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Abstract

From a banking supervisory perspective, this paper analyses aspects of market risk of an
aggregated trading portfolio comprised of the trading books of 11 German banks with a
regulatory approved internal market risk model. Based on real, clean profit and loss data
and Value-at-Risk estimates of the 11 banks, the paper specifically models and analyzes
the portfolio’s dependence and diversification structure, indispensable for financial stability
studies. The high sensitivity of market risk measurements with respect to the dependence
structure of the underlying portfolio is nowadays a well-known fact. However, only few tech-
niques for high-dimensional and hierarchical dependence analysis have been proposed and
studied in the financial literature so far. One reason is certainly the increasing complexity
of the statistical theory, which is commonly referred to as the curse of high-dimensionality.
The present paper develops and applies multidimensional (asymptotic) test statistics based
on the copula theory with the aim of detecting significant long-term level changes in the
supervisory portfolio’s dependence over time. Furthermore, a statistical hypothesis test is
proposed to identify the distinct contributions of sub-portfolios towards the overall depen-
dence level in a hierarchical manner. The utilized techniques are distribution-free and, in

particular, are invariant with respect to the marginal return distributions.

Keywords: Multivariate dependence modelling, multivariate Spearman’s rho, time-varying

copula, asymptotic test theory, hierarchical testing, control chart theory

JEL classification: C12, C13, C14



Non-technical summary

The dependence structure between the returns of financial assets often changes during
market crisis towards a higher degree of co-movement. As a consequence, the profits and

losses (P&L) across banks may exhibit stronger co-movement, too.

In this paper, two test procedures are developed in order to analyze the multivariate
dependence structure between financial asset returns. In particular, we investigate the de-
pendence structure between the daily P&L’s of 11 German banks during the period from
2001 to 2006, while the corresponding daily Value-at-Risk estimates of the banks are also
included in the analysis. First, we discuss a test procedure which is designed to detect
possible structural change points of the dependence between the banks’ P&L’s over time,
that is, we analyze those points in time where the dependence has changed significantly.
Second, another test procedure determines those groups of banks that have distinctively
contributed to the change of the dependence structure in the event of a structural change
point. In order to quantify the dependence structure, we use the dependence measure
Spearman’s rho. In contrast to the common correlation coefficient, Spearman’s rho rep-
resents a nonparametric dependence measure. The test procedures are thus quite general
and, for example, no assumptions about the underlying marginal distributions have to be

made.

By means of the developed test procedures, we are able to identify three structural
change points of the dependence between the banks’ P&L’s. In April 2002, the high level
of dependence observed after the events of September 11 is significantly decreasing. Along
with the uncertainty and the sideward trends of the European and US financial markets
at the beginning of the year 2004, the dependence significantly increases in February 2004.
The clear upward trends of most stock markets in the world from 2005 onwards lead to a
decreasing dependence among the banks’ P&L’s, which turns out to be statistically signifi-
cant around April 2005. The second test procedure implies that in April 2002, for example,

the structural change in dependence is driven more by the large banks.



Nichttechnische Zusammenfassung

In Krisenzeiten beobachtet man hiufig eine Anderung der Abhiingigkeitsstruktur der Ren-
diten von Finanzanlagen; typischerweise bewegen sich die Renditen verstirkt gemeinsam
in eine Richtung. Dies kann dazu fithren, dass auch die Eigenhandelsergebnisse (Profits
& Losses, kurz P&L) der Banken untereinander sich starker gemeinsam in eine Richtung

bewegen.

In diesem Paper werden zwei statistische Tests entwickelt, welche die multivariate Ab-
hangigkeitsstruktur der Renditen analysieren. Im Speziellen untersuchen wir die Abhéin-
gigkeitsstruktur der téglichen P&L elf deutscher Banken iiber den Zeitraum von 2001 bis
2006. Zusétzlich zur P&L der Handelsbiicher beziehen wir auch die téglichen Value-at-
Risk Schitzungen der Banken in die Analyse ein. Zum einen stellen wir einen Test auf
mogliche Strukturbriiche der Querschnittsabhingigkeit der P&L-Daten im zeitlichen Ver-
lauf vor, d.h. der Test untersucht Zeitpunkte, an denen sich die Abhéingigkeitsstruktur der
P&L zwischen den Banken signifikant gedndert hat. Zum anderen wird in einem weiteren
Test diejenige Gruppe von Banken bestimmt, welche zum Zeitpunkt des Strukturbruchs
makgeblich zur Anderung der Abhingigkeit beigetragen haben. Zur Quantifizierung der
Querschnittsabhéingigkeit wird das Abhangigkeitsmaf Spearman’s rho verwendet. Anders
als der iibliche Korrelationskoeffizient stellt Spearman’s rho ein nichtparametrisches Ab-
héngigkeitsmaft dar. Die entwickelten Tests sind somit allgemeiner Natur, und es miissen
zum Beispiel keine Annahmen iiber die zugrunde liegenden Randverteilungen getroffen wer-

den.

Mittels der Testverfahren kénnen drei Strukturbriiche im Beobachtungszeitraum iden-
tifiziert werden. Die nach den Ereignissen des 11. Septembers 2001 hohe Querschnittsab-
héngigkeit der P&L- Daten fallt im April 2002 signifikant. Im Zuge der Seitwirtsbewegun-
gen an den européischen und amerikanischen Aktienmérkten zu Beginn des Jahres 2004
steigt die Abhéingigkeit im Februar 2004 wieder signifikant an. Die Aufwértsbewegungen
der meisten Aktienmérkte in der Welt von 2005 an fithren zu einer Verringerung der Quer-
schnittsabhingigkeit, die sich im April 2005 als signifikant erweist. Das zweite Testverfahren
zeigt, dass zum Beispiel im April 2002 der Strukturbruch der Querschnittsabhéngigkeit

hauptséchlich durch die grofieren Banken ausgelost wurde.
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Time dynamic and hierarchical dependence modelling of an
aggregated portfolio of trading books —

a multivariate nonparametric approach?

1 Introduction

The analysis of the dependence structure of a portfolio of risky assets has attracted increas-
ing interest in the scientific literature as well as among practitioners over the last decade.
First, the globalizing and interdependence of financial markets require thorough portfolio
risk modelling and management that can react quickly to changing market situations. This
is particularly important when market conditions deteriorate and the dependence between
asset returns increases — which is also known as the ‘correlation breakdown’, see, for exam-
ple, Karolyi and Stulz (1996), Longin and Solnik (2001), Campbell et al. (2002), Bae et al.
(2003), Patel (2005), Minderhoud (2006), Rodriguez (2007), or Bartram et al. (2007) — and
a proper understanding of the portfolio’s cross correlation structure and diversification may
be essential to preserve the financial stability of a bank or even an entire banking sector. Si-
multaneously, the rising awareness of modelling portfolio dependence may certainly be put
down to the recent market turbulence in the entire financial sector. A number of empirical
studies such as Duellmann et al. (2007) show, for example, that the Value-at-Risk (VaR)
— the best-established measure for assessing the market risk in a portfolio of risky assets —
reacts with particular sensitivity towards any changes of the cross-correlation structure in
the portfolio. It is thus essential for every financial or supervisory institution to properly

understand, model, and analyze the dependence structure in a given portfolio of interest.

Based on real profit and loss (in short: P&L) data and associated VaR estimates from
11 German banks having a regulatory approved internal market-risk model, the paper is
written from the perspective of a supervisor. The supervisor aggregates the respective bank
trading portfolios into a supervisory portfolio and analyzes the inherent systemic market

risk. Specifically, the paper’s main focus lies on modelling and analyzing the portfolio’s

! The authors would like to thank Thilo Liebig and Friedrich Schmid for their support and stimulating
discussions. They gratefully acknowledge the hospitality and support of the Deutsche Bundesbank. The
views expressed in this paper represent the authors’ personal opinions and does not necessarily reflect the

views of the authors’ associated institutions.



dependence structure both over time and across banks. It represents one of the few papers
that are based on real P&L data and VaR forecasts from banks having a regulatory ap-
proved internal market-risk model. Berkowitz and O’Brien (2002) analyze the daily VaR
forecasts and corresponding P&L series of six large US banks to evaluate the performance
of the banks’ VaR models, while Jaschke et al. (2003) provide a comparable analysis of VaR
forecasts and P&L series of 13 German banks having a regulatory approved internal market
model in the year 2001. The present paper is a sequel to Memmel and Wehn (2006), who
focus on the VaR estimation of a supervisory portfolio by using different cross-correlation es-
timates under the assumption of normally distributed asset returns. By contrast, we utilize
copula theory which allows for a more sophisticated analysis of the portfolio’s dependence

structure.

