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Abstract

Gaussian Structured Additive Regression provides a flexible framework for addi-
tive decomposition of the expected value with nonlinear covariate effects and time
trends, unit- or cluster-specific heterogeneity, spatial heterogeneity, and complex in-
teractions between covariates of different types. Within this framework, we present a
simultaneous estimation approach for highly complex multiplicative interaction effects.
In particular, a possibly nonlinear function f(z) of a covariate z may be scaled by a
multiplicative effect of the form exp(η̃), where η̃ is another possibly structured addi-
tive predictor. Inference is fully Bayesian and based on highly efficient Markov Chain
Monte Carlo (MCMC) algorithms. We investigate the statistical properties of our ap-
proach in extensive simulation experiments. Furthermore, we apply and illustrate the
methodology to an analysis of asking prices for 200000 dwellings in Germany.

Keywords: IWLS proposals, MCMC, multiplicative interaction effects, structured
additive predictor
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1 Introduction

Structured additive predictor models (e.g. Fahrmeir et al., 2022) provide a very broad
and rich framework for complex regression modelling. They can deal simultaneously with
nonlinear covariate effects and time trends, unit- or cluster-specific heterogeneity, spatial
heterogeneity, and complex interactions between covariates of different types.

This paper deals with interactions between a continuous covariate, say z, and other
covariates of potentially different types, see e.g. Wood (2017) for an overview of standard
approaches for interaction modelling. Here, we assume that the possibly nonlinear effect
f(z) of z is scaled by a scaling factor exp(η̃), where η̃ is another structured additive
predictor such that f(z) may be scaled in a rather complex way. The rationale behind this
type of modelling is the assumption of a homogeneous functional form across observations,
but possibly heterogeneous functional size with respect to the interacting covariates in the
scaling term. A typical application is clustered data where we assume a homogeneous
functional form f(z) across all observations but heterogeneous effect size across clusters,
see for example Razen and Lang (2020) who model residential prices in Germany where
nonlinear covariate effects are scaled according to regional clusters. A key aspect of hedonic
real estate modelling of house or apartment prices is the appropriate estimation of the
time trend. This is particularly relevant, for example, in the context of hedonic index
construction, which requires unbiased underlying estimates (e.g. Granna, Brunauer, and
Lang, 2022). A challenge in this context is that the effect of time may not be homogeneous
across locations, but also with respect to other covariates in the model. We therefore
provide in the application Section 4 of our paper a careful analysis of apartment prices where
the possibly nonlinear time trend is not assumed to be homogeneous across observations,
but is scaled with respect to the other covariates (e.g. location, area, age of the building)
in the model.

This paper stands in the tradition of a number of related papers, in particular Brunauer
et al. (2010), Lang et al. (2015) and Razen and Lang (2020). These papers deal with cluster-
specific interaction terms of the form (1 + αc)f(z), where c is a cluster index and 1 + αc

is a cluster-specific scaling factor that scales the nonlinear function f(z). Brunauer et al.
(2010) and Lang et al. (2015) apply a heuristic two-stage procedure to estimate f(z) and
the scaling factor 1+αc, while Razen and Lang (2020) provide a simultaneous estimation of
the nonlinear function and the cluster-specific scaling factor based on Markov chain Monte
Carlo (MCMC) simulation techniques. Compared to the existing literature, the approach
of this paper has two distinct improvements:

� First, the exponential scaling introduced in this paper allows us, for the first time, to
ensure strictly positive scaling factors. In all previous approaches, negative scaling
factors were possible but had no meaningful interpretation.

� Second, the scaling term allows for a full and unconstrained structured additive
predictor, possibly composed of all available covariates, and is therefore not limited
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to simple cluster-specific heterogeneity terms.

The remainder of the paper is organised as follows: Section 2 introduces the statistical
model and provides details on Bayesian inference based on Markov chain Monte Carlo
simulation techniques. simulation techniques. Section 3 presents results from extensive
simulation experiments, while Section 4 is devoted to our case study of apartment prices
described above. The final Section 5 summarises the paper and discusses some ideas for
future research.

