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A Semi-nonparametric Copula Model for Earnings Mobility

Costanza Naguib; Patrick Gagliardini'

Abstract

In this paper we develop a novel semi-nonparametric panel copula model with external covariates for
the study of wage rank dynamics. We focus on nonlinear dependence between the current and lagged
worker’s ranks in the wage residuals distribution, conditionally on individual characteristics. We
show the asymptotic normality of the Sieve estimator for our preferred mobility measure, which is an
irregular functional of both the finite- and infinite-dimensional parameters, in the double asymptotics
with N,T" — oo. We derive an analytical bias correction for the incidental parameters bias induced
by the individual fixed-effects. We apply our model to US data and we find that relative mobility
at the bottom of the distribution is high for workers with a college degree and some experience.
On the contrary, less-educated individuals are likely to remain stuck at the bottom of the wage rank
distribution year after year.

Keywords: Wage dynamics, rank, functional copula model, nonlinear autoregressive process, Sieve semi-
nonparametric estimation
JEL codes: C14, J31

1 Introduction

!'The aim of this paper is to specify and apply a novel semi-nonparametric model for individual earnings
dynamics. Our specific focus lies in relative mobility (see Shorrocks (1978), Fields and Ok (1999),
Bonhomme and Robin (2009), Cowell and Flachaire (2018)), i.e. the dynamics of the workers’ positions
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within the cross-sectional distribution of the residuals from a wage regression. The worker’s percentile
in this cross-sectional distribution is called wage residual rank. In contrast with the previous literature,
where fully parametric copulas have been used to model the joint distribution of the current and past
individual ranks”, we use a semi-nonparametric specification of the copula, conditionally on external
covariates. This flexible specification accommodates a rich variety of patterns of relative mobility as a
function of the past position of the worker and her individual characteristics. The (nonlinear) dependence
between current and past ranks, conditional on individual characteristics, defines relative mobility. While
our empirical analysis focus on the labor market, the modeling and estimation methodologies in this
paper are of more general interest for studying positional mobility.

The methodological contributions of this paper are manifold. The first one consists in the specification
of a novel copula family, which is parametrized by a function instead of a vector of unknown parameters.
This copula specification is inspired by a nonlinear nonseparable autoregressive model with uniform
invariant distribution. The copula functional parameter is the nonlinear autoregressive function of the past
rank. To introduce external covariates in a parsimonious way, the copula functional parameter depends
on a second argument, that is an index variable corresponding to a linear combination of the individual
regressors. This yields a semi-nonparametric specification for the individual dynamics of the ranks
conditionally on the observed characteristics in a panel framework. Second, based on this specification
we define functional measures of relative mobility, which are the partial derivatives of the conditional
median rank w.r.t. the value of the past rank. The larger the absolute value of such derivatives, the
smaller is the relative earnings mobility conditionally on covariates. The patterns of relative mobility are
controlled by the shape of the functional parameter of the copula. Third, we define simple-to-implement
estimators for the finite-dimensional and functional parameters of our model. In the first step, we obtain
wage residuals from a standard fixed effect panel regression and compute the corresponding empirical
ranks as percentiles of the empirical cross-sectional distribution. Then, in the second step we estimate the
semi-nonparametric copula specification with the method of Sieves, see e.g. Wong and Severini (1991),
Chen and Shen (1998), Ai and Chen (2003), Chen (2007). Because in the second step the likelihood
function involves empirical ranks, our theoretical developments share some similarity with the results
in Chen, Huang and Yi (2021) who apply Sieves estimation on GARCH filtered residuals. 3 Fourth,
we develop a theory of asymptotic normality for some functionals of the finite- and infinite-dimensional
parameters of interest, such as our preferred mobility measure, in a double panel asymptotics with both

the numbers of individuals N and time periods 7" tending to infinity. As in Chen, Liao and Sun (2014)

Zsee Joe (1997) and Nelsen (1999) for a background and a review of parametric copula specifications.
3In a similar vein, Chen, Xiao and Wang (2020) estimate a parametric copula specification on filtered residuals of a model
with nonstationary regressors.



and Chen and Liao (2014), the functionals in our paper are irregular, i.e. their directional derivative
admits a Rietz representer with unbounded norm. Our estimation methodology suffers from an incidental
parameters bias, due to the individual fixed effects in the preliminary panel regression used to obtain the
wage residuals. * We characterize this asymptotic bias and we show how to perform an analytical bias
correction. The present paper hence lies at the intersection of the literature on parametric bias correction
in a panel framework and of that on semi-nonparametric Sieve estimation. Evidence from Monte Carlo
simulations, for designs mimicking our empirical analysis with an unbalanced dataset of individuals with
an average permanence in the sample of 15 years, shows that we can effectively correct up to 40-70% of
the bias in the estimated mobility measure depending on the setting.

In an empirical illustration we estimate our semi-nonparametric copula model on an unbalanced panel
dataset of US workers from the PSID in the period from 1968 to 1997. We find a relatively high degree
of positional persistence for workers with a low educational level in the bottom part of the wage residuals
distribution. On the other hand, in the same period there was high positional mobility for those workers
occupying a low position in the wage residual distribution but having a high educational level and several
years of experience. The above-mentioned differences in the mobility patterns for workers with different
characteristics are statistically significant. These results provide evidence for the existence of a wage
trap but only for workers with low educational level and/or scarce experience (proxied by age).

This paper is not the first one to use copulas for studying individual earnings dynamics. We build on the
pioneering work of Bonhomme and Robin (2009) who use a copula model to specify the dynamics of
the ranks of the transitory wage component. The joint distribution of the present and the past transitory
components is modeled by the authors via the one-parameter Plackett copula. The copula parameter
captures individual positional persistence conditionally on covariates, but the dependence between the
current and past ranks is rigidly defined by the chosen parametric copula family. We expand on the work
in Bonhomme and Robin (2009) by adopting a more flexible semi-nonparametric specification for the
copula. Moreover, we allow marginal distributions to depend on individual explanatory variables. In the
empirical application, we contrast the estimates from our model with those obtained with a parametric
copula. We provide empirical evidence to demonstrate that our semi-nonparametric approach improves
the understanding of the relative mobility patterns.

Copulas have been widely used for nonlinear time series modeling. In this context, copulas specify either
serial dependence in a univariate model (see e.g. Chen and Fan (2006 a) and Chen, Wu and Yi (2009) for

efficient semi-parametric estimation, and Beare (2010) for the study of temporal mixing properties, in a

4See e.g. Hahn and Newey (2004), Fernandez-Val and Vella (2011), Hahn and Kuersteiner (2011), Fernandez-Val and Lee
(2013), Fernandez-Val and Weidner (2016) for correcting the incidental parameter bias on a finite-dimensional parameter with
double panel asymptotics.



copula Markov model), or contemporaneous dependence across innovations in a multivariate model (e.g.,
Chen and Fan (2006 b), Patton (2006), Hirdle, Okhrin and Wang (2015), Chen, Huang and Yi (2021)),
or both cross-sectional and serial dependence (e.g. Rémillard, Papageorgiou and Soustra (2012)). Pat-
ton (2012) provides a review on copula models for economic time series. The setting of this paper is
similar to the first case focusing on temporal dependence, albeit in a panel framework with independent
individuals. The above references, as well as the vast majority of the literature, focus on parametric spec-
ifications for the copula, with nonparametric modeling of marginals. In this paper instead we consider
a copula involving a functional parameter in order to capture flexible patterns of dependence between
current and lagged endogenous variables. Chen, Koenker and Xiao (2009) examine the asymptotic prop-
erties of estimators for a copula-based quantile autoregressive model. The copula family is parametric,
with parameter dependent on the quantile level. In the conclusions the authors mention semi-parametric
modelling of the copula itself via the method of Sieves as a feasible strategy to expand the menu of the
currently available copula models. Such semi-parametric estimation is performed in the present work. In
fact, econometric analysis of copula densities with a functional parameter has received relatively scarce
attention in the literature. Gagliardini and Gourieroux (2007) discusses efficient non parametric estima-
tion in a framework without covariates, while Gagliardini and Gourieroux (2008) introduces a copula
time series model for duration variables based on a proportional hazard specification.

The remaining of the paper is structured as follows. Section 2 introduces the model for the joint dynamics
of the ranks and external covariates, and defines functional measures of relative mobility. Section 3 is
devoted to the estimators and their asymptotic properties. Section 4 reports the results of the Monte
Carlo simulations. Section 5 presents the dataset and the discussion of the estimation results on our
sample of US workers. Section 6 concludes. Appendices A and B provide the regularity conditions and
the proofs of the theoretical results, respectively. Appendix C concerns numerical implementation. In

the Supplementary Materials to the paper we present additional theoretical as well as empirical results.

2 A semi-nonparametric model for ranks dynamics

In the wake of the previous literature on individual earnings dynamics, we consider a two-step modeling

framework. We start from the following specification for the log wage:
Yir = o' Xig + 15 + Mo + €t 2.1

fori =1,...,Nandt =1,...,T, where y;; is log annual wage of individual ¢ in year ¢, X;; is a vector
of observable individual characteristics (including the constant), n; is the individual effect, \; is the time

effect and ¢;; is the residual. This model resembles the classical income decomposition proposed by
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Lillard and Willis (1978) in their seminal paper on earnings mobility and later adopted by Geweke and
Keane (2000). In equation (2.1), log earnings are expressed as the sum of different components. The
first one, i.e. o/ Xj;, in our empirical analysis is simply a polynomial of individual age, and hence can
be regarded as deterministic (i.e. it follows a pre-determined trend). Then, the individual fixed effect
7; stands for worker-specific, time-invariant unobservable characteristics, and the time effect \; captures
year-specific aggregate shifts in the level of log wages due to business-cycle dynamics. Finally, the
residual €;; represents the yearly fluctuations of log wage around the individual life-cycle and the macro
trends. > In the second step we focus on modeling the dynamics of the residual component ¢; ;. For this

purpose, we consider its rank, which is defined as
Uip = Fei(ig), (2.2)

where F_ ;(-) is the cross-sectional cumulative distribution function (cdf) of the residual component in
year t, which we assume to be continuous. By construction, the rank is uniformly distributed on [0, 1]
cross-sectionally at any date, and is interpretable as the individual percentile in the cross-sectional dis-
tribution of residuals. In the remainder of this section we specify a semi-nonparametric model for the
dynamics of the joint process (U, X;;) of ranks and individual observed characteristics. The fundamen-
tal difference between our approach and the vast majority of the existing literature on individual earnings
dynamics is that we model the dynamics of the ranks of the residuals instead of modelling the dynamics

of the residuals directly (which would correspond to the study of absolute mobility instead).

2.1 The general framework

We start by introducing the assumptions which define a general framework for the joint dynamics of

(Uit, Xit). We assume independence and identical distribution (iid) across individuals®.
Assumption 1. The processes {(Ui, Xit),t € N}, fori = 1,..., N, are i.i.d. across individuals.

Let us define Uy = (Ui 4, ...,Un;) and X; = (X1 4, ..., Xn,¢). The sample density is:

N N T
((Ur, Xr) = [[1WUiz. Xiz) = [ [] Wi, Xit|Use—1, Xip—1)
i=1 i=1t=1

where [ stands for the (conditional) density of a random vector, U; 11 = (U; 4—1,U; t—2, Ui +—3,...) and
Ur = (Ur, Ur_1,Up_s, ..

SWe could adopt more sophisticated specifications for the wage decomposition in equation (2.1), e.g. introducing interactive
fixed effects and heteroskedasticity in the error terms.

®The independence across individual ranks implied by Assumption 1 might seem counterintuitive. We stress that this
assumption concerns the theoretical ranks in (2.2), i.e. ranks computed with respect to an infinite population. Therefore,
mechanical effects from ranks in finite populations are absent here.



We focus on modelling the conditional density {(U; ¢, X; ¢|U; +—1, X; 1) for a generic individual 7. Let

us consider the following decomposition:
LUst, Xit|Usp—1, Xip—1) = UXt|Us =1, Xig—1) - WUse|Us -1, Xit). (2.3)

The distribution of the process (Uj, X¢) is thus characterized by two conditional densities, which are the
transition density of the rank given the regressors history, namely [(U;;|Xit, Ui ¢—1), and the transition

density of the regressors given the past ranks, i.e.

(Xt | Xip—1, Ui p—1)- 2.4)

We use the following Assumptions 2-5 on these conditional densities.
Assumption 2. Process (Uj:) does not Granger cause process (Xit), for any individual i.

Granger non-causality is equivalent to Sims non-causality (see e.g. Gourieroux and Monfort (1995)

Property 1.2). Assumption 2 implies that the conditional density in (2.4) is such that:

U Xt Xip—1,Uig—1) = U Xt Xip—1)- (2.5)

Hence, under Assumption 2, the past ranks do not affect the regressor dynamics, i.e. the individual

explanatory variables are exogenous.

Assumption 3. Process (X;;) is Markovian of first-order with transition density 1(X;|X;¢—1) and

strictly stationary.
The first-order Markov property implies that Equation (2.5) can be further rewritten as:

U Xit| Xip—1, Uig—1) = U Xat| Xip—1). (2.6)
Assumption 4. The rank dynamics is such that: 1(Uys| X, %) = (Ui Xit, Xip—1,Uir—1).

Assumption 4 implies that information about ranks and explanatory variables occurring before time ¢ — 1
is not relevant in determining the present rank Uy;.