Copula techniques are frequently applied in the quantitative finance literature. We men-
tion Embrechts et al. (2001), McNeil et al. (2005), O’Kane and Schloegl (2005), Charpentier
(2006), Patton (2006), Savu and Trede (2008), and Giacomini et al. (2008). We advocate
bivariate or multivariate versions of the dependence measure, Spearman’s rho, in order
to quantify (the time variation of) the portfolio’s dependence structure (cf. Schmid and
Schmidt (2007)). Being the best-known copula-based dependence measure in econometrics,
Spearman’s rho represents the natural alternative to Pearson’s correlation coefficient. The
latter is known to be less appropriate when dealing with non-normal or, more generally,
non-elliptical distributions; c¢f. Embrechts et al. (2002) for a list of possible pitfalls. Regard-
ing the time-dynamic analysis of the dependence structure, our particular interest from the
supervisory perspective lies in detecting long-term level shifts of dependence over time. As
a result, possible level shifts should be detected as soon as new information arrives. We
develop a two-step test procedures which takes both aspects into account. It is of sequential
form and is based on the concept of control charts. For an overview of control chart theory
and of existing types of control charts; we refer to Schmid and Knoth (2001) and Wieringa
(1999). There is a large literature on detecting structural changes in time series; we refer
to Pawlak et al. (2004) and references therein. For example, Steland (2002) and Golosnoy
and Schmid (2007) utilize control chart techniques for financial risk and portfolio analysis.
Furthermore, we establish an (asymptotic) hypothesis test to analyze the hierarchical de-
pendence structure at some point in time. The proposed statistical test procedures and the
dependence measures have the following advantages: They are based solely on the copula

and, thus, invariant with respect to the marginal distribution functions. They support



a nonparametric approach, i.e. they are free of any distributional assumption. Based on

multivariate techniques, they also allow for a dependence analysis in high dimensions.

The rest of the paper is organized as follows. Section 2 describes the modelling approach
of the supervisory portfolio and introduces the notion of multivariate Spearman’s rho to
measure portfolio dependence. In Section 3, the test procedures are developed and the
relevant theoretical results on Spearman’s rho established. A nonparametric bootstrap
method is also discussed, which helps in the estimation and testing process. The theoretical

findings are applied to the supervisory portfolio in Section 4.

2 Modelling the portfolio dependence structure

2.1 The data

The empirical analysis is based on P&L data and VaR forecasts of the trading book of
these 11 German banks which had a regulatory approved internal market risk model during
the period from January 2001 to December 2006. The data, which are available on a daily
basis, are maintained by the banks and reported in the Basel II framework to the supervisor;
altogether we have 1,435 observations. Throughout, we consider clean P&L data which,
in contrast to the economic P&L of a trading book, do not take commissions and fees,
intra-day gains and losses into account. According to regulations, the VaR forecasts are
calculated at a confidence level of 99% and for a one-day horizon. Note that the data for

the year 2007 onwards have not been disclosed yet.

2.2 The standardized profits and losses

For each bank i € N,i € {1,...,d}, the daily clean P&L of the trading book at discrete
time ¢ is modelled by a random variable G ;. Since we do not consider economic P&L in this
paper, we shortly refer to the Gy; as the P&L. Suppose wy; = (wii, . ,wgz)/ represents
the positions of bank ¢ on m financial instruments whose corresponding prices at time ¢ are
modelled by the random vector P, = (P},. .., Ptm)/. Then Gy, takes the form

Gri=» wl_,(Pl =P, i=1,...4d (1)

j=1

A central objective of a bank’s internal risk model is to analyze and predict the future

P&L distribution of the trading book by taking all past information into account. If the



information flow available up to time ¢ is modelled by the o-algebra (Fy;)i>0, ¢ =1,...,d,
the interest lies thus in determining the conditional distribution function of Gy;, denoted
by Fii(z) = IP(Gy; < x| Fi—1,). If not stated otherwise, w.l.o.g. we assume that Fy;(x)
has infinite support. The Value-at-Risk (VaR) at confidence level a, Vi, is then obtained
as the (1 — a)-quantile of Fy;, i.e.

Vt,z’ZF{il(l—a), i=1,...,d. (2)

As already mentioned above, we consider data (G, Vi), = 1,...,d, which arise within
a regulatory approved internal market-risk models. Hence, a is set to 0.99 in line with
the supervisory requirement for approval of internal market-risk models. Note that in this
setting, VaR is a negative number. For background reading on the VaR, we refer, for

instance, to Artzner et al. (1999) and Jorion (2006).

Assume that the random vector G = (G, . .- ,Gt,d)/, with Gy; as defined in (1), rep-
resents the set of bank P&Ls in the supervisory portfolio at time ¢. Consider the random

vector Sy = (S¢1, ..., S@d)/ defined by

S, — ( G Gta

— e, — = -V,G
Vial W,d) e 3)

with diagonal matrix V; = diag{ﬁ, ce ﬁ} The P&Ls are standardized by dividing
each bank’s P&L by the respective VaR forecast for that day; S; is therefore commonly
referred to as the standardized P&L or returns at time t. As shown later, for our purposes

it suffices to concentrate on the modelling of S;.

Remark. The standardization in (3) is motivated by the following considerations: If,
conditional on the information F;_1;, the Gy; are normally distributed, i.e. G¢; | Fe—1,i ~
N(O,a?ﬂ-), the standardized returns S;; take the form S;; = —Gy;/Viy = —{®71(1 -
@)} 1Gyi/or;. That is, the standardization is with respect to the P&L’s time-varying
volatility in this case and any temporal dependence of the Gy; which is induced by a
time-varying volatility (e.g. if asset prices follow a GARCH model) is removed. The stan-
dardized returns usually serve as a basis for the validation of a bank’s VaR model, see , for

example, Jaschke et al. (2003).

Consider the (conditional) joint distribution function Fig,(x) = IP(S; < x| Gi—1) of S¢
with marginal distribution functions Fi g, i(z) = IP(S¢; < z| Gi—1), i = 1,...,d. Here, the

o-algebra (G;)i>0 represents the information flow available up to time ¢ to the supervisor.



Observe that, in general, G; does not coincide with F;;, 7 =1,...,d. Below, we always con-
sider conditional distribution functions, taking with respect to the o-algebra (G:)>0 since
we take the position of the supervisor; however, we will omit the condition for notational
reasons. We make the following two assumptions on S; = (S, ...,SW),, which are also

supported by empirical analysis (see Section 4):

(A1) The standardized returns S; are independent over time. Furthermore, for every
i = 1,...,d, the marginal distribution functions F}g,; are continuous and Si; is

identically distributed for all ¢; it follows that for every ¢ we have Fy g, ;(z) = Fs, ().

(A2) The hypothesis of identical marginal distribution functions Fg,;,7 = 1,...,d, is re-

jected, i.e. Fg,; # Fs, ; for at least one pair (i,7) with i # jand 4,5 =1,...,d.

Assumption (A2) requires an individual modelling of the marginal distribution functions
Fs,1,...,Fs, 4 in order to quantify the risk arising from each single bank as accurately as

possible. Thus, using the concept of copulas, we assume that F; g, takes the form
Fis,(x) = CY (Fs,1(x1), . .., Fs, a(zq4)), for allx € RY, (4)

with time-varying copula Cf , which uniquely exists according to Sklar’s Theorem (Sklar
(1959)) if the Fg,; are continuous functions. The copula C splits the joint distribution
function into the univariate marginal distribution functions and the time-varying depen-
dence structure represented by Cts . Hence, estimation of F}g, breaks down into the esti-
mation of the margins Fg, 1,..., Fs, 4 and the copula C?. See Nelsen (2006) for a general
overview on copulas. An elaboration of time-varying copulas in the context of Value-at-risk

calculations can, for example, be found in Giacomini et al. (2008).

It is important to note that the standardization of the P&L in (3) does not change the

dependence structure between the banks’ P&Ls, as shown in the next corollary.

Corollary 1 Suppose S; has joint distribution function Fys, with copula C’tS as in (4) and
assume that Gy, defined in (1), has joint distribution Fy g, with copula CF and continuous
marginal distribution functions Fy;(x) and infinite support. Then, conditioned on the in-
formation up to time t — 1, CY = CC, i.e. the standardization of G does not change the

dependence structure represented by the copula C'tG.

Proof. Using the notation in (3) and the fact that V; ; is strictly negative, the transformation

function ay;(x) = —x/V;; is, conditioned on the information up to time t — 1, strictly



increasing. According to Theorem 2.7 in Embrechts et al. (2001), each copula is invariant

with respect to strictly increasing transformations of the marginal distributions. (]

2.3 The dependence measure Spearman’s rho

We use the dependence measure Spearman’s rho in order to quantify the dependence struc-
ture of the supervisory portfolio, which constitutes a direct functional of the copula. As
such, not only does it allow concentrating on the standardized returns S; for an analysis of
the dependence structure between the banks according to Corollary 1, it also captures the
time variation of the portfolio dependence structure represented by the copula. A multivari-
ate generalization of (bivariate) Spearman’s rho makes it possible to measure the portfolio’s
dependence structure by either one single ‘key’ parameter referring to the entire portfolio

or by multiple lower-dimensional parameters referring to sub-portfolios.

