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ABSTRACT——————————————————————————————————
The first step in a worker’s career is often particularly hard. Many firms seeking workers
require experience in a related field, so a vicious circle is created, whereby an entry level
job is required in order to get an entry level job. Consequently, entrant workers have
lower job-finding rates and longer unemployment durations than the unemployed who
have looked for a job in the past. To study the welfare implications of these observations,
we consider a version of the DMP model where firms who match with entrant workers
have to incur training costs. As a result, firms are biased against entrant workers, who, in
turn, stay unemployed for a prolonged period of time, exposing themselves to a persis-
tent skill loss shock. In this environment, an obvious market failure arises. Firms who hire
entrant workers provide a benefit to society by helping these workers stay unemployed for
a shorter period of time, thus reducing the probability of skill loss. But since firms cannot
internalize this societal contribution, they choose to discriminate against entrant workers
causing a welfare loss. We use a calibrated version of the model to quantitatively assess
the effectiveness of three government interventions, whose common goal is to reduce bias
against entrant workers. We find that the most effective intervention takes the form of an
“internship”, where firms can hire entrant workers at an (exogenous) lower wage.
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1 Introduction

The first step in a worker’s career is often particularly hard. Entrant workers have much
lower job-finding rates and longer unemployment durations than the unemployed who
have looked for a job in the past (Figure 1). Moreover, positions targeted to workers
who have just entered the labor market tend to become a rarity. Indicatively, 35% of
entry level positions posted since 2017 on LinkedIn required years of experience in a
related field (see Section 2.1). So a vicious circle is created, whereby an entry level job is
required in order to get an entry level job. These observations raise a number of important
questions. First, why would firms choose to exclude from the applicant pool workers
who are inexperienced, but may turn out to be extremely able? Second, what are the
aggregate welfare implications of this bias against inexperienced workers, given that,
by definition, all workers in the economy start their careers as inexperienced? This last
question becomes especially important once we consider the recent literature in labor
economics arguing that market conditions during the start of a worker’s career have long
lasting effects (Von Wachter, 2020). Finally, one wonders whether there is room for welfare
improving government interventions and what form these interventions should take.

To study these questions, we augment the classic Diamond-Mortensen-Pissarides
(DMP) model in several directions. First, we assume that firms that hire entrant/ inexpe-
rienced workers have to incur training expenses. This creates bias against these workers
which we capture with a Blanchard and Diamond (1994) matching function with ranking.
Second, we assume that entrants who stay unemployed for an extended time period are
more likely to suffer skill loss. The combination of these two channels creates interesting
welfare trade offs, since the inherent bias against entrant workers increases their unem-
ployment duration which, in turn, tends to lower their productivity. In this environment,
an obvious market failure arises. Firms that hire inexperienced workers provide a benefit
to society by helping these workers stay unemployed for a shorter period of time, thus re-
ducing their exposure to the skill loss shock. (A shock which leaves a permanent “scar”,
thus affecting the entrant workers’ productivity when they are hired by other firms later
in their career.) However, firms cannot fully internalize this societal contribution, and
ultimately choose to discriminate against entrant workers, causing a social welfare loss.

Given this market failure, there is obvious scope for government intervention. Since
the root of the inefficiency is the inability of firms to fully recoup the training costs, which
results in hiring bias against entrants, we consider government interventions whose com-
mon goal is to alleviate the bias and reduce the inexperienced workers’ exposure to the
skill loss shock. We use a calibrated version of the model to quantitatively study the

1



effectiveness of three government interventions. The first intervention, which we dub
“unbiased matching”, bans discrimination against inexperienced workers by law. In the
second intervention (“government subsidies”), the government raises taxes to subsidize
firms that hire inexperienced workers. Finally, the third intervention (“internships”) also
bans discrimination but additionally explores the possibility that the compensation of
entrant workers is determined exogenously by the government.

We find that all three government interventions improve aggregate welfare.1 This is
true even though in all of them the aggregate unemployment rate is higher than in the
benchmark economy with ranking. To explain the economics behind this result, let us be-
gin with the first intervention, i.e. unbiased matching. Without the ability to discriminate
against entrants, firms are effectively forced to incur larger training expenses. As a re-
sult, firm entry is discouraged and equilibrium unemployment is higher compared to the
baseline economy. Despite this unintended consequence on aggregate unemployment,
entrant workers have shorter unemployment spells and, as a result, are less likely to suf-
fer skill loss. The productivity gains from the latter channel are so large that aggregate
welfare increases by 0.38%. The economics behind the second intervention, i.e., govern-
ment subsidies, is similar, but the welfare increase is smaller (around 0.31%). The reason
is that the tax needed to finance training subsidies reduces match surplus and further
distorts entry.

The third intervention, i.e., internships, achieves all the benefits of the other two,
since it also involves unbiased matching, but it suffers less from the downside of discour-
aged entry. With internships, entrant workers’ wages are exogenous and we can treat
them as parameters whose level varies. For high enough wages, entrant workers are
compensated almost as much as they would under Nash bargaining and, since ranking
is not allowed, welfare levels are close to those of Intervention 1. On the other extreme,
if entrant wages are too low, firms realize they can hire these workers almost for free,
which leads to very large levels of training and vacancy creation costs. In total, aggregate
welfare has an inverse-U shape with respect to the entrants wage level and it achieves its
maximum (0.42% greater than the baseline) when entrant’s wages are at intermediate lev-
els. That is, a carefully designed internship scenario achieves the highest welfare among
all interventions.

After comparing the relative effectiveness of the three interventions, we also examine

1Some observers would argue that high unemployment rate among entrant workers is a negative thing
in its own right based on fairness considerations. Our point, however, is even stronger: we show that poli-
cies reducing the unemployment rates of inexperienced workers actually improve the economy’s utilitarian
welfare level.
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how close each of them can bring the economy to the constrained efficient allocation,
implemented by a social planner who can determine the rate at which different worker
types are matched with firms.2 We find that the social planner achieves 0.81% higher
welfare than the baseline economy (with bias against entrant workers), even though the
aggregate unemployment rate, under the constrained efficient allocation, is 21.4% higher
than the baseline economy. The planner achieves this by being able to change the job-
finding rates of different worker types, and, specifically, by heavily promoting the hiring
of unscarred inexperienced workers. The intuition is that the planner fully internalizes
the fact that training entrants quickly has large aggregate implications for the economy’s
welfare, as it reduces these workers’ exposure to the long-lasting skill loss shock.

The comparison of the various interventions with the planner’s solution provides
some important insights. As we saw, all three government interventions increase wel-
fare, but even the most effective one (a carefully designed internship) increases welfare
by 0.42%, which is roughly half of the increase achieved under the constrained efficient
allocation. The reason should now be transparent. The interventions we have considered
move the equilibrium allocation in the right direction, by abolishing the bias against en-
trant workers, but the planner’s solution reveals that this is not good enough, and that
optimality requires that these workers actually match faster than other types. Simply put,
the socially optimal allocation could be reached only if firms were biased in favor of en-
trant workers.

The rest of the paper is organized as follows. Section 2 describes the model, including
a discussion of some key assumptions and a literature review, and Section 3 analyzes the
baseline model with matching bias against inexperienced workers. Section 4 considers
three government interventions intended to improve welfare, and Section 5 characterizes
the social planner’s problem. Section 6 describes the calibration strategy, and Section 7
discusses the quantitative effects of the various policy interventions vis-à-vis the planner’s
allocation. Section 8 concludes. The accompanying Web Appendix analyzes a version of
our model where the skill loss shock does not leave a permanent scar.

2 In our model, each worker’s productivity depends on her experience and on whether she suffered skill
loss in her youth. In this environment, setting up the social planner’s problem is not completely standard.
We think the most meaningful way to do it is to give the planner the tools to address the model’s main
inefficiency, namely, the bias against inexperienced workers caused by the fact that firms do not internalize
the social benefit of hiring (and training) these workers. To that end, we consider a framework where each
type of worker searches for firms (and vice versa) in a different submarket. Within each submarket, the
social planner must respect the matching process, as is standard. However, the planner has the freedom
to choose the number of vacancies in each submarket, which, effectively, allows the planner to choose a
different job-finding rate for each worker type. For a detailed discussion, see Section 5.
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2 The Model

We consider an extension of the Diamond-Mortensen-Pissarides framework. Time is con-
tinuous with an infinite horizon, and all agents discount future at rate 𝑟. The labor force is
normalized to 1. Workers exit the labor market (retire) at Poisson rate 𝛿, and each retired
worker is immediately replaced by a new worker, who one should think of as a recent
graduate. Naturally, the new workers enter the labor market as unemployed. The retire-
ment of workers, and their consequent replacement by an entrant worker, is crucial in
our model, because these new entrants will be a special category, and the length of time
they spend being unemployed will have long-term consequences. There is a large mass
of ex ante homogeneous firms who can enter the labor market with one vacancy. As is
standard, the measure of active firms in equilibrium is determined by free entry.

Firms who decide to enter the labor market and search for workers must pay a flow
recruiting cost 𝑐. Existing jobs get terminated at the job destruction rate 𝜆. Generally,
job matches produce an amount 𝑝 of the numeraire good, but this productivity will be
affected by the worker’s specific type, in a way that we now describe. Firms who have
hired entrant (inexperienced) workers must pay a flow training cost 𝜅 until the match
dissolves. This is our way of capturing the real world observation that firms are often
biased against workers who do not have any working experience. Perhaps these new
entrants were brilliant students, but they still need training to become productive workers.
Thus, one possible interpretation is that the 𝜅 term is the number of hours other colleagues
must spend with the inexperienced workers “showing them the ropes”. (For a further
justification of this assumption, see Section 2.1.) After losing their very first job workers
become automatically experienced, and firms who shall hire them in the future will not
need to pay the 𝜅 cost ever again.3

Since the effective productivity of an inexperienced worker is lower than that of an
experienced worker (with 𝜅 representing the differential), firms are biased against inex-
perienced workers, and we will capture this by using the matching process of Petrongolo
and Pissarides (2001). (Details to follow.) As a result, entrant workers will tend to stay
in the pool of unemployment for longer periods of time, which is precisely what we see
in the data. Another crucial, and empirically relevant, assumption we will make is that

3 Our “training cost” story is not the only way to capture the real world observation that firms are biased
against inexperienced workers. Another possibility is that employers have asymmetric information about
a worker’s quality. The asymmetric information problem would be less severe in the case of a worker who
has previously held at least one job, since the firm could ask for a reference letter from a former employer.
While our approach is certainly not the only way to go, it has two big advantages. First, it leads to a simple
and tractable model. Second, it is extremely relevant and easier to quantify, as there is a large literature
studying training costs in the labor market. See Section 2.1 for the relevant references.
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entrants who stay unemployed for a prolonged period of time are in risk of suffering skill
loss. For the most part, we will assume that this skill loss is permanent, and we will often
refer to this phenomenon as the “scar”.4 To keep the model tractable, we will assume that
the skill loss of entrant workers takes place stochastically, at Poisson rate 𝛾; when that
shock hits an inexperienced worker her productivity declines by an amount �̃�, and that
skill/productivity loss follows that specific worker for the rest of her life. The skill loss
and the “scar” assumptions are further discussed in Section 2.1.

To fix ideas and to offer the reader a mnemonic rule that will help them comprehend
the notation that follows, we now provide a description of the various types of workers.
We will refer to newly born workers who just replaced a retired worker as type-0 workers.
(That is, they have “0 working experience”.) Type-0 workers enter the model as unem-
ployed. If they find their first job quickly enough, they will become employed type-0
workers, and, as discussed, their effective productivity will be given by 𝑝− 𝜅. After leav-
ing their first job, type-0 workers permanently become type-1 workers, and their produc-
tivity at any future job will be equal to 𝑝. However, if type-0 workers stay unemployed
for a long period of time, it becomes more likely that they will get hit by the skill-loss
shock; if this happens (before they could find their first job), they will turn into type-0̃
(unemployed) workers. When these types find their first job, they will become type-0̃
employed workers, and their productivity will be equal to 𝑝− 𝜅− �̃�, since these workers
are inexperienced and need to be trained (hence the −𝜅), and they have also suffered skill
loss (hence the −�̃�). Importantly, since in the baseline model skill loss is permanent, when
type-0̃ workers find and, eventually, lose their first job, they will turn into type-1̃ workers.
This means that at any future job their productivity will be equal to 𝑝− �̃�. (These workers
are now experienced, but the skill-loss scar remains.) This is our (tractable) way of cap-
turing the empirically relevant observation that early-career conditions have long-lasting
effects on workers’ productivity and earnings.

