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Pricing of Electricity Swaps with Geometric Averaging*

Annika Kemper! Maren Diane Schmeck?
March 26, 2023

Abstract

In this paper, we provide empirical evidence on the market price of risk for delivery periods (MPDP)
of electricity swap contracts. As introduced by Kemper et al. (2022), the MPDP arises through the use of
geometric averaging while pricing electricity swaps in a geometric framework. In preparation for empirical
investigations, we adjust the work by Kemper et al. (2022) in two directions: First, we examine a Merton type
model taking jumps into account. Second, we transfer the model to the physical measure by implementing
mean-reverting behavior. We compare swap prices resulting from the classical arithmetic (approrimated)
average to the geometric weighted average. Under the physical measure, we discover a decomposition of the
swap’s market price of risk into the classical one and the MPDP. In our empirical study, we analyze two
types of models, characterized either by seasonality in the delivery period or by a term-structure effect, and
identify the resulting MPDP in both cases.

JEL classification: G130, Q400.
Keywords: Electricity Swaps, Delivery Period, MPDP for Diffusion and Jump Risk, Mean-Reversion, Jumps,

Samuelson Effect, Seasonality.

1 Introduction

With the turn of the millennium, pricing derivatives on electricity has become important through the
liberalization of the energy markets. Nowadays, new challenges appear due to the transition to a climate
neutral energy system: Electricity generated from renewable energy sources, like wind and solar energy, clearly
depends on the weather conditions of the season. Consequently, a rising share of renewable energy induces
stronger intermittency and seasonality effects influencing especially delivery-dependent pricing effects. In
electricity markets, futures contracts are the most important derivatives. They deliver the underlying over
a period of time since electricity is not storable on a large scale. We therefore call them electricity swaps.
The dependence on the delivery time affects the price dynamics, the pricing measure, and the swap’s market
price of risk for delivery periods (MPDP) introduced by Kemper et al. (2022). One might expect, that the
rising share of electricity strengthen these effects due to the involved delivery period. In this paper, we provide
empirical evidence for the MPDP. To do so, we extend their pricing approach to the physical measure allowing
for mean-reversion and jumps. In addition, under the physical measure, we identify a decomposition of the

market price of risk into the classical one and the MPDP.

The delivery period is a unique feature of electricity markets that differs from other commodities such as

oil, gas, or corn. In fact, it plays a crucial role in the pricing of electricity swaps. Following the market model
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approach, the electricity swap price results from averaging an instantaneous stream of futures with respect
to the delivery time. This goes back to the famous model by Heath et al. (1990). This approach was firstly
connected to energy-related derivatives by Clewlow and Strickland (1999) and to electricity derivatives by
Bjerksund et al. (2010) followed by a row of works (see, e.g., Table 1 for geometric settings, Hinderks et al.

(2020) for a structural model and Cuchiero et al. (2022) for measure-valued processes).

Averaging with respect to the delivery period can be conducted in different ways. We distinguish between
three types of averaging: Arithmetic, approximated, and geometric averaging. Arithmetic averaging is the
classical way to implement the swap’s delivery period and is convenient for arithmetic price dynamics. In
particular, continuous arithmetic averaging is applied by Benth et al. (2007), Benth et al. (2008a), Benth et al.
(2014), Latini et al. (2019), Benth et al. (2019), and Kleisinger-Yu et al. (2020), among others (see also Table 1).
For discrete arithmetic averaging, we refer to Lucia and Schwartz (2002) and Burger et al. (2004). Instead,
arithmetic averaging of geometric price dynamics is poorly suited since the resulting swap price dynamics are
neither geometric nor Markovian. It requires, e.g., an approximation of the swap price volatility introduced
by Bjerksund et al. (2010) whenever we want to consider tractable swap price dynamics (see also Benth et al.
(2008a), Benth and Koekebakker (2008)). We call this procedure approzimated averaging. Geometric averaging,
instead, does not require any approximations whenever the price dynamics are of geometric type and lead
to suitable geometric dynamics (see Kemper et al. (2022)). Hence, the geometric average is tailor-made for
relative growth rate models. Nevertheless, the geometric average does not preserve the martingale property.
This issue is tackled by Kemper et al. (2022) using a measure change with their MPDP. Usually, negative prices
are not observable in the data of the futures prices, such that we stick to a geometric setting and compare the
ladder averaging procedures adjusting the MPDP to a Merton type model.

Geometric Price Dynamics

Arithmetic Average Koekebakker and Ollmar (2005)
Benth and Koekebakker (2008)

Approximated Average | Bjerksund et al. (2010)
Benth et al. (2008a)

Geometric Average Kemper et al. (2022)

Table 1: Classification of selected electricity swap price models.

Both papers, Kemper et al. (2022) and Bjerksund et al. (2010), investigate the modeling of the delivery
period explicitly through a continuous weighted averaging approach for geometric futures prices. Both
approaches lead to Markovian and geometric swap price dynamics. We discuss similarities and differences
between these approaches and introduce a numéraire caused by the different averaging techniques in Section 2.
In line with the market model approach, we base the averaging procedure on a continuous stream of futures
contracts that is a martingale under the futures risk-neutral measure Q. We consider electricity futures with
instantaneous delivery as artificial contracts and we therefore refer to Q as the artificial measure. The resulting
swap price dynamics based on geometric averaging are not a martingale under Q. We then define the MPDP of
diffusion and jump risk and a new pricing measure @, which can thus be used to price derivatives on the swap.
We may refer to @ as the “correct” or “true” risk-neutral measure since the swap price is a @-martingale without
any approximations. Under the artificial measure, the swap based on the approximated version is directly a
martingale. Therefore, we call Q also the “classical” risk-neutral measure. It is a clear advantage that the

approximated average preserves the martingale property of the swap under the measure Q. A decomposition



of the market price of risk for electricity swaps arises when turning to the physical measure P. Figure 1 gives
an overview over the connections between the different measures P, Q, and @ and the true market price of risk
ITPQ, the classical market price of risk II*@, and the MPDP denoted by IT19C.

HP@ @@

P = Q

Figure 1: Considered measure changes between the physical measure IP, the artificial risk-neutral measure Q,
and the swap’s pricing measure Q as well as their connections with the true market prices of risk IPQ, the
classical market price of risk II*@, and the MPDP 19,

Indeed, the MPDP is triggered by typical features of the electricity market entering the swap’s volatility.
In particular, delivery-dependent effects like seasonalities and term-structure effects play a crucial role. Fanelli
and Schmeck (2019) empirically identify seasonalities in the swap’s delivery period by considering implied
volatilities of electricity options. Renewable energy, like wind and solar energy, intensify especially the seasonal
effects mentioned before. Hence, the higher the market share of renewables, the more pronounced the MPDP
will be. This applies especially for Germany, having ambitious plans for future investments in renewable energy.
An additional property of electricity and commodity markets is the Samuelson effect (see Samuelson (1965)):
The closer we reach the end of the maturity, the more effect the volatility has. Benth and Paraschiv (2016) and
Jaeck and Lautier (2016) provide empirical evidence for the Samuelson effect in the volatility term-structure of
electricity swaps. It can also be observed in the implied volatilities of electricity options, especially far out and
in the money (see Kiesel et al. (2009)). Kemper et al. (2022) characterize the MPDP for such seasonalities and
term-structure effects within a stochastic volatility model through the variance per unit of expectation of the
delivery-dependent effects. We contribute to the literature by investigating the MPDP empirically, affected by

seasonalities and the Samuelson effect.

Further characteristics of the electricity swap market are mean-reversion and jump behavior. As mentioned
by Latini et al. (2019) and Kleisinger-Yu et al. (2020) among others, mean-reversion is an important property
of the electricity swap prices. Koekebakker and Ollmar (2005) empirically validate that the short-term price
varies around the long-term price, which confirms mean-reverting behavior. As Benth et al. (2019), we face the
problem of changing a mean-reverting process to the risk-neutral measure. We extend their measure change to
the geometric setting. We even provide a proof for stochastic volatility settings in order to address models such
as Kemper et al. (2022) and Schneider and Tavin (2018). Besides mean-reversion, Benth et al. (2019) include
jumps as an outstanding characteristic of electricity prices. In particular, they consider compound Poisson
processes under the physical measure in a mean-reverting, arithmetic setting. While extending the paper by
Kemper et al. (2022) to jumps, we establish the MPDP of jump risk whenever the jump coefficient relies on
delivery-dependent effects.

In our empirical analysis, we investigate twelve swap contracts with monthly delivery from January to
December 2019. Each swap is treated as a separate contract assuming that it is driven by an independent
Brownian motion. To this data, we fit a model indicating seasonality effects in the volatility coefficient. On the
other hand, we estimate the parameters of a Samuelson type model. In order to avoid overfitting, we restrict
ourselves to separate effects and do not consider joint effects. The estimation procedure is split in two steps:

In a first step, we identify jumps for each contract using a thresholding technique. In a second step, we give



the model’s jump free likelihood to fit the remaining parameters by Maximum-Likelihood-Estimation (MLE).
Note that we do not perform a term-structure fit by estimating all swap prices occurring at a fixed day since
the presence of parallel contracts is limited. The objective of our analysis is not to perform an exhaustive

empirical study of swap price modeling but to provide evidence for the MPDP.

The contribution to the literature is threefold: First, we extend the paper by Kemper et al. (2022) to
the jump case under the artificial risk-neutral measure leading to an extended characterization of the MPDP
regarding diffusion and jump risk. Second, we transfer the model to the physical measure and compare the swap
prices resulting from geometric and approximated averaging as well as their risk-neutral measures revealing
the decomposition of the market price of risk into the classical one and the MPDP. Third, we investigate the
model empirically and provide empirical evidence for the MPDP in the case of two separate delivery-dependent

volatility effects.

The paper is organized as follows: Section 2 presents the geometric averaging approach under the artificial
risk-neutral measure applied to the jump-type futures curve. In addition, it presents the MPDP of diffusion and
jump risk. Section 3 introduces the model under the physical measure and identifies the decomposition of the
market price of risk. The estimation procedure and the empirical findings are presented in Section 4. Finally,

Section 5 concludes our main findings.

2 On the MPDP of Diffusion and Jump Risk

We focus on an electricity swap contract delivering 1 MWh of electricity during the agreed delivery period
(11,72]. At a trading day t < 7 before the contract expires, we denote the swap price by F(t,71,72) settled
such that the contract is entered at no cost. It can be interpreted as an average price of instantaneous delivery.
Motivated by this interpretation, we consider an artificial futures contract with price f(¢,7) that stands for
instantaneous delivery at time 7 € (71, 72]. Note that such a contract does not exist on the market but it turns
out to be useful for modeling purposes when considering delivery periods (see, e.g., Benth et al. (2019) and
Kemper et al. (2022)).

Consider a filtered probability space (§2, F, (Ft):e[o,r], Q), where the filtration satisfies the usual conditions.
We first model the solution of a futures contract and then derive the corresponding dynamics to avoid lacks of
existence in the presence of jumps (see Papapantoleon (2008)). At time t < 7, let the logarithmic price process

of the futures contract be defined as
Inf(t,7) =In f(0,7) + Y (t,7), (2.1)

Y(t,T):/O a(s,r)dW;@—F/o n(s,T)diQ—/O (s, 7)ds , (2.2)

where W@ is a standard Brownian motion under Q independent of the jump process JO. In particular, JQis a
compound compensated jump process defined through the compensated Poisson random measure N Qdt,dz) =
N(dt,dz) — (Q(dz)dt:

JE = /0 t /R 2N(ds, dz) (2.3)

with Lévy measure £2(dz) = A2G(dz), which is independent of the delivery time, and where A¢ > 0 indicates the
jump intensity and G(dz) the jump size distribution. The last term of the logarithmic rate ¥ in Equation (2.2)



defines its compensator under the current measure Q:
1 .
Et,m) = 50%(t,7) + ¥ in(t, 7)) (2.4)

with initial non-random conditions f(0,7) > 0. In addition, ¥¢(ir) is the integrand of the Lévy-Khintchine

exponential and the moment generating function is defined by
PO(r) = / (" — 1 —172)09dz) . (2.5)
R

We assume that the futures price volatility and jump coefficients, o(t,7) and (¢, 7), are deterministic and that
the futures price f(t,7) is Fr-adapted for ¢ € [0,7]. We further assume that they satisfy suitable integrability
and measurability conditions (see Assumption 1 in Appendix A for details) to ensure that the process in
Equation (2.1) is a Q-martingale, and that Equation (2.1) gives the unique solution to the process evolving as

df (¢, 7)

— =o(t, T)thQ -l-/

) A (e"(t’T)Z - 1) N(dt, dz) . (2.6)

As o(t,7) depends on both, trading time ¢ and delivery time 7, we allow for volatility structures as the

Samuelson effect or seasonalities in the delivery time, which are addressed in Section 4.2.

