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Abstract

We study a set of fully modified (FM) estimators in multivariate cointegrating polynomial
regressions. Such regressions allow for deterministic trends, stochastic trends, and integer
powers of stochastic trends to enter the cointegrating relations. A new feasible generalized least
squares estimator is proposed. Our estimator incorporates: (1) the inverse autocovariance
matrix of multidimensional errors and (2) second-order bias corrections. The resulting
estimator has the intuitive interpretation of applying a weighted least squares objective
function to filtered data series. Moreover, the required second-order bias corrections are
convenient byproducts of our approach and lead to a conventional asymptotic inference.
Based on different FM estimators, multiple multivariate KPSS-type of tests for the null
of cointegration are constructed. We then undertake a comprehensive Monte Carlo study
to compare the performance of the FM estimators and the related tests. We find good
performance of the proposed estimator and the implied test statistics for linear hypotheses

and cointegration.
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1 Introduction

In recent years, there has been an increasing interest in the theoretical properties and theoretical
justifications of nonlinear cointegrating relations. For theoretical properties, we refer to the
textbook treatise by Wang (2015), the recent review article by Tjostheim (2020), and the extensive
references found in either of them. Theoretical justifications are in some cases refinements of
existing economic theory, e.g., nonlinear cointegration among bond yields with different times
to maturity due to yield-dependent risk premia as discussed in Breitung (2001), or nonlinear
purchasing power parity due to transaction/transportation costs and trade barriers (e.g., Hong
and Phillips 2010). In other cases, economic theory postulates a nonlinear cointegrating relation
from the outset. A popular example of the latter is the environmental Kuznets curve described in
Grossman and Krueger (1995).’

There are three branches of literature on the estimation of such nonlinear cointegrating relations.
First, the papers by Park and Phillips (1999) and Park and Phillips (2001) are concerned with
nonlinear cointegration analysis of a parametric form. Second, there is literature on nonparametric
kernel estimation of nonlinear cointegrating equations, see for example Wang and Phillips (2009)
or Li et al. (2020). The third approach is reminiscent of a nonparametric sieve estimation with
a power polynomial basis. That is, one estimates a cointegrating relation containing integer
powers of integrated regressors. Wagner and Hong (2016) named this a cointegrating polynomial
regression (CPR). The multivariate seemingly unrelated regressions (SURs) extension is available
in Wagner et al. (2020). This paper builds on this SUR setup.

We make two theoretical contributions to the literature on CPRs. First, we propose a Fully
Modified Generalized Least Squares (FM-GLS) estimator. This estimator requires two main steps:
(1) It employs the inverse covariance matrix of the 2n7-dimensional innovation vector, that is, the
covariance matrix of the vector which stacks the n disturbances in the cointegrating equations
and the n disturbances driving the (1) regressors over the time span 7. The estimation of this
inverse covariance matrix is based on the Modified Cholesky Decomposition originating from
Pourahmadi (1999). The approach is computationally simple because the required quantities are
obtained from the coefficients and prediction error variances of best linear least squares predictors.
Sufficient conditions for consistency are provided. (2) We exploit the previous results to correct the
second-order biases, resulting in a conventional chi-squared inference. Also, note that the approach

differs from the linear cointegration results in Mark et al. (2005) and Moon and Perron (2005)

!There is no direct reference to Kuznets in the original paper by Grossman and Krueger (1995). But their
nonlinear relations between environmental indicators and per capita GDP do remind strongly of the inverted
U-shaped between income inequality and economic growth proposed by Kuznets (1901-1985).



since our bias corrections do not rely on leads and lags augmentation. Second, a multi-equation
cointegration specification asks for a multivariate cointegration test. Building upon the work
by Choi and Saikkonen (2010), we consider three such tests based on different FM estimators.
The first test uses pre-filtered residuals to account for serial correlation, whereas the other two
are direct multivariate generalizations of the KPSS-type of test in Wagner and Hong (2016).
The estimators and cointegration tests are subsequently compared by an extensive Monte Carlo
simulation. In our simulations, the FM-GLS estimator has a higher estimation accuracy and its
implied Wald test has better size control and higher size-adjusted power compared to the existing
methods. We find by simulation that pre-filtering improves the size control of the cointegration
tests but has an adverse effect on power.

The plan of this paper is as follows. Section 2 introduces the model and the modified Cholesky
block decomposition. This decomposition is the main ingredient for the FM-GLS estimator. The
related asymptotic theory and stationarity tests are discussed in Section 3, whereas a finite sample
simulation study is presented in Section 4. Section 5 concludes. All proofs are collected in the
Appendices.

Some words on notation. Throughout this paper, C' denotes a generic positive constant.
The integer part of the number a € RT is denoted by [a]. For a vector & € R™, its p-norm
is denoted by |||, = (31, [7:|?)*/P. When applied to a matrix, ||A||, signifies the induced
norm, i.e., [[All, = sup, [|Az|,/||x|,- The subscripts are omitted whenever p = 2, e.g.,
x|l = (>0, |3:i|2)1/2 and ||Al| = Mz (A’A))l/2 where A0.(+) is the largest eigenvalue. Similarly,
Amin(+) denotes the smallest eigenvalue. The Frobenius norm is denoted as ||-|| 7. The n-dimensional
identity matrix is written as I,,. The i*" row or i"* column of an arbitrary matrix A are selected
using col;(A) and row;(A), respectively. The Kronecker product is denoted “®”. We use the
symbol “=" to signify weak convergence and the symbol L for equality in distribution. The

stochastic order and strict stochastic order relations are indicated by O,(-) and o,(-).

