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ERGODIC MEAN-FIELD GAMES OF SINGULAR CONTROL WITH
REGIME-SWITCHING (EXTENDED VERSION)

JODI DIANETTI, GIORGIO FERRARI, AND IOANNIS TZOUANAS

ABSTRACT. This paper studies a class of stationary mean-field games of singular stochastic control
with regime-switching. The representative agent adjusts the dynamics of a Markov-modulated It6-
diffusion via a two-sided singular stochastic control and faces a long-time-average expected profit cri-
terion. The mean-field interaction is of scalar type and it is given through the stationary distribution of
the population. Via a constructive approach, we prove the existence and uniqueness of the stationary
mean-field equilibrium. Furthermore, we show that this realizes a symmetric € 5 -Nash equilibrium for a
suitable ergodic N-player game with singular controls. The proof hinges on the characterization of the
optimal solution to the representative player’s ergodic singular stochastic control problem with regime
switching, which is of independent interest and appears here for the first time.

Keywords: stationary mean-field games; singular control; regime-switching; ergodic criterion; e-
Nash equilibrium.

MSC subject classification: 49L.20, 91A15, 91A16, 60G40, 35R35, 93C30.

1. INTRODUCTION

Mean-field games (MFGs in short) have been introduced independently in 2006 by Larsy-Lions
[38] and Caines et al. [13] as limit models for symmetric N-player differential games, where the inter-
action is through the empirical distribution of the states (and possibly of the actions) of the players. In
MFGs, a representative agent determines her best reply to a given flow of probability measures —e.g.,
representing the distribution of the states of the indistinguishable rivals — so that the counterpart to the
Nash equilibrium concept arising in N-player games takes now the form of a consistency condition:
The law of the optimally controlled state of the representative agent must agree with the given flow of
probability measures. Since their introduction, because of their tractability, their relation to the theory
of propagation of chaos and of forward-backward systems, and their ability to reproduce ¢ -Nash
equilibria for suitably related symmetric N-player games, MFGs have attracted large attention in the
mathematical and applied literature. We refer to the two-volume book by Carmona and Delarue [19]
for a comprehensive presentation of results, approaches, and techniques, as well as to the paper by
Carmona [ 18] for a review of applications of MFGs in Economics, Finance, and Engineering.

In stationary MFGs, the representative player interacts with the long-run distribution of the popu-
lation. Such a concept has a long tradition in economic theory: Stationary equilibria appeared already
in the 1980s in the context of games with a continuum of players (see [31] and [33]), and also play an
important role in the analysis of competitive market models with heterogeneous agents (see, e.g., [1]
and [41], amongst many others). Closely connected is also the concept of stationary oblivious equi-
libria, introduced by Adlakha et al. in [2]. Within the mathematical literature, stationary MFGs have
been approached both via analytic and probabilistic methods. Among those papers adopting a partial
differential equations (PDE) approach, we refer to the works of Bardi and Feleqi [7] for the study of
the forward-backward system arising in stationary MFGs with regular controls, Gomes et al. [29] for
extended stationary MFGs, Cardaliaguet and Porretta [17] for the study of the long-term behavior of
the master equation arising in MFG theory, and to Bertucci [ 10] for the study of stationary mean-field
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2 DIANETTI, FERRARI, AND TZOUANAS

optimal stopping games. On the other hand, a probabilistic approach is followed in a series of recent
contributions dealing with stationary MFGs with singular and impulsive controls, see Aid et al. [3],
Cao and Guo [16], Cao et al. [15], and Christensen et al. [20].

1.1. Our results. In this paper, we study a class of stationary MFGs where the underlying state
process is a general singularly controlled one-dimensional diffusion whose coefficients are modulated
by a continuous-time Markov chain with d > 2 states. More precisely, the representative agent
optimally controls a Markov-modulated real-valued It6-diffusion through a two-sided singular control
in order to maximize an ergodic reward functional. This is given by the long-time-average of the time-
integral of a running profit function, net of the proportional costs of actions. The mean-field interaction
is of scalar type and comes through a real-valued parameter denoted by 6, which, at equilibrium, has to
identify with a suitable generalized moment of the stationary distribution of the optimally controlled
state process. From the economic point of view, 6 can be thought of as a stationary price index arising
from the aggregate productivity through an isoelastic demand function a la Spence-Dixit-Stiglitz (see
pp- 7-8 in [1]), or of as a stationary demand due to aggregate advertising (see pp. 595-596 in [39]).

Under suitable assumptions on the problem’s data, by employing mainly probabilistic means, we
prove the existence and uniqueness of a stationary MFG equilibrium for the considered game. Fur-
thermore, we show that this realizes an e-Nash equilibrium for a related symmetric ergodic [V-player
game with singular controls.

Our first contribution consists in studying the representative player’s optimal control problem and
thus in providing, for the first time in the literature, the complete solution to a two-sided ergodic
singular stochastic control problem with regime-switching (cf. Proposition 3.5 below). This is ac-
complished through the study of an auxiliary optimal stopping game, which is then tackled through
probabilistic arguments similarly to Ferrari and Rodosthenous in [25] (where, however, the consid-
ered Dynkin game was related to a discounted singular stochastic control problem). Through a novel
verification argument (see Propositions 3.4 and 3.5 below), we show that, for a given and fixed mean-
field parameter 6, the optimal control is of barrier-type. That is, the optimal control uniquely solves a
Skorokhod reflection problem (see e.g. Burdzy et al. [12]) at endogenously determined barriers (free
boundaries), which depend on the underlying Markov chain and on the given and fixed mean-field pa-
rameter 6. As a byproduct, we also show that the optimal upwards and downwards reflection policies
satisfy a couple of functional equations resembling those in Theorem 2 of [35].

The next step deals with the construction of the MFG equilibrium and with the proof of its unique-
ness. To that end, we first show that the joint process constituted by the optimally controlled Markov-
modulated diffusion process and the Markov chain admits a stationary distribution (cf. Proposition 4.2
below). As a matter of fact, we prove that its cumulative distribution function is the unique classical
solution to a weakly-coupled system of ordinary differential equations (cf. (4.10) below). This is in
line with the result in the Brownian setting obtained by D’Auria and Kella in Theorem 1 of [23].
Clearly, the stationary distribution and its cumulative distribution depend on the fixed mean-field pa-
rameter 6, since the optimally controlled state does. In order to proceed with the equilibrium analysis,
we thus study the stability of the stationary distribution with respect to 6 and actually prove its con-
tinuity with respect to such a parameter (cf. Theorem 4.1). Further exploiting the connection to the
aforementioned Dynkin game of optimal stopping, we are then able to determine an invariant com-
pact set where any equilibrium value of 6 (if one exists) should lie. Combining those continuity and
compactness results, an application of the Schauder-Tychonof fixed point theorem allows us to prove
that there exists a unique stationary equilibrium (cf. Theorem 4.1).

The analysis of the considered stationary MFG is finally justified by the fact that its unique sta-
tionary mean-field equilibrium is able to realize an € y-Nash equilibrium for an /NV-player symmetric
game with singular controls in which each player faces an ergodic net profit functional. It is worth
noticing that in the N-player game the interaction comes through a suitable time-dependent average
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of the players’ states (see Eqs. (5.1) and (5.2) below), and it is therefore given in terms of the empirical
distribution of players’ states at the current time.

1.2. Related literature. Ergodic singular stochastic control problems for one-dimensional diffusions
have been treated in general settings, including state-dependent costs of actions, and with different
applications, in [5], [40], [42] and [32], [37], among others. However, in all those papers, no regime
switching is included.

Our paper is placed within the recent bunch of literature dealing with MFGs with singular controls
by following a probabilistic approach; see Aid et al. [3], Cao and Guo [16], Cao et al. [15], Campi
et al. [14], Dianetti et al. [22], Fu [26], Fu and Horst [27], and Guo and Xu [30]. Amongst those,
the works that most relate to ours are those by Aid et al. [3] and by Cao et al. [15]. Cao et al. con-
sider in [15] ergodic MFGs involving a one-dimensional singularly controlled Ito-diffusion. However,
differently to us, the control in [15] can be exerted only upwards and no regime-switching process is
considered therein. In our work, similarly to [3], we consider a stationary MFG involving a singularly
controlled one-dimensional diffusion whose coefficients are modulated by a continuous-time Markov
chain. However, differently to [3], here the control is two-sided, rather than only increasing, the per-
formance criterion is of ergodic type, rather than of discounted type, the dynamics of the underlying
state process are general, rather than geometric, and the Markov chain has d > 2 states, rather than
only two regimes.

We also clearly relate to those works dealing with MFGs involving regime-switching regular con-
trol models. Wang and Zhang [50] consider social optima of mean-field linear-quadratic-Gaussian
control models with Markov jump parameters, while distributed games for large-population multi-
agent systems with random time-varying parameters are investigated in [49]. Bensoussan et al. [9]
focus on MFGs of risk-sensitive type with jump-diffusions and regime-switching. Furthermore, due
to the application in networks with switching mechanism, mean-field control problems with regime-
switching became recently of particular interest: see, among others, Bayraktar et al. [8], Zhang et al.
[52] and Nguyen et al. [43].

1.3. Organization of the paper. The rest of the paper is organized as follows. In Section 2, we
introduce the probabilistic setting and the MFG under study. Next, in Section 3, for a given and fixed
mean-field parameter, we solve the ergodic stochastic control problem faced by the representative
player. In Section 4 we then prove the existence and uniqueness of the mean-field equilibrium, while
in Section 5 we provide the approximation result for a related [V-player symmetric game. Finally,
technical proofs are collected in the Appendices A and B.

2. PROBLEM FORMULATION

2.1. Probabilistic Setting. Let (2, 7, ) be a probability space which satisfies the usual conditions,
on which it is defined a one-dimensional Brownian motion {W;};>¢ and an independent irreducible
continuous-time Markov chain {Y;}+>0. Denote by F := {]—"XV ’Y}tzo the filtration which is generated
by W and Y, as usual augmented by P-null sets of /. The Markov chain Y has state space Y :=
{1,...,d} and transition matrix Q := {¢;j }1<; j<q. The transition rates are such that x; := —g;; > 0
and the condition ) | jey ¢ij = 0 holds for every i € Y. Accordingly, the transition probabilities of ¥’
are defined as

. . qii At + o(At), | £ 1,
P(Vigar = jlY; = i) i= { WAL T OB, A
1+ gii At + O(At), J=1.
For future frequent use, we denote by p(i) := —= - the ¢-th component of the stationary distribution
j=15j
of Y. Let

(2.1) A = { {&}+>0, F-adapted, with bounded-variation, left-continuous, £, = 0, a.s. }
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and notice that any ¢ € A admits the Jordan decomposition & = ¢ — ¢, for €T nondecreasing. Also,
let {|¢t }>0 := €T + £~ denote the variation of ¢ € A. Then, for given £ € A and Borel-measurable
functions b : R x Y — R, 0 : R x Y — (0,00), we introduce the process X¢ with state space
7 := (z,7) C R and dynamics

(2.2) dXE = b(XE,Yy)dt + o (X5, V) dW, + d&; — de;,  (X§,Y0) = (z,i) € T x Y.

The following assumption in particular ensures that there exists a unique strong solution to (2.2),
forevery £ € Aand (z,i) € ZxY (see Theorem 7 Chapter V in [40]). In the following, we shall
denote such a strong solution by (X®¢,Y?), when needed.

Assumption 2.1. The following hold:

(1) The functions b(-,i) and o (-, 1) are twice continuously differentiable, for every i € Y.
(2) There exists C > 0,such that

b(x, )| + |o(z,i)| < C(1+|z|), forany (x,i) €I xY.
(3) There exists ¢ > 0, such that
by(x,i) < —¢, forany (x,i) € T x Y.
(4) Forany (z,i) € T x Y,
o(x,i) > 0.