Following the Heath-Jarrow-Morton approach to price futures and swaps in electricity markets, the swap
price is usually defined as the arithmetic weighted average of futures prices (see, e.g., Benth et al. (2008a),
Bjerksund et al. (2010), and Benth et al. (2019)):

T2

FA(t,T1,T2) ::/ w(u, 71, 72) f(t, w)du , (2.7)

T1
for a general weight function

f;f w(v)dv

w(u, 1, T2) := for u € (11,72, (2.8)

where w(u) > 0 is the corresponding settlement function. Note that w defines a probability density function

with support on (71, 73] since it is positive and integrates to one, that is f:f w(u, 71, 72)du = 1. Hence, we denote

U as a random delivery variable with density w(u, 71, 72) (see also Kemper et al. (2022)). The most popular

1
T2—T1

example is given by a constant settlement type w(u) = 1, such that the density becomes w(u, 1, 72) = and

U ~ U((1,72]) is uniformly distributed over the delivery period. This corresponds to a one-time settlement.
A continuous settlement over the time interval (1, 73] is covered by a continuous discount function w(u) = e~"%,
where 7 is the constant interest rate (see, e.g., Benth et al. (2008a)).

The arithmetic average of the futures price as in Equation (2.7) leads to tractable dynamics for the swap
as long as one assumes an arithmetic structure of the futures prices as well. This is based on the fact that
arithmetic averaging is tailor-made for absolute growth rate models. Nevertheless, if one defines the futures
price as a geometric process as in Equation (2.6), one can show that the dynamics of the swap price F4 defined

through Equation (2.7) are given by

dFA(t7T17’7'2) [ (t, ) T2 80( w(T, T1,T2) FA(t,Thu)
—————~ = |o(t,2) — ol
FA(t—,71,72) 2 5 Ou " w(r T, u) FA(L T, T2)

T2 9e($WZ (7, 1y, 19) FA(t, 71, 0) ~
n(t-ﬁ'z)z 11— sy 11572 s 11y d NQ d dt
+/R (e /T ou  w(r,m,u) FA(t, T1,72) u) (dz,dt) ,

du] AW 2
(2.9)

1

for any 7 € (71, 72] (see Benth et al. (2008a), cf. Chapter 6.3.1). Thus, the dynamics of the swap price is



neither a geometric process nor Markovian, which makes it unhandy for further analysis. To overcome this
issue, Bjerksund et al. (2010) suggest an approximation in the continuous setting, which we call approzimated
averaging since it is the arithmetic average of approximated logarithmic returns. Approximated averaging
maintains the martingale property meaning that the swap is a martingale whenever f is a martingale. If we
transfer the approximated averaging procedure to our jump setting, we can define the swap price process based

on approximated averaging by

dF*(t,m,m2) [T df (t, u)
Fo(t—,mi,79) /n f(tﬁu)du. (2.10)

In contrast, geometric averaging originates from the arithmetic average of logarithmic returns without any
need for approximations. Hence, in line with Kemper et al. (2022), we define the swap price originating from

geometric averaging by
F(t,m,7m) 1= el wlwmnm) Inftuydu (2.11)

(see also Kemna and Vorst (1990)). Assume that the volatility and jump coeflicients satisfy further integrability
conditions (see Assumption 2 in Appendix A). It turns out, that the resulting swap price dynamics is a geometric

process with a non-zero drift term:

Lemma 2.1. Let Assumption 2 in Appendiz A be satisfied. Under the artificial pricing measure Q, the dynamics
of the swap price, defined in Equation (2.11), are given by

dF(t ~

M = E[o(t,U)] thQ _|_/ (eE[Tl(qu)]z _ 1) NO(dt, dz)

F(tfv T1, 7—2) R

) (2.12)
- (37 Iote. 0]+ EWCG0.0))] — OBl U ) ar
where U denotes the random delivery variable with density w(u, T1,72).
Proof. Plugging Equation (2.1) into Equation (2.11) gives us
F(t,m,12) = F(0,11,m2)eXtmm) |

where X (t,71,72) = f:lz w(u, 71, 72)In f(t,u)du is the swap price rate. Using the integral representation of

the futures rate process from Equation (2.1) and applying stochastic Fubini Theorem (see Protter (2005), cf.
Theorem 65, Chapter IV.6) leads to

- ¢ ¢ 1t ¢
Xtrm) = [ Elots0)]aw? + [ Bl 0)aT? - [ E[o*s.0)]ds - [ BwSn(s,0))ds.
0 0 0 0
Then, Equation (2.12) follows using Itd’s formula (see, e.g., @ksendal and Sulem (2007)). O

Having presented the three procedures of continuous time averaging that are used to derive the swap
from an underlying artificial futures curve, we would like to compare them. Arithmetic averaging, defined by
Equation (2.7), is tractable for arithmetic futures curves, whereas approximated averaging, defined by Equa-
tion (2.10), and geometric averaging, defined by Equation (2.11), are well suited for geometric futures curves. In
line with a series of literature (see Table 1), we follow the geometric approach. Our goal throughout this paper

is to investigate the pricing spread between geometric and approximated averaging theoretically and empirically.

Although the futures price f and the approximated F'* are martingales under the pricing measure Q, the

swap price F' is not a Q-martingale: Indeed, the swap price process under QQ has a negative drift term consisting



of two parts given by the swap’s variance and the difference between the averaged Lévy-Khintchine integrand
and the Lévy-Khintchine integrand of the averaged jump coefficient. Hence, using geometric averaging leads to

a new interpretation of risk related to the delivery period as we will analyze in the following.

Analogous to Kemper et al. (2022), we derive the corresponding risk-neutral measure @ under which the
electricity swap price F is a martingale. For deriving the swap’s risk-neutral measure, we thus define the MPDP

extended to jumps in the following.

Definition 2.1. At time t € [0, 7], the market price of Jump and diffusion risk for delivery periods associated
to the delivery period (11, 72] is defined by e .= (HQQ HQQ), where

98, 7y, ) = [[ZE H (2.13)
B _ [ ot U)] — v2ERt,U)])  fpE[e"7)?] = Fn U0 (dz)
2%(t, 71, 15) 1= T, (B0 1) TR _JR [ (0 1) () (2.14)

In particular, IT; refers to the additional diffusion risk, which is measurable and F;-adapted as o (¢, u) is. It
can be interpreted as the trade-off between the weighted average variance of a stream of futures, on the one
hand, and the variance of the swap, on the other hand (see also Kemper et al. (2022) for an elaboration of the
MPDP H?@ and a detailed interpretation). H(g@ is the additional jump risk, which is the difference between
the Lévy-Khintchine integrands standardized by the swap’s jump coefficient.

Remark 2.1. (i) Note that 190 would be zero, whenever the volatility and jump coefficients are independent
of delivery time. For this reason, we call TI%? the market price of risk for delivery periods (MPDP).

(it) The MPDP of diffusion and jump risk is strengthened by delivery-dependent effects within the volatility and
jump coefficients. For example, pronounced term-structure effects or seasonalities in the delivery period
within these coefficients capture a distinct dependence on the delivery period and, consequently, lead to a
high MPDP.

(#i1) H(l@@ is in line with the MPDP for diffusion risk found in Kemper et al. (2022), where a stochastic volatility

scenario is considered.

We define a new pricing measure @, such that the swap price process F'(-,71,72) is a martingale. Following
(ksendal and Sulem (2007), define the Radon-Nikodym density through

ZQQ t,71,72) ﬁ ;@ t, 71, T2) (2.15)
where
Z@(Lﬁﬁz) o Ja TP (s, ) d WO () — 4 [y TISE (5,71, 72)2ds ’ (2.16)
) AT ) U (O ) s
Assume that
EoZz%(my,mi,m)] =1, (2.18)

which means that ZQ@(-, T1,T2) is indeed a martingale for the entire trading time. We will show later that the

martingale property is satisfied for suitable models such that Equation (2.18) holds true. We then define the



new measure @ through the Radon-Nikodym density

dO _

% = 7% 1y, my) | (2.19)
which clearly depends on the delivery period (71, 72]. Girsanov’s theorem states that if we define the process
WQ and the random measure N Q(dt,dz) by

AW @ = aw® + 1%t 1y, m)dt , (2.20)
NC(dt, dz) = Ndt, dz) + 122 (t, 7y, )02 (dz)dt (2.21)

then W is a Brownian motion under Q and N @(~, ) is the Q-compensated Poisson random measure of N (-, )

with compensator (1 — H(QQQ(S, T, 7'2)) (%(dz). Under some further assumptions, ensuring that ZSQ stays posi-
tive and that Z9Q is a true martingale (see Assumption 3 in Appendix A), a straightforward valuation leads to

the following result:

Proposition 2.1. Let Assumption 3 in Appendiz A be satisfied. The swap price process F(-,11,72), defined

in (2.11), is a martingale under @ The swap price dynamics are given by

dF(ta T1, T2)

o) Elo(t, U)]dW2 + /

(eE[n(tU)]z _ 1) NOdt, dz) (2.22)
R

where W is a Brownian motion under @ and J\N/'@(~, \) is the compound compensated Poisson random measure
under Q with Lévy measure (1 —%(t, 7, 72)) (%(dz) fort € [0,7].

Proof. We know by definition that H?@ is a continuous adapted process that is square-integrable and Hg@ is
deterministic and cadlag in time. Hence, all processes are predictable. Following @Oksendal and Sulem (2007) (cf.
Theorem 1.35), we need to show that Equation (2.18) is satisfied, so that Z% is a true martingale. Considering

the dynamics of 7 using Itd’s formula, we have

dZQ@(t,Tl,Tg) = ZQ@(t—,Tl,Tg) [—H?@(t,Tl,Tg)thQ - / Hg@(t,ﬁ,rg)zﬁ(@(dt,dz) ,
R

so that Z9Q is a local Q-martingale, where W< and N Q(.,.) are independent of each other. Hence, it is enough
to show, that ZiQQ and Z;QQ are true martingales. We can prove Novikov’s condition regarding the continuous
part (see, e.g., Protter (2005), cf. Theorem 41, Chapter II1.8) as H?Q:

EQ [6% foTl H?Q(SaTl’TZ)dWsQ} — e% foTl H?Q(SaTl:TZ)zds < 0.
Hence, ZiQQ is a true martingale. Moreover, Z;QQ is a true martingale under Q since

b

EQ[ZéQ@(Tl,Tl,TQ)] —Eq {exﬂ e ln(lfﬂg@(s,ﬁ,Tz))ﬁQ(dS,dz)} ol fm(ln(l_ng@(svﬁ17'2))""1_[9@(5»7177'2))(18 -1

where the last equality follows from the Lévy-Khintchine representation and Assumption 3 in Appendix A.
Hence, we can apply Girsanov’s Theorem (see, e.g., Oksendal and Sulem (2007), cf. Theorem 1.35) and the

assertion follows. O

Note that the MPDP of diffusion and jump risk, H?Q and H(Q@Q, are negative following from Jensen’s in-
equality. Hence, the geometric averaging technique induces less risk than the application of the approximated

arithmetic average for which we need to pay a cost of approximation risk.



We would like to compare the approximated swap price F'* under Q with the swap price F' under @ The
continuous parts of the swap price dynamics coincide since we consider a deterministic volatility structure. The
only differences are located in the compensator of the compound compensated Poisson process and the jump
coefficient. If the jump coefficient is independent of delivery time, the distribution of F'* under Q and the
distribution of F' under @ are the same. For differences in a stochastic volatility setting, we refer to Kemper et

al. (2022). For the swap prices F' and F'*, both under the artificial measure Q, we have the following result:
Corollary 2.1. (i) The swap price F is always smaller or equal than F4.
(it) The swap price F is smaller or equal than F*. The pricing spread is attained by

Fa(t,Tl,TQ) - F(t,Tl,TQ) = Fa(t,Tl,Tg) [1 — D(t,Tl,Tg):| 5 (223)

D(t,Tl,TQ) _ eféf[f V[G‘(S,U)}d87f0t fR(ln]E[e”(S’U)z]7E[n(s,U)]z)N(ds,dz) ) (224)

Proof.

(7) The continuous arithmetic weighted average is greater than the geometric one, which directly follows from

Jensen’s inequality.