To sum up, at any point in time there are 23 = 8 types of workers. First, workers can
be unemployed or employed. Next, they can be inexperienced or experienced, where an
experienced worker is defined as one who has held (and lost) at least one job in the past.
Finally, workers can be scarred or not scarred, and that depends on whether they got hit
by the skill loss shock when they first entered the labor market as inexperienced work-
ers. Notation-wise, the number 0 (1) will denote an inexperienced (experienced) worker,
and the “tilde” symbol will denote (variables related to) a worker who suffered skill loss

4 In the accompanying Web Appendix, we explore a version of the model where the skill loss does not
last forever. There, we will see that the main message of the paper remains unaltered, but the quantitative
results are smaller.
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during her youth. This should make the notation of the paper quite easy to follow. For
example, 𝑓0 will be the job-finding rate of an inexperienced worker who suffered skill loss,
𝑓1 is the job-finding rate of an experienced worker who suffered skill loss at youth, 𝑤0 is
the wage of an inexperienced worker who did not suffer skill loss, 𝑢1 is the measure of
experienced (non-scarred) unemployed workers, 𝑒1 is the measure of scarred experienced
employed workers, and so on.

We now turn to the details of the matching process. As we have discussed, firms
are biased against inexperienced and scarred workers, as these workers are less produc-
tive. We will capture this by adopting a generalization of the Blanchard and Diamond
(1994) matching with ranking which was proposed by Petrongolo and Pissarides (2001).
This matching function exhibits bias against a certain type of unemployed workers who
are considered less desirable. The main, and very simple, idea of that matching technol-
ogy is that the more desirable/productive types of workers get matched first, without
being crowded out by the inferior types. When that “first round” of matching has con-
cluded, the less desirable types of workers get a chance to match with firms. It should
be pointed out that in Petrongolo and Pissarides (2001) there are only two types of un-
employed workers, while in our paper there are four (type 0, 0̃, 1, and 1̃). However, their
simple idea that more desirable unemployed workers get to match first, can be easily
carried over in our analysis.

The firms’ ranking of workers is based on workers’ productivity, which, in turn, is
affected by their experience and whether they are scarred. Obviously, type-1 workers
are the most productive and, hence, the most desirable. It is also quite clear that type-0̃
workers, who are inexperienced and scarred, are the least desirable. In principle, it is not
obvious whether firms would prefer workers of type 0 or workers of type 1̃, because their
ranking depends on the magnitude of training costs (𝜅) versus the skill loss (�̃�). But since
our calibration in Section 6 implies that �̃� is smaller than 𝜅, we assume that firms prefer
workers of type 1̃ to type 0. In sum, firms rank workers in the following order: type 1 ≻
type 1̃ ≻ type 0 ≻ type 0̃.

It turns out that the job-finding rates of the various worker types, implied by the
Petrongolo and Pissarides (2001) matching process, can be conveniently expressed as
functions of the queue lengths of the various types. Thus, we define

𝑏1 ≡
𝑢1

𝑣
; 𝑏1 ≡

𝑢1

𝑣
; 𝑏0 ≡

𝑢0

𝑣
; 𝑏0 ≡

𝑢0

𝑣
, (1)

where 𝑣 is the measure of vacancies in the economy. Notice that the each queue length
is simply the unemployment-vacancy ratio for that particular worker type (which is the
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inverse of the market tightness, typically employed in the baseline DMP model). Ex-
tending the Petrongolo and Pissarides (2001) methodology in our framework, implies the
following job-finding rates for each worker type:

𝑓1 =
𝑚(𝑢1, 𝑣)

𝑢1

= 𝑏1
𝛼−1,

𝑓1 =
𝑚(𝑢1 + 𝑢1, 𝑣)−𝑚(𝑢1, 𝑣)

𝑢1

=
(𝑏1 + �̃�1)

𝛼 − 𝑏𝛼1
�̃�1

,

𝑓0 =
𝑚(𝑢1 + 𝑢1 + 𝑢0, 𝑣)−𝑚(𝑢1 + 𝑢1, 𝑣)

𝑢0

=
(𝑏1 + �̃�1 + 𝑏0)

𝛼 − (𝑏1 + �̃�1)
𝛼

𝑏0
,

𝑓0 =
𝑚(𝑢1 + 𝑢1 + 𝑢0 + 𝑢0, 𝑣)−𝑚(𝑢1 + 𝑢1 + 𝑢0, 𝑣)

𝑢0

=
(𝑏1 + �̃�1 + 𝑏0 + �̃�0)

𝛼 − (𝑏1 + �̃�1 + 𝑏0)
𝛼

�̃�0
.

The details of these derivations have been relegated to Appendix A. (There, we also
report the rates at which firms meet the various types of workers.) Notice how the “rank-
ing” manifests itself in the various job-finding rates. The job-finding rate of the most
desirable workers, those of type 1, is a function only of the queue length for that particu-
lar type. But take the next most desirable group, type-1̃ workers: this type’s job-finding
rate is a function of their own queue length, 𝑏1, as well as the queue length of the types
that are “above” them in the ranking, 𝑏1. This means, intuitively, that type-1̃ workers are
crowded out by each other and by type-1 workers. In similar spirit, the least desirable
type-0̃ workers are crowded out by all other types, including their own.

We close the model with a few more standard assumptions. After the matching has
concluded and firms have met the various types of workers, the two parties negotiate
over the wage using Nash Bargaining. We will let 𝜂 ∈ [0, 1] denote the bargaining power
of the worker. All unemployed workers enjoy a benefit 𝑧, which we think of as the utility
of leisure and/or the value of home production.5 Notice that, with the exception of pro-
ductivity and the consequent differences in job-finding rates, all the other parameters of
the model (𝜂, 𝜁, 𝜆, 𝑟, 𝛿) are independent of the worker’s type. This is intentional, since we
want the results to be driven only by differences in the workers’ experience and whether
they suffered skill loss during their youth, which is the focus of our paper.
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Figure 1. Job-finding rates for unemployed workers 16-24 years old. Calculations based
on monthly data of the Current Population Survey for 1994 to 2020.

2.1 Discussion of Modeling Choices and Empirical Relevance

Several elements of our model are relatively non-standard and combined together in a
common framework for the first time. Therefore, it is important to provide justification
for some of the model’s novel ingredients. In particular, we discuss the following assump-
tions: (i) biased matching based on Blanchard and Diamond (1994) and Petrongolo and
Pissarides (2001), (ii) firm-provided training, and (iii) persistent skill loss during workers’
first unemployment spell. We comment on each one of them in order.

First, the rationale for biased matching in favor of experienced workers is straightfor-
ward. As can be seen in Figure 1, the job-finding rates of entrants are much lower than the
job-finding rates of the experienced unemployed workers between 16 and 24 years old.6

The generalization of the Blanchard and Diamond (1994) ranking by Petrongolo and Pis-

5 While the range of realistic values for 𝑧 is discussed in detail in Section 6, 𝑧 is not in principle required
to be lower than the productivity of every worker type. Consider for example a type-0 worker. That worker
may well choose to work for a firm even if we had 𝑧 ≥ 𝑝 − 𝜅. The reason is that working for a firm would
allow this worker to become experienced and secure a higher wage in the future.

6The difference is almost the same for workers between 16 and 64 years old as well. However, almost
85% of entrants is between 16 and 24, hence we present the data for this age group.
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sarides (2001) provides a natural and tractable way to deliver job-finding rates consistent
with this fact. Moreover, there are numerous pieces of anecdotal evidence indicating that
many firms do not even consider workers without previous experience. For example, an
analysis of almost four million job postings on Linked-In since late 2017 showed that 35%
of postings for entry-level positions asked for years of prior relevant work experience.7

Second, a crucial feature of our framework is the assumption that firms need to de-
vote resources to train entrant workers. These resources capture the fact that the expe-
rienced workers have to take time away from production to teach the necessary traits
to the entrants. Examples of these traits include the ability to work in teams, follow in-
structions, understand and complete a task, or how to network. There is a plethora of
recent empirical papers documenting the importance of firm-provided training in the la-
bor market. Ma, Nakab, and Vidart (2022), in a cross-country study, document that firm-
provided training is a key determinant of workers’ human capital. Bertheau, Larsen, and
Zhao (2023), using linked survey-administrative data from Denmark, find that one-third
of employers consider the time to train new recruits as a major obstacle which makes
hiring difficult.

Moreover, there is a literature that highlights the empirical relevance of the ineffi-
ciency identified in this paper, namely, the idea that firms underhire inexperienced work-
ers, since they are not fully compensated for the social benefit of the training they provide
(Becker, 2009; Acemoglu and Pischke, 1998, 1999). An important empirical finding in this
line of work is that firms provide general training which is not fully offset by lower wages;
see Loewenstein and Spletzer (1998) and Autor (2001). Pallais (2014) aptly surveys this
literature and concludes that “...neither the theoretical nor the empirical literature shows
that firms recoup the full value of their training investments resulting in their providing
the optimal level of training” (p. 3568).

Third, there is compelling empirical evidence documenting that skill loss during the
early unemployment spells has persistent negative effects on a worker’s career. Arellano-
Bover (2022) shows that early-career unemployment shocks have negative effects on mea-
sured cognitive skills several decades later. Similarly, Dinerstein, Megalokonomou, and
Yannelis (2022), using quasi-experimental variation in unemployment duration at the be-
ginning of teachers’ careers in Greece, document strong negative effects of the length
of unemployment on teachers’ performance measured by students’ test scores. More
generally, there is a large empirical literature, summarized by Von Wachter (2020), that
highlights the persistence of the effects of labor market conditions upon entry for young

7https://www.bbc.com/worklife/article/20210916-why-inexperienced-workers-cant-get-entry-level-jobs
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workers on multiple outcomes later in their careers.
In the model, we have assumed that the unemployment spells after the first one have

no effect on a worker’s productivity. We have made this assumption for various reasons.
First, the consequences of unemployment for the skills of experienced workers is well-
studied elsewhere and its inclusion would only make the model unnecessarily compli-
cated.8 More importantly, there is evidence that skill loss may be of limited importance in
older ages. For instance, Cohen, Johnston, and Lindner (2023) find no indication for a de-
cline in skills over the unemployment spell in the overall population in Germany and for
the older workers in the US. In the authors’ own words, “This suggests that the negative
consequences of unemployment might be a more relevant concern at younger ages” (p. 5,
emphasis added).

3 Analysis of the Model

3.1 Beveridge curves

Having described the economic environment, we are ready to proceed with the analy-
sis of the model, starting with the derivation of the Beveridge curves. For this task, it is
useful to inspect Figure 2, which illustrates the worker flows in and out of every state.
While at first glance the figure may look complicated (workers could be in one of eight
possible states), the logic is simple. New entrants come into the labor market as type-0
unemployed workers at rate 𝛿; this is indicated by the red arrow at the top of the graph.
Then, at any state of the world, workers could get hit by the retirement shock and exit
the labor market; these are the light blue arrows pointing away from the eight “bubbles”
representing the various states. There are also four black arrows starting from employ-
ment and pointing to unemployment bubbles; clearly, these are flows initiated by the job
destruction shock. Notice that job destruction always leads to the bubble of “experienced
unemployed”, which may be scarred (𝑢1) or not scarred (𝑢1). Green arrows indicate work-
ers who found a job and are moving from unemployment to employment. As discussed,
the rate at which this transition takes place is different for each worker type and governed
by the Petrongolo and Pissarides (2001) matching process. Finally, the dark blue arrow
starting at 𝑢0 and pointing to 𝑢0 captures the crucial group of workers who stayed in the
“inexperienced unemployed” pool for too long and got hit by the skill loss shock.

8For references on skill loss in unemployment, see Pissarides (1992), Ljungqvist and Sargent (1998), Coles
and Masters (2000), Ortego-Marti (2016), Flemming (2020), and Kospentaris (2021), among many others.
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Figure 2. Worker flows in and out of the various states.

Equating the flows in and out of each state, and after some algebra, we can show that
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the steady state measure of workers in the various states are as follows:

𝑢0 =
𝛿

𝛿 + 𝛾 + 𝑓0
,

𝑢0 =
𝛾

𝛿 + 𝑓0
· 𝛿

𝛿 + 𝛾 + 𝑓0
,

𝑒0 =
𝑓0

𝛿 + 𝜆
· 𝛿

𝛿 + 𝛾 + 𝑓0
,

𝑒0 =
𝑓0

𝛿 + 𝜆
· 𝛾

𝛿 + 𝑓0
· 𝛿

𝛿 + 𝛾 + 𝑓0
,

𝑢1 =
𝜆𝑓0

(𝛾 + 𝛿 + 𝑓0)(𝛿 + 𝜆+ 𝑓1)
,

𝑒1 =
𝑓1

𝛿 + 𝜆
· 𝜆𝑓0
(𝛾 + 𝛿 + 𝑓0)(𝛿 + 𝜆+ 𝑓1)

,

𝑢1 =
𝜆𝛾𝑓0

(𝛿 + 𝑓0)(𝛾 + 𝛿 + 𝑓0)(𝛿 + 𝜆+ 𝑓1)
,

𝑒1 =
𝑓1𝜆𝛾𝑓0

(𝛿 + 𝜆)(𝛿 + 𝑓0)(𝛾 + 𝛿 + 𝑓0)(𝛿 + 𝜆+ 𝑓1)
.