Denoting by (X°,Y) the unique strong solution to (2.2) with & = 0, Conditions (1) and (2) in
Assumption 2.1 imply that (X©,Y) is regular, meaning that there exists a sequence of stopping times
{Bn}n>0, with 5, :=inf{t > 0: |X?| = n}, such that By, := lim,, o0 B = 00, P-a.s.; for further
details see Section 2.3 in [51]. For our subsequent analysis, we introduce the [F-adapted process
{)?t}tz& which evolves as

23)  dX; = (0(Xe, V2) + 00,(Xy, Y))dt + 0(Xy, Vi)dW,, (X0, Y0) = (2,i) €T x Y,

for an F-adapted Brownian motion TW. Notice that Equation (2.3) also admits a unique strong solution
(X®,Y?) which is regular, due to Assumption 2.1.

For f : R x Y — R such that f(-,i) € C?(R), foranyi € Y, the infinitesimal generator of the
uncontrolled process (X°,Y") is denoted by £ x,v) and it is such that

(2.4) (Lixy)f)(@,i) = 1a%c,z‘)j»;[,,g,,,(:;c,z‘) + b(z, ) fow, i) + Zqij(f(x,j) — f(z,4)),

2 —
JF
while the infinitesimal generator £ (2Y) for the process ()? ,Y') is such that
(2.5)
(‘C()Agy)f) (‘rv 7’) = 502($7Z)fx96(x7 7’) + (b(xvl) + O'O'x(x, Z))fx(x?l) + Z%’j(f(x,]) - f(%, Z))
J#i
In the rest of the paper, we adopt the following notation: P, ;[-] := [ \XE = xz,Yy = i
and E(x ol-] == EF[- \Xg = x,Yy = i] for the hybrid-diffusion process (X¢,Y), and @(I -] =
P[-|Xo = 2,y = ] and E(, 5[] = EF[-|Xo = 2,Yp = 4] for (X, Y) We also set P;[-] :=

P[- Yy = 4] and denote by E; the corresponding expectation.

2.2. The Ergodic Mean-Field Game. Within the previous probabilistic setting, we now introduce
the ergodic mean-field game (ergodic MFG for short) which will be the main object of our study. For
(£,i) eI xY =10, € Aand 0 € R+, we introduce the ergodic profit functional

T
(2.6) J(z,i;€,0) := limsup IE(I )U m(XE,0)dt — k& + kot |,
T1oo 0
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where 0 < kg < kj. In (2.6), 7 is the instantaneous profit function satisfying Assumption 2.2 below,
and 6 is (for the moment) a fixed nonnegative number. We will see later, that 6 drives the mean-field
interaction (cf. Definition 2.1 below).

The instantaneous profit function 7 fulfills the following conditions.

Assumption 2.2. The function 7 : R x Ry — R is such that:

(1) 7(-,0) € C*(I), forany 6 € R, ;

(2) 7(+,0) is non-decreasing and concave, for any 0 € R ;

(3) 7y is continuous and it is such that . g9(z,0) < 0, for any (x,0) € T x Ry;
4) forevery (z,i,0) € O x Ry,

liinﬁ(m) [ / elo bw()?s’ys)dswz()?t,ﬂ)dt} = o0,
xlx 0
and,

li%nIAE(x,i)[ / eho bw(??vas>d8wx()?t,e)dt] = 0;
Xr|x 0

(5) forevery (x,i,0) € O x Ry,

IE(W')[/O €_Ct|7fx(f(t,9)|dt} < 0,

and, for some €y := €p(z) € (0,1),

IE[/ e sup (|7rm(Xt ,0)|02 Xx ,)dt]
0

' €(x,x+eo)

o
+E[/ e M (X[, 0) sup (/ X, Y0, Xx‘ ,ds)dt} < 00,
0 :cEx:c+eo

where 0, XF := exp (fg (by + Ox(00y) — iax)()?g,)@)ds + fOt oo (X2 Y)dW) and ¢ >
0 is the same constant as in Assumption 2.1-(3),
(6) forevery (x,i) € O, and for some €y := ey(x) € (0, 1), it holds that

2.7) 1@[ / e sup (lbm(ﬁ?f’,Yf)Iax)?ﬂxx/)dt]<oo
0 ' €(z,x+eo) o

We are now ready to introduce the notion of stationary mean-field equilibrium. To that end, we
provide the following assumption for the functions F' and f that will appear in Definition 2.1 below.
Furthermore, we restrict to those £ € A belonging to

1
(2.8) Ae = {f € A: E[|¢]r] < oo forany T < oo, limsup TE[|X§”] = 0}.
Ttoo

Assumption 2.3. F': R, — Ry, f:Z — Ry are such that:

(1) F and f are strictly increasing continuously differentiable functions;
(2) for B € (0,1), there exists C' > 0 such that:

1
@ |f(x) < CA+[z/f), [F(z)] < C+zl|?),
(b) [F(z) = F(y)| < C(L+[a] + y))7 o —yl;
(3) limgpoo F(x) = limgyz f(x) = oo.
Definition 2.1 (Ergodic MFG Equilibrium). For (x,i) € O, a couple (§*(0*),0%) € A, x Ry is said
to be an equilibrium of the ergodic MFG for the initial condition (z,1) if
(1) J(z,4;87(0%),0%) = J(z,4;€,0), forany € € A..
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(2) The optimally controlled state process (X €07, Y') admits a limiting stationary distribution
* d * .
p?" and 6 = F( Y1)z f@)p? (de, Z))
In the sequel, our solution plan will be as following:

(1) For a fixed mean-field parameter § € R, we solve the ergodic control problem aiming at
maximizing (2.6) over A..

(2) We then impose the consistency condition (2) in Definition 2.1 and we prove the existence and
uniqueness of the mean-field parameter 0* via a fixed-point argument.

(3) We finally show that the ergodic MFG equilibrium realizes an ey-Nash equilibrium for a
suitable ergodic INV-player game of singular control with regime-switching.

3. THE ERGODIC OPTIMAL CONTROL PROBLEM

Recalling (2.6), in this section we fix § € R, and solve the ergodic control problem. In particular,
we want to find

(3.1) AO) := sup J(x,4;&,0).
e,

Notice that the value ) is independent of (x,7) € O, since an initial jump does not alter the value
of the limit in (2.6). In order to solve (3.1), welet V : O x Ry — Rand A : Ry xY — R to
be determined such that V'(-,i;0) € C?(T), forany (i,0) € Y x R, and the pair (V, \) solves the
variational inequality

(3.2) max {E(X,y)V(a:,z'; 0) + m(x,0) — X(0,7), Vy(x,1;0) — k1, ke — Va(z,1; 9)} =0.

It will be shown in Proposition 3.4 below that a solution (V;, \) to (3.2) allows to obtain ) in the sense
that

d
(3.3) A(0) =Y p(i)A(6,4).
=1

The following additional assumption on 7 holds throughout the rest of this paper.
Assumption 3.1. For z_(0) := (z_(1,0),....,2_(d,0)), z4+(0) := (z4(1,6),...,x4(d,0)), with
x_(i,0) < x4 (i,0), i €Y, it holds:
>0, z¢€(z,2_(1,0)),
(2, 0) + k1bg(z,9) S =0, x=x_(i,0),
<0, ze€(z_(i,0),7),
> 07 x € (l’ I‘+(i,9)),
(2, 0) + kaby(z,9) S =0, x=x4(i,0),
<0, z€ (24+(i,0),7).
Assumption 3.1 together with Assumption 2.2-(4) guarantee that a solution to (3.2) will be of

threshold type, meaning that there shall exist «(i,6) < ((i,0), i € Y, such that V(x,7;0) < ki
on{(z,i) € O:z < a(i,)} and Vy(x,i;0) > kaon {(z,i) € O : x> [(i,0)}.

3.1. An auxiliary optimal stopping game. To deal with (3.2), we introduce the auxiliary optimal
stopping game (Dynkin game) with stopping functional

Y TNO —~ . . .
J(x,i;7,0,0) =B [ / eJo belXa Yol (R, 0)dt + kel beXe¥ody
0

(G4 hpelt be(Reiy ),
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where ()?t, Y}):>0 is the unique strong solution to (2.3) and 7,0 € T, where T := {p: Q@ — [0, 0] :

p is an F-stopping time}. In (3.4), we use the convention e/o bo(X3Y)ds = () on {p = oo}. The
Dynkin game is such that Player 1 aims at minimizing (3.4) over 7 € T, while Player 2 at maximizing
(3.4) over o € T. Theorem 2.1 in [44] allows to show that such a game indeed admits a value.

Theorem 3.1. Let (z,i,0) € O x Ry. Then,
(3.5) inf sup j(x,i;T, 0,0) = sup inf j(x,z';T, 0,0),
T€T geT oeTTET

and we define the value function
(3.6) v(z,i;0) = ;g;igf};)_j(m,l,ﬂ 0,0) = ilelg_;Ielg_j(CL‘,’L,T, 0,0).

Moreover, letting the continuation region be
Cli={(x,i) € O: ko < v(x,i;0) < k1},
and the stopping regions be
S o= {(z,i) € O :v(x,i;0) >k}, Ssgup = {(z,i) € O :v(x,i;0) < ka},
the stopping times
7 (x,3:0) ;= inf{t > 0: (X, V;) € S}, o™ (x,3:0) := inf{t > 0: (X, V;) € Sfup}, ]?”(m-)-a.s.,
realize a saddle-point. In particular,
v(z,i;0) = J(x,i; 7 (2,4 0), 0™ (2, 6), 6).
Proof. See Appendix A. U
The following proposition is easily proved thanks to Conditions (2) and (3) in Assumption 2.2.

Proposition 3.1. It holds:
(1) The mapping x — v(x,1i;0) is decreasing for every (i,0) € Y x R,.
(2) The mapping 0 — v(x,;0) is decreasing for every (x,i) € O.

The next result excludes the possibility of empty stopping regions.
Proposition 3.2. The following hold:
Shp#0 and S8, #0.
Proof. See Appendix A. U
We define the free-boundaries
3.7) a;(0) :=sup{z € Z:v(x,i;0) > k1}, [i(0) :=inf{x € T :v(x,1;0) < ka},

for any (i,0) € Y x Ry, with the conventions sup() = z and inf() = Z. Then, thanks to the
monotonicity of v(-,;0), (i,0) € Y x R4, we have

(3.8) ¢’ ={(z,i) € Oz € (s(0), Bi(0))},
(3.9) She={(z,i) € O:2 € (z,0:(0)]} and Sf, = {(z,1) € Oz € [5;(0),7)}.

Notice that, due to Assumption 3.1, z_(7,0) < a(z,0) and 5(i,0) < x4(3, ), forany (i,0) € YxR,.
The next proposition provides regularity results about the value of the Dynkin game (3.6). The proof
is in the same spirit as that of Theorem 4.3 in [25].

Proposition 3.3. For any (i,0) € Y x Ry we have v(-,i;0) € CH(ZT) N C*(Z \ {a;(0), Bi(0)}).
Proof. See Appendix A. 0
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By Proposition 3.3 and arguments based on the semi-harmonic characterization of v (see [44]), we
are allowed to conclude that (v(z,;0), a;(6), 5;(0))icy solves the free-boundary problem:

£( )Y v(x,;0) + by (x,i)v(x,i;0) + 7 (2,0) =0, = € (;(0), 5i(0)), €Y,
L gy v(x,i;0) + by(z,9)v(x,i;0) + mz(x,0) <0, z € ((0),T), ieY,
E( )V v(x,;0) + by (x,i)v(x,i;0) + mx(z,0) >0, € (z,pi(0)), €Y,

(3.10) v(z,i;0) = k1, x € (z,a;(0)], €Y,
v(z,i;0) = ko, € [pi0),7), i€y,
Vg (2, 4;0) =0, € (z,05(0)], €Y,
0n(2,i56) =0, @€ [6:0),7), ieY.

