control and analyze its characteristics. Based on the case study, under the assumption of
a positive interest rate, we find that the introduction of the proposed buffer system sig-
nificantly reduces the probabilities for pension reductions and leads to a certain trade-
off between the initial pension level at retirement time and performance: A more pro-
nounced buffer system is connected to a smaller initial pension level, but at the same
time leads to a superior performance of the pension evolution. We conclude that our
proposed model leads to a sophisticated optimal dynamic asset allocation policy that
provides remarkable benefits to clients and represents a meaningful alternative to risk-
averse clients. For a proposal and some discussion of an alternative model formulation
that designs a pension product without guarantees we refer to [6], where the modeling
is related to but differs from our approach.

The remainder is organized as follows: First of all, Sect. 2 introduces the consid-
ered financial market model (classical Black—Scholes model with constant parame-
ters) that consists of a riskless and multiple risky assets. Sect. 3 models the continu-
ous-time mathematical framework for the decumulation phase under a constant force
of mortality. The resulting portfolio selection problem (single-client and cohort ver-
sion) is stated in Sect. 4 and is solved in discrete-time. Although the problem is
finally solved in a discrete-time framework, we first introduce the continuous-time
setup as we would like to embed the problem into the standard portfolio selection
problems that deal with continuous-time capital market and decision models. Due
to implementation reasons, Sect. 5 provides an approximate solution to the original
problem in form of a stationary solution. To be able to solve the complex problem,
we particularly impose the following assumptions and simplifications: The applied
constant force of mortality implies an exponentially distributed remaining uncertain
lifetime. For algorithmic reasons, the planning or investment horizon of the system
is set to infinity to obtain an optimal stationary solution. This solution can be used
as an approximation for a finite planning horizon when the survival probability of
exceeding this horizon is sufficiently small. Additionally, separability of time and
pension in the pension utility function is assumed jointly with an exponential time-
dependence. Moreover, certain (mostly equidistant) discretization grids are utilized
when the problem is addressed in discrete-time. An extensive numerical case study
visualizes the optimal asset allocation strategy and highlights its benefits in Sect. 6.
Finally, Sect. 7 concludes.

@ Springer



650 A. Lichtenstern, R. Zagst

2 The financial market model

Let T < oo denote the initial time of the post-retirement phase, the retirement entry
time in most cases. Further let 7 denote the end of the investment period and let
Q, FF = (fz)te[m, ) be a filtered complete probability space that satisfies the
usual conditions and let W = (W(2)) (7.7, W(0) = (W, (D), ..., Wy(®), N € N, denote
a standard N-dimensional Brownian motion. Q is the sample space, P denotes the
real-world probability measure and F, the natural filtration generated by W(s),
T < s <t, that is augmented by all the null sets. By this we introduce uncertainty
into the considered continuous-time financial market model that is frictionless and
consists of N + 1 continuously traded assets: one risk-less asset P and N risky assets
P, i=1,...,N. The price of the risk-less asset is subject to the equation

dPy(t) = rPy(t)dt, Py(T)=1,T<t<T, 2.1

where r > 0 is the constant risk-less interest rate. The remaining N assets, usually
referred to as asset classes, are subject to the stochastic differential equations

N
dpP,(t) = Pl-(t)( udt + O'idW(t)) = Pi(t)< udt + Z O'idej(t)>, 2.2

J=1
P(T)=p; >0,
where u = (,ul, ,,uN)’ S [R{’J\r’ with uy—r1>0 is the constant drift and
;= (0;1,...,0;y) € RN denotes the constant volatility vector of assets
i=1,...,N. Here, x' stands for the transpose of some vector x, 1 :=(1,...,1) and
0 :=(0,...,0). The volatility matrix is defined as ¢ = (O-if)ijzl N with corre-

sponding covariance matrix £ = c¢’ of the log-returns which is assumed to be
strongly positive definite, i.e. there exists K > 0 such that P-a.s. it is x'Zx > Kx'x,
Vx € RY. Moreover, within this framework y = 6~!(y — r1) denotes the market
price of risk. In accordance with [13] there exists a unique risk-neutral probability
measure () within the above market dynamics. Additionally, the financial market is
complete which enables us to determine the present value of stochastic cash flows as
expected discounted payments under the measure Q. The associated pricing kernel
or state price deflator, which we denote by Z(7), is defined as

(1) = o~ (3R )= W0 (2.3)

and can be used for the valuation of cash flow streams under the real-world probabil-
ity measure P. The dynamics of the pricing kernel is

dZ(t) = =Z(t)(rdt + y'dW(1)), Z(0) = 1. (2.4)
Further, let ¢ = (¢g, ®)', ® = (@4, ..., @y)' denote a trading strategy that is assumed
to be JF,-progressively measurable, self-financing with
P( S loo®] + lp@12de < oo) =1. (1) represents the number of individual

shares of asset i held by the investor at time f. Analogically, we denote the F,
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Optimal investment strategies for pension funds with... 651

-progressively measurable and self-financing relative portfolio process with
= (my, &Y, # = (my, ..., my), where # represents the risky relative investment and
7y(f) = 1 — #(2)'1 the risk-less relative investment. In general, z,;(r) denotes the pro-
portion of wealth allocated to asset i at time ¢ and is related to ¢;(f) through

V() 2.
0, if V() = 0, 2.5)

9, (OP;() :
i i f
) i { 2020 it V() #0,
where V(f) denotes the corresponding wealth at time 7. The wealth V(¢), and in par-
ticular its characterizing dynamics dV(¢), are to be defined in the upcoming section.

3 The decumulation phase mathematical model

In the following we present and explain the mathematical modeling of the pension plan
dynamics associated with the decumulation phase. At first we consider a single client,
but later relax the framework to a cohort model where customers are grouped by their
age. Remember that time T denotes the initial time where the post-retirement pension
fund is started. The total individual wealth of client i in cohort j at time ¢ > T is denoted
by Vi(].wml)(t), the individual continuously-withdrawn pension payment rate by P (1) > 0
and the time- present value of all outstanding future pension payments to this specific
client under a constant pension development assumption by E;(7). The latter can be
expressed as

5D Z(s)
i) [/ 2w 1O

where rlf;(T) denotes the uncertain total lifetime of client i in cohort j who is aged x

Foti(T) 2 t], G.1)

at time 7. Throughout the paper we consider a constant mortality rate 4, = 4,(;, > 0.
Therefore, the survival probability of a client aged x at time 7 to survive from time 7
until time r > T is given by P(¢X(T) 2 f|t{(T) 2 T) = e~A=1) 3 > 0. Moreover,
we assume T;f(T) (uncertain total lifetime) to be independent of the filtration [F.
Within this model, we have fors >t > T

P(r;jf(T) >5,73(T) > t) P(f;;(T) > s>

[F"(r;j‘.(T) > T;(T) > t> = =
P(r;;.(T) > t) P(T;;(T) > z) (3.2)
g_)”,x(s_T) (=)
T en ¢

Together with a given and thus known P;(7) at time 7, applying Fubini and using that
r[?;(T) is independent of [, E,:,-(t) becomes

@ Springer



652 A. Lichtenstern, R. Zagst

G 5@ Z(S)
E.
/0= [[ 70 1O

® [Z(s)
= Pij(t)/ Z(t) =1 T (T)2s

= |29,
””[' Z0)

Fpti(T) 21t

Foti(T) 2 t] ds

Fi ,,(T)>t] <r;;.(T)ZS

.E,T;(T) > t) ds

o A (3.3)

_ Z(s) . .
= Py(1) E % F,|P ng(T) >s ng-(T) >t)ds
32) o~ (A s—1) [5=%
= P.(t —r(s t) —A(s— t)d — p.

“)/. =0T |
_ P

r+ A,

Ej;(7) can be regarded as perpetual annuity. Moreover, the pension rate P;(7) is
adjusted such that a certain capital coverage ratio

()
CCR™™ () 1= L~ (3.4)
i D)
is met. Particularly, regulations of BaFin force

CCR™ (1) € [100%, 125%], Vi>T. 3.5)

Generally for all # > T, the total wealth V(mml)(t) that belongs to client i in cohort j is
internally divided into an investment portfoho V;mv)(t) (portfolio mix of riskless and
risky assets) and a buffer portfolio V(buﬁer)(t) (deposit account with zero interest
rate’) such that

‘/,:(thtal)([) — V;iinv)(t) + V;jbuffer)(t). (36)
Let us define
- (inv) f ouen Vi(jbuﬁ‘er)(t
CCRan t ———, CCR>"™™(f) 1= ———. 3.7
) : Eﬂ> 70 =2 3.7)

This immediately implies the relationship

2 One could also think about a deposit account with interest rate r > 0. A zero interest rate is assumed
here as it strongly simplifies later calculations. In addition, as the buffer account may need to be adjusted
on a more frequent basis than the capital allocation to the risk-less asset, higher internal or external
account (management) costs could justify a lower interest rate.

@ Springer
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y (total) (inv) (buffer)
CCR([otal)( )(3 4) ij @ (3.6) V ® Vij (t )(3 7

CCR(”“’)(t) + CCR(b“ff“")(z)

E;(0) E,j(t) E, (1)
(3.8)
We propose the following structure:
(buffer) . _ (total)
V) = a( VI - Ey0) (3.9)

for some a € [0, 1]. The remainder builds the investment portfolio

3.6) (3.9

V(mv) 0% V(Fotal) 0 — V(buffer) 0'Z V(Fotal) (t) — a(vi(jtolal) (6) — By t))

= a0+ (1 = Vi) = E;0) + (1 = ) (VE™ (0 = E,0)).
(3.10)

Thus, we define the buffer balance to be the proportion a of the cushion or surplus
Vg"tal)(t) — E;(t), the remaining fund flows into the investment portfolio. Further we
would like to control the capital coverage ratio for the investment portfolio such that
all pension payments can be made by the investment portfolio under normal circum-
stances, where the buffer account can help out in bad scenarios. For this sake, let us
denote® by p € [100%, 125%] the value for CCRE“V)(tn) after readjustment at some
re-set time #, where the pre-readjustment value at time ¢, falls outside the corridor
[100%, 125%]. For instance, one could set p = 112.5% to the center of the corridor.
Note that Eq. (3.9) leads to

(buffer) ( t)

CCR(“’ta])(t) CCR('"V)(t)+CCR(b“ﬁer)(t) CCR("“’)(t)+ S —
E;®O 311y

39 :
=CCRI™ (1) + a(CCRg‘”aD(t) - 1)
for allt > T, which can be reformulated to

CCR™(1) — a
CCR™™ (1) = —L—. (3.12)
v 1l-a

We would like to stress out that the parameters a and p are exogenously given and
time- as well as client-independent. In the following we propose and describe a cer-
tain adjustment mechanism for the pension rate and the buffer system and demon-
strate that it actually satisfies Eq. (3.9) for all adjustment times (called ¢,) as well as
all non-adjustment times (¢ # ¢,), i.e. forall t > T.

3 Values of j very close to 100% or 125% are not suitable for practical purposes because it would require
far too many adjustments over time.