3.2 Value Functions

We move to the steady state value functions, and we start with the firms. We will let 𝑞
denote the arrival rate of workers to firms, and we will follow the usual notation, e.g, 𝑞0
will stand for the arrival rate of an inexperienced worker who has suffered skill loss. The
various 𝑞’s are derived in Appendix A. The value function of a vacant firm is given by

𝑟𝑉 = −𝑐+ 𝑞0(𝐽0 − 𝑉 ) + 𝑞0(𝐽0 − 𝑉 ) + 𝑞1(𝐽1 − 𝑉 ) + 𝑞1(𝐽1 − 𝑉 ).

Of course, free entry implies that in equilibrium we must have 𝑉 = 0, therefore, we can
state the free entry condition as

𝑐 = 𝑞0𝐽0 + 𝑞0𝐽0 + 𝑞1𝐽1 + 𝑞1𝐽1. (2)

We also have four value functions for productive firms in the various states, i.e., for
firms who matched with the four different types of workers (type 0, 0̃, 1, and 1̃). These
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are given as follows:

𝑟𝐽0 = 𝑝− 𝜅− 𝑤0 − 𝜆𝐽0 − 𝛿𝐽0, (3)

𝑟𝐽0 = 𝑝− 𝜅− �̃�− 𝑤0 − 𝜆𝐽0 − 𝛿𝐽0, (4)

𝑟𝐽1 = 𝑝− 𝑤1 − 𝜆𝐽1 − 𝛿𝐽1, (5)

𝑟𝐽1 = 𝑝− �̃�− 𝑤1 − 𝜆𝐽1 − 𝛿𝐽1. (6)

Next, consider the value functions of workers in the various states. Let 𝑈 (𝑊 ) de-
note the value function of an unemployed (employed) worker. The remaining notation is
standard. (For example, �̃�1 is the value function of a worker who is employed, has had
some work experience, but was hit by the skill loss shock during her youth.) The value
functions for unemployed workers in the various states are given by:

𝑟𝑈0 = 𝑧 + 𝑓0(𝑊0 − 𝑈0) + 𝛾(𝑈0 − 𝑈0)− 𝛿𝑈0, (7)

𝑟𝑈0 = 𝑧 + 𝑓0(�̃�0 − 𝑈0)− 𝛿𝑈0, (8)

𝑟𝑈1 = 𝑧 + 𝑓1(𝑊1 − 𝑈1)− 𝛿𝑈1, (9)

𝑟𝑈1 = 𝑧 + 𝑓1(�̃�1 − 𝑈1)− 𝛿𝑈1. (10)

The value functions for employed workers in the various states are given by:

𝑟𝑊0 = 𝑤0 + 𝜆(𝑈1 −𝑊0)− 𝛿𝑊0, (11)

𝑟�̃�0 = 𝑤0 + 𝜆(𝑈1 − �̃�0)− 𝛿�̃�0, (12)

𝑟𝑊1 = 𝑤1 + 𝜆(𝑈1 −𝑊1)− 𝛿𝑊1, (13)

𝑟�̃�1 = 𝑤1 + 𝜆(𝑈1 − �̃�1)− 𝛿�̃�1. (14)

Notice that inexperienced workers who lose their first job now move to the pool of expe-
rienced unemployed workers. (That is precisely why the terms 𝑈1 and 𝑈1 appear on the
right-hand side of equations (11) and (12)).

Having described the value functions of all economic agents in detail, we are now
ready to study the bargaining problems in the various types of meetings.

3.3 Bargaining problems

Bargaining in a type-1 meeting

We begin with the description of the terms of trade in a meeting between a firm and an
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unemployed worker of type-1, which, as we shall see, is the simplest case. Solving the
standard Nash bargaining problem implies that the following condition must be satisfied:

(1− 𝜂)(𝑊1 − 𝑈1) = 𝜂𝐽1. (15)

This condition simply states that each party will enjoy a fraction of the total surplus of
the match, and that fraction will be equal to her bargaining power. (Recall that 𝜂 is the
bargaining power of the worker.) Replacing the value functions 𝑊1 and 𝐽1 from (13) and
(5), respectively, allows us to write the wage of a type-1 worker as

𝑤1 = 𝜂𝑝+ (1− 𝜂)(𝑟 + 𝛿)𝑈1.

Then, we can substitute 𝑈1 from equation (9) into the last expression and write

𝑤1 = 𝜂𝑝+ (1− 𝜂)𝑧 + (1− 𝜂)𝑓1(𝑊1 − 𝑈1) = 𝜂𝑝+ (1− 𝜂)𝑧 + 𝜂𝑓1𝐽1,

where the second equality follows from (15). Substituting 𝐽1 one more time from equation
(5), and solving for 𝑤1, delivers the final version of our “wage curve” for type-1 workers:

𝑤1 =
𝜂𝑝(𝑟 + 𝜆+ 𝛿 + 𝑓1) + (1− 𝜂)𝑧(𝑟 + 𝜆+ 𝛿)

𝑟 + 𝜆+ 𝛿 + 𝜂𝑓1
. (16)

Clearly, this is a relationship between the wage for type-1 workers and their job arrival
rate, which, in turn, depends on firm entry and market tightness.

Bargaining in a type-1̃ meeting

Next, consider the bargaining problem between a firm and a worker who is experienced
but suffered skill loss during her youth. Once again, we must have:

(1− 𝜂)(�̃�1 − 𝑈1) = 𝜂𝐽1.

As in the case of type-1 workers, we can replace the functions �̃�1 and 𝐽1 from (14) and (6)
into the last expression. Following identical steps, and after some algebra, one can easily
derive the wage curve for type-1̃ workers:

𝑤1 =
𝜂(𝑝− �̃�)(𝑟 + 𝜆+ 𝛿 + 𝑓1) + (1− 𝜂)𝑧(𝑟 + 𝜆+ 𝛿)

𝑟 + 𝜆+ 𝛿 + 𝜂𝑓1
. (17)

Once again, we obtain a relationship between the wage for type-1̃ workers and their job
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arrival rate, which, in turn, depends on firm entry and market tightness.

Bargaining in type-0̃ meeting

We now move to the bargaining problem between a firm and an inexperienced worker
who suffered skill loss. In this case the surplus sharing rule is given by

(1− 𝜂)(�̃�0 − 𝑈0) = 𝜂𝐽0.

As is standard, we first replace the value functions �̃�0 and 𝐽0 from (12) and (4), respec-
tively, which allows us to write the wage of a type-0̃ worker as

𝑤0 = 𝜂(𝑝− 𝜅− �̃�)− 𝜆(1− 𝜂)(𝑈1 − 𝑈0) + (1− 𝜂)(𝑟 + 𝛿)𝑈0. (18)

Unlike the previous cases, where the wage depended on the value function of unem-
ployment for that specific type (only), here 𝑤0 depends on both 𝑈0 and 𝑈1, and specifically
on their difference 𝑈1 − 𝑈0. To deal with this, subtract (8) from (10) to obtain

𝑈1 − 𝑈0 =
𝑓1(�̃�1 − 𝑈1)− 𝑓0(�̃�0 − 𝑈0)

𝑟 + 𝛿
. (19)

To obtain a useful expression for the term �̃�1 −𝑈1, that now appears in (19), subtract (10)
from (14), to get

�̃�1 − 𝑈1 =
𝑤1 − 𝑧

𝑟 + 𝛿 + 𝜆+ 𝑓1
. (20)

Substitute equation (20) into (19), and the resulting outcome into equation (18), and, after
some some algebra, one can arrive at the wage curve for the type-0̃ worker, specifically:

𝑤0 =
1

𝑟 + 𝛿 + 𝜂𝑓0

[︃
𝜂(𝑝− 𝜅− �̃�)(𝑟 + 𝛿 + 𝑓0) +

(𝑟 + 𝛿 + 𝜆)(𝑟 + 𝛿 + 𝑓1)

𝑟 + 𝛿 + 𝜆+ 𝑓1
(1− 𝜂)𝑧 − 𝜆(1− 𝜂)𝑓1

𝑟 + 𝛿 + 𝜆+ 𝑓1
𝑤1

]︃
.

(21)
Inspection of the last wage curve reveals that, in this case, the wage for type-0̃ work-

ers is not only a function of this type’s job arrival rate (as was the case for type-1 and
type-1̃ workers). The wage 𝑤0 also depends on the wage that type-1̃ workers make. The
intuition is clear. When a type-0̃ worker meets a firm, working for that firm is the step that
will allow her to move out of the “inexperienced” state, and earn the wage 𝑤1 for the rest
of her life. This is precisely, why the term 𝑤1 enters equation (21) with a minus: a higher
(future) wage 𝑤1 induces the type-0̃ worker to be more eager to accept a lower (current)
wage 𝑤0, since that lower wage comes together with the opportunity of abandoning the
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bad “inexperienced” stage once and for all.

Bargaining in type-0 meeting

The last type of meeting is the one between a firm and an unskilled worker who has not
yet been hit by the skill loss shock. The surplus sharing rule is given by

(1− 𝜂)(𝑊0 − 𝑈0) = 𝜂𝐽0.

Following standard steps, substitute 𝑊0 and 𝐽0 from (11) and (3), respectively, to write
the wage of a type-0 worker as

𝑤0 = 𝜂(𝑝− 𝜅)− (1− 𝜂)𝜆(𝑈1 − 𝑈0) + (1− 𝜂)(𝑟 + 𝛿)𝑈0.

Just like in the case of type-0̃ workers (and unlike the cases of type-1 and type-1̃
workers), the wage for the types under consideration (also) depends on the differential
term 𝑈1 −𝑈0. Since the steps for deriving the final version of the wage curve are virtually
identical to the case of type-0̃ workers presented above, we will skip the details and move
directly to the final formula:

𝑤0 =
𝑟 + 𝛿 + 𝛾 + 𝑓0
𝑟 + 𝛿 + 𝛾 + 𝜂𝑓0

𝜂(𝑝− 𝜅) +
(𝑟 + 𝜆+ 𝛿)(𝑟 + 𝑓1 + 𝛿)(𝑟 + 𝛾 + 𝛿)

(𝑟 + 𝛿)(𝑟 + 𝛿 + 𝛾 + 𝜂𝑓0)(𝑟 + 𝛿 + 𝜆+ 𝑓1)
(1− 𝜂)𝑧

+
𝛾𝑓0𝜂(𝑝− 𝜅− �̃�− 𝑤0)

(𝑟 + 𝛿)(𝑟 + 𝛿 + 𝛾 + 𝜂𝑓0)
− (1− 𝜂)𝜆𝑓1(𝑟 + 𝛾 + 𝛿)𝑤1

(𝑟 + 𝛿)(𝑟 + 𝛿 + 𝛾 + 𝜂𝑓0)(𝑟 + 𝛿 + 𝜆+ 𝑓1)
.

(22)

The wage curve for type-0 workers admits an interpretation that is similar to the
one following the wage curve for type-0̃ workers, i.e., equation (21). The wage that type-
0 workers are willing to accept is not just a function of their job arrival rate: 𝑤0 also
depends on 𝑤1 and 𝑤0. Why 𝑤0 depends on 𝑤1 should now be obvious, given our earlier
discussion: the type-0 worker realizes that if she agrees to work for that firm, she will
be able to move out of the inexperienced state and earn the wage 𝑤1 henceforth. Why
does 𝑤0 also depend on 𝑤0? When the type-0 worker agrees to work for the firm with
which she has matched, she realizes that she will never again be subject to the skill loss
shock. Thus, what the worker would have made if she turned down the firm’s offer and
continued searching (and being subject to the skill loss shock), i.e., the wage 𝑤0, enters
the currently negotiated wage through her outside option.
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3.4 Definition of Steady State Equilibrium

We conclude this section with a formal definition of equilibrium.

Definition 1. A steady state equilibrium in our model is a list of wages for the four types
of workers (𝑤0, 𝑤0, 𝑤1, 𝑤1), a measure of vacant firms 𝑣, and measures of unemployed
and employed workers in the various states (𝑢0, 𝑢0, 𝑢1, 𝑢1, 𝑒0, 𝑒0, 𝑒1, 𝑒1), satisfying the free
entry condition (2), the four wage curves (16), (17), (21), and (22), and the eight Beveridge
curves reported at the end of Section 3.1.9

4 Government Interventions

The discussion so far reveals that our model is characterized by a prominent market fail-
ure. Firms who hire entrant workers provide a public good to society by transforming
them into experienced and, hence, (more) productive workers. However, the firms can-
not internalize the societal benefits of this public service, and they rationally choose to
discriminate against inexperienced workers. This bias increases the inexperienced work-
ers’ unemployment duration, which, in turn, raises their exposure to skill loss, a skill loss
which permanently scars the workers, thus affecting their productivity when they are
hired by other firms later in their lifetime.

