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Abstract

This paper proposes a time-weighted difference-in-differences (TWDID)
estimation approach that is robust against interactive fixed effects in
short T panels. Time weighting substantially reduces both bias and
variance compared to conventional DID estimation through balancing
the pre-treatment and post-treatment unobserved common factors. To
conduct valid inference on the average treatment effect, I develop a cor-
rection term that adjusts conventional standard errors for weight esti-
mation uncertainty. Revisiting a study on the effect of a cap-and-trade
program on NOx emissions, TWDID estimation reduces the standard
errors of the estimated treatment effect by 10% compared to a con-
ventional DID approach. In a second application I illustrate how to
implement TWDID in settings with staggered adoption of the treat-
ment.

Keywords: synthetic difference-in-differences, dynamic treatment effects, in-
teractive fixed effects, panel data

1 Introduction

The presence of interactive fixed effects in the untreated potential outcomes
leads to biased difference-in-difference (DID) estimates of average treatment
effects. While the estimators of Arkhangelsky, Athey, Hirshberg, Imbens,
and Wager (2021) and Chan and Kwok (2021) address this issue in large T
panels, the question remains how to account for common factors in short T°
panels.
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comments and discussions. Financial support by the IAAE travel grant is highly acknowl-
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In this paper, I suggest a time-weighted DID (TWDID) approach to
estimate the average treatment effect on the treated (ATT) of a binary
treatment. Assume that at least two pre-treatment periods and a group of
untreated units are observed. As this paper shows, weighting pre-treatment
observations according to similarity between pre- and post-treatment out-
comes makes estimation and inference robust against the presence of inter-
active fixed effects even when only a few number of pre-treatment periods
are available.

Interactive fixed effects are time-varying, unobserved common factors
that have a time-invariant but heterogeneous effect on the outcome of inter-
est. DID estimation compares pre- and post-treatment averages of treated
and untreated units. This results in a biased estimate of the ATT if the pre-
treatment factors differ from the post-treatment factors and their effect on
the outcome correlates with the treatment assignment. As a consequence,
DID approaches require the latter correlation to be zero by imposing a par-
allel trend assumption, which can lead to pre-testing issues (Roth, 2022).

The TWDID approach, instead, allows for non-parallel trends. Under
strict balancing conditions on the factors it completely eliminates the bias.
In practice, weights that are estimated from the control unit data succeed
in reducing the bias substantially, even when the strict balancing conditions
are not met.

A second effect of the factor imbalance is that it amplifies the variance
of the DID estimator even when the parallel trend condition holds. By bal-
ancing the factors, time weighting reduces the variance and leads to more
accurate estimates. In fact, when the number of units is large compared
to the number of periods, the estimated weights converge to pseudo-true
weights which minimize the variance of the estimated treatment effect. Sim-
ulations show that the amount by which the variance is reduced outweighs
the additional variance caused by the weight estimation uncertainty.

As a consequence of the bias, inference based on DID estimation is sub-
stantially oversized, which the bias reduction of TWDID alleviates. How-
ever, the presence of estimated weights still leads to empirical size in excess
of the nominal size when using standard covariance estimators. To elimi-
nate the remaining size distortions, I provide analytical two-step standard
errors (Newey and McFadden, 1994) obtained from the asymptotic variance
of the TWDID estimator. First, the cluster-covariance matrix estimator
(Arellano, 1987) is applied to the weighted sample to estimate the vari-
ance of the estimated treatment effect under pseudo-true weights. For the
second step, I develop a correction term that accounts for the presence of
estimated weights. It uses the fact that, in short 1" panels, the time weights
are asymptotically normal around the pseudo true weights.

TWDID circumvents another issue of DID estimation, which occurs with
staggered adoption and heterogeneous treatment effects. When implement-
ing DID with a simple two-way fixed effects regression, units which have



already received treatment effectively still act as a control group. In gen-
eral, this will not return an interpretable average treatment effect (Borusyak,
Jaravel, and Spiess, 2022; Goodman-Bacon, 2021; Sun and Abraham, 2021;
de Chaisemartin and D’Haultfeeuille, 2020; Imai and Kim, 2021; Athey and
Imbens, 2022). Instead, the TWDID approach requires the researcher to
explicitly define a control group, which prevents potentially misleading com-
parisons. In particular, TWDID can be used to estimate group-time average
treatment average effects, as Callaway and Sant’Anna (2020) suggest. These
can then be aggregated to measures of interest that are interpretable when
treatment effects are heterogeneous.

I revisit two applications to show how to implement the TWDID es-
timator in practice. First, I consider a study by Deschenes, Greenstone,
and Shapiro (2017), who use a triple DID design to estimate the effect of
a cap-and-trade program on NOx emissions. Interactive fixed effects are
present here if common shocks (e.g. business cycle or weather) have het-
erogeneous effects on the NOx emissions in different counties. While the
point estimates differ only mildly, TWDID reduces the standard errors of
the estimated average treatment effect by 10% compared to a conventional
DID approach.

Second, I consider the application of Callaway and Karami (2022), who
estimate the effect of early-career job displacement on earnings using data
from the 1979 National Longitudinal Study of Youth (NLSY). Here the
treatment has staggered adoption, because different workers have their first
job displacement at different points in time. TWDID estimates suggest that
displacement has lead to a smaller, but still statistically significant reduction
in earnings.

The TWDID estimator can be viewed as a restricted version of the syn-
thetic DID (SDID) estimator of Arkhangelsky et al. (2021). The SDID esti-
mator uses time weights alongside unit weights to balance unobserved factor
structures in large N, T panels. Standard errors are obtained using panel-
jackknife or bootstrap methods, which tend to be conservative. Although
SDID requires large T for consistency, in the Monte Carlo experiments of
this paper it performs well in terms of bias and variance even with only a
few pre-treatment periods. In fact, when strict balancing conditions on the
factors are not met, SDID can yield more precise estimates than TWDID.
However, due to the conservative standard errors, the resulting confidence
intervals are still wider than those of TWDID.

This paper also relates to a number of findings in the literature on syn-
thetic control (SC) estimators (Abadie, Diamond, and Hainmueller, 2010;
Xu, 2017; Abadie and L’hour, 2020; Ferman, 2021; Ferman and Pinto, 2021;
Ben-Michael, Feller, and Rothstein, 2021). They use unit weights to balance
time-invariant unobserved characteristics between treated and untreated
units, which are estimated with a time-series regression over the pre-treatment
periods. Consistent estimation requires a large number of pre-treatment pe-



riods, strict balancing conditions on the loadings and restrictions on the
serial dependence of the errors. Similarly, TWDID requires a large number
of control units and balancing conditions on the factors. Exploiting indepen-
dence over the cross-section, however, TWDID estimation remains reliable
when the data exhibits strong serial dependence.

There are also GMM-type approaches to identify and estimate treatment
effects in short T" panels with interactive fixed effects, see for example Brown
and Butts (2022). These approaches make use of instruments to address the
endogeneity of the factor structure and therefore require fewer restrictions
on the factors themselves. Callaway and Karami (2022) propose such an
approach using time-invariant observable covariates with constant effect on
the outcome as instruments. However, these instruments are not always
available in practice.

When both N and T are large, one can use well established results from
linear panel data models with factor structures (Pesaran, 2006; Bai, 2009)
to recover a long run average treatment effect. For example, Gobillon and
Magnac (2016) apply the estimator of Bai (2009) to estimate the average
treatment effect jointly with the factor structure. Using principal component
analysis, Chan and Kwok (2021) construct factor proxies, which can then
be used in a factor-augmented regression. In short T panels, however, these
estimators are generally inconsistent.

