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A Note on the Optimal Hedge Ratio: A Revisit

Based on the empirical evidence, Brown (1985) argued that, in order
for a portfolic approach to hedging to be useful, one must be able to
empirically demonstrate that hedge ratios are less than one. After a
"reformulation" of the conventional portfolio model [e.g. Markowitz
(1959)], he was able to show that the resulting hedge ratios for some
gselected storable commodities are not significantly different from one,
Hence, he concluded that, unless some supportive evidence can be found
elsewhere, the portfolio approach to hedging should be questioned. Brown
defended his "reformulation" of the conventional portfolio model on the
grounds that it yields a model which 1is both theoretically and
statistically superior,

The first purpose of this paper is to point out the flaw of Brown's
hypothesis and, hence, the conclusion drawn. An optimal hedge ratio
derived from a portfolio model can be either greater or less than unity;
examining the size of its empirical counterpart cannot be used to either
support or reject the underlying portfolic model. Rather, the debate isg
focused on the empirical appropriateness of the storage cost theory
advanced by Working (1949). Based on the theory, it will be argued that
the optimal hedge ratio tends to be less than one for storable commodities.
Thus, if Brown's measure of the optimal hedge ratio ig indeed superior, his
results would imply the rejection of the storage cost theory.

It will be demonstrated that Brown's ‘Yreformulation" of the
conventional portfolio model is nothing more than a redefinition of a hedge
ratio; one which is not appropriate. Moreover, because either a discount
or a premium relationship between cash and futures prices can exist (e.g.
Tomek and Robinson, p236; 1981), Brown's hedge ratio will be shown to bear
no restriction as to the magnitude of its deviation from one. Hence,
examining the size of the corresponding estimated hedge ratiec cannot he
used as a basis for rejecting the storage cost theory mentioned.

A second somewhat different, but related, purpose of this paper is to
extend the conventional two-period portfolio model to a dynamic one so as
to illustrate the need for a more general treatment of & hedge ratio in

future research. Specifically, the traditional static approach of
regressing the cash price on the futures price to determine the optimal
hedge ratlo may be inappropriate. In the example given, the movement of

futures price over time is shown to also play a major role iIn determining
the optimal hedge.




A Statlc Portfolio Model

Congider a two-period model where at time 1 the agent has to make a
cash commitment for time 2. Also, the agent can take a position on the
futures market with the contract maturing at time 2 (contract 2 hereafter).
Denote the cash and futures positions as Q and Hy,,, respectively, where a
long position will be reflected by a positive value and a short position by
a negative value. Also, denote time t (t=1,2) cash and futures prices as
P, and F.,,, respectively.

Following Berck (1981), the agent chooses the optimal cash and
futures positions by maximizing the expected profit in the next time perilod
adjusted for risk, where risk is measured by the variance of profit,

{1) max Exp[n] - a VAR[n]
{Q: Hl,z}
s.t.
(2) E[m] = (E[Py] - Py) Q + (E{Fy,9] - Fy,9) Hy,9

(3) Var(m)

i

Q% Var[Py] + Hy,,% Var[Fy,,] + 2 Q Hy,5 Cov[Py,Fy,,]

where » 1s the risk parameter and E, Var, Cov are expectation, variance,
and covariance operators, respectively.

For analytical purposes, denote the optimal cash position as Q*.2
Then, the optimal futures position becomes:

@) Hp,,% = eeeeetitiZlE B S S q
25 Var[Fz,z] Var[Fz,z]

- The first term of the right-hand-side of (4) has nothing to do with
the position taken in the cash market. It depends only on the agent’s
. attitudes toward risk and the expected change, as well as variance of the
futures price. It represents speculation. On the other hand, the second
term of the optimal condition depends on the position taken in the cash
market, Q. It also depends on the ratio of the covariance between next
period’s cash and futures prices and the variance of the latter. Denote
this ratio as

1 Consider the case where the agent is a producer. At time 1, the
agent has to make a cash commitment as to how much to sell at time 2.
Then, P; represents the average cost of producing Q and P, denotes output
price at time 2.