2 Methodology

2.1 Gaussian structured additive regression

Suppose we are given data on n observations in the form (yi, zi,xi), i = 1, . . . , n, with a
continuous response y and a number of covariates z and x. Bayesian structured additive
regression, as outlined e.g. in Fahrmeir et al. (2022), assumes a Gaussian distribution of
the response y, given the covariates, with expected value η and (homoscedastic) variance
σ2. The expected value is defined in terms of the covariates as

E(y|z,x) = η = f1(z1) + . . .+ fq(zq) + x⊤γ, (1)

where the functions fj , j = 1, . . . , q, are nonlinear functions of the (possibly multivariate)
covariates zj and the term x⊤γ comprises the linear effects of the model.

Using known basis functions Bk, a particular effect f can be approximated by

f(z) =
K∑
k=1

βkBk(z),

where β = (β1, . . . , βK)′ is a vector of unknown regression coefficients to be estimated. A
standard choice for continuous covariates are B-spline basis functions, see below.

Defining the n ×K design matrix Z with elements Z [i, k] = Bk (zi), the vector f =
(f (z1) , . . . , f (zn))

′ of function evaluations can be written in matrix notation as f = Zβ.
Accordingly, the predictors in (1) can be written as

η = Z1β1 + . . .+Zqβq +Xγ.

In a Bayesian framework, overfitting of a particular function f is usually avoided by
employing a suitable smoothness prior for the regression coefficients β, see e.g. Fahrmeir
et al. (2022). A standard choice is a (possibly improper) Gaussian prior of the form

p(β|τ2) ∝
(

1

τ2

)rk(K)/2

exp

(
− 1

2τ2
β⊤Kβ

)
· I(Aβ = 0), (2)
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where I(·) is the indicator function. The key components of the prior are the penalty
matrix K, the variance parameter τ2 and the constraint Aβ = 0. Usually the penalty
matrix is rank deficient, i.e. rk(K) < K, resulting in a partially improper prior. The
specific structure of K depends on the covariate type and on prior assumptions about the
smoothness of f .

We apply, for example, a Bayesian version of P-splines when modeling a smooth function
f that depends on a continuous covariate z, see Lang and Brezger (2004). Here, the columns
of the design matrix Z are given by B-spline basis functions evaluated at the observations
zi and we use first or second order random walks as smoothness priors for the regression
coefficients, i.e. βk = βk−1 + uk, or βk = 2βk−1 − βk−2 + uk, with Gaussian errors
uk ∼ N(0, τ2) and diffuse priors p(β1) ∝ const, or p(β1) and p(β2) ∝ const, for initial
values. This prior is of the form (2) with penalty matrix given by K = D⊤D, where D is
a first or second order difference matrix.

Further examples regarding priors for f , in particular priors for spatial covariates,
cluster indicators or for modeling interactions are outlined e.g. in Fahrmeir et al. (2022).

The amount of smoothness is governed by the variance parameter τ2. A conjugate
inverse Gamma prior is employed for τ2, i.e. τ2 ∼ IG(a, b) with small values for the
hyperparameters a and b resulting in an uninformative prior on the log scale. As a default
we choose a = b = 0.001.

The term I(Aβ = 0) imposes required identifiability constraints on the parameter
vector. A straightforward choice is A = (1, . . . , 1), i.e. the regression coefficients are
centered around zero.

2.2 Multiplicative interaction effects

As outlined in the introduction, in Section 4 of this paper we analyse real estate data of
apartment prices as a function of explanatory variables. Particular emphasis is placed on
the appropriate modelling of the time trend. More specifically, we will assume a homoge-
neous functional form of the trend across observations, but heterogeneity with respect to
the size of the effect, i.e. we assume that the trend is scaled in a complex way, potentially
depending on the other available covariates (e.g. location, area, age of building) in the
model.