The remainder of the paper is structured as follows. Section 2 covers the
Theory. Section 2.1 introduces the interactive fixed effects model and defines
the TWDID estimator. Section 2.2 shows the bias and variance reduction
properties. Section 2.3 covers inference. Sections 2.4 and 2.5 extend the
results to settings with multiple treated periods and staggered adoption,
respectively. Section 3 illustrates the theoretical results with simulations.
Section 4 contains the applications and Section 5 concludes.

2 Theory

2.1 Setting

Using a panel data set for treated and untreated units, we wish to estimate
the effect of a policy intervention starting in period ¢ = Ty. That is, we seek
to estimate the average treatment effect on the treated

Tt ‘= AT’Tt = E[yzt(l) — yn(o)’Dz = 1] (1)

in the post-treatment periods t = Tp + 1,..., T, where y;;(1),4;:(0) are the
potential outcomes of unit ¢ in period ¢, and D; € {0,1} indicating whether
unit 7 is ever treated. The researcher observes y;; = D;y;1(1)+ (1 — D;)y;t(0)
for a large number of units ¢ = 1,..., N and a small number of periods
t=1,...,T, covering at least two pre-treatment periods (7p > 2).



The untreated potential outcomes are generated by an interactive fixed
effects model,

it (0) = Bi + Nife + €t (2)

where f3; are unit fixed effects, f; and A; are r-dimensional vectors of common
factors and loadings, and &;; is an idiosyncratic error component. Such
unobserved factor structures, A, f;, are present in many economic settings.
In microeconomic applications, A; can be thought of a vector of unobserved,
time-invariant characteristics of individual ¢. In contrast to the fixed effects
B;, they have a time-varying impact on the outcome y;; measured by f;. In
macroeconomic applications, the factors f; are unobserved common shocks
(e.g. technology or weather shocks) that have an heterogeneous impact A;
on unit 4.

To simplify notation, let N; = {i: D; = j}, 7 = 0,1 denote the sets of
untreated and treated units in the sample, respectively. Let Ny = Zfil D;
and ng = % denote the number and share of untreated units, respectively.

To

The share of pre-treatment periods is tg = 2.

I make the following assumptions.

AssuMPTION 1 (No anticipation). y;:(1) = ;(0) for all t < Ty and all
i=1,...,N.

AssumMPTION 2 (Correlated loadings). E[A;|D; = 1] — E[X;|D; = 0] = &)
with €] < oo and Var[A;] = Xy ; with lim,_,o N%-ZieNj i = 2&7) for
j =0,1, both positive definite r X r matrices.

AssumMPTION 3 (Convex hull condition). The T' x r factor matric F =
(Fpres Fpost)' satisfies

1. rankF. = k < Tp,
2. Forallt e {To+1,...T} Fv, € V: fi = F] v

with V= {v € RT0: v, > 0, ZtTil vy = 1} the set of non-negative weights
that sum to one.

ASSUMPTION 4 (Selection on time-invariant unobservables). For every i,
Elei|Bi, Di, Ai, F] = 0. Moreover, E[e;e}|D;] = 2. ; withlim,,_, N% Zz‘eNj .=

2?’ some positive definite T x T matrices for j =0, 1.

AssuMPTION 5 (Random sampling). (&5, A;) are independent over the cross
section. ng,to € (0,1) are both constant as N — oo and Ty > 2.

ASSUMPTION 6 (Treatment effect heterogeneity). The vector of individual
treatment effects T; = (Ti 141, - - - ,Ti7T)/, Tit = Yit(1)—vit(0), satisfies % > i DiTi EEAN
T and either \/% > Di(m — ) LN N0, E—;LO] or ﬁ S Di(r — 1) 250,

with X, a 11 x T1 positive semi-definite matriz.



Assumption 1 ensures that we observe the untreated potential outcome
of the treated units prior to the treatment. It would be violated in presence
of anticipation effects, i.e. when the treatment affects the outcome before
it actually starts. If sufficient pre-treatment observations are available, one
can estimate the anticipation effects as it is commonly done in event-study
designs.

Assumption 2 is the central characteristic of the model. It allows the
loadings A; to differ systematically between treated and untreated units.
The loading imbalance &) measures how much more (or less) the treated
units are on average affected by the common factors f;. It also nests the
two-way fixed effects model as a special case for £, = 0 and Eg\l) = 2&0) =0,
since then A; = A for all 7. In that case the factor structure X, f; reduces to
a time fixed effect v, = X' f;.

The common factors F' can be viewed as realizations from some deter-
ministic or stochastic process, where the number of factors r is unknown and
fixed. All results should be interpreted conditional on F'. Assumption 3.1
implies that all post-treatment factors can be written as a weighted average
of pre-treatment factors with weights that sum to one but can be negative.
To ensure this works with non-negative weights, Assumption 3.2, requires
each post-treatment factor to be in the convex hull of the pre-treatment
factors. It excludes factors containing monotonic deterministic trends. The
synthetic control literature (Abadie et al., 2010; Ferman, 2021) requires sim-
ilar balancing conditions on the loadings.

Under Assumption 4, the treatment assignment is strictly exogenous
once conditioned on the loadings, fixed effects and the factors. Moreover, 1
allow for heteroskedasticity and arbitrary serial dependence of the idiosyn-
cratic errors. Lastly, Assumption 5 imposes independence of the error com-
ponent over the cross section. It requires the number of treated and un-
treated units to grow at the same rate.

Assumption 6 imposes high-level restrictions on the treatment effect het-
erogeneity required for consistency and asymptotic normality. To exclude
cases in which the treatment effect heterogeneity dominates the limiting
distribution, the sample average of the treated units’ individual treatment
effects must converge to the ATT at least at rate \;—N

REMARK 1. One can drop the non-negativity constraint on the weights.
Instead of the restrictive convex hull condition, only sufficient rank of Fe
is required. Weights will have a closed form expression and inference remains
unchanged. However, estimation becomes much more sensitive with respect
to the number of pre-treatment periods, as the weights will lose their sparsity
property.

REMARK 2. Using potential outcomes notation, one may equivalently write
Assumption 4 as D; L (y;(0),4;(1))|[(Bi, Ai). This is weaker than uncon-
foundedness as defined in Imbens and Wooldridge (2009), since here the



treatment assignment may depend on unobserved characteristics as long as
they are time-invariant.

The time-weighted DID estimator is computed in two steps. For nota-
tional convenience, I consider first the case in which treatment occurs only
in the last period t =T.

1. Obtain a Tp-dimensional vector of time weights © = (01, ..., 07,)’ using
the outcomes y; ¢ of the untreated units. Regress the post-treatment
outcome y; 7 on a constant and the pre-treatment outcomes y; pre =

(Wit - v

¥ = arg min Z (yir — o0 — yg,pre'v)2 (3)
veVia 4. p;=0

with V. = {v € RT0: v, > 0, 221 vy = 1} the set of non-negative
weights that sum to one.

2. Obtain the time-weighted DID estimator 7(®) as solution to the weighted
two-way fixed effect regression

N T

min Z ve(yit — TDit — i — 1) (4)
7“7’7 i:l t:l

with v = 1. The resulting estimator is

To
#(v) = v, (gV —g0) = Ar =Y A, (5)
t=1

with augmented time weights v, = (—v’,1), ) = N% > i: pi—j Yi the

vectors of the treated (j = 1) and untreated (j = 0) units’ average

outcome in each period and A; = gjgl) — gjt(o).
In case of multiple treated periods, estimate the ATT for each post-treatment
period separately with the two-step approach outlined above. Likewise, in
case of staggered adoption one can apply the procedure for each treated
group separately. Sections 2.4 and 2.5 discuss these cases in more detail.

The DID estimator is the special case of the TWDID estimator with

equal weights v = LTL(?. The synthetic DID estimator of Arkhangelsky et al.
(2021), in contrast, uses both unit weights and time weights and solves

N T
min Y > wior(yie — 7Dit — p1i — 1)’
’l"l7’y i:l t:l

with w = (wi,...,wn,) a vector of control unit weights and w; = 1 for
i € N1. The weights of the untreated units are non-negative sum to one and
are estimated from the pre-treatment outcomes.