(#4) Using Equation (2.10), we find that F®(¢, 7, 72) = eX"(tm1m2)  where Xa(t,1,72) is the solution of the

following arithmetic Brownian motion:
dX(t,71,7) = Elo(t, U)]dW2 + /R mE[e" 0N (dt, dz)
— (;E[U(t, U))? + /RIE[e”(t’U)Z] —1- lnE[e”(t’U)Z]) dt .
Hence, the difference between the approximated and exact solution is given by
Ft,m1,m2) — F(t,71,72) = F*(t,71,72) (1 — D(t,71,72)) ,

such that F(t,71,72) = F%(t,71,72)D(t, 71, 72), where

D(t,71,7m2) = eX(717)= X (6m1,m2) _ o= J3 Vio(s;U)lds— [ J InE[e"*")*)Eln(s,U)]2N (ds =)

Since V(o (-, U)] > 0 and InE[e"-U)?] > E[n(-,U)]z by Jensen, it follows that D(t,;,7) € (0,1] and thus
F<Fe O

We conclude that arithmetic and approximated averaging lead to higher swap prices than the geometric
average. We would like to stress that D in Equation (2.24) is not affected by measure changes since it is
characterized by a drift component and a pure jump component exclusively (see also Equation (2.26)). Moreover,
note that D can be seen as stochastic discount factor, which can be used to derive the swap price F' given F®.

Vice versa, consider
F(t,m1,72) = F(t, 71, 72) D™ (t,71,72) . (2.25)

The exponential part of D~! can be interpreted as a price (premium) per share, which we pay for an imprecise

averaged swap. Moreover, we can see D as the price process of a non-dividend paying asset evolving as

dD(t,Tl,TQ)

SEln(t,U)]2
D(t—,Tl,Tg) (

- 1> N(dt,dz) (2.26)

1

R



such that we can interpret D as a numéraire. If F'® is a martingale, then % is also a martingale. If F' is a

martingale, then F*D is a martingale (see, e.g., Shreve (2004), cf. Theorem 9.2.2). We can thus use it to price
options and other derivatives on the swap. In order to investigate the model empirically, we introduce the model

under its physical measure P in the subsequent section.

3 The Real-World Model

A typical feature of electricity prices beyond seasonalities and the Samuelson effect is the mean-reverting be-
havior (see, e.g., Benth et al. (2008a) and Benth et al. (2019)). In order to implement the drift feature and to
investigate the model empirically, we derive the futures under the physical measure P. Note that we will include
mean-reversion at the futures and thus the swap’s rate level. We then consider the resulting market prices of

risk transferring to the artificial and the swap’s risk-neutral measure.

3.1 The Swap Price under the Physical Measure

We now derive the price of a swap contract that delivers one unit of electricity during the fixed delivery period
(71, T2], similar to Section 2 but now under the physical measure P. Hence, starting from the physical measure P,

the logarithmic futures price process from Equation (2.1), given by
Inf(t,7) =In f(0,7) + Y (t,7), (3.1)
is now characterized by the futures logarithmic rate component Y under the physical measure given by
dY (t,7) = (u(t,7) — k()Y (t, 7)) dt + o (t, 7)dW] + n(t, 7)dJ} (3.2)

for Y(0,7) = 0, where W¥ is a Brownian motion under the physical measure P independent of the compound
compensated jump process JP. In particular, JP is defined through the P-compensated Poisson random measure
NP(dt,dz) = N(dt,dz) — (F(dz)dt with Lévy measure ¢F(dz) = A\*G(dz) that is independent of delivery time.
Note that A¥ > 0 indicates the jump intensity under the physical measure and G(dz) is the jump size distribution.

In order to characterize the futures logarithmic rate in more detail, we introduce the following lemma.

Lemma 3.1. We assume that the coefficients satisfy suitable integrability and measurability conditions (see

Assumption 4 in Appendixz A) such that the dynamics of the futures logarithmic rate are given by

dln f(t,7) =dY (t,7) . (3.3)
The unique strong solution is given by
t t t t t t
Y(t7 T) = / e S H(q)dqu(v7 T)d’U + / e I K(q)dqa(’% T)dWE;P + / e Ly R(Q)dqﬁ(v, T)djf . (34)
0 0 0
Proof. The unique strong solution follows from Benth et al. (2008a) (cf. Proposition 3.1). O

Hence, the futures logarithmic return is again an Ornstein-Uhlenbeck process.

Lemma 3.2. Under the Assumptions 4 and 5 in Appendiz A, Equation (3.1) is the unique strong solution to
the dynamics
df (t,7)

— =o(t, T)thP-i-/

= (7% = 1) NP(dt, dz) + & (1,7, Y (¢, 7)) (3.5)
- R
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where the drift-term is characterized by
1
F (b7, Y) = plt,7) = SO + 584 7)o? () + 0F (1, 7)) (3.6)

Proof. Applying Ito’s formula to e¥ ) leads to the desired dynamics (see @ksendal and Sulem (2007), cf.
Theorem 1.16). O

Note that the assumptions behind the model induce a finite second moment as well as a finite moment
generating function of the jump size distribution. We will consider later some suitable distributions for these

jump sizes.
As in the previous section, we now derive the swap prices resulting from geometric and approximated
averaging.
Lemma 3.3. Let Assumptions 4 to 6 in Appendixz A be satisfied. Then, the swap price resulting from geometric
averaging is defined by
F(t,mi,m) = F(0,11,m)e" (t70m2) | (3.7)

T2

where the swap’s logarithmic rate Y (t,71,72) == [ > w(u,m1,72)Y (t,u)du evolves as

dY (t,71,72) = (Blu(t,U)] = s(t)Y (t,71,72)) dt + Elo(t, U)|dW; + Eln(t,U)]dJ; . (3.8)

Moreover, the swap price based on geometric averaging evolves as

dF(t ~ .
AFTLT) gl ryaw? + / (F0s 1) N2 (dr,dz) + & (t,ma, 70, V(1 m))dt . (3.9)
F(t—, 71, 7‘2) R
where the drift term is given by
_ - 1
&t 1,1, Y) = E[u(t,U)] = s(t)Y + SEle® U + FE(U))) - (3.10)
Proof. Following the considerations in the previous section, the swap price is defined by the geomet-

ric average in Equation (2.11). Using the notation from Lemma 2.1, Equation (3.7) follows. Using the
stochastic Fubini theorem (see Protter (2005), cf. Theorem 65), we can introduce the dynamics of Y. An appli-
cation of Ito’s formula (see @ksendal and Sulem (2007), cf. Theorem 1.16) yields the desired swap dynamics. O

Lemma 3.4. Let Assumptions 4 to 6 in Appendiz A be satisfied. Then, the swap price dynamics based on

approzimated averaging evolve as

dFa(t,Tl,TQ)

Tt rg) ~ Bl DIWY + /

(E[erU)Z] - 1) NP(dt,dz) + Eg[(t, U, Y (t,U))]dt , (3.11)
R

where Ey[c® (t,U,Y)] = Elu(t, U)] — (t)Eg[Y]+ 3E[02(t, U)] + E[WF (n(t, U))], with By denoting the expectation

with respect to the random delivery variable U having density w(u,1,72). The dynamics are solved by

Fo(t,71,72) = FO(0, 71, 75)e" (rum) 3 Jo Vio(UNdv+ [y fo (nELe™™ 5Bl (0, U)]2 )N (dv.d2) (3.12)

where Y (t,71,72) is defined in the previous lemma.

Proof. We use the approximated averaging methodology (see Equation (2.10)) in order to derive the

11



swap price evolution and apply the stochastic Fubini theorem (see Protter (2005), cf. Theorem 65) leading
to Equation (3.11). By Ito’s formula (see @ksendal and Sulem (2007), cf. Theorem 1.16), we find that
Equation (3.12) solves the dynamics. O

Note that the speed of mean-reversion k(t) has to be independent of the delivery time. This assumption
ensures that Y, in Equation (3.8), is again an Ornstein-Uhlenbeck process and that the swaps’ logarithmic
rates in Equations (3.7) and (3.12) stay tractable. This is also in line with the findings in Benth et al. (2019)
(cf. Proposition 2.2) and Latini et al. (2019).

Similar to Corollary 2.1, we now evaluate the error between the exact geometric averaged swap and the

approximated version under the physical measure in the next corollary.

Corollary 3.1. The spread between the swap prices F' and F'® under P resulting from Lemma 3.3 and Lemma 3.

coincides with the pricing spread from Corollary 2.1.

As the numéraire in Equation (2.26) is not affected by a change of measure, the error between the exact and

approximated swap price stays the same independent of the measure.

3.2 The Swap Price F under its Risk-Neutral Measure @

In order to derive the swap’s martingale measure @, we introduce the true market price of risk for the swap

price resulting from geometric averaging in the next definition:

Definition 3.1. We define the true market price of risk for the swap by PQ .= (H?Q,HEQ), where

Elu(t, 1) = k(D7 (t, 1, 72) + 1E[o(t, D)}

8¢, 7y, 1) = S , (3.13)
3 _ E[n(t,U)]
(1, 7y, m) = 1 — /R 7(d2) (@1 P (3.14)

Note that the market price of risk does not enter the jump size distribution since we restrict HB;Q to depend

on trading time and delivery period. Hence, the market price of jump risk affects the jump intensity only.

We follow the methodology of Benth et al. (2019) to change the measure from the physical measure P to the

swap’s risk-neutral measure @ Therefore, let m = (w1, m2) be a predictable process satisfying
T1
E [/ (s, 71, 72) | ds| < o0 . (3.15)
0

We define a new process ZFQ being the unique strong solution of
dZPQ(t7T1,T2) = ZP@(t—7T1,TQ)dH(t,Tl,TQ) , (3.16)
such that ZP@(O7T1,TQ) = 1, where
dH (t,71,72) = m1(t, 71, 72)AWE + T (t, 71, T2)dJY . (3.17)

If 7, satisfies Equation (3.15), then H is a well-defined square integrable martingale. Note that the process AL

is known as the Doléans-Dade exponential of H that is explicitly given by

ZP@(t,Tl,TQ) _ eH(t,Tlﬂ'Q)—%fot w1 (s,71,72)3%ds H (1 + AH(S,Tl,TQ)) e~ AH(s,m1,72) (318)
0<s<t
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If 770 is a strictly positive martingale, then we can define the equivalent probability measure @ by

dO _
d% = ZPQ(Tl,Tl,TQ) , (319)

where ZPC functions as the Radon-Nikodym derivative. If we further assume that EP[ZP@<T1, 71,72)] = 1, then

Girsanov’s theorem (see QOksendal and Sulem (2007), cf. Theorem 1.35) states for 7 := —IIFQ that

- t -
wR=w! + / (s, 71, m9)ds (3.20)
0

is a Brownian motion with respect to @ and
NO(dt,dz) = NP(dt,dz) + IEC(¢, 71, 72)F (dz)dt | (3.21)
is a Q-compensated Poisson random measure of N (+,)-

Under the above assumptions specified later a straightforward valuation leads to the following result:

Proposition 3.1. The swap price process F defined in Equation (2.11) is a martingale under @ given by

dF(t,11,72) _ Q E[n(t,U))z VQ
F(t—,m,m2) Elo(t, U)W +/R <e 1) NE(dh, dz) - (322)

We would like to investigate the consequences of our previous assumptions.

Remark 3.1. (i) The Doléans-Dade exponential in Equation (3.18) is positive if mo(s—)AJ > —1, i.e., if
HEQAJ < 1. Hence, similar to Benth et al. (2019), we need to assume lfhat the market price of jump risk
is bounded and deterministic over the entire time period such that HIZPQ(t,Tl,TQ)Z <1 for fF-a.e. z € R
and for each t € [0,71].

(i) If Y is driven by a compensated Poisson process only, then the swap’s market price of risk is attained by
I1FQ .= (0,1159), where

En(t, U)]f 2(dz) | E[u(t,U)] — ()Y(t T, T2)

HP@ t = 1 —
o (L, T1,72) Jo (€EMEUz — 1) (B (d2) Jg (€2t — 1) 07 (dz)

(3.23)

In this setting, we need to require that k(t) = 0.

Note that a positive local martingale is a supermartingale. Hence, in order to prove that the Radon-Nikodym
density ZFQ is a true martingale, it is sufficient to verify that Ep[ZFQ(7y, 71, 72)] = 1 is satisfied, which is proven

in the next proposition.

Proposition 3.2. Under Assumption 7 in Appendiz A, the process ZPQ defined by Equation (3.16) is a strictly

positive true martingale.