@ Springer



654 A. Lichtenstern, R. Zagst

3.1 System at re-adjustment times

As already mentioned, whenever the corridor is exceeded at some time ¢, > T, the
pension rate P;(#,) needs to be adjusted (either reduced or increased) such that
CCR(“"&])(I ) € [100%, 125%]. The fund keeps the pension rates constant between

the re-adjustment times #,, n € N, which are defined by
(1) 21, }

(3.13)

For the sake of convenience we define ¢, := T as first (re-)adjustment time. At time
t, the system gets re-adjusted such that CCR(’"V)(t ) becomes p:

1, = inf{t € oy Ti(D] CCRgmal)(t) & [100%, 125%]

Vi) 6o
p 1= CCRI™ ()= )ﬁ(—)a+(l—a)CCRE}OtaD(tn). (3.14)
ij In

In view of Eq. (3.12) this is equivalent to

D—Q
CCRY™(1,) = ’;T (3.15)
Moreover, from Eq. (3.15) it follows
_ (total) _ (total)
117_ CCR(toml)( )(3 4)¥ P Eij(tn) — W—ij(t")
-« i) p-a (3.16)

Sy = 1%+ AV,
pD—a

This means that when p and ngal)(t,,) are known at time ¢, then the selection of «
determines the adjusted pension rates P(z,) at re-set time 7,. Moreover, a higher
value of p, everything else staying constant, implies a smaller adjusted pension rate

P;(z,). Hence, at every re-adjustment time ¢, (especially at time 7, = T), the adjusted
pension rate Py(z,) is selected according to Eq. (3.16) such that CCR(m[a])(t ) = ” <
(and CCR(mV)(t ) = p), and it further holds* P, (D = Pyt,) vV € [t,, +1) Flnally, We

receive

n_(t) :=sup{neN; 11, <t}

4 Mathematically spoken, let ¢>7T and then we have

n (0 :=inf{neNy : 1, > 1},

Py(t) = Py(t,_), V1 € [, L, ) (3.17)

@ Springer
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(mv)( )(3 156 Wp—a _ aP — 1.
1-a l-a
(3.18)

Notice that as we define p := CCR(mV)(t )in Eq. (3.14) to coincide for any customer

CCR<b“ffef)(t) CCR(“’mD(t) CCR

(p independent of i) and to be time-independent, so do CCR(mtdl)(t) and
CCR(buﬁer)(t) which we learn from Egs. (3.15) and (3 18). As
CCRémal)(t ) E [100%, 125%] is required, i.e. it has to stay inside the boundaries, we

must have ~ € [100%, 125%]. For economic reasons, suppose p € [100%, 125%]
and a € [0, 1] Therefore we have the regulatory condition

125% — p
« € 0% e T00% (.19)

on the variable «. In particular, when p = 112.5%, then « can be selected out of the
interval [0%, 50%].

3.2 Dynamics between re-adjustment times
So far we described the framework and mechanism at the re-adjustment times ¢,,. For all

t>T,t#t, we propose the following buffer rate mechanism (rate of change of the
buffer balance) that drives Vl(burter)(t) where we implicitly assume that the buffer

account is a simple account that pays no interest (see Footnote 2):
dV(buffer)(t) (buﬂer)(l)d[ _ ad(V([Otal)(Z‘) Ey(t)> (320)

This means that between any two re-adjustment times, the buffer portfolio V(b"ﬁer) @
evolves according to the changes in the surplus V(m‘a])(t) E;(1). Especially i 1n a situ-
ation where the change in the total wealth Vi(;mal (t) and the change in the liabilities
Ei/‘(t) coincide, the buffer portfolio remains constant. Eq. (3.20) leads to

t
Vl;buffer)(t) — V;jbuffer) (T) + / dV;jbuffer)(s)
’ T

<3§0>a(v;jt0tal>(T) - EU(T)) + /T ’ad<vlgjtotal>(s) _k, (s))
= a( Vi D) = Ey(D) + (V50 - Ey0) (321)
- a(vg"‘a”(T) - Eij(T))

forall t > T, i.e. Eq. (3.9) could be verified for all t = ¢, as well as ¢ # ¢,. Hence it
turns out that the proportional distribution of the total wealth V(mtal)(t) to the invest-

ment and buffer portfolio is identical for all times ¢t > T. The formula for the pension
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656 A. Lichtenstern, R. Zagst

rate at ¢ # ¢, was already shown in Eq. (3.17). A very beneficial feature of this pro-
posed buffer account and process is the following relation for times ¢ # t,;

CCR(“’“‘”(t) N\ 100% & VY0 N E;() & VI N 0. (3.22)

q y

Therefore, a downwards adjustment of the pension rate (CCRE;OMD(I) falls short

100%) comes at the same time as a zero value in the buffer account.

Additionally, for times ¢ # ¢, the dynamics of the investment portfolio, which serves
the pension outflows and the buffer rate (positive or negative), follows the stochastic
differential equation of a classically portfolio that is invested into the capital market:

dvg‘”’(t) = vﬁf"v)(t) [(r+ 25@) (u — r1))dt + 2™ (@) cdW (1)

2
P(Hdt — (b“ff“)(z)dt (3:23)

The first component of the formula coincides with a pure classical investment part,
where 20™) () denotes the risky relative investment that corresponds to the invest-
ment portfolio with wealth V(mv)(t) plus two additional components in the form of a

pension rate outflow —P, (t)dt and a buffer rate inflow or outflow c(JbUﬁer)(t)dt Fur-
thermore, bringing the dynamlcs of Vf’ ™)(f) and Vé.buffer)(t) together, gives

dv(total) ( l‘) dv(mv) ( t) + dv(buffer) ( l‘)

CELEVE [ (r 4+ 25 (4 — ) di + 2@ cdW ()]

Py(Hdt - (b“ffer)(t)dt + c(b“ffer)(t)dt

o [E,.j(t) +(1— a)(V.‘F"“*”(t) - E,.j(t))]
X [(r+ 2" (4 = rD)dt + 2™ (1) 6dW(1)] — Py(0)dt.
(3.24)

As the wealth of the buffer portfolio is not invested in the capital market, the total
time-¢ risky exposure is given by ﬂ(‘“")(t)V(mV)(t) which determines the following

relative risky investment 2(°2)(z) of the total Wealth V(toml) (7) depending on the capi-
tal coverage ratio:

(inv)

A (total) ([) V(mtdl) (t) _ ﬁ_(mv) (t) V(IHV) (f) P ﬁ(tolal) (t) — i ﬁ_(inv) (t)

(310)(1 B a)Vz;'tOta])(t) + aEy(t)

A (inv)

7)) (3.25)
(total)

Vi

_ (total)
2a(1 = )CCRP D +a
= a4,

cC Rgotal) 0

Since CCRf.;ma])(t) € [100%, 125%] by regulation, we obtain
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_ (total)
a a)CCRij )+ aﬁ(inv)(t) i M’ A ﬁ.(inv)(t)'

CCRE}"”I)(;) 1.25

ﬁ.(total) (t) —

(3.26)

It follows immediately that 2(°@(¢) < #0™)(¢), hence the buffer indeed dampens the
relative risky investment for the total portfolio. To prevent from leverage for a given
a, one has to restrict (20™)(¢))'1 < 1resp. (£1°)(£))’1 < 1. To exclude short-selling,
one needs to enforce 22 (f) > 0 resp. #0™)(r) > 0.

Finally, the discretized version of the stochastic differential equation (3.24) of
the total wealth is given by

Vl;[()tal)(t + A) — Vl;mtal)(t) + [Ey(t) + (1 _ a)<vi(jt0tal)(t) _ E;]O))]

x [(r + 25y (4 — 1)) A + z%(i"")(t)’o\/ZZ] —P,(0A,
(3.27)

where Z ~ M0, 1) is an N-dimensional vector of independent standard normal ran-
dom variables. Moreover, based on Egs. (3.16) and (3.17), the discrete-time version
of the pension rate development is

(total)
P(0), it 2 e [100%, 125%)

SEr 4 AV @+ A), otherwise.

(3.28)

Equation (3.28) tells that if the past performance of the total wealth investment
was very high, then the pension rate for the next period gets larger. In opposite, if
the performance of the total wealth in the preceding period was very low, the pen-
sion rate for the upcoming period gets reduced. Finally, the pension rate remains
unchanged if the total wealth stays within some lower and upper boundary.

4 The decumulation phase portfolio selection problem
4.1 Continuous-time optimization problem

The fund’s target is to maximize the client’s expected accumulated utility coming
from the stochastic future pension cash flows. The buffer portfolio is established
to reduce the probability of undesired pension shortenings and thus to keep the
pension more stable. The risk-return tradeoff in the optimization depends on the
type of applied utility function U. Since no bequest payments are considered, the
continuous-time portfolio selection problem for an initial wealth Vl.(jtoml) (T) =v,

and planning horizon T € (T, co] is given by
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Vi ™) = sup T, )
ziEA

T, ) = E| [} e DU, Py, @.1)

s.t. . -
T _5.a-T) Z®)
[E[ ST et )ﬁPij(t)dt] < vy

The dynamics of P;() is covered by Eqgs. (3.16)—(3.17). The set A covers all admis-
sible strategies 7™, A personal discount rate can be hidden in U. Later we select
U to be an increasing concave utility function, which means that the client prefers a
larger pension rate P;(7), but an increase in the pension rate would lead to less addi-
tional satisfaction the larger the pension rate already is. The objective function that

is to be maximized in Problem (4.1) arises from

i

' - T;;(T)/\T
T ”(1nv);vo’cgpuﬁer)) =F l / U, P,j(t))dt]
T

7
E l/ ua, P,-j(f))]lr;(T)zzdf]
T )

T
/ E [U(t, P;(1))
T

P(T;jt(T) > t>dt

(D) > 1

“2)
T

= / E[UG Pyo)]P(z(T) > ¢ )dr
T

T
= / e ADE[U, Py(1))]dt
T

T
=E l / e Dy, Pij(t))dtl :
T

Similarly, the budget constraint in Problem (4.1) arises from

T;(T)/\T Z(t) T Z(t)
[E N—P d = [E N—P ]]. X >td
Vo = [ /T 20 (0 t] l /T 2T (0 (2 t

=E / Te‘lx("T)@P--(t)dt :
T VAN

Throughout, let the intertemporal utility function U(%, p) admit the following form:

4.3)

Ut,p) := e P=Di(p), 4.4)

where U is a strictly increasing and concave utility function and # > 0 denotes the
subjective discount rate with utility discount factor e=#¢=7,
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4.2 Discrete-time dynamic optimization

In what follows we target to solve Problem (4.1). Due to the nature and complex-
ity of the scheme (especially the pension rate adjustment mechanism) coming from
the regulatory requirements, we consider the discrete-time version of Problem (4.1)
from now on and apply discrete-time dynamic optimization methods. We first trans-
late the Problem (4.1) into the corresponding discrete-time problem. For this sake,
we divide the investment period [T, T] into an equidistant grid with a distance of
A > 0 between every grid point

t(k) :=T+A.k, k:o,...,NA (45)

with N, := %T, such that #© = T and (V) = T with &) — 1% = A, We assume

Ny = T &N ‘which for instance holds true if 7—7 €N is in full years and

Ae{l, l, l, % é ﬁ, ...}, i.e. pension rate adjustments and rebalancing of the
portfolio take place annually, semi-annually, quarterly, monthly, weekly, daily, etc..
The decision variable #0™(#®) is applied on the entire interval
[1®, (kD) = [0 % 4 A) and is updated again at time %D = (% 4 A; the same
holds for Piﬁ(t). Within the discrete framework, the objective function

(G ARR cg’u D) that is to be maximized translates to

[ T
T ™3v, 70 = E / e =Dy, P,-j(t))dt]
T

T
=E / e—“ﬁﬂ)(f—“f](P,.j(t))dx]
T

"No—1 ) (4.6)
=FE / e—(/lx‘*‘ﬂ)(t—T) O(Py(t))dt
k=0 J1®
Ny—1 (k+1)
Pi.(z)EPi_(Z(k)) on [t(k)’t(/url)) A 1 .
ij CA E l Z / e—(ix+/7)(l‘—T) U(Pij(t(k)))dl )
k=0 J1®
For simplifying notations, let us define for k € {0, ... ,N, }:
. _ y/(total) - (k)
Vi =V (1),
Py =PV,
Sw = (Ve Pw)s 4.7
a, = A(mv)(l(k)) — ﬁ.(mv)(l(k);S(k))’
F, k= -

S denotes the two-dimensional state space with S, C Ri. a, is the action (or con-
trol variable) for period [¢®, f%+D) Tt is the risky relative investment strategy of the
investment portfolio, with a, € A, where A := {a e[0,11V: d1< l}denotes the
set that includes all possible portfolio weights at a given time point. The definition
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of A ensures the following: For a vector a € A, a > 0 prevents from short-selling of
arisky asset, a’l < 1rules out leverage. In the case of a single asset class (N = 1),
the set reduces to A = [0, 1]. Moreover, F, contains all the information accumulated
from time r=0 to time 7 =%, which particularly includes the information
(K;to{al)(t(k)), Pij(t(k))> = (V- Pay) = Sw- The optimization problem in discrete

time then reads

V(VO, Cf;:uffer)) — sup ﬂﬂ(inv);vo’ cg)uffer))
ao,...,aNAeA
Np—1 fk+1) (48)
s.t. ﬂ”(lnv);vo’ C;puﬁer)) =F Z / e—(/lx+ﬂ)(t—T)l~](P(k)) arl
k=0 J1®