2.2 Bias and variance reduction through factor balancing

In the following, I will first consider the properties of 7(v) under fixed
weights to document the issue of factor imbalance. Subsequently, I will
consider estimated time weights and their reduction of bias and asymp-
totic variance of estimated treatment effects compared to the standard DID
approach. This part covers the case of one treated period and the cases of
multiple treated periods and staggered adoption are discussed in Sections 2.4
and 2.5.

Consider the treatment effect estimate 7(v) for a given vector of weights
v. For equal weights, v = v, this is equivalent to the DID estimator obtained
from a two-way fixed effects regression.

THEOREM 1. Suppose Assumptions 1,2 and 4-6 hold. Then for any v € V,

1. E[7(v)|F] = 7 +b(v) with bias b(v) = €\&;(v) and the weighted factor
imbalance ¢ (v) = fr — Fy,.v,

2. VN (#(v)—1—b(v)) LN N[0,3;(v)] as N — oo with limiting variance

2+ (0) = €4(0) Ent s (v) + v, Bovg + —

1—ng
5O 5O .
where 3y = nAo 1jn0 and X defined accordingly.

The proofs for this and the following theorems are in the Appendix.
The weighted factor imbalance £7(v) will play an important role. It is the
difference between the post-treatment factor and the weighted average pre-
treatment factors and affects the estimated treatment effect in two ways.
First, the combination of a non-zero loading imbalance &) and factor im-
balance £f(v) leads to a first order bias term b(v). For example, consider
the case with one common factor f;, which affects treated units on average
more than untreated units (£, > 0). If f; is in the post-treatment periods
higher than in the pre-treatment periods, 7(v) will overestimate the treat-
ment effect. Second, it increases the part of the variance resulting from
variation in the loadings. This holds irrespective of whether the treatment
assignment D); correlates with the loadings A;, as long as they have within
group variation 3y > 0.

The properties of the DID estimator follow as the special case of equal
weights v = v. Researchers typically refer to the common trend assumption
as condition a for unbiasedness. In the current setting, a trend means a non-
zero factor imbalance £7(v). The trends are common if the factors affect
treated and untreated units equally. Hence the DID estimator is unbiased
(b(v) = 0) if either the trends are common (€) = 0) or there are no trends

(&s(v) =0).



Now consider the case where the weights are estimated from the control
unit data as per (3). As the number of control units Ny grows, they converge
in probability to the pseudo-true time weights v* which solve the population
equivalent of (3)

v* = arg min {ff(v)'E&O)Ef(v) + véE&O)Ua} (6)
veV

The pseudo-true weights minimize an expression close to the variance of 7(v)
derived in Theorem 1, which is influenced by the factor imbalance £;(v) and
the error variance .. As a consequence, the pseudo-true weights do not in
general balance the factors completely. The following Theorem establishes
asymptotic normality around v*.

THEOREM 2. Suppose Assumptions 1-2 and 4-7 hold. Let 0 < k < Ty — 1
be the number of pseudo-true weights equal to zero and denote vy the vector
corresponding to the zero weights. As N — oo,

1. v 25 v

2. Pr(tp =0) —— 1
N—oo
3. VN — v*) -5 N[0,3;] with ks = Ty — 1 — k, (Bp)ss = 0 if

min{v}, v} = 0.

Importantly, we identify the irrelevant pre-treatment periods (those with
zero pseudo-true weights) with probability approaching one. For the asymp-
totic distribution of the weights, we can therefore consider the unrestricted
weight estimation after omitting the irrelevant periods. Since this is a least-
squares regression problem, asymptotic normality follows from standard ar-
guments.

The estimated weights © and the treatment effect estimate 7(v) con-
verge at the same rate ﬁ Under estimated weights, the treatment effect

estimator becomes
F(9) = 7(v*) — (Fpre€y) (9 — v*) + Op(N 1)

The weight estimation uncertainty © — v* therefore affects the limiting dis-
tribution unless &, = 0, which is in line with the properties of two-step
estimators (Newey and McFadden, 1994). This leads to the following result.

THEOREM 3. Suppose Assumptions 1,2 and 4-7 hold. Then, as N — o0,
1. 7(0) Ler+ b(v*)

2. VN(#(®) — 1 — b(v*)) -5 N0, 3]



with b(v*) = £\&¢(v*) and
3= E;—('U*) + (Fpreg)\)lzf)Fpreé)\ - 22;,ﬁFpre£)\
and X3 4 the (Ty x 1) covariance between 7 and .

The limit variance consists of three parts. First, ¥;(v*) is the variance
of the treatment effect estimator under pseudo-true weights v*. The sec-
ond part comes from the variance of the weight estimation noise and the
third part from the covariance of the weight estimation and treatment effect
estimation.

The magnitude of the bias b(v*) depends on the remaining factor imbal-
ance under pseudo-true weights. In the simple case of r = T — 1, it can be
decomposed in two parts

£7(v") = &f(vo) + Fpre R(I+ Agr) 'R (00 — ve) (7)

with Agy a matrix of signal-to-noise ratios in the pre-treatment periods
(exact expression in the appendix), v, := argmin,cy véE&O)'va the vari-
ance minimizing weights and vy = arg min,cy &f(v)’ 25\0)5 #(v) the oracle
weights, which are unique in this case. The first part, £¢(vo), is the smallest
factor imbalance that can be achieved with non-negative weights that sum
to one. By construction, the convex hull condition (Assumption 3) implies
that £¢(vg) = 0. If the convex hull condition does not hold, the bias will be
proportional to how far the post-treatment factor is from the convex hull
of the pre-treatment factors. The second part comes from the fact that the
pseudo true weights minimize the sum of the factor imbalance and error vari-
ance. However, the stronger the signal in the data, the more the weights will
focus on eliminating the factor imbalance. Consequently, the pseudo-true
weights will be closer to the oracle weights and £(v*) = &f(vo). Indeed, the
Monte Carlo experiments in Section 3 show that the first term is of greater
concern.

Comparing the DID estimator 7(v) to the time-weighted version 7()
leads to the following conclusions. The bias of the latter is smaller if
the pseudo-true weights decrease the factor imbalance compared to equal
weights. This is arguably the case in most relevant scenarios, although,
technically, counterexamples can be constructed. Next, weighting has a
two-fold effect on the relative variance.

pM E.f- ('U*) Fpregs\zﬁFpreé‘/\ - 22;”—7{}Fpre€/\

Bi(0)  E:(9) 2#(v)

First, v* minimizes the first term by construction. This comes at the cost of
weight estimation noise, which is reflected in the second term. The Monte
Carlo simulations in Section 3 show that TWDID substantially reduces bias
and variance in a setting with one factor.

10



2.3 Inference with two-step standard errors

A consistent estimator of the limit variance derived in Theorem 3 is

i = i\:72(’6) + A;)refz”ﬁAPTe - 22;’13Apre (8)
The first part 2+(9) is the cluster-covariance robust variance estimator
of Arellano (1987), often referred to as clustering the standard errors on
the unit level (Bertrand, Duflo, and Mullainathan, 2004), applied to the
weighted data. It consistently estimates the variance under pseudo-true
weights ¥+ (v*). The second part accounts for the additional variance caused
by the weight estimation noise. It consist of the demeaned average pre-
treatment differences Apre = (A — Apre,...,ATO — Apre)’ with Apre =
T% > t<1, At and a consistent estimator 3, of the weight variance. The
third part accounts for correlations of 7(v*) and ¥, which tends to be neg-
ligible in practice. In the remainder of this section, I will explain how to
construct the different components of 3 and associated confidence intervals.
The first part of the estimated variance is

(9)

with within-group sample variances f]g(,j) = Ni >ii—j(Yi — g9 (y; — gy
for j = 0,1. It can be obtained in the followin]g way. First estimate the time
weights ©. Next, weight only the pre-treatment outcomes and call them
Uit = Toteys for t < Ty and g3 = y; for £ > Ty. Run a two-way fixed effects
regression of the weighted outcomes ¢;; on the treatment indicator D;;, which
yields 7(0). Applying the Arellano (1987) cluster-covariance estimator on
the weighted data then provides §+ (0).
Next, consider A;reflqg Apre provides as an estimator of (Fpre€x) s Fpre€a-

First, the demeaned average pre-treatment differences become

Ao = Fpreéy + Op(N 7

implying that they consistently estimate Fj,c§y as N — oo. For the es-
timator of the weight variance ZA]U, let © be the Tp-dimensional vector of
estimated weights as per (3). As Theorem 3 establishes, only the non-zero
weights matter for the limiting weight variance 3;. The non-zero weights
can be seen as an unrestricted least-squares estimate and the least-squares
type of standard errors can be used to estimate its variance.