Proof. In Appendix B, we prove this proposition even in a stochastic volatility framework. O
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3.3 The Approximated Swap Price F* under the Artificial Risk-Neutral Measure

We introduce the classical market price of risk for the approximated swap price in the next definition.

Definition 3.2. We define the classical market price of risk for the approzimated swap by IIFQ := (H?Q,HEQ),

where

Elu(t,U)] — 6()Y (t, 71, 72) + 5E[0*(t, U)]

HTQ(tTlaTQ) = E[J(t U)] ’ (324)
E[n(t,U
(4 7y, 79) = 1 — /]R P(dz) T (E[enu,[g)(z] _”1) e (3.25)

Note that we assume that the market price of jump risk affects the jump intensity only. The market price of

risk does not enter the jump size distribution since we restrict HIQPQ to depend on trading and delivery period.

Similar to the last subsection, we can define the equivalent (artificial) probability measure Q by

dQ _ p
= 7P 2
dIED (T17 Tl? T2) ) (3 6)
where ZPQ functions as the Radon-Nikodym derivative characterized by Ty = fﬂf)@. If we further assume that

Ep[Z7Q(71,71,72)] = 1, then Girsanov’s theorem (see @ksendal and Sulem (2007), cf. Theorem 1.35) states that

t
we = wp +/ (s, 71, m)ds (3.27)
0

is a Brownian motion with respect to Q and
NO(dt,dz) = N¥(dt, dz) + T (¢, 71, 7)€" (d2)dt (3.28)
is a Q-compensated Poisson random measure of N(-,-).

Under the above assumptions a straightforward valuation leads to the following result:

Proposition 3.3. The approximated swap price process F* defined in Equation (2.10) is a martingale under

Q given by

dF(t, 1, 7o)

b)) Q
Fa(t_77_177_2) *]E[ (t7U)}th +/

(E[e”(t’U)z] - 1) NO(dt, dz) . (3.29)
R

We refer to Section 3.2 for the consequences of the assumptions made above.

3.4 The Decomposition of the Market Price of Risk

We now introduce the decomposition of the true market price of risk, from Definition 3.1, which finally connects
the classical market price of risk, specified in Definition 3.2, and the MPDP, defined in Definition 2.1. The

decomposition result is stated in the next proposition.

Proposition 3.4. The swap’s true market price of risk, HP@, resulting from geometric averaging (see Defini-

tion 3.1), decomposes into

H?Q(tv’]—lv’]?) = HI]PQ(ta 7_177—2) + ﬂ?Q(thlaTQ) ) fOT‘j = 172 ) (330)
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where H?Q 1s specified in Definition 3.2 and I:I;QQ defines the spread of diffusion and jump risk. More precisely,

5 1V[o(t,U)
0 = = Eow.0)] 331

08 _ Gl fR]E[en(t,U)z] — Bt G(d2)
M5% = By, 0)] | 260 g

=] — 1) G(dz) [, (EME0I= — 1) G(dz)

(3.32)

where 1:1(2@(@ 1s independent of the jump intensity.

Proof. The result is attained by subtracting the true market price of risk defined in Definition 3.1 from the

classical market price of risk defined in Definition 3.2. O

Hence, we found a representation of the true market price of risk of the swap price F', characterized by the
classical market price of risk of the approximated swap F* and the spread ﬂ?Q. We further investigate the

spread in the next lemma.

Lemma 3.5. (i) The spread of diffusion risk, ﬁ?Q(t,Tl, Ta), is negative for all trading times t € [0, 71].
(#4) If the average jump size is positive, i.e., if E[Z] > 0, then the spread of jump risk, I:I(S*)Q, is always negative.

(i4i) If the volatility is independent of the delivery, i.e., if o(t,u) L u, then the spread of diffusion risk is zero,
i.e., ﬂ?Q(t7 71, ’7’2) =0.

(iv) If the jump coefficient is independent of the delivery, i.e., if n(t,u) L wu, then the spread of jump risk is

zero, i.e., ﬁ;@@(t,ﬁﬁg) =0.

Proof. The results in (¢) and (i¢) follow directly from Jensen’s inequality. The results in (i4) and (iv) follow

from the fact that the numerator becomes zero whenever the delivery period disappears. O

As a result, whenever the spread l:I;QQ is negative for j = 1,2, then the approximated swap induces more risk
than the swap price based on geometric averaging. In particular, the considered spread has the same properties
as the MPDP (see Kemper et al. (2022)). Indeed, a comparison with our previous considerations in Section 2

gives the following insights:

Remark 3.2. (i) The spread of diffusion risk, 1:[?@, coincides with the MPDP of diffusion risk, H?@, mn
Equation (2.13) from Section 2.

(it) The spread of jump risk, ﬁg@, does mot coincide with the MPDP of jump risk, H(Q@@, from Equation (2.14)

but with Hg@(l — H]g@). This connection occurs naturally by the change of measure.

In a next step, we would like to characterize the MPDP of diffusion risk H?Q, and thus the spread, more
explicitly. The MPDP of diffusion risk arises through delivery-dependent volatility effects such as seasonality

in delivery periods and the Samuelson effect (see Kemper et al. (2022)). We state the corresponding MPDP in

1
To—T1 '

the following two examples while assuming a one-time settlement such that w(t, 7, 72) =

Example 3.1. Inspired by Fanelli and Schmeck (2019), we capture seasonality in the delivery period by the

following trigonometric function
S1(u) :=a+beos(2m(u+¢)) , (3.33)

fora>b>0andcel0,1). Setting o(t,u) = S1(u) in Equation (2.13) leads to the following MPDP of diffusion

risk

159, ) = -1 VSH0)

AR (3.34)
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where

EISi ()] =t 5o [sm(zw(u n c))} :Z : (3.35)
E[S1(U)?] = a? + % + W(T:Lfﬁ) [sin(2r(u+0))] : + &T(T:_ﬁ) sin(dm(u+ )] : . (3.36)

Example 3.2. We implement the Samuelson effect as in Schneider and Tavin (2018) through an exponential
function with exponential damping factor A > 0. We choose a constant volatility X > 0 such that the delivery-

dependent function is attained by
Sy(u —t) := Ne A=t (3.37)
Setting o(t,u) = Sa(u — t) in Equation (2.13) yields the following MPDP of diffusion risk

_ A A2
N2t m,m) = g 2 A (338)

5\2(1_6721\(7‘2—71))

N1l—e—A(r2—71) =
A—e ) and A := ATy

for constant parameters A = T Ao

Hence, the MPDP of diffusion risk is constant for a fixed contract in Example 3.1, whereas the Samuelson
effect remains still visible in Example 3.2.

The MPDP of jump risk and the spread of jump risk are triggered by delivery-dependent jump effects. For
notational convenience, we choose 7(t,u) independent of trading time and again assume a one-time settlement.
In the following examples, we characterize the MPDP of jump risk and the spread based on two suitable jump
size distributions: Normal and exponential. We also state corresponding moments of the distributions following
Gray and Pitts (2012) (cf. Chapter 2).

Example 3.3. If the jump sizes are normally distributed with Z ~ N(/,LJ,O'?]), then the moment generating

function is given by

My(n) = erontaosn’ (3.39)
such that the MPDP and the spread in Equations (2.14) and (3.32) are given by
~ Elezn’ W)o3+n@)us] _ o 3EMO)? o3 +E(U)]us
H(Q@Q(Tl,7—2) == G i ]2 - : ) (3.40)
ez EMU)Pos+EN(U)ps _ 1
Ele2n’ Weitn(ns] — ¢aBnU) o5 +En(U)]us (3.41)

e T1,T2) = —pu En(U :
2 (1,72) = —usEn(U)] (E[e%nz(U)ﬂ"}Jrn(U)w} _1) (e%E[n(U)]QﬁHE[n(U)]#J _1>

The fourth moment is attained by [, z*G(dz) = pf + 6p303 + 3075,

Example 3.4. If the jump sizes are exponentially distributed with Z ~ Exp(Ay), for Ay > 0, then the moment

generating function is given by

Mz = (1- A”) , (3.42)
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form < Ay, such that the MPDP and the spread in Equations (2.14) and (3.32) are given by

Q. oy — _ AJ = [A - ERU)]
M2 m) = =gy <1 E[ N n(0) D | (3.43)
_ = Eln(U)|E 1

defined for n(U) < X; and E[n(U)] < X;. The n-th moment is attained by [, 2"G(dz) = n for n € N. Note

A5
that the parameter in matlab is indicated by the mean py = )\;1.
Remark 3.3. In the literature, we sometimes find the application of lognormal distributed jump sizes (see,
e.g., Borovkova and Permana (2006) and Borovkova and Schmeck (2017)). This distribution, however, is not
suitable for our setting since its moment generating function E[e"?] is not finite at any positive value 1 (see,
e.g., Gray and Pitts (2012), cf. Chapter 2.2.6). Hence, the lognormal distribution contradicts the integrability

assumption 4 (i) under the physical measure in Appendiz A.

4 Empirical Analysis

In this section, we aim to provide empirical evidence for the MPDP of monthly electricity swap contracts.
We therefore extend our model to a multi-dimensional framework and discretize the model under the physical
measure. In particular, we consider two types of delivery-dependent functions covering seasonality and the
term-structure effects. We then proceed estimating the model’s parameter values. In a first step, jumps are
filtered by a thresholding method. In a second step, we fit the remaining parameters by Maximum-Likelihood-
Estimation (MLE).

4.1 The Multidimensional Model

In the previous sections, we considered a single tradable swap contract delivering electricity over the interval
(71, 72]. Typically, however, we observe more than one traded delivery period. We therefore extend our model
under the physical measure P from Section 3 to a multi-dimensional setting covering subsequent monthly
delivery periods. More precisely, we would like to handle M swaps simultaneously in this section comprising
delivery periods (7, Tm+1] for m = 1,..., M. For notational convenience, we always refer to all swap contracts
m =1,..., M, when using the index m. We follow the methodology presented by Kemper et al. (2022) who
suggest a single artificial futures price (similar to Equation (3.1)) expanded by several factors in the logarithmic

return component Y:

M M
dY (t,7) = (u(t,7) = KOV (5, 7)) dE+ Y Liero(t, VAW + " Liern(t, 7)d T (4.1)
j=1 j=1
where WFL, .. WM are independent Brownian motions under the physical measure P and jP’l, cee JPM are

independent compound compensated jump processes defined through Jf) J = fR zN JP (dt,dz) and the compen-
sated Poisson random measures N} (dt, dz) = N;(dt, dz)—(5 (dz)dt with the same compensator £} (dz) = A*G(dz)
for j =1,..., M. In addition, we restrict the j-th component to a set 7 that might influence certain contracts
exclusively.

As in Section 2, the swap price with delivery period (7, Tm+1] results from geometric averaging of Equa-

tion (4.1) with respect to the delivery time. Hence, similar to our previous considerations in Lemma 3.3, we

17



state the dynamics of the logarithmic return of a swap contract with delivery time (7, Trm+1] by

dY (t, Ton, Tima1) = (E[,u(t, Un)l — n(t)Y(t,Tm,Tm+1)) dt

M P . (4.2)
+ 3 LierBlo(t, Un)ldW; ™ + > 1erEln(t, Un)ldJ;

j=1 j=1

where Uy, ~ U((Tm, Tm+1]) is a random variable with density w(-, 7, Tm+1). To keep the model simple, we

choose 7 := {m}, n =1, and « independent of time such that
Y (t, T Tmg1) = (B[, Un)] — 6Y (£, T, Ton1)) dt + Elo (8, Up)JdW, ™ + dJP™ (4.3)

Hence, we assign separate dynamics for each monthly swap contract.

Remark 4.1. Note that we set n = 1 in Equation (4.3), thus, excluding any delivery dependence in the jump
component. Consequently, the MPDP of jump risk becomes zero by construction to turn the focus on the first
dimension of the MPDP.

4.2 The Discretized Model

In order to discretize the model of Section 3 under the physical measure P, we follow the Euler-type discretization

1
252"

Polson (2010) (cf. Chapter 5.1.3). The discretized logarithmic returns of the swap from Equation (4.3) are
denoted by y, € RM | with Ytm 1= Y (t, Ton, Tm+1), and are given by

procedure with step size At = Furthermore, we implement the discretization of jumps as in Johannes and

Yerar = ¢ - Y + At + 5V Ateryar + ZJipar (4.4)
fort =1,...,T,,, where we denote Ty, as the length of the time series with delivery during (7., Trm+1]. Moreover,

e ~ N(0,1) is a standard normal distributed random variable, where 0 is an M-dimensional vector of zeros and
1 is the M x M-dimensional identity matrix. Further, Z is a random variable with distribution G characterizing
the jump sizes. Moreover, J is an independent M-dimensional Bernoulli distributed random variable with
parameter A'At1 € RM determining a jump, where 1 is an M-dimensional vector of ones. Moreover, the
coefficients to be estimated are fi;, € RM, where fi; ,, = E[u(t,Uy,)] — E[n(t, Uy)NPE[Z], ¢ =1 — k € RM | and
o € SM, which is a diagonal volatility matrix with diagonal entries &, = E[o(t, Up,)].