From Equations (2.3), (2.6) and Assumption 4 we get:
W(Uit, Xit|Ui -1, Xig—1) = U Xit| Xip—1) - Uit |\Ui p—1, Xit, Xig—1)- 2.7

As a consequence, the joint process (Ujt, X;t) is first-order Markov. Equation (2.7) yields functional
restrictions on the specification of the transition density of such joint process in our model. The two
transition densities of interest are

HUit|Ui g1, Xit, Xip—1) (2.8)

6



and [(X| X;:—1). The latter is exogenously given, hence we will exclusively focus on the former one.
In order for the model to be consistent with the interpretation of U;; as a uniform rank, we need to ensure

that the unconditional density of U;; is uniform on [0, 1]:
Uy ~U(0,1). 2.9)

In the next subsection we prove that, under Assumptions 1-4 and additional constraints on transition
density (2.8), the distributional property in (2.9) holds.
Finally, we need to impose an orthogonality condition between error terms and regressors to identify the

parameter vector « in equation (2.1).

Assumption 5. The joint distribution of covariates vector X;; and error term €;4 is such that

E[(Xiy—Xi)(ex — &) =0, t=1,...,T, VT, (2.10)
where X;. = % 23:1 X and similarly for ;..

Assumption 5 involves regressors and errors in difference from their time means because of the individual

effects in equation (2.1).

2.2 A specification based on copulas

In this subsection we introduce a nonparametric specification for transition density (2.8) based on a
copula model. We take advantage of copulas to match the distributional restriction in (2.9). Given
Assumption 1, for explanatory purpose we omit the subscript i in the following. Let ¢(-, -; p) be a copula
probability density function (pdf) that is indexed by the functional parameter p = p(-), which possibly
depends on observable regressors. Let g(-|X) be a pdf of a random variable on the interval [0, 1], for any

value of X, and let G(-| X) be the corresponding cdf. We assume that g is such that:
/mmXWXMX:L VU € (0,1), 2.11)
where [(-) denotes the stationary pdf of X;. Further, let us define:
LU|Ut—1, X, Xi—1) = g(Ut| X¢)c|G(Ut| Xt), G (Up—1| Xe—1); p(-5 Xt)] (2.12)

where p(-, X;) is the functional copula parameter for given X;. By a change of variable argument and
the copula property fol c(u,v)du = 1,Yv € [0, 1], equation (2.12) defines a valid conditional density
function. Note that equation (2.12) is an hypothesis of the model, as it is not directly derived from

Assumptions 1-5 only. We come to the main result of this subsection.
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Proposition 1. Assume that the conditional distribution of ranks at date t = 0 is such that:
Uo|Xo ~ g(*|Xo0), (2.13)
and X is drawn from the stationary distribution of the regressors vector. Then, under Assumptions 1-5:
U ~U(0,1) (2.14)
forallt > 1.

The proof of this proposition is provided in Appendix B. Proposition 1 shows that, if the uniform rank
process is initialized with a conditional distribution g(-| X¢) satisfying property (2.11), and the transition
density is as in (2.12), then the condition of standard uniform marginal distribution for the rank process
is met. In fact, the proof of Proposition 1 shows that g(U;|X;) is the conditional pdf of U, given X; at
any date ¢, and c(+, -; p(-, X)) is the conditional copula pdf of (U, U;—1) given X, X;_1. Proposition 1
allows us to introduce a model which is compatible with the condition of uniform distribution for the rank
U, required for model coherency, in a very general framework. It applies to any copula family, possibly
with a functional parameter. This functional parameter, in turn, is allowed to depend on regressor X;.
Note that we do not specify the distribution of X, since we aim at deriving a result that holds for any
process (X;). The only requirement that we impose here is that exogenous process (X;) is Markov and

stationary.

2.3 The nonparametric family of autoregressive copulas

In the previous section we have shown how to specify a joint dynamics for rank U; and observable
regressor Xy, by means of a generic copula function that can be indexed by a functional parameter. In
this section we introduce a flexible nonparametric family of copula functions to be used in this setting.
These copula functions are inspired by nonlinear first-order autoregressive processes. We first specify
the model for the rank U; without the exogenous regressor X; and then show in a second step that the
regressor can be easily included as an argument of the copula functional parameter. Let us consider the

nonlinear autoregressive dynamics: ’

Ur = Ap(Ui-1) + wil, (2.15)

"Introducing further lags of the ranks in the model would allow to have a better fit. However, with the increase in the
number of lags, the problem of increasing dimensionality would arise. Moreover, it would not be straightforward to continue
ensuring that the marginal distribution of the ranks is uniform on [0, 1] - a condition which is needed for model coherence - in
the presence of more than one lagged value of the ranks as arguments of the autoregressive function.



where w; ~ IIN(0,1), function A is strictly monotonic increasing, and p is a function that expresses
the dependence between the past and the present individual ranks. The variance of w; is normalized
to 1. A non unit variance can be absorbed into functions p and A. The larger is the partial derivative
of the function p(-) with respect to the past rank, the higher the degree of positional persistence. Model
(2.15) defines a member of the Generalized Accelerated Failure Time (GAFT) class considered in Ridder
(1990) but in a dynamic framework. Also, function A~! plays the role of the transformation function
in a transformation model (see e.g. Horowitz (1996)). Our focus here lies in the study of the copula
associated to this dynamic specification®. Equation (2.15) defines a time-homogeneous Markov process.
Let us now derive the conditions on functions p and A, such that (Uy;) is a strictly stationary process with

unique invariant distribution, that is uniform on the interval [0, 1]. The conditional cdf is:
PlU; < u|Up—1 =] = Plwy < A7 u) — p(v)] = ©[A7! (1) — p(v)], (2.16)

where ® denotes the cdf of standard Gaussian distribution. If we impose the property of uniform marginal

distribution by integrating out U;_1, we get:
1
u= PlU; <u] = E[P(U; <u|Ui_1)] = / O[A"(u) — p(v)]dv, (2.17)
0

for any u € (0,1). This yields:
1
Aly) = / Oy — p(v)]dv, (2.18)
0

for y € R, i.e. function A(-) is univoquely determined by function p(-) under the condition of uniform

margins for the Markov process (U;). We summarize the result in the next Proposition.

Proposition 2. For the Markov process defined by equation (2.15), the invariant distribution of Uy is

uniform on [0, 1] if, and only if, the function A(-) is given by the following expression.:

1
Aw) = [ Bl = o) (2.19)
forally € R.

Thus, the copula of (U, U;—1) is completely characterized by function p. The copula is invariant to
shifts of the functional parameter p(-) — p(-) + ¢, for any constant c. We can normalize the parameter

by imposing the restriction p(u*) = 0 for a given u* € (0,1).

8We could extend the specification to have a generic distribution for the error process w;. This would lead to a copula family
characterized by two functional parameters.



Let us now derive the copula pdf associated with the nonlinear autoregressive model (2.15). The nonlin-

ear autoregressive copula is the joint distribution of U; and U;_;. The copula pdf is given by:

c(u,v;p(-)) = 2P[Ut S ulliy =v]= ¢[A;[1§U)1(_“)p](v)]’

7 (2.20)

for the arguments u,v € [0, 1], where A(y) = fol ¢ly — p(v)]dv is the derivative of function A and
¢ = ®'. This copula pdf is parameterized by function p(-). This copula family contains the Gaussian
copula with correlation parameter /v/1 + 2, for > 0, when p(v) = r®~!(v). ? Hence, we get a non-
parametric copula family that extends the parametric Gaussian copula model providing more flexibility.
However, the copula family specified in equation (2.20) does not include any other commonly used
parametric copula families besides the Gaussian copula.

We combine the results from Subsections 2.2 and 2.3 to obtain our model. Specifically, first we rein-
troduce the individual index 7. Second, we introduce the regressor vector X; ; in the copula functional
parameter. This is possible since essentially any function p(-) is admissible as a parameter of the au-
toregressive copula. To cope with the curse of dimensionality in nonparametric estimation, we assume
an index model specification for the effect of the observable characteristics. Hence, from (2.12) the

conditional density of U;; given U; 31, Xy, X; 41 is:

(Uit U1, Xip, Xig—1) = g(Uid| X, 1B1) - clG(Uid| X, 41), G(Uii—1|1 X1 4 181). p(, X, 132))]
2.21)
where g(-|X£7t51) is the pdf of the distribution of the rank, conditional on the individual variables,
G(-|X£7t61) is the corresponding cdf, c[-, -, p(-, X/, 32)] is the copula density in (2.20) with functional
parameter p(-, X; ,2), and function A(-) replaced by

1
A(y; X[, 62) = /0 Dy — p(v, X}, B2)]dv. (2.22)

The model features two indexes, namely W1 ;; = X;tﬁl for the marginal univariate distribution, and
Wo,it = X], B2 for the copula functional parameter, where (1, 52 € RP. The first index, which we
call marginal distribution score accounts for the role of the individual characteristics in determining the
worker’s position in the cross-sectional distribution at a generic date. On the other hand, the second
index, called mobility score, accounts for the role of the same variables in determining the degree of
mobility of the residual wage component.

To implement the constraints on the conditional density g to be positive and integrate to 1 across u, we

write the joint pdf of variables U; ; and W ;; as h(u, w)2, for a square integrable function h of arguments

%Indeed, in this case we have A(y) = @ (\/ﬁ) and equation (2.15) becomes &~ (U;) = \/11+7 (r®& ' (Ui—1) + wt).

10



u € [0,1] and w € R. Then, we have g(u|w) = h(u,w)z/fo1 h(u,w)?du. We impose the condition

in (2.11), namely that the marginal distribution of U;, is uniform on interval [0, 1], by the moment

restrictions f01 ffo ulh(u, w)?dudw = 7 +11 foralll = 0,1, .... Thus, the parametrized log conditional
density becomes:
h(Usiz, X{,51)?
log l(Us ¢|\Us -1, Xit, Xig—1;0) = ( ' p ! E
fo u, X; ,1)?du

it Ui e—
proge (o HOnKigh R o b XV
fo u X’t,é’l 2du folh(u,Xg,t_lﬁlpdu ’ ot ’

(2.23)

where parameter § = (31, 02, h, p) contains both the finite-dimensional vectors (1, 32 C RP and the
infinite-dimensional parameters i € H" and p € H* that live in the following functions spaces:

1
H" {h e L*([0,1] x R, 1 / / h(u, w)?dudw = = 0,1,...}, (2.24)

and
HP ={pe L*([0,1] xR,q) : pe€ H*([0,1] x R), p(u*,w) =0, Yw € R}, (2.25)

where L2([0, 1] x R, ) is the space of square integrable functions on [0, 1] x R w.r.t. weight ¢, H? is the
Holder space of degree s > 2 (see Chen (2007)), and u* € (0, 1) is given. The true parameter values are
denoted as 0y = (37, B89, h0, p) € ©, where the parameter set is © = By x By x H" x H*, and B; and
B are compact subsets of RP. For identification purpose, the coefficients in the indexes corresponding
to the constants are set to 1.
The model defined by (2.21) admits a stochastic nonlinear autoregressive representation. Indeed, let us
define the process:

Ziy = G(Us X4, 59) (2.26)

The variables Z; ;, Z; ;1 have the same copula as variables U; ;, U; ;—1, conditional on X 4, X; ; 1, with

uniform marginal distributions on [0, 1]. Thus, the stochastic representation of our model is as follows:
Zip = Mp(Zia—1, Xiy03) + wirs Xy 53] 2.27)

where w;; ~ ITN(0,1) is independent of X ;, and function A(-; X Z{tﬂg ) is given in (2.22). This corre-
sponds to a nonlinear autoreressive dynamics for Z;; driven by the exogenous process X;;. Then, from
(2.26) the uniform ranks are U;; = G~ (Zy| X ;tﬁ? ), where inversion is w.r.t. the first argument.

Our semi-nonparametric approach has practical advantages compared to fully nonparametric estimation

of the copula (Fermanian and Scaillet (2003)). In fact, in our model the copula is parametrized by a
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bivariate unknown function p related to the serial persistency of ranks. The fully nonparametric ap-
proach involves instead a trivariate conditional copula function that may be hard to interpret and estimate
accurately.

Let us now establish explicitly the constraints imposed on the model parameter 6§ by the orthogonality

condition in Assumption 5.

Proposition 3. In the framework of model (2.23), Assumption 5 can be written as:
1 00
/ / Vi (u, w)h(u, w)?dudw = 0, Vt=1,..,T, (2.28)
0 —00

where Y (u, w) = F_tl(u)E(Xm — Xi.|W17i7t =w) — % 23:1 ngl (v)E(Xi — Xi.|W171‘78 =w).

&

The condition (2.28) involves the parameter vector 51 (via variable W1;;), function h, and the quantile
thl -) of the cross-sectional error distribution, but not the copula vector and functional parameters (o
and p. Because distribution F_ ;(-) is unknown and has to be estimated, imposing restriction (2.28) on
the Sieve space complicates substantially the derivation of the asymptotic properties of the estimator.
For this reason we opt for an unconstrained estimator in Section 3.1 and test the empirical validity of

restriction (2.28) in Section 5.

2.4 A functional relative mobility measure

We now want to derive an adequate measure of positional mobility in our model. Let us write our

dynamics as a function of ranks U; ;, U; ;1. From equations (2.26) and (2.27) we have:
Ui = G A[p(G(Us 11 X{ 1 151); XiyBa) + wie; Xy Bo] | X B1] = alwig, Uig—1, Xip, Xig). (2.29)

Function a is monotone increasing w.r.t. its first argument, that has a standard normal distribution. Thus,

the conditional median of U; ; given U; ; 1, Xz, X; 41 is obtained as:

med(Uit|Ui1—1; Xit, Xir—1) = a(0,U;—1,Xir, Xit)
= G AP(GUi—1| X7, 151); XiyB2); Xiy o] | X[, Bu]-

We define mobility as the partial derivative of the conditional median rank with respect to the past rank:
Omed(Ut|U; 1—1, Xit, Xip—1)
OU; 11

Hence, the mobility measure takes the following explicit form:

Ap(GUip-1|X[ ;1 51), Xy Ba); Xy 5]
HGHAPIG(Uip—1| X1 B1); X5y Bo]s Xy Ba] | X, 1] |X5 151}
xV1p|G(Ui-11X] 1161); X3y B2] g (Ui 1181 Xi t—1),

m(Ui—1; Xig, Xip—1) =

. (2.30)

m(Uii—1; Xie, Xi—1)
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where V1 p denotes the partial derivative of function p w.r.t. its first argument.