Let ©(4) be the T’y -dimensional vector which contains the strictly positive
weights. Because the weights sum to one, I can write

ﬁ[+] =e; + Rv_;

11



with e; the T -dimensional unit vector, R = ( IT+_1 aTy x (Ty —1)
T, -1
matrix and v_; excludes the first element of @[+]. The latter can be written
as the unrestricted least-squares estimate
~ S YRR, —1I~x
-1 = (Yje Ypre) YpreyT

pre

with }N’;)re = Y[E:)])R, yr = yg)) — yﬁo) and Y[f]) the Ny x T, matrix of
demeaned outcomes of the control units in the remaining pre-treatment

periods. A consistent estimator of the weight variance
A~ - _ 1 A A 1 ~
26_1 = Sy 1Sqq’S 1; Sy,q = N Z Q('Uv yi)q(va yi)/ = NR/}I;D/QQYEJR
(2

with Q, = diag(q1(9),...,qn,(9)) and ¢ = 8?7? Finally, the estimator of
-1

the weight covariance matrix is
3,4 = RS, 'S,y SR (10)

which follows from Var[#(;)] = RVar[o_1|R’.
The following Theorem summarizes the results.

THEOREM 4. Suppose Assumptions 1,2 and 4-6 hold. Then, as N — oo,
S:(9) 2 Di(v*) with © the estimated weights as per (3) and v* the
pseudo-true weights as defined in (6), A;DreE@Apm RN (Fpre€n) X Foreé
and therefore & 25 %

Inference can be based on the t-statistic
7(0) — 10 — b(v*)

Tr = =
Y /N

as Pr[|Tr| > qi—a/2] 2, @, with 7y the treatment effect under the null,
« the intended size and ¢y 4/ the 1 — a/2 quantile of the standard nor-
mal distribution. Without any further restrictions, the resulting confidence

interval
#(0) % 01-ap2VS/N]

will be centered around 79+b(v*). The Monte Carlo experiments in Section 3
it is more reliable and shorter compared to an unweighted DID approach.

2.4 Multiple treated periods

In the case of multiple treated periods t = Ty + 1,...,T, the object of
interest becomes T = (7741, ..., 7r)’, the vector of ATTs in all Ty =T — Ty
post-treatment periods. To estimate the dynamic effects 7, we can apply

12



TWDID for each treated period separately. First, estimate a vector of time
weights
@(]) = arg min Z (yl,] —a— yg,prev)Z (11)
veVia 4. p;=o
for each post-treatment period j = Ty+1,...,T. Let V = [o(To+D) 'U(T)]
be the corresponding Ty x T matrix of time weights. Then estimate the
treatment effects

(T0+1)A

Agyt1 — i<ty U t

: (12)
Ar = Yeq, vl A

the T' x T1 matrix of augmented time weights. A consis-

-V
ith V, =
wi (IT1

tent estimator of the 77 x T} covariance matrix of 7(V') is
(V) = ViZaV, (13)
ith Sp = 20 4 2 0 d 5O - L - g0y, — gO) the
w1 A= T—ng oI Yy T N; Lei:Di=j Y-y Yy -y
T x T sample covariance within the treated and untreated units.
The following theorem formally extends Theorem 3 to the dynamic case.

THEOREM 5. Suppose Assumptions 1-2 and 4-6 hold. Then, as N — oo,
1. #(V) 2 r+b(v7)
2. VN(#(V) =7 - b(V*) -5 N[0, 2]
3. B:(V) L 2.V

The appendix contains the full expression of the limiting variance X . In
practice one may estimate the variance as

~

[2]7;7.7 = [2?(/‘})]2,J + 1[2 = ]}A/ refzv(Tm—j)Apre
b

for i,5 =1,...,T1, where only the diagonal elements affected by the weight
estimation noise. This is because ©\9) does not affect 7 for j # k We can
then test for an effect in any period Hp: 7 = 0 using the corresponding
Wald statistic
(#7175 (1)

as well as testing whether the effects vary over time (Hp: 7; = 7 for all
7> To).

In some cases, the object of interest may not be the full vector of ATTs T,
but only the average over the post treatment periods T,yg 1= T% 2121 7¢. One

13



way to estimate 7., would be to average the estimated ATTs of all post-
treatment periods. Alternatively, a pooled estimator would first collapse
all post-treatment periods to one average post-treatment period and then
estimate one vector of time weights using only the average post-treatment
outcomes. The pooled estimator is also discussed by Arkhangelsky et al.
(2021).

2.5 Staggered Adoption

The estimator can also be applied in settings with staggered adoption of the
treatment, in which different groups of units start the treatment at different
points in time. Suppose there is a finite number of groups indicated by
G; € {0,1,...,G}, where units in group g > 0 start treatment in t = Ty + g
and units in group G; = 0 are never treated. An objects of interest could
be the group-time average treatment effects

7ot = Elyit(9) — yir(0)|Gi = g

with y;:(g) the potential outcome when starting treatment in ¢t = Ty + g, see
also Callaway and Sant’Anna (2020) and Callaway and Karami (2022). Let
Ty = (TgTotgs---+Tg,r) the corresponding vector of estimated group-time
ATTs for group g. It can be estimated with the TWDID approach for each
treated group separately. For each group g, first estimate Ty + g — 1 time
weights 'f)((;; for each period j = Ty + g,...,T using the outcomes of the
never-treated group. Then obtain 7, = 7(V}) and standard errors for the
corresponding group as previously described. The results from the case with
sharp treatment timing hold in the case of staggered adoption, provided that
the number of observations per group N, = >, 1{G; = g] is large compared
to the number of groups G.

COROLLARY 1. Suppose % —ng € (0,1) as N = oco. Then
1. 7, 2, Ty

ESag) (‘/;) ]
no+ng

2. VN (4, — ) -5 N0,
5. SV (V) L 59 (vy)
forallg=1,...,G.
One can then aggregate the group-time ATTs to other statistics of in-
terest, for example the overall ATT or the event-study ATT. These issues

are further discussed by Callaway and Sant’Anna (2020) and Callaway and
Karami (2022).
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3 Monte Carlo Experiments

3.1 Design

In each Monte Carlo replication r = 1,..., R I generate data from
i =Dt 500 4

with and Eg) ~ N[0,1] for i = 1,...,N and t = 1,...,T, mutually in-
dependent. The loadings are )\l(»T) = %Di + I/i(T) with Vi(T) ~ N|0,1] and
loading imbalance £, = 2. The true treatment effect is 7 = 0. The number
of units is N = 100 of which half are treated (ny = % = 0.5) The treat-
ment occurs in the last of T' = 7 periods. I consider two factor processes.
For the first one I draw ft(r) ~ N[0,1] for t = 1,...,T, which implies that
the convex hull condition is violated in approximately 30% of the draws.
For the second case I first draw the pre-treatment factors ft(r) ~ N0, 1]
for t = 1,...,7p. Then I draw post-treatment factor from a truncated
normal f:(pr) ~ TNI0,1; fa1y, fery)], enforcing the convex hull condition. I
repeat the simulation exercise along a grid of factor standard deviations
or €{0,0.1,...,2}. For each combination of parameters and sample size I
conduct R = 10,000 replications.