We now address the stochastic control problem in (4.8). We assume a Markov
model, i.e. the objects at time %+ depend only on the respective objects at time
1 but not on all preceding times 1), ..., 7%=, Hence, the information S, at time
1® is sufficient, F, contains additional but unnecessary information. In view of the
dynamic programming principle (or Bellman’s principle) (cf. [2, 4, 5, 14], or [9]
for an application), we consider the following time-¢ problem (for convenience let
t = 1% for some k € {0, ... ,N, — 1}):

Vk(S(k);chUffer)) =  sup  J(@Sy. cﬁp“ﬂ‘er))
y Q- ly, | € v
R (4.9)
. (buffer)y _ —(A AP (u—1®) 7
s.t. ‘Zc(a’S(k)’C,_',‘ )y=E Z /‘) e~ (AtPu—t )U(P(,»))du Sa
i=k J1
and
buff
T, (@S 5" ") = 0. (4.10)

As we have a Markov model, we search for the optimal asset allocation decision rule
ar = #*W () = *@V(S, ) at every time 1*). Note

buff i buff
To@S gy, ") = T ™ vy, M), (@.11)

3.16 - .
where S, = (V(g), P(O))( = )(VO, ;TZ(r + A, )vp). In order to write the Bellman equa-

tion associated with Problem (4.9), the definition of the state transition function
comes next. Let Z ~ MO, 1) be a multi-dimensional vector of independent standard
normal random variables of dimension N (= number of risky assets). Z represents
the stochastic part of the fund return in period [f%, f%+D) (independent in every
period), i.e. Z is the risk driver or risk factor that drives the fund’s performance
besides the deterministic drift part. According to Eqs. (3.27) and (3.28), the transi-
tion function T for Sy = Sy is
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Ty : R2XAXR - R?,

S ar, Z) = S,
((k) k ) (k+1) @12)

\4
= Ty(Syy» 4y Z) = <V(k+1)(S(k)’ak’Z)> _ <T§P)(S<k),ak,2)>
v Pier1y Sy @1 2) Ty Sy 4 2)
where
Vv
V(k+1) = T;; )(S(k),ak,Z)
(3.27)
= Vg + [EU([(k)IS(k)) +(1 - a)(V(k) _ Eij(t(k)ls(k)))] 4.13)
x| (r+aju - D) A + a0 VAZ| - Pyya
and

_ 7P X
P(k+1) = TB (S(k),ak,Z)(3 28)

p o T S tinZ)
—_ (k)> E’]_(t(k+l)|s(k))

=+ 40T Sy @, 2),  otherwise

€ [100%, 125%]

(4.14)
with
P,
10 _ 0]
Eg,‘(t |S(i)) =T i 4.15)
for j > i. We further have
VTR 0) = a(Viy = Ej(P1Sg)).
V;jinv)(t(k)) — V(k) _ Vl;buffer)(t(k))
= E;(1"Sg) + (1 — &) (Vg — E;((1Sw))
COR® (0 = Vo
E Ey(101Sw) (4.16)
(inv) ¢ (k)
ﬁ(tolal)(t(k))ais) Vi ¢ )ak
Vo
Vi = V0 @®) 51— a)CCREV (19) + a
= a = i
Vo CCR;F"“”(z(k))
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4.3 Bellman equation

The definition of the transition function enables us to introduce the associated Bell-
man equation

k=N, : VNA(S(NA);CEJ?Uﬁer)) =0,

ke {Ny—-1,..,0}: vk(s(k);cf.f““‘e”) = 1Sy

5]}

with Sy, 1) = Tp(Sy) @, Z). The formula for k € {N, —1,...,0} follows from
inserting the one-period or one-stage reward function r, (S, @;) = 1,(Sy,) into the
original equation

4.17)
+ e—(ix+ﬂ)A Sup { [E [Vk+1 (S(k+1);CE})Uffer))

a, €A

bufft
Vk(S(k);CEju ) = sup
a, €A

—(A. (k+1) _ (k) . _.(buffer)
{rk(S(k)’ak) + e~ AtDEH =) [Vk+l(S(k+1)’cij )‘S(k)] }

(4.18)

The one-period reward function describes the contribution or reward to the cli-
ent’s satisfaction in the period [#%, #4+D) linked to the pension P, that is paid out
in [, {*Dy independently of the action or applied relative risky investment strat-
egy a, = 2™ (V). Since the value for r,(S,) is already known at time 1%, i.e. it is
deterministic and independent of the decision a,. We moreover obtain

t(k+l)
0 =

U(Py)

k1)

X / eGP gy
1)

- _iy =
1Sy @) = 1iSey) = / e AtPu—t )U(P(k))du = et
e~ ChtBu

1k
u=t*k+D
O ) L ]
e~ Gt _ e—(Mﬂ)t‘“]
_()’x + ﬁ)
e~ CGut D= _ 1]
_()’x + ﬂ)

= 1 <l - e_(’lirﬁ)(t(M)_t(k)))U(P(k))

® =
= tPi U(P(k)) l

® =
= AP U(P(k))[

= U(P(k))[

X

= (1= AHD2) TP ).

-+
=

~
=

X

(4.19)

The original discrete-time dynamic optimization problem (4.8) can then be solved
by backwards induction of the Bellman equation (4.17). The optimal decision rule
or policy a = #*U™)(S,)) needs to be determined in any step and for every possible
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state S, backwards in time. By this, we further receive the optimal total risky rela-
tive portfolio process £*(°@) = 200D (4*) through Eq. (4.16).

4.4 Extension to a single-cohort model

In this section we briefly describe one possible method of how the so far explained
single-client model can easily be extended and aggregated into a single-cohort
model where one cohort covers all clients of (roughly) the same age. Let us consider
a cohort of clients grouped by age (x = x(j) years old at time 7) that has m; members.
We manage the total cohort portfolio and the pension collectively and thus define

P(1) 1= ) Py(1) (4.20)
i=1

to be the sum of all pension payments P;(r) connected to all members i in cohort j
at time 7. Since we consider one cohort, there are no intertemporal inflows into the
model. We assume that there is no bequest paid out in the case of a cohort member’s
death. Further we re-interpret the mortality model: The survival probability

IP’(T;U)(T) > s

T;J‘.@(T) > r) =e 00T 5>, 4.21)

for a single client is now regarded as the average relative survival frequency of the
cohort, i.e. we assume e %0~ to be the average proportion of clients in cohort j
that survive from time 7 to time s. This comes from the following observation: Let
T;(’)(T) denote the uncertain remaining lifetime of client i in cohort j which is identi-
cally distributed among all clients in one cohort. Then the uncertain proportion of
survivors from time 7 to s in the cohort is described by the random variable
Y ltf;;(’)(r)z.vlzg(f)(r)zr)

m i

. Its expectation is

m; m; . »
E X l(r,j“‘(f)zﬂr,:‘,.”’(nzn i [E[]l{r;“’ﬂ)zslr;“’G)zz}

m; m;

" x() x()
Yl Pz (T) 2 5|7, (T) 2 1)

m;

“0(7) identically distibuted Vie(1....m;) pH P(TIY_;])(T) > slri‘;’)(T) >1)

m;

mP(, (1) 2 s|21(T) 2 1)

m;
= P(rf]@(T) > s|ffj°'>(T) > 1) = e A0,
4.22)
In other words, the average cohort proportion of surviving clients equals the sur-
vival probability of a single client in this cohort. Moreover, since the number of
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customers in cohort j reduces continuously in time due to deaths of cohort members,
the average pension cash flows P;(7) needs to be adjusted to

Pys) 1= e 0CIP(r), s> 1, (4.23)

assuming that all single-client pensions remain constant, and only those connected to
a client’s death are removed. We define P, := P;(#?) in the state S, = (V). Py )-
where V,, denotes the total collective wealth of cohort j. For this reason, we have to
modify the transition function Tg)) for the pension P, as follows:

P)
Pty = Ty (Sg» @y 2)

o TSy 12)
E{([Sg)
;ﬁ (r+ Ax(j))TEV)(S(k)a a, Z), otherwise

o (=) Py, € [100%, 125%)]

(4.24)
with
A (D4
e~ ol Z)P(i)

E@"|1§)= ———— = 4.25
718 ) g (4.25)

for [ > i. Following earlier definitions we further introduce the collective cohort-
specific functionals

i Py(1) (420) Pi(n)
r+ A, r+ A,

>

- 3.3
E(1) = ) Ey(t) =
i=1 =

mj

(total) . (total)
Vi 1= 3 v,

i=1
m

(buffer) , \ . _ - (buffer) ., 3:21D) < (total) , .y

v (r)._'_1 AON Z{a(vﬁ ) Eij(t)>
_ V(total)
= (V0 - E®),

m; m;

Gnv) /. (inv) , (3:0) (total) .y 1 (buffer)
Vi = VMo Y (VYo - veo)

i=1 i=1

— Vj(total) ( l‘) _ Vj(buffer) ( l‘)

= B+ (1 - (V0 - E0),

CCR™™(1) := —V;MD(I) CCR™(p) := _V;im) ) CCR®(p) - = A0
POV R0 T T B0 Y T B
(4.26)
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Note that the properties CCR;“V)(I,,) = p and CCRl(.;mal)(tn) = % at the re-adjustment
times 7, are passed to the collective objects

(inv) mj(inv) m_
Vimo _ 2is Vz‘/‘mv (l)<314>zi=/11’Ez/‘(t) _

CCR™(1) = =~ == p = CCR™ (0,
! E@ 2 Ei® 2 Ei® ’
(total) mn; (total) i a
CCR(p) = Viro L V0600 L FLEW
! E® 21 Ey(0) X2 Ey0)
- ’;%a = CCRY™(1).
(4.27)

Hence, the regulatory constraint CCR(tmal)(t) € [100%, 125%] for any single cus-

tomer is satisfied iff it is satlsﬁed for the cohort-specific constraint
CCR(tolal)(t) € [100%, 125%] on the collective fund. In summary, under the proposed

framework both collective ratios CCR™™(¢) as well as CCR(mV)(t) coincide with the
individual ratios CCR(‘Otal)(t) and CCR(Iw“ﬂ)(t)

According to the definition of the transition function in Eq. (4.24),
CCR;tolal)(t<k+1)) stays inside its pre-defined corridor, the collective cohort pension
Py, at time 1*+) decreases with rate A, (on average) due to the deaths of cohort
members. At the same time, the individual pensions of clients that survived until
time /“+1) remain untouched, i.c. stable. Thus, P, = e %o (’(H”_’W)P(k) indicates a
stable, constant individual pension P;(t**1) = P,(:®) for those clients in the cohort
that are still alive at time #**1, Us1ng this notatlon the Bellman equation in (4.17)
and the one-period reward function in (4.19) remain the same.’ Finally, due to this
definition, E; decreases in time (death of cohort members). As there are no bequest
payments, thrs implies that the C CR(lmaD is more likely to cross the 125%-border and
less likely to fall short the 100%- border compared to the single-client model if the
same investment strategy is applied.

Remark 1 1t is remarkable that the probabilities for future reductions of individual
customer pensions in the cohort model are smaller than the ones in the single-client
model, whereas the probability of future pension enhancements in the cohort model
are larger than in the single-client model, if the same investment strategy is applied.
The economic reason is that the wealth of a client in the cohort that died in the pre-
vious period remains in the collective portfolio and is not paid out to heirs, while
the cohort-related collective pension declines. Therefore, the survivors in the cohort
benefit from the death of a cohort member.