We define Spearman’s rho in a general setting and a time-static setting first. Con-
sider the d-dimensional random vector X = (X7, ...,Xd)/ with continuous joint distribu-
tion function F' and continuous univariate marginal distribution functions Fj,7i =1,...,d.
Think of X as representing the returns of d assets in a portfolio. Furthermore, F(x) =
C(Fi(z1), ..., Fi(z4)) with unique copula C. Bivariate Spearman’s rho of the two-dimensional

random vector (X,Y) with copula C' can be written as

p— 12/01 /01 C'(u, v)dudv — 3. (5)

A natural d-dimensional extension of Spearman’s rho for the d-dimensional random vector

X is given by

pax =h(@{2" [ C(u) du -1} (6)

[0,1]¢
with A(d) = %. This version was originally discussed in Ruymgaart and van Zuijlen
(1978); we also refer to Wolff (1980), Joe (1990), and Nelsen (1996). Later we also consider
sub-portfolios i.e. we are interested in quantifying the dependence structure of a portfolio

consisting of only those X; where ¢ € 7 with index set Z C {1,...,d} and cardinality

2 < |Z| < d. Analogously to (6), we define the |Z|-dimensional Spearman’s rho as

PIZ|.X = h(m){zm /[0 - Ci iy (1) du — 1} (7)

with Z = {iy,... ’ilf\}' Here, Cil,...,im refers to the |Z|-dimensional copula which corre-

sponds to the i1, ..., dz-margin of C. Obviously, for Z = {1,...,d}, pjz;x = pax. If it is



clear from the context, we will suppress the subindex X.

A nonparametric estimator for pjz| is obtained via the empirical copula, what has been
considered in Schmid and Schmidt (2007). We therefore assume that neither F' or C nor
the marginal distribution functions F;,i = 1,...,d, of the d-dimensional random vector X

are known. Given a random sample of returns (XJ) j=1,...,n, the empirical copula is defined

as
A 1 n d .
Co(u) =~ S'II g <oy for w=(ur,. . ug) €[0,1]
j=1i=1
with an = % (rank of Xj; in Xj1,..., Xjp). Empirical copulas were first introduced and

studied by Deheuvels (1979) under the name of ‘empirical dependence functions’. Note
that the estimation is based on the ranks of the observations rather than on the actual

observations themselves. This yields the following nonparametric estimator for pz

N olZI 2 . .
it = IZD{ == D2 [ (1= Oiggn) o (1= D) = 1} ®)
j=1
Details of the derivation of p|z|,, are provided in Appendix 5; the corresponding estimator

for pg follows by setting Z = {1,...,d}.

Observe that another multivariate version of |Z|-dimensional Spearman’s rho is given by

(see, for example, Kendall (1970))

Pz = h(2){22 Z <|§|> -1 o Cri(u, v)dudv — 1} (9)

k<l
k€T

where C}; denotes the bivariate copula which corresponds to the kth and [th margin of C,
k,l € Z. p|z| describes the average of all pairwise Spearman’s rho coefficients (cf. formula
(5)) and a nonparametric estimator can be derived analogously as above via the empirical

copula (see Appendix 5 for details). We have

—1 n
Pzl = % (’?) DY (A= Tijn)(1 = Uyj) — 3. (10)

k<l j=1
k,l€T

Multivariate Spearman’s rho IBIIM naturally decreases with increasing dimension owing to
the increasing dispersion of data points. This is illustrated by Figure 1 as opposed to the
average of all pairwise Spearman’s rho coefficients E\Il,n' At the same time, the variance of

both estimators is considerably decreasing with increasing dimensions.
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Figure 1: Empirical mean and 95%-confidence interval of the average of all pairwise Spear-
man’s rho coefficients Ed’n (left) and multivariate Spearman’s rho pg, (right) for different
dimensions d; the results were obtained by sampling: 10,000 independent random sam-
ples of sample size n = 500 from a d-dimensional equi-correlated normal distribution with

pairwise linear correlation coefficients are all equal to 0.3.

We concentrate below on multivariate Spearman’s rho pz| since it represents a real multi-
variate measure of concordance according to Joe (1990) and Nelsen (1996)(see also Ubeda-
Flores (2005) and Taylor (2007)). In particular, it accounts for multivariate concordance
ordering and pjz; = 0 if ¢ = II with II the independence copula. In contrast, piz| is
determined by the two-dimensional marginal copulas only. Above all, pj7j may be zero
even if all margins are pairwise stochastically independent. Various tests on independence
are, furthermore, often based on such multivariate versions, see, for example, Genest and
Rémillard (2004) and references therein. Note that all results established below hold for

the version pz), too.

3 Time-dynamic and hierarchical testing for long-term level

shifts of Spearman’s rho

The adequate measurement and evaluation represents only a first step in the context of a
thorough and comprehensive analysis of a portfolio’s dependence structure, allowing for an
initial identification of salient features of dependency. However, a second step, verifying

whether these effects are really significant, is mandatory.



The aim of this section is therefore twofold. First, we develop a time-dynamic two-step
test procedure to detect long-term level changes in portfolio dependence over time, which
uses the concept of control charts. Second, an asymptotic hypothesis test is developed to
analyze portfolio dependence in a hierarchical manner across all sub-portfolios at a given
point in time. We will refer to the latter as hierarchical testing in order to distinguish it

from the time-dynamic testing.

Both approaches utilize multivariate Spearman’s rho, as introduced in (7), to measure
portfolio dependence. Thus, both procedures are free of any distributional assumption and
may be applied to general financial portfolios if the assumption of independent standardized
asset returns over time holds. The next section establishes some basic theoretical results

first.

3.1 General concepts

The following two-sample (asymptotic) test distribution for Spearman’s rho can be estab-
lished. It extends results about the asymptotic normality of multivariate Spearman’s rho

(as defined in (6)) given in Schmid and Schmidt (2007).

Theorem 2 Consider two stochastically independent random samples (Xg)s=1,..n and (Ys)s=1,...m
from the d-dimensional random vectors X and Y with d-dimensional distribution functions
Fx and Fy, continuous marginal distribution functions and copulas Cx and Cy. Assume
that the i-th partial derivatives of Cx and Cy exist and are continuous for i = 1,...,d.
Let J be the set of all subsets T of {1,...,d}. For A C J with cardinality |A| = k, suppose
that Sanx and Samy, respectively, denote the k-dimensional random vectors of all sample
versions p|z|n,x and piz|my of Spearman’s rho with T € A, as calculated from the above
random samples according to (8). Let also pyx and psy be the corresponding vectors of
the true values piz)x and pi7)y of Spearman’s rho. We denote by || - || an arbitrary matriz

norm on the space [—1,1].
NG

Under the assumption that pyx = pay and with m := m(n) such that () — ¢ for
n — 0o, we have
(i) for each A C J with A being a single set T
~ ~ d
Vi (Pizinx = Py ) = 7~ N(0,0%) asn— oo, (11)



with variance
o = 2P [ (B (u )G (D))
0,114 Jjo.e
+ C2E{GCY(U<I>)GCY(U<I>)}}dudv. (12)

Here, u@ and v'D refer to the d-dimensional vectors u and v, respectively, whose
components — except the ones with i € T — are all 1. Moreover, Go(u) = Be(u) —
Zgzl D;i(w)Be(u®) and the process Be is a tight centered Gaussian process on [0,1]%

with covariance function
E{Bc(u)Bo(v)} =C(uAv)—C(u)C(v).
(i) Furthermore, for each A C J, it follows that
Vl[Sanx — Sammyxll — W asn — oo,

with non-degenerated random variable W.
The proof is given in Appendix 5. (]

Next, we derive two results which will be relevant for the time-dynamic considerations of
Spearman’s rho. In these, a moving window estimation is considered to evaluate Spearman’s

rho over time.

Theorem 3 Consider the random sample (X¢)iez from the d-dimensional random vector
X with d-dimensional distribution function F and copula C' whose marginal distribution
functions are assumed to be continuous. For an index set T C {1,...,d}, let ﬁ|51|,n denote
the corresponding estimator for Spearman’s rho at time t as defined in (8), calculated based
on an (equally weighted) moving window of size n, i.e. Spearman’s tho estimator is based

on the sample Xy_n41,...,Xy. We have
(i) for any fivzed s € N with s < n,
~ ~t— d t,
n (Bl = Ain) < 25 asn— oo, (13)

with non-degenerated centered random variable ZFIS‘ which is bounded with \thI‘T\ <s.
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(#i) Furthermore,

~t—r ~t—r—s

2 —~ ~f—
n* Coo(fi = Pl » e~ Pl )= 0 asm— oo (14)

for fized r;s € N and n > r > s > 0. Moreover, the limiting variables Z‘t;' and ZET’S

are stochastically independent for n >1r > s> 0.

The proof is given in Appendix 5. O

Consider a d-dimensional time series (X;);ez fulfilling assumption (A1) and (A2) as elab-
orated in Section 2.2 with joint distribution function F; and copula C;. The dependence
structure of X; is described by the copula Cy. In general, it is difficult to perform hypothe-
sis tests on the copula when no further structural assumptions are imposed. However, the
presumption of a parametric model would be too restrictive for our purposes. Therefore, we
assume that Spearman’s rho determines the dependence structure and make the following

additional assumption:

(A3) At any time t, the dependence structure is completely described by (an adequate set

of |Z|-dimensional) Spearman’s rho (at time t).