In each replication, I compute the pseudo-true time weights v* as of
(6), the estimated time weights © as of (3) and the SDID unit weights
w. Let w be the vector of equal weights. I compare the DID estimator
Taiqa = 7T(w,v), the TWDID estimator 7iwdiq = 7(@, 0), the SDID estimator
Tsdid = T(w,0) and the demeaned synthetic control (DSC) estimator of
Ferman and Pinto (2021) 74sc = 7(@,v). I also study the performance of
the variance estimators described in Section 2.3. To do so, I compare the
following Monte Carlo statistics.

1. The conditional bias is b(w,v) = &\(w)ép(v) with & (w) = AV —
> ien, wiAi the loading imbalance after applying the control unit weights.
For DID and DSC I use v = v , and v = v* for TWDID and SDID.
Likewise, w = w for DID and TWDID. For DSC and SDID I use
b(v) = Epncén (@))€ (v), with Eprc[én(w)] the average weighted load-
ing imbalance over all monte-carlo replications. Because I redraw the
factors, I measure the magnitude of the conditional bias term by its
(unconditional) standard deviation sd[b(w, v)] with respect to the dis-
tribution of the factors.

2. Next, I'look at the simulated conditional standard deviation sd[7(w,v)|F]
of the point estimates. I compute it as the Monte Carlo standard de-
viation of the bias corrected estimator 7(w,v) — b(w, v).
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3. Finally, I consider the expected standard error E {\/ S| and the cover-

age of the 95% confidence intervals [f' + qo.9751/ by /N } obtained from

the four estimation approaches. For all approaches I use the CCM es-
timator applied to the weighted data Xz (@, ©); for TWDID and SDID
I also account for the time weight estimation uncertainty as defined in

(8).

3.2 Results

The top panel of Figure 1 plots the magnitude of the bias against the
strength of the factors. The bias of DID increases as the factors become
stronger. The bias of TWDID is about 50% lower compared to DID when
the convex hull condition is frequently violated (left). When the convex
hull condition is satisfied (right), the remaining bias of TWDID is bounded
and vanishes as the factors become stronger. The bottom panel shows the
conditional standard deviation. For sufficiently strong factors, the TWDID
estimator has a substantially lower standard deviation than TWDID. For
weak factors, however, there is not much to be gained and the weight esti-
mation noise leads to a slightly larger standard deviation.

The DSC and the SDID estimator, both using unit weights, are even
more successful and almost eliminate the bias. Their standard deviation is
slightly than TWDID, except when the convex hull condition is violated and
factors are strong.

Consider now the properties of inference. The top panel of Figure 2
shows the true coverage of the 95% confidence interval. The remaining bias
of the TWDID estimator is negligible, as the coverage remains around the
desired 95%. This holds even when the convex hull condition is frequently
violated (left). The larger bias of the DID estimator leads its coverage to
deteriorate.

Inference based on the SDID and DSC estimators is conservative with
coverages above 95%, because the standard errors are too large compared to
the true standard deviation. As the bottom panel of Figure 2 shows, SDID
and DSC standard errors are larger than those of TWDID, leading to wider
confidence intervals.

4 TWDID in practice: revisiting two applications

4.1 The effect of the NOx Budget Trading Program

I revisit Deschenes et al. (2017) studying the effect of the NOx Budget
Trading Program (NBP) 2003-2008 on NOx emissions. It entailed a cap
and trade program to reduce NOx emissions from power plants. It was only
active in the summer months May - September in the years 2003-2008 in 19
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Figure 1: Magnitude of the conditional bias term b(w,v) (top) and simulated conditional
standard deviation sd[#(w, v)] (bottom) of four estimators: difference-in-differences (DID),
time-weighted DID (TWDID), synthetic DID (SDID) estimator and demeaned synthetic
control (DSC). The horizontal axis depicts different levels of the factor standard deviation
of. The factors are drawn such that the convex hull condition is violated in the left panels

and holds in the right panels.
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Figure 2: Simulated coverage of the 95% confidence intervals (top) and expected standard

errors E [\/ ) depending on the factor strength oy. The setup is the same as in Figure 1.

For all approaches I use the CCM estimator applied to the weighted data §+(<IJ, ?); for
TWDID and SDID I also account for the time weight estimation uncertainty as defined

in (8)
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states in the US. In 2003 the program was active only in a subset of the 19
treated states. States not adjacent to the NBP states remain as non-treated
states (22 in total).

Data on NOx emissions is available on county level for N = 2539 counties
from 1997-2007. We observe N7 = 1,354 counties in the treated states
and Ny = 1,185 in the untreated states. Per county and year we observe
data for the seasons summer and winter, where summer is defined as May -
September.

4.1.1 Econometric Specification

Consider the interactive fixed effect model

2008
Yist = Y T Dige(§) + pit + vis + X fst + Eist
j=2004

with D;s(j) = 1(i € N1,t = j,s = 1) an post-treatment dummy of year j
indicating whether NBP is operating in county 4 in season s = 0,1 (winter,
summer). [, Vis are county-year and county-season fixed effects, respec-
tively. fs are season-year specific common shocks that affect the emissions
of county ¢ with intensity A;. ;s is an idiosyncratic error term. The special
case \; = X resembles the additive fixed effect model that Deschenes et al.
(2017) use. In that case the factor structure reduces to a season-year fixed
effect.

To identify 7, eliminate u;; by taking the difference between summer and
winter observations

2008
it = yire — yior = Y 73" Dip(§) + Bi + Nife + €t
j=2004

with ﬁl = Vi1 — V50, ft = .flt — fOt and Eit = éilt — éiOt- A key assumption
hidden in this specification is that the program does not affect emissions in
the winter months in the treated years. The identifying assumption is that
for all post-treatment periods j = 2004,...,2008 there exists a vector of
weights v(()j ) such that

That is, each post-treatment factor can be written as a weighted average of
pre-treatment factors.

4.1.2 Evidence for common factors

I first obtain evidence against A; = A by considering how the difference in
average NOx emissions Ay = 5,5(1) —gjgo) has evolved prior to the intervention.

We can write
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Difference in Average NOx Emissions, NBP vs. non—-NBP Counties

0.2 start NBP

1,000 tons
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Year
Figure 3: Difference in average NOx emissions 5,51) — gjt(o) over time, with 95% confidence
band (dashed).
2008 1

Ap=pBY - O L& i+ S T = j) + Op(—=)
§=2004 ’ TN

where £, = 0 under the equal loading assumption. Then, for large N, A;
should be constant prior to the treatment. However, Figure 3 does show
variation of A; in periods t < Tj.

4.1.3 Estimation Results

I estimate the dynamic effects 72" with a dynamic TWDID approach pre-
sented in Section 2.4. First, I obtain four sets of time weights #(), one for
each post-treatment period j = 2004, ...,2008, as defined in (11). Then I
compute the treatment effect estimate 72** and the corresponding covari-
ance matrix 2%. For comparison I also computed the DID estimator, which
uses equal time weights. I omit the year 2003 from the estimation because
not all treated states had fully implemented the program by then.