Definition 1. Let u € (0,1) and T € RP be given reference values for the percentile and the regressors.

The functional ~y(0) is defined as the mobility measure evaluated for U; ;1 = wand X;3 = X;3-1 = T,

ie:

Ap(G(alT'Br), @' Ba); ¥ Bo] V1pG (a7’ 1); 7' B2] g (ul 51 7)
g{G A [p[G (|2 Br); ' Bo); &' Ba] |2 Br] |7 51} ’

where g(u|Z'31) = h(u,:f’ﬁl)g/fol h(u, ' B1)*duand G(u|Z'B1) = [ h(y, @' B1)*dy/ fol h(y, @' B1)3dy.

v(0) = 2.31)

This functional measure accounts for mobility in the different parts of the distribution of past ranks via
argument u and for the effects of covariates. It depends on both functions £, p and vectors 31, B2. In fact,
it involves the gradient V1 p(-, Z'82) of the autoregressive function, and accounts also for the transforma-
tion function A(-, Z'B2) in the rank dynamics and its derivative (-, Z'f32), as well as the rank conditional
distribution g(-|Z’31). Note that the expression in (2.31) provides rather an immobility measure, since
the larger its (absolute) value is, the stronger the association between the past and the present ranks is.
In addition to the conditional median rank and its partial derivative in (2.30), from the stochastic rep-
resentation of the model we can also easily derive the other conditional quantiles. They are interesting
quantities, since they provide us with further information on the conditional distribution of the present
rank. Moreover, their partial derivatives with respect to the past rank yield additional measures of rank
(im-)mobility. The conditional quantile Qp+(7|U;¢—1, Xit, Xi—1) of Uy for percentile 7 € (0,1) is
given by

QualtUit—1, Xit, Xip—1) = a(® (1), U1, Xit, Xit—1)
= G APGUi—1|Xi, 181); XiyfBa) + @71 (7); X[y Ba] | X[ B1).
(2.32)

In particular, for 7 = 0.5 we get the conditional median. The relative mobility measure based on
quantiles is given by the partial derivative w.r.t. the past rank:
OQu(7|Uit—1, Xit, Xit—1)
Ui 11
/\[P(G(Ui,t—ﬂXz{,t—lBl) + @71(7)’ XiiB2); Xy 32]
G HAIG(Uig—1|X] ;1 81); XjpBo] + @=H(7); X, Bo] | X 1] [ X[ Br}
xV1plG(Uip—1|X] 4 161); Xy Blg(Ui 1181 Xip—1)-

MmO U p—1,7; Xigy Xig-1) =

In Section 5, we estimate such immobility measures on a dataset of US workers. '©

%We could also consider relative mobility measures based on the partial derivatives of the conditional expected ranks.
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2.5 Link with the literature on individual earnings dynamics

In this section we relate our model to the literature on individual earnings dynamics. A vast part of
this literature builds on the decomposition of the log wage y; + = F;; + T} + as the sum of a permanent
and a transitory components, F; ; and T; ;, respectively. The transitory component is typically modelled
as either a white noise, or a moving average process. In early contributions, the permanent component
is modeled as a fixed effect, i.e. F;; = P; (Lillard and Willis (1978), MaCurdy (1982), Abowd and
Card (1989)). In Blundell, Pistaferri and Preston (2008), Hryshko (2012), Jensen and Shore (2015),
Hu, Moffitt, and Sasaki (2019), among others, the permanent component follows a random walk, i.e.
Py = Pit_1 + I; 3, where I;; is the innovation of the random walk. Further, Meghir and Pistaferri
(2004) and Botosaru and Sasaki (2018) introduce conditional heteroschedasticity in the innovation of the
random walk driving the permament component. If we neglect for a moment the observed characteristics
X+ and the time effect \;, we can interpret the empirical specification in equation (2.1) as a reduced form
model, in which 7; = P, ¢ is the initial value of the permanent component, and €; ; = Zizl I s + T4 1s
a superposition of the transitory component and the cumulated innovations of the permanent component.
We depart from this literature in that, instead of modeling the dynamics of ¢; ; through the structural com-
ponents F; ; and T} ;, we specify a semi-nonparametric model for the uniform ranks U; ;. This modeling
choice is motivated by our focus on relative mobility as opposed to absolute mobility. Arellano, Blun-
dell, and Bonhomme (2017) consider a non-separable nonlinear dynamics for the permanent component.
They define a measure of nonlinear persistence as the derivative of the conditional quantile function of
the permanent component P; ; w.r.t. the lagged value P;;_1. Our measure of relative mobility defined
as the partial derivative of the conditional quantile of the rank is a counterpart of their measure in our
framework.

As already remarked in the Introduction, our empirical focus on relative wage mobility modeled via a
copula makes our paper closer in spirit to Bonhomme and Robin (2009). The major difference between
that paper and ours is that Bonhomme and Robin (2009) consider a parametric copula family, namely
the Plackett copula (Plackett 1965), while our copula specification is semi-nonparametric. This choice is
dictated by our interest in discovering nonparametrically the patterns of dependence between the current
and past wage ranks. Relative mobility has been studied e.g. by Shorrocks (1978) and Cowell and
Flachaire (2018), with a theoretical focus on the properties of the rank ordering, as well as Formby et

al. (2004) and Van Kerm (2004). Other empirical work on relative mobility used transition matrices

However, they involve numerical integration and their analysis is more complex. Moreover, while the analysis in this section
focuses on the mobility of the residual component ¢;;, in the Supplementary Materials we complete our study of functional
relative mobility measures by analyzing overall wage mobility.

14



between deciles of the cross-sectional wage distribution, see e.g. Shorrocks (1978) 1.

Studies on individual labor earnings dynamics often distinguish between models with heterogeneous in-
come profiles (HIPs) vs. restricted income profiles (RIPs). The first class of models allows for substantial
unobserved heterogeneity in individual earnings dynamics, see e.g. Browning et al. (2010), Guvenen
(2009). Browning et al. (2010) find that allowance for latent heterogeneity is empirically relevant and
makes substantial difference to inferences of interest. On the other hand, for RIP specifications the co-
efficients of the dynamic models representing income dynamics are constant across individuals (for this
reason, this type of model is also called "homogeneous income profiles"). In our specification, labor in-
come profiles are homogeneous after controlling for observable characteristics, except for the individual
fixed effect included in equation (2.1). Hence, our model falls substantially within the RIP approach,
sharing this feature with the models in e.g. Bonhomme and Robin (2009), Hryshko (2012), Arellano,
Blundell and Bonhomme (2017) and several other contributions in the literature reviewed above. Includ-
ing unobserved heterogeneity in our semi-nonparametric copula specification is a challenging avenue for

future research.

3 Sieve semi-nonparametric estimation of the mobility model

In this section we estimate the semi-nonparametric copula model of Section 2. The estimation procedure
is defined in two steps. In a first step we estimate the unobservable values of the ranks U; ; by means of
the empirical ranks. More specifically, the estimated ranks are:

N 1 ~ ~

Uip = 51 D W& < i), 3.1)

J#i

where &;; = y;4 — oA/XM — 1 — ;\t is the residual in the wage equation (2.1) obtained from the fixed-
effects least squares estimator. In (3.1) we use a leave-one-out procedure for technical reasons. The
fixed effects estimator & is consistent under Assumption 5 (see Lemma 1 a)). Then, in a second step,
we estimate the parameters of the marginal distribution of the ranks and those of the copula function
using the estimated ranks. The alternative procedure consisting in estimating jointly the wage equation

with individual fixed effects and the nonlinear rank dynamics is computationally challenging and is not

"Individual rank mobility differs from earnings volatility, i.e. the variance or standard deviation of earnings, or the expec-
tation of squared individual earnings changes, which has been studied, for example, by Gottschalk (1982, 1997), Meghir and
Pistaferri (2004) and Jensen and Shore (2015). It also differs from aggregate or "macro" mobility, i.e. the average degree of
wage mobility in a certain economy (Fields and Ok (1999)). This latter concept has been studied by e.g. Burkhauser and
Poupore (1997), Maasoumi and Trede (2001), Moffitt and Gottschalk (2002), Baker and Solon (2003), Auten et al. (2013), and
Kopczuk et al. (2010). Arellano, Blundell and Bonhomme (2017) propose relevant advances in the modellization of aggre-
gate mobility, by studying nonlinear persistence of the earnings process. The focus of the authors lies in macro-persistence of
income, i.e. evaluated at different (aggregate) percentiles.
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h(-,X] ,B1)?
Jy h(u, X B1)2du
copula pdf ¢(-, -, p(+, X {7t B2)) conditional on regressors via a simultaneous M-estimation of the parameter

considered further in this paper. We estimate the rank distribution g(-| X t/Bl) and the
vectors (1, f2 and the functions A(-,-) and p(-,-) using the method of Sieves, in the spirit of e.g. Wong
and Severini (1991) and Chen and Shen (1998) (see also Chen (2007) for a survey). The main idea of
this method, which has been first developed by Grenander (1981) and Geman and Hwang (1982), is to
estimate the unknown functions in the infinite-dimensional component of the parameter set by means of
approximating spaces generated by a set of basis functions, whose dimensions grow with sample size.
In our case, the estimation is performed via the following Sieve Maximum Likelihood procedure applied

on the empirical ranks. The estimator of 6 is:

0 = argmax—ZZlogl Uia|Uie-1, Xi, Xig-10), (32)
0€ON,T i=1 t=1

where the log conditional density log{ is defined in (2.23), the set Oy 7 = B1 X By x ’H]](,,T X ’HfVT
is the Cartesian product of the compact sets By and B for the Euclidean parameter vectors and Sieve
spaces H}Jif,T and H]pV’T for approximating functions in H” and H”. We use here tensor products of

orthogonal series:

/H}]i[,T = h(? ) : Z )‘J k@] Z )\],k)\rk/fjr = ﬁ [=0,1, ...,mh ,
7,k=0 ],kr 0

for F{/ fo ulp;(u) oy (u)du, and

HNT_ p()) : Z Kk Ps U)’l/}k; ZM]]CQO] _O k_ov]-)"'a ’
J,k=0
where {¢;}, {t}, {¢x} are complete orthonormal bases of [0, 1], L*(R) and L*(R, q), respectively,
Aj.k and pu; 1 are real coefficients, and integers mh = m?\, s mP = mfv o grow with IV, T" (Chen (2007)).
The linear and quadratic constraints on coefficients /1 ;. and \; ;, implement the restrictions on functions

p and h in (2.24) and (2.25). In the Monte Carlo study and the empirical application, we use ¢;(u) =

—1 u —w ~
\/;Tﬂﬂj[q)é )] and o;(w) = ﬁe “2H;(w) and §;(w) = \/ﬁﬂj(w), where the H,(-)

are the Hermite polynomials, and ¢(w) = e~ v’ (see Appendix C for details on implementation of the
Sieve estimator). The estimator in (3.2) optimizes the log-likelihood function jointly with respect to the
parameters in the copula specification and the rank marginal distribution (conditional on the regressors).
An alternative approach not explored in this paper consists in considering a two-step Sieve estimator for
(81, h) and (B2, p), see e.g. Hahn, Liao and Ridder (2018).

16



Once the Sieve estimator 6 for the parameter of the rank dynamics is obtained from (3.2), we estimate the
functional mobility measures of Section 2.4 by plug-in. The estimated functional based on the derivative

of the median conditional rank (2.31) is given by:

[(@(ﬂIf B1), 3'a); ' Bo] V1 p[G (ul' B
o];

o #B): 2/ la(al42)
=~(0) = - — ~
1= G APIC(@ 7 Br); 7 Bl 7 o) |2 B 12 B}

where g(u|x’51) = h(u x’ﬁl /fo h(u x’ﬁl)Qdu and)\ (y; T ’Bg fo ly — p(v; T 62)]dv
Note that the constraints implied by Proposition 3 are not imposed on estimator 0. Indeed, this would

; (3.3)

yield a Sieve space depending on estimated (unknown) quantities, namely ngt and conditional expec-
tations, making the derivations of the asymptotic distribution considerably more involved. Instead, the
constraint (2.28) is empirically tested afterwards. The results of such test are reported at the end of

Section 5 on the empirical results.

3.1 Asymptotic distribution

We establish the asymptotic normality of estimator 4 in the panel asymptotics with N,T" going to in-
finity jointly. This double asymptotics is standard in the literature on bias correction for the incidental
parameter problem (e.g. Hahn and Newey (2004), Fernandez-Val and Vella (2011), Hahn and Kuer-
steiner (2011), Fernandez-Val and Lee (2013), Fernandez-Val and Weidner (2016)). In our case 7' — oo
together with N — oo implies a vanishing effect from estimating the true rank U; ; with the empirical
rank (Afiyt. However, the estimation error induced by the individual effects when computing the residuals
€;+ yields a bias term in the asymptotic distribution of estimator 4. We derive an explicit expression for
this bias in Theorem 1 below.