It is obvious that in this environment there is scope for government intervention.
Since the root of the inefficiency lies in the firms’ decision to underhire inexperienced
workers (see also Pallais (2014) and the references therein), we consider three possible
government interventions whose common goal is to alleviate the bias against this group
of workers, reduce their exposure to the skill loss shock and, hopefully, increase welfare.
We start with a short description of the idea behind each of these three interventions, and
then we analyze them in detail in the rest of this section. A vis-à-vis comparison of the
effectiveness of each intervention will follow in Section 7.

Intervention 1: “Unbiased matching”. We dub the first intervention “unbiased match-
ing”, as it describes the case where the government makes it illegal for firms to discrimi-
nate against any group of workers. Even though one could argue that this intervention is
somewhat unrealistic (firms have the right to not hire less productive workers), it is still
interesting, from a theoretical point of view, to study a benchmark model without biased

9 Implicit in this definition are the queue lengths (𝑏0, 𝑏0, 𝑏1, 𝑏1), defined in equation (1) as functions of
the various unemployment measures and 𝑣. In turn, these queue lengths are used to determine the various
job-finding rates (𝑓0, 𝑓0, 𝑓1, 𝑓1), which appear in the Beveridge curves, as well as the firms’ worker-finding
rates (𝑞0, 𝑞0, 𝑞1, 𝑞1) (described in Appendix A), which appear in the job creation curve.
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matching, which has been a staple of the analysis so far, and appears to be the root of the
ongoing inefficiency. Comparing the baseline model with the economy under Interven-
tion 1 can tell us how much welfare can improve if the firms’ bias against inexperienced
workers was eradicated. In technical terms, the unbiased matching version of the model
simply replaces the Petrongolo and Pissarides (2001) matching process with a standard
Pissarides (2000) matching function where all workers meet firms at the same rate.

Intervention 2: “Government subsidies”. Our second intervention is one where the gov-
ernment raises funds to subsidize firms who hire less productive workers. Subsidies are
designed so that firms are effectively indifferent among the various types of workers, so
that they choose to not discriminate against any type of workers. Thus, one can think of
Intervention 2 as a market-based way of achieving what Intervention 1 achieves by law,
i.e., unbiased matching.10

Intervention 3: “Internships”. The third intervention explores the possibility that the
wage of entrant/inexperienced workers is not determined endogenously in the model,
but chosen exogenously by the government. We dub this intervention “internships” be-
cause it assumes that inexperienced workers are not compensated based on their true
productivity, but they are treated as trainees whose salary is predetermined and exoge-
nous. We think this is a crucial element of an internship, although we realize that other
important elements of real-world internships are absent from our model. In any case, the
term “internship” here is just a tag that will summarize Intervention 3. This intervention
will allow firms to employ inexperienced workers at lower salaries, effectively lowering
the bias against these workers and mitigating the inefficiency described in the beginning
of this section.

4.1 Intervention 1: Unbiased matching

Beveridge Curves
Consider first the Beveridge curves for this version of our model. When it is illegal for
firms to discriminate against certain types of workers, all workers match with firms at
the same rate. All the Beveridge curves reported at the end of Section 3.1 are still valid,
but the various matching rates are now equal. That is, 𝑓0 = 𝑓0 = 𝑓1 = 𝑓1 = 𝑓 , where the

10 Despite this similarity, the two versions of the model do not lead to the same equilibrium outcomes,
and the two interventions are not equally effective at improving welfare. For details see Section 7.
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common arrival rate 𝑓 is now given by a standard (unbiased) matching process, i.e.,

𝑓 =
𝑚(𝑢, 𝑣)

𝑢
, (23)

with 𝑢 representing the total mass of unemployed workers (of all types).

Value Functions
Next, we move to the value functions under the regime of Intervention 1, starting with
the firms. With unbiased matching, the probability that a firm meets a worker of a spe-
cific type depends only on that type’s relative representation in the pool of unemployed.
Letting 𝑞 denote the arrival rate of a(ny) worker to the typical firm, i.e., 𝑞 = 𝑚(𝑢, 𝑣)/𝑣, the
value function of a vacant firm is given by

𝑟𝑉 = −𝑐+ 𝑞

[︂
𝑢0

𝑢
(𝐽0 − 𝑉 ) +

𝑢0

𝑢
(𝐽0 − 𝑉 ) +

𝑢1

𝑢
(𝐽1 − 𝑉 ) +

𝑢1

𝑢
(𝐽1 − 𝑉 )

]︂
.

As is standard, free entry implies that in equilibrium 𝑉 = 0, therefore, we can state the
free entry condition as

𝑐 =
𝑞

𝑢

(︁
𝑢0𝐽0 + 𝑢0𝐽0 + 𝑢1𝐽1 + 𝑢1𝐽1

)︁
. (24)

Even though the process through which firms meet workers is different compared to
the baseline model of Section 3, once a firm has met a specific type of worker, the value
functions for productive firms in the various states remain the same, i.e., they are still
given by equations (3)-(6).

Moving on to the workers, the value functions for unemployed workers in the vari-
ous states are given by:

𝑟𝑈0 = 𝑧 + 𝑓(𝑊0 − 𝑈0) + 𝛾(𝑈0 − 𝑈0)− 𝛿𝑈0, (25)

𝑟𝑈0 = 𝑧 + 𝑓(�̃�0 − 𝑈0)− 𝛿𝑈0, (26)

𝑟𝑈1 = 𝑧 + 𝑓(𝑊1 − 𝑈1)− 𝛿𝑈1, (27)

𝑟𝑈1 = 𝑧 + 𝑓(�̃�1 − 𝑈1)− 𝛿𝑈1. (28)

Notice that these expressions are almost identical to the value functions (7)-(10) reported
in Section 3.2, with the only difference being that the various arrival rates of that section
have now been replaced by the common rate 𝑓 , defined in equation (23).

The last set of value functions for this model specification concerns employed work-
ers. Since employed workers have already matched with a firm, the different matching
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process assumed in this section will not affect their employment value functions, which
are still given by equations (11)-(14) in Section 3.2.

Bargaining problems
As the discussion so far reveals, the only parts of the analysis that are affected by the
adoption of the new (unbiased) matching process are those that take place before a firm
and a worker match. Consequently, all the derivations of the wage curves in Section 3.3
remain valid, with the only difference being that the various arrival rates will now be
replaced by the common arrival rate 𝑓 . This observation also sheds some light on the
economic insights of this intervention. The government, under Intervention 1, does not
intervene in the labor market to change the way in which firms and workers produce or
negotiate over the wages. It only intervenes by stating that discriminating against any
type of worker, at the recruiting stage, is illegal. By doing this, the government ensures
that all types of workers have the same matching rate, which, in turn, ensures that en-
trant/inexperienced workers will not stay unemployed for a prolonged period of time,
thus risking a skill loss that will scar them for the rest of their career. We will discuss the
effectiveness of this intervention, and how it compares to the alternatives, in Section 7.

Given that the derivations of the wage curves in Section 3.3 remain unaltered, we
will not repeat them here, and we will only report the wage curves for the four types of
workers, reminding the reader that they are identical to ones reported in equations (16),
(17), (21), and (22), once one has replaced the various 𝑓 ’s with the common arrival rate 𝑓

defined in equation (23). More precisely, we have:

𝑤1 =
𝜂𝑝(𝑟 + 𝛿 + 𝜆+ 𝑓) + (1− 𝜂)𝑧(𝑟 + 𝛿 + 𝜆)

𝑟 + 𝛿 + 𝜆+ 𝜂𝑓
, (29)

𝑤1 =
𝜂(𝑝− �̃�)(𝑟 + 𝛿 + 𝜆+ 𝑓) + (1− 𝜂)𝑧(𝑟 + 𝛿 + 𝜆)

𝑟 + 𝛿 + 𝜆+ 𝜂𝑓
, (30)

𝑤0 =
𝑟 + 𝛿 + 𝑓

𝑟 + 𝛿 + 𝜂𝑓

[︂
𝜂(𝑝− 𝜅− �̃�) +

𝑟 + 𝛿 + 𝜆

𝑟 + 𝛿 + 𝜆+ 𝑓
(1− 𝜂)𝑧 − 𝜆(1− 𝜂)𝑓

(𝑟 + 𝛿 + 𝜆+ 𝑓)(𝑟 + 𝛿 + 𝑓)
𝑤1

]︂
, (31)

𝑤0 =
𝑟 + 𝛿 + 𝛾 + 𝑓

𝑟 + 𝛿 + 𝛾 + 𝜂𝑓
𝜂(𝑝− 𝜅) +

(𝑟 + 𝛿 + 𝜆)(𝑟 + 𝛿 + 𝑓)(𝑟 + 𝛿 + 𝛾)

(𝑟 + 𝛿)(𝑟 + 𝛿 + 𝛾 + 𝜂𝑓)(𝑟 + 𝛿 + 𝜆+ 𝑓)
(1− 𝜂)𝑧

+
𝛾𝑓𝜂(𝑝− 𝜅− �̃�− 𝑤0)

(𝑟 + 𝛿)(𝑟 + 𝛿 + 𝛾 + 𝜂𝑓)
− (1− 𝜂)𝜆𝑓(𝑟 + 𝛿 + 𝛾)𝑤1

(𝑟 + 𝛿)(𝑟 + 𝛿 + 𝛾 + 𝜂𝑓)(𝑟 + 𝛿 + 𝜆+ 𝑓)
.

(32)

Definition 2. A steady state equilibrium, under Intervention 1, is a list of wages for the
four types of workers (𝑤0, 𝑤0, 𝑤1, 𝑤1), a measure of vacancies 𝑣, and measures of unem-
ployed and employed workers in the various states (𝑢0, 𝑢0, 𝑢1, 𝑢1, 𝑒0, 𝑒0, 𝑒1, 𝑒1), satisfying
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the free entry condition (24), the four wage curves (29), (30), (31), and (32), and eight Bev-
eridge curves, which are the ones reported at the end of Section 3.1, after one replaces the
various 𝑓 ’s with the common arrival rate 𝑓 defined in equation (23).

4.2 Intervention 2: Government subsidies

Unlike Intervention 1, where the government could impose unbiased matching by law
(i.e., firms were not allowed to discriminate against any worker type), here the govern-
ment raises funds to subsidize firms who hire less productive workers. More specifically,
each firm who hires a type-0 worker will receive a (flow) subsidy 𝜎0, each firm who hires
a type-0̃ worker will receive a subsidy 𝜎0, and each firm who hires a type-1̃ worker will
receive a subsidy 𝜎1. To raise funding for these subsidies, every active firm pays a flat
(lump-sum) tax equal to 𝜏 . The aforementioned subsidies are designed so that firms are
effectively indifferent among the various types of workers. Thus, one can think of Interven-
tion 2 as a market-based (as opposed to legislative) way of achieving unbiased matching.

Beveridge Curves
Even though under Intervention 2 this happens for different reasons (subsidies rather
than anti-discriminating laws), the end result is that firms are indifferent among the vari-
ous types of workers. This simply means that all workers face identical job-finding rates,
and, consequently, all the Beveridge curves remain the same as the ones described in Sec-
tion 4.1. This, in turn, means that relevant Beveridge curves are the ones reported at the
end of Section 3.1, but with 𝑓0 = 𝑓0 = 𝑓1 = 𝑓1 = 𝑓 (where 𝑓 was defined in equation (23)).

Value Functions
Next, we move to the value functions under the regime of Intervention 2, starting with
the firms. Using our standard notation, the value functions of firms who have matched
with the various types of workers are given by

𝑟𝐽0 = 𝑝− 𝜅− 𝑤0 + 𝜎0 − 𝜏 − 𝜆𝐽0 − 𝛿𝐽0, (33)

𝑟𝐽0 = 𝑝− 𝜅− �̃�− 𝑤0 + 𝜎0 − 𝜏 − 𝜆𝐽0 − 𝛿𝐽0, (34)

𝑟𝐽1 = 𝑝− 𝜏 − 𝑤1 − 𝜆𝐽1 − 𝛿𝐽1, (35)

𝑟𝐽1 = 𝑝− �̃�− 𝑤1 + 𝜎1 − 𝜏 − 𝜆𝐽1 − 𝛿𝐽1. (36)

However, recall that here the various subsidies are designed to make firms indifferent
among the various types of workers. This implies that 𝐽0 = 𝐽0 = 𝐽1 = 𝐽1 = 𝐽 . This
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greatly simplifies the value function of a vacant firm, which is now given by

𝑟𝑉 = −𝑐+ 𝑞(𝐽 − 𝑉 ),

where, as before, 𝑞 = 𝑚(𝑢, 𝑣)/𝑣, is the worker-finding rate of the typical firm. Free entry
implies that in equilibrium we must have

𝑐 = 𝑞𝐽. (37)

Since all types of workers under Intervention 2 have identical job-finding rates (albeit
for different reasons), the value functions for unemployed workers reported in Section
4.1, i.e., equations (25)-(28), remain valid. The value functions for employed workers are
also identical to the ones reported in Section 4.1, which, in turn, are identical to the value
functions given by equations (11)-(14) in Section 3.2.