The left panel of Figure 4 shows the estimated time weights for each post
treatment periods. The last two pre-treatment years (2001 and 2002) receive
most of the weight, while the exact distribution of the weights changes over
the post treatment periods. The right panel of Figure 4 shows the result-
ing dynamic treatment effect estimates and their 95% confidence intervals.
All estimators suggest a significant negative effect of the NBP program on
NOx emissions in all post-treatment years. Time weighting leads, in abso-
lute terms, to slightly lower point estimates. The standard errors of both
TWDID estimates are about 10% lower compared to DID, hence the re-
sulting confidence intervals are narrower. This results is in line with the
variance reduction property of TWDID estimation. Overall, these findings
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Figure 4: Left: Estimated time weights for each post-treatment period as of (11). Right:
Resulting estimates of 7°** and confidence intervals for both DID and TWDID estimation.

strengthen the results of Deschenes et al. (2017) that the NBP led to a
significant reduction of NOx emissions.

4.2 The effect of job displacement on earnings

Consider the application of Callaway and Karami (2022), which estimates
effect of early-career job displacement on earnings using data from the 1979
National Longitudinal Study of Youth (NLSY). The dataset contains bi-
annual observations on yearly earnings for 2,850 US residents between 14
and 22 in years 1983,...,1993. A worker is defined as displaced if they
are not longer in the same job as in the previous survey and is considered
treated in all years following the first displacement. There are four groups
G = 0,...,3: those who are never displaced (Ny = 2,434) and those who
are first displaced in years 1989 (N; = 129), 1991 (N2 = 154) and 1993
(N3 = 133). Figure 5 plots the average earnings per group over time.

Interactive fixed effects are likely to be present here, since earnings might
depend on unobserved characteristics (e.g. ability) with time-varying effects.
To account for this, Callaway and Karami (2022) use Armed Forces Quali-
fication Test (AFQT) test scores as an observed time-invariant covariate to
implement their estimator. This serves as an important benchmark for the
TWDID estimator, which does not require any additional covariates.

Let Tp 4 denote the last pre-treatment period for each group. I compare
DID and TWDID estimates of the group-time average treatment effects

ATT(9.5) =5 — 5" = 3 )@ ~0")
tSTO,g

for groups g = 1,2,3, in the treated periods j = 1989,1991,1993. Both
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Figure 5: Average earnings by group using NLSY data Callaway and Karami (2022). The
group labels correspond to the year in which the worker was first displaced or 0 for those
who were never displaced.

approaches use the never-displaced group g = 0 as control group and all
available pre-treatment observations to estimate the counterfactual. DID
estimation uses equal weights vy ) — ﬁ In TWDID estimation, for each
group ¢ I estimate a separate To7g—diménsional vector of time weights for
each period in which this group is treated. Table 1 shows the estimated time
weights. In all cases, the last two periods before the start of the treatment
receive almost all the weight and the last period before the treatment always
receives the largest weight.

Table 2 shows the estimates of the group-time ATTs and the correspond-
ing standard errors for both approaches. Compared to DID, in absolute
terms, TWDID suggests smaller but still significant effects across all groups
and post-treatment periods. However, the extent to which the estimates
differ depends on the group. For the last group, this difference is around
10% of the standard error, for the first group around one standard error and
for the second group almost two standard errors. This can to some extent
be explained by looking at how the average earnings of each group evolve
over time. Judging from Figure 5, the difference in average earnings between
the never-treated and group 1993 is fairly constant over the pre-treatment
periods. Therefore, the estimated ATT is not very sensitive with respect to
the pre-treatment weights. The mean differences of groups 1989 and 1991
vis-a-vis the never-treated group are increasing over the pre-treatment peri-
ods. Hence, the weighted average of pre-treatment differences, with higher
weight on the last two pre-treatment periods, is larger than the simple av-
erage. Consequently, TWDID attributes a larger part of the post-treatment
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Table 1: Estimated time weights per group and post-treatment period

1989 1991 1993
Group 1989
1983 0.01 0.00 0.00
1985 0.15 0.14 0.08
1987 0.84 0.85 0.92
Group 1991
1983 0.01 0.00
1985 0.01 0.00
1987 0.17 0.20
1989 0.81 0.80
Group 1993
1983 0.00
1985 0.00
1987 0.08
1989 0.31
1991 0.61

Notes: Estimated weights that were used in
the TWDID estimation of ATT(g,t), with ¢ €
{1989, 1991, 1993} varying across columns.

Table 2: Estimated Group-Time Average Treatment Effects A/T\Tj (g,t)

1989 1991 1993

Group 1989
DID -3.50 -5.43 -5.04
(0.82) (1.12)  (1.23)
TWDID -2.59 -4.49 -4.03
(0.80) (1.09)  (1.22)

Group 1991
DID -7.06 -6.57
(0.82) (0.97)
TWDID -5.23 -4.75
(0.83) (0.99)

Group 1993
DID -4.52
(1.46)
TWDID -4.28
(1.46)

Notes: The outcome is yearly earnings in
1,000USD. Each column corresponds to the year
for which the ATT is estimated. The group cor-
responds to the year in which the worker was
first displaced. The time weights are estimated
separately for each of the 6 (g,t) combinations.
Analytical standard errors in parentheses.
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difference in earnings to differences that would have persisted without any
displacement and therefore suggest a smaller effect of the displacement.

The estimates of Callaway and Karami (2022) suggest an even smaller
effect for groups 1989 and 1991. Assuming their results are unbiased, this
would indicate that TWDID reduces the bias compared to DID, yet a non-
negligible bias remains. Another indication are the increasing pre-treatment
differences, which could be caused by unobserved common factors with a
strong trend. In that case, the post-treatment factors are outside the convex
hull of the pre-treatment factors, which would explain the remaining bias of
TWDID.

5 Conclusion

This paper proposes a time-weighted difference-in-differences (TWDID) es-
timation approach that is robust against interactive fixed effects in short T'
panels. Time weighting substantially reduces both bias and variance com-
pared to conventional DID estimation through balancing the pre-treatment
and post-treatment unobserved common factors. To conduct valid inference
on the average treatment effect, I develop a correction term that adjusts
conventional standard errors for weight estimation uncertainty. Revisiting a
study on the effect of a cap-and-trade program on NOx emissions, TWDID
estimation reduces the standard errors of the estimated treatment effect by
10% compared to a conventional DID approach. In a second application I
illustrate how to implement TWDID with staggered adoption.
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A  Proofs of Theorems

AssuMPTION 7 (Regularity Conditions). There are constants K < oo and
§ > 0 such that E[lex|**°] < K, E[|N|*] < K, E[|7ie — 7|>T%] < K for all
i,t.

A.1 Proof of Theorem 1

The proof is provided for the case of multiple treated periods. The versions
in the main text follow as a special case of one treated period. Using (2),
write

(V) =1 =VIF(&\ + ) + 5 + 2.(V)

with 7y, = A1 — X0 — ¢, 1) = N% S p—1(Ti—7) and 2.(V) = V(e —
g,

We have Evy = 0 (Assumption 2), E =0 (Assumption 6) and
E z.(V) = 0 (Assumption 4). Together with standard central limit theorems
this implies the following asymptotic results.

LEMMA 1. Suppose Assumptions 1,2 and 4-7 hold. Then, for any fixedv € V
1. VNz(V) -5 N[0, V/S.V,]
2. VNir, -5 N[0, 3]

3. VN L N[0, 2]

Y 1—ng
, © 50 5O 5O
thhzsz%‘F% and Xy = n)\o +ﬁ
(1)
Proof. Liapounov Central Limit Theorem implies v N&() Ay N [0, Efno]
(0)
and VNe© —% A0, Z=—]. O

o

The last assertion of Theorem 1 follows with independence of loadings
and errors

(V) =& (V)ENEG(V)+ (1 —no)ZEr + VRV,

and £7(V) = F'V, the r x T1 matrix of factor imbalances.