In order to state our result, we introduce the following objects. The “tangent” space V is the linear space
V = RPxRPx VP x V7, where V" = {h € L2([0,1] x R) = [} % wulh(u, w)h® (u, w)dudw = 0, [ = 0,1,. }
and VP = HP. It corresponds to the linear space of infinitesimal deviations from fy belonging to ©. This

linear space is equipped with the scalar product

(v,v") = ’UBlUBl +v521)ﬁ2 / / (u, w)vy, (u, w)dudw +/ / (u, w)q(w)dudw

for v = (vg,,v8,,vn,v,) € Vand v* = (vﬁl,vﬁ2,vh, vy,) € V, which combines the Euclidean scalar

product for the finite-dimensional part with the (weighted) L? scalar products for the infinite-dimensional

components. The associated norm is ||v|| = 1/ (v, v). For a real smooth functional f(6), the directional
derivative of f at @ = 6 is defined by %[ | = hn%) M for v € V (if the limit exists). The
—
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information operator Iy : V — V is the self-adjoint operator defined by

0log l(U; 4|Ui t—1, Xit, Xit—1;00) y 0log l(U; 4|Ui t—1, Xip, Xit—1:60)

(v, Tow) = B o g 5

[w]|, 34

for v,w € V. Operator Iy plays the role of the information matrix in our functional framework. It
is assumed bounded, invertible with bounded inverse (see Assumption A.5 in Appendix A), which
implies local identification of parameter fy and the well-posedness of the estimation problem. The

best approximation of 6y using the Sieve Oy 1 is g y7 = argmin [|§ — 6p||. Let Vy 7 = RP X
GGGN,T

RP x V}](LT x VR . where the tangent spaces for the Sieves are the finite-dimensional linear spaces
mh mh l

Vh o = {h(-, ) h(uw) = S A (wn(w), S bl =0, 1=0,1, ...,mh}, where

b) = [} [ ubeo;(u)n(w)ho v (u, w)dudw, and Vi ;. = HY, . Finally, let vy.r € Vi, be the

Rietz representer of the directional derivative of functional ~y(-) on the finite-dimensional linear space

VN,T’ i.e.

67(90) [’U]
00

Vector vy, 7 is the counterpart of the gradient of the object of interest w.r.t. the parameter in the likelihood

= (vN,v), Yo € VN (3.5)

function. For a regular, resp. irregular, functional we have |[vnr| = O(1), resp. ||unr|| — oo, as
N, T — oo (Chen, Liao and Sun (2014), Chen and Liao (2014)).

Theorem 1. Let the bias function Br(v) be defined by:

B 9% logl;+(o) , 9% log l;+(6o) ,
BT(U) - T ZE |: aeau [ ]Ht(gl,t) + aeav [’U]Ht—l(gl,t—l)

0 it(6 0? it(6
3 e [P + PO )
+ ST E[W(ei cig1:60)0]] (3.6)
t

forv € V, with Hi(e) = 3.1 E(eileis = ) file) + %th’(e) w? = Z?’;wa[aivtEi,t_j], where
E(Z) = TIEI;O T thl E(Z;) denotes the long-run expectation, f; = F is the pdf of the error term

and o} = E(g?,) its variance, and

9*1og li.4(6 821og i (6
Ve el = TRl e + T b
83 log l’L 9 83 lOg l7, 9
WZ(O)[U] [ft(gi,t)]z + Wts(})[’l}] [ft—l(gi,t—l)]Q
*logl; (o)

+2W ] fe(eit) fim1(€ip—1),
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where l; 1(0) = (U; t|Uj +—1, Xi ¢, Xit—1;6). Further, let the long-run covariance operator Qg : V — 'V
be defined by

(v, Qow) = i E[Ge[vlGa—jw]], v,weV, (3.7
where: s
ol = 2logl (Ui7t|Uiyt?;0, X Xia1300)
+E {W[UHH(Ui,t < Ujt) — Uj,t}|Ui,t]
8 [P 511 < 000) = Uy
96, B [W[v] fulein) + W[v] ft_l(ai,t_l)] ,

where (U4, Uji—1, X1, Xji—1) is an independent copy of (Ui, Ui 11, Xit, Xit—1). Then, as
N,T — oo, suchthatT = o(N), N = o(T?), (3.8)

and under Assumptions A.1-A.10 in Appendix A, we have:

UK/}T\/W (W(é) —(6o) — 37@(2)0) [0o,N7 — 6o] — ;BT(IO_IUMT)) = N(0,1),

2 —1¢ 7-1
where o = (un,r, Ly Qoly N T).

Under the condition:

(6
N VNT 78(90) [0, — o] = o(1), (3.9)

the bias from the Sieve approximation is asymptotically negligible, and we get:
1 == A 1 B
UN,lT NT (’Y(@) —(00) — fBT(IO lvN,T)> = N(0,1).

lon |l

The estimator () needs a recentering by means of term %BT(IO_ Loy 1) at order O( ) to cor-
rect for the asymptotic bias induced by the individual fixed effects. Moreover, the convergence rate
\NT/ 0]2V7T is slower than the standard panel rate v/ NT when o N, 7 — oo for an irregular functional.
Under the double asymptotics in (3.8) with N growing faster than 7" but less fast than 7, some additional
bias terms are asymptotically negligible.

The asymptotic variance and bias terms U?VT = (OnT, Qo0NnT) and Br(vn7) both involve the function
oyt = Iy Ly ~7. In order to characterize explicitly these terms, it is useful to introduce matrix represen-

tations for linear operators. Being the linear spaces V%, and VA finite-dimensional, by incorporating
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the linear constraints on the coefficients A and p we can write those spaces as the linear span of orthonor-
mal basis functions \I/lh, l=1,.., M"and ‘I/f, 1 =1,..., MP, respectively, for M" = (mh + 1)mh
and M? = (mP + 1)m” (see Appendix C for details). By combining these basis functions together with
the standard Euclidean unit vectors in RP, we get a basis e;, [ = 1,..., M, of linear space Vy 7, with
M = 2p + M" + MP?, that is orthonormal w.r.t. the scalar product (-, -). Thus, the Rietz representer of

vnT € Vyp can be written as vy = €' vy where the elements of vector vy € RM are:

(6
UNT = 76(00)[@}, I=1,.. M. (3.10)

Moreover, we can approximate function v by its projection on Vr, i.e. €'y, where vector Dy is
given by vy = I(i }VTVNT and the M x M matrix Iy y7 has elements (e;, Iper). Under the assumptions
in Appendix A, this approximation has no effect on the asymptotic distribution. Moreover, let Qo n7 be
the M x M matrix with elements (e, Qoe;), and let by be the M x 1 vector with elements Bp(e;).

Then, the variance and bias terms
2 ror—1 -1 ~ ;o1
ONT = VNTIO,NTQQNTIO,NTVNT, B(onT) = bNTIO,NTVnT’ @G.11)

are written in terms of the vectors vyT, byT, and the matrices Io y7 and €29 y7 representing the infor-

mation and long run variance operators.

3.2 Results for the nonlinear autoregressive copula and mobility measure

Let us now specialize the results in Theorem 1 for the semi-nonparametric nonlinear autoregressive
copula family considered in Section 2.3 and the relative mobility measure introduced in Definition 1.
The directional derivatives of the log-likelihood function and the mobility measure are provided in the

next theorem.

Theorem 2. a) Let u,u_y € [0, 1] be generic values of variables U; +,U; 11, and let x,x_1 € RP be
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generic values of X; 1, X; 4—1. The directional derivative of the log conditional density w.r.t. 0 is:

Ologl(ulu_y1,x,x_1;6p) (0]
00

1
= (po(z—15w2) — Elpo(Zip—15w2)| Ziy = 2, Xiy = x, X 41 = x_1])

Xo[Ag ! (25 w2); wol

U; Voh® (Ui, !
x2Cov (1(Ui,t < wu), ol %t’wl)h—g(U?t i}l)z,t w12 vp, | Xie = )
2,ts

+ [Ag (z3w2) — po(2—15w2)] Vipo(z—1;w2)
p(Uip—1,w_1) + Voh®(Uj 11, w_1)x"_vg,
2Cov [ 1(Uss1 < u_1), : : Xt =
X 0v< (Uip—1 < u_q) s 1w 1) | Xit—1 =21

+ [Ag (z5w2) = po(z—13w2)] (vp(2—1,w2) + Vapo(z-1, w2)z'vg,
—Evy(Zip—1,w2) + Vaopo(Zig—1, wa)x'vg,| Ziy = 2, Xiy = 2, Xiy—1 = 2_1])
+Cov (po(Zip—1;w2),vp(Zig—1,w2) + Vaopo(Zig—1,w2)x'vg,| Ziy = 2, Xip = 2, Xjp—1 = ©_1)

49 vp(u,wy) + V2h0<u,w1)$lvgl gz vp(Uig, wr) + VghO(Um,wl)x'vgl Xii—z] ),
ho(u,wl) hO(U¢7t,w1) ’

for v = (vg,,v8,,Vh,v,) € V, where z = Go(u;wy), z2-1 = Go(u—1;w_1), and wy = 2’6, wy =
o' B3, woy =z’ B,

b) The directional derivative of the mobility functional is:

0v(0o) op (U, 1) + VohP(a, w1)7vs,  vp(Cr,wr) + VohO(Cr,w1)7 v,

hO(@, w1) hO(C1,w1)

V1RO (¢y, 1) 1 VR (Uit 01) + VohO(Us 4, 01) 7 vg, -
4 C 1 UZ < 5 ? — d X’L g
+ ) ov | LUy < 1) BO(U, g, 1) | X

hO(Cr, 1) go(Cis 0
Ko 1) A\ S W
+2 [E [00(Zi t—1,w2) — po(Ca,w2)|Zip = (o, Xip = T, Xip1 = 7] — 2v}10<§1€111§))1) g(?((gf:zjf;

2 - i £y W (Ui, w1)@
p Yipolata) Jg e m)Cov (105, < a), 22T D)+ Vol (Ui 00)T0p, o
' hO(U; ¢, 1) 7

[V1po(Ca, w2)]?
0(r - .
+ (E [00(Zit—1:W2) — po(Ca, W2)|Ziy = Coy Xip = T, Xiy—1 = T] — 2v]iél(§(f1;_§))1> 22???7:3)
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for v = (vp,, 05y, vh,vp) € V, where 4 = Go(u;w1), (3 = po(Ca;@2), G2 = Ao(C3;w2) and G

Ggl(@;wl) = med(U;4|Uip—1 = u,X;y = T,X;4-1 = T) is the conditional median rank, and

w =T'BY), wy = T'BY.
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In Theorem 2 the directional derivatives depend linearly on the “infinitesimal change" vectors vg,, v, €
R? for the Euclidean parameters as well as on the “infinitesimal change" functions v, € V" and v, € VP
for the functional parameters. The latter dependence is via evaluation, differentiation and integration (i.e.
conditional expectations and covariance) operators. By applying formulas (3.4), (3.6), (3.7) and (3.10)
on the basis functions of V, we get vectors vy, b7 and matrices Io n7, o n7. Then, by the equations

in (3.11) we get the variance and bias terms.

3.3 Analytical correction for the fixed-effects bias

We use Theorems 1 and 2 to obtain an analytical bias correction for the bias induced by the individual

fixed effects. The bias corrected estimator of the relative mobility measure is:
S T e 3.12
B =7~ FONTINTVNT- (3.12)

The estimators [ NT» b NT» Unt of matrix Io y7 and vectors by, v are obtained from formulas (3.4),
(3.6) and (3.10) and the directional derivatives in Theorem 2 by replacing (i) errors &; ; and ranks U, 3
with their empirical analogues &; ; and U@t, (ii) the true parameter 6y = (B(l), Bg, ho, po) with the Sieve
estimate 0 (including the conditional density of Z; ;1 given Z; +, X; ;, X; ;—1, and the conditional density
of U; ; given X ), and (iii) population expectations with sample averages. The bias adjustment involves
numerical integration to evaluate e.g. the estimates of functions A, ), and the conditional expectations
of functions of Z; ;1 given Z; ¢+, X;+, X;4—1. This is performed by either quadrature or Monte Carlo
simulation. We get closed-form expressions when the Sieve estimate of function p used to compute
the bias adjustment is restricted to correspond to a Gaussian copula. This Gaussian reference model
to approximate the bias adjustment is akin to the one used to obtain the celebrated Silverman rule for
the optimal bandwidth in kernel smoothing. Moreover, in order to avoid the cumbersome formulas of
the higher-order derivatives of the log density w.r.t. copula arguments involved in function Br[v] (see
Theorem 1), we use Legendre polynomials approximations of the first-order derivatives and compute
high-order derivatives from those approximations. We provide details on the numerical implementation
of the bias adjustment in Appendix C.