Before we move to the bargaining problems, we present an auxiliary result that will
significantly simplify our task.

Lemma 1. Under Intervention 2, all types of workers must receive the same wage, i.e., 𝑤0 = 𝑤0 =

𝑤1 = 𝑤1 = 𝑤.

Proof. See Appendix A.

The proof of the lemma has been relegated to the appendix, but the statement is quite
intuitive. Since the government’s intervention makes firms indifferent among the various
types of workers, it turns out that all the workers will make the same wage in equilibrium.
It should also be obvious why Lemma 1 simplifies the analysis: under Intervention 2, we
will only have to solve one bargaining problem, instead of four.

Bargaining problem(s)
Since the various 𝐽𝑖 terms are all equal to each other, and since the bargaining prob-

lem in each type of meeting would imply (1 − 𝜂)(𝑊𝑖 − 𝑈𝑖) = 𝜂𝐽𝑖, we must have that the
various 𝑊𝑖 − 𝑈𝑖 terms are also equal to each other. Thus, instead of solving four distinct
bargaining problems, in this specification of the model we only need to solve one bar-
gaining problem. As one can see in detail in the proof of Lemma 1, the various 𝑊𝑖 − 𝑈𝑖

terms are all equal to

𝑊 − 𝑈 =
𝑤 − 𝑧

𝑟 + 𝜆+ 𝛿 + 𝑓
,

where 𝑤 is the common wage established in Lemma 1. As for the 𝐽 term, we can simply
replace it from the free entry condition, i.e., equation (37). Then, the standard bargaining
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protocol, prescribing that (1− 𝜂)(𝑊 − 𝑈) = 𝜂𝐽 , here implies that

𝑤 = 𝑧 +
𝜂

1− 𝜂

𝑐(𝑟 + 𝛿 + 𝜆+ 𝑓)

𝑞
, (38)

which is our (unique) wage curve under Intervention 2.

The size of the tax and the various subsidies
Before we proceed to the definition of equilibrium under Intervention 2, we must charac-
terize the size of the various subsidies and the flat tax. Exploiting equations (33)-(36), and
keeping in mind that 𝐽0 = 𝐽0 = 𝐽1 = 𝐽1 = 𝐽 , we can deduce that

𝑝− 𝜅− 𝑤0 − 𝜏 + 𝜎0 = 𝑝− 𝜅− �̃�− 𝑤0 − 𝜏 + 𝜎0 = 𝑝− 𝜏 − 𝑤1 = 𝑝− �̃�− 𝜏 − 𝑤1 + 𝜎1.

But since Lemma 1 has established that all the wages must be equal (and since all firms
pay the same flat tax 𝜏 ), we have

𝜎0 = 𝜅, (39)

𝜎0 = 𝜅+ �̃�, (40)

𝜎1 = �̃�. (41)

Again, this is intuitive. The only way in which the government can make firms indifferent
among the various types of workers is by fully covering the “cost” associated with hiring
a less productive type (i.e., anyone other than type-1).

The last item we need to specify is the flat tax rate. A balanced government budget
constraint means that 𝑒 · 𝜏 = 𝑒0𝜎0 + 𝑒0𝜎0 + 𝑒1𝜎1, which implies that11

𝜏 =
𝜅𝑒0 + (𝜅+ �̃�) 𝑒0 + �̃�𝑒1

𝑒
. (42)

Definition 3. A steady state equilibrium, under Intervention 2, is a (common) wage, 𝑤,
for all types of workers, a list of subsidies (𝜎0, 𝜎0, 𝜎1), a flat tax, 𝜏 , paid by all active firms, a
measure of vacancies 𝑣, and measures of unemployed and employed workers in the var-
ious states (𝑢0, 𝑢0, 𝑢1, 𝑢1, 𝑒0, 𝑒0, 𝑒1, 𝑒1). The three types of subsidies satisfy equations (39),
(40), and (41), respectively, and the tax satisfies equation (42). The remaining equilibrium
variables satisfy the free entry condition (37), the wage curve (38), and eight Beveridge

11 The term 𝑒 is the total measure of employed workers, that is, 𝑒 = 𝑒0 + 𝑒0 + 𝑒1 + 𝑒1.
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curves, which are the ones reported at the end of Section 3.1, after one replaces the various
𝑓 ’s with the common arrival rate 𝑓 defined in equation (23).

4.3 Intervention 3: Internships

Our third and last intervention is the one dubbed “internships”. Here, we explore the pos-
sibility that the wage of entrant/inexperienced workers is not determined endogenously
in the model (i.e., by Nash bargaining), but it is chosen exogenously by the government.
Let us denote the wages of type-0 and type-0̃ workers by 𝑤0 and 𝑤0, respectively. For now,
we treat them as exogenous parameters, but in Section 7 we will discuss how changes in
these two terms affect equilibrium welfare. All experienced workers (of type-1 and type-
1̃) will continue to make wages that are determined by Nash bargaining.

A natural question that arises is whether firms still have an incentive to discriminate
against certain types of workers. Think, for example, of type-0 workers. These workers
must be trained by the firms (their productivity is 𝑝 − 𝜅), but their wage is given exoge-
nously by 𝑤0, which could be very low (perhaps even zero). Whether firms would prefer
to hire a type-1 to a type-0 worker depends on the size of 𝜅 and 𝑤0. In fact, as long as 𝜅

is not too large, the government could always choose 𝑤0 to be low enough, so that firms
prefer to match with a type-0 worker and discriminate against type-1 workers. Since, for
now, we have decided to treat 𝑤0 and 𝑤0 as parameters whose value can change (thus
tilting the firms’ preferences towards the various worker types), we will strive for the
maximum degree of flexibility, by assuming that firms do not discriminate against any type
of worker.12 This assumption also promotes tractability and allows a direct comparison of
Intervention 3 with Interventions 1 and 2. (Recall that under Interventions 1 and 2 firms
do not discriminate against any types of workers, either by law or by choice.)

Beveridge Curves
Given our modeling choice to assume no bias in matching, all types of workers face iden-
tical job-finding rates, and the Beveridge curves remain the same as in Sections 4.1 and
4.2. This, in turn, means that relevant Beveridge curves are the ones reported at the end
of Section 3.1, but with 𝑓0 = 𝑓0 = 𝑓1 = 𝑓1 = 𝑓 (where 𝑓 was defined in equation (23)).

Value Functions
Next, we move to the value functions under the regime of Intervention 3, starting with
the firms. Since we assume unbiased matching, the probability that a firm meets a worker

12 Obviously, our framework would allow us to explore many different versions, including the less stan-
dard case where firms discriminate against type-1 workers; this would be relevant if inexperienced workers
are not too unproductive, and they are very cheap.
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of a specific type depends only on that type’s relative representation in the pool of unem-
ployed. Letting 𝑞 denote the arrival rate of a(ny) worker to the typical firm, as we did
under Interventions 1 and 2, the value function of a vacant firm is given by

𝑟𝑉 = −𝑐+ 𝑞

[︂
𝑢0

𝑢
(𝐽0 − 𝑉 ) +

𝑢0

𝑢
(𝐽0 − 𝑉 ) +

𝑢1

𝑢
(𝐽1 − 𝑉 ) +

𝑢1

𝑢
(𝐽1 − 𝑉 )

]︂
.

Free entry implies that in equilibrium 𝑉 = 0, therefore, we can state the free entry condi-
tion as

𝑐 =
𝑞

𝑢

(︁
𝑢0𝐽0 + 𝑢0𝐽0 + 𝑢1𝐽1 + 𝑢1𝐽1

)︁
. (43)

The value functions for productive firms in the various states are still given by equa-
tions (3)-(6). However, we should remind the reader of an important difference. In Section
3, equations (3) and (4), the terms 𝑤0 and 𝑤0 represented endogenous variables; here the
value functions appear identical, but these terms represent exogenous policy parameters.

Moving on to the workers, the value functions for unemployed workers in the vari-
ous states are still given by equation (25)-(28) in Section 4.1, and the value functions for
employed workers in the various states are still described by equations (11)-(14) in Section
3. Again, it is useful to point out that the only (conceptual) difference is that the terms 𝑤0

and 𝑤0 appearing in equations (11) and (12) are endogenous variables, while here these
same terms are understood to be exogenous policy parameters.

Bargaining problems
We now proceed to the solution of the bargaining problems. As we have explained, under
Intervention 3 we only need to solve two bargaining problems, i.e., in the two types of
meetings with experienced workers.

Consider first a meeting between a firm and a type-1 worker. As is standard, the
Nash bargaining protocol requires that (1−𝜂)(𝑊1−𝑈1) = 𝜂𝐽1. Replacing 𝑊1 from (13) and
𝐽1 from (5), and following some standard steps (see the analogous bargaining problem in
Section 3.3), we conclude that the wage curve for type-1 workers, under Intervention 3, is
given by

𝑤1 =
𝜂𝑝(𝑟 + 𝛿 + 𝜆+ 𝑓) + (1− 𝜂)𝑧(𝑟 + 𝛿 + 𝜆)

𝑟 + 𝛿 + 𝜆+ 𝜂𝑓
. (44)

Next, consider a meeting between a firm and a type-1̃ worker. Once again, the Nash
bargaining protocol requires (1 − 𝜂)(�̃�1 − 𝑈1) = 𝜂𝐽1. As in the case of type-1 workers,
we can replace the functions �̃�1 and 𝐽1 from (14) and (6) into the surplus splitting rule.
Following identical steps, and after some algebra, one can easily derive the wage curve
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for type-1̃ workers, under Intervention 3:

𝑤1 =
𝜂(𝑝− �̃�)(𝑟 + 𝛿 + 𝜆+ 𝑓) + (1− 𝜂)𝑧(𝑟 + 𝛿 + 𝜆)

𝑟 + 𝛿 + 𝜆+ 𝜂𝑓
. (45)

Notice that, the two wage curves are identical expect for the fact that they adjust for the
worker’s productivity, i.e., 𝑝 versus 𝑝− �̃�.

Definition 4. A steady state equilibrium, under Intervention 3, consists of two wages for
experienced workers (𝑤1, 𝑤1), a measure of vacancies 𝑣, and measures of unemployed
and employed workers in the various states (𝑢0, 𝑢0, 𝑢1, 𝑢1, 𝑒0, 𝑒0, 𝑒1, 𝑒1), satisfying the free
entry condition (43), the two wage curves (44) and (45), and eight Beveridge curves, which
are the ones reported at the end of Section 3.1, after one replaces the various 𝑓 ’s with the
common arrival rate 𝑓 defined in equation (23).

5 Constrained Efficient Allocation

Having analyzed the baseline model and the three government interventions, our next
task is to evaluate the ability of these interventions to improve welfare. To make this
examination more meaningful, it is interesting to ask how close these interventions can
bring the economy to its efficient level. Thus, before we proceed, we need to characterize
the constrained efficient allocation in our model. The most straightforward way to go
about describing the efficient allocation would be to repeat the “textbook” exercise (i.e.,
Chapter 8 of Pissarides 2000), where the social planner is constrained by the matching
technology (in our case, the Petrongolo and Pissarides 2001 matching function with rank-
ing) and chooses aggregate vacancies. But after a moment’s reflection, one realizes that
this approach may not be ideal for our environment, because it implies that the planner
would not have the tools to address the main inefficiency in the model, namely, the fact
that firms do not internalize the social benefit of hiring inexperienced workers. Put differ-
ently, adopting the textbook social planner approach “off the shelf” would be meaningless
in our setting, because that planner would not be able to change the relative job-finding
rates of the different worker types, which is the root of the model’s main inefficiency.

Of course, the social planner should respect the matching process, i.e., the planner
should not be able to bypass the search frictions (which is precisely why we dub this the
constrained efficient allocation). But a more fruitful way to set up the problem is one where
each type of worker searches for firms (and vice versa) in a different submarket. Within
each of the four submarkets search and matching is characterized by a standard CRS
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Cobb-Douglas matching function, which, importantly, the social planner must respect.
However, the planner has the freedom to choose the number of vacancies in each submar-
ket, which, effectively allows the planner to choose the rate at which different types of
workers are matched with firms. This allows us to study how close the economy can get
to the efficient allocation under the various interventions, since these interventions were
designed to improve welfare through changing the rate at which firms hire the various
types of workers . (Specifically, by alleviating the bias against inexperienced workers.)