A.2 Proof of Theorem 2

A subscript indicating the untreated units has been skipped for notational
convenience. The estimated time weights © as defined in (3) can be rewritten
as

v = arg n{/lin Qn(v), QN (V) = (yr — Yorev) Mo(yr — Yorev)
ve
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with y; the vector of the untreated units’ outcomes in the period ¢, Ypre
the Ny x Ty matrix of the untreated units’ pre-treatment outcomes and
My = Iy, — Lﬁ; We notice that v always exists, and is unique if the matrix
of demeaned pre-treatment outcomes MY}, has full column rank.
Consistency follows from the standard conditions for the extremum es-
timators. First, applying a uniform law of large numbers, the objective
function @ n uniformly convergence to its population equivalent Qo (v) =

o (FSVF 4+ £, so

sup|Qn (V) — Qoo (V)| 0
veV

Second, v* as defined in (6) is the uniquely identifiable minimizer of Qo (v),
since the population objective

Qoo(v) = v Av + 20" Ab + ¢

is a strictly convex second order polynomial with A positive definite as long
as ES)) is positive definite.

To obtain asymptotic normality, suppose first that v* lies in the interior
of V, i.e. the non-negativity constraints are not binding in the limit. With-
out the non-negativity constraint we can rewrite the estimation as an uncon-
strained minimization and obtain an explicit solution. To do so, we trans-
form the condition >, v; = 1 into v; = 1—Li‘p0_1'v_1 withv_y = (ve,...,vp),

.,/
sov = e; + Rv_{ with R = ( ILT0_1>. The minimization problem then
To—1
becomes
min ('gT - }/prev—l)/(gT - Yprev—l)
U_leRT071

with yr = yr — y1 and Ypre = Y, R. The solution is

- _ Q—-1vyr
V-1 = Sy Y;)reyT

with S, = R/ Yo YpreR. The corresponding Ty vector of time weights will
be v = (1 — ZtTQQ 04,0 1)’. That is a least-squares regression where the
outcomes and regressors are in terms of their difference to the first regressor.

The next lemma provides the ingredients for asymptotic normality of v_.

LEMMA 2. Let o1 = argmin, + >_; ¢i(v) with ¢;(v) = q(v,y;) = 3(1 —
Di)(Gir — Gipv)? and derivatives ¢ = %, = 82%" Then, as N — oo,

1. ﬁ i q(v*, y;) 4, N0, Sy with S,y = lim % > Eldi(v*)gi(v*)]

2. LG =8, % S,
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Standard m-estimation theory then implies
VN(_1 —v*,) -5 N0, 25

with 3, | =Sy 1S, Sy, 1. Because of the sum-to-1 condition it will imme-
diately follow for the full vector

VN(® —v*) = VNR(B_, —v"1) % N0, ]

with ¥; = RY;_, R’ and v* = e; + Rv*,. Note that both 3;_, and 3;
have rank Ty — 1.

Suppose now that v* lies on the boundary of V. That is, at least one
element is exactly zero and v* is sparse. In general, asymptotic normality of
extremum estimators can break down near the boundary of the parameter
space (Ketz, 2018). I provide conditions such that the part of © belonging to
the non-zero elements of v* will be asymptotically normal and the remaining
part is negligible. Suppose without loss of generality that the first k£ elements
(0 <k <Tp—1) of v* are zero and write v = (v}, v" ).

ASSUMPTION 8. Let VQoo(v) = 8(%70 the gradient of the population objec-

tive. It holds that VQeo(v*); #0 foralli=1,... k.

The assumption above excludes cases in which the unconstrained opti-
mal weight in some period (after dropping the corresponding non-negativity
constraint) is “coincidentally” exactly zero. I will show that in this case
Pr(o; = 0) — 1. Then the asymptotic distribution of v is the same as if we
had just set ¥ = 0 in the first place. But this means that the first k peri-
ods are irrelevant and we have reduced the exercise to Ty — k pre-treatment
periods, for which the pseudo-true weights v*; are not sparse. Then we can
apply the results from the previous paragraph to get asymptotic normality
for the non-zero elements. Let C?(V) be the space of twice-differentiable,
strictly convex functions and define v@ = arg min, .y Q(v) for Q € C?(V).

LEMMA 3. If there exists a neighborhood By(Qso) C C%(V) around Quo such
that 'v,? =0 for all Q € By(Qoo), Then Pr[v, =0] — 1 as N — oo and thus

VN, 25 0.

Proof. First, Pr[vy, = 0] = Pr(Qn € Bo(Qx)) — 1 since Qn 25 Qe
uniformly. The last assertion follows from Pr(||v/Nog|| > ) < 1 — Pr(dy =
0) for any ¢ > 0. O

LEMMA 4. If VQoo(v*); # 0 foralli =1,..., k, then there exists a neighbor-
hood By(Qs) C C?*(V) around Qs such that v,? =0 for all Q € By(Qoo)-

Proof. Applying the Karush-Kuhn-Tucker Theorem, either vZ-Q =0or VQ(v®); =
0. Hence VQ(v?); # 0 = viQ = 0. By continuity and differentiability, for
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any § > 0 we can find Bs(Qs) such that max; |VQ(v?9); — VQuo(v*);] <
§ for all @ € Bs(Qo). Choosing 0 < § < min; |VQux(v*);|, we have
min; |VQeo (v*);] > min; |VQuo (v*);|| — max; [VQ(v?); — VQuo(v*)i| >
0. O

A.3 Proof of Theorems 3 and 5

Let z; = (D;,y]). Write 7 as the solutions to + >_; g(z;,7,9) = 0 with
9(z,7,0) = [Dng — (1 = D)(1 — no)]vgy — 7[Dnf — (1 — D)(L — no)’]

and v as the solution to % > m(zi,v) =0 with

m(z,v) = (1 - D)v,yR'y, +

with 1, + the Ty vector containing only observations from pre-treatment
periods with non-zero time weights and R = (I, _1,—t7,—1)". Then, ac-
cording to Theorem 6.1 of Newey and McFadden (1994)

VN(#®) — 1) -5 N[0,3]
with £ = L El[{g(2) + glt(2) Ha(2) + ghp(2)}'] where

9(2) = g(z,70,v") = v} [Dno(ys(1) = §V) = (1 = D)(1 = no) (:(0) — )] + 0,(1)
gr = E[Vrg(z,10,v")] = —no(1 — no)
gv = E[va(szO"v*)] = *gTRlereE)\
E[V,m(z,v")] = -8,
P(z) = S;lm(z,v*)

It also holds that _y E[g(2)?] = £+ (v*) and E[¢p(2)(2)'] = £y = 8! Sy S,
with Sy = [m( v*)m(z,v*)’]. This implies the statements of Theorem 3
with 35 5 == Q%E[v,b( 2)g(z)].

This can be extended to the case of multiple treated periods by formu-
lating everything in terms of the 77 vector 7 and the Tp1} stacked weight
vector v = vec V = (v{Ty 4+ 1),...,v(T)). The joint moment conditions are
obtained by stacking the moments for each post-treatment period

91(27TT0+17U(T0+1)) ml(zav(TO+1))
g(z,7,v) = : ; m(z, T,v) =

91 (zaTTo-l—laU(T)) mr (Z.?U(T))
We therefore have vN(#(V) — 1) == N[0, £ ] with
X =3:(V") + GuE[(2)¥(2) ]G, — 2G E[1h(2)g(2)]
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where E[g(2)g(z)'] = 2;(V*). Since g% = aigi) = g:@ = 0 for k # j,

we have Gy, = diag;_; 1, (RjFpreéy)) and E[¢p¢] = diag;_y 7, (Z,m0+1)
Therefore G, E[¢1']G), is a block-diagonal matrix. However, since all mo-
ments use the same pre-treatment observations, in general E[m;(z)gy(z)’] #
0 for all 7, k.