3.2. The solution to the ergodic singular control problem. In this section we establish the relation
between the Dynkin game of Section 3.1 and the ergodic singular control problem (3.1).

Proposition 3.4. Recall v as in (3.6), the free boundaries («;(0));cy and (5;(0))icy as in (3.7), and
define
(3.11) Ul(x,i;0) := K;(0) —I—/ v(y,i;0)dy, (x,i,0) € O x Ry,

a;(0)

with K;(0) := — fﬁ’(e v(y, 1; 0)dy. Then we have

) /\(Q,i), T € (O‘l(e)vﬁz(e))? i €Y,
) < )‘(971)7 T §Z (az(9)7ﬁl(0))v i €Y,

¢

Lxy)U(w,i;0) + m(x,0
LixyyUl(x,i;0) + m(z,0

Ug(z,i;0) = k1, x € (z,a;(0)], i€y,
12 Unle,iz0) < ki, @ € (as(6), (), i€ Y,
Up(x,i;0) = ko,  x € [Bi(0),7), 1€,
\Uz(va ) > k27 T € (042(9),52(9)), (AS Y,
where
(3.13) A(6,1) qu</ oy, j: 0)dy + Ki(6) — Kg(@)) T (b(as(0), DYk1 + (as(8), 9)).

J#i
Proof. By Proposition 3.3 and the definition of U, we obtain that U(-,4;0) € C?(Z) for i € Y. Then,

1
LixyU(x,i;0) + m(z,0) = 5 0% (x, 1) Ups (0,5 0) + b(z,3) Uy (x,4;0)

+qu (z,7;0) —Ul(x,i;0)) + w(z,0),
J#i
so that, by (3.11),

Lixy)U(w,i;0) +7(x,0) = (%GZ(Z',i)Ux($,i; 0) + b(z, i)v(x,1;0) + 7 (x,0))

(1)

(3.14) +> 4 <Kj(9)+/ B)U(y,j;Q)dy—Ki(ﬂ —/v(e)v(y,i;ﬂ)dy)

J#i I
Using that v satisfies (3.10) (see in particular the fourth to seventh display equations), via an integra-
tion by parts we have that
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) = [ (500000050 0 )3, ) 0,30+ 6) 0.

+(b(0i(0), i)k + (i(0),0)).

Then, using the second equation in (3.10) we find

/ Z%] y J; 0 U(y,i;@))dy—l— (b(ai(e)ai)kl +7r(ai(6)79))‘
@i J#i
Substituting the latter inequality into (3.14) yields

LxyyU(w,i;0) + n(x,0) <

/ qu] y Js 9 (y7i; 0))dy + (b(az(0)7z)k1 + ﬂm(ai(e)v 0))
i j#i

+ a0+ [ st~ [ olio)

ji 3(6) +(0)

—qu< [ R / m(@ (03 0)d ) + (bas(6), )1 + 7 (6).0)

J#i J

Thus, defining

a;(0)
qu( / . (0.3 0)dy ) + (4 (6). 0 + m(0s(6),0)

ﬁz(e /Bj(g) .
(3.15) +qu</ v(y, i;0)dy — / v(y,J;G)dy>,

i i(0 ) ]’(9)

we see that (U, \) solves the variational inequality (3.12). O
In order to derive the optimal control rule we introduce the following definition.

Definition 3.1 (Skorokhod reflection regime-switching problem). Let D[0, 0o) be the space of cadlag
processes on [0,00). Givenz € T, i € Y, X € D[0,00), and a vector (a, B) = (v, Bj)jey € R
with ai; < By, forany j € Y, the process (X¢,£) € D[0,00) x A is said to be a solution to the
Skorokhod refection problem SP («, 3, i, x) for the noise (W,Y') if it satisfies the following properties:

(1) Letting I : D[0,00) — D[0, 00) be such that

t t
(3.16) (X)iz0 <:c+ / b(Xs, Ys)ds + / a(Xs,Y's)dWs) ,
0 0 t>0
then
(3.17) Xt =I(X8, + & — &, Podt-as.;
2) X% €lay,By,), P®dt-as.;
T T _
3 J; 1{Xf>ayt}d§;r = /5 1{Xf<,3yt}d€t =0, forany T > 0, P-a.s.

We then have the following result.
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Theorem 3.2. There exists £*(0) € Ae which is the unique solution to SP(a(0), 5(0),x,1) with
decomposition £*(0) = €51 (0) — €57 (0), where

_l’_
£ (6) == sup (ays<e>—I<X5*<9>>s+fs’—<e>) ,
0<s<t
+
(3.18) £7(0) == sup (I(Xg*”’)ﬁf:’*(f))—Bysw))
0<s<t
Proof. See Appendix B. 0

We now prove that £*(0) solving SP(«(0), 8(0), x, 1) is optimal for (3.1).

Proposition 3.5. For every (z,i) € O, £*(0) = £57(0) — £57(0) solving SP((0), 5(0), z,1) is
optimal for (3.1). Moreover, (3.3) holds with X as in (3.13).

Proof. Let T > 0 and (z,4) € O. Recall that U as in (3.11) is such that U(-,i) € C?*(Z), i € Y, and
(U, A) solves (3.12), with A as in (3.13). Let {n,, }»en be an increasing sequence of [F-stopping times
such that 7,, T oo, n — oo. Fixing ¢ € A, and applying Ito-Meyer’s formula (in the sense of [11]) to
(U(X7Anpn> YA, 0))T>0, We have:

TAnn
(3.19) U(X5py, Yrrn,:0) = Ul(x,4;0) + / Lxy)U(XE,Yy;0)ds
0

T/\’I’]n T/\77n
+ / Ua(XE, Ya: 0)0 (XE, Vo) AW, + / U (XE, Vs 0)(dEF — de; )
0 0

+ Y (U(XE,Ya0) — UXS, Y 0)) + Myay, — My
0<s<T Anp,s€EAE
where AS := {t > 0: &, # &}, €5 denotes the continuous part of £F, and

t
(3.20) Miim [ [ (UYL 2) + Yii0) — UCE Vi)t )
0 JRy
is an F-local martingale, where v (dt, dz) := p(dt,dz) — dt ® m(dz). In particular, p(dt, dz) denotes
the Poisson random measure with intensity dt ® m(dz) for Lebesgue measure m, and the function
h Y x R, has the form
d
h(i7 Z) = Z(J - i)l{zeAi,j}7
j=1

with A; ; being the partition of the R where each interval has length ¢;; (for further details see
Chapter 2 in [51]). We then define the F-local martingale { M, };+>¢ as

(3.21) M, = Mt+/t Un(X5, Ye; 0)0 (X5, Ys)dW
0
and notice that E, ;) [MT/\%] = 0,VT > 0,n € N. Then, taking expectations in (3.19), we obtain
TN
E(w,z) [U(X%/\nn, YT/\nn; 9)] ZU(:C, 1 9) + E(xﬂ) [/ [:(X’y)U(Xg, Y 9)d8:|
TAnn "
+E@s [/0 Uy (XS, Yy 0)(dgHe — dfs’c)]

fEe| Y (U<X§+,m;e>—v<xﬁ,n;e>)].
0<s<T Ann,8€AE
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Employing the second display inequality in (3.12), we find

TANn
(322) Eqy [U(X%A%,YTW;G)] <U(z,i;0) 4+ E(y 5 [ / (A8, Y5) —W(X§79))d8]
0
T A
| [ U Va0) g - a0
0

0<s<TAnn,s€AE

Since

Agt
U(X§+7Ys§ 0) — U(Xg’yé ) :1{A£§>0}/ Ux(X§ +2,Y,;0)dz
0

Av
N 1{A55_>0}/0 Uz(Xg -z, Ys; H)dz,

then (3.22), together with the fourth and sixth conditions in (3.12), give

TANn
(323) By [U(X5n,, Yrrn.:0)] §U<m,i;9>+E<x,z->[ / (A(H,Y;)—w(Xﬁ,@)ds]
0

TANn
+ Ez) [/O (krdé;" — de‘St_)]'

If now the dominated convergence theorem can be applied (we will verify this later), taking limits
as n 1T oo in (3.23) we find

T
(3.24) E(ac,i) [U(Xjé, Yr; 9)] < U($, 1; 9) +E(w,i) [/ ()\(9, Ys) — 7T(X§, 0)) ds+ k‘lf% — ]{72£T:| .
0

Rearranging the terms, dividing by 7', and sending 7" 1" oo, we conclude that

1 1 T
(3.25) limsup ( —Eeq [U(X5 Y7:0)] + —Ei / m(XE,0)dt — ki&f + kalp
Ttoo \T 7 T 1o

: 1 , 1 T
< 111;1T8021p (TU(% i;0) + T () [/0 A(9,Yt)dt] )7

which implies
1

1 T
(3.26) hx%igp <E(m) [U(Xg, Yr;0)] + TE(x,i) [ /O m(X$,0)ds — k1& + @g;])

~

1 1 r
<limsup ;U(z,i;0) + limsup —~E, ;) [/ A Ys)ds] .
Ttoo 1 Tteo I 77 L Jo

Hence, using the inequality

liminf(f,) 4+ limsup(g,) < limsup(f, + gn),
n—oo

n—oo n—oo

on the left-hand side of (3.26), we find that

1 1 T
liminf —E, » [U(X5, Yor: 0)] + i “R. . X6 0)ds — k&5 + kot
171%;1 T (1) [U( 7 4T )] + I?Ting ($71)|:/0 7T( s ) $ 1§T + 2§T:|

1 1 T
(3.27) <limsup s U(z,i;0) + limsup —~E, ;) [/ (6, Ys)ds] .
Ttoo 1 Ttoo T’ 0
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Since U, € [k, k1] by (3.12), we have that exists C' > 0 such that for every (z,7,0) € O x Ry one
has

(3.28) |U(z,i,0)] < C(1 + |x).
This fact gives

(3.29) jlﬂllgll) U(:E i;0) =

and, thanks to the fact that £ € A, (cf. (2.8)), we also find

1 1
(3.30) anTégf FE () U(X3,Yr;0)] > h%gf TE(z.i) [—C(1+|X3])]
1
= —C1li “En [|X5] =
imsup 7B, [1X71]

as well as,

, 1
(3.31) limsup B [U(X5, Yr;0)] < Climsup E(z HlC(1+ | X5])]
Ttoo Ttoo

1
< limsup —E, HX%H
Ttoo 1’

Hence, using (3.29) and (3.30) in (3.27), we obtain

1 T
(3.32) lim sup TIE(M») [ / m(X$,0)ds — ki& + kng]
T1oo 0
1 T
< hrjrﬂlTsoz}p TE(I’i) [/0 (0,Y5) ds] Z/\ (0,9)p
ieY

Here, the last equality is due to the ergodicity of Y (see, for instance, Corollary 25.9 in [34]). Since
(3.32) holds for every £ € A, we get

(3.33) ) <> N0, i)p(i)

€Y
Letting now £*(0) be the solution to SP(a(#), 3(0), x, i), we notice that in (3.23), and thus in (3.25),
the inequality becomes an equality. Then, using that lim sup,,1o (fn + gn) < lmsup, 1 (fn) +
lim sup, ;o (gn) on the left-hand side of (3.25) (with equality) and lim inf, o0 ( fn) +1im sup, 400 (gn) <
lim SUPmoo( fn + gn) on the right-hand side of (3.25) (with equality) we obtain

1 x 1 T .
limsup B, [U(X5 ), Y2:10)] +-limsup B [ | €O 0)ds -y 0)+ i (6)
T1oo T ’ Ttoo T ’ 0