With unbalanced panels and data missing-at-random, the bias adjustment in equation (3.12) becomes

N

1., - 1 1 _

?b’NTI;]lTDNT where TN E T i.e. T is the harmonic average of the individual time-series
i=1 ¢

lengths T}, and estimators b NT» I NT, UnT are obtained by taking averages over the available sample.
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4 Monte Carlo simulations

In order to assess the finite sample properties and the numerical feasibility of our estimator, we perform a
Monte Carlo analysis to compare the estimated mobility measures (both with and without the correction
for the fixed-effect bias) with the true ones. The data generating process and the sample sizes used for
the simulations have been calibrated on the data which are used for the empirical analysis in the next
section. For each individual ¢, we randomly draw her/his history of the covariates X;; from the PSID
dataset described in Section 5.1. This yields an unbalanced panel with n = 8429 individuals with an
average permanence in the sample of about 15 periods (years). Then, we randomly draw U o, i.e. the
initial rank, from the uniform distribution. By applying the semi-nonparametric model based on the
nonlinear autoregressive copula from equations (2.20) and (2.21) with the estimated parameters obtained
in the next section, starting from U; o we simulate a trajectory of individual ranks U;;. Then, using the
cdf F; corresponding to the estimate in the empirical analysis, we transform the simulated ranks Uj; into
simulated error terms €;;. We simulate the individual effects n; by randomly drawing from a discrete
distribution corresponding to the values of the n; which are estimated in the empirical part. Similarly, for
each year the time fixed effects \; are taken from the estimation of the linear two-way fixed effect model
which is performed in Section 5. In this way from the linear panel model (2.1) we are able to construct an
unbalanced simulated panel of y; ; and X ;, whose cross-sectional and time-series dimensions, as well
as the unbalanced panel properties, are similar to the ones of the sample used in our empirical analysis.
This allows us to evaluate the size of the fixed-effects bias in the framework of our empirical model, and
the performance of the bias adjusted estimator. On this simulated sample we run the whole estimation
procedure presented in Section 3 for both the functional and the finite-dimensional parameters, and obtain
then the estimates for the mobility measure both with and without the adjustment to correct for the fixed-
effects bias. For the latter, we use the analytical bias correction based on a Gaussian approximation for
feasibility reasons. We repeat this procedure in 100 Monte Carlo replications.

In the following presentation of the Monte Carlo results, we focus on the bias of the relative mobility
measure 7 = m(u;Z, x), that is the primary object of interest in our empirical analysis. Simulation
results for the copula functional parameter and the marginal rank distribution are available upon requests.
In Figure 1 we plot the estimated mobility measure ~y as a function of the past rank , for four choices of
the individual characteristics vector Z (which correspond to the 25%, 50%, 75% and 95% percentiles of
the mobility score and of the marginal distribution score). We find that the bias of estimator 4 is positive
and moderate, but not negligible, in all the four cases considered. Our bias-adjusted estimator 4 g is able

to correct on average for around 38% of the bias in the first case, and for about 67% of the bias in the
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last three cases. We also find that the true value of the mobility measure lies within the 95% point-wise
confidence intervals that we constructed around the bias-adjusted estimate on the basis of the 100 Monte
Carlo simulations.

To summarize, the main message from our Monte Carlo experiments is that the fixed-effects bias in the
estimated mobility due to the small time series dimension of our panel is moderate, but not negligible, and
the analytical bias-adjustment eliminates between 40% and 70% of this bias depending on the regressors’

value.

Figure 1: Monte Carlo simulations - mobility measure
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In each panel of this Figure, the thin line represents the true measure of mobility m(u; z, ) vs the past
rank U; ;1 = @, for given values of X; ; = X;; 1 = Z. The bold and dashed lines stand for the average
estimated measure of mobility with, respectively without, bias adjustment. The shaded areas are the
95% pointwise confidence intervals, representing the variability of the Monte Carlo simulations. The
four panels correspond to different values of the mobility score W5 ;; and of the marginal distribution
score W1 i, that are the 25%, 50%, 75% and 95% percentiles of their respective empirical distributions.
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S Empirical analysis
5.1 The data

We apply the methods developed in Sections 2 and 3 to the Panel Study of Income Dynamics (PSID).
The PSID is one of the few panel surveys in the world which does not rotate its sample, meaning that
individuals can virtually continue to get surveyed for time spans as long as 50 years or more. We con-
sider for the analysis survey years from 1968 to 1997'2. Our dataset contains 126’432 individual-year
observations. They correspond to 8429 individuals, with an average permanence in the dataset of about
15 years. We correct the finite sample bias due to the estimated fixed effects in the preliminary wage
regression. The Monte Carlo simulations presented in Section 4, which have been calibrated to mimic
our dataset, confirm that the bias, once the correction is applied, is small!3. We drop observations for
students, retirees and self-employed workers and we only include observations relative to full-time em-
ployees (i.e. working more than 1200 hours a year) aged between 15 and 64, in order to limit the role
of variations in the intensive margin of labor supply on wage dynamics (Bonhomme and Robin (2009),
Hu, Moffitt and Sasaki (2019)). Moreover, we exclude observations with wage equal to zero. Similarly
to Bonhomme and Robin (2009), we use as explanatory variables age, age squared, and a qualitative
variable representing the highest education level achieved by the individual. The education dummies
are constructed on the basis of the variable "years spent in education". According to the US education
system, the first dummy corresponds to 0-11 grades, the second dummy stands for high school or 12
grades and some nonacademic training, the third one represents college dropout, whereas the fourth one
stands for college degree or advanced/professional degree. We argue that these dummy variables are
exogenous, i.e. that they are not influenced by the individual position in the wage distribution. Indeed,
we only consider education that takes place before labor market entry. We do not include among the
explanatory variables any form of on-the-job training, due to its potential endogeneity. This implies that,

in our sample, education is time-invariant.

">The choice of the time span analyzed here is due to the features of the PSID data. Indeed, the structure of the survey
changed in 1997, becoming bi-annual instead of annual.

B An alternative that we do not explore in the present paper consists into performing a bias correction via jackknife, by
estimating our model on the full sample and then on one half of the same sample and combining the estimates, in the spirit of
Dhaene and Jochmans (2015).
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Table 1: Descriptive statistics, PSID data, 1968-1997

Variable Mean  Std. Dev. Min. Max.
Age 37.4830 11.2561 17 65
Elementary and middle school 0.2663 0.4420 0 1
High school 0.3565 0.4790 0 1
Some college 0.1989 0.3992 0 1
College degree or higher education  0.1783 0.3828 0 1
Log wage 9.2780 1.8641  5.0106 12.8992

This table reports some descriptive statistics for age, education and (log)wage, for our pooled data for the
period 1968-1997. Log wage stands for the natural logarithm of annual wage (expressed in US dollars).

Table 1 above reports the descriptive statistics for our main variables of interests, i.e. wage, age and
education dummies. As in Section 2, we use a linear panel regression to separate the deterministic wage

component from the fluctuations around its trend. The model in equation (2.1) reads:
Wage;+ = ag + a1 Agesr + Ongge?t + i+ A i 5.1

where Wage; ; stands for log earnings, 7); represents the individual fixed effect, \; the time fixed ef-
fect, and €; ; the residual wage component. The estimation is performed via the panel data fixed-effect
technique, to take into account the potential presence of unobserved heterogeneity across workers'4. We
include in the model a time fixed-effect in order to take into account all the macroeconomic shocks on
wages, among them the impact of inflation on wages. As usual in the literature, we find that log wage is
concave in individual age. From the estimation of the linear panel model (5.1) we get estimated residuals
i1, 1.e. the estimated residual wage component, which we use to build the empirical ranks as in equation
(3.1). Then, we use the empirical ranks Uy, for the estimation of the semi-nonparametric dynamic copula
specification defined in Section 2. We use the same regressors as above in the marginal rank distribution
and the copula pdf (but rely on age at the begininng of the sample to avoid trending variables in the
marginal distributions). Survey data like the PSID are often contaminated with errors (Bound, Brown,
and Mathiowetz (2001)). In the absence of additional information, it is not possible to disentangle the
residual terms from classical measurement error. Thus, an interpretation of our estimated distribution of

the residuals is that it represents a mixture of transitory shocks and measurement errors.

14 An alternative would consist in applying a heterogeneous income profile (HIP) model, i.e. to allow wage to grow differently
with age across individuals. A test of the HIP models vs the restricted income profile (RIP) ones, i.e. models in which wage
increases with age uniformly across all individuals, as in equation (5.1), lies beyond the scope of the present paper. For a review
and an empirical test of HIP models, we refer to Guvenen (2009). Also we could include interaction effects between age and
education level.
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In our empirical application, we do not account for the possible endogeneity of the unemployment pat-
terns. We deal with missing observations in our unbalanced panel by making the missing-at-random
assumption. The estimation method could be extended to include a parametric specification for unem-
ployment dynamics as in Bonhomme and Robin (2009). However, this parametric specification does not
pair well with our semi-nonparametric approach and additionally it would require a single-step estima-
tion approach, that is considerably more computationally demanding than the two-step procedure that we
display in Section 5.2'>. Moreover, Bonhomme and Robin (2009) analyzed the case of France, “where
unemployment rates are chronically above or around 10%” in the sample they study (1990-2000), and
hence ignoring transitions into and out of unemployment could cause a relevant selection bias (Bon-
homme and Robin (2009), p.68). On the contrary, we use PSID data for estimation and, in the period
considered (1968-1997), the unemployment rate for males in the US was on average below 7%; hence,
we are confident that the selection bias due to unemployment is moderate and that the missing-at-random
assumption is not unrealistic for our data. For these reasons, we abstain from an in-depth analysis of the

possible endogeneity of unemployment patterns in this paper.

5.2 Estimation results

We apply the estimation procedure to the sample of US data described in Section 5.1. Details of the
numerical implementation of the estimators, as well as detailed estimation results for the univariate
distribution of the ranks conditional on covariates, and for the joint copula distribution of the ranks, are
reported in the Supplementary Material, Appendix F. In Figure 2 we display the empirical counterpart
of the mobility measure presented in Proposition 3. More precisely, we represent the estimate of v(0) =
m(u,Z, ) as a function of u, keeping 7 fixed. In each of the panels of Figure 2, indeed, T is fixed and
corresponds to a specific combination of explanatory variables (age and education), as explained in the
caption.

In Figure 2, the y-axis records the value of our mobility measure. The higher this quantity is, the stronger
is the association between the present and the past rank and hence the lower the degree of positional
mobility is. This is the reason why the y-axis is labelled as "immobility". In Figure 2, in the upper left
panel, we consider the case of a worker with low values of both the mobility and marginal distribution
scores (i.e. a 35-year old individual with elementary or middle school), in the upper right panel we have a

case in which both scores take an intermediate value (i.e. a 25-year-old worker who completed college),

'SSuch a joint model of earnings, employment, job changes, wage rates and work hours has been recently proposed by Altonji
et al. (2013). The authors estimate their full model via indirect inference. However, it is not straightforward to adapt the fully
parametric joint model proposed by Altonji et al. (2013) to our semi-nonparametric framework. Further, the indirect inference
method applied by the authors is already rather computationally intensive, since it is simulation-based. For these reasons, the
extension of our model to take into account unemployment dynamics lies beyond the scope of the present paper.
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and in the bottom panel we have the case of an individual with relatively high scores (45-year-old worker
with college degree).

In Figure 2 we find that individuals with low values of the scores (35-year-old worker with elementary
or middle school) exhibit lower mobility than their colleagues with higher scores (e.g. 45 or 64-year-old
worker with college degree), in particular at the bottom of the rank distribution, i.e. they are subject
to the low-pay trap. On the other hand, the degree of rank mobility at the top of the rank distribution
is higher for less-educated individuals than for their higher-educated colleagues. This suggests that the
former ones have a higher risk of falling downwards in the rank distribution, even if their current position
is high. In the case of intermediate values of the scores (i.e. the upper right panel of Figure 2), we find
that rank persistence is rather high (i.e. between 0.8 and 1) across the whole distribution of the past rank,
and the degree of persistence recorded by those workers at the bottom part of the rank distribution is
clearly higher than that of individuals with higher values of the scores.

In the case of a worker with high or very high values of the scores (i.e. a 45 or a 64-year-old worker
with college degree), mobility is highest at the bottom end of the distribution and small elsewhere.
The association between the present and the past rank at the bottom of the rank distribution is around
0.6-0.7 for this type of worker. This means that, if individuals characterized by high values of the
scores are in a low position of the wage distribution, then they are likely to improve their position in the
following period. These differences in the mobility patterns for individuals with different characteristics
are statistically significant. The 95% pointwise confidence intervals for different individuals (computed

by nonparametric bootstrap'®) only rarely overlap'”.

16Bootstrap methods have been found to be valid in the context of Sieve estimation (see Cheng and Huang (2010)).
17 A more formal test should be based on the difference between the estimates.

28



Figure 2: Mobility patterns for different age and education levels
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We display the immobility measure as a function of the past rank for three combinations of age and education levels.
The immobility measure is computed according to (3.3) using estimates from the semi-nonparametric copula model
(dashed line). The bias-adjusted estimate is obtained with the analytical bias correction (short-dashed line). The
chosen sets of individual characteristics correspond to different values of the marginal distribution and mobility
scores, which are W1 ;s = —1.95 and W ;; = —1.75 in the upper left panel, W ;; = —0.68 and W ;; = —0.23 in
the upper right panel, Wi ;; = 0.92 and W5 ;; = 1.14 in the bottom left panel and W1 ;; = 2.03 and Wy ;; = 2.22
in the bottom right panel. Both index values have been standardized. The solid line in each panel represents the
mobility function estimated using a Plackett copula model for the ranks dynamics. The shaded areas correspond
to the 95% pointwise confidence intervals and have been obtained by nonparametric bootstrap, with number of
replications B = 500.