2 Conditions for the separability of cash and futures decisions have
been discussged by various authors (e.g. Holthausen, 197%; Chavas and Pope,
1982). 1In the present case, where basis risk is admitted, cash and futures

positions have to be solved simultaneously.




Because ﬂ* coincides with the regression coefficient of the cash
price on the futures price, it measures the relative movement of the two
prices in question. Hence, the second term of (4) represents a hedging
component  and it enables the agent to lock in the random net proceeds
(excluding the speculative component just mentionmed) at the current
expected level.

For most practical purposes, the speculative component of (4) can be,
ignored as there is no underlying quantity to magnify the size of the
expected price change over time (like Q" magnifies 7). Then, the hedge
ratio, which is defined as the negative ratio of units of hedged stocks to
units of total stocks, under optimality is g

Since futures price and cash price are positively correlated in

* o . .

general, g~ should have a positive sign. In the context of regression
analysis, the coefficient bears no restriction as to the direction of its
deviation from one. However, if the futures price is the expected spot

price and the difference between the two prices at a given time 1s a

reflection of storage costs, then the price change over time for the cash

commodity would tend to be larger than changes in the price for the futures

contract. Hence, based on the theory of storage cost, one can argue that
e L= ‘

g should be less than one for storable commodities.

Brown’s Reformulation

Based on the empirical evidence, Brown argued that the portfolio
approach to hedging is valid only if hedge ratios can be empirically
verified to be less than one. Before proceeding any further, it should be
clear that Brown's argument was philosophically wrong. As indicated in
(5), the magnitude of an estimated hedge ratio can not be used to either
reject or support the underlying portfolio model. With an estimated ﬁ*'not

3 Then, this optimal hedge ratio coincides with the minimum risk
hedging ratio adopted by Brown (see Kahl, 1983).

4 Heuristically, one can see this by picturing that the cash price
"travels" (stochastically) toward the rather stable (but stochastic)
futures price over time, according to the cost of storage. This is valid,
of course, only for storable commodities; ones to which Brown’'s analysis
applied. Note that inventory adjustment by competitive market participants
will keep the difference between cash and futures prices in line with
storage costs and, hence, rule out the scenario that the modification of an
unwarranted initial expectation (prompted by the available of new
information) will force the futures price to "travel" toward the cash
price.




less than unity, one can, at best, argue that the price change over time
for the cash commodity is not larger than that for the futures contract; a
result which casts doubt on the theory of storage cost. Thus, the debate
should rather focus on. the empirical appropriateness of the storage cost
theory.

Using (5), Brown estimated ﬁ* for wheat, corn, and sqybeaﬁs traded on
the Chicago Board of Trade. The estimated coefficients were significantly
less than one; a result which is consistent with the development so far in

the paper. However, Brown argued that, since residuals of price level
regression often exhibit significant autocorrelation, the estimated hedge
ratios obtained from (5) are statistically inefficient. Moreover, since

the object of a hedge in futures markets is to reduce the risk of price
changes, he argued that an empirical analysis based on examining the
relationship between levels (see (5)) leads to misspecified hedge ratios.
Hence, he proposed that a model based on percentage change in price from
one time period to the next 1is both theoretically and statistically
superior to that based on price levels. After reformulation, he was able
to show that the resulting hedge ratios for the commodities under study
were not significantly different from ome.

If Brown's reformulation is indeed superior, then his results can be
used as evidence against storage cost theory. Should one reject the theory
of storage cost?

Brown's argument regarding the problem of serial correlation in a
regression analysis is well taken. By specifying a simple regression of
the cash price on the futures price, the error term must inevitably be
regarded as capturing the effects of the omitted variables. As pointed out
in Harvey (1981, p207), aggregation of a number of variables generally
leads to an autoregressive-moving averaging process. Hence, the residuals

of the regression can exhibit autocorrelation; a violation of the
assunptions of the ovrdinary least squares used to estimate the hedge
ratios. Since higher-order serial correlation can also pose a problem,

however, there is mo guarantee that a regression based on price changes, as
proposed by Brown, will yield more efficient estimates of the hedge ratio.
Brown only reported Durbin-Watson statistics and there is no way of telling
whether high order serial correlations exist in his reformulated models.
Note that first order serial correlations were detected in both the
conventional and the reformulated models.