Indeed, in many applications it is reasonable to assume the effect of covariates to have
the same functional form but to vary with respect to the overall size of the function. To
account for this type of interaction effect, we allow covariate dependent scaling factors for
some or all of the nonlinear functions fj in (1). This results in predictors of the form

η = . . .+ exp (η̃j) fj(zj) + . . . , (3)

where exp (η̃j) is a (positive) scaling factor that scales the nonlinear function fj of the con-
tinuous covariate zj . The scaling factor may depend through the predictor η̃j on covariates

4



where η̃j is possibly another structured additive predictor of the form (1).

As already mentioned in the introduction, an alternative approach has been proposed
in Brunauer et al. (2010) and further developed in Lang et al. (2015) and Razen and Lang
(2020). The approach assumes that fj in 3 is scaled by the scaling factor 1+αc rather than
exp (η̃j). Here, αc is a cluster specific random effect with respect to the cluster variable
c that possibly depends on further cluster specific (nonlinear) terms. The disadvantage
compared to the proposal of this paper is that only cluster specific terms are possible.
Moreover, negative scaling factors are possible.

2.3 Bayesian inference

We describe Markov chain Monte Carlo updating for interaction terms of the form in (3).
The scaled function fj in (3) is updated with a Gibbs sampling step treating exp(η̃j)

as the effect modifier of a varying coefficient term, see Brezger and Lang (2006) for details.
Updates for an effect g(z̃) that is part of the predictor η̃j are nonstandard and have to

be done with an IWLS sampler using the following ingredients:

� Log-Likelihood contribution of the i-th observation, i = 1, . . . , n:

li = − 1

2σ2
(yi − ηi)

2 = − 1

2σ2
(yi − [· · ·+ exp(η̃ij) · fj(zij) + · · · ])2 .

� First derivative:

vi =
∂

∂η̃ij
li =

1

σ2
(yi − ηi) exp(η̃ij)fj(zij)

� Second derivative:

∂

∂η̃ij
vi =

fj(zij)

σ2
[− exp(η̃ij)fj(zij) exp(η̃ij) + (yi − ηi) exp(η̃ij)]

=
fj(zij) exp(η̃ij)

σ2
[−fj(zij) exp(η̃ij) + (yi − ηi)]

� Expected second derivative:

E

(
∂

∂η̃ij
vi

)
= −(fj(zij) exp(η̃ij))

2

σ2
.

� Working weight (based on observed Fisher information):

wi =
fj(zij) exp(η̃ij)

σ2
[fj(zij) exp(η̃ij)− (yi − ηi)]
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� Working weight (based on expected Fisher information):

wi =
(fj(zij) exp(η̃ij))

2

σ2
.

� Working response:

ỹi = η̃ij +
vi
wi

An IWLS proposal for the regression coefficients of g(z̃) is then obtained by sampling
from a multivariate normal distribution with expected value

m =

(
Z̃

′
WZ̃ +

1

τ2
K

)−1

Z̃
′
W (ỹ − η̃−z̃)

and covariance matrix

Σ =

(
Z̃

′
WZ̃ +

1

τ2
K

)−1

,

where Z̃ andK are the design and penalty matrices corresponding to g(z̃),W = diag(w1, . . . , wn)
is a diagonal marix of working weights, ỹ is the vector of working responses. Details on
IWLS updates can be found in Brezger and Lang (2006).

Finally, note on identifiability: To render the model identifiable, we assume that η̃ij
does not comprise an intercept and all effects in η̃ij are centered since otherwise changes
in the level of η̃ij be compensated by rescaling fj(zij).

The estimation approach is fully embedded in the software package BayesX, see Brezger,
Kneib, and Lang (2005) and Umlauf et al. (2014).