Our result that relative mobility is increasing in education is somehow consistent with the estimation
results obtained by Bonhomme and Robin (2009). However, we find that this is only true at the bottom
of the past rank distribution. In Figure 2 we superimpose our mobility results to those obtained by
estimating a fully parametric Plackett copula model on our data, in the spirit of Bonhomme and Robin
(2009). The Plackett copula cdf is C(u,v;7) = =(1 + 7(u + v) — y/a(u,v)), where a(u,v) =
[1 + 7(u +v)]?> — 4uvr(7 + 1) and 7 > 0. As in their paper, the parameter of the Plackett copula
T = exp(X{ytﬁg) is function of the individual characteristics. The marginal distribution of the rank

is modeled as in our semi-nonparametric specification for comparison purpose. Our mobility measure
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computed with this parametric copula model is (see the Supplementary material):

m(; 7, 7) = — g(@lz'f)
Y 2+7——9{G_1[%|‘f/51]}’

5.2)

with 7 = exp(Z/f2). By contrasting the estimated mobility patterns obtained with the parametric, re-
spectively with our semi-nonparametric model, we deduce that, by adopting a fully parametric copula
model, the pattern of rank mobility is a priori determined by the copula family. On the contrary, adopting
a more flexible specification as in our case, it is possible to obtain different mobility patterns, according
to the different individual characteristics. The Plackett copula is not able to capture well the mobility pat-
terns emerging from the panels of Figure 2, neither as a function of the past rank (the estimated mobility
curves appear very flat), nor as a function of the individual characteristics. In fact, from equation (5.2)
we see that, up to the effect of the marginal rank distribution (that in our estimate appears rather close to
uniform, so that the second ratio in the RHS of (5.2) is close to 1) the mobility measure is independent of
the past rank «, and increasing in the mobility score, which explains the patterns in Figure 2. The Plack-
ett copula function does not change its functional shape depending on its parameter, and this explains
the large differences between the fully parametric model and our semi-nonparametric specification in
describing mobility patterns, as it is apparent in Figure 2.

Finally, note that, without applying the bias correction, in all the four cases (i.e. low score, middle score,
high and very high score), we would overestimate the degree of association between the present and
the past rank, i.e. we would sistematically underestimate wage mobility. Indeed, from the four panels
of Figure 2, we notice that the bias-corrected (im-)mobility measure always lies below the uncorrected
one. Note that the bias correction reported in the four panels of Figure 2 has been obtained by adopting a
Gaussian approximation. However, the resulting estimated bias is rather close to the one that we obtain by
adopting the full analytical bias correction. Indeed, the difference in the two estimated biases amounts,
on average, to between 1% and 2% of our estimated mobility measure, in the four cases presented in
Figure 2.

To conclude our empirical analysis, we present the results of testing the restriction (2.28) in Proposition

3. The test statistic is: ) A )
- oSS (w0 h(u, w) dudw

=

- (5.3)
gt

computed for each component of the vector of explanatory variables in the preliminary regression (i.e.
age and age squared), standardized by the estimated standard deviation, &, obtained from 500 boot-

strap replications'®. The conditional expectations in 9 (u, w) = thl(u)E(Xit — Xi Wit = w) —

18 Asymptotic normality of test statistics could be established by using arguments as in Theorem 1.
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* Y ngl(u)E(Xm — X;.|W1,s = w) have been approximated via Sieve estimation with three
polynomial terms, while F;tl (u) is the empirical quantile of residuals. Since the bias at order % proves
to be moderate in our results (see e.g. Figure 2), we neglect bias correction for the test. We compute the
p-values of the statistics using the asymptotic standard Gaussian distribution. From Figure 3, we deduce
that the p-values are large at each sample date. The test cannot reject the null of the validity of constraints
(2.28) corresponding to Assumption 5 at usual significance levels. Hence, even if we do not theoretically
impose Assumption 5 in our estimation strategy, we can show empirically that it is not violated. As a ro-
bustness check, in Appendix F in the Supplementary Material we show the same quantities, but obtained,
respectively, with a two-term and with a four-term Sieve polynomial. The findings do not change, in the

sense that we still never reject the null hypothesis.

Figure 3: P-values for the test statistics obtained with Sieve estimation with three terms
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We display the p-values for the test statistic in (5.3) for each year in our sample, for the two covariates that are
included in the preliminary regression (2.1): age and age squared.

6 Concluding remarks

In this paper we estimate a flexible model for the wage rank dynamics. We develop a new family of
semi-nonparametric copulas which are well-suited to describe the dynamics of earning ranks conditional
on regressors. This novel semi-nonparametric copula model allows for greater flexibility than a fully
parametric one, and in particular allows to investigate relative mobility as a function of past wage rank
and individual characteristics. We propose consistent estimators for both the marginal rank distribution,
and the functional parameter which characterizes the copula distribution of present and past ranks, con-
ditional on covariates. We show the asymptotic normality of our Sieve estimator for the rank mobility

functional when N and 7" grow to infinity, with an adjustment for the incidental parameter bias induced
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by the individual fixed effects in the wage equation. We provide Monte Carlo evidence that the analytical
bias adjustment works well in our setting.

From the empirical application we get evidence that, in the US labor market, there is a rather high
degree of mobility at the bottom of the distribution for workers with a high educational level and some
experience. On the contrary, we find that workers who are either at the beginning of their career or
who have a low educational level are subject to the risk of being stuck in the so called low-wage trap.
Our semi-nonparametric model can be easily used to simulate wage trajectories. By simulating wage
trajectories we would be able to compute the present values of individual earnings in the medium and in
the long term, and to compute from these values the evolution of some summary inequality indices over

time. This constitutes scope for future research.

Appendix A: Assumptions

In this Appendix we list the regularity conditions used to establish the large sample properties of our
estimators. We start with introducing the necessary notation. Let us define the pseudo-norm ||- || by ||0 —
Ohl?=E (%@“%)[0 —00))?| = (0—00, Io(0—0p)). The Kullback-Leibler discrepancy K (g, ) =
Ellogl; (60)—logl; +(0)], where l; +(0) := l(U; ¢+|U; t—1, Xi+, Xit—1; ), is minimized for @ = 6. Let us
define Oy 7(-) = arg max 5", Ellog li(0)] and K N7 (0.1, 0) = >, Ellog Lit(On 1) —logli +(0)],

EG)N,T

where lAl-’t(H) = l(Ui7t|Ui7t_1,Xiyt,Xi,t_l;9), and similarly Oy 7 = argmax % Zle Ellog l~”(9)]
GEG)N}T

where ;4(0) = U(U; ¢|Uis—1, Xip, Xig—1;0), for Usp := Uiy + ~Hy(giz) — felein)éi + 5 fi(€i4)E
and H. () = N1, Eleisleir = €]ferle) + %fé’t(a). Functions 6y 7 and Oy 7 correspond to the
counterparts of true parameter function ¢y computed with the estimated ranks Ui,t, and with their large-
N limits U ¢, respectively. Finally, let un 7 (g(2)) = + vazl Zle(g(zi,t) —E[g(zi+)]) for a function

g9(-).
Assumption A.1. Process (U;+, X, +), for t varying, is geometrically 3-mixing, for any i.

Assumption A.2. We have c1||0 — 0y||? < K(6o,0) < 2|6 — 0o
co > cp > 0.

2
*2

for any 0 € © and some constants

Assumption A.3. The Sieve space © y 1 is such that: (i) ||6p—mn 700 ||« = o((NT)*l/‘*) with Ty 16y €
O©n 1, and (ii) the bracketing metric entropy of set Fn 1 = {log M 0 €ONnTtisH(e, Fnr) <
Ak rlog(kn,T/€), where A is a constant and (iii) the number of parameters kn 1 = m']g\;’T(m’;’V’T +

1)+ m?V,T(mfjif,T + 1) + 2p indexing the set © N 1 is such that kn 7 log(NT) = o(vV NT).
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Assumption A.4. (i) We have

sup V{lii(60) — 1in(0)] < Ayé?,
0€O N, 7:]|0—00][«<e

for a constant Ay > 0. (iv) We have for s € (0,2):

sup |lit(60) — li+(0)] < €WnNTit,
9€®N,T:”9790H*§6

where supy p>1 E[WJ ;] < As, fory > 2.
Assumption A.5. The information operator Iy : V — V is bounded, invertible, with bounded inverse.

Assumption A.6. We have v(0) = ~(6p) + %[0 — 6o] + O ([0 — 00)|?), for any 6 in a small
neighborhood of 6 such that ||6 — 6o||.. = O(SnT), where S 1 = (NT) /4,

Assumption A.7. Let 7140 — O] = logls,(0) — logls(Oxr) — 2221aOxD)[g G 11 be the

remainder term in the Taylor expansion of log lAi,t(Q) around 6 ~1. Then we have:

(4) sup IN,T (m [0 — Onr) — Fiamn a0 (0,en1) — 5N,T]) = Op(eXrr),
0cON 7:||0-0N 7|« <IN, T
.. ~ 1 ~
@ sup RO 0) = 10~ rlfor | = O
0cON,7:||0-0N 7|+ <IN,T
(i) sup 166, enr) — TN, 00 (0, en.0)l|s = OS5 ren 1),

0O N 7:]|0—0n,7 ||« <On.T

(iv) sup
0cON,r:||0—0N, 7+ <oN,T

8 log l;t (éN,T)
KN, T —30

[0°(0,en1) — N0 (0, EN,TH) = Op(Xi7),

where ||0 — éN,T”%V,T = (0 — 0~N,T, INN,T(G — 0~N,T)> and I~N7T is a bounded and self-adjoint operator,
invertible with bounded inverse, for any N, T large enough, 0*(0,en 1) = 6 + ENvTIZR,lTu*, with u* =
:EUN7T and EN,T = 0((NT)_1/2>.

81+O‘“+O‘” log li,t (90)

5 B
000uu Jvv [,UNvT]‘ = O(]‘)’ fOi" Ay Ay = Oa 17 2,

Assumption A.8. Fora 3 > 2 we have: E [

where Oy T = I;,lTvNVT.

Assumption A.9. The distribution F(-) is continuous and: (i) the density f(-) = F{() is differentiable,
with bounded derivative, (ii) the errors e;y = F; *(Us ;) are such that E(g;;) = 0, E[|€i,t|25] < C, for

a constant C.
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Assumption A.10. The zero-mean variables @-J = 51-7,5[6]\/,7’] + Ui 1 [ON7] At + it [On 1] DAi p—1 satisfy
a CLT, i.e.

NT\/—ZZCM = N(0,1)

as N, T — oo with 3, 1 = [\/WZ S, Gitl, where & 4 [on 7] := Q10g (Uil Uia- 16";”’)(” 1i0n.1) [On 1],

02 10g U(U;,4|Us 1—1,X4,6,Xs,0—-1:0n,7) 3% 1og l(U;,¢|Use—1,X5,0, Xi0—1:0n,7)
Vzt[UN T] L ag@ul 1 [UN T] and nzt[UN T] L agavl = [UN T}

and Dy = 51 Y0 WUji < Uig) — Uiy) — (m Dot €j,t) fil(gig).

Appendix B: Proofs of Propositions and Theorems
B.1 Proof of Proposition 1

The proof consists in two steps. In Step 1, we show the following implication. For any ¢ > 1, if:

U1 Xi-1) = 9(Up—1] Xi—1) (b.1)

then:
LU X¢) = g(Ut| X), (b.2)

where g(U|X) is a conditional pdf such that (2.11) holds. To show this, suppose that equation (b.1)

holds. Then we have:

LU X¢) //l(Ut|Ut—17Xt—hXt)l(Ut—laXt—1|Xt)dUt—1dXt—1

= //Z(Ut|Ut1,Xt1,Xt)l(Ut1|Xt1,Xt)l(Xt1Xt)dUt1dXt1-

Moreover, we have:

(U1, Xt-1,Xt) U Xe|Up—1, Xe-0)l(Up—1, Xeo1)  WUp—1, X¢—1)
Up1|Xe—1, X = = = {(Up—1| Xs—1),
WU, Xo) = (X1, Xp) (X X)X 1) 1(X_1) (Uil Xe)

where the third equality is an implication of the absence of Granger causality in Assumption 2. Then:
01X = [ [ U0 2 X, XUV | X5 Xia | XD dUr 10X
Now, by replacing the definition of the conditional density in (2.12), and using (b.1), we get:

(U], = / / (U X0l G(UHX2), G (U1 | Xo1): (-, X))
G(Up—1 | X)) U( X 1| X)) AU —1d Xy 1.

(b.3)
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Hence, after a change of variable from U;_1 to v = G(U;—1|X;—1), and using [ c(u,v)dv = 1, Vu, we

obtain:

U(U| Xt)

/ / G(UX) G X)), v: p(, X)U(Xo 1| X)) dvd Xy
= /Q(Ut|Xt)l(Xt—1|Xt)dXt—1 = Q(Ut|Xt),

which yields (b.2).

In Step 2 of the proof, we use the initial condition in (2.13) and use repeatedly the implication derived
in Step 1, to get [(U;| X¢) = g(Uy|Xy), at any ¢ > 1. Then, by integrating out the explanatory variables
vector X; and using the property in (2.11) we get:

(U = / X)X dX, = / (U X)X )X, = 1,

which yields (2.14).

B.2 Proof of Proposition 2

From equation (2.17) it follows that equation (2.18) is both sufficient and necessary for the uniform

distribution U (0, 1) to be an invariant distribution for process (Uy).

B.3 Proof of Proposition 3

The condition in Assumption 5 is:

T

> Bleis(Xin — Xi,)), (b.4)

s=1

— 1
Bleie(Xie — Xi)] =
forallt =1,...,7. Withe; = ngl(ULs) and X; = (Xj1,..., X; 1), we can rewrite the expectation on
the RHS as:

E[gi,s(Xi,t — Xz’)] //F&Sl (ui,s)(Xi,t - XL)l(ul7s|X1)l(Xl)dUz’stl
//Fafsl(ui,s)(Xi,t — X;.)g(uis

= //FET; <ui,s)E(Xi,t - Xi,"Xi,s)g(ui,s’Xi,s)l(Xi,s)dui,sti,sv

Xi,s)l(Xi)dui,sti

where we use Assumption 2 and the specification (2.23) in the second equality. Now we use that

g(ui 5| Xis) = g(uis|Wi ) by the index model, where W1 ; s = 81 X; s, which implies that

/E(Xi,t_Xi,~|Xi,s)g(ui,s|Xi,s)l(Xi,s)dXi,s = /E(Xi,t_Xi,- Wiis)g(wis| Wi ) LW .6)dW1 i
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using the law of the iterated expectation. We get:

Eleis(Xip — Xi.)] = //Fg_,sl (wis) B (Xit — Xi [Whis)g(ti,s, Wi o) dug sdW1 ;.
= //Fs_,sl(u)E(Xi,t — X, [Wiis = w)g(u,w)dudw.
By a similar argument:
Eleit(Xiy — Xi.)] = / / F ) E(Xiy — X5 Wi = w)g(u, w)dudw.