5 Note: The rate Ay decreases the average total sum of pensions P, that is to be paid in the next
period because some fraction of the clients in the cohort died during the previous period. Alternatively,
one could use this rate to increase the individual pensions Pij(t(k*')) of the clients that survived step-by-
step while keeping Py, of the cohort constant.
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5 A stationary solution

It was already shown that the discrete-time Problem (4.8) could be solved by
backwards induction of the Bellman equation (4.17). However, this procedure
shows noteworthy shortfalls: First, it has to be performed for every single client
(or cohort) with different initial state Sy, = (Vq), P(p))- Furthgrmore, the compu-
tational effort dramatically increases if a long time horizon T is considered. All
the mentioned arguments considerably increase the computation time. To find a
computationally efficient solution for an arbitrary planning horizon, an arbitrary
number of decision periods and an arbitrary initial state (customer), we present
an elegant approximate stationary solution next, where the solution to the finite-
horizon problem is approximated with the solution to the infinite-horizon prob-
lem. The stationary solution will depend on the specific state only, but not on the
time point, which makes this approach very practicable and simplifies applica-
tion and implementation for a wide range of customers with different states. In
general, we are now looking for a faster and more efficient algorithm to find the
optimal investment decision.

5.1 The infinite-time horizon problem

Let 7 = oo hold. The idea is that ax(S) = a*(8) = #*™(S) for all states S, i.e. the
optimal asset allocation decision depends on the current state and is independ-
ent of time; we seek for a stationary solution. This leads to the infinite-horizon
discrete-time optimization problem

V(S) = V(S;cg’“ﬁer)) = sup Ja(S);S, clfj!auffer))
a(S)eA

oo (D)

o 5.1
s.t. j(a(S);S,c;?”"f“))= [Elz / e—“ﬁﬂ)("—”U(P(r“b)du]
i=0 /10

with state S = (V, P) and stochastic pension P = P(t?) at time 1. Due to T = oo, the
corresponding Bellman equation to this problem is as follows:

V(S) = sup {r(S, a(S)) + e BHPAE [V(TB(S, a(S),Z))‘S] }
aS)eA 52)

= r(S) + e AFPA gqup {E [V(TB(S, a(S),Z))‘S] }

a(S)eA

where the last equality holds due to r(S, a(S)) = r(S) for the one-period reward. It is
obvious that the problem is independent of time and falls into the class of stationary,
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infinite-horizon Markovian decision problems, also known as Markovian dynamic
programming (MDP) problems. The transition function T for S = Tx(S,a,Z) is
given by

T7Y(S, a,Z)
. w2 2 _ ,a,
Tg : RUXAXR = RY, (S,a,2) = Ty(S,a,Z) = <Tip)(s’a,z) . (5.3)

where S = (V, P) and

TY(S,a,2) = V + [ES) + (1 = a)(V — E(S))]

5.4
X [(r+a’(ﬂ—r1))A+a’a\/Zz] —PA G4
and®
P P, it 254D ¢ 11009, 125%]
Ty (S.a.2) =4 |, W £(S) 5.5)
pTa(r + ix)TB (S’ a, Z), OtherWlSC
with
P
E(S) = R 5.6)

X

The gap in the expected utility between the finite- and the infinite-horizon model,
ie. T < oo vs. T = oo, is usually very small, but it simplifies calculations a lot. If
particularly the survival probability (from time T to time 7 < oo, for instance
T = 120) is close to zero, the error stays rather small which implies that the approxi-
mation becomes more reliable and the approach can be justified from a mathemati-
cal perspective. In more detail, the crucial object is the absolute error in the infinite-
horizon problem (5.1) compared to the finite-horizon problem (4.8):

6 The definition corresponds to the transition for a single client. If one aims for determining the optimal
investment decisions for a cohort of customers, then we define

(V)
e~ p, if 257 € [100%, 125%]
STPES) (5.7)

ﬁ(r + ix(/))Tg/)(S, a,Z), otherwise

1(S.a,2) =

with

ES) = . (5.8)
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) fi+D)
ermr;”Y = |E z e~ AAPEDTPED))du
i=0 1
Ny— £+
—E Z / e~ AP Fp(£D))du
=0 J1®

(5.9

oo (D)

E Z/ e—(/l.d'ﬁ)(u—T)O(P(t(i)))du
i=N,

140

E [ / " e—<’1»-+ﬂ><“—T>z7(P(u))du] .
T

The relative error is then defined as

o ([E [/ e tPu=D G1(P(u))du |
errorT =

Rl o]

error®s
T,

(5.10)

- |[E[ 2 et DD (P ()] )

The approximation is more reliable if the relative error is small. Thus, if one desires
to use the solution to the infinite-horizon problem as an approximation for the solu-
tion to the finite-horizon problem, one needs to ensure that error;el is sufficiently

small to justify the approach.’
From now on we consider utility functions with hyperbolic absolute risk aversion
(HARA) as intertemporal pension utility function:

=~ ._,\l_b 1 b _ —ﬂ(l—T)~
T(p) "“T(ﬁ“"”) L Ut.p) = e "D (p)

pu-nyl=b( 1 b
=M (0= P)

with coefficient of risk aversion » < 1, b# 0 and a > 0, p > F with F > 0. This
utility function is increasing and strictly concave in the argument p and provides a
floor F. For the one-period reward 7(S) in the Bellman equation (5.2) the choice of a
HARA utility function leads to

(5.11)

0 get a rou 1dea abou e size o € relative error, e C ension payments stay constant over
7 To get gh idea about th f the relati or, et fhe, pe payments stay tant

time. Then, the relative error simplifies to error’T‘]m = m = e WHDT-D 1f T, T and A, are

given, then one can write and interpret the relative error as a function of g, i.e. error’ rel = error’® (p). If
exemplarily 7 =65, T =120 and A, =1.18% (compare the later case study $h Sect. 63(1 then
error’el = (10.0%|3.3%|1.1%) for the personal discount factors g = (3%|5%|7%) which shows reasona-
ble numbers
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A+ b 1-b

X

b
1) = (V. P) = r(p) '] S (1= ety 1= 0 (L(P -F).

(5.12)

For ease of exposition, we place the following assumption on the utility function
that is to hold from now on.

Assumption 1 Let us consider HARA utility U(P) (parameterization in Eq. (5.11))
forP,, <P<P,  withhF <P, <P, < oo.

Assumption 1 introduces lower and upper bounds for the pension payment that is
to be paid out. We then have to adjust the transition function T;P) for the pension to
become

o T(S,a.2)
TI(QP)(S, 7)< P, if 5 € [100%, 125%]
max {min { ;:—Z(r + /IX)TZ(}V)(S, a,Z), P, } P oin }, otherwise

(5.13)

in the single-client model.” Based on Assumption 1, it can immediately be con-
cluded that U(p) is bounded. Furthermore, since the later proposed algorithm will be
supposed to perform the optimization on a finite set for the action a(S) (discretiza-
tion grid for A with a(§) € A), i.e. on a set with a finite number of elements, the fol-
lowing assumption is said to hold true from now on.

Assumption 2 A has a finite number of elements.

For instance, one could assume 1%-point steps in A = {a € A’lv dl< 1},
A :={0%,1%,...,99%,100%}, with A = A, in the situation of one risky asset
class (N = 1). Further note that every function g : A — R attains its maximum on
the finite set A. Hence, from Assumption 2 it immediately follows that the supre-
mum over a(S) € A turns into its maximum:

8 In the case of a positive coefficient of risk aversion 0 < b < 1, the lower bound P,,,, can be neglected
(P,,, :=F). In the case of a negative coefficient of risk aversion b < 0, the upper bound P,,,. can be
neglected (P,,,, := o).

9 For the cohort model, the transition function for the pension needs to be modified to

73 (S.0.2)
e HOPE(S)
max {min { ;;%Z(r + /1x(f>)T[‘?V>(S, a,Z),P } P } , otherwise.

max {e”*0%P, P, } , if € [100%, 125%)

1(S,a,2) =

(5.14)
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V(S) Zr(S) + ¢4 HPA sup {E[WTB(S,a(S),Zﬂ‘S]}
a(S)eA 5.15)

Assumption 2

= (S +e AP max {[E[V(TB(S, a(S),Z))‘S] }

a(S)eA

Thus, the maximum is attained. In what follows we present an approach to solve the
infinite-horizon problem (5.1) under Assumptions 1 and 2 via the Bellman equation
(5.2).

5.2 Definition of the grid

Since the algorithm for solving the Bellman equation for every possible state S will
work on grids of the relevant objects, we introduce the respective grid definitions:

1. Discretization of the state space S = (V, P): We build up the state space grid fol-
lowing the three steps below:

(a) One-dimensional total wealth grid V: V, ;, (minimal value for V), V,, . (max-
imal value for V), ny, (number of values for V with equidistant distances):

VD e Grid(V) :={V, s oes Vo ds i =1, ..., 0y, (5.16)

with cardinality n,,.

(b) One-dimensional capital coverage ratio grid CCR: Let Grid(CCR) be
the grid of the capital coverage ratio that ranges from CCR,,;,, = 100% to
CCR,,,. = 125% with n - number of values in the equidistant grid, for
instance Grid(CCR) = {1,1.01,1.02, ...,1.23,1.24,1.25}.

(c) Two-dimensional state space S: For every V¥ € Grid(V) and every
CCRY € Grid(CCR), the pair (V®, P@) € Grid(S) lies in Grid(S) for the
state space S, where

_ V" ooy = VY
CCRO L pan L

r+A r+4

P -

(5.17)

X X

Thus, the size of Grid(S) is ng =ny - noep. Notice that in view of
Assumption 1 it must hold F<min; PP  with

. i min, V® Vi i .
min, ; P9 = i > —mr_ a5 well as max,; P% < oo with
W max; CCRO o 125— b
i max; VO™ Voar
max; ; P9 = — o S

J rdy rAy

2. Discretization of the risk driver Z: We assume N = 1 from now on whenever it
comes to implementation, i.e. the financial market consists of a single risky asset
class that can be interpreted as a mutual fund. The stochastic return or shock is
discretized by the following equidistant partition of the probability space [0, 1]
for the risk factor Z € R = (—o0, 00): Let g € (0, 1); for instance g = 5%. The
corresponding cumulative probabilities are
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4" 1=q0 +A? i, i=0,....N, (5.18)

with A@ :=¢, N, := lq;qéN because then E?L"Oq =(+N,)g=1 For
instance, one could set ¢©=5% A@=5% (N,=19), then
q” =5%,10%, ...,95%, 100%. The corresponding values or representatives for
Z with probability P(Z = z(¢?)) = ¢ and quantile probabilities ¢® are obtained

by
2q©®) 1= N (0 +2q(0)>’
4 ‘=N—1(w>’ P= 1 N = 1, (5.19)
2(g™) 3=N_1(@>'

With this definition, the z values are stronger centered around zero, with a larger
step size for large positive and negative values. Then

Z € Grid(Z) := {z(¢™), ....2(g")} = {Z,,....Z, } (5.20)

7

with cardinality n, :=N,+ 1 and probabilities ¢, ie. Z = 2(g¥=D),
j=1,...,n,
3. Discretization of the investment decision a € A: Lastly, we discretize the decision
set for the control variable a. Since a € A with A = [0, 1], we split the interval
A = [0, 1]into a grid with equidistant distances and representatives
ag i=ag+A?-i,i=0,....N,, (521

a
!

with N, 1= WEN. It is qatural to select ag, = 0 apd ap,y = 1., or apply
lower and upper bound constraints on the relative risky investment if present.
Thus, if for instance A® = 1%, a can take any integer percentage value, i.e.

a € {agy....an,} = {0%,1%,2%, ..., 98%,99%, 100% }. Therefore,
a € Grid(a) = {a), ..., ap )} (5.22)

with cardinality n, := N, + 1. It is clear that the discretization Grid(a) for A
fulfills Assumption 2 on A.
We would like to mention that the construction of Grid(S) is very efficient since it
consists of admissible (V, P)-pairs only and rules out non-admissible (V, P)-pairs;
admissible pairs fulfill y, / r% € [100%, 125%] Furthermore, by construction we

ensure that the CCR values are uniformly spread over the entire corridor
[100%, 125%]. If now Tg(S,a,Z) ¢ Grid(S), we select the grid node in the state
space grid that provides the smallest sum of squared relative distances to
Tx(S,a,Z) ¢ Grid(S) as method for interpolation between grid points.
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5.3 Stationary grid solution

The definition of the grids allows us to rewrite the expectation in the Bellman equation
for any state S € Grid(S):

Tz
VSD) = r(SV) + e~ &FDA max P(Z = Z) (TSP, a(s?), Z,))
j B J
a(SD0)eGrid(a) | 4=
J=1 N !