T
3.34 > liminf =U(, i; 6) + lims E(z. //\G,st].
(3.34) iminf 75U (2, ;0) I?TOBPT ( )[ ; (0,Y5)ds

By means of (3.29), (3.31) and the fact that £*(0) € A, we thus conclude from (3.34)

(3.35)

1 T . . . 1 T
limsup —-E, ; { / m(XEO) 0)ds— k&5 (0) + kol (9)] > limsup —E, [ / )\(G,YS)ds].
Tteo 10 77 Lo Tto 1 77 Lo

This, together with (3.33), provides the claimed optimality of £*(#) and that
(3.36) A(O) = A0, D)p(i)

1€Y
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In order to complete the proof, it remains to show that expectations and limits as n T oo can be
interchanged in (3.23). By writing (3.23) as

T AN
E(z.4) [U(Xgm, Yrpn: )] + B [ /0 (m(X5,0(Ys))ds + k:zdg;)]

T AN
< U(z,i;0) + Ez [/ ()\(07 Ys)ds + lﬁdfj)] )
0

it is easy to see that the limit as n 1 oo can be interchanged with the expectations of the integral terms
by the monotone convergence theorem. We are thus left to show that

(3.37) lim By [U(Xhy, Y 0)] = B [U(XF, Yr; )]

By (3.28),
U(XE g, Yern,:0)] < O+ [ Xy, [) < C(L+ sup XD
Hence, by standard estimates based on the Lipschitz property of b(-,4) and o(-,4) and the fact that

§ € Ae, we conclude that E,, [ sup;<r |Xf |] < oo, thus allowing the application of the dominated
convergence theorem in order to derive (3.37). [l

4. MEAN-FIELD EQUILIBRIUM

In the following, we prove the existence and uniqueness of the mean-field equilibrium (cf. Defi-
nition 2.1) by an application of Schauder-Tychonof fixed-point theorem. Let P(O) be the space of
probability measures on O, endowed with the weak topology.

4.1. Continuity of the free-boundaries w.r.t. the mean-field term. In this subsection we establish
some regularity of the free-boundaries with respect to the variable . For the subsequent analysis we
introduce the following assumptions.

Assumption 4.1. The following hold.
(1) There exists k : Ry — R such that

leiﬂ)lﬁx(ac,@) = 00, élTIOIé 7(2,0) = k(x), foranyxz €T

and, for some x_ = (T_(1),...,x_(d)) and T4 = (x4 (1), ..., 7+ (d)), we have
>0, z<Zz_(i), >0, z<z4(i),

K(x) + k1by(z,i) 8 =0, x=7_(i), K(x) + koby(x,i) ¢ =0, = =7,(3),
<0, x<z_(7), <0, z<xi(3).

(2) It holds that by, (x,i) < 0 for any (x,1) € O, and, for any compact X x © C T x Ry, there
exists a constant C(y gy > 0 such that

E(:p,i) |:/0 e_Ct‘Trxg()?t,H)‘dt] < C(X@) < 00,

forany (x,i,0) € X x Y x ©, with c as in Assumption 2.1.
(3) Foranyi € Y we have
Z qji < 0.

jEY

Lemma 4.1. For any i € Y, the maps 0 — «;(0) and 6 — (;(0) are nonincreasing.
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Proof. Take arbitrary ¢ € Y and let 61,02 € R such that §; < 5. Then, by Proposition 3.1, we have
that the map 6 — v(z,4; 0) is decreasing, for any (x,i) € O. Hence,

{r €T v(x,i;02) >k} C{x el v(x,i;01) >k},
which, by (3.7), implies that
Oéi(eg) S ai(él).
The monotonicity of 6§ — (3;(#), i € Y, can be proved similarly. O

Lemma 4.2. The following hold.
(1) For any compact X, the map 0 — v(x,i;0) is locally Lipschtiz continuous, uniformly for
(x,i) € X x Y.
(2) The function vy (x,1i;0) is nonpositive for any (x,i,0) € O x Ry and for fixed 6 € Ry is
strictly negative for any (z,1) € C%, where C? is the continuation region as in Theorem 3.1.

Proof. Take a compact X x © C Z x R, and generic (z,i,0) € X x Y x ©. Following the proof of
Proposition 3.3 (cf. Appendix A), for € > 0 small enough, by mean value theorem, we have that

[v(2,3;0 + €) — v(x,;0)| < E(x,i) [/ elo bz()?s,Ys)dshm(Xt’e o) ﬂm()?t,e)‘dt]
0

=€, [/ elo bw(ié”y“’)dﬂﬂxe(f(t,§)|dt]
0

w ~
(z.i) [/ €_Ct’7Tm9(Xt79)’dt] <eCix o),
0

forf € (6,0 + ¢) and a compact ©* such that § + ¢ € © for any 6 € ©. Thus, since Cx g+) < o0 by
Assumption 4.1-(2), we deduce that the map 6 — v(z,;60) is locally Lipschtiz continuous, proving
Claim (1).

We next prove Claim (2). Using the representation of v, in Lemma A.1, Assumption 2.2- (2) and
Assumption 4.1-(2), one can easily check (by observing that O Xt > 0, P ® di-a. s., since Oy X7 is
a solution to a linear equation) that the function v, is nonpositive for any (z,7,0) € O x R+ For
arbitrary fixed § € Ry and for any (z,i) € C? we know that 7*(x,i;0) A o*(z,i;6) > 0, P-a.s.,
hence by representation of v, (cf. Lemma A.1) we conclude that v, (z,,;6) < 0. O

o
&=

Proposition 4.1. The map 0 — (;(0), 5i(0));cy is continuous.

Proof. For fixed i € Y we, first prove that the map 6 — «;(0) is left-continuous. Fix § € Ry, a
sequence {6"},,cn, and a compact © C R, such that ™ 6, and 0,0 € O for any n € N. Since
the map 6 — «;(0) is nonincreasing (cf. Lemma 4.1), arguing by contradiction, we assume that there
exists > 0 such that o;(0) + 0 < «;(0™) for any n € N. Observe that, since the function «; is finite
and monotone (cf. Lemma 4.1), one has

4.1) a;(0") € [ylg(f9 a;(y), 51618 ai(y)] =:/C, foranyn,
y

with IC being compact. Thanks to the fourth display equation in (3.10) we have that v(«;(0),;0) =
v(a;(6™),1;0™) = ky for any n € N. Hence, using Proposition 3.3 and Lemma 4.2 we can write

0=v(c;(0"),4;0™) —v(;(0),1i;0)
= (v(ai(Q"),i;H") — v(ai(en),i;e)) + (v(ai(ﬁn),i;e) — v(ai(e),i;Q))

0 a; (0™)
. / oo (07), s y)dy + / vu(y, 33 0)dy

n al(e)
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or, equivalently,
i (™) 0

(4.2) / ©) (—ve(y,i;0))dy =/ (—vo(ai(0),4;y))dy.
(67 i

By Lemma 4.2 we have v, (r,i;60) < 0 for fixed # € © and for any (z,7) € C?, then for ¢ € (0,0)
small enough we have that

ai(G") Oéi(e)-‘r&
(4.3) / (—valy,i:60))dy > / (—valy,i;0))dy
al(G) aZ(G)—&-e

> min vz (y,;0)|(6 —€) > 0,
T y€lai(0)+e,ai(0)+0] | (y )|( )

and

[
(4.4 | (= oau6").:9))dy < max a6, 53)] 6 — 67).

Combining (4.3) and (4.4) with (4.2) we arrive at the inequality,
} |vg(y,4;0)[(0 —€) < max o lvg(z,i;y)[(0 —0™) < C(0 —0"),

min
y€[oi(0)+€,a:(0)+6 (z,y)ELX

for a constant C not depending on n (thanks to Lemma 4.2). Thus, letting n — oo leads to a contra-
diction.

We next show that the map 6 — «;(0) is right-continuous. Fix a sequence {0"},cn C O such that
0™\, 0. Again by the monotonicity of the map 6 — «;(0), arguing by contradiction we assume that
there exists & > 0 such that «; (") < «;(#) — 0 for any n € N. Similarly to the first part of the proof,
we find

on a;(0)
/ (= vpls(6™), isy))dy = / (= valy, i:6™))dy.
0 @

i(6™)
which leads to the following inequality

| lvz(y,7;0)](0 —€) < max |vg(z,i;y)[(0" —0) < C(O—0"),

min <
y€[a;(0)—0,0(8)—e (z,y)ELXxO

for K asin (4.1) and a constant C' not depending on n. Thus, letting n — 0o, we obtain a contradiction.
By repeating the same argument, one can show that the map 6 — 3;(0) is continuous, thus com-
pleting the proof. U

4.2. Analysis of the stationary distribution. First of all, we show that a stationary distribution for
£*(0) :
the process (X; V7, Y;)>0 exists.

Proposition 4.2. For any 0 € R, there exists a unique stationary distribution 1° € P(O) for the
hybrid-reflected process (Xt5 (9), Yi)e>o0.

Proof. In light of Theorem 2.1 in [47], in order to establish the existence and uniqueness of a sta-

tionary distribution, it is sufficient to show that (Xf*(e), Yi)i>0 is a regenerative process (cf. Def-
inition (D1) in [47]) with finite length regenerative epochs. In particular, for (x,i) € O, setting

n = inf{t > 0 : Xf*(e) = ay,(0)}, P4 -as., by strong Markov property we have that the pro-
cesses (Xf::gf), Yi45)e>0 and the collection of random variables ((Xf*(e), Yi)t<n,n) are independent.
Moreover, when starting from points in the set {(c;(0),4)|i € Y}, the process (Xf*(e), Y:)¢>0 has the
same distribution as the process (ij:na ,Yi4n)e>0. Thus, (th*(e)’ Y})i>0 is a regenerative process,
with regenerative epoch 7. In order to conclude the proof, it remains to show that E, ;] < oo, for
any (z,1) € O.
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For (z,i) € O and y € [minjey a;(6), max;jey 3;(6)], we define the F-hitting time 7(y) :=
inf{t > 0: Xf*(e) = y}. If Y = ¢ by Proposition B.2 we have that th’é*(e) < Xtﬁi(e)’g*(e), P;-a.s..
Thus, we have
4.5) B[] < Eg0),0) 1) < Eg,0),) [n(ci(0))]-

We now estimate E (g, g) ;) [1(c(0))]. Let 7 be the first jump of the process Y and denoting by Z
the solution to the SDE

(46) dZt = b(Zt, l)dt + O'(Zt, Z)th, Z() = 52(9),

for 7 := inf{¢t > 0 : Z; = a;(#)}, by a comparison principle (a slightly different version of Proposi-

tion B.2) we also have Xtﬁi(e)’g ©) < Z, forany t € [0, 7 A7), P;-a.s., which in turn implies
Pgi0).) (n(ci(9)) < 7) = Pigie) (71 < 7).

Therefore, we find

@7 P (@) <7) = P (0 <7) = /0 Ellsicyy] Fr(dt) := p > 0,

where F- denotes the distribution function of 7 and the last inequality follows from the fact that the
SDE (4.6) induces a regular diffusion (cf. Assumption 2.1).
Using (4.7), we have

(48)  Eiy[n(eu(0)] = E [n(ai(0 ))1{77 (@) <r) + B [1(ci(0) 10 (0)) 271
< B [T] +E [ (x5O )y, )[ n(a;(0))(1 = Lin(ai(0)) <7‘})H
=Ei[r] + E@a) [(1 = Lnauo) <) B [B xew@ . [1(0i(0))]]
=E;[7] +(1—]P’( y (1(0i(0)) < 7)) Eqz) [n(ai())]
SE[7] + (1 = p)Ee) [1(i(6))],

where in the second equality we use the strong Markov property of (th*(e)’ Y:)¢>0. Then, since (4.8)
holds for any (z,7) € O, we obtain

sup B ) [n(ei(0))] <Ei[r] +(1—p) sup Egs[n(ai(8))]-
(z,0)e0O (z,i)€O

Equivalently, we write

1
(4.9) sup Ep ) [n(ci(8))] < —Ei[7] < o0,
(z,0) €O

A

where, in the last inequality, we have used that the process (Y;):>0 is irreducible and positive recurrent.
Finally, plugging (4.9) into (4.5), we conclude that E(, ;[7] < oo, which in turn implies that

(Xt£ (9), Yi)¢>0 is a regenerative process with finite mean regenerative epochs. Hence, by Theorem
2.1 in [47], there exists a unique stationary distribution, concluding the proof. U

Next, we characterize the stationary distribution and we study its stability with respect to changes
of the boundary.