Note that for the majority of parametric families of copulas, there exists a bijective rela-
tionship between the copula C' and a set of |Z|-dimensional Spearman’s rho coefficients p|z|,

which can be illustrated by three examples.

1. Let C' be a member of the two-dimensional Farlie-Gumbel-Morgenstern family of
copulas with parameter § € [—1,1]. Then, bivariate Spearman’s rho p equals 6/3 (see

Nelsen (2006), p.168).

2. Let C be the d-dimensional Gaussian copula with correlation matrix ¥ = (75 ;) 1<i j<d-
The copula can be fully described by considering the (g)—dimensional vector of all

bivariate Spearman’s rho coeflicients p; j,i < j. In particular, p; ; = 6/7 arcsin(r; ;/2).

3. Let C be a four-dimensional hierarchical Archimedean copula which is constructed
by coupling the two-dimensional Archimedean copulas C(;) and C(), generated by

the (strict) generators ¢y and ¢(9), respectively, using a third (strict) generator ¢s).
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Hence,

Clur,ug,ug,us) = C{C)(ur,u2), Cz)(us, us)}
= d@) dE) o by o) (u1) + by (u2)}
+d3) 0 b2y { o) (us) + D) (ua)}- (15)

Joe (1997), Section 4.2, states the conditions which need to be fulfilled so that con-
struction (15) is a copula function. For example, in case the ¢(;),i = 1,2,3 are
generators of the Gumbel copula with parameters 6; > 1, then C is a copula if
03 < 01 and 63 < 03. The dependence structure of C' is then completely described
by the three-dimensional vector consisting of the pairwise Spearman’s rho coefficients
pq1y and p(y) corresponding to the marginal copulas C(;) and C(9), respectively, and
multivariate Spearman’s rho py as defined in (6). We refer to Savu and Trede (2006)
and Hofert (2008) for further examples of hierarchical copulas and related estimation

and simulation techniques.

3.2 Detecting long-term changes in the level of Spearman’s rho over time

This section elaborates a procedure to detect level changes in the portfolio dependence
over time by using multivariate Spearman’s rho. Specifically, our interest lies in detecting
long-term level changes of Spearman’s rho which, in addition, should be indicated as early
as possible, i.e. as soon as new information has arrived. The procedure is thus of sequential
form and consists of two (consecutive) steps, which are illustrated in Table 1: Being based
on a control chart for Spearman’s rho, Phase 1 sequentially monitors the series in order to
detect level shifts of Spearman’s rho. As far as possible long-term changes of dependence
are concerned, it acts as an early indication or warning system. After having been signalled,
a shift in dependence in Phase 1, Phase 2 verifies whether a long-term rather than a short-
term change is experienced; naturally, further observations need to be awaited for this
purpose. The procedure in Phase 2 is therefore of static, retrospective form and can be

regarded as a kind of ’dependence backtesting’.

Let (X¢)tez denote a d-dimensional time series fulfilling assumption (A1), (A2), and (A3)
as elaborated in Sections 2.2 and 3.1 with joint distribution function F; and copula Cj.
For notational reasons, the description of the two phases is based on the |Z|-dimensional

Spearman’s rho coefficient pr\ for arbitrary index set Z C {1,...,d}. (Note that the follow-
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Table 1: Setup of test procedure.

Test type Test procedure

Early indication system of Phase 1: Control chart for Spearman’s rho

change of dependence

Detection of sustainable change | Phase 2: ’Dependence-backtesting’

of dependence

ing elaborations could be generalized to the case of an adequate vector of Spearman’s rho
coeflicients, which should be considered otherwise, as discussed above; we also refer to the
hierarchical testing in Section 3.3). The corresponding series of estimators of Spearman’s

rho based on an equally weighted moving window of size n is denoted by ('BltI\ W tez-

Phase 1. In this phase, a nonparametric control chart for detecting level changes in
multivariate Spearman’s rho is developed. The concept of control charts represents one
of the most important tools of statistical process control and is often used to implement
sequential approaches. According to a predefined decision rule, a control chart compares
control statistics with given control limits at each time point. The value of the control
statistics is calculated based on the observations of the process to be monitored; if it lies
outside of the control limits, the control chart gives a signal, indicating that the monitored
process is 'out-of-control’ in the sense specified beforehand. See also Golosnoy and Schmid

(2007) for monitoring the optimal portfolio weights by means of control charts.

Let us therefore assume that, up to time ¢, there are no changes in portfolio dependence.
Formally, p‘tz| = p for fixed but unknown parameter p and for all t < t. We fix a lag
parameter s € N, s < n, which allows the choice of the time frequency (e.g. daily or weekly)
for monitoring Spearman’s rho. At each time ¢t = t + ks, k=1,2,3,..., we then consider

the hypothesis
Hoy - p‘tﬂ =p versus Hj;: p|tI‘ £ . (16)
We thereby reject the null hypothesis at time ¢ if
n (ﬁltflm — ﬁ‘fﬂ;) >cg or n (ﬁ‘tﬂn - ,5&?2) < (17)

with predefined constant c¢; and cs. Adopting the terminology of control charts, Y, :=
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n(ﬁ‘tﬂn — ﬁ‘tﬂi) represents the control statistics and the control limits are given by ¢; and
ca. The process ﬁltI\,n is ’in control’ as long as the null hypothesis is not rejected; if it is
rejected (i.e. the control chart gives a signal), it is concluded that the process is out of
control. Note that Y; represents an (asymptotic) unbiased estimator of n(pfﬂ - pfis) if the
process is in control, i.e. IE(Y;) is asymptotically zero in this case. We thus concentrate
on sequentially monitoring the mean or the location of the process ﬁ‘tﬂn In particular,
we reject the null hypothesis if Y; exceeds, or is less than, the level ca or ¢p, respectively.
According to Theorem 3, part (i), Y; has a limiting distribution if the process is in control.
For a given significance level, the control limits ¢;,7 = 1,2, can be chosen as the respective
quantiles of this distribution owing to the second part of Theorem 3 (see also the remark

at the end of this section).

Two phases must be distinguished when working with control charts. In a first step, the
control chart has to be calibrated, i.e. the control limits ¢; and co must be determined
adequately. This is generally done based on a 'pre-sample’ of the process, i.e. a sample of
past observations. Note that, in order to obtain reasonable control limits, the pre-sample
must stem from the in-control process. The second step comprises the actual usage of the
control chart to analyze and monitor new observations which are drawn sequentially from

the process.

Phase 2. The analysis in Phase 1 aims at identifying shifts of Spearman’s rho. If, as
from the supervisory perspective, the focus lies in detecting long-term, sustaining (level)
changes in portfolio dependence, a second phase is added subsequently to the first phase.
In this, we understand by a long-term change that, after the shift indicated by Phase 1,

Spearman’s rho stays at this level throughout a specified period.

Assume, therefore, that Phase 1 gives a signal at time t* > t'. Based on further n* = n—s
observations of the process, Phase 2 compares Spearman’s rho over distinct time periods
before and after t*. Specifically, we verify whether there is a significant difference between
Spearman’s rho calculated based on the periods [t* —n + 1,t* — s] and [t* + 1,t* +n*]. We

further assume that Spearman’s rho does not change throughout the latter period.

At t*, we then consider the hypothesis

. t*4+n* _ t*—s .t +n* t*—s
Hop : P = P versus Hj : P Pz
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In this context, the statistics

* * *_
VP ~Plaine)

T = 5B
7]

(18)

is — under the null hypothesis — asymptotically standard normally distributed according to
Theorem 2. Here, (6‘%)2 represents the consistent bootstrap estimator for the variance of
\/ﬁ(ﬁér:: - f)'f;‘_;:*) which is introduced in Section 3.4. We thus reject Hy at t* at level
a if |T| > 21_4/2, where 2;_q/o denotes the (1 — a/2)-quantile of the standard normal
distribution. Note that, by excluding the time point ¢* from the analysis and choosing the

window size n*, it is guaranteed that the above test is independent of Phase 1.

Finally, it is concluded that ﬁfﬂ ,, 18 out-of-control at time ¢ if

(B1) both Phase 1 and Phase 2 give a signal at time ¢ and

(B2) the control statistics of Phase 1 and the test statistics 7' of Phase 2 have the same

sign.

We refer to such events fulfilling (B1) and (B2) simply as signals; an event signalled in
Phase 1 is called ’alarm’ below. The described procedure is applied to the supervisory

portfolio in Section 4.3 for s =1 and Z = {1,...,d}.