=q

a(SW)eGrid(a)

=r(SV) + e A+P2g  max { Z VTSP, a(s"), Z))) }

J=1

(5.23)
The optimal policy a* (S®) for state S© is the maximizer
1z
a*($V) 1= arg max ,egiga) Z V(TSP a,Z)) . (5.24)
=1

In the following we aim to solve the above Bellman equation for every S© € Grid(S)
and by this determine the optimal decisions or policies a*(S®) for all states in the
grid. We now treat every a = a(S") € Grid(a) as if it was the maximizer of the Bell-
man equation, and select the optimal a*(S?) at the very end by choosing the one
that maximizes V(S®). Hence, consider

VS?) = r(80) + 4G N TSP, a(5?), Z))) (5.25)
j=1

for all S € Grid(S) and all a(S") € Grid(a) which is a linear system of equations
since T(S?, a(S?), Z;) € Grid(S) according to the applied interpolation rule if not
already in the grid.

Given a specific a(S?) = ag), € Grid(a) for some i(l) € {0,...,N,}, we solve
this linear system in V(S?) for all / = 1, ..., ng by rewriting the right-hand sum using
matrix notation with S = (1, ..., $¢s)Y’ the vector that consists of all state grid points
in Grid(S). Define the matrix Q € N"s*"s by

0:=0,0, (5.26)

with block matrix Q, € {0, 1}"s*(s%z) such that

Q1 = I"Y Ing .“I”Y s (527)

ny times I"s

where InY € {0,1}"" is the identity matrix with dimension ng. Furthermore,
Q, € {0, 1}s72%ns ig defined as a block matrix such that
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Q, i=| 4 (5.28)

with A; € {0, 1}"9s defined by

1, if T, (S(l),al- ,Z) = S
(Aj)[m - { B ) =j

0, otherwise. (5.29)

Then it follows

with d, € N such that (d),, is the number of Zj j=1,...,n, which leads
to a transition from S® to S™. Consequently, it follows for QV(S) € R"s, where
V(S) = (VESWD), ..., V(SM))Y € R":

g nz

(@), = QV(S) = dV(S) = Y (d), V™) = Y VT8, a4, Z).

m=1 j=1

(5.31)
Note Q = Q(a) with a = (a)), .- ,a(i(ns)))’ , and therefore,

nz

(5.25) B
VSD)=rSO) + e N TSP, ag). Z)
= (5.32)

= r(S?) + e AHDRGQ(a)(S)),

which allows us to rewrite the linear system in the value function in matrix-vector
form:

) = 1(8) + e 44 P290(@WS) & (1, — ¢4 4740(a) )US) = 1(S),
(5.33)

where r(S) = (r(SW), ..., r(S"s)))Y € R”. This is a linear equation system in V(S)
and can easily be solved; theoretically the solution reads

Ws) = (1,,3 - e-%+ﬂ>AqQ(a))_lr(S). (5.34)

Notice that existence of the inverse of I, — e~**P2gQ(a) is proven in Appendix 1.
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Equation (5.33) shows that the problem of solving the Bellman equation can be
reduced to finding the fixed point of the Bellman operator I':

_ . —(A A

VS) =TOAS) 1= r(9) + 4% max (Q@WVS).  (s35)
Now we would like to draw attention to the fact that Q = Q(a) with
a= (a(i(l)), ,a(i(nx)))': For this reason, we need to repeat the above for all possi-
ble combinations i(/) € {0, ...,N,},I=1,...,ng, and finally select the combination
a*(8) = (@*(8M),...,a*(8"))" that maximizes V() across all a; combinations
in Grid(a). The total number of combinations equals n,°. Thus, we have to calcu-
late n,* times an ng X ng transition matrix Q(a) (plus additionally the inverse of
I, - e~ AFPAg0(a)). If for instance we consider ny, = 1,000 grid points for V and
Necr = 26 for CCR,' then ng = 26, 000. If additionally the allocation grid is divided
into steps of 5%, i.e. n, = 21, we would have to calculate 2126000 ~ 1034378 times an
26,000 X 26,000 matrix, which is a vast number. To overcome this computational
problem, we present an alternative by using a policy function iteration algorithm in
the following.

5.4 Policy function iteration: the algorithm

The algorithm is a tailored version of Howard’s improvement algorithm, and iterates
the policy a(S) until it converges towards its optimal value. For further readings on
the policy iteration we refer to [3, 4, 12, 16—18] and [20]. Notice that the one-period
total discount factor to this problem is 0 < e=4+P2 < 1 and is a composite of the
one-period utility discount factor e#2 and the mortality discount factor e~*“. For
n periods, the total discount factor is e~ and converges to zero as n — 0. In
what follows we describe the policy function iterating mechanism:

Let a” = a®(S) denote the decision value at iteration step i. Let n,,, denote the
number of iterations until the algorithm stops. The terminal qe) = g®uer)(S) is
regarded as the optimal final decision variable a* = a*(S). Inside the algorithm we
repeat the policy improvement and policy evaluation until a sufficient, prescribed
level of convergence or solution tolerance is achieved.

1. i=0:

(a) Select initially a®(S) € Grid(a) for all states in the grid, for instance
a®(s0) 1= 0 € Grid@) Vi € {1,...,ng).

-1
(b) Define initially V(S) = (Ins—e‘“x*ﬂ)AqQ(a(o)(S))) #(S) for all states in

the grid according to Eq. (5.34).
(c) Select a convergence criterion € > 0.

10" This coincides with the applied setup in Sect. 6.
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2. Iterationi=1,2,...:

1. Policy improvement: For all S € Grid(S), [ = 1,...,ng, find a new policy
rule a®(S?) € Grid(a), such that'!

Ny
a?(s®y 1= arg max 4€Grid(a) 2 V(’_I)(TB(S(Z),a,Z-)) (5.36)

J=1

with WD(T,(59, a, Z)) = V=D (80my given from the previous iteration
step and according to applied interpolation rule if S™ not already in the
grid.
2. Policy evaluation: Having determined a”(S?) for each S € Grid(S),
a®(8) = (@?(SW), ..., a?(S")), we update the value function according to
Eq. (5.34):

. . -1
Vos) = (1 - e—%+ﬂ>AqQ(a<’>(S))) (). (5.37)
3. Check the convergence criterion: If maxgeg,iqs) {|a?(S) — a"D(S)|} < e, then

stop and setn,,,, :=iand a*(S) := aien)(8).12 Otherwise, repeat Step 2. for itera-
tioni + 1.

iter

When the algorithm stops after n,,, iterations, i.e. when the convergence criterion
after iteration step n,,, is met, the stationary solution to the problem is defined as
a* = a*(S) = aw(S) for all grid states.

Before we derive the optimal allocations in a case study next, we briefly sum-
marize the benefits that are associated with this policy function iteration procedure:

— One can determine and thereafter use the optimal strategy for all states indepen-
dently of time; thus the iterative approach as a very elegant method enhances the
speed and efficiency of the numerical optimization.

— The optimal control is independent of the initial state. Therefore, the derived
optimals can be used for different initial states. One only has to make sure that
the considered initial state lies approximately in the center of the grid, such that
a sufficient number of grid nodes still are above and below the starting state.
Otherwise it could happen that one remains at the edge of the grid (due to the
applied interpolation rule) which would lead to a suboptimal strategy.

In addition, we provide a comment on the speed of convergence of the algorithm. As
already mentioned before, the total discount factor equals e~*#"4 for n periods. In
the case study in Sect. 6 we will use f = 3% and A, = 1.18%. Then the convergence
factor has an approximate size of e~4*+P4 = (0.9591 after one iteration (step size A = 1

I a®(SD) is not unique, then we select the smallest value among all maximizers and thereby follow
the most defensive strategy.

12 Aslong as € < A@, it holds a®i)(S) = atier=1(S).
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year), e~+PM10A — () 6584 after ten iterations and e~*+M1004 — (00153 after hundred
iterations. This shows that a rather low number of iterations is necessary. In particular,
[20] further argue that policy iteration commonly converges to its stationary solution
after a small number of iterations.

Every iteration requires the calculation of Q(a'”’(S)) plus the calculation of the
inverse of I, — e~ %*P2¢0(a(S)) which are both matrices of dimension rg X ng; in
total the algorithm requires the calculation of n,,, times an ng X ng (plus an inverse).
This is usually dramatically faster than calculating 7,* times an ng X ng matrix (plus
an inverse) in the previous section on the stationary grid solution. Furthermore, one
can use and exploit the property of O, Q,, Q, to be very sparse matrices; in Matlab
the functions sparse (m, n) and speye (n) generate the required sparse matrices
which saves memory. Additionally the command x = A\b is recommended for solving
systems of linear equations of the form Ax = b efficiently.

5.5 Policy function iteration: theoretical foundation

The infinite-horizon problem (5.1) is a stationary, infinite-horizon Markovian dynam-
mic programming (MDP) problem in line with the definition in [20]. We now theoreti-
cally justify our policy iteration approach for solving Problem (5.1) under Assumptions
1 and 2, where we used that the value function is a fixed point. It is necessary to prove
the existence and optimality of a unique fixed point for our policy function iteration
algorithm and monotone convergence to such a solution. First, we prove existence of a
unique fixed point and optimality of the stationary solution. In what follows we denote
S the state space, s € § a certain state. Further, X is the set of functions that map from
StoR :=RU{x0},i.e. X = {f : S —» R}, or a suitable subset of this set. In accord-
ance with [21] and [22] the notion of a contraction mapping and a fixed point can be
found in Appendix 1 with additional background details. [20] further comment that
MDP problems are mathematically equivalent to computing the fixed point to the Bell-
man equation

Vv=ry (5.38)
with Bellman operator of interest I" (defined in line with Egs. (5.2) and (5.35))

s] } (5.39)

for some function f, where g := e~ 4+H)2 € (0, 1). We now follow the line of [19]
and prove the existence of a unique fixed point of the Bellman operator I" and opti-
mality of the stationary policy for the infinite-horizon problem, where a stationary
policy is formally defined as a sequence a*® := {a,a,a, ...} for some decision rule
a = (a(s)),es € A ([10, 23]). Let

(TF)(s) :=r(s) + f sup {[E [f(TB(s, a(s), 2))

a(s)eA

X = {f SR : f measurable, ||f||, < oo}. (5.40)
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We show that the Bellman operator I' is a contraction mapping on X equipped with
the sup normd := ||-||, i.e. on the metric space (X, d).

Theorem 3 Let Assumptions 1 and2 be fulfilled. Then, T" is a contraction mapping
on X with modulus f € (0, 1).

Proof The proof can be found in Appendix 1. O

We now come to the main result in [19] about existence of a unique fixed point
of I' and optimality of the stationary policy. The respective theorem is Theorem 8
in Appendix 1, where we copied the relevant statements from [19] and omitted
the unnecessary conditions. Using this result, we infer the following outcome:

Theorem 4 Let Assumptions 1 and 2 hold true. Further, let X be defined according
to Eq. (5.40) and d be the uniform metric. Then the value function V is the unique
fixed point of ' in X and the stationary policy (a,,)® is the optimal solution to the
infinite-horizon discrete-time optimization problem.

Proof The proof can be found in Appendix 1. O

From Theorem 4 we infer that, under Assumptions 1 and 2, there exists a fixed
point of I in X and if one can find a fixed point of I in X, this fixed point is unique
and coincides with the value function V. Moreover, the stationary policy (a,,)® is
the optimal solution to the infinite-horizon discrete-time optimization problem.