Theorem 4.1. Let v € P(O) be the stationary distribution of (Xf*(e), Yi)i>o0. The following hold:
(1) For any i € Y, the cumulative distribution function pu°(x,i) := 19((z,z],i), x € T has

regularity 1 (-,i) € C'([au(6), B(6)]) N C2((@:(6), B:(0)) \ Uy {0y (0), B3(6))) and. it is

the unique nondecreasing solution of the equation

(@10) 50 (0,1) g, 1) — (1) — 00 D), 8) 4 ayan” () = 0, € (a(6), 5i(9))
JjeY
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satisfying the boundary conditions i (z,i) = 0, x < a;(0) and p°(z,4) = p(i), = > B;(6).
(2) Themap v : Ry — P(O), 0 — v is continuous.

Proof. The proof of the first item follows closely the proof of Theorem 1 in [23], and it is proved in
Appenidx C. Therefore, we only provide a proof of Claim 2.

For any («, 8) = (v, Bi)icy, we denote by (-, -; o, 3) the solution of (4.10) with («(6), 3(0)) =
(c, B). Then for ® C R, compact such that § € © and for {6"},,cny C © such that " — 6, as
n 1 oo, we know by Proposition 4.1 that «;(6") — «;(f) = «; and 3;(0") — 3;(6) = B; for any
i € Yasn 1T oco. For simplicity we set (o', BI")iey = (a;(0"), 3;(0™));ey for any n € N. Unless
repeating the subsequent argument with minor modifications, we assume that there exists ng € N such
that, for any n > ng and for any ¢ € Y, we have (o, 5") C («, 8;). Forany n € N, let p"*(x, ) :=
v"((z,x],1), (x,1) € O be the cumulative distribution function of the stationary distribution of the
solution to SP(a", 8™, x,1) (cf. Proposition 4.2). According to Claim 1, p" satisfies (4.10) with
boundary condition on (™, ™). Next, for any n € N and for any (z,i) € U?Zl(a?,ﬁln) x {i},
define v"(x,7) := p(x,i) — p"(z,7). Since p and ™ are solutions to the linear system (4.10), for
eachn € N, v" is a solution to the boundary value problem

L7 " ‘ j T ) ' :07 n? i ) ' Y7
4.11) { (X,i)v. (x,i) + Z.]EY q;iv" (z .j) x e (o] éz ), i€
U”(a?’z) :,u(a?,z), Un( in’z) ::u( ?,Z) _p(l)a
where L7 v™M(x,i) = Lo (i) vl (2, 1) — (b(z, 1) — 00 (2,4))v" (2, ). Now, thanks to Assump-

(X
tion 2.1 and Assumptlon 4.1-(3), we can apply Theorem 1 in [ ] to (4 11) which gives us

sup 0" (z,8)] < Cmae { (e, |(BL §) — p6)1}.
ze(al,B)

Therefore, for any =z € (ay, 8;), we deduce that p"(x,7) — p(z,i) as n — oo. Hence, by an
application of Theorem 5.25 in [34] we obtain that ™ — ¥ as n — oo thus completing the proof of
Claim 2. O

4.3. Existence and uniqueness of the MFG equilibrium. Next, we turn our attention to the main
result of this section. To this end, we introduce the operator 7 : R, — R, as

(4.12) TO = (Z/f O(dx,i > =F((f,v%), 0eRy

where (f,1%) = > ,.y [; f(x)v?(dz,i). Thanks to the previous results, we can now prove the
existence and uniqueness of a stationary mean-field equilibrium.

Theorem 4.2. There exists a unique MFG equilibrium 0*; i.e., a unique 0* € R4 such that T6* = 6.

Proof. We divide the proof in three steps.

Step 1: Set of relevant 6. We introduce the following auxiliary Dynkin game

TNAO ~ R
4.13) y(;p’ 1) = 7}161;_ Slel,]p-E(m 0 |:/0 efot bI(XS7YS)dS’€(Xs)dS

+ klefOT bx()?37ys)d81{7_<o_} _|_ erfod bg: ()?57Y3)d81{0—<7—} .

Arguing as in Section 3.1, the Dynkin game (4.13) admits a value and a saddle point. In particular,
we can define o; 1= sup{z € T : v(z,1) > k1 } and 3, := inf{z € T : v(,i) < ko}, as well as the
stopping regions S;, ¢ = {(z,7) € O : v(z,i) > k1 } and SSup ={(z,i) € O : v(z,i) < ka}. Thus,
we have that the stopping times 7*(z,7) := inf{t > 0 : (X;,Y;) € Sy} and o*(z,4) := inf{t >
0: ()?t, Y;) € Sqp) realize a saddle-point for (4.13). Also by Condition (3) in Assumption 2.2 and
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Condition (1) in Assumption 4.1 we conclude that 7, (z, 0) > k(z), for any 6 € R, so that (cf. (3.4)
and (3.6))

(4.14) v(z,1) <ov(x,i;0), forany (x,7;0) € O x Ry.

Then, for any (i,0) € Y x R4, we have

(4.15) a;(0) =sup{z € T :v(x,i;0) > k1} >sup{z € T :v(x,i) > k1} = o
Analogously, we find

(4.16) Bi(0) = B,, forany (i,0) € Y x Ry.

We then define

(4.17) 0:=F (Z/f dxz)

where v is the unique stationary distribution of the process (X, Y;):>0 and X is the solution to the
SP((«y, B,)iev; X, Yo). Then, by Proposition B.2, since f is increasing, we obtain
(4.18) E[f(X,)] <E[f(X; )], foranyt > 0.

Hence, by Proposition 4.2, we can employ the ergodic theorem (see pg.274 in [47]), in order to deduce

that
(f,v) = hm / dt< hm / =(f,v >,

which in turn, by monotonicity of F', leads to
(4.19) 0<TH6.

To find an upper bound for 76, we proceed as follows. Since, Xf*(e) € [ay,(0), By, (0)], for any t >
0, P-a.s. for any # € R, thanks to the monotonicity of F' and f (see Condition (1) Assumption 2.3),
we have

To_F (Z [ st ) §F<gp(i)f(ﬁi(9))> §F<gp(i)f(ﬁi(0))>,

for any # > 6. In the last inequality above we have used the fact that the map 6 — (5;(6));ey is
nonincreasing (cf. Lemma 4.1). Hence, we define 6 := F'( Zle p(i) f(Bi(8))) and for any 6 < 6 we
find that

(4.20) TO < 0.

Thus, combining (4.19) and (4.20), we conclude that any potential fixed point of 7 must lie in the
convex, compact set

4.21) K :=1[0,0) CR,.

Step 2: Continuity of 7. We begin by observing that the barriers related to § € K, belong to
a compact K , defined in terms of the compact set K in (4.21). Indeed, by Step 1 we know that
a; < «;(0) for any (i,0) € Y x K, and, by monotonicity of the map 6 — [3;(6) for i € Y we have
Bi(0) < Bi(0) for i € Y. Thus, for each # € K we have,

(4.22) a;(0),Bi(0) € 5%1%{1 a],rjnea%?(@( )} =: K, foranyi € Y.

Define now the map 77 : K — P(IA( x Y) by
Ti0) =10, HeK.
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By (4.22), such a map is well defined. Moreover, thanks to Claim 2 in Theorem 4.1, the map 77 is
continuous. Next, we denote by 7 : P(K x Y) — K the map

To(v) = F(i [ wian.i)

Since the functions f and F' are continuous and the probability measures have compact support, the
map 7 is clearly continuous. Concluding, the map 7 := T 07; : K — K is continuous in the
convex compact set K and, by Schauder-Tychonof fixed point theorem ( Corollary 17.56 in [4]), there
exist 0* € K, such that 76* = 0*.

Step 3: Uniqueness. Let 6* € K be the fixed-point of 7 and let #’ € K another fixed-point of T
such that 6* # ¢’. Without loss of generality we can assume that 6* < 6’ (the opposite inequality can
be treated similarly). Following the same arguments as in Step 1 we conclude that

a;(07) > a(0'),  Bi(0") = Bi(0), Vie Y,
so that @ = T0' < T6* = 0*, which leads to a contradiction. O

5. N-PLAYER GAME AND APPROXIMATE NASH EQUILIBRIA

In this section we establish the classical connection between MFG and N-player game, by con-
structing approximate Nash equilibria starting from the MFG equilibrium.

5.1. N-player game. Let W and Y be as in Section 2 and assume the filtered probability space
(Q,F,F = {Fi}+>0,P) to be large enough to accommodate a sequence of independent and iden-
tically distributed F-adapted processes {(W™, Y ™)}, cn as well as independent and identically dis-
tributed Z x Y-random variables {(x{, i) tnen, (zo,4%0). Each (W™, Y™) has the same distribution
as (W, Y') and the random variables (W",Y™), (W,Y), {(x§, ") }nen and (o, ip) are assumed to be
independent.

When player n does not intervene, its state process X" evolves accordingly to the SDE

dXi" = b(Xy, Yy )dt + o (X[, Y,")dW, (X', Yg') = (26, ip)-

Given a boundary vector (o, ") = (a7}, 8})jevy € R?4, the (o™, B™)-barrier-type strategy for player
n is the reflection process for the state of player n in the regime-switching domain (o/f/t, By, )t>0; that
is, the £"-component of the solution (X™,£™) to the Skorokhod problem SP(a™, 3", x,i) for the
noise (W™, Y™), accordingly to Definition 3.1. Without carrying the dependence on the index of the
player, we denote by Ay the set of barrier-type strategies. Thus, when player n choose a strategy
& e Ay, its state process X™¢" evolves following the regime-switching (reflected) SDE

dX" = b(X YAt + o (XS Y AW 4 dert — e, (XgETYE) = (b, ).

The (generic) vector £ := (£1,...,&N) € A{)V represents a tuple of control policies of the IV players.
We denote by £ = (fé)g;én a vector of strategies of the opponents of player n, and we use the
notation & = (", & "). The profit functional of player n is defined as

-n . 1 r n,Em n n,—
(51) Jn(gn’ E ) = lim sup T]E|:/ 7T(‘)(t * 792\]—" (t))dt - klgTd— + I{:QST7 )
T1oo 0

where Qév,n denotes the mean-field interaction term between the players and has the form

— 1 0€f
(5.2) 00 (t) = F<N1 #Zn f(X; )>, t>0.
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Our aim is to use the solution of the ergodic MFG as an approximating solution of the /N-player
game. In particular, for K being the compact set as in (4.22), defining the set of restricted barrier
strategies

(5.3) Ay = {(a™, B")-barrier-type strategy with (o}, 8]')jey € IA(Qd},
we give the following definition of e-Nash equilibrium.

Definition 5.1 (e-Nash equilibrium). For e > 0, € = (€', ...,éN) € AV is called e-Nash equilibrium
for the N-player game if, foranyn = 1, ..., N, one has

(5.4) JUENET) > TUEET) —e, VE" € Ay

Let 6* be the unique MFG equilibrium as in Theorem 4.2 and (a/(6*), 3(60*)) = (i (6*), 5;(0*))iey
be the related boundary (see (3.7)). We now use the MFG equilibrium 6* in order to construct profile
strategies for the N-player games. For any N > 1 and n = 1,..., N, define the strategy £” as the
(a(6%), 5(6*))-barrier strategy for the noise (W, Y™).