3 Simulation study

3.1 Simulation Design

We carry out a simulation study based on a Gaussian structured additive regression model
with predictor

η = f1(t) + f2(x) · exp (γ0i + f3(z)) + f4(lon, lat)

and a standard deviation σ2 such that the signal to noise ratio ση/σ is 2. For the nonlinear
functions we assume

� f1(t) = cos(2π(t− 1)/100) with t being a sequence from 1 through 100,

� f2(x) = sin(x), where x is uniformly distributed on [π/2, 3π/2],

� f3(z) = 0.7 cos(2π(z−1)/100) where z is uniformly distributed on the interval [1, 100],
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� f4(lon, lat) = sin(2lon + lat), where lon and lat correspond to the longitude and
latitude coordinates of the centroids of the 3-digit postcode regions.

A visualisation of the functions f1 − f4 can be found in Figures 3 and 2. Finally, γ0i is
a normally distributed cluster-specific random effect with mean 0 and standard deviation
0.49.

We simulate 250 repetions from the model desribed above. In the next Section 3.2, we
compare results of the estimated models using the average estimated functions for all 250
repetitions, i.e.

f̄(x) =
1

250

250∑
j=1

f̂ j(x)

for a particular function f(x) in η and f̂ j being the estimator of the j-th repetition. We
further compute the square root of the relative RMSEs for replication j = 1, . . . , 250

RMSE(j) =

√√√√∑
x

(
f̂ j(x)− f(x)

)2∑
x f(x)

2
.

Regarding the scaling of the functions, are straightforward comparison of the MSEs is
impractical. For each of the 113 clusters that we generate, we obtain a different scaling
term and thus, a different function of x. Because a comparison would be impracticable for
all 250 repetitions, we provide an RMSE for all scaled average functions for clusters c = 1,
. . . , 113

RMSEscaled(c) =

√∑
x

(
f̄cŝc − f(x)sc

)2∑
x(f(x)sc)

2
,

where f̄c is the average estimated function for term f2(x) in cluster c ∈ 1, . . . , 113, and sc
is the scaling term for cluster c.

The following estimation results are based on P-spline priors with 20 knots and second
order difference penalty for the functions f1, f2, f3. In case of the spatial function f4 a
Markov random field prior (e.g. Fahrmeir et al., 2022) is assumed. Throughout for the
variance parameters τ2 we assume inverse gamma priors with hyperparameters a = 0.001
and b = 0.002. Results are based on a Markov chain with 105,000 iterations, a burnin
period of 5,000 iterations. Every 100th sample is later used for estimation.

3.2 Results

Results for a single representative replication are provided in Figures 1-4. We present
estimates for the approach proposed in this paper as well as for the alternative (competing)
approach briefly outlined at the end of Section 2.2. The results are also contrasted with
the true effects. Figure 1 shows estimated cluster-specific random effects γ0i, Figures 2 and
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3 display results for the functions f1-f4, the scaled function f2(x) exp(γ0i+f3(z)) based on
the median scaling term can be found in Figure 4. For animated graphs showing the effects
for all 250 repetitions, see this link1. The estimates are in good agreement with the true
effects, with increased variability for f3 (the function within the exp term) compared to
the other effects. Even the alternative approach seems to work comparably well, bearing
in mind that the model is misspecified.

To shed more light on the statistical properties, Figures 5-7 show the average estimated
effects over the 250 replications for the random effect γ0i and the functions f1-f4. For the
spatial effect we additionally show the estimated county-specific bias in Figure 8. Coverage
rates of the 95% Bayesian credible intervals are presented in Figures 9-11. Finally, Figure
12 reports the RMSEs. We draw the following conclusions:

� All functions are estimated with a comparably small bias. We observe the typical
pattern of (slightly) increased bias near local extremes or at the boundaries of the
covariate space.

� The Bayesian credible interval coverage rates are, on average, slightly higher than
the nominal level and, in this sense, conservative. The average coverage rates range
between 95 % for the spatial effect f4 and 1 for the function f3 within the scaling
factor of f2. Pointwise coverage rates are as expected, with a tendency for slightly
less coverage near boundaries or local extremes.