In view of the previously presented policy function iteration algorithm, it
remains to show that this algorithm indeed converges to a fixed point W — V
with corresponding optimal stationary policy a”? — (a),)®. [20] explain that the
policy function iteration algorithm can be shown to generate a sequence with
VD > YO under fairly general conditions. In our setup where the state space S
and the values for the risk driver Z come from finite sets or grids, we have the fol-
lowing general monotonicity result for the iterated value function:

Theorem 5 (Monotonicity of W) The iteration in the policy function algorithm
leads to a monotone increasing sequence (V(’))izo 120

VED(§) = VI(8) > 0. (5.41)
Proof The proof can be found in Appendix 1. O

In view of Theorem 3,, that tells that the iterated value function does not cycle,
we conclude the following:

Theorem 6 (Convergence of the policy function iteration algorithm) Let us consider

a finite state space Grid(S) and a finite action space Grid(a). Then the policy func-
tion iteration algorithm converges to the true fixed point for the contraction I', which
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is the optimal value function V of the problem, within a finite number of iteration
steps.

The argument is clear due to monotonicity in Theorem 5 and the finite cardinality
of the state and action space, see also [20]. Further readings on convergence results
can also be found in [17, 18]. In summary, we have proven that, under Assumptions
1 and 2, our problem admits a unique fixed point solution and our presented policy
function iteration algorithm converges to this solution.

6 Case study: policy function iteration for a cohort of clients

We focus on the cohort perspective and consider a cohort of clients with an initial
age of T = 65 years (retirement entry time). This section aims for solving the dis-
crete-time infinite-horizon optimization problem with the policy function iteration
algorithm as well as analyzing the performance of the optimal asset allocation strat-
egy via simulation. First, we introduce the general setting and the parameter choices:
For the market we suppose r = 1%, u =2.97%, 0 = 11.75% (market parameters:
risk-free interest rate; drift and volatility of one risky asset which is interpreted as
a buy and hold portfolio that consists of the three asset classes government bonds,
corporate bonds and equity with initial weights L — Leach, where we used the num-
bers from the parameter estimation in [9]). Moreover, the HARA utility function
parameters are assumed to be f = 3% (cf. [24]),b = -1, a =1 and"® F = 25.8 which
gives

4

U(t,p) = e P (p) = — 00530-D .
hp=e ®) ¢ p—258

6.1)
Further let 4, = 4,; = 1.18% (mortality rate of the cohort), determined such that the
survival probability of a 65-year old client to survive one more year coincides with
the average survival probability of 99.202956% (female) and 98.457889% (male) in
Germany, cf. [7], and p = 112.5% (CCR of the investment portfolio at initial time
and at every re-set).

For the discretization grids we suppose the following: The time grid is divided
into points with distance or step size A = 1 (annual rebalancing and adjustments of
the pension payments) which implies 9 =T +i, i=0,...,00, and thus
D€ {T, T+1,T+2,...}. The grid for the risk driver Z follows from Eq. (5.19)
with probability intervals of length g = 2.5%, i.e. ¥ = ¢© + A9 -4, i=0,...,N,,
with A® =g =2.5%, N, = 1— = 39. The corresponding representatives for Z start
with z(g©®) = —=2.2414 and end with z(¢g®”) = 2.2414. Finally, for the sake of sim-
plicity let us consider steps of five percentage points for the decision interval A, i.e.
agy = 0%, agy y = agg) = 100%, N, = 20 (equivalent to A’ = 5%) which translates

13 It has to hold P > F for all applied pensions P. We select F = 10% x P, which will result in ' = 25.8
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Fig. 1 Average a* and #*(° for a given CCR;.mIaD value in the grid

to a € {0%,5%,10%, ...,90%,95%,100%}. Finally, let V;; = 10,000 (initial post-
retirement wealth at time 19 = T) and let us define the state space grid by
Vopin = 20% X Vi, V0. = 500% X V5, ny, = 1,000 for Grid(V). We further select a
step size of 1% for Grid(CCR), i.e. CCR € Grid(CCR) = {100%, 101%, ..., 124%,
125%}, and thus nc, = 26. This leads to a total grid size of ng = 26, 000 states. In
particular, Assumptions 1 and 2 are fulfilled.

Let us consider three different values for the buffer parameter, namely
a = (0%]20%|40%) (no | moderate | pronounced buffer). In what follows we dem-
onstrate the presented policy function iteration algorithm, where we determine the
optimal investment decision variables for every state under the infinite-horizon
problem (stationary solution). Afterwards, a simulation analysis in the finite-horizon
model, where the approximate optimal stationary solution to the infinite-horizon
model is applied, provides the most relevant numbers and probabilities and com-
pares the considered strategies for different a values.

6.1 Optimization

We seek for a fixed-point solution to the value function according to the policy func-
tion iteration algorithm in Sect. 5. We would like to comment that it only takes seven
iterations maximal (#;,,, < 7) to find the fixed point for each @ = (0%]20%|40%) and
with that the stationary solution to the infinite-horizon optimization problem. Thus,
the algorithm converges very quickly.

Figure 1 visualizes the average optimal risky relative asset allocations 2#*™) = g*
(investment portfolio) and #*°@ (total cohort portfolio) for all CCR;“’”D values in
the grid. Hence, for every CCR € Grid(CCR), we build the average over the n,, val-
ues for a* and 2*°@) that have an equal CCR value. The pattern comes close to an
S-shaped form: It can be seen that a higher buffer parameter @, in particular for
a = 40%, leads to a lower relative risky investment for small CCR(tOtal) values, but

catches up for large CCR(toml) values. This is a desired behavior, smce it implies a
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Table 1 Probabilities of

- Probability?
pension rate changes for
a = (0%|20%]40%) P(“at least one pension reduction”): 49.5%136.4%|25.5%
P(“path-wise average pension > Pg): 74.1%|80.8%186.1%

P(“number of pension enhancements > num-  84.4%|91.3%|96.8%
ber of pension reductions”):

*We count the number of paths which fulfill the statement in P(-).
The relative frequency then serves as an estimation for the probabil-

ity

(total)

lower risk of a pension shortening for small CCR values within the range

[100%, 110%], without losing the upside potential of a pension enhancement for
CCR(maD values close to 125%. Furthermore, except for the region

CCR(“’”]) [100%, 105%], the average optimal risky relative investment increases
w1th the CCR(“’tal) value. This is meaningful since with a higher CCR](tOtal) value, one
is less exposed to the risk of falling outside the lower boundary of the C CR(mml) or-
ridor (pension reduction risk). The higher risky investment close to 100% is also rea-
sonable. Imagine the CCR](.“MD is close to 100%; if now the risky allocation is very
small, even some positive return of the underlying asset class cannot compensate for
the outflows (cohort-related pensions), which pushes the CCRI(.“’”]) below 100% with
a high probability.

6.2 Simulation study

We next carry out a simulation study with a finite time horizon of
T=T+10A=T+10 years. We start with the initial states
So = (V. Py) = (10,000, (277|270|258)) for a = (0%]|20%|40%), where P, comes
from Eq. (3.16) (see also Eq. (4.24)). Intuitively, the higher the buffer parameter «,
the lower is the initial pension P,. Moreover, the initial distribution to the invest-

V(butter)(T)
ment and the buffer portfolio is T =(0%|2.7%|6.9%),
.(inv) T 0
YO (100%197.3%]93. 1%) due to Eq. (4.16). The initial capital coverage ratio is

0
by definition CCR“‘“”(T) )P © = (112.5%|115.6%|120.8%) (at every re-set time

t, as well). We 51mulate 10, 000 paths of the relevant processes where we use the
optimal stationary solution as asset allocation that corresponds to the closest grid
point.

We assume that the average mortality (explained in Sect. 4) for the cohort is

realized. We look at the optimal relative pension evolution % where P* (1)

denotes the cohort pension at time 7 under the optimal stationary asset allocation

strategy a* = a*(S). We already explained earlier that _41;)(,(2)1, = —ﬁ;éﬁfg@
e 0 e 0
indicates a stable individual pension for the customers in the cohort from time ¢

tor+A,ie. if % is stable then the individual pensions keep stable. Conse-
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Table 2 Relative performance
=0% =20% =40%
numbers for @ = (0%|20%|40%) r=or “ ¢ * °
under 10, 000 simulations [E[ 0 ] 107.5% 108.4% 110.9%
50 Dp |-
Sd( P*(0) ) 18.1% 16.8% 17.0%
()—/lr(”(l—T)PD :
* . 4. .
VaRy s (ﬁ) 83.3% 84.8% 86.5%
VaRy (;AAI;;/(I)HPO ) 71.9% 75.1% 77.0%
E [M] 96.6% 96.2% 96.5%
Vo |
Sd(m)' 15.7% 14.3% 14.6%
v, )

P*(1+A)
P*(ne0*
= 100% a stable individual client’s pension development and

quently, due to the cohort view,

. P*(t+A
reduction, %
P ()0

Pf(:)(t—ff& > 100% an enhancement of the individual pension of the client mem-
e X
bers from time ¢ to 7 + A.

In what follows we always look at the individual pension perspective in the
cohort. Moreover, let V*(r) denote the total cohort wealth at time ¢ under
a* = a*(S). Analogously to the relative pension, we look at the optimal relative

total wealth evolution @ Note that % =1 and @ =1 at initial time
e X 0

t=T.

Table 1 illustrates relevant probabilities of pension shortenings and enhance-
ments. Table 2 provides risk and reward numbers for the relative pension and the
total wealth. In general, we observe that a higher buffer parameter a significantly
improves the probabilities in Table 1 from a client’s perspective. In particular, the
probability that the average individual pension that is to be paid out over the entire
period is larger than the initial pension level P, and the probability that there are
more pension enhancements than reductions are quite high, especially for @ = 40%.
However, both the (relative) risk in terms of volatility and Value-at-Risk and the
(relative) reward in terms of expected value do not suffer, which is remarkable. Actu-
ally the opposite is the case: A higher buffer parameter « leads to a higher average of
the relative pension level and a lower standard deviation (lower standard deviation
of relative pension means a more stable pension development). Moreover, the worst
case relative pensions in the tail (Value-at-Risk) also exceed the ones for smaller a.
The single exception is the volatility of the pension, where a« = 20% shows a slightly
smaller number than a = 40%. Those benefits of the « > 0% portfolios comes at
the cost of an initially lower pension level P, = Py(a), which represents a tradeoff
between the initial pension level and future pension properties. The selection of the
case-specific optimal a value, named a*, depends on the respective target or crite-
rion. If for instance the probability of at least one pension shortening shall coincide
with a pre-defined probability p,.4, a* can be selected such that the corresponding
probability comes closest to p,.q. Alternatively, a* could be selected such that the
expectation of the sum of pension cash flows gets maximized.

< 100% indicates an individual pension
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Fig.2 Underlying risky asset class price processes V,(¢) that correspond to risk factor evolution Z in a
bullish (left), bearish (center) and non-directional (right) market

In summary in terms of the relative individual cohort pension, one can see that
a = 40% outperforms the a = (0%|20%) strategies, and the a = 20% outperforms
the a = 0% strategy. The higher the buffer parameter «, the more the downside
risk is limited, and even the upside potential is enhanced.

We draw the conclusion that our proposed model, where we divide our total
wealth into an investment and a buffer portfolio, leads to a sophisticated optimal
dynamic asset allocation policy that is performance seeking while reducing down-
side risks and improving probabilities; hence provides remarkable and meaningful
benefits to clients.

Finally, we simulate the optimal strategy a*, the pension P* and the wealth V*
evolution under three different scenarios: a bullish, a bearish and a non-directional
market. In each simulation we need to generate the risk driver Z for every period.
Figure 2 provides the corresponding underlying risky asset class price processes,
denoted by V,(f), that correspond to the development of Z. Next, Fig. 3 illustrates
the evolution of the relative pension, Fig. 4 visualizes the very same but for the total
wealth. From Fig. 3 we infer that
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Fig.3 Optimal relative pension process ")+)T’ in a bullish (left), bearish (center) and non-directional

(right) market

1. the individual pensions increase more often for higher @ and even end up with a
higher terminal pension (relative to P) in a bullish market,

2. the individual pensions decrease only once for @ = 40% but twice for the remain-
ing (@ = (0%|20%)) in a bearish market,

3. and the individual pensions do not decline for a« = 40% but do decrease and
behave very unstable and volatile for the remaining (a = (0%|20%)) in a non-
directional market.

In total, the number of pension reductions for @ > 0% (with buffer) never exceeds the
respective number for a = 0% (no buffer) in the considered representative scenarios.