Remark 5.1 (On the initial distribution). We point out that all the results in the previous sections
hold true also if the deterministic initial condition (Xo—,Yy) = (z,i1) € Z x Y is replaced by the
random initial condition (Xo—,Yy) = (xo,10). Indeed, by considering (with slight abuse of notation)

the payoff
1 T
J(l‘o, io; g, 9) = lim sup TE |:E(x0,io) |:/ W(Xf, Q)dt — klfit + k255:|:| )
T1oo 0

by the Markov property of the solution to the reflected Skorokhod problem the MFG equilibrium
(£(0%), 0%) is still given by Theorem 4.2, with £(0*) characterized as in in Proposition 3.5.

In light of the definition of K in (4.22), we have " € fTb. Let € be the related profile strategy; i.e.,
set & := (&1, ..., €M),

We first show the following preliminary result.
Proposition 5.1. For any N > 1 and {¢"},<n € JZ{)V, the ergodic limit
lim 1
Ttoo T'
holds for any bounded function G : O — R.

T
/ G YL XN Y Ndt = | Glan,in, e v in) Y v (dxeie), Peas.
0 ON

Proof. Since {(W;", Y{")y0 nen is ii.d., the family {(X["*",¥;");>0}n<n is i.i.d. For any fixed
1 < n < N, by the proof of Proposition 4.2 we know that the process (X" ’gn, Y/")¢>0 has a unique

stationary distribution ™. Thus, by independence of the processes (X' ’gn, Y,")¢>0, the stationary
distribution for (X<, Y1, .., XN€" v'N) denoted by #V € P(ON), exists and it is given by
DN(dxlv i17 ey de; ZN) = ®éV=1V£(dxe7 Zf)

Clearly, this distribution is unique. Thus, by Theorems 3.2.6 and 3.3.1 in [21], the ergodic limit
holds. -

5.2. Approximation result. We enforce the following condition.
Assumption 5.1. There exists C' > 0 such that,

[m(x,61) = 7(x,65)| < C(1+ |z[”)|61 — 2],
forany 01,05 € Ry and x € 1.

In the spirit of [15] and [16], we can now state and prove the main result of this section.
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Theorem 5.1. The profile strategy & := (El, e EN) € .%T{)V is an € x-Nash equilibrium for the ergodic
N-player game, with ey — 0 as N — oo.

Proof. We first introduce some notation. Take barriers (o, ) = (i, Bi)iey € K% with K as in
(4.22). Denote by (X™¢", £") the solution to SP(«, 3, z, 1) for the noise (W™, Y™) of player n, and
denote by (X, €) the solution to SP(a, 3,z,1) for the noise (W,Y") of the MFG. By uniqueness in
law of the solution to the Skorokhod problem, the processes (X™¢",£") and (X™£",£") have the
same law, hence

1 T n
(5.5) J™(E™,0%) == limsup E[/ 7r(Xt"’5 L0%)dt — ki €5 +k2§§:]
T1oo 0

1 T - . s
= lim sup E[/ w(Xff L0 )dt — k€ 4 kol } =: J(&,6%).
Ttoo L | Jo

Next, introduce the error estimate between the functionals of the N-player game and the MFG. For
NeNand1l <n <N, set

Ry(€") = J"(€", &) = JN(E",07), & e Ay
Since the control £(0*) is optimal for 6* (cf. Proposition 3.5), using (5.5), we have that
JUENET) = JN(EMET") = Ry (€") — R (€7) + J(E", 07) — TN, 07)

= Ry(€") — Rn(€") + J(£(6%),67) — J(€",67)

> Ry (€") — Ry (€"), forany € € A,.

=

Therefore, in order to complete the proof it is sufficient to show that

(5.6) lim sup Ry(£") =0.
TOO é’neﬁb

By using that limpyo (a7 + B7) > limppee (o) 4 limgyo, (Br), write

. 1 T n,Em n n,—
(5.7) Ry(€") = limsup TE[ / T(X 07 (8)dt — ki & + kol ]
TToo 0

1 r n -
— lim sup E[/ W(X:’f ,0%)dt — k1§§’+ + kol }
T1oo 0

1 T n n
< lim sup E[ / (W(Xt"vf 0N () — m(XE ,9*))654.
Ttoo 1’ 0 ¢

Next, by Proposition 4.2, there exists a stationary distribution ¢" for the process (X} ’gn,Yt)tzo.
Moreover, Proposition 5.1 ensures that the process ((X™",Y™), {(X“e, Y*)i>0} o) admits an

ergodic distribution ® #nyg ® v¢" with support in the compact set (I? x Y). Thus, by continuity of
the functions f, F' and 7, Proposition 5.1 also allows to rewrite (5.7) as

Ry(£") < /(9/0N1 (F(iEn,F(#Zn ]{f(xﬁ)l)> - W(mn,ﬂ*)) Rppn, VV (dg,ig) @ V°" (dp, i)
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We proceed by further estimating SUD¢nc A, RN (£"). From the latter inequality, since ® g4, vVout"
has compact support, we can use Assumption 5.1 to obtain

Ry (&) < C/ON(1+|mn|5 ‘ <ZN”W ) F({f,v >)‘ Rizn V' (dxg,ig) @ VE" (dy, i)

< o(/o(1+ yg;nyﬁ)yf"(dxn,in)>

x B F Zf(iw _F(<f,7/9*>) Repn v (de, ip)
(o (255

é;én
< (O~
o CK(/ON1

< N _ 1) <f7 >)' ®f7$n Vz(dxéai€)>v
l#n
where the constant C'z; depends only on the compact K, since 14" ha support in the compact K
& e Ab asin (5. 3)) Next, using the local Llpschltz property of F' (cf. Assumption (2b)-(2.3)), and
again the fact that v/* are supported in the compact K x Y, we obtain

sup Ry (§)
EneA,

1

1.
<Cx | <1 +D :M + <f7u9*>> i
L#n

%1 Z fxze) = (f, V9*>' Repn v (dzg, ).
l#n

> M — (07| @ezn v (day, i)
L#n

<Cp
- K ON-1

Finally, by using the strong law of large numbers (cf. Theorem 4.23 in [34]) and the dominated
convergence theorem, a limit as N — oo in the latter inequality leads to (5.6). This completes the
proof of the theorem. g

APPENDIX A. RESULTS ON THE OPTIMAL STOPPING GAME

Proof of Theorem 3.1. Let (z,i,0) € O x Ry and 7,0 € T given and fixed. We aim at applying
Theorem 2.1 in [44], and for this we first notice that

TNO

f(x, i;7,0,0) = IE(M) [/0 elo bz()?s’yg)dswx()?t, 0)dt + k:lefoT bm()?s’y‘g)dsl{TSU}
+ kaeld bz(is’ys)dsl{aq}} =B [/OOO elo be(KeX o (R, 0)dt
- /TM eJo be (X Yo)d ﬂw(Xt,G)dt—i— kpelo be XS’YS)dsl{ <o) T kgedo be (XS’YS)dsl{U<T}]
=BG [/000 el b“'()?s’YS)dsﬁx()A(tﬁ)dt] — By |:]/E(a:,i) [/OO eJo oK Yo)ds e (R, )t fmaH
Ao

+ B [klef(; B bz(iS’YS)dsl{oa}} .

Then, defining
Go<x,i;9>:=ﬁ<x,i>[/ el e (Xe o) <Xt,e>dt]’
0
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by the strong Markov property of ()? t, Y2)¢>0 We obtain
(A.1) j(ac,i; 7,0,0) = Go(x,4;0) — E(m‘) e’ bz()?S’YS)dSGO()?T/\Ua Yine; 9)]

n E(z’l) K efOT bx(XS,Ys)dsl{TSU} + k‘g@fod by (Xs,Ys)dsl{U<T}:| ]

Therefore,

(A2) J(z,i;7,0,0) = Go(x,7;0) + By |eld be(XoXo)ds () — Go(X,, Vo 9))1{T<0}]

~

+ E(x,i) ef(;T bz (Xs,Ys)ds (kg — Go()?g, Y,; 9))1{U<T}:| ;

that is,
j(:E, 15T, 0, ‘9) = Go(.r, (& ‘9) + H/"i(x,i,l) [Gl (Xt; 9)1{T§J} + GZ(Xt; 0)1{U<T}] )

where we have set Gy (z, i, 2; 0) := z(k1 — Go(z,1;0)), Ga(x, 1, z;0) := z(ke — Go(z,1;0)), we have
introduced the 3-dimensional right-continuous strong Markov process

(A3) Xi = (X0, Yi, Z0),
with Z; := z-elo bz()?s’YS)dS, and ]:E(z,i,l) is the expectation with the respect to I/Es(mvl)[ = ]/I\D[ : |)?0 =
x,Yy = i,Zy = 1]. We observe that by Condition (3) in Assumption 2.1 and Condition (5) in
Assumption 2.2,
E(ac,i,l) [Sgp ‘GZ(XI‘/, Q)H < o0, 1= 07 1a 2a
>0

where as well as, Go(X;;0) < G1(Xy;0) for any t > 0. Also,

lim Gl(Xt; 9) =0 and lim GQ(Xt; 9) = 0, I/PS(CC i 1)—a.s.

tToo tToo ™
Hence, we can apply Theorem 2.1 from [44] and complete the proof. g

Proof of Proposition 3.2. We argue by contradiction and we suppose that Sseup = (). This implies that

o* = 00, I@(m)—a.s. and for any (x,7) € O, and we thus obtain that

by < w(x,i:0) = inf By [ / eJo be(KaXoddsre (%, 0)dt + kel be(Ko Yo)ds
TE 0

< E(xﬂ) |:/ efg bm()?s,Ys)dsﬂ_x()?t? 9)dt:| .
0

By Condition (4) and Condition (5) in Assumption 2.2 we reach a contradiction with ko > 0 by taking
x T Z. The proof of Sienf # () follows by similar arguments. O

The next result, which will be used in the proof of Proposition 3.3. below, provides the so-called
semiharmonic characterization of v (see [44]). Its proof is direct consequence of Theorem 2.1 in [44].

Proposition A.1. For any (x,i) € O, we have under @(m) that

(1) ( Ot/\T*(g) Wm()?tﬁ)dt_q_@f(fm @ br(it’n)dtv()?tm*(g),Yt,\T*(g))> is an F-submartingale;
>0

(2) ( Ot/\"*(g) ﬂm(Xt’G)dt+enga @ br()?f’n)dtv()?t,\g*((g),Yt/\g*(g))> is an F-supermartingale;
>0

s o* ~ tAT*(0)Ac™(0) % S
3) ( IO O) (R4, 0)dit+elo b“(X“Yt)dtv(XmT*(a)Aa*(e)7th*(a)m*(e)))

>0
is an F-martingale.
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Proof of Proposition 3.3. The proof is organized in several steps.

Step 1: We start by proving that v(-,;0) € C°(Z), for any (i,0) € Y x R,. Letting (z,i,0) €
O x Ry and € € (0, 1), we recall the optimal stopping times 7%(6) = inf{t > 0 : X; < ay,(0)},
o*(0) = inf{t > 0 : X; > By,(0)} P 4)-as. and define o7 (0) := inf{t > 0 : X; > By,(0)}
@(z%’i)—a.s., analogously 7.(#). Then we have that

|v(ac +e6,4;0) —v(x,i; 9)|
< |J(x + €, 7°(0),07(0),0) — T (z,i;7°(0),07(6), 0)|

[ 77 (0)ncZ(0) wte v ty Pz yi S
E[/ (efo“ Yo, (X7, 6) - efobﬂXst)dSm(Xf,e))dS]
0

—~ X (6 Txte i 0 x 7
EKefOE“bz(Xs*,YS)ds_ef c©) by (R, Yi)ds >

<

+ ky

+ ko Lor0)<r=(0 )}”

(A4) =i A+ k1 BY(7(0)) + ko B(07(6)).