With the definition wt(u, ’U}) = ngtl (U)E(Xi,t_Xi,~|Wl,i,t = w)—% EZ:l F;;(U)E(Xi’t—)zi’.|W17i’5 =
w), condition (b.4) becomes [ [ 1y (u, w)g(u, w)dudw = 0, for all t. Using g(u,w) = h(u, w)?* the

conclusion follows.

B.4 Consistency rate of the Sieve ML estimator 0

As a preliminary result in view of proving the asymptotic normality of estimator 7, we first establish the
convergence rates of estimator & in Euclidean norm, and of estimator 0 in norm Il - ||+ The convergence
rate [0 — Golls =  0,(NT)~'/%) for the unfeasible Sieve estimator defined by
0 = arg maxﬁ Zf\il Zthl log {(U; t|Ui -1, Xi+, Xit—1;6) based on the true ranks follows from The-

EGN,T
orem 1 in Chen and Shen (1998) and Assumptions A.1-A.4. To cope with the estimation error induced

by replacing U; ; with the empirical ranks ﬁz}t’ we follow a similar approach as in the proof of Theorem

3.1 in Ai and Chen (2003).

Lemma 1. Under Assumptions 1-5 and A.1-A.4 we have: a) |& — ap| = O,((NT)~Y/2) and b) ||0 —
Oolls = op((NT)~H/1).

B.5 Proof of Theorem 1

From Lemma 1 b) we have || — 6|+ < dx 7 w.p.a. 1, with 6y 7 = (NT) /%, Thus, from Assumption

A~

A.6, for the plug-in estimator 4 = ~(f) of parameter 79 = (fy) we have the second-order Taylor
expansion:

1(0) = (60 + Z10)

Let us first isolate the bias term that arises from the Sieve approximation. On the finite-dimensional

[0 — 6o] + Op (110 — bo]12). (b.5)

linear space V y, the Rietz representer vy € Vyp w.r.t. (-, -) is such that

0v(0o)
00

[U] = <UNT)’U>a Yo € VNT.
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Thus, the second-order expansion (b.5) yields:

(@) = (o) + (%8(990) [0 — 6o.nT] + 878(30) [Bo.n7 — 00] + O, ([16 — 60]|?)
07v(6)

= ~(60) + (vnr,0 — O NT) + [Bo.n7 — 00] + Op([10 — 6o]2),

00
where 0y ny7 = arg min||6—6p||. Now, we have (vnr, HA—QOWT> = (vNT, é—90> because (v, 6o, NT—
96@]\7,'1“
0p) = 0 for any vn7 € V7. Hence we have

VNT <7(é) —v(6) — 878(30) [o.nT — 90]> =V NT(unr,0 — 00) + Op,(VNT||6 — 65]|?).

By Lemma 1 b), the second-order term on the RHS is 0,,(1), and we get:

VNT <7(9) —(6o) — 87550) [Oo,NT — 90]) = VNT(unr,0 — 0) + 0p(1). (b.6)

Let us now single-out the bias contribution from the estimation of the ranks. In Lemma 2 we derive an
asymptotic expansion for the rank estimator (A]i,t and plug it into the expectation E[log [ (IAJM \ Ui,t,l  Xit, Xit—1;0)]

to get an asymptotic expansion for 0 N, — 0o in Lemma 3.

Lemma 2. We have the asymptotic expansion of the rank estimate as N, T — 00 :

- 1 1
Uip = Uip + Diy + =Hi(eir) — fileir)éi + ift/(&',t)??

1 1
T o filein) + 5 F(Ein)eh ()

Ton
up to negligible terms.

Lemma 3. As N, T" — oo we have:
~ 1 N
(onr, v e = 00) = = Br(onr) + O(1/T? +1/N) + o(1/V'NT), (b.8)
where function Br(-) is defined in Theorem 1, and On 17 = INR,}TvNT.

The remainder term in (b.8) is o(1/v/NT) if N,T — oo such that T < N < T3.
In Lemma 4 we write the scalar product (vy, 7, 6—0 ~,7) in terms of a sample average of the directional

derivative of the log-likelihood.

Lemma 4. Under Assumption A.7 and regularity conditions:

L 1 01og L (Ui t|Uss—1, Xit, Xiw—1:0n.7) -
VNT{vyT,0 —0 = — [ +0,(1).
{vnr N.T) WZL:Z: 90 [0n,7] + 0p(1)
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By equations (b.6) and (b.8), Lemma 4, and condition 7' < N <« T3, we get the expansion:

VNT <7(é) —(00) — 91(%) [0o,nT — bo] — ;BT(ﬁN,T)>

00 ’
1 01og l(Ui 4| Ui -1, Xit, Xia—1:0n.1)
= 1 b.9
ﬁNTEE 5 [on,r] + 0p(1), (b.9)
Let us now show that —~— Z > D10g Uil Ui géx it: X 1:0n.7) [0n,7] is asymptotically standard nor-

mal after an appropriate rescalmg.

Lemma 5. We have:

1 810gl(Uit|Uzt 1, Xie, Xip— 1,9NT)
—> ) [ON,T]
VNT & 2 o0

1 .
= — E g Cit[ONT| + Uid[ONT]Ait + it [ON 7] D p—1 ) + 0p(1),
VNT & £ ( )

810gl(Uz t‘Uzt 1, Xz iy X1 ,t—1 eN T)

9% 1og 1(U; ¢|Us e—1,X5,4,Xs,0—130n, T)[

where fl t['UN T] : 90 [UN T] v; t[UN T] : 000u, NvT]
9% 1og LUy ¢|Ui o1, X4, Xi,0—1;0.
and ni,t[UMT] - ogl(U; 4| taéau 6, Xi,t—1;0N,1) [UN T]

Lemma 6. Under Assumption A.10, we have as N, T — oo
1 -
-1 ~ ~ o~ ~ [~
o= (&,t[UN,T] + D [ON 7] Ait + Tit[On,7] Az’,t—l) = N(0,1),
NT =75

where the asymptotic variance 012V7T is as defined in Theorem 1.
By equation (b.9) and Lemmas 5 and 6, the conclusion follows.
B.6 Proof of Theorem 2

a) We first derive the directional derivative of the log transition density. From (2.23) we have:

f (y) Iﬂl 2dy fu ! h 71B1)2dy / h(u X Bl)
) by, a'B1)2dy” [} h(y, @', B1)2dy ol Bl + logl I by, B1)2dy”

for 6 = (81, P2, h, p), where the log density of the nonlinear autoregressive copula is:

logl(u|u_1, Z,T—1; 6) = ]'Og C[

log (2, ze—1; 0(-)) = log @[A ™ (2) — 0(2-1)] — log A[A 1 (2¢)], (b.10)
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parameterized by the univariate function o(-), with A(y) = fo (y — o(v))dv and A(y fo
0(v))dv. The directional derivative of the log transition density is

dlogl(ulu_y,z,2_1;60) . _ dloge(Z(6o), Z-1(60); po(:, 7' B3)) dZ(6o)

a0 [l = 92 26 "
+810g C(Z(QO), Z—l(eo); PO(H 35/5(2))) aZ—l(eo) [U]
82,5_1 00
e (. 130
+810g 0(2(90)7 Z—alg(e(])vp()( , L ﬁQ)) ['Up(’,x/ﬂg) + VQPO(',.’L’/ﬁg)J?/U/32]
Lo Unlus 'BY) + Voh®(u, ' B)a'vs, fo hO(y, 2’ BY)[vn(y, '1) + Vah®(y, 2'87)z"vg, |dy b.11)
10 (u, ' B9) Jo hO(y, 2’ B9)2dy L

for v = (vg,,vg,,vn,vp) € V, where Z(0) := [ h(y, x'B1)*dy/ fo h(y, z'B1)?dy and
020 | I M L < ) = 2000 0') + Vbl 3"
90 Jo hO(y, 2/ 39)2dy
o (Ui, @' BY) + Voh® (Ui, o' B7)x'vs,
(Ui, ' BY)

and similarly for Z_1(0) = [;"* h(y,2'B1)*dy/ fol h(y,x'$1)?dy and its directional derivative.

= 2Cov <1(Ul,t < U), ’X’i,t = ) ) (b12)

Lemma 7. The partial derivatives w.r.t. the copula arguments are:

dlogc(zi, z-1;00) 1 - -
0z " oAy (2] (00(2t-1) — Eloo(Zi—1)|Z: = z])), (b.13)

and

810g C(Zt7 Zt—1; QO) — [Ao_l(Zt) - QO(Zt—l)]QE)(Zt—l),
0211

where the conditional expectation in (b.13) is w.r.t. variables (Z;, Z;—1) which are uniformly distributed

on [0, 1] with copula c(-, -; 0o). The directional derivative w.r.t. the functional copula parameter is:

= [Ag'(2) = o0(z-1)) (v(21-1) = E[o(Z-1)|Z4 = 1))
+Cov (00(Zt-1),v(Z-1)|Zs = 21) - (b.14)

0log c(zt, zi—1; Qo)[ ]
do

By using equations (b.11) and (b.12), Lemma 7, the equalities Z(6y) = Go(u|w1) = z and Z_1(0p) =
z_1, and the fact that Z; ¢, Z; ;1 have copula c(-, -; po(+; Xg,tﬁg)) conditional on X; ¢, X;¢—1, the con-
clusion follows.

b) To compute the directional derivative of (), we write v(6) = 1 (0)7y2(6)y3(0) where

_ g9(u; 2'B1) — . 0\2
m) = 9lGHA[p[G(w; 7' Br); T Bal; T Bal; T' 1 ]; 7' B1] = v @85

¥2(0) = ANplG(u; @' B1); 7' Ba]; T Ba] = N((3(0); ' Ba),
v3(0) = ViplG(a;3'B1); 7' o] = Vip(Ca(0); 7' B2),
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with the notation v (y;6) = héji,gl; G0) = GHG(9);2'B1), &(0) = A(G3(0);2'Ba), (3(0) =

p(Ca(0): 7 B2), Cu(0) = G 7'B1) = % By the product rule:

3
87(9) 1 5% )
[v] = ~(0) (b.15)
a0 250
where v = (vg,, vg,, v, v,) € V. We compute now separately the three directional derivatives on the
RHS:
971(9) Y (y; 0)

_ . 5C1(9)
20 [v] = 29(¢(0);0) (60[1)] ) + V1y(€1(0); 0) [v ])

_ ( U, T ﬁl —|— Vgh u x ﬂl)x Vg Uh(Cl(Q);.T/ﬁl) + Vgh(§1(9),§;’61)£’v51
h(u,z'B1) h(¢1(0),2'Br)
~ Vih(G(0); /51)3@(9)[ ]>
h(¢i(0),2'81) 08 ’

5C3(9) ON(y; ' B2)

o] + TPy
8C3( )[’U]

= ViA(G(0); ' Ba)

y=¢3(0)

- /¢C3 o7 o))dz

/ &1C(0) — (= B2)lup (& B) + Vap(z: & Ba)Evs, ]d2

72(0) { (0(Zi—1; 7 B2) — p(Ca(0), 7' B2)| Ziy = (2(0), Xiy = T, Xiy—1 = T 84‘832 )[’U]

—E [(p(Zip—1;7 B2) — p(Ca(0), 7' B2)) (vp(Zisp—1; T B2) + Vap(Zip—1; T B2)T'vs, ) | Zin = 2(0), Xip = T, Xiy—1 =T },

where we use ==y Jo @lG3(0)—p(2: 7' Ba) Wb (2)dz = E[p(Ziy1)|Ziy = Ca(0), Xip = 3, Xjy1 =
7], and:

0v3(0)

50 = FRo(ca(0);atn 28

[v] + V10,(Ca(0);: 7' B2) + V3 2p(Ca(0); &' B2) T v,
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The directional derivatives of (;(0), ..., (4(0) are

90 glG=1((0);7/B1); T B 06 90 2=(2(6)
_ 1 8C2(9) [’U] _ 8G(y» flﬁl) [1)]
gl¢(0); 7B \ 00 90 y=C1(0)
- 1 0Ga(0)
- o (T

_ydo M T B[ < G(6)) - (<1(0>;:c'ﬁl)][vh<u,:c'ﬁl)+Vzh(w’ﬂl>x’vmdU>
fol h(u, @' B1)?du

1 [5@(9)

gl¢(0);2'B1] | 00

—2Cov <1(Ui,t < i(0)),

[v]

WUy, @ m) o ’

where we use W[v] = *g[G—l(z;;Bl);f’Bﬂ BG(%; ﬁl)[ ]‘y (a8 and a calculation simi-
lar to (b.12),
9GO), 8<3( ) OA(y; 7'B2)
50 U1 = AG(0):@5) [v] + T[v] o
Y =/ 8C3
= A¢(0);7'62) ¢ p(2 7' B2)[vp(2, 7' B2) + Vap(z, T’ Ba)T v, ]dz
a
— GO Cgé %v]
—E [vp(Ziy—1:7'B2) + Vop(Ziy—1; & B2)T'vp, | Ziy = (2(0), Xiy = &, Xiy—1 = I]),
O] = Tap(Ga(0), #52) I ] 4+ (Ca0):2Ba) + TaolCa(0), 627 v,
and
a¢4(0) o = 2 3 h(u, 7 B1) 1w < @) — Gla; @ B1)][on(u, @ 1) + Vah(u, @ B1) 7 vg, |du
00 I 1w, @ 1) 2du
= 2Cov (1(Ui,t < a), Ui, #B) + Voh (Ui, #51)7 vﬁl| _> )
h(Uit, 7' B1)
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By combining these results we have:

1 0(0) W] =2 (vh(ﬂaflﬁl) + Voh(u, 7'81)3'vs,  vn(C1(0),7'51) + Vzh(Cl(H)@'ﬂl)f/”ﬁl)

71(0) 06 h(u, ') h(C1(0), 2'61)
Vih(Gi(0),7'B1) MG(0); 7' B2) i o

—2 h(C1(6), —/51) (Cl( ) 7'B) (Up(C4(9),$52) —|—V2,0(C4(9),x52):c Uy

-F [Up(Zzt 1, /82) +V2P( it— 17'7762)‘73 U/82|Z7,t = CQ( ) it — =1z, th 1= $])

Vih(Gi(6),2'51) 1

' V(Ui @'51) + Voh(Uis, @'B1)T'vg, . .
0. 5 m@w>xﬁ>a”(““¢§<“”” W(Us 7 B1) Xoe = >
 Vih(G(6), 751) A(Gs6): 2'5) .
G5 gl T OB
on(Uins #B1) + Voh(Usn ¥ B)T 05 -
x Cov ( (Ui <), G TN | X = $> )
L 0Oy B (o2 ) — pl(Ca(0).7B2)| Zas = Co(0), Xy = 7, Xigr = 7]

72(0) 90
% (0p(Ca(0); ' B2) + Vap(Ca(6), 7' 52)2 v,
—E [0,(Zi 1,7 B2) + Vop(Zip—1, % B2) T 0p,| Ziy = G2(0), Xip = &, Xiy1 = T])
—Cov (p(Zip—1;7 B2) — p(Ca(0),Z' B2), vp(Zip—1; 7' B2) + Vap(Zig—1; &' B2) T v, | Zin = (2(0), Xip = T, Xiy—1 = T)
+2E [p(Zig—1; 5 B2) — p(Ca(0), 2'82)| Zsy = C2(0), Xip = &, Xiy—1 = T| V1p(Ca(0), Z'B2)

Ui, #51) + Voh(Usy, 7517
«Cow (1(Ui,t <), Op (Ui, T 5131(-;]. t2ml(ﬁlz),t,$ A1)T'vs, IXiq = x)

and:
1 9v3(0), , _ . Vip(Ca(0):T'Ba) on -
73(0) 80 {U] - 2V1P(C4( ) —/62)0 <1(Uz,t S )7
+V1Up(C4(9) T'B2) + Vi9p(Ca(0); ' B2) T vg,
Vip(Ca(0); 7' B2) .

By setting # = 6y and using equation (b.15), the conclusion follows.

(Ui, ¥ 1) + Vah(Ui i, 7' B1)T"vg, X, = 9‘0)
h(Ui, ' B1) N

Appendix C: Numerical implementation

In this Appendix we provide details about the implementation of our Sieve estimator, the characterization

of the bases of the “tangent spaces" V..., V2. and the analytical bias correction.
gent sp NT> YNT y

C.1 Sieve spaces based on tensor Hermite polynomials

The Hermite polynomials are defined by Hy(z) = (—1 )”“egﬁ2 dd —e~*", for real argument z and integer
— _ 1 2~ (u) i
k = 0,1,.... We use the Hermite polynomials to define functions ¢ (u) = N il \/i" |, which
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build a complete orthonormal basis of L2[0, 1] w.r.t. scalar product fol f(u)g(u)du. Moreover, func-

tions ¢ (w) = \/ﬁe*"’?/ 2H}.(w) build a complete orthonormal basis of L?(R) w.r.t. scalar prod-

uct [*°_ f(w)g(w)dw, and functions ¢ (w) = \/QICZTH 1 (w) build a complete orthonormal basis of

L*(R, q) w.r.t. scalar product [~ f(w)g(w)q(w)dw, for g(w) = e’

For the sake of concreteness, we focus on the case with m” = m? = 2 and u* = 0.5, as in our empirical
1

analysis and Monte Carlo study. Then, we have g (u) = 1, 1 (u) = &1 (u), p2(u) = \ﬁ([q)_l(u)]Q -
Dio(w) = e 02,y () = Lwe /2, go(w) = b (2w —1)e*/% and do(w) = b,
Di(w) = YZw, do(w) = L (2w? — 1), We define ¢(u) = (o), ¢1(u), (), P(w) =
(o (w), Y1 (w), Yo (w)) and P(w) = (o(w), ¥y (w),s(w)). By reworking the constraints on the

coefficients, the Sieve spaces Hf](, T 7-[]@ o can be rewritten as follows.

Lemma 8. For m" = m? = 2 and u* = 0.5, the Sieve spaces defined in Section 3 become:

Hir = {h6) s Xlot @ () A€ B st X0 @ BN = g, 1=0.1,2 |

Hyr = {p() s WA o) @ b(w)), pe RS,

where symmetric matrices k1) = fol ulo(u)p(u) du forl = 0,1,2 are given by:

0 m_ 1 s @ _ L Vo YT
kY = I3, K =3 1 e | K =3 14+ ¥ 4\/277% , (b.16)
1 1= 437
%—73 O3x3
and the 9 x 6 matrix AP is given by A? = | 0O3x3z I3
%13 O3x3

C.2 Numerical computation of the Sieve estimator 6

We compute the estimator 6 in (3.2) using the parameterization of the Sieve spaces in Lemma 8. The
log-likelihood function involves numerical integrals to evaluate the function A in (2.22) and the marginal

h'—= mp = 2 for

distribution. These numerical integrals are evaluated by simulations. Our choice m
the polynomial degrees in the Sieve spaces yields a good performance in the Monte Carlo experiments.
We have verified that the estimation results are similar for other choices of m”, m? near our quadratic

approximation.
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C.3 Orthonormal basis functions for tangent spaces V’}V’T and V7

The Sieve HA, NT is a linear space. Thus, the tangent space V?\]T coincides with the Sieve space H]p\,j
itself, and from Lemma 8 it is spanned by the six functions ¥/, I = 1,...,6 that are components of
the vector UP(u,v) = AP [p(u) ® 1h(w)]. Because A” AP = I; and the orthonormal properties of
functions ¢, and z/;k it follows that functions \Iff , 1l = 1,...,6 are orthonormal w.r.t. scalar product
(v, vy fo JZ50 vp(u, w) s (u, w)g(w)dudw.

The Sieve 1" NT is not a linear space due to the constraints on the coefficient vector \, and the tangent

space V’]\, - at b, 7 is derived next by linearization.

Lemma9. The linear space V%’T is spanned by the six functions \Iff, Il =1,...,6 that are components of
the vector W' (u,v) = A [p(u) @ ¥(w)], where the columns of the 9 x 6 matrix A" are an orthonormal
basis of the orthogonal complement of the range of matrix B = [A?V’T : (kM ® Ig)A?v’T : (kP ®
I3)AY 1), where A?V)T € RY is the coefficient vector ofhg)\,yT(u, w) = )\9\’, rlo(u) @ Y(w)]. 12

Functions ¥/, [ = 1, ..., 6 are orthonormal w.r.t. scalar product (v, v} ) fo I vn(u, w)vy (u, w)duduw.

C.4 Closed-form analysis and Gaussian reference model for bias adjustment

To apply Theorem 2 for implementing an analytical bias correction as discussed in Section 3.3, we need
certain conditional expectations involving the distribution of U; ; given X; ; for h € ’H?V,T (specifically,

for the Sieve estimate of hg). They are provided in the next lemma.

Lemma 10. For h € Hfzﬁr,T with h = X{p ® 1|, it holds:

Glu,w1) = E[L(Uiy < u)| Xip = 2] = Aﬁgé@g (E%iz))(zﬁl) ))] )A]A, (b.17)

Voh(Uit, w1) -  N[K(u) @ (Vi (wr)y(wr))]A
E[”Ui"“) h{(Urgs 1) 'X“””} = T Nhe @eya 0 O

VU)o 1 AV () ® ((wn)i(w))A
el s o] - SRSt -

where
. 0 1 %@ L(w)

K= [ ewetofdy=uts—ofe @] | 70w L@ @P 1)

’ —Le  (w)([@ ()2 + 1) 0

To obtain simple closed-form expressions for other quantities needed for bias correction, we use the

following approximations.

YFor instance, we can take A" = A(A’A)~1/2, where A is the matrix built by the first 6 columns of Iy — B(B'B) ' B.
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C.4.1 Legendre polynomial approximation of higher-order derivatives

The vector by has elements Br(e;), for I = 1, ..., M. The latter can be estimated as

- 0?2 log l; +(0o) 9% log l; +(6o)
Brie) = NTZZ[ S i) + T o )

1 i 2] i
_% Z Z |:808g9l87;(90) [el}ft(&‘i,t) + W[el}ft—l(&,t—l)} E,;}S

i t,s

2NT ZZ\P €t €it—1;00)[er].

02 log l(ulv,X; ¢,X; t—1;00)
a0 [ed]

w.r.t. the copula arguments v and v by deploying a polynomial approximation. Using the Legendre poly-
nomials Ly (z) = (2Fk!) ™! dk (2% — 1)¥] for argument = € [—1,1] and integer k = 0, 1, ..., we define
the polynomials Py (u) = v/ 2k: + 1L (2u—1), that are orthonormal functions on [0, 1] w.r.t. the standard

L? scalar product. We use the series expansion with orthogonal polynomials:

We can dispense of the cumbursome expressions of the first- and second-order derivatives of

(9 log li,t(eo) [6[]

L
e = > QipnePe(Uig) Pe(Uig—1), (b21)

k=1

for a large integer L, where o ¢, = fo 1 9logl(ufu— laéxl £ Xit-1) [e1] P (u) Py(u—1)dudu_q, (for ex-

pository purpose we omit the dependence of the coefficients « on index [). Then we get:

~ 1
Br(e) = NT SN ik [PelUid) Po(Uig—1) Hi(i) + Pr(Ui ) Pi(Uip-1) He1(5i0-1))]
' kol

7 t

*LT Z Z Z ittt [Pe(Uit) Po(Usp—1) fi(€in) + Pe(Uit) Py(Uii—1) fr—1(€ig—1)] €is

i ts kJt

2NT Z Z Z Qi t kbl [Pk i t)Pz(Uz‘,t—l)[ft(€i,t)]2 + Pk(Ui,t)Pél(Ui,t—l)[ft—l(fi,t—l)]z

+2Pk(Ui,t)Pg(Ui,t71>ft(5i,t)ft71(fi,tfl) . (b.22)

By interchanging summation and integration, the bivariate numerical integrals on the RHS of (b.22) can
be computed once for all i, ¢, k, ¢ (e.g. by Monte Carlo simulation). A feasible estimator involves using

residuals €; ; and consistent (nonparametric) estimators of w2, fi, Hy.

C.4.2 Gaussian reference model

For p = W A”[p() @ ()] € Hiy o with 1 € RS and p1y = ps = pz = 0, we have p(u,w) =
r(w) @ (u) with r(w) = papo(w) + psr (w) + pev2(w) = i (a+v2psw + 5 (20* —1)). Then
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from (2.22) we have (see the proof of Lemma 11):

_ y
Ay, w) = @( 1+r(w)2>’ (b.23)

From (2.27) we get:

r(X;,69)
q)il(Zi t) = G2 (I)il(ZLt,l) +

1
, wi,ta
1+ 7(X],69)? 1+ (X ,65)2

with w;; ~ IIN(0,1). Thus, Z;;, Z; ;1 conditionally on X;;, X;;_1 have a Gaussian copula with
(X} .53)
conditional expectations in Theorem 2, that are provided in the next lemma.

correlation parameter . The Gaussian copula allows to get closed-form expressions for the

Lemma 11. For p = (/ A”'[o(-) @ ¢(-)] € HRe 7 with € RS and pq = po = pg = 0, we have:

Elp(Zis—1;w2) |z, z,21)] = Mqﬁl(z), (b.24)
’ 1+7“(’LU2)2
EVap(Zipriwn)| e,z = "V gy (6.25)
1+ r(ws)?
r(wa)Vr(ws)
Cov(p(Zi—1;w2), Vap(Zit—1;w2)|Qz, v, 2-1)] = Wv (b.26)
EIW?(Zig1iws)|z,m o 1)) = AP[(D(wn)p(z)) @ Bluws)l,  (527)
Cov(p(Zip—1;wa), WP (Ziy1;wa) |z, 2, 2-1)] = AP[(F(w2)e(2)) @ h(ws)], (b.28)
where the conditioning set is Wz, x,x_1) = {Ziy = 2, Xiy = ¢, Xi—1 = x_1}, and D(w) =
0 0 0
~ r(w) r(w)? — _r(w) 1 0 0
Aiag (s iy o) @ F@) =ty | 5 )
Vir(w)?

Let us finally consider a reference model in which the conditional distribution of U; ; given X ; is
independent of X; ; and uniform, i.e. G(u,w) = u, and the cross-sectional density f; is Gaussian with
variance atg. Then, the errors ¢; ; themselves have a Gaussian dynamics conditionally on the regressors.

Then, we have

T 2
O st w
E E(gisleis =€) ~ E —e~ —e¢,
pot 2,811 - 0_t2 0_t2
for large T'. Then, by using f{(¢) = —%5 fi(e), we get Hy(e) = 0 asymptotically. Hence, we can omit
t

the terms in (b.22) involving the H,.
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