Remark 4.2. By stationarity of the underlying Poisson process, the probability of the absence of a jump during
a time step At is given by e~ At Merton (1976) reformulates this in terms of short time asymptotic behavior
using 1 — At + O(At). Therefore, Johannes and Polson (2010) assume the jumps to be Bernoulli distributed

in the discretized setting, that is

P A =1 =MAt  and  PJA, =01 =1-\At, (4.5)
where at most one jump can occur during a time interval At. We follow their approach assuming Ji} n; ~
Ber(APAt) form =1,..., M.

Remark 4.3. By construction, the contracts are independent of each other. We justify this assumption since
the drivers of forthcoming contracts do mot influence dynamics of the other contracts that deliver electricity

further ahead due to their non-storability.

We refer to Kemper et al. (2022) (cf. Section 4) for further insights on multiple and overlapping swap
contracts. We make the following assumption in order to reduce the number of parameters and thus to avoid

overfitting.
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Assumption 4.1. We assume that p(t,u) = po(t,u) fort € [0,7y,] and u € (Tp, Tmy1] and allm =1,..., M.
Due to the low interest rate level, we make further assumptions on the settlement type.

Assumption 4.2. We assume that Uy, ~ U((Tpm, Tm+1]), which induces a one-time settlement for all contracts
m=1,..., M.

Based on these assumptions, we consider two types of delivery-dependent functions, which will be investigated
empirically. We consider the seasonality type from Example 3.1, which induces the seasonality function S7(u)
that is independent of trading time and we refer to it as Type 1. Moreover, we investigate the Samuelson type

model from Example 3.2 depending on time to maturity and refer to it as Type 2.

Type 1. The model of “seasonality type” is based on Fxample 3.1. Under Assumptions 4.1 and 4.2, the
coefficients of Equation (4.4) become

6 =1—KAt,
fi= (B[S (DY), ... B[Sy (Ua)]) T — NPE[Z]1
& = diag (E[S1(U1)], ..., E[S1(Un)]) " -

Type 2. The model of “Samuelson type” follows Example 3.2. Under Assumptions 4.1 and 4.2, the coefficients
of Equation (4.4) become

p=1—(k—A)AL,
i = ph (efA(Tlft)At’ o 67A(TMft)At)T ~NPE[Z]1

5. = A diag (efA(Trt)At’ . efA(TMft)At)T

We fit both types to the data presented in Section 4.4 using the method described in the following section.

4.3 The Method

We use the dataset described later in Section 4.4 to estimate our discretized model of Types 1 and 2 within a

two-step procedure.

In a first step, we filter jumps by the thresholding procedure as presented in Borovkova and Schmeck (2017).
They define certain upper and lower boundaries in which all logarithmic returns are assumed to be normally
distributed. If such a boundary is passed, the corresponding logarithmic return is identified as a jump. We
use a time window of two weeks (10 data points) and a threshold 1.96 associated with 95% of standard-normal
distribution. The annualized jump intensity is typically derived as the total number of identified jumps appearing
in each contract divided by the annualized number of observations (see also Benth et al. (2012)). We define
the annualized jump intensity AF as the mean intensity over all contracts so that the intensity is independent
of the delivery time.

We fit the identified jump sizes of all twelve contracts jointly and assume that they follow the same jump
size distribution G. Indeed, the number of identified positive and negative jumps per contract might be too
small for separate estimations. In particular, we consider two different types of jump size distributions: Normal
and exponential distribution. The normal distribution is embraces real-valued variables, whereas exponential
distribution covers positive variables only. Consequently, we split the jump part into two independent jump

components for the ladder distribution to take negative jumps into account as well. In particular,

Zdine =2 T ne = Z 7 Jpg (4.6)

19



where Z%,Z~ > 0 are the absolute values of positive and negative jump sizes and J;At, Jiiny are
M-dimensional Bernoulli distributed random variables with positive parameters APTA#1 and AF~At1,
respectively, which are derived analogously as explained before. In addition, we determine the joint jump
compensator and the moment generating function as an intensity weighted sum \*E[Z] = N'TE[ZT] - \F~E[Z 7]
and \'E[e?] = )\P+]E[ez+] — AF~E[e? ], whenever we split into positive and negative jumps. We employ the
first window of the thresholding procedure as a training period, which should be excluded from the data used
to estimate the parameters in the second step. Otherwise, the thresholding procedure might not exclude all

jumps, especially within the first half of the considered training period.

In a second step, we fit the jump free logarithmic returns .4 a¢ = Yerat — ZJi1a¢ using the MLE technique
to obtain the remaining parameter estimates. In particular, the likelihood is expressed in terms of the conditional

probability density function

Tm
LGm; Om) = [ [ pon. @ ml{Frm: - Ti—1.m}) (4.7)
j=1
where © is the set of parameters, and pe,, (§jm|{J1,m,---,¥j—1,m}) determines the conditional probability

density function for contract m at data point j. For each type, we characterize the density more precisely.

Type 1. The jump free model of seasonality type is characterized by ¥ m|{¥1,ms---Uj—1,m} ~ N(GmAt +

GmTj—1,m, 75, At) having a conditional probability density function given by

1

_ _ _ _ 1 _ ~ . 2
P, (YjmH{T1,ms - Yj—1,m}) = (27TUEnAt) 2 €xXp {_M (yj,m — [ At — ¢ml/j—1,m) } )
m
where the set of parameters is defined by ©,, := {fi;n, dm,72,} subject to ¢, < 1, 32, > 0, and fi,, € R. We

recalibrate the parameters to characterize k, u, and ¢ accordingly.

Type 2. The jump free model of Samuelson type induces jm[{G1,m,---,Tj—1,m} ~ N(@jmAt +
gZ_JT,ngj_Lm, c_rj?’mAt) such that the conditional probability density function is given by

1

T - = P =2 -1
be,, (yj,’mHyl,ma s ayj—l,m}a A ]E[Z]) = (27To'j7mAt) 2 exp {_W

_ _ - 2

(yj,m - ,uj,mAt - ¢myj—1,m) } ;
where the set of parameter values ©,, := {um,$m7ﬁfn,Am} is subject to ¢, < 1, A2 A, >0, and p,, € R.
Note that i depends on AE[Z], as defined in Type 2, which we already know from the first step and is
therefore used as an input. We recalibrate the parameters to characterize , i, A, and A accordingly.

The optimization procedure is implemented in Matlab using the simulannealbnd function based on simu-
lated annealing (see Goffe et al. (1994), also used by Schneider and Tavin (2018)).

4.4 Description of the Dataset

We consider twelve electricity swap contracts with monthly delivery periods in 2019 traded at EEX. In
particular, we work with time series of the Pheliz Base Monthly Energy Futures' from May 2nd, 2018 to
November 29th, 2019, spanning on average about 150 data points before the contract expires. We use weekday

prices to exclude weekend effects.

INote that the name Futures refers in our context to swap contracts.
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We provide an overview over the general characteristics of each electricity swap contract in Table 2,
including the start and maturity of the available time series, the range of available trading time, the amount
of assessable data points, minimum, maximum, average prices, and the average standard deviation. For some
contracts, we have data covering a longer trading horizon, especially October. On the contrary, for some
contracts, we have a very short trading horizon available, like November and December. The average prices are
highest in the first quarter of the year. The standard deviations computed over all monthly contracts range

from 2.863 to 6.396, appearing highest for winter and summer months like January, February, and June.

Figure 2 depicts the time series of prices and logarithmic returns for each swap contract with respect to
time to maturity. Note that the histograms and the logarithmic returns for each contract can be found in
Appendix C. The plotted prices sometimes display a constant behavior at the beginning of the trading time.
This might indicate an illiquid market. In Figure 2 (c), we clearly observe jump behavior not only close to
delivery but over the whole trading horizon. For this reason, we formally test the swap’s logarithmic returns on
normality using Matlab’s Lilliefors test 1illietest. The test returns a decision for the null hypothesis that the
data comes from a normal distribution. We summarize our test results in Table 3, where 0 indicates a failure to
reject the null hypothesis of normal distributed logarithmic returns at significance level 0.05. It turns out that
except from March, April, June, and December, all swap contracts reject the normal hypothesis. The histogram
and the logarithmic returns for each contract in Appendix C give an intuition on the normal distribution
fit. In addition, we tested the mean-reverting behavior using the Augmented Dickey-Fuller test adftest
for autocorrelation, where 1 indicates mean-reverting effects whenever the p-value is below the significance

level 0.05. Indeed, all swap contracts reject the null hypothesis so that mean-reverting behavior is clearly present.

Next, we move on to the results of the two-step estimation procedure. Given the parameter estimates, we
will be able to calculate the MPDP.

(a) Prices (b) Logarithmic Returns

A
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Price in €
Log-Returns

-0.3 1 8
’ . . L 0.4 | | | | | | | | |
0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
Time to Maturity in Days Time to Maturity in Days
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Figure 2: Time series for prices and logarithmic returns of all monthly electricity swap contracts maturing in
2019 plotted with respect to time to maturity.
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Contracts | Starting Date  Maturity = Data Points Minimum Maximum Average Price Standard Deviation
January 02-05-2018 31-12-2018 174 44.89 68.89 56.75 6.396
February 31-05-2018 31-01-2019 176 48.19 67.25 58.43 5.210
March 02-07-2018 28-02-2019 174 37.95 58.10 49.86 4.205
April 31-07-2018 29-03-2019 174 35.67 54.05 46.80 4.758
May 31-08-2018 12-04-2019 161 35.66 50.60 44.58 3.240
June 30-11-2018 31-05-2019 131 35.38 55.40 44.93 5.148
July 02-01-2019 28-06-2019 128 35.56 52.63 43.59 4.462
August 07-01-2019 31-07-2019 148 36.85 47.03 41.43 2.863
September 07-01-2019 30-08-2019 170 37.95 50.21 43.32 3.150
October 07-01-2019 30-09-2019 191 39.65 54.24 45.21 3.430
November 22-07-2019 31-10-2019 74 42.06 56.01 48.37 3.379
December 22-07-2019 29-11-2019 95 37.24 52.37 44.65 3.817

| Average | - - 14967 3892 5557 4 4733 IRTCE

Table 2: General characteristics of the Phelix Base Monthly Energy Futures dataset.

Contracts Normality Test Mean-Reversion Test
Decision 1illietest p-value Decision adftest p-value

January 1 0.011 1 0.001
February 1 0.046 1 0.001
March 0 0.152 1 0.001
April 0 0.387 1 0.001
May 1 0.001 1 0.001
June 0 0.188 1 0.001
July 1 0.001 1 0.001
August 1 0.001 1 0.001
September 1 0.001 1 0.001
October 1 0.001 1 0.001
November 1 0.018 1 0.001
December 0 0.055 1 0.001

Table 3: Test results for normality and mean-reversion at significance level 0.05. (1illietest h=1 indicates
rejection of normal distribution. adftest h=1 indicates an AR(1) model with drift coefficient.) Note that the
adftest returns minimum (0.001) or maximum (0.999) p-values if the test statistics are outside the tabulated
critical values.

4.5 Results

In this section, we present the results of the empirical analysis of the swap price data presented in Section 4.4

based on the two-step procedure outlined in Section 4.3.

Step I. We identify the jumps as described in Section 4.3. The procedure is visualized in Figure 3, exemplified
for January and July. The dotted lines indicate the 95% band of normal distribution based on the moving mean
depicted in dashed. Whenever the swap’s logarithmic return, in solid line, exceeds the threshold, a jump is
identified and highlighted with a red star. The total number of jumps is higher in January than in July. This
does not only result from the longer trading time since the annualized jump intensity in January is also higher
(see Figure 4 (a) and Table 4).