We bound the first term as follows,

/ €f0 (Xzte Yl)ds‘ m()?f+670> _Wx()?tgc79)|dsj|

(A.5) A€ < E[
0

s [7 fte(Rebe viyds _ [ ba(R2,Yi)ds X7
—|—E }eox s 3 Xg — eJo V= solg “Wx(Xt,g){dt
0
Thanks to Condition (3) in Assumption 2.1, (A.5) gives
[o¢]
(A.6) A < E|:/ —ct‘7r$ X:B+E 9) — Ty th, |dt:|
0
ST e (REe yi)ds [T ba(X2,Y0)ds v
PB| [ e bR _ B0 REXD |, (R7, 0)] ]
0

Following the same arguments as in Theorem 38 from Chapter V.7 in [46], we can prove that x +—> X L
is continuous P ® dt-a.s., so that

(A7) |ef0bz (X5FeYi)d — eJo bal Xeyi ds‘ — 0, 6¢O]P®dt a.s.
Furthermore,
(AS) ‘efo Xz+6 Y’L efo si)d5| S ze—ct

Hence, combining (A.7), (A.8) with Condition (5) in Assumption 2.2 we obtain that the second ex-
pectation on the right-hand side of (A.6) vanishes as € | 0. On the other hand, one can prove a version
of comparison principle for hybrid-SDEs ', i.e. )A(f < )A(ere, P ® dt-a.s. and using that 7, (x,0) > 0
for any (x,0) € Z x Ry and x — 7, (x, 0) is decreasing for any 6 € R, we obtain

(A.9) |7 (XPHE,0) — mo (X7, 0)| < 27, (XF,60), Podt-as.

Therefore, using again Condition (5) in Assumption 2.2, we can let ¢ | 0 and we observe that
also the first expectation on the right-hand side of (A.5) converges to zero, due to the dominated
convergence theorem.

1Writing [0,00) = US2 [Th—1,Tn), where Ty, is a F-stopping when Y makes a jump, thus applying Proposition 5.2.18
from [36] to each [Tn—1,7n), n € N and using the flow property of (X+):>0 we obtain the result.
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Now we focus on the two other terms on the right-hand side of (A.4). By the differentiability of the
map T —> X (cf. Theorem 39 Chapter V.7 of [46]) and by the mean value theorem, for € € (x, z+e€),
we have that,

(A.10)

sae t ~
o be ET s _ oo ba (X3 ¥ _ gy bol X330 / beo (X5, Y1), X2, _s.ds), Podt-as.
0

s 178

This, combined it with Assumption 2.1-(3) gives us, for fixedn € T,

eo"bz()?fe,Ysi)dS(/nb (X:c Yz)a X:r:} EdS)
0

~

(A.11) Bf(n) < &

s 17 s

~

<e€E e_cn/n}b:m( s s ‘8 Xa:’x:jed5:|
L 0

< ¢k /Ooe_cs‘b (XY, ‘3 Xm| eds],
0

hence sending € | 0 in (A.11) by Assumption 2.2-(6) invoking dominated convergence theorem we
can exchange limit with expectation and we obtain (cf. (A.4))

lim (k1 B“(7*(0)) + ko B(0(6))) = 0.

Step 2: Let (i,0) € Y x Ry. By Theorem 3.1, we know that v(-,4;6) = ki, = € (z,0,(0))
and v(-,7;0) = ko, x € (Bi(0),7) for any (i,0) € Y x Ry. Hence, it is sufficient to show that
v(-,i;0) € C%(C?), for any (i,0) € Y x R, . We then define the following boundary value problem:

' w(a;(0),1;0) = v(a(0),4;0), w(B;(0),1;0) = v(B;(0),1;0),
where £ gw(z, i;0) := 302 (2, i) waa(x, i3 0) + (b(z, i) + 004 (2, i))ws(w,4;0) and f(z,4;6) =
— 222 4ijv(x, j;0) — 75 (2, 0). Using Condition (4) in Assumption 2.1 we conclude that (A.12) has

a unique classical solution w(-,;60) € C?(;(6), B:(0)) (see Theorem 6.13 in [28]). We then define
the function w : (a;(0), B;(0)) x Y x R4 +— R by:

oz, j:0) w(zx,1;0), j=1
w(x,j;0) = . o
/ v(x,7:0), J#i,

and the stopping time 7y := inf{t > 0 : Y}’ # i}. Hence, setting n(0) := 7y A 7*(0) A 0*(6), from
Dynkin’s formula we have:
(A.13)

~ ~ S n(6)
w(x,4;0) = w(w,i;0) = E, 4 |:’U(X77(9),Y77(9); Q)Cfo"(g) bz(Xs,Ys)dS_|_/ oJo ba (X Ys)ds (X, 0)dt
0

because U_J()?n(g), Yy0):0) = ’U()?n(g), Yy,6);0), and, on s < n(0),
1 o2

50" (X, Yoo (X, Yo 0) 4 (0(Xs, Ya) 4000 (X, V)0 (X, Y 0)+ (b (X, Yo) =)0 (X, Ve 0) =

~ ~ ~

1 - - N N N
EUZ(X& Ys)wmz(XSa Y; 9)+(b(Xs, Y:@)"'O-UI(X& Y;))wx(Xs» Y; 9)+(bm(XSa }/S)_Qii)w(Xs; Y 9)

= f()?sa Ys; ), @(m)—a.s..
However, () < 7*(0) Ao™(0), I@(x’i)—a.s., which, by the martingale property (3) in Proposition A.1,

gives

v(x,i;0) = I/E\I(z,i) v()?n(g),Yn(g);H)efon(e) bw(ié"y“’)ds—i—/ eJo bz (X5, Ye)d Wx()?t,Q)dt = w(x,i;0).
0
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Since the latter holds for every = € («;(6), 5;(#)) and for arbitrary i € Y, we obtain v = w, which
finally yields that v(-,7;0) € C?((i(0), Bi(0)).

Step 3: Thanks to the previous steps, it is now sufficient to prove the continuity of v,(-,7; @) only
across the free boundaries «;(#) and j3;(6), for any (i,0) € Y x R4. We prove this only for «;(6),
being the proof across 3;(6) similar. Notice that from (A.4) we have

o(@ +658) —vl@i0)| Ae+ ’“136( (9))+%B€(a:<9)>-

(A.14)
€

We recall that the map = — X is differentiable and by regularity of profit the function (cf. Assump-
tion 2.2), for z§ € (z,z + €) we have that,

(A.15) | (X7, 0) — (X7, 0)| < €| maa(X[T, 0)] 0. X7 lopes  P®dtas.

Using (A.15) in the first expectation on the right-hand side of (A.6), and applying the mean value
theorem in the second expectation (cf. (A.10)), we can find z§ € (z, z + €) such that
(A.16)

1 - T (9)/\0':( ) A~ € =
“A < E[/ e maa (X, l’e)laﬂﬁX?‘x=xid8:|
0

€

[ T ONEO) o, s _ o
—1—153[/ <ef0 be (X%, Y )ds | ‘ﬂm(Xf,Q)‘ . ‘/ bm(Xf,YZ)(?me‘xfﬁds
0 0 —t2

) dt} |
On the other hand, by (A.11), for any € T, we have

(A.17) iBE(n)ng[/ooe *Jboa (X3, Y)[0. X7, eds},
0

for some z. € (x,x + €). Hence, sending € — 0, we can interchange limits and expectation thanks to
Conditions (5) and (6) in Assumption 2.2, and find from (A.14) that (cf. (A.16) and (A.17))

(A.18)
~ T*(O)NT*(0) - .
0% fostovico) <E| | naa(X7.0)/0, K705
0

= T*(0)No™*(0) =N
—I—E[/ e ‘ﬂ'x Xf, </ ‘bm XSJ",YZ ’&L«szds.‘)dt]
0

T(0) N
+k1E[efo ez ws / [baa (X2, Y7) \axxilxds)]
0

+ kaIE |:efod*(9) be (X2,Yi)ds ( /
0

where we have also used that o(0) — o*(0) @(w,i) ® df-a.s. Finally, sending = | «;(0), 7%(8) —
0, @(z,i) ® df-a.s. so that v(-,4; 0) is C! across a;(6). O

o™ (0) N
(2 ¥ 0. R05) |,

Finally, arguing as in the proofs of Steps 1 and 3 in the proof of Proposition 3.3, one can evaluate
upper and lower bounds for 2 (v(z + €,4;6) — v(x,4;0)), which, after taking limits as € | 0 yield the
following probabilistic representation of vy.
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Lemma A.1. Under the Assumptions 2.2-(5) and (6)-(2.1), the representation
[ T Onr(O) o R R
vy (2,15 0) =E [/ eJo be(X5.Y:)ds (Wm(Xf, 0)0, X}
/ (X2 Y9 Xl‘ds) ()?f,&))dt}
7' ( )b Xac Yz ds T*(g)
+ k‘lE|: = ) (/ by (Xf, szz)a Xde) 1{7’*(0)<0*('9)}:|
0
=~ ¥ (0) b (X YV a"(6)
+ kR |efo (XYY s(/ bua (X3, Y1) s Xxdé’) Lo+ @)<r (9
0

holds for any (z,1,0) € O xRy, where 7*(0) = 7" (x,14;0) and c*(0) = o*(x,1; 6) are as in Theorem
3.1.

APPENDIX B. SKOROKHOD REFLECTION PROBLEM WITH REGIME-SWITCHING AND PROOF OF
THEOREM 3.2

In this section we focus on the existence and uniqueness of a solution to SP(«, 3, x,4) as defined
in Definition 3.1. Then we show a comparison result and finally we prove Theorem 3.2.
Recall [ as in (3.16) and denote by I" : D[0, co) — DJ0, co) the following operator

s<t

I(X); := I(X); — max { (z = Bi(0)) " Ainf (I(X)s — ay,(8)),

(B.1) sup <(I(X)S — By,(0)) A inf (I(X), — ayu(Q))) } = I(X); — E(X)¢.

SSt ue[sat]
We first prove that the operator has a fixed point.
Proposition B.1. There exists unique solution to Skorokhod problem SP(«v, B, x, ).