Figure 5 complements the former figures on the pension and wealth evolution
with a visualization of the CCRJ(.tOtaD () development. While the CCRJ(.tmal)(t) values
for @ > 0% (with buffer) generally do not fall short the respective values for a = 0%
(no buffer), the @ > 0% portfolios need less pension shortenings to keep the
CCR(“’“‘])(I) inside its target corridor. Therefore, with selecting a higher a% value,
one can improve the management of the wealth such that the CCR(tO[al)(t) remains
more stable in its corridor without reducing the pension.
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Fig.4 Optimal relative total wealth process %
0

(right) market

in a bullish (left), bearish (center) and non-directional

In addition, Figs. 6 and 7 show the optimal asset allocation policies a*(¢) for the
investment wealth and 7*®@(¢) for the total wealth. One can observe that the opti-
mal strategy for @ = 40% frequently behaves opposed to the optimal strategy for
a = 0%. Moreover, Fig. 8 illustrates the kernel density estimates for the path-wise
average pensions and wealths. Note that for one path, a higher path-wise average
pension automatically implies a higher total sum of pension cash flows received by
the customer. The figure points out that although the distributions of the wealths are
rather close among all considered a values (see also expected values and volatilities
in Table 2), the distributions of the relative pensions differ. The pension distribution
for @ = 40% has lower probability on the left end and is more shifted to the right;
this is also reflected in Table 2. Thus, a pension fund client that follows the & = 40%
strategy benefits in terms of the pension distribution since lower pensions com-
pared to the initial pension level P, are on average less likely. However, as already
explained, these benefits come at the cost of an initially lower pension level P,,.
We would like to comment that the averages over all simulated a*(¢) and 2*®©2(z)
values are very close to each other among the three considered buffer parameters
a. However, as analyzed above, the relative performance and characteristics of the
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Fig.5 Evolution of CCR/(.“’“‘I) () in a bullish (left), bearish (center) and non-directional (right) market

optimal portfolios with a buffer (a > 0%) are superior over the optimal portfolio
without a buffer (@ = 0%). This shows that the dynamics and the structure of the
asset allocation plays a crucial role.

Closing this numerical case study, we provide a brief discussion about the fund
behavior in good and bad times of the financial market: In good times, as the buffer
represents a certain percentage of the difference between the assets and the liabili-
ties, the buffer increases if the fund develops nicely. In this way, the development
of the Geometric Brownian Motion is damped compared to the system without a
buffer and the potential for pension’s increase is reduced. However, we observe in
Fig. 4a that a pension increase happens more often for « > 0% than for « = 0%, even
though the growth in the pension rates is smaller. This behavior is reasonable as a
higher buffer (higher @) goes hand in hand with a higher funding at the beginning
and at every reset time (which comes at the cost of a smaller initial pension rate),
compared to the system without a buffer (¢ = 0%). Moreover, when a > 0%, then
the fund wealth increase is dampened but the buffer portfolio gets increased com-
pared to the @ = 0% case, which can be regarded as a profit lock-in feature. If p
would increase, then a pension increase becomes more likely for the « = 0% case
as well, but as the pension increases happen more frequently and the funding after a
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Fig.6 Optimal asset allocation decision a*(¢) in a bullish (left), bearish (center) and non-directional
(right) market

reset of the system becomes higher, the difference between the pension rates before
and after adjustments will be rather small. Generally, Eq. (3.19) visualizes that if p
approaches the maximum value of 125%, the possible a values approach 0%. From a
risk management perspective, when p is already very high (and thus the probability
of pension reductions rather small), then the additional buffering through @ might
not be that beneficial anymore.

Let us assume the fund is having bad times, but CCR}mmD(t) is close to but still
above 100%. In this case, the buffer account is almost empty. And therefore, in such
a scenario where the fund recently went down, one keeps almost everything of the
wealth in the fund. But still the fund remains well-funded and there is no need for a
pension reduction. Therefore, the implication on the fund in such bad times is actu-
ally not that bad. If the fund decreases further and CCRJ(.tOtal)(t) falls below 100%,
then the system gets adjusted and the buffer is refilled. A nice feature of the buffer
approaching zero if C CRI(.[Otal)(t) approaches 100% is the interpretation of a market re-
entry component. As traditional strategic asset allocations realize big losses in
V-markets due to falling short in timing market re-entries after market declines, the
fund in the paper still holds risky assets in bad times and hence stays invested and
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Fig.7 Optimal asset allocation decision 2*(°)(¢) of the total wealth in a bullish (left), bearish (center)
and non-directional (right) market

can participate if the market recovers. The fund’s wealth is not shifted to the buffer
account as long as the fund stays well-funded (CCR;IOtaD(t) > 100%). Hence, the def-

inition of the buffer portfolio allows to stay invested during preceding bad times.

7 Conclusion

In this article a possible post-retirement phase implementation of an innovative pen-
sion plan without guarantees, currently under discussion in Germany, was studied.
We transferred the product rules into a mathematical model and solved the resulting
portfolio selection problem via the discrete-time Bellman equation, to the best of our
knowledge for the first time. We draw the following conclusions:

Section 3 modeled the complex mechanism of the product in the decumulation
phase with ingredients buffer balance and pension adjustments. In particular we pro-
posed a special buffer rule. The resulting optimization problem with finite-horizon
was derived and solved via Bellman’s equation in Sect. 4. Moreover, we provided
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a possible aggregation from a single-client to a cohort perspective. The stationary
asset allocation solution approach to the infinite-horizon problem in Sect. 5 further
provided an elegant approximate solution to the problem. Therein, we introduced an
efficient policy function iteration algorithm that converges to the unique stationary
solution. A case study in Sect. 6 showed several meaningful benefits to customers.
The following conclusions apply in the scope of the tested buffer parameters: First,
a more pronounced buffer parameter can significantly improve the probabilities of
interest (pension shortenings and pension level evolution). Furthermore, the higher
the buffer parameter, the more the downside risk was limited while even the upside
potential was enhanced, both relative to the initial pension. Of course, these benefits
came at the cost of an initially smaller pension payment. In summary, there was a
tradeoff between relative outperformance (more pronounced buffer) and initial pen-
sion level (less pronounced buffer).

Overall, we detected that our proposed model leads to a sophisticated optimal
dynamic asset allocation policy that is performance seeking while reducing down-
side risks and improving the probabilities of interest; hence provides remarkable
and meaningful benefits to clients. Possible future research studies on such pen-
sion products could generally elaborate on alternative buffer processes or consider a
more advanced mortality model with a mortality rate that is exposed to (unexpected)
shocks such as the paper by [8] which studies a mortality model with mortality
improvement ratio in the framework of pricing variable annuities with guaranteed
minimum repayments. Furthermore, future research could consider alternative mod-
els compared to our approach, for a discussion we refer to [6], and could therefore
for instance deal with the design, the modeling and the optimal management of a
pension fund plan that belongs to an entire collective of investors, where the wealth
is managed identically for all clients instead of a cohort-specific treatment.

Appendix A: Policy function iteration: theoretical foundation

In this appendix section we provide further background related to and required for
the theoretical foundation of the proposed policy function iteration algorithm. First,
a contraction mapping and a fixed point are defined as follows.

Definition 1 (Contraction mapping ([21, Definition 9.9.1, p. 160], [22, p. 50]))
Suppose (X, d) is a metric space. A map I' : X — X is called a (strong) contrac-
tion mapping with modulus g if, and only if, there exists f € [0,1) such that
dT(f),I'(g)) < p-d(f, g) forall f, g € X.

Definition 2 (Fixed point [21, Definition 10.10.1, p. 180]) Suppose X is a non-empty
setand " : X — X. A point f € X is called a fixed point for I" if and only if I'(f) = f.

[21] argues that “Strong contractions on a metric space, when iterated, tend to
pull all the points of the space together into a single point”. The underlying theory is
the Contraction Mapping Theorem (or Banach’s Fixed-Point Theorem).
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Theorem 7 (Contraction Mapping Theorem ([21, Theorem 10.10.3, p. 181], [22,
Theorem 3.2, p. 50])) Suppose (X, d) is a non-empty complete metric space and
I' : X — X is a (strong) contraction mapping with modulus f € (0, 1). Then:

1. T has a unique fixed point f € X; and
2. forany f, € X, the sequence (I""(f,))) converges to f with

dT(fo)./) < B* - d(fy.f), n=0,1,2, ... (A.1)

Theorem 7 particularly ensures existence of a unique fixed point for a (strong)
contraction mapping.

Let V and I be defined according to Egs. (5.38) and (5.39). As V(s), respectively
the reward r(s) or the utility U(p), is not necessarily bounded in general, we need the
notion of an upper barrier function, adjusted to our framework.

Definition 3 (Upper barrier function [19, Chapter 1]) A measurable function
b, : S = R, is called upper barrier function if there exist constants ¢, ¢, > 0 such
that

1. r(s) <cb,(s)foralls € S.[1.]
2. E[b(Tp(s,a,2)ls| = [ Q(s, a;d2)b,(Ty(s, a,2)) < c;b,(s)foralls € Sanda € A.

Q denotes the transition probability measure with O(s, a;-) being a probability measure
for all (s,a) € S X A.

Furthermore, we later need the notion of a maximisator which we define next.

Definition 4 (Maximisator [19, Chapter 1]) Let f € X. The policy ap = af(s) is
called a maximisator for f'if it maximizes
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N
N e

We already explained earlier that, due to Assumption 2, the maximum of any
arbitrary function over the finite set A is attained. For this reason in particular for the

functiong : A > R,a— gla)=E [f(TB(s, a(s), Z)) s] for any given s € S, and thus

()6 ="r(s) + § max { E [f(TB(s, a(s),2)

foralls € S, i.e. if

af(s) = arg max e { E [f(TB(s, a(s),”Z))

that the maximisator a, for every f € X exists. Moreover, from Assumption 1 we
already inferred that U(p) is bounded, i.e. 30 < Ky < oo with |U(p)| < K. This
immediately ~implies that also r(s) is bounded with 0<K, := -

Actp
(1 - e @A) Ky < oo
.12 1 - 1
Ir(s) = (1= e &) Tp)| < (1-e*P) Ky < K,.
A+ P —_— Ath
<Kl'/
(A4)

In view of Definition 3, it is thus clear that b, = 1is an upper barrier function. In
line with [19] we further define the set

[EBb“ = {f S>R: f measurable, f(s) < cb,(s) forall s € S, for one c € [R+}

c{f:5S->R}
(A5)
and the weighted sup norm
@)l
i=sup ——
715, Sup b () (A.6)
which turns in our setting (b, = 1) to the usual sup norm
Nl = sup ()] = [Ifllco-
f b, SeSp f f (A7)
Then B, becomes
B:=B, = {f : S —> R : f measurable, Il < oo}, (A.8)

where f* denotes the positive part of f. Hence B denotes the measurable functions
mapping from § to R that have an upper bound. In addition, the boundedness of Up)
not only implies boundedness of r(s) but also of J(a(s);s, cg’umr)) and V(s) in Prob-
lem (5.1), since
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£G+D

= e~ AHDET) F1 PV
l; / ) (PA™)

Ta(s)ss, ™)

o Hi+D)
<E Z o~ HP(u=T) |l7(P(z(i)))’ du
=0 410 N J
<Kl'/ |
L) Ai+D)
< KyE lz / e‘“ﬁﬂ)(“‘“du] (A9)
i=0 /10
) fi+D)

(i)

=Ky 2 / e~ AADw=D) g,
i=0 41

A Bu-T) Ky
=Kf]/ e AAPU=D gy = = K
7 A+p T
buff
>3I0<K;<o0: |J(a(s);s,c§j.u Dy < K,
which leads to
A finit
V)l = | sup Ja(s)ss, ™10 2| max Ja(s)ss, ch“ffe”)‘
a(s)EA i a(s)eA y
(buffer) .
< ma 38, C.. <max K,;=K,=: K
- a(s)E)SA ;7(&(5‘) s CU ) a(s)E)EA J J 4 (AIO)

<K,
= 30 < Ky, < o0 : V)| < Ky,

In line with these observations, we define the set X C B to contain bounded func-
tions only:

X := {f SoR: f measurable, ||f||, < oo}. (A.11)

From the above calculations it clearly follows W(s)€X as well as
Ja(s);s, cf}’“"f"”) € X for all a(s) € A.