Remark. Concentrating in Phase 1 on the differences ﬁ‘tﬂn - ﬁ‘tﬂi rather than on the
actual series ﬁfzm itself offers several advantages. First, the latter approach would yield
a control statistics involving the parameter p, leaving us with an additional parameter to
estimate in order to set up the control chart. Furthermore, note that the series ﬁ‘tﬂn exhibit
a very high serial correlation. In the context of a sequential test, the control limits would
therefore have to be adapted and are generally more difficult to determine (see, for instance,
Golosnoy and Schmid (2007) for the determination of the control limits in this situation
in a parametric context). In contrast, the second part of Theorem 3 guarantees that the
differences are (asymptotically) independent, making it possible to obtain the limits ¢; and
co by probabilistic considerations. For completeness, we refer to Pawlak et al. (2004) who
mention another basic approach that determines the control limits dependent on the size

of the jump which one seeks to detect with high probability.
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3.3 Hierarchical testing

In contrast to the time-dynamic approach in the previous section, we now consider a static
approach. By fixing a particular time point ¢, the key question is whether there is a
significant difference in the dependence level before and after t. The approach differs from
Phase 2 above insofar as we now include all sub-portfolios of the overall portfolio in the
analysis. In doing so, we may be able to identify the ’dependence-drivers’, namely those

sub-portfolios which show a change of dependence around time point t.

As usual, let (X;)iez denote a d-dimensional time series fulfilling assumption (Al), (A2),
and (A3) as elaborated in Sections 2.2 and 3.1. For [l € N with 1 <1 < d — 1, let also J
be the set of all subsets Z of the index set {1,...,d} with cardinality |Z| > [ . We define
by p’ the vector of all |Z|-dimensional Spearman’s rho coefficients pfﬂ at time ¢t € Z with
7 € J. An estimator of the latter is given by ﬁf]n based on samples X;—_py1,..., X in a

moving window with window size n.

In order to detect whether there is a level change of dependence at time ¢, we compare
the values of Spearman’s rho of all sub-portfolio combinations in J between the adjacent
and non-overlapping windows of fixed size n before and after {. Let us therefore assume
that, throughout both periods, Spearman’s rho does not change for any Z € J, respectively.

We then consider the hypothesis

Hp : pffl = pffr"*l versus Hj : p’ffl pf;r”*l. (19)

For each 7 € J, we would reject the null hypothesis of identical Spearman’s rho in the

respective time periods at level az if |Q% .| > 21_q, /2 With

~+n—1 ~—1
\/E(ngn _pII\,n)

QtI n = B
%Iz
Here, (62)? represents the consistent bootstrap estimator of the variance of \/ﬁ(ﬁglnnfl -

ﬁfiln) as introduced in Section 3.4. Qtz,n is, under the null hypothesis, (asymptotically)

standard normally distributed according to Theorem 2 (cf. also formula (18)) since ﬁ%"n_l
and Z)\Eln are based on independent samples.

The null hypothesis in (19) is rejected at significance level g if ]Qtzn\ > 21_qy /2 for some
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I € J, that is

P U {1

IeJ
|Z|>1

> 21y /2}) — B (20)

The interrelationship between §; and « is complicated — however, it may be approximated
by Bonferroni’s method as carried out in Section 4.4. For convenience, we choose a7z = «
for all Z and obtain

P( U {1Q5nl > z1ap2 ) = P(sup |Q7u] > 21-0/2) = fi

ZeJd

Z|>1
1251 171>

with supize s 171503 Q% | = maxgze s 71513 |Q% | as J is finite. Hence, a test statistics for
Hy is given by maxzre;  |7j>1} |QtI’n| which has a limiting distribution according to Theo-
rem 2 with ||.|| being the maximum norm ||.||s. By changing the parameter [ one can move
from one portfolio’s hierarchy level to another one. Note that, for small hierarchical level

I, the power of the test will decrease owing to the inclusion of a larger set of sub-portfolios.

The hierarchical test procedure is applied to the supervisory portfolio in Section 4.4.

3.4 The Bootstrap

A nonparametric bootstrap is used in order to estimate the distribution of the limiting
variable W in Theorem 2 since it generally cannot be derived explicitly and depends on
the choice of the matrix norm. We refer to Shao and Tu (1995) and Efron and Tibshirani
(1993) for background reading on the nonparametric bootstrap and to Van der Vaart and
Wellner (1996) and Fermanian et al. (2004) for details on the bootstrap in the context of

empirical processes.

The next theorem first verifies that the nonparametric bootstrap method works.

Theorem 4 Let (XlB)l:me and (YlB)l:me denote the bootstrap sample which is ob-
tained by sampling from the independent random samples (X;)i=1,..n and (Y)i=1,...m with
replacement, respectively. For A C J, let further Sanx, Samy be the vector of sample
versitons of Spearman’s rho as given in Theorem 2 and let SAB%X, SE,m,Y denote the corre-

sponding estimators for the bootstrap samples (XlB)lzl,...,n and (YlB)l:L...,m- Then, under

Vn
vm(n)

the assumptions of Theorems 2 and with m := m(n) such that — ¢ for n — oo, the
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sequences \/n/ |S§,n,x - Sim(n)y — (Sanx = Sammn),y)|l converge weakly to the same limit

as \/n||Sanx — Samm) x|l with probability one.

Even if, in case |A| = 1, asymptotic normality of \/ﬁ(ﬁ\Il,n,X — ﬁ|1",my> can be shown
in Theorem 2, the asymptotic variance of the limiting variable is usually of complicated
form (cf. Schmid and Schmidt (2006) for the explicit calculation of the asymptotic variance
of multivariate Spearman’s rho for some copulas). Therefore, the variance is determined
by the above-described bootstrap method in this case, and we denote the corresponding

consistent bootstrap variance estimator by (6%)2.

Our assumption of independent standardized sample returns justifies the application of
the bootstrap method with replacement; otherwise, different methods must be applied (see,
for instance, Davison and Hinkley (1997)). Regarding the number of bootstrap replications,
B =500 and B = 2500 are generally considered to be large enough to give good estimates of
the variance and the empirical distribution, respectively (cf. Efron and Tibshirani (1993)).
Schmid and Schmidt (2006) also show that the bootstrap variance estimator for multivariate

Spearman’s rho performs well in finite samples.

4 Empirical results

Before analyzing the dependence structure of the supervisory portfolio by means of the
presented methods above, we briefly examine the standardized returns S; of the supervisory

portfolio introduced in Section 2.2.

4.1 Standardized returns

We start with the verification of the assumptions (Al) and (A2) in Section 2.2; further
empirical analysis of the banks’ individual standardized returns can be found in Memmel

and Wehn (2006) for the years 2001 to 2004 and Jaschke et al. (2003) for the year 2001.

The squared standardized returns contain only minor serial correlation; for illustration,
Figure 2 gives the autocorrelation function across all banks; the same holds for the stan-
dardized returns themselves, too. Thus, assumption (Al) of serial independence of the
standardized returns can be justified. Note that this is also consistent with the literature

on volatility modelling; see Andersen et al. (2006) for an overview. According to the rea-
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Figure 2: Autocorrelation function of the squared standardized returns of each bank of the

supervisory portfolio.
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soning in Section 2.2, this confirms that the VaR models used by the banks work quite

accurately over the considered data time horizon (cf. Jaschke et al. (2003)).

Table 2 reports the first four moments of the distribution of the standardized returns across
all 11 banks. The results show that the kurtosis varies from bank to bank, ranging from
3.79 to 13.39. In order to verify whether those differences are statistically significant, we
perform several pairwise tests on equal kurtosis, which are based on a bootstrap procedure.
More specifically, we draw (with replacement) a bootstrap sample from S, ¢t = 1,...,T,
and determine for all pairs of banks the empirical confidence interval for the difference in
kurtosis; an extract is given in Table 3. The table shows that the difference in kurtosis
of 32 out of 55 possible pairs of banks is significantly different from zero, which justifies

assumption (A2) of differing marginal distribution functions of the standardized returns.

Table 2: Descriptive statistics of the standardized returns for each bank of the supervisory

portfolio.

Bank Mean St. deviation Skewness Kurtosis

1 0.0419 0.3225 -0.2422  13.3883
2 0.084 0.3721 0.1502 4.3238
3 0.0115 0.3805 -0.1155 4.5387
4 0.0905 0.3796 0.0284 4.2795
2 0.0046 0.2728 -0.0657 4.5791
6 0.0141 0.3523 -0.0659 4.2136
7 -0.0012 0.2741 -0.1607 5.6778
8 0.0125 0.4344 -0.2966 6.638
9 -0.011 0.4363 -0.3023 8.3636
10 0.0256 0.2786 0.0639 3.7949
11 -0.0532 0.3199 -0.323 5.7466
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Table 3: 90% bootstrap confidence (¢P, ¢%) intervals for the difference in kurtosis for those

pairs of banks where the difference is statistically different from 0, based on 10, 000 bootstrap

replications.
Bank Bank eB ¢B | Bank Bank eB eB
1 2 3.2529 13.8552 | 4 8 -5.1587 -0.1354
1 3 2.9961 13.6637 | 4 9 -6.2071  -1.6245
1 4 3.2552 13.9064 | 4 11 -2.4966  -0.3446
1 5 2.9149 13.6022 | 5 9 5771 -1.4653
1 6 3.3427 13.9024 || 5 10 0.0943  1.4968
1 7 1.8224 126234 || 5 11 -2.149  -0.1508
1 8 0.4997 12.1646 || 6 7 -2.6159  -0.3265
1 10 3.7619 14.3313 || 6 8 -5.1781  -0.2711
1 11 1.7493 124315 || 6 9 -6.1313  -1.7594
2 7 -2.5906  -0.1189 | 6 11 -2.3826  -0.6456
2 8 -5.1116  -0.1101 || 7 9 -4.9096 -0.0857
2 9 -6.1154 -1.5992 || 7 10 0.7575  3.0069
2 11 -2.4091  -0.335 | 8 10 0.7036  5.5623
3 9 -5.9475  -1.3387 | 9 10 2.2056  6.5528
3 11 -2.3295  -0.0193 | 9 11 0.1447  4.7268
4 7 -2.668  -0.1946 || 10 11 -2.8096 -1.0732