Moving on to the mathematical specification of the social planner’s problem (SPP,
henceforth), we have just argued that here the planner can choose a vacancy rate for each
of the four submarkets: 𝑣0, 𝑣0, 𝑣1, 𝑣1. Using the standard definition often employed in
DMP models, let us define the market tightness in each submarket as

𝜃1 ≡
𝑣1
𝑢1

; 𝜃1 ≡
𝑣1
𝑢1

; 𝜃0 ≡
𝑣0
𝑢0

; 𝜃0 ≡
𝑣0
𝑢0

.

This will allow us to express the SPP as a problem where the planner chooses 𝜃’s, as op-
posed to 𝑣’s. (As is well-known from Chapter 8 of Pissarides (2000), this is an equivalent
but easier problem to solve.) With this definition in mind, we can write the SPP as:

max
𝜃0,𝜃0,𝜃1,𝜃1

Ω ≡
∫︁ ∞

0

𝑒−𝑟𝑡[𝑒1𝑝+ 𝑒0(𝑝− 𝜅) + 𝑒1(𝑝− �̃�) + 𝑒0(𝑝− 𝜅− �̃�)

+ (𝑢1 + 𝑢0 + 𝑢1 + 𝑢0)𝑧 − 𝑐(𝜃1𝑢1 + 𝜃0𝑢0 + 𝜃1𝑢1 + 𝜃0𝑢0)]𝑑𝑡,

subject to

�̇�0 = 𝛿 − 𝑢0(𝛿 + 𝛾 + 𝑓0),

�̇�1 = 𝜆(𝑒0 + 𝑒1)− (𝛿 + 𝑓1)𝑢1,

𝑒0 = 𝑓0𝑢0 − (𝛿 + 𝜆)𝑒0,

𝑒1 = 𝑓1𝑢1 − (𝛿 + 𝜆)𝑒1,

˙̃𝑢0 = 𝛾𝑢0 − (𝛿 + 𝑓0)𝑢0,

˙̃𝑢1 = 𝜆(𝑒0 + 𝑒1)− (𝛿 + 𝑓1)𝑢1,

˙̃𝑒0 = 𝑓0𝑢0 − (𝛿 + 𝜆)𝑒0,

˙̃𝑒1 = 𝑓1𝑢1 − (𝛿 + 𝜆)𝑒1.

Since matching in each submarket is characterized by a CRS Cobb-Douglas matching
function, it is understood that

𝑓1 =

(︂
𝑚(𝑢1, 𝑣1)

𝑢1

=

)︂
𝜃1−𝑎
1 ; 𝑓1 = 𝜃1

1−𝑎
; 𝑓0 = 𝜃1−𝑎

0 ; 𝑓0 = 𝜃0
1−𝑎

.

The SPP admits a natural interpretation. The social planner has four control vari-
ables, (𝜃0, 𝜃0, 𝜃1, 𝜃1), but is also subject to the laws of motion of the eight state variables,
(𝑢0, 𝑢1, 𝑢0, 𝑢1, 𝑒0, 𝑒1, 𝑒0, 𝑒1). The planner understands that more employment means higher
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production, but also that more employment requires higher recruiting costs, 𝑐. Moreover,
the planner realizes that the choice of 𝜃 in each submarket affects the job-finding rate of
that particular type of workers and, consequently, the average length of time that they
will spend as unemployed in that pool. Subject to the various laws of motion, the planner
wishes to maximize the social welfare function Ω.

Lemma 2. The solution to the SPP, summarized by four market tightnesses, (𝜃0, 𝜃0, 𝜃1, 𝜃1), satis-
fies the following four conditions:

(𝑟 + 𝛿 + 𝜆) 𝜃𝑎1 + 𝑎𝜃1 = (1− 𝑎)
𝑝− 𝑧

𝑐
, (46)

(𝑟 + 𝛿 + 𝜆) 𝜃1
𝑎
+ 𝑎𝜃1 = (1− 𝑎)

𝑝− �̃�− 𝑧

𝑐
, (47)

(𝑟 + 𝛿 + 𝜆)𝜃0
𝑎
+ 𝛼𝜃0 −

𝑎𝜆

𝑟 + 𝛿
(𝜃1 − 𝜃0) = (1− 𝑎)

𝑝− 𝜅− �̃�− 𝑧

𝑐
, (48)

(𝑟+𝛿+𝜆)𝜃0
𝑎+𝛼𝜃0−

𝑎𝜆

𝑟 + 𝛿
(𝜃1−𝜃0)+

𝑎𝛾(𝑟 + 𝛿 + 𝜆)

(𝑟 + 𝛿)(𝑟 + 𝛿 + 𝛾)
(𝜃0−𝜃0) =

(1− 𝑎)(𝑝− 𝜅− 𝑧)

𝑐
. (49)

Proof. See Appendix A.

Notice that equations (46) and (47) describe individually the optimal solutions for 𝜃1

and 𝜃1, respectively. For example, when the planner chooses the optimal 𝜃1 (see equation
46), the planner balances out the benefit of a marginal increase in the tightness of that
market (i.e., workers will match faster and produce 𝑝 > 𝑧) with the cost of such an in-
crease (i.e., the recruiting cost 𝑐 that must be spent to create the extra vacancies, and the
forgone unemployment benefit 𝑧). Details aside, what matters here is that the optimal
𝜃1 (𝜃1) depends only on the economic conditions (productivity, recruiting costs, etc) that
characterize the submarket for workers of type 1 (type 1̃).

Inspection of equations (48) and (49) reveals that this is not the case for the sub-
markets of type-0 and 0̃ workers. For example, the optimal 𝜃0 depends on the economic
conditions in the submarket for type-0̃ workers (i.e., the terms 𝑝 − 𝜅 − �̃�, 𝑧, 𝑐), but also
on the conditions characterizing the submarket for type-1̃ workers, captured through the
presence of the term 𝜃1 in equation (48). This is because the planner realizes that an in-
crease in 𝜃0 has the additional benefit of helping move workers from state 0̃ into (the more
productive) state 1̃ at a faster rate. Given this logic, it should be quite obvious why the op-
timal 𝜃0, described by equation (49), also involves the terms 𝜃1 and 𝜃0. The term 𝜃1 appears
in (49) because, like before, the planner realizes that an increase in 𝜃0 has the additional
benefit of switching workers into (the more productive) state 1 at a faster rate. As for the
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term 𝜃0, it appears in (49) because the planner realizes that an increase in 𝜃0 will also help
workers stay in state 0 for a shorter period of time, thus, reducing their exposure to the
skill loss shock that would have sent them to (the less productive) state 0̃.

Naturally, the solution to the SPP captures the highest possible welfare this economy
can achieve, subject to search frictions. Thus, the SPP solution will serve as a benchmark
of how close the various interventions can get the economy to constrained efficiency.

6 Calibration

We calibrate the benchmark model with ranking at a monthly frequency. Several param-
eters are set exogenously to their direct empirical counterparts or by following the litera-
ture. We normalize the match output 𝑝 to 1 and set the discount rate 𝑟 to 0.0042, consistent
with an annual interest rate of 5%. Following Shimer (2005), we set the elasticity of the
aggregate matching function with respect to unemployment 𝛼 to 0.72, which lies in the
upper end of the estimates reported in Petrongolo and Pissarides (2001). Moreover, the
workers’ bargaining weight 𝜂 is also set equal to the elasticity of the aggregate matching
function, again following Shimer (2005).

Finally, we set the skill loss shock intensity 𝛾 to 1/6, which implies that an unem-
ployed entrant spends on average six months in unemployment before their skills de-
preciate. We chose the six months interval for two reasons, one conventional and one
substantial: first, the definition of “long-term unemployment” according to the Bureau of
Labor Statistics is consecutive unemployment of 27 weeks and over. Second, and more
substantial, it is well known from the duration dependence literature that the job-finding
probability strongly decreases for the first six months in unemployment and flattens out
afterwards (see Jarosch and Pilossoph 2019 and Kospentaris 2021 among many others).
Hence, based on the job-finding duration profile, it seems that the six months threshold
is a discrete event for the transition from short- to long-term unemployment and we treat
it as such in our calibration.

Parameter Description Value Source
𝛽 Discount Factor 0.9959 Annual Interest Rate of 5%
𝑝 Match Output 1 Normalization
𝛼 Matching Function Elasticity 0.72 Shimer (2005)
𝜂 Worker Bargaining Power 0.72 Shimer (2005)
𝛾 Skill Loss Intensity 1/6 Duration Dependence Literature

Table 1: Exogenously Set Parameters.

29



The remaining six parameters are calibrated through the model and their values are
reported in Table 2. The vacancy creation cost 𝑐, the worker exit/entry rate 𝛿, and the
separation rate 𝜆 are chosen to make the model consistent with the following labor market
moments, respectively: i) the aggregate unemployment rate (𝑢0 + 𝑢0 + 𝑢1 + 𝑢1), ii) the
fraction of entrants in the unemployment pool ((𝑢0 + 𝑢0)/(𝑢0 + 𝑢0 + 𝑢1 + 𝑢1)), and iii)
the fraction of long-term unemployed among entrants (𝑢0/(𝑢0 + 𝑢0)). Next, we follow
Hall and Milgrom (2008) and set the opportunity cost of employment 𝑧 to 71% of average
worker productivity. Regarding the size of skill loss �̃�, we employ the estimates of Ortego-
Marti (2016, 2017) which imply a monthly 1.22% drop in worker wages while the worker
is unemployed.

Parameter Description Value
𝑐 Vacancy Cost 1.71
𝛿 Worker Exit Rate 0.0023
𝜆 Separation Rate 0.0341
𝑧 Unemployment Value 0.65
�̃� Skill Loss Scar 0.07
𝜅 Training Cost 0.11

Table 2: Internally Calibrated Parameters.

Finally, to discipline the training cost parameter 𝜅 we use numbers reported by train-
ing professionals for US businesses. The specialist publication Training Magazine asks
businesses from several industries about their expenses devoted to employee training
and reports the results in their Training Industry reports.13 The annual training expenses
per employee were $ 1,075 in 2017 and reached $ 1,207 in 2022. To be conservative, we
chose 𝜅 to match annual training expenses of $ 1,000 per employee, which is 0.75% of
the US GDP. This means that total training expenses are of a similar order of magnitude
as total vacancy creation costs which are usually estimated to be 1-2% of GDP (see, e.g.,
Michaillat and Saez (2021)). Using a different calibration strategy, Masui (2023) also esti-
mates training costs to be close to vacancy creation costs, which provides a sanity check
for our strategy. As can be seen in Table 3, the model exactly matches the calibration
target (the difference between model-implied and data moments is in the order of 10−8).

13Available here: https://trainingmag.com/2022-training-industry-report/.
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Target Data Model
Unemployment Rate 5.8% 5.8%

Unemployed Entrants/Unemployed 9% 9%
Long-term Unemployed Entrants/ Unemployed Entrants 28% 28%

Value of Non-Employment/Average Productivity 71% 71%
Wage Loss for Six Months Unemployment 7.1% 7.1%

Training Expenses/GDP 0.75% 0.75%

Table 3: Matching the Calibration Targets.

7 Quantitative Results

In this section, we present the quantitative effects of the government interventions ana-
lyzed in Section 4. We focus on the main aggregate variables of interest: i) the aggregate
output minus total vacancy costs (𝑌 , which is also our main measure of welfare, since
agents are risk neutral), ii) the aggregate unemployment rate (𝑢), iii) the job-finding rate
of each worker type (𝑓1, 𝑓1, 𝑓0, 𝑓0), and iv) the wage of each worker type (𝑤1, 𝑤1, 𝑤0, 𝑤0). To
understand how close these reforms would bring the economy to the constrained efficient
allocation, we also present the solution to the planner’s problem analyzed in Section 5.
The quantitative results are presented in Table 5 as percentage differences from the base-
line ranking economy and analyzed in the rest of this section.

𝑌 𝑢 𝑓1 𝑓1 𝑓0 𝑓0 𝑤1 𝑤1 𝑤0 𝑤0

0.9398 5.8% 68.7% 46.3% 43.3% 42.7% 0.9926 0.9221 0.6646 0.8213

Table 4: Baseline Economy with Ranking.

Table 4 summarizes the results of the baseline economy, which is the model of Section
2 evaluated at the calibrated parameters of Section 6. A few features of the benchmark
economy are worth noting. First, the order of the job-finding rates follows the order of
the productivity exhibited by the different worker types (𝑝 > 𝑝− �̃� > 𝑝− 𝜅 > 𝑝− 𝜅− �̃�).
There is, however, a discrete jump in the between the job-finding rate of type-1 work-
ers and the other unemployed, which are relatively close in magnitude. That is, firms
rank experienced workers without a scar much higher than the rest of the unemployed
workers who are ranked very close to each other. Second, entrant workers of type 0 have
particularly low wages compared to the other types. Strikingly, they receive lower wages
than their scarred counterparts of type 0̃ who also have lower productivity. This is consis-
tent with the intuition we gave in Section 3.3 that entrant workers are eager to leave their
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current state and, as a result, willing to accept very low wages to convince firms to hire
them. This force is even stronger for workers of type 0 than 0̃ because they have more to
gain by leaving the entry state as soon as possible and enjoying a career as non-scarred
experienced workers.