� The RMSEs for all functions are in an acceptable range. RMSEs are higher for the
scaled function f2 compared to the unscaled function f1 and highest for the function
f3 as part of the scaling factor. As expected, the competing approach outlined at the
end of Section 2.2 shows higher RMSEs as the model is misspecified.

1Website: https://jgranna.github.io/simulations.html; On the website we also provide all the files needed
to replicate our results. This includes the file used to obtain our simulation data and the estimation
programme.
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(a) γ0i, exp-scaling.
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(b) γ0i, (1 + α)-scaling.
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Figure 1: Estimated cluster-specific random effect for random scaling sorted according to effect size.
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(a) f1(t), exp-scaling.
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(b) f2(x), exp-scaling.
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(c) f3(z), exp-scaling.
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(d) f1(t), (1 + α)-scaling.
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(e) f2(x), (1 + α)-scaling.
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(f) f3(z), (1 + α)-scaling.
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Figure 2: Estimated effects for terms f1(t), f2(x), f3(z). The black solid line corresponds to the true
effect, the red solid line corresponds to the mean estimated effect. The red dashed lines are the 95% credible
intervals.

Figure 3: Estimated effects for postcode effect with Markov Random Field prior.
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Figure 4: Scaling functions referring to the term f2(x) sc. From all 113 different scaling terms, the median
scaling term is reported in this graph.

(a) γ0i, exp-scaling.
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(b) γ0i, (1 + α)-scaling.
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Figure 5: Average estimated effect of γ0i. True values are on the bisecting angle. Dots represent γ̂0i.
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(a) f1(t), exp-scaling.
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(b) f2(x), exp-scaling.
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(c) f3(z), exp-scaling.
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(d) f1(t), (1 + α)-scaling.
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(e) f2(x), (1 + α)-scaling.

1.5 2.0 2.5 3.0 3.5 4.0 4.5

−
1.

5
−

1.
0

−
0.

5
0.

0
0.

5
1.

0
1.

5

x

f(
x)

(f) f3(z), (1 + α)-scaling.
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Figure 6: Mean estimated effects for terms f1(t), f2(x), f3(z) (red lines). The black lines are the true
curves.

Figure 7: Average effect for plz regions.
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Figure 8: Bias for plz effect.
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(b) γ0i, (1 + α)-scaling

−1.0 −0.5 0.0 0.5 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

γ0i

co
ve

ra
ge

 r
at

e

Figure 9: Average coverage rate of 95% credible intervals for all 250 repititions for γ0i term.
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(a) f1(t), exp-scaling
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(b) f2(x), exp-scaling
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(c) f3(z), exp-scaling
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(d) f1(t), (1 + α)-scaling
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(e) f2(x), (1 + α)-scaling
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(f) f3(z), (1 + α)-scaling

0 20 40 60 80 100

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

z

co
ve

ra
ge

 r
at

e

Figure 10: Average coverage rate of 95% credible intervals for all 250 repititions for terms f1(t), f2(x),
and f3(z) (rows).

Figure 11: Coverage rate for plz effect. Center of the scale is 95%.
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Figure 12: RMSEs for terms γ0i, f1(t), f2(x), f3(z), f4(lon, lat), and the scaled functions of f2(x)
(rowwise).
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4 Application

According to Bondt, Gieseck, and Tujula (2020), housing wealth, i.e. the market value of
residential property, constitutes over 55% of total household assets in the euro zone. Track-
ing real estate prices while accounting for changes in underlying characteristics is hence
essential. This is most commonly accomplished in the context of the hedonic method
(Rosen, 1974), which interpretes the value of a dwelling as the sum of the prices of its
characteristics. These implicit prices are estimated in the context of a regression model,
where the price of a unit is regressed on the housing characteristics.