4.2 Multivariate Spearman’s rho of the supervisory portfolio

Figure 3 (left panel) illustrates the evolution of multivariate Spearman’s of the standardized
returns of the supervisory portfolio; the estimation is based on a window size of n = 150.
In addition, the horizontal line illustrates the average (multivariate) Spearman’s rho over
the entire time horizon. The figure shows that Spearman’s rho fluctuates over time: The
situation of deteriorating financial markets after the events of September 11 is accompanied
by a steady increase in Spearman’s rho. This is consistent with the observations of high
asset volatilities and correlations during this time period and an increase in medium-term

interest rates from October 2001 onwards (Jaschke et al. (2003)). After its first peak at

21



the beginning of 2002, Spearman’s rho falls sharply. Thereafter, a period of relatively low
portfolio dependence is observable, which was characterized by medium-term interest rates
at an all-time low and stabilizing markets. The year 2004 reveals an initially steady, then
sudden rise in Spearman’s rho to its second peak in December 2004. During 2005, which
proved to be a financial year of rising markets, Spearman’s rho peaks off and remains

relatively low for the rest of the observation period.
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Figure 3: Time-varying (dashed line) and average (solid line) multivariate Spearman’s rho
pi1,s (left panel) and average of all pairwise Spearman’s rho coefficients 51173 (right panel)
of the standardized returns of the supervisory portfolio, based on a moving window of size

n = 150.
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Figure 4: Exponentially weighted multivariate Spearman’s rho with decay factor A = 0.985,

based on a moving window of size n = 150.

Some developments are particularly noticeable, such as the sudden upward movement of
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Spearman’s rho on 6 February 2002 and on 13 October 2004. On these two days, the P&L
or standardized returns, respectively, of all banks in the portfolio proved to be negative,
i.e. all banks simultaneously realized losses. For comparison, we provide in Figure 3 (right
panel) the average of all pairwise Spearman’s rho coefficients (see also Memmel and Wehn
(2006) for an analysis of the supervisory portfolio’s VaR based on the average linear cor-
relation coefficient). While the multivariate Spearman’s rho reacts sensitive to these days
of simultaneous negative movements, the average of all pairwise Spearman’s rho shows a
more gradual and steady increase and does not emphasize those extreme events. However,
those events may be of particular interest to the supervisor in general, especially as the
simultaneous realization of losses across all banks happened only on four days altogether

during the observation period and these days revealed the by far highest losses.

The sudden decrease in Spearman’s rho in September 2002 must be put down to the nature
of the moving window approach. For benchmarking, we calculate multivariate Spearman’s
rho anew, but this time, allocate different, exponentially decreasing weights to the obser-
vations (see Figure 4). This approach is analogous to the exponentially weighted moving
window approach (EWMA) by RiskMetrics. As the figure implies, it emphasizes those days
where the banks’” P&L simultaneously move in the same direction, like in October 2004.
Though the exponentially weighted version of multivariate Spearman’s rho represents an
alternative estimator, its statistical properties are more difficult to establish. All further

analysis is based on an equally weighted moving window of size n = 150.

4.3 Level changes of Spearman’s rho of the supervisory portfolio over

time

The time-dynamic test procedure proposed in Section 3.2 is applied to the supervisory
portfolio. We set s = 1 and thus focus on monitoring Spearman’s rho of the supervisory

portfolio daily.

The main motivation of the control chart design in Phase 1 is the fact that the first dif-
ferences of Spearman’s rho estimates ﬁjn are (asymptotically) serially uncorrelated. The
sample autocorrelation functions of the original time series and the first difference are given

in Figure 5. For calibrating the control chart in Phase 1, we use the first 150 observations
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(denoted as pre-sample) of the series {n(ﬁtdn — P} to determine the control limits ¢
and cg, according to the procedure described in Section 3.2 and in line with the window

size n = 150.
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Figure 5: Sample autocorrelation function of the time series of Spearman’s rho estimates
4. (upper panel) and of the first differences Y, — ﬁfi_nl (lower panel) of the supervisory

portfolio with window size n = 150.

Estimates ¢; and ¢ of the control limits ¢; and ¢ are given as the empirical «/2- and
(1 — a/2)-quantiles of the pre-sample; the confidence level « is set to 0.05 in both Phase
1 and Phase 2. The control chart of Phase 1 as well as the results of the test procedure
are given in Figure 6. Here, ¢; and ¢o are —0.03962 and 0.28709, respectively; altogether,
we observe 241 alarms in Phase 1. Proceeding with Phase 2, where the estimation of the
bootstrap variance is based on 500 bootstrap replications, we obtain two signals at time
t = 308 and t = 1038. The corresponding values of the test statistics are provided in the
table of Figure 6. It becomes clear from Figure 3 that both signals occur at the respective
global downward movements of Spearman’s rho at the beginning of the years 2002 and

2005.

After an alarm has been triggered in Phase 1 and, thus, an early warning of level change
in dependence has occurred, market-relevant factors and events should be analyzed around
the time the alarm occurred in order to find a possible economic interpretation for the shift

in dependency. As elaborated above, the next observations (in our case, 149 observations)
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Phase 1 Phase 2
A A ~ ~—1
t date [¢1, Ca] n(Pgn = Pan) | T p-value

308  12.04.2002 | [—0.03962,0.28709] -0.05490001 -2.73087  0.00632
1038 26.04.2005 | [—0.03962,0.28709] -0.08792838 -2.06398  0.03902

Figure 6: Upper panel: Control chart in Phase 1 of differences n(ﬁfin - /3277”1) with the
estimated control limits ¢; and é (horizontal lines); lower panel: Summary of the test
statistics including those dates with significant signals. Here, T' refers to the test statistics
given in (18). The results are based on a = 0.05, 500 bootstrap replications, and window

size n = 150.

are then to be awaited in Phase 2 in order to test for a significant long-term level change of
dependence. Note, however, that by leaving the control limits unchanged throughout the
whole period, we would not use the information provided by the test procedure, i.e. that a

signal has occurred.

Therefore, we apply the test procedure anew — only, this time, we recalibrate the control
chart of Phase 1 each time after a signal has been observed: The control limits are re-
estimated based on the 150 observations following (and including) the signal, and the chart
is restarted. The corresponding output is given in Figure 7. We provide the corresponding
control chart of Phase 1 together with the re-estimated control limits whose values are
explicitly given in the table. This time, 230 alarms are obtained in Phase 1, leaving us with
three signals in Phase 2. Hence, in addition to the signals obtained from the control chart

without re-calibration, we observe a signal at ¢t = 755. As Figure 7 shows, this new signal
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308 12.04.2002 [—0.03962,0.28709]  -0.05490001 -2.73087  0.00632
795 23.02.2004 [—0.04952,0.11975] 0.18811689 2.74026  0.00614
1038  26.04.2005 [—0.01370,0.12654] -0.08792838 -2.06398  0.03902
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Figure 7: Upper left panel: Control chart in Phase 1 of differences n(ﬁfin - FA’ilTnl) with
the estimated control limits ¢; and ¢éa (horizontal lines); upper right panel: multivariate
Spearman’s rho with signals (vertical lines); lower panel: Summary of the test statistics
including those dates with significant signals. Here, T refers to the test statistics given
in (18). The results are based on a = 0.05, 500 bootstrap replications, and window size

n = 150.

occurs at the global increase of Spearman’s rho at the beginning of the year 2004.

Below we discuss an alternative approach concerning the calibration of the control chart
in Phase 1. To reduce the volatility of the estimation of the control limits, we now adopt
the following procedure: By means of the nonparametric bootstrap method introduced in
Section 3.4, we determine for each ¢ the «/2- and (1 — «/2)-quantiles of the bootstrap
distribution of the control process Y; as introduced in Section 3.2. The control limits are
then estimated as the median of the respective quantile estimates of the 150 observation in
the pre-sample. We only provide the results of the test procedure including re-calibration of
the control limits since this seems the natural approach according to our discussion above;

the number of bootstrap replications to estimate the control limits is set to 2500.
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313 19.04.2002 | [0.06369,0.06914] -0.088354 | -2.69338  0.00707
755 23.02.2004 | [-0.04931,0.08124]  0.18811689 | 2.74026 0.00614
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Figure 8: Upper left panel: Control chart in Phase 1 of differences n(f)’dn - f)gjnl) with
the estimated control limits ¢; and ¢éa (horizontal lines); upper right panel: multivariate
Spearman’s rho with signals (vertical lines); lower panel: Summary of the test statistics
including those dates with significant signals. Here, T refers to the test statistics given in
(18). The results are based on a = 0.05, 2500 (calibration of control limits in Phase 1) and

500 (variance estimation in Phase 2) bootstrap replications, and window size n = 150.