On average, we can identify 14 jumps per contract. This leads to an annualized average intensity A® of
almost 25 jumps per year (see Table 4 and Figure 4 (a)). Note the seasonal pattern in the monthly jump
intensities: From January, June, July, November, and December the annualized intensity is higher than the
average intensity. Hence, we observe a higher intensity during winter and summer months. For the scope of
this paper, however, we will assume a constant jump intensity A = 24.811, which is the mean of all annualized

jump intensities (indicated in red in Figure 4 (a)).
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We identify all jumps regarding time to maturity in Figure 4 (b). We observe many small jumps and 5-8
large jumps in each direction, so that jump size distributions with high tails might be useful. In Figure 4 (c),
we plot the accumulated jump numbers with respect to time to maturity until 74 days before the contracts
expire, i.e., when all contracts are available. Note that the linear behavior indicates a constant intensity so
especially no term-structure effects. In blue, we observe the accumulated number of all jumps, in red of all
positive jumps, and in yellow of all negative jumps. We observe in total 169 jumps from which 85 are positive
and 84 are negative. There seems to be no indication for a Samuelson effect within the jump intensity since
there is no higher amount of jumps the closer we reach the end of the maturity. In fact, the accumulated jump
number seems rather linear. Further plots on the jump identification can be found in Appendix D.

Having identified all jumps, we are interested in finding the best jump size distribution. Borovkova and
Permana (2006) find that the exponential distribution gives a good fit for jump sizes of electricity spot prices.
Borovkova and Schmeck (2017) identify a lognormal or exponential distribution for negative jumps and an
exponential distribution for positive jumps in their electricity spot price dataset, whereas Hinderks et al. (2020)
suggest a gamma distribution. Normally distributed jumps are rarely considered in electricity markets due to
their flat tails but used in stock markets (see, e.g., Merton (1976)) and in the setting of commodity markets
(see, e.g., Crosby and Frau (2022)). For the sake of comparison, we consider two distributions: Normal and
exponential. Note that we fit the jump sizes jointly for all contracts since for some contracts the number of
identified jumps is too little. For example, the November contract has three positive jumps.

In Figure 5, we consider all identified jumps jointly for all contracts and estimate parameters for normal jump
sizes. Both, histogram and QQ-plot, confirm that the normal distribution underestimates the fat-tail risk (both,
positive and negative). This is also reflected in the p-value as the parameter of the mean is not significantly
below 0.05. In Figure 6, we consider positive and negative jumps separately for exponentially distributed jump
sizes. From the QQ-plot, we observe again outliers on the tails but not as extreme as in the normal distribution.
We find that the exponential distribution fits well according to the p-values, which are significantly below 0.05.
A gamma distribution would require two parameters to describe the data. We also checked the gamma fit
empirically and received similar results. Since the exponential distribution can explain the jump size sufficiently
well with one parameter, we base our analysis on the exponential distribution in Step II.

In Table 5, we summarize the estimated jump intensities and the average of each distribution. The annualized
average intensity of all jumps is 25 consisting of a jump frequency around 11.991 for positive and around 12.820
for negative jumps. Hence, the intensity for positive jumps is sightly lower than for negative jumps. The
average jump sizes range from 0.0005 to 0.0212. Moreover, we observe that negative jump sizes are smaller on
average than the positive jumps. As outlined before, the exponential distribution fits better than the normal

distribution. Thus, we set the jump compensator used in Step II, to be AFE[Z] = —0.0086 for all contracts.
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Figure 3: Identified jumps by thresholding using a time window of 10 days (exemplified for January and July).
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Figure 4: Subfigure (a): Annualized jump intensity per electricity swap contract. Subfigure (b): Identified
jumps of all contracts with respect to time to maturity. Subfigure (c): Accumulated number of positive and
negative jumps of all contracts with respect to time to maturity.
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Figure 5: Histogram and QQ-Plot of all identified jumps for all contracts fitted with a normal distribution.
(p-value of py: 0.8965 and p-value of o;: 8.4341e-66.)
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Figure 6: QQ-Plots of positive and negative jumps over all contracts. (Positive jumps — p-value of p;: 3.11536e-
18. Negative jumps — p-value of p;: 4.91286e-18.)
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Contracts | # Jumps AP # Positive Jumps AP+ # Negative Jumps AP
January 23 33.310 15 21.724 8 11.586
February 16 22.909 10 14.318 6 8.591
March 14 20.276 6 8.690 8 11.586
April 16 23.172 6 8.690 10 14.483
May 10 15.652 5 7.826 5 7.826
June 17 32.702 8 15.389 9 17.313
July 13 25.594 7 13.781 6 11.812
August 11 18.730 6 10.216 5 8.514
September 11 16.306 8 11.859 3 4.447
October 15 19.791 6 7.916 9 11.874
November 11 37.459 3 10.216 8 27.243
December 12 31.832 5 13.263 7 18.568

| Average | 14.083 24811 7083 11.991 T 12820 |

Table 4: Identified total, positive, and negative number of jumps in the logarithmic returns of each contract
and its annualized jump intensities A\¥, AP+, and AF—.

Intensity Normal E[Z] Exponential E[Z]
Positive ~ AFF = 11.991 - 0.0212
Negative AF~ = 12.820 - 0.0205
| Total AP =24811 00005 -

Table 5: Estimated components of the jump compensator: Intensity and mean of jump sizes.

Step II. For each contract, we fit the jump free logarithmic returns by maximizing the likelihood in Equa-
tion (4.7). For both types of models (Type 1 and Type 2), the parameter estimates can be found in Table 6. The
seasonality function E[S1(U)] resulting from Equation (3.35) is characterized by the parameter values in Table 7
a). The Samuelson function E[Sy(U —t)] resulting from Ae=*("1 =% (see Example 3.2)
is visualized in Figure 7 (b) for each contract. In particular, we fit the resulting & to the seasonality curve (see
Table 7).

In Table 6, we observe that the speed of mean-reversion « is very high for both models so that the half life

—~

and depicted in Figure 7

lies within one day. The level on mean-reversion p is often around zero and in November and December negative
for both models: It is the smallest in December in both cases. One possible explanation for this observation
might be the uncertainty regarding the availability of electricity especially for heating intense seasons. The

volatility & ranges from 0.2303 in September to 0.2726 in February.

Remark 4.4. In Figure 7 (a), we observe rather flat seasonal behavior. The seasonality might be covered by

the identified jumps, which are already excluded from the data in this step.

For the Samuelson type model, we observe that the average volatility X is higher than the one of seasonality
type . This can be explained by the Samuelson effect, which dampens the volatility such that it has to
be higher. Note that A is smallest in June and highest in October connected with a relatively low or very
high Samuelson parameter, respectively. Indeed, we observe the highest Samuelson parameter A in October in
connection with the highest volatility. This combination leads to a very pronounced Samuelson effect visualized
in Figure 7 (b), highlighted with a bold yellow. The closer we reach the end of the maturity, the more effect
the volatility has. The contrary happens for the smallest Samuelson parameter in April for which the volatility
appears to be a straight line in bold purple. The average Samuelson effect is highlighted by the blue dotted line
starting 150 days before maturity at 0.2055 and reaching 0.3187 at the end of the maturity.
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Contracts Type 1 Type 2
K I o K I A A
January 244.92  1.7405 0.2623 | 248.59  2.8216 1.3157 0.4145
February 232.61 -0.1563 0.2726 | 233.05 2.8325 1.0185 0.3877
March 227.92 -0.5633 0.2626 | 234.79 -0.3857 0.1527 0.2776
April 230.46  0.6467 0.2715 | 231.61 -1.0383 0.0000 0.2705
May 218.10  0.7244 0.2645 | 219.04 -0.0517 0.0784 0.2703
June 216.75 -2.5650 0.2570 | 215.60 -2.4209 0.0639 0.2619
July 232.81 -2.4204 0.2690 | 223.40 -5.1624 1.5731 0.4073
August 222.69 -0.9235 0.2566 | 234.41  0.0055 0.0874 0.2648
September | 245.81 -1.4060 0.2303 | 246.20 -0.8744 0.6958 0.2920
October 238.24 -0.3833 0.2380 | 242.77  0.0130 2.3314 0.5387
November | 235.73 -4.6677 0.2380 | 221.90 -2.0064 0.4599 0.2624
December | 277.94 -5.8982 0.2397 | 261.33 -5.8582 1.1832 0.3084
| Average | 23533 -1.3227 0.2552 | 234.39 -1.0104 0.7467 0.3297 |

Table 6: Parameter estimates for seasonality type (Type 1) and Samuelson type (Type 2).

a

Type 1
b c

0.2550 0.0170 0.7017

Table 7: Parameters for seasonality function from Equation (3.35) with RMSE of 0.0097 for all contracts.
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Figure 7: Volatility function for both types of models. Subfigure (a):
Subfigure (b): Model of Samuelson type (Type 2).
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LLH AIC BIC Deviance LRT p-value of LRT

Type 1 389.14 -772.29 -763.50 Typel  6.392 0 0.094

Type 2 392.34 -776.68 -764.96 Type 2 0 0 1
Table 8: Relative Goodness of Fit — Loglikelihood Table 9: Absolute Goodness of Fit — Deviance
(LLH), Akaike Information Criterion (AIC), and and Likelihood-Ratio-Test (LRT) and the p-value
Baysian Information Criterion (BIC) for seasonal- of the LRT for seasonality function (Type 1) and
ity type (Type 1) and Samuelson type (Type 2). Samuelson effect (Type 2).

Model Ranking. In order to compare both models according to their relative and absolute goodness of fit,
we rely on a procedure applied, e.g., by Zucchini et al. (2021) and Schneider and Tavin (2018).

For the relative goodness of fit, we consider the models’ logarithmic likelihoods (LLH), their Akaike Infor-
mation Criterion (AIC) and the Bayesian Information Criterion (BIC) described in Table 8. As we aim to
maximize the likelihood, the higher the LLH, the better. Moreover, the best model ideally induces the smallest
AIC and BIC. Hence, the Samuelson model fits better in all criteria.

For the absolute goodness of fit, we consider the deviance and the Likelihood-Ratio-Test (LRT). The deviance
is zero for the model with the highest likelihood. The closer the deviance for the remaining models, the better
the models are. As Type 2 is the better model, its deviance is zero. However, it is hard to verify whether 6.3917
is close or far away from zero. As it is known that the deviance follows a X2 distribution with three parameters
in the seasonality type model, we apply the LRT. The LRT returns the rejection decision and p-value for the
hypothesis test conducted at significance level 0.05. If the p-value is below this threshold, this indicates a strong
evidence suggesting that the model with the higher likelihood fits the data better than the model restricted to
three parameters only. Since the LRT does not reject the hypothesis, we can conclude that both models fit
the data equally well. The simulations in Appendix E confirm that even the model with the lower likelihood
fits the data comparably well. However, we observe for some contracts that fat tails are underestimated (see
also Figure 6). We also observe that the lognormal distribution would fit the data well. However, we refer to
Remark 3.3 that the distribution is not suitable for the model.

On the MPDP. We calculate the MPDP derived in Equation (2.13) from the estimated parameter values in
Tables 6 and 7. The explicit characterizations can be found in Examples 3.1 and 3.2. In Figure 8, we depict
the MPDP for both types. We observe a constant negative MPDP in the model of Type 1 for each contract, in
Figure 8 (a). The MPDP varies in a seasonal fashion having its minimal extreme values in winter and summer
— in particular in January, July, and December. In the April and October contracts, the MPDP is close to zero.
Nevertheless, the average MPDP is rather small around -6.3891e-06 in dashed. In fact, the MPDP of diffusion
risk is high, whenever the variance of the seasonality function S; is high and, thus, whenever the changes in Sy
are the largest (see also Remark 2.1 (ii) and Kemper et al. (2022)). We expect a growing MPDP with a rising
share of renewable energy since they strongly depend on the weather conditions of the season. Hence, they
induce a more pronounced seasonality with respect to the delivery time. The seasonal behavior of the MPDP
under Type 1 of delivery-dependent function has been observed firstly by Kemper et al. (2022) numerically
using a = [1.2;2],b = [0.2;1], and ¢ = 0. We here provide the empirical evidence for the shape of MPDP, which
is less pronounced and shifted horizontally since we estimate a = 0.2550 and ¢ = 0.7017. Figure 8 (b) depicts
the MPDP of Type 2 for each contract over time to maturity. The MPDP is negative and decreases further the
closer we reach the expiration date. Especially for July and October, the MPDP is highest in absolute values.
For the sake of comparison, we include a barplot of the terminal MPDP under Type 2 in Figure 8 (¢). According
to Figure 8 (c), a delivery dependence in terms of the Samuelson effect is especially visible in January, July,
and October. At terminal time, the average MPDP is found at -1.2643e-04 in dashed.
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Figure 8: MPDP of diffusion risk II; for all contracts. Subfigure (a): MPDP in the model of seasonality type
(Type 1). Subfigure (b): MPDP in the model of Samuelson type (Type 2). Subfigure (c): Terminal MPDP in
the model of Type 2.