Furthermore, even if Brown's reformulation were to result in a more
efficient estimate of hedge ratio, it can be shown that no restriction as
to the magnitude of his hedge ratio can be derived from the reformulated

5 More fundmentafly, Brown's argument about an empirical analysis based
on the relationship between levels leading to misspecified hedge ratlos was
Wrong. Since cash and futures prices do not move in a perfect tandem,
basis risk is the wuncertainty that a hedger has to face.  Hence, an

optimizing agent should concentrate on the relatlionship between the two
price levels, rather than changes.




model. Hence, one cannot use his results to reject the storage cost theory
mentioned.

Specifically, according to Brown, the objective is to maximize the
expected return on a portfolio comprised of spot and futures positions
adjusted for risk, and this is accomplished by choosing the optimal total
values of the spot and futures positions at time 1 prices, P;Q and

Fi,9H1,0. Since Py and Fy,9 are nonstochastic (i.e. known), it is clear
that Brown's reformulation is equivalent to the conventional model of (1)
to (3). The only difference is his redefining a hedge ratio as the ratio

of the total value of futures position to the total value of the spot
position; evaluated at*time 1 prices (i.e. F1,2H1,2/P1Q). Denote his
optimal hedge ratio as B". Then, : :

Two questions arise! First, does Brown's definition of a hedge ratio
make economic sense? More importantly, given the restriction on the
magnitude of 5* for storable commodities, is there anything that one can
say about the magnitude of B

Since 5* is the Tatio of the optimal units of futures to cash
positions, it is a summary statistic derived under optimality. It is a
vyardstick for efficiency. On the other hand, Brown's hedge ratio B¥ does
not possess this property as it is biased by a factor which reflects only
market conditions of the decision period. Furthermore, since both a
premium and a discount relationship between futures and cash prices are
plausible, the multiplying factor (i.e. E@’Z/Pl) in (6) can be greater or
less than one. Hence, the magnitude of B can not be determined a priori.
In fact, as indicated by the inflated B  reported in Brown, one can
conclude that premium relationships prevailed in his study period.

A Dynamic Portfolio Model

The model discussed so far is static in nature; 1t does not admit
plan revision prompted by the receipt of new information occuring in the
interval of time 1 to time 2. A dynamic portfolio model can provide more

insight into the real world day-to-day decision making process. Hence, it
can generate a more realistic measure of the optimal hedge ratio and
provide a more useful policy prescription.

Consider a three-period model. To preserve the usefulness of
previous notations, assume the decision period and the terminal period is
time 0 and time 2, respectively (instead of time 1 and time 3). At the
jnitial time the agent is to hold stocks and the stocks has to be sold at
time 2. The agent has the option of taking a position on futures market
with contract maturing at time 2. At time 1, the agent is assumed to




update his information and, hence, modify the contract position. Finally,
~as time progresses to period 2, all the stocks have to be sold and the
futiures position cancelled.

. Hence, at time 0 the agent has to choose the initial holding of
stocks as well as the position of the futures contract. Also, the agent
establishes a contingency plan for time 1 position on the contract. The
mean-variance objective is: :

(7) Eim] = (E[Py] - Pyl Q

+ (E[Fy,9] - Fg.p) Hp.g + (E[Fp.9] - E[F1,51) Hyio

(8) varfn] = Q2 Var[Py] + (Hg,p - By,p)? Var(Fy,pl + Hy,p2 Var[Fy,,]

+ 2 Q (Ho,z - Hl,z) COV[Pz,Fl,zl + 2 Q Hl,z COV[Pz,F2,2]

+

2 (Hy,9 - Hy,9) Hiso Cov[F1,9,F9.0]

where P, Hg,p and F.,p is time t cash price, time t futures position, and
the corresponding futures price, respectively.