A central aspect of hedonic methods is the appropriate and unbiased estimation of the
time trend. This is especially relevant, e.g. in the context of hedonic index construction,
which requires unbiased underlying estimates. A challenge in this context is that the effect
of time is possibly not homogeneous over location, but also with respect to other covariates
in the model. This is discussed in the context of the formation of submarkets by authors
like Straszheim (1975), Malpezzi, Ozanne, and Thibodeau (1980), or Helbich et al. (2014).

The exponential scaling introduced in this paper allows us, for the first time, to ensure
strictly positive scaling factors. We are also able to consider multiple variables for scaling,
which enables us to account not only for spatially heterogeneous time effects, but also with
respect to other covariates.

4.1 Data and model specification

For our analysis we use data provided by DataScience Service GmbH, based in Vienna,
Austria. The sample includes 200,000 asking prices of dwellings in Germany. The target
variable in our application is the price per square metre, or rather its logarithm, since
the log transformation offers better distributional properties. In a hedonic distributional
regression, we regress the log price on a set of dwelling characteristics to estimate the prices
of the corresponding characteristics:
As a continuous regressor, we use the age of a dwelling, which is expressed in years as the
difference between the last offer for a dwelling and the year of construction. We use age
rather than year of construction to ensure better comparability between dwellings. We also
consider the area of an object, which is the area of the dwelling expressed in m2, and the
time at which an object was sold. The latter is given in the corresponding quarter.
The discrete covariates included in our analysis are the binary indicator variables balcony,
floor heating and furnished. Finally, we consider the location of the dwelling using the
county in which the dwelling is located, which corresponds to the so-called ”Landkreise”
in Germany. There are 400 districts in Germany.
A more detailed description of all included variables is provided in Table 1, which includes
summary statistics for all variables.
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variable description mean / rel. frequency std. deviation min max

ppqm Price per square meter 3292.500 2064.040 50.000 40000.000
log.ppqm log(Price per square meter) 7.930 0.600 3.910 10.600

age Age of flat in years 37.760 30.250 -4.000 119.000
area Area of flat in square meters 80.070 32.380 21.000 240.000
quarter Quarter of last offer 2019.200 2.020 2016.000 2022.500

county county ID

balcony Whether object has balcony
0 = no 0.436
1 = yes 0.564

floor.heating Whether object has floor heating
0 = no 0.909
1 = yes 0.091

furnished Whether object is furnished
0 = no 0.967
1 = yes 0.033

Table 1: Summary statistics for variables included in the real estate data application. For continuous
variables, mean, standard deviation, minimum, and maximum values are provided. For discrete attributes,
the relative frequencies of the corresponding categories are shown.

We model dwelling prices using a log Gaussian model. This is the standard distribution
in the context of hedonic housing modeling. We relate the location parameter µ to the
predictor η as

ηi = f1(agei) + f2(areai) + exp(η̃i)f3(timei) + f4(countyi) +Xγ, (4)

where f1, f2, f3 are possibly nonlinear functions of the included continuous covariates, fit-
ted with P(enalised) splines. f4 corresponds to the effect of location on the dependent
variable modelled as a Markov Random Field. The effects of the counties are hence
spatially correlated. X is the design matrix with an intercept next to the discrete explana-
tory variables. γ contains the corresponding coefficients of the linear effects. exp(η̃i) is
the positive scaling factor that scales the time effect and includes the structured additive
predictor.

η̃i = g1(countyi) + g2(areai) + g3(agei) + X̃γ̃. (5)

g1 is a Markov random field, since we assume spatially correlated scaling factors. g2, g3
are possibly nonlinear functions to model the effects of area and age on the scaling term.
X̃γ̃ are the linear effects of the discrete variables on the scaling term.

4.2 Results

For the effects of continuous covariates, we provide graphs showing the mean, 2.5% and
97.5% quantiles, as the values of the estimated coefficients are not meaningful for inter-
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pretation. For linear effects, we provide tables summarising the corresponding estimated
coefficients.