5 Conclusion

In this paper, we provide empirical evidence as well as analytical characteristics of the MPDP for electricity

swaps embedded in a Merton type model.

We adjust the Heston type setting of Kemper et al. (2022) to a jump framework of Merton type leading to
the MPDP for diffusion and jump risk. We thus identify the MPDP for the jump component, which turns out
to be negative as it is the case for the diffusion component. In addition, we transfer the model to the physical
measure under which we allow for mean-reversion, seasonalities, and term-structure effects. A comparison of
the risk-neutral measures of the swap resulting from geometric and approximated averaging, Q and @, offers
the decomposition of the “true” market price of risk comprising the “classical” market price of risk and the
MPDP for jump and diffusion risk. We may refer @ to the “correct” or “true” risk-neutral measure since the
swap price is a @—martingale without any approximations. In contrast, the “classical” or artificial risk-neutral
measure, QQ, results from an approximation of the swap price leading in general not to the “true” pricing measure.
Consequently, any pricing methodology based on approximated averaging can easily be turned to the “correct”
risk-neutral measure by an application of our MPDP.

We compare swap prices resulting from geometric averaging with swaps based on approximated averaging
in line with with Kemper et al. (2022) and Bjerksund et al. (2010). We find that different averaging techniques
lead to a pricing spread that stays untouched by measure changes. In particular, the swap price based on
geometric averaging turns out to be smaller than the one resulting from approximated averaging. The spread
itself can be characterized by a change of measure based on the MPDP as introduced by Kemper et al. (2022).
As the MPDP leads to the true pricing measure, @, the spread remediates the approximated swap price and
adjusts it downwards to the correct price of the swap contract.

We finally investigate the model under the physical measure as well as the resulting MPDP empirically.
To this end, we consider two types of models characterized, on the one hand, by seasonality in the delivery
time (see Fanelli and Schmeck (2019)) and, on the other hand, by the Samuelson effect (see Samuelson (1965)).
We adapt them to a jump setting, and provide the corresponding discretized swap price models. We fit the
discretized models using a two-step estimation procedure. In the first step, we identify jumps and fit their jump
size to suitable distributions. We find that the exponential distribution fits the detected jump sizes best. In a
second step, we fit the jump free dataset to both types of models. From model selection techniques, we observe
that the model of Samuelson type lead to a higher likelihood, while inducing a lower AIC and BIC than the
model of Type 1. The absolute goodness of fit, however, confirms that seasonalities in the delivery period can
explain the model comparably well. Moreover, we provide empirical evidence for the MPDP of diffusion risk

for both types of models. Seasonal delivery dependence causes a MPDP that is constant over trading time and

28



seasonal in delivery time. In contrast, term-structure dependence induces a decreasing behavior of the MPDP
over trading time. Hence, the closer we reach the expiration date, the more pronounced the MPDP, and the
larger the pricing spread. Consequently, the MPDP reduces risk caused by approximated averaging especially
when the end of the maturity approaches.

In our empirical analysis, the MPDP of jump risk is zero by construction. Moreover, we have assumed the
annualized jump intensity to be the same for all swap contracts. Nevertheless, we observe a rather seasonal
jump intensity (see Figure 4). It would be very interesting to investigate this phenomenon theoretically and

empirically more precisely. This, however, is a question for future research.

To conclude, we expand the MPDP to the jump setting and provide empirical evidence for the MPDP
influenced by typical characteristics of the electricity market. We even expect a growing MPDP caused by
a rising market share of renewable energy: Varying weather conditions over the seasons of a year will cause
stronger seasonal behavior when the share of renewables is growing. Consequently, this increases the importance

of the MPDP of diffusion risk, which has to be taken into account to ensure an accurate pricing procedure.
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Appendix

A Technical Requirements

Assumption 1. For the model (2.1), we make the following assumptions to apply 1t6’s formula (see Oksendal
and Sulem (2007), cf. Theorem 1.16):

(i) For A:={(t,7) € [0,72]?:t < 7} the functions o: A — R* and n: A — R are adapted such that the
integrals exist, meaning that Q[fot o%(s,7) + [ |(e"57* — 1)[¢Q(dz)ds < o0] =1 for all0 <t < 7.

In order to ensure existence and uniqueness of solutions to Equation (2.6) (see Oksendal and Sulem (2007), cf.

Theorem 1.19), we further assume:

(#3) (At most linear growth) There exists a constant Cy < oo such that

lo(t, 7)z|? + /]R ("2 — 1)2|2Q(dz) < C1 (14 |z]?), VzeR. (A1)

(#it) (Lipschitz continuity) There exists a constant Cy < oo such that

lo(t, ) — o (t, )yl + / (7002 — 1) — (1077 — 1)y PeR(dz) < Colle — ), VayeR. (A2)
R

Hence, by Oksendal and Sulem (2007) (cf. Theorem 1.19), it follows that Egl|f(t,7)|?] < oo for all t € [0, 7].
By the Ito-Lévy Isometry (see Oksendal and Sulem (2007), cf. Theorem 1.17) part (iii) implies that

EQ[f2(t,T)] =Eq [/0 (v, 7) (v, 7) + f(v, ) /R(e"(”’ﬂz - 1)26Q(dz)dv < 00, (A.3)

so that the square-integrability conditions are satisfied implying that f is a true martingale under Q.

Assumption 2. For the geometric weightening approach in Equation (2.11), we need to apply the stochastic
Fubini Theorem (see Protter (2005), cf. Theorem 65, Chapter IV. 6). Therefore, we assume that

(2) o(-,7) and n(-,7) are P x B((11, 12]) measurable, where P is the predictable o-algebra making all adapted,

caglad processes measurable,
(i1) Eq [ o ;2 o?(t,u)w(u, 71, 72)du dt] < 00,
(ii7) Eq [ Tt ww(u, i, m)du dt} < 00,
. 1 T2 (t,u)z _ 1)2 Q
(iv) Eg [ o Ju (e 1)2w(u, 71, m2)du £2(dz)dt| < oo,
such that the integrals still exist and linear growth and Lipschitz continuity are satisfied (see Assumption 1).

Assumption 3. To apply Girsanov’s Theorem (see Oksendal and Sulem (2007), cf. Theorem 1.35), we assume
that H(l@Q and HgQ are predictable, satisfying

(i) Eqlfy" H?Q(S,T17T2)2d8] < 00, such that ZiQ@ is a true martingale, and

(74) HQQ(t T1,72)2 < 1 for all t € [0,71] and Eqg| ;" In(1 Hg@(s,ﬁ,m)) + Hg@(s,ﬁ,m)ds] < 00, such that

ZéQQ s a true martingale.
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Assumption 4. For the model in Equation (3.1), we make the following assumptions to apply Ité’s formula
(see Oksendal and Sulem (2007), cf. Theorem 1.16):

(i) The functions p: A — R, k: [0,71] = RT, 0: A — RT, and n: A — R are adapted such that the integrals
exist, meaning that for all 0 <t < 7, we have P[fot 12 (v, 7) + K2(v) + 02 (v, 7) + n?(v,7) [ 220F (dz)dv <
oo = 1.

In order to ensure existence and uniqueness of solutions to Equation (3.3) (see Oksendal and Sulem (2007),

Theorem 1.19), we further assume:

(i) (At most linear growth) There exists a constant C; < oo such that Va € R:

la(t, )P + ()2l + |o(t,7)|* + In(t, 7)? /R |26 (dz) < C1(1 + [a]?) - (A4)

(#9t) (Lipschitz continuity) There exists a constant Cy < oo such that

K ()| —y[*+ < Collz —yf*), Vo,yeR. (A.5)
Assumption 5. For the model in Equation (3.1), we make the following assumptions to apply Ité’s formula
(see Oksendal and Sulem (2007), cf. Theorem 1.16):
IP’U;’ Jp €7 TEE (d2)dv < 00] = 1 holds for all 0 <t < 7.

In order to ensure existence and uniqueness of solutions to Equation (3.3) (see Oksendal and Sulem (2007),

Theorem 1.19), we further assume that

(i1) [ e" TP (dz) exists and is bounded for all (t,T) € A, such that the linear growth condition and Lipschitz

continuity are satisfied.

Assumption 6. For the geometric weightening approach in Equation (2.11) applied in Section 3, we apply the
stochastic Fubini Theorem (see Protter (2005), cf. Theorem 65, Chapter IV. 6). Therefore, we assume that

(1) k,p,0,m are P x B((11,72]) measurable, where P is the predictable o-algebra making all adapted, caglad

processes measurable,
[ f p(t, w)w(u, 71, 72)du dt} < 00,
(1i4) Ep { o :12 o?(t,u)w(u, 71, 72)du dt} < 00,
(iv) Ep [ o Jr [ (et —1)2w(u, 1y, o) du EP(dz)dt] < 00,
[ f n(t, u)w(u, 71, 72)du dt} < 00.
Assumption 7. To prove that 7P s q true martingale, we assume that K, u,o,n are deterministic and that
(¢) Hg@(t,ﬁ,m)z <1 for F-a.e. z € R and each t € [0, 7],
(i5) €% has fourth moment, that is [, z*(" (dz) < oo,
(iii) [, f:f w(u, 11, 72)p? (t, u)du dt < oo,
(i) fo" [72w(u,m,m2)n?(t,u)du dt < oo,
(v) OTI f:f w(u, 71, 72)ot(t, u)du dt < oo,

(vi) fo t)dt < oo.
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B Proof of Proposition 3.2

Inspired by Benth et al. (2019), we prove that ]EP[ZP@(Tl,Tl,TQ)] = 1 and expand their Theorem 3.5 to a
geometric setting with stochastic volatility in order to address settings as in Kemper et al. (2022). For the
scope of the proof, we consider the swap price F' in Equation (3.7) characterized by stochastic volatility of the

form
o(t, 7)Vr(t), (B.1)

where o(t,7) is deterministic and v is the stochastic volatility that is modeled as a Cox-Ingersoll-Ross process

evolving as

dv(t) = K, (0, — v(t))dt + o,\/v(t)dBY | (B.2)

for v(0) = vy > 0, where BY and JE are independent of each other and BY and W¥ are correlated. In
particular, we assume a correlation structure d(WF, BF), = pdt where p € (—1,1) such that we can rewrite
BY = pWP 4+ /1 — p2BF for BY I WF. Moreover, we assume that £,,6,,0, > 0 satisfy the extended Feller
condition, i.e., 02 < k,0,, to ensure that Ep[v=2(t)] is bounded on the entire trading time t € [0,71] (see
Dereich et al. (2012), cf. Chapter 3). Note, that the extended Feller implies the classical Feller condition (see
Karatzas and Shreve (1991), cf. Chapter 5) ensuring that the volatility stays positive.

We proceed in the following steps:
1. Derivation of a new risk-neutral measure @" through a stopping time 7,,.

2. Proof that Eg [Z]P@(Tl, T1,72)] is lower boundend, i.e.,

1 = 1 1
Eg ZPQry, 1, )| > 1 — ﬁE% [Sl;pY(S,Tl,TQ)] - EE@" [Slip y_l(S)] - EE@" [sgp V(s)] .

3. Proof that there exist upper boundaries for Eg, [sup, Y (s,71,7)], Eg. [sup, v~=1(s)], and Eg. [sup, v(s)],

that are independent of n.