Proof. Let T > 0 and X, X’ € D|0, 00), then using the inequalities

max {1, f1} — max {ag, B2} < max {a; — a2, 81 — Ba}

[sup |f(s)] = suplg(s)l| < sup |f(s) — g(s)]
s<t
| 1nf | /(s )I—mf!g |\<sup\f —g(s)],
we obtain that
(B.2) sup |[T(X)s — T(X")s|* < 4sup |[1(X)s — I[(X')|?, t € [0,7].
s<t s<t

We now derive an estimate for sup,; |1(X)s — I(X')s ‘2. In particular, we have that

2

E[sup|I(X)s — I(X’)Sm < QE[sup
s<t s<t

/ T (X, Y2) — (X', Y2))ds
0

|

+ sup
s<t

/OS (0(Xs,Ys) — (XL, Ys))dW,
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By an application of Holder’s inequality in the drift term and an application of Burkholder-Davis-
Gundy’s inequality to the local martingale M; := fo (0(Xs,Ys) — 0(X],Ys))dWs, we find that

[Sup 11(X I(X’)ﬂ < ]E[C(T+ 1)/; |b(X, Ys) — b(X;,YS)‘st}

s<t

t
< CK*(1+ T)E[/ sup | X, — X{L}zds} :
0

u<s
where the last inequality is due to the Lipschitz property of b and o. Finally, for a constant C; =
C1(K,T) > 0it holds
t
(B.3) E [Sup IT(X)s — F(X’)SF] < ClE[/ sup | X, — X;\st], te0,T).
s<t 0 u<s
Let { X(™}, oy be a F-adapted process such that
X =z te0,T]
x™ =T (X)), t e [0,T].
Then, by (B.3) we have that

t
(B.4) E[sup\r(XW)s —I‘(X("_l))sﬂ < ClE[/ sup [ XD — x (=225 |
0

s<t u<s

which yields

(B.5) E[sup‘F(X(n))s —F(X(n_l))s|2] <

s<t

where E [ sups<; | X 3(1) - a:|2] < Rt. Hence, by using (B.5) and Markov inequality, we obtain that

t t t t
/b(X§”>,y;)ds+/ a(Xs(”),Ys)dWS—>/ b(XS,YS)ds+/ o(Xs, Ys)dWs,
0 0 0 0

uniformly in compact sets of [0,7] as n 1 co. Defining X := lim,_,o I'(X(™), and taking £ =
& — ¢ = E(X), we write X¢ = I(X¢) + ¢ so that the pair (X¢,¢) satisfies the properties of
Skorokhod problem in Definition 3.1 for every ¢ € [0,7]. To extend the solution to [0,00), we
observe that (B.3) does not depend from the initial conditions. Hence, the result holds on each interval
with length 7" and, by writing [0, 00) := (o~ [(n — 1)T', nT"), the proof is complete. O

n=1

The next Proposition establishes a comparison principle for the optimally controlled state with
respect to the mean-field parameter.

Proposition B.2. Let x1,20 € T and 01,602 € Ry such that x1 < xo and 01 < 05 then it is true that:

(B.6) X800 < x #2802 P g,
Proof. Let {X ("’5’379)}”61\; to be a sequence of F-adapted processes such that
(B.7) ax™0 — ((x"™ vi) + g @ (x0 v dt + o (X0 v dwg,
where,
0, € [ai(0),5i(0)]
9 (w, 1) = (:v —ai(0), T < au(0)
—n(z — B3;(0)), x> B;i(0).
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Let {7 } ren be the sequence of random times where the jumps of Y occurred. Thanks to Proposition
5.2.18 in [36] and Lemma 4.1, by an induction argument we find

Xt("’xl’el) < Xt(n’x?’%), P-as. forany t € [13, T,+1), forany k € Ny.

Then, using Theorem 1.4.1 in [45] (with estimates as in Proposition 2.3 in [51]), we obtain, PR dt-a.s.,

th’lvf*(el) X(n x1,01) < lim Xt(”7$2792) — Xf27§*(92)7

nToo ntoo

thus completing the proof. O
We are now in the position to provide the proof of Theorem 3.2

Proof of Theorem 3.2. By Proposition B.1, there exists a unique solution to SP(«(#), 5(0), z,1), de-
noted by (X¢ () £%(6)). This satisfies the properties collected in Definition 3.1. We prove that
&*(0) € A, and verify that the optimal policy has the form as in (3.18). By Property (1) in Definition
3.1, we have that

X5 e lay, (0), v, ()], ¥t >0 Pl —as.
so that

(B.8) lim sup TIE wa [ X5 D) =
T1oo

It remains to show that E[|¢5(6)|] < oo for any T' < co. To that end, let T < oo and 1 : O — R be

any classical solution of

B2 bu(es(6), w (6:(6),0) = 1.

Applying Itd6-Meyer’s formula to {@/J(Xf*(e), Y:) }>0 on [0, T we obtain

{c J(z,i) =0, @ € (ai(6), Bi(6)), i € ¥
i) =1,

T
E(JJ,Z) [w(Xjé (0)1 YT)] :¢($; ’L) + E(ﬂﬂ,t) |:~/O ‘C(X,Y)w(th (9)7 Y;f)dt:|

T
* 6 *
FE| [ O voag o).
and by using the fact that ¢ is a solution to (B.9) we conclude that
*(9 ) %
B [¥(X5 7, V)] = (@,1) + B [1€70)]].
Since X¢") ¢ [ay, (8), By,(#)], forany t > 0 P(z,5)-a.s., we obtain that

E, . [0(X5 @ vy)] < )| <
(@) [V( X7 7T)]_%%{Xme[a%%’}%iw)]w(xﬂ)’ 00,

and therefore
(B.10) E o) [160(0)]] < By [0(X5 D, Y7)] + (,) < oo, forany T < oo
Combining (B.8) and (B.10) we conclude that £* € A,. Finally, defining

. + . N . +
E(0) = sup (ays@ 1(x¥0), £ (0 >) and &, (6) = sup (I<X5<9>>s+a:<9>—6ys<e>>

0<s<t 0<s<t
it is easy to see that £(6) := £ (0) — £ () satisfies the properties in Definition 3.1. Since, however,
the solution to SP(«(0), 5(0), z,1) is umque it follows that £ = £+ and €5~ = ¢~ O
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APPENDIX C. PROOF OF (1) IN THEOREM 4.1: THE FOKKER-PLANCK COUPLED SYSTEM

We follow closely the proof of Theorem 1 in [23]. Let 1 be the cumulative distribution function of
the stationary distribution ¢ (cf. Proposition 4.2). To simplify the notation, we drop the dependence
on @; that is, we set y1 := pu? as well as «; := a;(6), B; := B;(0) for any i € Y. We divide the rest of
the proof in three steps.

Step 1. We first derive a variational equation for the function p. To this end, introduce the generator

C?fy) of the process (X¢,Y), where X¢ is reflected at the boundaries (a, ) := {(w, Bi)}iey-

Namely, for any ¢ := (é(-,7));ey € C?(Z;R?) define
£33 0(0,1) 1= 50°(w, )bl i) + bl )6u,1) + 3 g, 9), () € O,
jEY
where gg(a:, i) := ¢(oy; VA B;,i). From Chapter IV in [24], we have that x solves the equation
(C.1) Z . £§‘;§fy)¢(x,z‘>du(x7i) =0, forany ¢ :=(¢(:1))icy € C*(L;RY).
i€y

Hence, by Theorem 5.3.4 in [6] we obtain that p is absolutely continuous with respect to the Lebesgue
measure with density function .
Next, split the interval [min;cy «;, max;cy ;] in the disjoint sub-intervals

Ik:(lkfhlk)? k= 17"7K7
with lp = min;ey{o;}, lx = max;ey{5;} and

lesr = min{ai} A min {5}
Oci>lk Bi>lk

Introduce the set of test functions
(C2) V:i={¢c C*(I;RY) : p(,1) = ¢pe(x,i) =0, z € T\ (a;(6), B:(0)), foranyi e Y}
Since (e ,4) = 0, for ¢ € V we observe that
Bi __ - B;
Byt = w3058, = [ TtV A otz )i
so that, exchanging the indexes in th sum, we find

(C.3) Z%]/ ¢ z,] d/~L €, Z ZZQUN /Bza /BJJ )

€Y jeY €Y jeY

—ZZQM/ a. VaABj, )bz, i)de

€Y jeY

By substituting (C.3) in (C.1) and rearranging the terms, for any ¢ € V, we obtain

(C4) > (T, ¢) + ¥, ) =0,

€Y
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where

) Bi
Lsd)i= [ 50H @i )6a(a )

—|—/ji (b(gc i) e (2,7) Zq]zﬂ (o Va ABj,j ))%(m i)dx

i jEY
=" 4By, 5)6(Bin 1)-
jeY

Step 2. The aim of this step is to gradually use the variational equation (C.4) to obtain the system
(4.10) and the proper regularity of . We argue as follows:

(1) First, for any ¢ € Y and k such that I, C («y, 3;), choose ¢(-,j) = 0 for j # i and ¢(-, 1)
such that supp ¢(+,4) C Ij. For such a choice of ¢, we have X¢(p1, ¢) = 0, so that from (C.4)
we find I (11, ¢) = 0. Thus, setting ¢ := ¢, (-,4), we deduce that the function p(-,i) is a
solution to the variational equation

/zk (é"z("’”’i)ﬂx(ﬂfvi)%(:c,z’)dx

+ <b(x i) (x,7) Zqﬂ,u oy VAP, ))w(:c,i))dx =0,

JEY

for any 1) € C?(I}). Therefore, by the interior regularity for elliptic equations (see Theorem
8.10 in [28]), we obtain that (-, 7) € C?(Ix;R). Since the interval I}, is arbitrary, we obtain

(C.5) pu(-,i) € 02((0%7@‘)\ U{og,@}),
jeY
forany i € Y.

(2) Next, for ¢ € Y we use the enumeration I, = «; < lpy1 < ... < lpe1 < b = B
and define Af(l;,i) = f(lj,i) — f{; i) for k < j < m, Af(ly,i) = —f(l,,i) and
Af(lm,i) = f(I,i). Since u(-,i) € C%(Iy) for £ = k + 1, ..., m, dividing the domain of
integration into the I,’s and applying integration by parts, for ¢ € V we obtain

(C.6) Ly (1, ®) = I 6) + Wi (11, 9),

where

) Bi
I;(f% ¢) == / <;UQ(:E,’L'),LL30$(ZL‘,Z') - (b(ZE,Z) - Uffx(ﬂ%i))ﬂz(ffai)

X anla Vo A Bud) ) oula i)

JEY
i o~ 1
\I’ M, : 2502 Js A:ux(]v )st(]? )

J=

In particular, for any i € Y and £ such that Iy C («, ), by choosing ¢(-,j) = 0 for j # i
and ¢(-,4) such that supp ¢(+,7) C Iy, p solves the equation I’(u, ¢) = 0. Hence, since the
1, Iy are arbitrary, we conclude that

%02(33, Dt (2,3) — (0, 7) — 00 (2,8))a (0,1) + 3 qraps(a VA B, ) = 0,
JjeY

in (o, B;), for any ¢ € Y; that is, u solves the equation (4.10) pointwise.
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(3) Furthermore, using the latter equation, we deduce that I’(u, ¢) = 0 for any ¢ € V. Therefore,
by choosing ¢ € V such that ¢, (;,7) = ¢z, (l;,7) = 0 for any j,i € Y, from (C.4) and (C.6)
we obtain X¢(u1, ¢) = 0. Since the values of ¢(/3;,4) are arbitrary, this in turn implies that

ZjSu(/ijj) =0, i1€eY.
jeY
Such a system of equations corresponds to the eigenvector problem with zero eigenvalue of
the matrix Q and its solution is given by the stationary distribution of Y. Hence, we have
(B, i) = p(i) for any ¢ € Y, proving that the boundary conditions of (4.10) are met.
(4) Finally, using I!(u, ¢) = X(u, ¢) = 0in (C.4), we have

|
> D 502(13-,i)Aux(zj,i)qsx(zj,i) =0, forany¢eV,
€Y j=k:
ly=0,

from which we deduce (thanks also to (C.5)) that . € C*(Z; R?).

Concluding, y(-,1) € C([ev, Bi])NC?((evi, Bi)\U;ey{a;, B;}) is a classical solution to the boundary
value problem in (4.10).
Step 3. Now we prove that (4.10) admits a unique solution. Assume that (4.10) has two solutions,

denoted by 11 = (u1(+,7))sey and p2 = (u2(-, 7))iey, then the difference fi := po — 1 = (po(+,7) —
w1+, 1))iey solves (4.10) with fi(z,7) = 0 for x € {«;, B;}. Therefore, by Theorem 1 in [48], we
obtain that

(C.7) 0< sup |i(z,i)| < C max |fi(xz,i)| =0,
(ai,85) {aiBi}

which in turn implies that, for any fixed ¢ € Y, pa(x,i) = pi(z,i), « € [a, Bi]. Hence, by
Proposition 4.2 the unique stationary distribution v admits a cumulative function g which coincides
with the unique solution to (4.10).
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