We now come to the main result in [19] about existence of a unique fixed point of
I" and optimality of the stationary policy. We copy the theorem and omit the unnec-
essary conditions (due to b, = 1).

Theorem 8 [19, Satz 1.5] Let (X, d) be a non-empty complete metric space with
X C B and let the following hold:

1. Forall f € X there exists a maximisator a; of f.
2. Tis a contraction on X.
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3. 0eX.
Then the following claims hold true:

(a) Ve X, I'V=VandV is the unique fixed point of T in X.
(b) The stationary policy (ay,)® is the optimal solution to the infinite-horizon dis-
crete-time optimization problem.

Appendix B: Some useful matrix properties
We define the notion of a (strictly) diagonally dominant matrix.

Definition 5 (Diagonally dominant matrix [11, Definition 6.1.9]) A matrix
A= (aij)”:l L, € R™" n € N, is said to be diagonally dominant if

n

jag| = Y ’alj|, vie(l,....n). (B.1)
=L

If the inequality is strict for all i € {1, ...,n}, the matrix A is called strictly diago-
nally dominant.

It can be shown that every strictly diagonally dominant matrix is invertible.

Theorem 9 [11, Theorem 6.1.10, part (a)] Let A = (aij)
diagonally dominant. Then A is non-singular.

€ R™" pe strictly

ij=1,....,n

Furthermore, we provide a specific eigenvalue result for stochastic matrices
which are also known as probability or transition matrices.

Definition 6 (Stochastic matrix [11, p. 547]) A matrix A = (al-j _
neN, a; = 0, is a (row) stochastic matrix if A1 =1, i.e. if all row sums of A are

equal to one.

nxn
)i,j=l n € R™,

5

Definition 7 (Eigenvalue and eigenvector [11, Definition 1.1.2]) Let A € R™",
n € N. If a scalar A € R and a vector v € R”, v # 0, satisfy the equation

AV = Av, (B.2)

then A =: A(A) is called an eigenvalue of A and v is called an eigenvector of A asso-
ciated with A.

We have the following result for the eigenvalues of a stochastic matrix.
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Theorem 10 The maximal absolute eigenvalue of a stochastic matrix A is equal to
one, i.e. max |A(A)| = 1.

Proof We prove that any stochastic matrix A has the eigenvalue A4(A) = 1 and that
the absolute value of any eigenvalue A(A) of A is less than or equal to one.

1. Existence of eigenvalue A(A) = 1: The vector 1 that consists of ones is an eigen-
vector to the eigenvalue A(A) = 1 for any stochastic matrix A = ( U)z,/‘:l ;

because the rows of A sum up to one:

a.. (112 A aln l aij + alz + A + aln 1
Al=|: 1w i fli]= s =[:[=1-1823)

a a, a1 a, +ap+-+a,, 1

nl nn

2. Eigenvalue bound |A(A4)| < 1: Let A(A) be an eigenvalue of the stochastic matrix
V1
Aandletv =] : | # 0be the corresponding eigenvector, i.e.

Av = A(A)v (B.4)

When we compare the i-th row of both sides of the equality, we obtain

n

Zaijvj = MAw, i=1,...,n. (B.5)

J=1
Further let
m = argmax;c; {1} (B.6)

and thus v,, denotes the entry of the eigenvector v with the maximal absolute
value: |v, | > |v;| Vj € {1,...,n}. Due to v# 0 it is |v,,| > 0. Inserting i = m in
Eq. (B.5) while considering the absolute value leads to

Zamjv Z| le ]
Jj=1
Vi< vl
< Z mjlvml - |vm| Z mj |Vm|

Hence, as |v,,| > 0, we must have | A(A)| < 1for any arbitrary eigenvalue A(A).
In total, this shows that max | A(A)| = 1 for any stochastic matrix A. O

triangle mequallty a >0

mj <=

LAA)] - [v,] = 14, ET="

S o)

=)
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Appendix C: Technical appendix

Proof (Theorem 3) Notice that I" clearly maps from X to X because for any arbitrary
f € X with [f(s)| <K for some 0 < K; < oo, there exists 0 < Ky < oo such that

|TF)($)| < Kpy forall s € S:
1

]}

< Krf

r(s)+ﬁ sup {[E[

a(s)eA

@) =

A finite

(s)+ﬁmax{ [

(C.1)

< |r(s)| +p max JE
\ ] a(s)eA
<K, <K,
for every Ky =2 K, + EKf Consequently, I'f € X. We further prove the claim that
dIf,T'g) < p-d(f,g) forall f,g € X. We deduce
d(If.I'g) = IIf = Tgll, = Sup |(Tf = Tg)(s)]
NS

= sup {
SES

—r(s)— B sup {[E [g(T

a(s)eA

I}
il

r(s)+ﬁ sup {E[

a(s)eA

=Esup{ sup {[E[f(T s]}
seS a(s)eA (C.2)
g ]}\}
a(s)eA
A ﬁmte— { ] }
= fsup max
ses
a(s)eA
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Denote a,(s) 1= arg max ,eaE [f(TB(s, a(s),Z)) s] the corresponding maximisator.

For the function inside the first supremum we use the following inequality, assume

w.l.0.g. max ,ea {[E [f(TB(s, a(s),Z)) } > MaXx,ea {[E [g(TB(s, a(s),Z2)) s] }:

1}

/

N

max {[E [f(TB(s, a(s), Z)) s] } - r(n)eg( {[E [g(TB(s, a(s),Z))

a(s)eA
“

>0

s] } - ar(l.;l)%)/(\ {[E [g(TB(s, a(s),2))

I}
N e

-

= max {[E [f(TB(s, a(s),2))

a(s)eA

= IE IEf(TB(sv af(s)s Z))

s] ~ max {[E [g(TB(S, a(s), 2))

x]

N~

>E |:E(T1;(S,ﬂ_f(3),z))

)

<E

F(Ts(5.ay(5). 2)) ] ~E [g(TB(s, a,(5).2))

a[(rg);g/(& { E [f(TB(S, a(s),Z2))

=E [f(TB(s, ag(s), 2)) — g(Ts(s, ay(s), Z))

Inserting this back, gives

1}
M}

d(Tf,Tg) = fsup {

seS

— max { [E |:g(TB(S, Cl(s), Z))

a(s)eEA
(C4)
< Ei‘é? B (Ty(s- a4 (5). 2) = 8(Tyls. 44(5). 2) |5
<SUP,eg ‘IJ:(s)—g(s)I
< Bi‘éﬁ’ (F(5) = 8| = BIIf — gllw = B - d(f. )
which was to be shown. O
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Proof of Theorem 4 We prove that the conditions 1.-3. in Theorem 8 are fulfilled on
(X, d). Hence, the conclusions a) and b) in Theorem 8 hold true and the statement in
Theorem 4 is verified.

Let Assumptions 1 and 2 be satisfied and let X and d be as defined above. First,
(X, d) is clearly non-empty and also complete as every Cauchy sequence converges
within X. We prove 1.-3.:

1. For all f € X there exists a maximisator a, of f: It was already shown below
Definition 4 that the maximisator a, for every f € X exists due to A being finite
according to Assumption 2.

2. T'is acontraction on X: This was proven in Theorem 3.

3. 0 € X: The zero function clearly satisfies 0 € X.

|
Proof of Theorem 5 First, we have
VED(§) — VI(S)
: policy evaluation ste . -1 ;
R 1 — P20 V() ) H(S) = V(S)
) -1
= (1,, - 42401 (5))
X [r(9) = (1, = e “47290(a* () )O(S)|
(C.5)

= (1, - e‘“**””cer(at("*“(S)))_l
X (r(S) + e A¥D2g0@ ™D ($HVI(S) = VO(S))

(5.36): policy improvement step —(A A it -1
= (1, = 42000 V()

X <a(5)ré1(2‘ylr)i(d(a) {r(S) + A P2G0@ENV(S)} - ]/i)(s))_

For the second term we observe
max_ {r(S) + e AP20aS$)N ()} - VO(S)
a(S)eGrid(a)
> {r(S) + e “P240 @SNV (S) } — V(S) (C.6)
(5.37): policy_evaluation stepv(i)(s) V(i) (S) -0
Hence every entry in the second term is non-negative. lThe same holds for the first
term by the following argument: First, it is (I, - H) = Yo H*=1,+ Y H*
for any matrix H € R™" such that the power series ZZ‘;I H* converges due to
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— H) in = in— iH" =1,=(I,-H)(I,-H)". (€7
k=1

k=0 k=0

According to [25], the matrix power series ZZ; HF (also called “Neumann series”)
converges if for every eigenvalue A(H) of the matrix H it holds |A(H)| < 1, i.e.
max |A(H)| < L

Set G := gQa™V(5)) and H := e~ “*+PAG, The matrix G is a (row) stochas-
tic matrix (all rows sum up to one and all entries are non-negative) since it repre-
sents the transition matrix that contains the transition probabilities from one state to
another as entries. With

Gx = A(G)x & Hx = M(H)x, M(H) := e ATPAYG), (C.8)

it follows that A(G) is an eigenvalue to matrix G if and only if A(H) = e~ *+P2 4(G)
is an eigenvalue to matrix H. From Theorem 10 in Appendix 1 it follows that
max |A(G)| = 1 as G is a stochastic matrix. Thus,

max |A(H)| = max [e"AFPAYG)| = e AFPA max |A(G)| = e HHPA < 1.
| ——

(C.9)
We conclude that

—1 o
_ ; _ ; k
(1, = @ D290 0(8)) =1, + Y (7420w *1(s))",
k=1
(C.10)
where all entries of I, and (e~ +/’)AqQ(a(’+1)(S))) are non-negative since
e~HPA 5 0and G = qQ(a(’“)(S)) is a stochastic matrix.
In summary, we multiply a matrix of non-negative entries (first term) with a vec-
tor of non-negative entries (second term) and therefore finally receive a vector of
non-negative entries which implies monotonicity in the value function:

VED () = VD(8) > 0. (C.11)
O

Proof (Existence of inverse matrix of I, —e ~A+MAa0(a)) First notice that
1, — e”“*Phq0(a) is a strictly diagonally dominant matrix according to the Defini-
tion 5 in Appendix 1: First, the matrix gQ(a) is a (row) stochastic matrix (all rows
sum up to one and all entries are non-negative) as it represents the transition matrix
which contains the transition probabilities from one state to another as entries.
Hence, by construction we have (¢Q(a)); = 0, Vi,j € {1,...,ng}, and

Y @O@); =1, Vi€ (1,....n}. (C.12)
J=1

Together with <In5 ) ~=land (Ins ) = 0fori # j, this automatically implies that
u y
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‘(’ - e_”‘”)A"Q(“)),‘ ={ (1) =4 o)
1 1
=1 =1-35, . @Q@);

=[1-e® 1= (G0w@);

j=Li#i

ns
= [1— s s 3 (0,
o

. /
WV

>0

ng
=1 = e AtPA o [,~(A+HA z (QQ(Q))U
j=Llj#i

n

S
1 = o~CutPA 2 |€—(/1x+ﬁ)A(qQ(a)),~j ,
j=l i

(qQ(@);20

(C.13)
where

y |2 g0y, | = y |- 0@

J=1j# J=Lj#

I,.) =0, j#i 7
( S)Uz J Z ‘(Ing _ e-(ﬂx+ﬂ)AqQ(a)>

J=1j#

(C.14)

i

Thus it holds

g

’( I, - e—<ax+ﬂ>AqQ(a)> ' —joetemsy ) ’( I, — e"hcHDA qQ(a))

" j=1j#i v ‘

>0

g
> 2

J=1j#

(1, - e'@‘”qu(a))ij‘

(C.15)

which implies that the matrix 1, — e **+P2¢Q(a) is strictly diagonally dominant.
Therefore, the inverse of 1, — e‘&»*/’)AqQ(a) always exists in view of Theorem 9 in
Appendix 1. O
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