The estimates of the control limits are shown in the table of Figure 8. At the beginning,
¢1 = —0.06369 and ¢ = 0.06914; observe that, in most cases, the bootstrap yields smaller
values for ¢ than the previous calibration method. The alternative method yields signals
at almost the same time points. Only the first signal now occurs slightly later at time
t = 313 instead of t = 308, but still identifies the global decrease in Spearman’s rho. Since
the alternative calibration method yields more robust estimates of the control limits, it
might be even possible to reduce the number of required observations in the pre-sample.
The impact of reducing the sample size is illustrated in Figure 9, where the estimates of
the control limits are calculated depending on the size of the pre-sample. The solid vertical

line represents the actual choice of n = 150, implying that a smaller sample size does not
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seem to be reasonable.
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Figure 9: Estimated control limits (at a = 0.05) as a function of the size of the pre-sample.

The solid vertical line represents the sample size of n = 150.

Summarizing the above findings, the test procedure based on control chart theory (dis-
cussed in Section 3.2) helps to identify the global level changes of Spearman’s rho. The high
level of dependence between the banks’ returns, as observed after the events of September
11 (cf. Section 4.2), is significantly decreasing after April 2002, as detected by our statis-
tical tests. Along with the uncertainty and the sideward trends of the European and US
financial markets at the beginning of the year 2004, the dependence significantly increases
after February 2004. Finally, the clear upward trends of most stock markets in the world
from 2005 onwards lead to a decreasing dependence among the banks’ returns, which is sta-
tistically significant around April 2005. A detailed analysis of the banks’ trading portfolios

would now enable a further explanation of the evolution of the dependence.

4.4 Hierarchical considerations for the supervisory portfolio

The hierarchical testing described in Section 3.3 answers the question as to which groups
of banks of the supervisory portfolio show a significant change of dependence around a

predefined time point when applied to its standardized returns.

According to Bonferroni’s inequality, we have

P( U {105 > 2102 }) € 32 PUQEA > 210g2) = 1

IeJg
|Z|>1 |Z|>1
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and we may choose « in such a way that

d
"3 ()=

|Z|=k

and thus, a = 4/{2¢ - 125 ().

Table 4: Output of the hierarchical testing for the supervisory portfolio at the time points

t = 313 (19.04.2002), t = 755 (23.02.2004), and t = 1038 (26.04.2005) for | = 8. Value of

the test statistics max res |Q% | for testing the overall null hypothesis (19). Calculations
Z|>8 ’

\
are based on 500 bootstrap replications and g = 0.1.

t date maxléleijs \Qtznl Z1—a/2

313 19.04.2002 4.53089 3.176131
755  23.02.2004 3.46422 3.176131
1038 26.04.2005 2.71896 3.176131

For the supervisory portfolio, d = 11 and we set the overall test level §; to 0.1 and [ = 8.
Hence, a = 0.00149 and z;_,/» = 3.176131, in this case. Furthermore, we concentrate on
the three time points identified as level changes of portfolio dependence in the previous
section, though any other time point might be possible, too. The value of the test statistics
maXrey |7]>8} \QtI’n| at those three time points is given in Table 4. It follows that the
null hypothesis (19) has to be rejected at level (s at the time points ¢ = 313 and ¢t = 755,
implying that dependency has significantly changed in a period before and after the time
points among the portfolios with dimension greater than 8. By contrast, we cannot reject

the null hypothesis at the time point £ = 1038.

For the time points ¢t = 313 and ¢t = 755, Table 5 further provides all sub-portfolios with
dimension greater than 8, showing a significant change of Spearman’s rho at level a at the
respective time points. Altogether, there are 23 sub-portfolios with dimension 9 or 10 at
t = 313 with the 9-dimensional sub-portfolio consisting of the banks 2,3,4,5,6,7,8,10, and
11 having the smallest p-value. At t = 755, only sub-portfolios with dimension 9 turn out
to have a significant change in Spearman’s rho at level « at this time point. Here, the sub-

portfolio consisting of the banks 1,2,3,4,6,8,9,10, and 11 has the smallest p-value. For
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Table 5: Output of the hierarchical testing for the supervisory portfolio at the time points
t =313 (19.04.2002) and t = 755 (23.02.2004) for | = 8. Significant sub-portfolio combina-
tions Z, corresponding value of the statistics Qtzm, and p-value. Calculations are based on

500 bootstrap replications and §; = 0.1.

t=313 =755

z Qtln p-value || Z QtI’n p-value

123456781011 -3.39774 0.00068 | 1234568910 3.35484 0.00079
234567891011 -3.82334 0.00013 (12345691011 3.36225 0.00077
123456789 -3.23098 0.00123 1234678911 3.23002 0.00124
1234567810 -4.25733 0.00002 || 12346891011 3.46422 0.00053
12345671011 -3.54487 0.00039 || 12347891011 3.2428 0.00118
12345681011 -3.60147 0.00032 || 23456891011 3.28402 0.00102
12345781011 -3.33302 0.00086 || 23467891011 3.37724 0.00073
12346781011 -4.00944  0.00006
12356781011 -3.99211 0.00007
1245678910 -3.29191 0.001
12456781011 -4.25264 0.00002
12567891011 -3.19147  0.00142
13456781011 -3.67182  0.00024
2345678910 -3.35125  0.0008
2345678911 -3.77839  0.00016
23456781011 -4.53089  0.00001
23456791011 -3.66836  0.00024
23456891011 -3.58624 0.00034
23457891011 -3.29662  0.00098
23467891011 -3.92365  0.00009
23567891011 -3.9123  0.00009
24567891011 -4.13888 0.00003
34567891011 -3.6275  0.00029

30



illustration, Figure 10 illustrates, at the two time points, the evolution of Spearman’s rho of
the sub-portfolio showing the highest significant change in Spearman’s rho in contrast to the
sub-portfolio of the same dimension having the largest p-value. In general, considerably
converse developments are observable around the respective time points. Note that, at
t = 313, the two smallest banks, bank 1 and 9 (as measured in terms of average VaR),
appear considerably less often than any other bank. This may imply that dependence
around ¢t = 313 is driven more by the larger banks. If more information about the banks
were available, possible common factors driving dependency might be identified in the

respective time period.

The result of the hierarchical testing does not imply that there is no significant change of
dependence at time point ¢ = 1038 at all; however, there is none among the sub-portfolios
with dimension greater than 8. Furthermore, the fact that more than three times as many
sub-portfolios with dimension greater than 8 showing a significant change in dependence
could be observed at ¢ = 313 than at ¢ = 755 might provide an indication of the stability of
the financial markets around that time — the more so as financial markets indeed displayed

a more volatile behaviour in 2002 than at the beginning of 2004.

2002 2003 2004 2005 2003 2004 2005 2006

Figure 10: Development of Spearman’s rho of sub-portfolios. Left panel: Sub-portfolio of
banks 2,3,4,5,6,7,8,10, and 11 (solid line) against sub-portfolio of banks 1,2, 3,4,6,7,8,9,
and 11 (dotted line) with the vertical line representing the time point ¢ = 313 (19.04.2002);
Right panel: Sub-portfolio of banks 1,2,3,4,6,8,9,10, and 11 (solid line) against sub-
portfolio of banks 1,2,3,4,5,6,7,8, and 10 (dotted line) with the vertical line representing
the time point ¢ = 755 (23.02.2004).
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5 Conclusion

A multivariate version of the copula-based dependence measure Spearman’s rho is proposed
for modelling the (time-dynamic) dependence structure of the supervisory portfolio. Several
important theoretical results on the asymptotic behaviour of Spearman’s rho thus allow a
thorough analysis of the portfolio’s dependence structure in two ways. A time-dynamic
two-step test procedure — partly based on a nonparametric control chart for Spearman’s
rho — detects (sustaining) level shifts of the portfolio’s dependence over time, while the hier-
archical testing serves to identify sub-portfolios causing a significant change in dependence
around some specific time point. The proposed methods are general and can be applied
to any series of multivariate asset returns in finance where the assumption of independent

standardized returns holds.

Our empirical study of the supervisory portfolio identifies significant changes in the de-
pendence level at three time points during the period from 2001 to 2006. At two of those
time points the hierarchical analysis reveals a significant change in dependence for all sub-

portfolios comprising more than eight banks.

Appendix

Details on the derivation of the estimators ﬁII\,n and E\Il,n

The estimation of the |Z|-dimensional versions of Spearman’s rho piz| and pyz as defined
in formula (7) and (9), respectively, is based on the empirical copula, which is derived as
follows.

Consider a random sample (X;);=1,., from the d-dimensional random vector X with joint
distribution function F, continuous marginal distribution functions Fx,,i = 1,...,d, and
copula C which are assumed to be unknown. The univariate marginal distribution functions
Fx, are estimated by their empirical distribution functions

1 n
Fm(x):EZhXUSx}, fori=1,...,dand z € R.