Insight into the above optimization problem can be analyzed by a
dynamic programming backward substitution scheme (e.g. Bertsekas, 1976).
Specifically, a policy rule for the time 1 choice variable (i.e. Hj,,) can
first be solved as a function of time 0 choice variables. This is achieved
by maximizing (1) with profit and variance of profit being defined in (2)
and (3), respectively. Hence, the resulting policy rule 1is (4y. As
discussed, the two components in (4) represent time 1 pure speculation on
contract ? and time 1 pure hedging against price risk pertaining to cash
market. Denote these two components as PS1'2 and PHl,z[QW], respectively;
where [Q"] denotes that PHy,, is a function of the optimal cash position,
That is, ‘

(9) Hy,,*¥ = BS;,, + PHp,p[Q]

Now, differentiate the overall objective (see (7) and {(8)) with
respect to Hy,p, set the resulting expressigns equal to =zero, and
substitute the right-hand-side of (9) for Hy,, . The optimal time O
futures position can then be expressed as:

6 For illustration purposes, the model 1is deliberately simplified.
Anderson and Danthine (1981) considered the case where both the discount
rate and production uncertainty are jncorporated. A model of overlapping

production cycles with both input and output price uncertainties can be
found in Liu (1985).




: E[Fl,z] - Fo,z COV[Pz,Fl,z] %
(10) Hpy,o = cmmmemmemm—smmo oo R
23 Var[Fl,z] Var[Fl,z]
Cov[F1,2,F2,2] - Var[Fl,z] %
T G R R TR e Mmoo ) (PSy,9 + PFHy,,[Q°])
Var[Fl,z]

Interpretations for the first two terms of the above can be obtained
using the same analogy employed for (4). They represent the agent's time 0

speculation and hedging components, respectively. Specifically, they
reflect the agent's taking advantage of price changes between time 0 and
time 1 in speculation and in risk management. The last two terms entail

further discussion. At time O the agent anticipates taking .a speculative
position of PS;,) and a hedging position of PHy,, at time 1. The decisions
regarding these two positions will partially be based on the to be realized
futures price at the time (i.e. Fy. in (4)). Hence, at time 0 the agent
ig facing an additional random variable Fy,9; to cope with this
uncertainty the agent takes a position at the present time. Thus, the
third term of (10) can be interpreted as a hedge against the anticipated
speculation, while the last term can be interpreted as a hedge against the
anticipated hedging.

As before, ignore speculation., Then, only the second and the fourth
terms of (10) remain; a hedging component and a hedge against the
anticipated hedging component. Both terms are a function of the optimal
cash holding. Even with this deliberately simplified model, the optimal
hedge ratio can no longer be obtained by simply regressing cash price on
futures price. As indicated by the last term of (10), the movement of
futures price over time also plays a major role in determining the optimal
hedge ratio. Note that a hedge against the anticipated futures activity
can be regarded as a form of cross hedge (over time). In general, both a
cross hedge over time and a cross hedge over commodities can result from a
dynamic portfolic model. Thug, the formula for an optimal hedge ratio
becomes rather complicated and its magnitude cannot be determined a priori
even for storable commodities. It should bhe evaluated with a clear
underlying decision model in mind.

Conclusions

This paper presented evidence refuting Brown's contention that a
portfolio approach to hedging is not appropriate. Brown's procedure was
demonstrated to be invalid because his hypothesis was philosophically wrong
and his reformulated model bore no restriction as to the magnitude of the
resulting hedge ratio. This paper also extended the conventional static
model to a dynamic one so as to illustrate the complexity of an optimal
hedge ratio under a more realistic setting. It was shown that the optimal
hedge ratio cannot be obtained just by the traditional method of regressing




cash price on futures price; a more detail understanding of the underlying
economic decision structure is entailed.
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