A.4 Proof of Theorem 4

LEMMA 5 (Consistency of sample variances). Suppose Assumptions 2 and
4-7 hold. Then, as N — oo

L3 S = A = XDy L 20 for j=0,1.
2 1 Sp,lei— W) (e — D) L2V for j=0,1.
8. 37 Lpmi (7 = ) =7y o 3,

and thus
£ 2 PRV F + 59 1 1[j = 1)BS, B’

Proof. Write y; = F\; + D;BT; + &; with the T' x T} matrix B = (0, I, ).
Since sufficiently many moments are bounded, the sample variances converge
to the population equivalents. ]

- ) ST Vv
Recall that ¥:(V) =V EAV with EA = y +15% and V, = I
T

Lemma 5 thus implies 3+(V) - 2:(V) for any given V. It also follows
that (V) -2 3:(V*) if V -2 V*. Also note that (V) = > 6:9,
with gz = g(zi,f','ﬁ).

Likewise, a consistent estimator of the weight variance X;_, is

S a-la o— G 1 a o
Y, =5, 1S58 5 Sy.= ¥ Zq('v,yi)q('v,y) —R’Y;reﬂ Yore R
i
with ﬁq = diag(q1(9),...,qn,(?0)). Ignoring the covariance term, the vari-

ance estimators proposed in (8) and (13) Taking into account the covariance,
one can use

ST ST WAy
=3 GUN;wzgi

The estimators correspond to (6.12) and (6.11) of Newey and McFadden
(1994), respectively.
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B Additional Derivations

B.1 Proof of selected statements

LEMMA 6. In case of one treated period, the time-weighted DID estimator
#(0) = vl (gM) — gO) solves the weighted two-way fized effect regression
problem

N T
71{1}}1%’2 Z ve(Yir — T D¢ — s — ”Yt)Q

i=11t=1

where vy = 1.
Proof. Follows from Arkhangelsky et al. (2021) using equal unit weights. [J
LEMMA 7. For the case of one treated period, $:(v) (now a scalar) corre-
sponds to the cluster covariance matriz (CCM) estimator (Arellano, 1987)

applied to a two-way fized effects regression of the time-weighted outcomes
on the treatment indicator.
N=13" D/M,4;4,M,D;

Proof. The CCM estimator is f]ccm = NS DIM.D))? * with residuals
@; = Yy; — Dif(v) with 7(v) = B,A, and P, = Lb/M, Y = v},. With the
binary treatment structure we get

D, =D;b

. 1
Di = Dz — NZDZ = TLoDi — (1 *no)(l — Dz)
7
Nt X:DZ2 = ng(1 —ng)% + (1 — ng)n = no(1 — no)
7

VMb=N"Y D/MD;=N"" Z D?bM,b = tgng(1 — ng)

Next, using 9; = y; — ¥ +n0A, = yi — 9@ + (1 —ng)A, and b = b,
;= Y(yi — 9V + noA,) — nebP,A,
=Y (y; — gy + noMA,)
for : € Ny with M =1 — bP, and
@i =Y(yi — 9 — (1 -no)MA,), €Ny
Using that & MY M, = 0, the numerator becomes

ZDMM'MD,_b’ [1—n0 > it »+n%2ﬂm;]Mb

i€Np €Ny

SO §O)
= Nn2(1 —ng)*t2v, lnyo + 1_—9”0 Va

Consequently, Seem = v,E a0, = S5 (v) O

33



B.2 Bias decomposition

Let Vo = argmin, ¢y Ef('u)’EE\O)Ef(’U) be the set of weights that minimizes
the factor imbalance. Let R = (—¢, I,—1)" and R, = (R/,0)".

LEMMA 8. Suppose r = Ty — 1 and v*,vg,v. all have strictly positive ele-
ments. Then Vg contains of one element vy and

&7(v") = &5(vo) + FyR(I + Asur) 'R ™ (vg — ve)
with Age = A;AZY, Ap = R.FSF'R, and A. = R,SVR,.

Proof. Uniqueness of vy follows from full rank of R’ FOEE\O)F(;R for r =
To— 1. Write &¢(v*) = &¢(vo) + FRR™ (v* — vp). We have R™v* = (A +
A) 'Ry (FEVF +2")e1r, Rvo = A;'R,FE Fley 1 and R v. =
Ae_lR;Ego)eLT. Therefore R~ (v* — vg) = (I + Agnr) 'R (vo — ve) O

Under the convex hull condition we additionally have £f(vo) = 0.

ExaMPLE. Consider the following example with » = 1, Ty = 2, one treated
period and =¥ = o2 - diag(l — w,w,1) for some w € [0,1] (no time de-
pendence in e;). Let f = o7 (0,1, )" for some oy € [0,1] and oy > 0.
Hence the oracle weights are vg = (1 — ap, ap)’. The pseudo true weights
v* = (1 —a*, a*) solve

min O'J%(O[ —ap)? + (1 —w)(1 — a)® + wa?
a€l0,1]

where I set 2&0) =1 and o2 = 1 without loss of generality. Hence O'J% should
be interpreted as the signal-to-noise ratio. The solution is a* = (1—w)ﬁ+
f

2
o Co o . .
aoﬁ, which is a convex combination of the oracle weights o and weights
f

that minimize the error variance a. := argmingep (1 —w)(1— a)?+wa? =
1 — w. Intuitively, o* — . as oy — 0 and o* — «ap as oy — oo. The
remaining (squared) factor imbalance is

2
Of

¢r(a* op)? = O']2c(04* —)? = ( (g — v )? (14)

1+ 0120)2
We see that ff(o[“,af)2 — 0 as 0y — oo — the remaining bias disappears
as factors get stronger. Figure 6 plots the remaining bias £f(a, o) for the
TWDID and DID estimator as a function of the factor strength o;. For
DID the weights are equal (o« = 0.5). They correspond to the variance-
minimizing weights o = 0.5, but differ from the oracle weights, which I set
to ap = 1. Hence the bias is proportional to o;. For TWDID the weights

1to?

* _ 2
are o = 1+U?

and converge to g as oy increases.
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Bias DID vs TWDID
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Figure 6: Analytical bias of DID (equal weights o = 0.5) vs. Bias of TWDID (a*(0y))
depending on the factor strength oy.

B.3 Controlling for weights representation

REMARK 3. The TWDID estimator 7(v) = Apy—Afy with Aty = 3,q v,
can be written as
(v) = b M,A
= Y MLb

with M, = Ip — ,f’f: and © = (%, tp, )" the T vector of normalized weights.
Hence, instead of the time-weighted 2wfe regression representation (4) we
may present 7(v) as a 2wfe regression controlling for the normalized time
weights ©. This opens up a new interpretation of time weights. Instead of
projecting out the entire factor structure (Mp), the time weights make the

factors orthogonal to the treatment. M,F # 0, but &' M, F = 0.

v
v

I R D . _
Proof. Start with Z:2 = Tlvj“Tl = Ti"u—i_?_to =: cand thus (1—¢)T'(1—tp) =
o Next, Myb = (=70, (1 — ¢)ep,)" and thus (M,b)'x = T(1 —¢)(1 —
to)(Zp) — a:z[’o]). Apply it to £ = A for the numerator and = b for the
denominator. O

The multivariate case follows accordingly. Estimate the dynamic treat-
ment effects as
To+1
Aqy+1 — Ztho Ut( ° )At

#"(V) = (B'M,B) 'B'M,A = (15)

' T
Ar =<, RN

with B = [b(T0+D) . b(T)] the T x T} matrix with dummies for each post-
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~ ~ ~ - - / _
treatment period, M, = It — V(V'V)" V' and V = (V(‘; V) > the
T

T x Ty matrix of standardized time weights. This is similar to a two-way
fixed effects regression of 3 on the treatment interacted with dummies for
each post treatment period. However, instead of controlling for unit fixed
effects ¢ one controls for the standardized time weights V. The CCM
variance estimator now becomes the T7 x T7 matrix

3:(V)=(B'M,B)"'B'M,%,M,B(B'M,B)"!

S ©

with 3, = o+ 1on, and 5y = N% Y ipi—j (Ui =99 (yi—gD) the Tx T

sample covariance within the treated and untreated units.
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