)

j=1
Furthermore, let ﬁn(x) = %Z?:l H?:ll{Xi]-Szi}’X € R? denote the multivariate em-
pirical distribution function. Standardizing the margins with Uz‘j,n = Fm(Xij) for ¢ =
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1,...,d, 7=1,...,n, and IAJ]-,n = (Ulj,n, ce Udj,n) yields the empirical copula of C

n d

A 1

Cp(u) = - ZH L, n<uy fOr w= (u1,...,uq) €[0,1)% (21)
j=11i=1

By replacing the copulas in the definitions (7) and (9) by their empirical counterparts, we

obtain the following estimators

Pzl = h(]I\){2|I| C’il,...,i‘z‘,n(u) du — 1}

[0,1]171
- h(m){fl zn: (= Oiggn) - (1= i) — 1}

Jj=1

and

= N\t R
P = {22 Y (2\> . Cran (1, v)dudv — 1}
k<l 3

k,leT

-1 n
_ 1772 (g') S5 (- Og)(1 = Uig) — 3.

k<l g5=1
k,leT J

Proofs of Theorems

The proof of Theorem 2 utilizes the asymptotic properties of the empirical copula process
Vn{Cp(u) — C(u)}, which has been studied in different settings; we refer, for example,
to Riischendorf (1976), Stute (1984), Van der Vaart and Wellner (1996), Fermanian et al.
(2004), and Tsukahara (2005). The asymptotic result on which our derivations are based

is given in the next theorem; a proof is given in Fermanian et al. (2004), Theorem 3.

Theorem 5 Let I be a continuous d-dimensional distribution function with copula C. Un-
der the additional assumption that the i-th partial derivatives D;C(u) exist and are contin-

wous fori=1,...,d, we have
Vi{Cy(u) = C(w)} & Go(u).

Weak convergence takes place in £°([0,1]%) and

d
Ge(u) =Be(u) = Y D;C(u)Bo(u).
i=1
The vector u'? denotes the vector where all coordinates, except the i-th coordinate of u, are

replaced by 1. The process Be is a tight centered Gaussian process on [0,1]% with covariance
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function

E{Bc(u)Bc(v)} = C(unv) —Ca)C(v),
i.e. Bo is a d-dimensional Brownian Bridge.
Proof of Theorem 2.

(i) Given the theorem’s prerequisites, the combination of Theorem 5 above and Theorem 3

in Schmid and Schmidt (2007) yields that, for a single index set Z,

-~ d
V(Bizinx = piz1x) — Wx ~ N(0,0%)

and
~ d
V() (Biz|mmyy — Pz y) — Wy ~ N(0,0%)

for n — oo, with

o2 = 22TIp(|7))2 / E{Gey (0D)Gey (vD) }dudv.
0.1 Jio.ya
and
02 — 22T Ih(|7))2 / E{Go, (DG, (v }dudv.
0.1 Jio.1¢

respectively. Under the assumption that pj7) x = pjz|;y, we have

\/ﬁ(ﬁm,n,x - @I\,m(n),Y) = ﬁ(ﬁm,n,x - P\I|,x> - \/;/1%\/ m(n) <5\I|,m(n),Y - p|I|,Y>

and the assertion follows owing to Slutsky’s theorem (see, for instance, Shao (1999), The-

orem 1.11) and the fact that pjz, x and pjz|,,y are based on stochastically independent

samples.

(i) Let Cpx(u) and Gy, y,u € [0,1]%, denote the empirical copula of the random sample
(X1)1=1,....n and (Y});=1,...m, respectively. For A C J with |A| = k and m = m(n), consider
the k-dimensional random vectors Sa ., x and Sy )y which linearly map the empirical
copulas C’nx and CA’m(n),Y into the k-dimensional Euclidean space R*, respectively. Thus,
an application of the generalized continuous-mapping theorem (see , for example, Theorem
1.3.6 in Van der Vaart and Wellner (1996)) together with Theorem 5 yields the weak
convergence of \/n{Sa,x —pax} and W{SA,WL(H),Y — P4y} on the space R*. Since,

in addition, S4 5 x and Sy m(n)y are based on independent samples, joint weak convergence

of
!
<\/E{SA,7L,X —paxt Vmm{Samm)y — pA,Y})
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on the product space R?* is obtained for n — oo. Finally, the fact that the matrix-norm
|| ]| is also a continuous mapping from the space R?* into R and another application of the

continuous mapping theorem yields the asserted result. (I

Proof of Theorem 8.
(i) Let C% (u),u € [0, 1]%, denote the empirical copula of the random sample X1, . .., Xy,
t € Z, and F!(x) the corresponding d-dimensional empirical distribution function. Then,
the difference ﬁ\‘tILTL - Z)Tisn(s < n) can be written as

Plrn — Pl = PIZN27 [ {CL®) = 7 (D) Lau,
121, [0,1]¢

Since C' = ¢(F) and C! = ¢(F!) with Hadamard-differentiable map ¢ (see Fermanian et al.
(2004) and Van der Vaart and Wellner (1996) for the relevant definitions and background
reading), this yields

N

Plain — Pzt = R(IZ)27 » {S(ED@D) - o(F) @) }du

Furthermore, observe that

t—n d
[ [it—s d s
”{F n(x) = B () } Z Hl{xzmz} Yo I txgcey =Y D), (22)
j=t— s+1 i= 1 j=t—n—s+1 Ze}

the latter distribution being independent of n. An application of the Delta-method given
in Theorem 3.9.4 in Van der Vaart and Wellner (1996) leads to

n{CL®) = C7 )} = n{o(F) @) — 6(F ) D)} -5 ¢/ (V) D). (23)
Finally, the continuous mapping theorem yields

_s d s ,S
13 Blzin — Pl p —— B(Z1)27! ¢ (V) (uD)du = 777 (24)
1z 0.1 1z

(ii) We start by proving that n{C%(u®) - Ct=s(u®)} is uniformly bounded in u € [0, 1]

for fixed s < n. Observe that

n{CL(u®)) — C3(u Z Hl{w cu)

ij,mn

j=t— s+1 = 1
t—s t—n d
- (H Lo, <ui} H L SEED O | | Ligtocuy (29
j=t—n+1 i=1 j=t—s—n+1 =1
i€L zEI i€T
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where Uf. = % (rank of Xyj in Xj(4—py1),---,Xit), based on the sample Xy 11, .., Xy,

ij,n
and ﬁfj_yf = % (rank of Xj; in Xj(—s—py1),---» Xi(t—s)), which are based on the sample
Xi—s—ntls-- -, Xy—g, respectively.

Note that the random variables Ufjn

and Ufjjf in the middle term of (25) deviate by a
maximum of s/n only since the underlying rank order statistics are based on the (n—s—1)
common random variables X; ,11,...,X;_s for all i € Z. For each fixed u € [0, 1]¢, there
exists at most s index value ji,...,js € {t—n+1,...,t—s} for which the middle term does

not equal zero owing to the bijective mapping of Ufjn and Ufj_s onto {%, ..., 7} Thus,

t—s

d d
IDIICICTIES | T B 2

j=t—n+1 =1
i€L i€T

for each u € [0, 1]%. Including the other terms of formula (25) yields
n{Ch(uP) = Ci7* ()} < 3s

and, consequently,

n{Plzy = Pz < 3527 R((Z))

Thus, the bounded convergence theorem (see, for example, Theorem 10.32 in Wheeden and

Zygmund (1977)) together with part (i) of the theorem yields

2 ~1 ~t—s ~t—r ~{—r—s t,s t—r,s
n” Cov (Pmm ~Pizn > Plzin ~ Pzin ) — CO“(Zm’Zm )

,8

Finally, formula (22) together with formula (23) shows that the limiting variables Z‘tz| and

ZE‘ "% are stochastically independent and are thus uncorrelated for n > r > s > 0. O

Proof of Theorem 4. Let C’EX(u) and C’ng(u),u € [0,1]¢, denote the empirical copula
of the independent random sample (XZB)l:L...’n and (YlB)l:17.,.7m, obtained by sampling
from the independent random samples (X;);=1,..» and (Y;)i=1,.m, with replacement, re-
spectively.

With m := m(n) such that \/% — ¢ for n — oo, Theorem 5 in Fermanian et al. (2004)
implies that \/ﬁ(éfx —C,x) and \/ﬁ(C’nX — Cx) as well as m(n)((i’g(n),Y - C’m(n)y)
and \/m (C’m(n)y — Cy) converge weakly to the same Gaussian limit with probability

1, respectively, for n — oo. The application of the continuous mapping theorem yields

that \/ﬁ{SimX — Sanx} and /n{Sanx — pA,X}v and \/m(n){Sff’m(n)y — SA7m(n)7Y}
and /m(n){Sam(n),y — Pay} converge to the same limit, respectively, with probability
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1. With the assumption that pyx = p4y, the assertion follows according to the same

reasoning as in the proof for Theorem 2, part (ii). O
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