Before analyzing the results of each government intervention, it is instructive to com-
pare the baseline economy with the constrained efficient allocation (last column of Table
5). The planner achieves 0.81% higher welfare than the baseline economy, even though
the aggregate unemployment rate is 21.4% higher. The planner achieves this by reshuf-
fling vacancies across different submarkets and changing the job-finding rates of different
worker types. The striking differences are found among workers of types 1 and 0, the for-
mer facing 30.6% lower job-finding rates, while for the latter the gains are 73.3%. The
intuition is that the planner fully internalizes the fact that training entrants quickly has
large aggregate implications for the economy’s welfare. As a result, the planner allocates
most vacancies in submarket 0, while the rest of the submarkets receive approximately
the same number of vacancies.14 Moreover, the planner’s treatment of 𝑓0 and 𝑓1 is similar
to that of 𝑓0 and 𝑓1 (increase the former and decrease the latter compared to the baseline
model) but the magnitude of the change is much smaller. Hence, all potential interven-
tions will be judged with respect to how much they can follow the planner in raising the
job-finding rates of type-0 and type-0̃ workers, while lowering the job-finding rates of
type-1 and type-1̃ workers compared to the baseline economy.

Variable Unbiased Matching Government Subsidies Internships Efficient Allocation
𝑌 0.38% 0.31% 0.42% 0.81%
𝑢 18.67% 24.85% 8.70% 21.40%
𝑓1 -28.33% -32.15% -21.27% -30.63%
𝑓1 6.29% 0.64% 16.77% -3.49%
𝑓0 13.75% 7.70% 24.96% 73.29%
𝑓0 15.72% 9.14% 26.63% 2.53%
𝑤1 -0.26% -2.83% -0.18% -
𝑤1 0.04% 4.60% 0.12% -
𝑤0 27.14% 45.13% 23.63% -
𝑤0 -1.15% 17.43% -20.70% -

Table 5: Quantitative Effects of Interventions versus the Constrained Efficient Allocation.
Each number is the percentage difference between the value of the variable in the

equilibrium with a particular intervention or the constrained optimum versus the value
of the variable in the baseline economy with ranking.

14That is, the values of 𝑓1, 𝑓1, and 𝑓0 are very close to each other, while 𝑓0 is much larger.
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7.1 Unbiased Matching

In this scenario, it is illegal for firms to rank workers of different types. Essentially, there
is a common job-finding rate for all workers, given by a standard Cobb-Douglas match-
ing function (see equation (23)). Intuitively, this intervention forces firms to incur larger
training expenses, since they have no way of discriminating against entrants in hiring.
As a result, entry drops and the aggregate unemployment rate is almost 20% higher than
the baseline economy with ranking (see the second column of Table 5). At the same time,
this intervention features a substantially higher welfare level than the ranking economy.
The reason behind this result is the substantial improvement in the job-finding prospects
of entrant workers: 𝑓0 and 𝑓0 are roughly 15% higher than their baseline levels. This
means that entrant workers spend less time in unemployment and thus suffer less from
lower skill loss compared to the ranking model. This trumps the productivity losses due
to larger training costs and results in a 0.38% increase in aggregate welfare. Finally, the
wages of type-0 entrants also improve considerably making them the big winners of this
intervention.15

Although aggregate welfare increases with unbiased matching, it does not reach the
constrained efficient level. That is, the ranking ban only partially alleviates the ineffi-
ciency of the baseline economy. The reason lies in the commonality of the job-finding rate
for all workers, which does not allow for a discretely higher job-finding rate for type-0
workers. Intuitively, banning ranking increases job-finding rates of all workers other than
those of type 1 to similar levels, but there is no way for firms to hire disproportionately
more type-0 workers which is what the constrained efficient allocation requires. Without
the power of the planner to differentially affect the job-finding rates of different worker
types, the economy cannot reach the constrained efficient levels. It is noteworthy that the
welfare gains due to this intervention are nevertheless sizeable.

7.2 Government Subsidies

As explained in Section 4, this intervention is the market-oriented way of implementing
what the ranking ban achieves through legislation: unbiased matching. To incentivize
firms to not rank workers in hiring, the government subsidizes training and skill loss
costs (see equations (39)-(41)) and balances its budget with a uniform lump-sum tax 𝜏

equal to 2.85% of average match productivity. Given the similarity of outcomes between

15In terms of levels, wages follow the order of worker productivity (𝑤1 > 𝑤1 > 𝑤0 > 𝑤1) but recall that
the wage of type-0 workers is the lowest in the ranking economy. Hence, in percentage terms, workers of
type 0 see the biggest improvement in wages.
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Interventions 1 and 2, the economics behind the two reforms is also similar: incentivizing
firms to hire entrants increases training costs, lowers entry but saves on skill loss and
raises aggregate welfare (third column of Table 5). The fact that the government takes
away part of the surplus in tax revenue explains the relatively smaller magnitude of the
effects on welfare and the job-finding rates of entrants compared to Intervention 1. It is
of interest, however, that the wage effects of the two interventions are not the same: the
common wage of Intervention 2 results in larger gains for workers of types 1̃, 0, and 0̃, as
well as larger losses for type 1. In other words, there seems to be a trade-off in terms of
job-finding rates and wages which depends on whether unbiased matching is achieved
through legislation (with larger wage but smaller job-finding effects) or market-based
incentives (with smaller wage but larger job-finding effects).

Finally, the results of Intervention 2 show that a plain vanilla firm subsidies program
(that pays for itself) cannot achieve the constrained efficient allocation. As explained
above, the main inefficiency in the baseline model lies in the fact that firms who hire
entrants are not adequately compensated for the training they provide. Intervention 2
directly speaks to this issue with the government subsidizing all training expenses and
making firms indifferent among various worker types. This again raises welfare but only
partially alleviates the inefficiency, since the economy is still away from the planner’s op-
timum. Thus, the lesson from Intervention 2 is that subsidizing the firms which provide
training is a necessary but not sufficient condition to get the economy to the constrained
efficient allocation.

7.3 Internships

The final intervention we look at is internships: entrant workers’ wages are exogenously
fixed and discrimination against entrants is not allowed.16 To ease the presentation, we fix
𝑤0 = 𝑧 and show how welfare changes for various values of 𝑤0 (the results in the fourth
column of Table 5 are for the value of 𝑤0 that maximizes aggregate welfare). None of the
economics of the intervention rests on this assumption though; that is, fixing 𝑤0 at some
other level or varying both 𝑤0 and 𝑤0 would deliver the same insights.

Figure 3 graphs the aggregate welfare level for different values of 𝑤0. Strikingly, as
the entrants’ wage increases, aggregate welfare initially goes up but after some critical
value goes down, yielding an inverse-U shape. For relatively large values of 𝑤0, the in-

16As explained in Section 4.3, there are several reasons behind this choice. Most importantly, it is the
most transparent formulation and allows a direct comparison with the first two interventions. Recall, how-
ever, that our specification can easily handle internships with endogenous ranking (though, under some
parameterizations, firms would rank experienced workers below entrants which may be a little peculiar).
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Figure 3. Aggregate Welfare for Various Levels of Entrant Wages.

tervention yields familiar insights: entrants are expensive, firms are discouraged to enter
to avoid training costs, and wage increases lead to larger skill loss and lower aggregate
welfare. For relatively low values of 𝑤0, however, the intervention creates the opposite
problem: entrants are too cheap and entry is inefficiently high. As a result, when 𝑤0 in-
creases, aggregate welfare also increases because the economy saves in vacancy creation
and training costs (this is the well-known reasoning of Hosios 1990). In total, there is a
welfare maximizing level of 𝑤0, which is almost 25% higher than the corresponding level
in the baseline economy.

The most important takeaway is that a carefully designed internship scenario achieves
the highest welfare level among all three interventions. Intervention 3 brings the econ-
omy half way to the constrained efficient welfare level, a non-trivial improvement. The
reason is that it comes closest to the planner’s treatment by delivering the largest increase
in the job-finding rate of type-0 workers. At the same time, internships cannot make the
economy mimic the planner’s treatment of the other job-finding rates and that is the rea-
son the economy cannot reach an even higher level of welfare. For example, the planner
would like a slightly lower 𝑓1 than the baseline economy, while internships actually help
type type-1̃ workers by raising their job-finding rates more than 15%. All in all, it seems
that to alleviate the inefficiency found in the baseline economy, more structural changes
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need to take place in the economy to allow for more flexible interventions with additional
degrees of freedom.

8 Conclusion

We develop a DMP model where firms who hire entrant workers have to incur train-
ing costs. This allows our model to capture the well-documented bias against entrant
workers, as well as the fact that these workers have lower job-finding rates and longer
unemployment spells. Entrant workers who stay unemployed for a prolonged period of
time are more likely to suffer skill loss, and, motivated by recent findings in the labor
economics literature (Von Wachter, 2020), we assume that this skill loss has long lasting
effects. Our model is characterizes by a prominent market failure. Firms that hire entrant
workers provide a public good by helping these workers stay unemployed for a shorter
period of time, thus mitigating their exposure to the skill loss shock and reducing the
measure of “scarred” workers in the unemployment pool (and the probability that other
firms will bump into them). Naturally, however, firms cannot fully internalize this soci-
etal contribution, and ultimately choose to discriminate against entrant workers, causing
a social welfare loss.

Given this market failure, there is obvious scope for government intervention. Since
the root of the inefficiency is the inability of firms to fully recoup the training costs, which
results in hiring bias against entrants, we consider three government interventions whose
common goal is to alleviate the bias and reduce the entrant workers’ exposure to the skill
loss shock. We use a calibrated version of the model to quantitatively study the effective-
ness of three government interventions: “unbiased matching”, “government subsidies”,
and “internships”. We find that all three interventions improve aggregate welfare, even
though in all of them the aggregate unemployment rate is higher than in the benchmark
economy with ranking/bias. The key behind this result is that all government interven-
tions effectively induce firms to incur larger training expenses, thus discouraging entry
and increasing unemployment. Despite this unintended consequence on aggregate un-
employment, entrant workers have shorter unemployment spells and, as a result, are less
likely to suffer skill loss. The productivity gains from the latter channel are so large that
aggregate welfare ultimately increases.

In terms of quantitative results, we find that Intervention 1, which imposes unbiased
matching by law, increases welfare by 0.38%, compared to the baseline model. Interven-
tion 2 achieves unbiased matching by taxing all active matches and using the revenues to

36



subsidize firms who hire entrant workers. Under this intervention the welfare increase is
smaller, around 0.31%, because the tax needed to finance training subsidies reduces the
match surplus and further distorts entry. Under Intervention 3, entrant workers’ wages
are exogenous and we treat them as parameters whose level varies. For high wages, en-
trant workers are compensated almost as much as they would under Nash bargaining,
so Intervention 3 becomes virtually equivalent to Intervention 1. On the other extreme,
if entrant wages are low, firms realize they can hire these workers almost for free, which
leads to excessive entry and large levels of training and vacancy creation costs. We show
that aggregate welfare is maximized for intermediate levels of entrant wage, and it can
go up to 0.42% above the baseline model. In conclusion, a carefully designed internship
scenario achieves the highest welfare among all interventions.
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A Appendix: Proofs of Results

Proof. Derivation of the job-finding rates for each type of workers.
Using the formula for a CRS Cobb-Douglas matching function and the usual notations
for the variables, the job-finding rate for a worker of type 1 is given by:

𝑓1 =
𝑚(𝑢1, 𝑣)

𝑢1

=
𝑢𝛼
1 𝑣

1−𝛼

𝑢𝛼
1𝑢

1−𝛼
1

= 𝑏1
𝛼−1.

Now, for the type-1̃ workers, one can use the Petrongolo and Pissarides (2001) logic that
type-1 workers “move first”, and, only then, type-1̃ workers get a chance to match. The
authors of that paper capture this idea by subtracting the matches of only type-1 workers
(the “first movers”) from the total matches of type-1 and type-1̃ workers, i.e.,

𝑓1 =
𝑚(𝑢1 + 𝑢1, 𝑣)−𝑚(𝑢1, 𝑣)

𝑢1

=
(𝑢1 + 𝑢1)

𝛼𝑣1−𝛼

𝑢1

− 𝑢𝛼
1 𝑣

1−𝛼

𝑢1

=

(︂
𝑢1 + 𝑢1

𝑣

)︂𝛼

· 𝑣

𝑢1

−
(︁𝑢1

𝑣

)︁𝛼

· 𝑣

𝑢1

=
(𝑏1 + �̃�1)

𝛼 − 𝑏𝛼1
�̃�1

.