4.2.1 Terms outside scaling term

Figure 13 presents the mean effects along with the 95% credible intervals for the contin-
uous covariates. The variables age and area are not scaled, while time is scaled with an
exponential scaling term. In line with many findings in the literature, the marginal effect
of age is U-shaped. Very new dwellings have on average the highest prices per square
metre. Dwellings older than 50 years are again increasingly expensive, reflecting buyers’
preference for historic buildings.

In terms of the total area of apartments, we also find a U-shaped effect on price. As
expected, very small homes have the highest average price per square metre. As the area
of the dwelling increases, the price per square metre decreases until about 50m2. This is
common in the literature and corresponds to a quantity discount due to the diminishing
marginal utility of floor area. Beyond this size, the average price increases monotonically.

Over the time horizon covered, the average price per square metre increases monoton-
ically. The scaling of the time effect and the resulting scaled functions for the time effect
are examined below.

0 20 40 60 80 100 120

−
0.

2
0.

0
0.

2
0.

4

age

f(
ag

e)

(a) age effect, f1(age).

50 100 150 200

−
0.

2
0.

0
0.

2
0.

4

area

f(
ar

ea
)

mean
95% credible interval

(b) area effect, f2(area).

2016 2018 2020 2022

−
0.

2
0.

0
0.

2
0.

4

time

f(
tim

e)

(c) time effect, f3(time).

Figure 13: Estimated effects for covariates age, area, and time. Solid line corresponds to the mean,
dashed lines refer to 95% credible intervals.

The summary statistics for the estimated linear effect for the categorical covariates
balcony, floor heating, and furnished are shown in Table 2.

All effects are statistically significant, as none of the reported credible intervals overlap
the value of 0. As expected, and in line with the findings of other authors, all mean effects
are greater than 0, implying a positive impact on the price per square metre. The largest
average effect is for furnished.
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Mean Sd 2.5% 50% 97.5%

(Intercept) 7.615 0.003 7.611 7.615 7.621
balcony 0.045 0.001 0.042 0.045 0.048

floor heating 0.042 0.003 0.037 0.042 0.047
furnished 0.060 0.004 0.052 0.060 0.068

Table 2: Summary of samples of estimated coefficients for linear effects.

Figure 14 illustrates the effect of location on µ. For the sake of orientation, we also
label large cities with more than 400, 000 inhabitants. Two main findings emerge from the
graph. First, average prices per square metre are increased around large cities. This is
particularly true for Berlin, Frankfurt, Hamburg and Munich. A large area around Munich,
stretching towards the Alps in the very south of Germany, is characterised by very high
average prices. But areas close to the North Sea and the Baltic Sea are also more expensive
than neighbouring counties.

Second, rural areas in the former East Germany in particular are less valuable than in
the former West Germany. These findings are consistent with many studies such as Razen
and Lang (2020).

4.2.2 Scaled time effect

Below, we present the estimated effects within the scaling term together with the scaled
time effects to gain insight into the heterogeneity of time across the scaling variables.

Table 3 reports the estimated coefficients for the linear effects included in the scaling
term. The credible interval for balcony includes 0, indicating that balcony does not have
a significant effect on the scaling of time.

With regard to the impact of floor heating, the negative mean coefficient indicates
that dwellings with underfloor heating are subject to a flatter time trend, which means
that dwellings without underfloor heating face steeper price appraisals in the time horizon
considered.

Finally, furnished apartments are associated with a larger scaling term, which corre-
sponds to a steeper scaling effect of time on price. Thus, furnished dwellings were subject
to larger price increases than unfurnished dwellings.

The scaled time functions resulting from the effects on the scaling term from Table 3
are plotted in Figure 15. For the plots, only the variable of interest is varied within the
scaling term, while the other covariates are held fixed at their means.