1. Derivation of Q". Similar to Benth et al. (2019), we set g(z) := (1 + z)log(1 + z) — z and define the
predictable compensator of 1(H¢, H¢) + > i< 9(AH(t)) by

1t o~ _ t _
C(t,m,72) := 5/ ﬂIfQ(s,Tl,Tg)Q + WEQ(s,ﬁ,Tg)st +/ /g(ﬂgQ(s,Tl772)z)€P(dz)ds ,
0 o JrR

where H from Equation (3.17) now embraces stochastic volatility such that

v ¢ _ _ ¢ -
H(t,m,72) ::/ WIEQ(S,Tl,TQ)dVVF+/ /WIQPQ(S,Tl,TQ)ZNP(dS,dZ> +/ 72Q(s, 71, 12)dBE .
0 o Jr 0

Note that this stochastic volatility setting covers a three-dimensional market price of risk 7 := (w1, mo,m,) for
all independent random parts WT, jp, BF. As we are in an incomplete setting, we choose the market price of
volatility risk, m,, such that the market price of risk admits the same structure as in the Heston model, i.e.,
pw]f@ + mﬂf@ = g—zm (see Heston (1993)). Now let us define a sequence of stopping times

7y, = inf {t €[0,7]: |}~/(t,'rl,72)| >mn, or |l/71(t)| >n, or |v(t)] > n} , (B.3)
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and observe that for every n € N, the stopped process C(t A 7,,,71,72) is bounded. Hence, by Lépingle and
Mémin (1978) (cf. Theorem II1.1), we know that ZPQ(t A 7,71, 72) is a uniformly integrable martingale such
that we can define the probability measure @” by

dQr
dP

= Z]P@(T1 A Tn, T1,T2) - (B.4)

2. Proof of lower boundary of EP[Z]P@(Tl)]. First, 7P s a positive local martingale by the assumption

that WEQ(L T1,72) > —1 for all ¢ € [0, 71]. Hence, it is a supermartingale, so that we know the upper boundary
for 7 > 0:

Ep[Z°¢(r1, 71, 72)] < Ep[Z270(0, 71, m2)] = 1.
Next, we consider the lower boundary, following Benth et al. (2019):

Ep[Z5%(71, 71, 72)] > Ep[Z°%(71, 71, 72) Ls 5y | = Bp[ 2591 A Ty 71, T2) L 5y | = @n[f'n > 1),

where the last equality follows from the change of measure defined in Step 1 (see Equation (B.4)). By definition
of the stopping time 7,, (see Equation (B.3)), we deduce

Ep[ZFC(r1, 71, 72)] >1 — Q"[#, < 7]

>1—(Q" | sup Y(s,m,m)>n|+Q" | sup v (s)>n|+Q" | sup v(s)>n
s€[0,71] s€[0,71] s€[0,71]
1 ~
>1——|Es, | sup Y(s,71,72)| +E5, | sup 1/71(5) +E=. | sup v(s) ,
n ( Q s€[0,71] Q s€[0,71] Q s€[0,71]

where the last inequality follows from Markov’s inequality. If we show that the expectations on the right hand
side have upper boundaries that are independent of n € N, then Ep[ZPQ(7, 71, 73)] = 1, which is addressed in
the third step.

3. Proof of upper boundaries. In order to identify upper boundaries under the measure @” defined in
Equation (B.4), we need to derive the dynamics of }N’, v~! and v under @” We apply Girsanov’s theorem (see
(Oksendal and Sulem (2007), cf. Theorem 1.35) to Equations (3.8) and (B.2), where

_ t
w2 :WtPJr/ T7%(s, 71, 72) Lo,2,)(s)ds
0

B(t@n =By + /Ot %mﬂ[o,m(s)ds ;
are correlated standard Brownian motions under @" and
N (dt, dz) = NP(dt, dz) + T8 (¢, 71, 7)o 2,0 (£)€F (d2)dt
is the @”—compensated Poisson random measure. Moreover, by Ito’s formula, we find

dvH(t) = v (t) (K + 60102, () — v () (Kb, — o)) dt — o2 (t)dB;@n .

35



Hence, we can show

Eg. | sup |u-1<s>|]
s€[0,71]
(*) 1 R -1 2 s Q"
— +Eg. | sup v () (Ku + 60102, () — v (8) (Kb, — 0})) dt| + Eg. | sup o,v” 2 (t)dBy
Vo s€[0,m1] s€[0,71] JO

() 1 1 T1
< — + (k+ [0, )Eg. { / Vl(t)dt] + (o0, — 07)Eg. { / u2(t)dt] +ayn*%E@n
Yo 0 0

(k) 1 e
N 14

+(/-;+5V|)/On By, [v1(t) dt+(fiyﬂy—af)/o By, [v2(0)] dt

sup / dB;@n
s€[0,71]

Inequality (%) follows from the integral representation of »~! and the triangle inequality. Inequality (%*) results
from the fact, that the extended Feller condition is satisfied (i.e., 02 < k,8,) and that v=! < n under Q".
Since both processes v~ and v~2 are positive, the supremum disappears in the first two cases and the upper
boundary is used. Equality (% % ) is reached by stochastic Fubini to the first two integrals and the last
term disappears. From Dereich et al. (2012) (cf. Chapter 3), we know that the expectations of the inverse
and the inverse quadratic stochastic volatility, Eg, [v71(t)] and Eg. [v72(t)], can be characterized explicitly
and are bounded independently of n, as long as the extended Feller condition 02 < k,0, is satisfied. Hence,
E@n [SuPse[O,n] \1/‘1(3)\} <c Ln
Moreover, we can show that |v|? is uniformly integrable:

Egn

®
S 4 Vo +]E@n

e [,
S 4 Vo +4E@n

sup |v(s)]’| = Egn | sup (Vo +/ Kby — (Ky 4 00110 7,1 (t))v( dt+/ oV dBQn t )
s€[0,71] s€(0,7m1] 0

s 2 s 2 s - 2
sup (/ ,‘iueudt> + sup (/ (kv + 5,,]1[07+ﬂ,](t))u(t)dt> + sup (/ ou\/v(t)dBR )
s€[0,71] 0 s€[0,71] 0 s€(0,71] 0

T1 2 T1 2 T1 ~n 2
( / ;sl,é)l,dt) ( / (K +5,1[0,+n](t))y(t)dt) ( ou\/v(t)dB2 ) } )
0 0 0
(Fexx) T1 219 9 T1 9 T1
< 4 vo + 47 / K, 0,dt + 411 (Ky + |04]) / E@n dt + 4UUE@n / v(t)dt| ,
0 0 0

where the first equality represents the integral version of v. Inequality (%) results from the Cauchy-Schwartz in-

+ 4E@n + 4E@n

sup v2(s)
s€[0,t]

equality to the sum and an application of the triangle inequality. We apply Doob’s inequality to all expectations
in Inequality (xx). In Inequality (xxx), we apply the Cauchy-Schwartz inequality to the first and second integral
and apply Ito’s isometry to the last summand. We finish with the stochastic Fubini to the second integral while
making the integrand even bigger. Note that for the last summand, we have EQn [ n (t)dﬂ < ¢, L n since we
can find explicit expressions in Cont and Tankov (2004) (cf. Chapter 15). Setting ¢, := 4v3 + 1677 K202+ 1602¢,,
then, by Gronwall, we receive Eg,, {supse[o,n] |V(S)|2} < et oD = ) | g,

Next, we show that |§7|2 is uniformly integrable:

By | sup [P(s,m,m)P
s€[0,71]

=E

sup (f/(o,ﬁ,m) +/S (1= 1.2t (E[u(t,U)] - n(t)f/(t,ﬁ,m)) dt — / %E[a(@U)]%(t)]l[o,;n](t)dt

s€[0,7m1] 0 0

U)oawd” + /SE[n(t,U)]dz@"

0

/O En <1 - fEZz[z@UU) fR_ZiZP(zZ))) 1[0,+n](t)AZéP(d2)dt)2]
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© 7(}72(0,7-1,7-2)+]E@n [ sup (/0 (1_1[0,+n](t))E[u(t,U)]dt> ]

s€[0,71]
+E@n[sup ([ 0= t0ns@) ¥ ﬁ’”)dtﬂ

s€[0,71]

wo0e| g ([ bt )|
T (ASE["“’ 7 ( T Qzﬁizfﬁi]!“iéf;;) “[°’*““)/nf”(dz)dt) ] )
( /0 " 1= 2 () Elut, U)]dt) 2]
+ 4Ky, [(/01 (1= 1 (8) KV (7, TQ)dtﬂ
+ 4Ry, (/O IE[U@,U)]\/@Uzwf@”)2 + 4Ry, [(/0 ]E[n(t,U)]di@"ﬂ
+ 4Eg, ( /O " Bt 0)] (1 - ff[;g’( t@}}ﬁji é?;i)) Lo [ zeﬂdz)dt) 2] )
(o)

T1
< 7( (0,7’1,7'2)-!—47'1/ E[u(t, U)]?dt
0

+4/On Elo(t,U)]"dt Eg, Mﬁ u2(t)dt] +4/0 t)dt Eg. V Y3(t, 11,72 dt}

+ 4By, [(/O Ep(t,U)]MdWP") + 4Ry, [(/0 E[y(t, U)]dJ2 ) }

4—4/(;1 E[n(t,U)])? dtEgn [/On (1 —E[n(t,U))? q emi(ftm;)ﬁp fzwp =y ) (/R 2 (d2) ) dt] )

~ T1 T1
< 7<Y2(0,n,72)+4n/ E[u(t,U)]th—i-élcm/ Elo(t,U)]*dt
0 0

g | sup ( | et U>12u<t>ﬂ[o,+n]<t>dt)2

s€[0,71]

+Eg, | sup (/0 E[o(t, U)}\/Tt)th@n> ’

s€[0,71]

(x%)

< 7( (O,T17T2)+4E©n

+4Eg, ( [ bt oo )

T1

+4 /0 " Blo(t, U))dtyies + 4 /O Efy(t, U)] /R 20 (d2)dt

T1 T1 _
4 / 2(t)dt Eg, [ / sup V2 (s, 71, m2)dt
0 (0] SG[O,t]

+4/OTl E[n(t,U)]th/oﬁ ((/R zep(dz)> +E[n(t, U))* (. eE[i{tﬂfjﬁz(i)Zu»(dz)f) dt) ,

1 T1 -
=:cy + 28/ 2(t)dt Egn [/ sup YQ(S,Tl,TQ)dt:| .
0 0

s€0,t]

The first equality represents the integral version of Y. Inequality (x) results from the Cauchy-Schwartz
inequality to the sum and an application of the triangle inequality. We apply Doob’s inequality to all
expectations in Inequality (xx). In Inequality (x % %), we apply the Cauchy-Schwartz inequality to the first
three integrals. We finish with Ito-Lévy Isometry (see Qksendal and Sulem (2007), cf. Theorem 1.17) to the
last summand and an application of the stochastic Fubini theorem to the fourth summand (including }7) while

making the integrand even bigger. By the previous considerations, we know that Eg, [Jo Elo(t,U)]Pv(t)dt] <
Iy Elo(t, U)|*dtEg., [ o (t)dt} < o Elo(t,U)]4dt\/71cz is bounded independently of n and that
Jo Elo(t,U)]*dt Egn [ o A(t)dt] < com [yt E[o(t,U))*dt is independent of n. By the choice of cy, an

application of Gronwall’s inequality yields Epn {supse[O,Tl] |}~’(3,7'1,72)|2] < ey eBJot Wt — o | n | such

that we have shown, that 770 is indeed a true martingale.

37



Further Plots on the Description of the Data in Section 4.4

C.1 Histogram of Logarithmic Returns

(a) January (b) February (¢) March

Count
Count
Count

-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 006 0.08 -0.06 -0.04 -0.02 0

0.02 0.04 0.06
Log-Returns

-0.06 -0.04 -0.02 0 0.02 0.04
Log-Returns

N(-0.000871898, 0.000338 )

Log-Returns

N(0.00159148, 0.000373 ) I N( 0.000525923, 0.000363 )

(d) April (e) May (f) June

Count

0.06  -004  -0.02 0 0.02 0.04 0.06 01 008 -0.06 -0.04 -002 0 002 004 006 -0.06 -0.04 -0.02 0
Log-Returns

0.02 0.04 0.06
Log-Returns

Log-Returns
I N( -0.000760821, 0.000344 ) I N -0.000289525, 0.000402 )

N(-0.00264056, 0.000331 )

(g) July (h) August (i) September

120 T T T T T T T T
100
80
€ €
3 60 3
[$) o
40
20
0
04 03 02 -0 0 0.1 02 03 0.05 0 0.05 0.1 0.15 0.2 015 -01  -0.05 0 005 0.1 015 02
Log-Returns Log-Returns Log-Returns

N( 0.000290639, 0.000710 ) 000254877, 0.000699 )

() October (k) November (1) December

30

Count
Count

-0.15 -0.1 -0.05 0 0.05 0.1 0.15 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06
Log-Returns Log-Returns Log-Returns

N(-0.00378362, 0.000346 ) N(-0.00337168, 0.000297 )

38




C.2
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D Further Plots on Step I in Section 4.5

D.1 Jump Identification Procedure per Contract
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D.2 Identified Jumps per Contract
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E Simulation of Logarithmic Returns with Exponential Jump Sizes

E.1 Simulation of Logarithmic Returns per Contract — Type 1
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E.2 Simulation of Logarithmic Returns per Contract — Type 2
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