The derivations for the job-finding rates of type-0 and type-0̃ workers follow similar steps,
hence, they are omitted. But the logic of matching with ranking based on Petrongolo and
Pissarides (2001) is exactly the same, adjusted for a richer set of types.

Based on the Petrongolo and Pissarides (2001) method, and following similar steps,
we can also derive the various worker-finding rates for firms. (These are the 𝑞 expressions
that appear in the job creation curves.) Specifically, we have:

𝑞1 = 𝑏𝛼1 ,

𝑞1 = (𝑏1 + 𝑏1)
𝛼 − 𝑏𝛼1 ,

𝑞0 = (𝑏1 + 𝑏1 + 𝑏0)
𝛼 − (𝑏1 + 𝑏1)

𝛼,

𝑞0 = (𝑏1 + 𝑏0 + 𝑏1 + 𝑏0)
𝛼 − (𝑏1 + 𝑏0 + 𝑏1)

𝛼.

Proof. Proof of Lemma 1. Since the various 𝐽𝑖 terms are all equal to each other, and since
the bargaining problem in each type of meeting will imply (1 − 𝜂)(𝑊𝑖 − 𝑈𝑖) = 𝜂𝐽𝑖, we
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must have that the various 𝑊𝑖 − 𝑈𝑖 terms are also equal to each other. Let us subtract 𝑈1,
given by equation (27), from 𝑊1, given by equation (13); this will give us

𝑊1 − 𝑈1 =
𝑤1 − 𝑧

𝑟 + 𝜆+ 𝛿 + 𝑓
. (A.1)

Similarly, let us subtract 𝑈1, given by equation (28), from �̃�1, given by equation (14); this
will give us

�̃�1 − 𝑈1 =
𝑤1 − 𝑧

𝑟 + 𝜆+ 𝛿 + 𝑓
. (A.2)

Direct comparison of equations (A.1) and (A.2), implies that 𝑤1 = 𝑤1.
Next, subtract 𝑈0, given by equation (26), from �̃�0, given by equation (12), to obtain

(𝑟 + 𝛿 + 𝑓)(�̃�0 − 𝑈0) = 𝑤0 − 𝑧 + 𝜆(𝑈1 − �̃�0). (A.3)

To obtain a useful expression for the term 𝑈1 − �̃�0 in the last equation, subtract �̃�0, given
by equation (12), from 𝑈1, given by equation (28). This will give us

(𝑟 + 𝛿 + 𝜆)(𝑈1 − �̃�0) = 𝑧 − 𝑤0 + 𝑓(�̃�1 − 𝑈1),

which we can now use to replace the term 𝑈1 − �̃�0 in equation (A.3). After this substitu-
tion, one should find that

(𝑟 + 𝛿 + 𝑓)(�̃�0 − 𝑈0) = (𝑤0 − 𝑧)

(︂
1− 𝜆

𝑟 + 𝛿 + 𝜆

)︂
+

𝜆𝑓

𝑟 + 𝛿 + 𝜆
(�̃�1 − 𝑈1).

But since we have already established that (�̃�0 − 𝑈0) = (�̃�1 − 𝑈1), the last equation can
be re-written as(︂

𝑟 + 𝛿 + 𝑓 − 𝜆𝑓

𝑟 + 𝛿 + 𝜆

)︂
(�̃�0 − 𝑈0) = 𝑤0 − 𝑧 +

𝑟 + 𝛿

𝑟 + 𝛿 + 𝜆
,

which, after some algebra, simplifies to

�̃�0 − 𝑈0 =
𝑤0 − 𝑧

𝑟 + 𝛿 + 𝜆+ 𝑓
. (A.4)

Direct comparison of equations (A.1), (A.2), and (A.4), implies that 𝑤1 = 𝑤1 = 𝑤0.
The last thing is to show that the remaining wage 𝑤0 is also equal to the wages of the

other three types. To that end, start by subtracting subtract 𝑈0, given by equation (25),
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from 𝑊0, given by equation (11), to obtain

(𝑟 + 𝛿 + 𝑓)(𝑊0 − 𝑈0) = 𝑤0 − 𝑧 + 𝜆(𝑈1 −𝑊0) + 𝛾(𝑈0 − 𝑈0). (A.5)

Again, we can find more useful expressions for the terms 𝑈1 −𝑊0 and 𝑈0 − 𝑈0 in the last
equation. Subtracting 𝑊0, given by equation (11), from 𝑈1, given by equation (27), we get

(𝑟 + 𝛿 + 𝜆)(𝑈1 −𝑊0) = 𝑧 − 𝑤0 + 𝑓(𝑊1 − 𝑈1).

As for the term 𝑈0 − 𝑈0, it is easy to show that

(𝑟 + 𝛿 + 𝛾)(𝑈0 − 𝑈0) = 0 =⇒ 𝑈0 = 𝑈0.

Using these two facts back into equation (A.5) allows to write

(𝑟 + 𝛿 + 𝑓)(𝑊0 − 𝑈0) = 𝑤0 − 𝑧 +
𝜆

𝑟 + 𝛿 + 𝜆
[𝑧 − 𝑤0 + 𝑓(𝑊1 − 𝑈1)].

But since we have established that (𝑊0 − 𝑈0) = (𝑊1 − 𝑈1), the last equation can be re-
written as (︂

𝑟 + 𝛿 + 𝑓 − 𝜆𝑓

𝑟 + 𝛿 + 𝜆

)︂
(𝑊0 − 𝑈0) = (𝑤0 − 𝑧) · 𝑟 + 𝛿

𝑟 + 𝛿 + 𝜆
,

which, after some algebra, simplifies to

𝑊0 − 𝑈0 =
𝑤0 − 𝑧

𝑟 + 𝛿 + 𝜆+ 𝑓
. (A.6)

Comparison of equations (A.1), (A.2), (A.4), and (A.6) implies that 𝑤1 = 𝑤1 = 𝑤0 = 𝑤0,
which concludes the proof.

Proof. Proof of Lemma 2. Similar to the Chapter 8 of Pissarides (2000), we can set up the
Hamiltonian based on the SPP with various �̇�0’s as co-state variables. Then, we derive
the first order conditions by setting the derivatives of the Hamiltonian with respect to
the market tightness equal to zero and the derivatives with respect to the various em-
ployment states equal to the negative of the evolution of the respective co-state variables.
Following the steps, we get the following 12 equations for the first order conditions:
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𝜕ℋ
𝜕𝜃0

= 0 ⇐⇒ 𝑐𝑒−𝑟𝑡 = (1− 𝛼)𝜃0
−𝛼(𝜇𝑒0 − 𝜇𝑢0), (A.7)

𝜕ℋ
𝜕𝜃1

= 0 ⇐⇒ 𝑐𝑒−𝑟𝑡 = (1− 𝛼)𝜃1
−𝛼(𝜇𝑒1 − 𝜇𝑢1), (A.8)

𝜕ℋ
𝜕𝜃0

= 0 ⇐⇒ 𝑐𝑒−𝑟𝑡 = (1− 𝛼)𝜃0
−𝛼

(𝜇𝑒0 − 𝜇𝑢0), (A.9)

𝜕ℋ
𝜕𝜃1

= 0 ⇐⇒ 𝑐𝑒−𝑟𝑡 = (1− 𝛼)𝜃1
−𝛼

(𝜇𝑒1 − 𝜇𝑢1), (A.10)

𝜕ℋ
𝜕𝑢0

= −�̇�𝑢0 ⇐⇒ 𝑒−𝑟𝑡(𝑧 − 𝑐𝜃0)− 𝜇𝑢0(𝛿 + 𝛾 + 𝑓0) + 𝜇𝑢0𝛾 + 𝜇𝑒0𝑓0 = − ˙𝜇𝑢0 , (A.11)

𝜕ℋ
𝜕𝑢1

= −�̇�𝑢1 ⇐⇒ 𝑒−𝑟𝑡(𝑧 − 𝑐𝜃1)− 𝜇𝑢1(𝛿 + 𝑓1) + 𝜇𝑒1𝑓1 = − ˙𝜇𝑢1 , (A.12)

𝜕ℋ
𝜕𝑢0

= −�̇�𝑢0 ⇐⇒ 𝑒−𝑟𝑡(𝑧 − 𝑐𝜃0)− 𝜇𝑢0(𝛿 + 𝑓0) + 𝜇𝑒0𝑓0 = −�̇�𝑢0 , (A.13)

𝜕ℋ
𝜕𝑢1

= −�̇�𝑢1 ⇐⇒ 𝑒−𝑟𝑡(𝑧 − 𝑐𝜃1)− 𝜇𝑢1(𝛿 + 𝑓1) + 𝜇𝑒1𝑓1 = −�̇�𝑢1 , (A.14)

𝜕ℋ
𝜕𝑒0

= −�̇�𝑒0 ⇐⇒ 𝑒−𝑟𝑡(𝑝− 𝜅) + 𝜇𝑢1𝜆− 𝜇𝑒0(𝛿 + 𝜆) = −�̇�𝑒0 , (A.15)

𝜕ℋ
𝜕𝑒1

= −�̇�𝑒1 ⇐⇒ 𝑒−𝑟𝑡𝑝+ 𝜇𝑢1𝜆− 𝜇𝑒1(𝛿 + 𝜆) = −�̇�𝑒1 , (A.16)

𝜕ℋ
𝜕𝑒0

= −�̇�𝑒0 ⇐⇒ 𝑒−𝑟𝑡(𝑝− 𝜅− �̃�) + 𝜇𝑢1𝜆− 𝜇𝑒0(𝛿 + 𝜆) = −�̇�𝑒0 , (A.17)

𝜕ℋ
𝜕𝑒1

= −�̇�𝑒1 ⇐⇒ 𝑒−𝑟𝑡(𝑝− 𝜅) + 𝜇𝑢1𝜆− 𝜇𝑒1(𝛿 + 𝜆) = −�̇�𝑒1 . (A.18)

We use the above first order conditions to get the final four SPP equations in Lemma 2.
For the first equation (46), subtracting equation (A.16) from (A.12) gives:

�̇�𝑒1 − �̇�𝑢1 = (𝛿 + 𝜆+ 𝑓1)(𝜇𝑒1 − 𝜇𝑢1)− 𝑒−𝑟𝑡(𝑝− 𝑧 + 𝑐𝜃1). (A.19)

From equation (A.8), we have

𝜇𝑒1 − 𝜇𝑢1 =
𝑐𝑒−𝑟𝑡

(1− 𝛼)𝜃1
−𝛼 =⇒ �̇�𝑒1 − �̇�𝑢1 =

−𝑐𝑟𝑒−𝑟𝑡

(1− 𝛼)𝜃1
−𝛼 .

Plugging this to equation (A.19) along with some algebra yields equation (46).
Then, the second equation (47) can be obtained by subtracting equation (A.18) from

(A.14) and using similar steps. In this case, we use equation (A.10) to obtain useful ex-
pressions for 𝜇𝑒1 − 𝜇𝑢1 and �̇�𝑒1 − �̇�𝑢1 to get the final equation.

For the third equation (47), the steps are slightly more involved because when we
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subtract (A.17) from (A.13), we obtain:

�̇�𝑒0 − �̇�𝑢0 = (𝛿 + 𝑓0)(𝜇𝑒0 − 𝜇𝑢0) + 𝜆(𝜇𝑒0 − 𝜇𝑢1)− 𝑒−𝑟𝑡(𝑝− 𝑧 + 𝑐𝜃0). (A.20)

Here, �̇�𝑒0 − �̇�𝑢0 and 𝜇𝑒0 − 𝜇𝑢0 can be obtained from equation (A.9) using similar steps as
before. For 𝜇𝑒0 − 𝜇𝑢1 , use equation (A.14) to get:

𝑒−𝑟𝑡(𝑧 − 𝑐𝜃1) + 𝑓1(𝜇𝑒1 − 𝜇𝑢1) = (𝑟 + 𝛿)𝜇𝑢1 . (A.21)

Similarly from equation (A.17), we get:

𝑒−𝑟𝑡(𝑝− 𝜅− �̃�) + 𝜇𝑢1𝜆 = 𝜇𝑒0(𝑟 + 𝛿 + 𝜆). (A.22)

Subtracting equation (A.21) from (A.22) and substituting in equation (A.20) followed by
some algebraic manipulations yield the final equation (47) involving 𝜃0 and 𝜃1.

The steps to derive the final equation (49) are similar to the steps above for the third
equation. We first subtracted equation (A.15) from (A.11). Similar to before, we subtract
the expressions obtained from equations (A.12) and (A.15) to get 𝜇𝑒0−𝜇𝑢1 , and we subtract
the expressions obtained from equations (A.11) and (A.13) to get 𝜇𝑢0 − 𝜇𝑢0 . Substituting
all the expressions followed by some algebra yields equation (49).
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