The two functions for balcony are virtually indistinguishable. This is not surprising
given the very small and insignificant effect on the scaling term. The scaled function
for apartments equipped with floor heating (red line, middle panel) is slightly flatter
than that for apartments without floor heating (black line). Lastly, the right panel
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Figure 14: Markov Random Field for the 400 counties in Germany corresponding to term f4. Dark
yellow areas correspond to higher average square metre prices, dark blue areas to lower mean prices.

corresponds to the coefficient of the covariate furnished. The red line refers to the positive,
albeit smaller in absolute value, estimated effect on the scaling, indicating a slightly steeper
average price increase for furnished dwellings compared to unfurnished ones.

The effect of the continuous covariates on the scaling of time along with the corre-
sponding credible intervals is illustrated in Figure 16.

The first panel displays the influence of age. The function fluctuates around zero and
the credible intervals at least partially overlap the zero. There is no clear association
with the heterogeneity of the time effect. This finding translates into the scaled f3 time
functions in the left panel of Figure 17. There is some variation in the functions, but no
clear pattern.

The right panel of Figure 16 shows the effect of area on the scaling term. The effect is
(almost) monotonically decreasing - but with wider credible confidence bands around very
high values of area. This implies that larger values of area translate into smaller scaling
of time, or in other words, smaller dwellings are subject to steeper price rises between 2016
and 2022 compared to larger dwellings. This finding is illustrated in the middle panel of
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Mean Sd 2.5% 50% 97.5%

balcony 0.007 0.007 -0.007 0.007 0.020
floor heating -0.094 0.015 -0.126 -0.093 -0.064

furnished 0.045 0.016 0.014 0.044 0.075

Table 3: Summary statistics for samples of estimated coefficients for discrete covariates with the scaling
term η̃i.
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Figure 15: Effect of time scaled with balcony, floor area, and furnished evaluated at the mean level.

Figure 17.
The effect of location on the scaling term is illustrated in Figure 18. It is worth noting

that the patterns are not uniform across Germany, particularly in the north and south.
In Bavaria and Baden-Württemberg, counties with a high overall price level, as seen
in Figure 14, are generally associated with lower price increases compared to areas with
lower overall prices per square metre, i.e. rural areas. These findings are reversed in
northern Germany. In particular, the counties around Berlin in Brandenburg exhibit
steeper price appreciation in comparison with rural areas around cities such as Leipzig or
Bremen. Whether this effect is - at least in part - induced by the rent cap that was in
force in Berlin between 30 January 2020 and 15 April 2021, remains to be investigated.
The resulting scaled functions of time are illustrated in the right panel in Figure 17.

In terms of its impact on scaling, location has the greatest variability with regard to
the range of scaled functions. This is little surprising, as location is also considered to
be the most important single contributing characteristic of dwellings on the price. With
the exception of age and balcony, all the covariates considered have a significant impact
on the scaling of the time effect. Our results underline the need to take into account the
heterogeneity of the effect of time on the price per square metre, not only with respect to
location, but also with respect to other covariates.
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Figure 16: Estimated smooth functions of effects for age and area within the scaling factor. Solid line
corresponds to the mean, dashed red lines refer to 95% credible intervals.

5 Conclusion

This paper presents a simultaneous estimation approach for Bayesian structured additive
regression models with possibly complex interactions where a nonlinear function f is scaled
with respect to a strictly positive scaling factor exp(η̃) where the additional structured
additive predictor η̃ may be composed of arbitrary terms of the remaining covariates.
Extensive simulation experiments show the validity of the approach. A detailed case study
demonstrates the usefulness of the methodology in practice.

So far our approach is restricted to homoscedastic Gaussian responses. For the future
we plan to extend the methodology to more general Bayesian distributional regression, see
Klein et al. (2015), such that every parameter of a distribution may be modelled in terms
of a full structured additive predictor with the interaction terms discussed in this paper.
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(a) Scaled with age. (b) Scaled with area. (c) Scaled with counties.

Figure 17: Effect of time scaled with area, age, and counties evaluated at the mean level. Red lines
refer to the unscaled functions.
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