2 The model and infeasible GLS

We first introduce the adopted model specification and propose an infeasible GLS estimator. As
seen in Section 3 later, we adopt a fully modified approach to eliminate the dependence of the
asymptotic distribution of the infeasible GLS estimator on nuisance parameters, in which we also

compare the existing FM estimators. As mentioned, we study a system of seemingly unrelated



cointegrating polynomial regressions (SUCPR) as in Wagner et al. (2020), that is,
yt:Z£B+ut, t:1,2,...,T, (21)

where the dependent variable y; := [y1s, Y2, - - -, Yne) and innovations w; := [ug, Usy, - - . , Uy are
(n x 1) random vectors. For the cross-sectional unit i, we use as explanatory variables: (1)
deterministic components such as an intercept and polynomial time trends up to order d;, and (2)
integer powers of the I(1) regressors (denoted x;) up to degree s;. Defining d;; = [1,¢,...,t%],

', and z; = [d),, s},], we subsequently collect all explanatory variables in the

Sit = [Tity ..., 23]
block diagonal matrix Z; = diag[z1y,. .., z.|. We are interested in the d-dimensional parameter
vector B where d =Y (d; + s; + 1). Overall, each cross-sectional unit in (2.1) specifies a single
cointegrating relation containing polynomials in deterministic and stochastic trends. For each 1,
the highest orders of these polynomials, i.e., d; and s;, are assumed to be fixed and known. We do
not allow for cointegration in the cross-sectional dimension.

The innovation series {u,} is allowed to exhibit dependencies over time and across series. We

assume that these dependencies can be modeled by a stationary VAR(oco) process, that is

A(L)u; = <In - Z AjLJ) up = M, (2.2)
j=1
see Assumption 1 for further details. Efficient estimation of the parameter vector 8 now requires
the use of generalized least squares (GLS). Our Zellner (1962)-type GLS estimator relies on the
inverse of the (n7 x nT) matrix X, = E(uu’) where u = [u), ), ..., u’]". In this paper, we
directly estimate X! using a multivariate extension of the modified Cholesky decomposition
by Pourahmadi (1999). This extension was named the Modified Cholesky Block Decomposition
(MCBD) by Kim and Zimmerman (2012) and Kohli et al. (2016). The latter papers used the
MCBD to parametrize the covariance matrix of multivariate longitudinal data. As in Beutner et al.
(2022), we use the MCBD for the time series application mentioned above, i.e., the computation

of X1, The decomposition is closely related to linear minimum MSE predictors. We define

A(l) = [Al(é) o A0 = argmin Efu— Oy — - — Opue ||,
(O1,....0,)€Rnxnl (2.3)
S(0) =Efu — Ay(Oupy — -+ — Ag(Dwe o] [y — Ay (O)uy g — -+ — Ay(O)uy ],

and S(0) = E(u,u}). The inverse of the covariance matrix X, is then given by X' = M/ S.'M,,,



where 8,, = diag [S(0), (1), ..., (T ~ 1)),

Onxns it <7,

M, = [mi{]lgi,ng7 with mY = I, if i=j, (2.4)

A (i—1), if 2<i<T, 1<j<i—1,

and the A;(7) follow from the partitioning A(¢) = [A;(0), ..., A,(0)].
Weak stationarity of {u,;} implies that the block elements of M, being far below the main
diagonal are small. This suggests a banding approach in which small elements are replaced by

zeros. More specifically, we construct a Banded Inverse Autocovariance Matriz (BIAM) as
2, g) = My(0)S, (@M, (), (2:5)

where 1 < ¢ < T is called the banding parameter, S, (q) = diag [S(O), S(),...,8(q),..., S(q)}
and M, (q) = [mij(Q)hgi,ng with

u

O, if i<jor{g+l<i<T, 1<j<i-—q—1},
- I, if =7,
mii(g)=1{ " (2.6)
—A;ij(i—1), if 2<i<q, 1<j<i—1,
\—Az;j(Q); if ¢g+1<i<T, i—q<j<i—1

Example 1
Consider a weakly stationary n-dimensional VAR(3) process specified as u, = E?Zl Ajuij+m
with 7, & (0,%,,). For T =4, the MCBD X' = M!S, M,, is based on

[ I ] [5(0) ]
~A(1) I, s

R s )
_A(2) —A2) I, S(2)
“A, —A, A, I, >N



With banding parameter q = 2, the resulting BIAM is X;(2) = M.,(2)S,'(2) M, (2), where

u

[ I, ' [S(0) '
M.(2) = —A4(1) I, | 5.(2) = S(1)

—Ay(2) —A(2) I, S(2)

i ~A,(2) -A(2) I, ] S(2)]

The model of (2.1) can be stacked over time to yield the representation y = Z3 + u with
vy =YY% .. Y, Z =[Z,,2Z,,...,Z7| and u as before. For the moment, we will assume

X 1(q) to be known and focus on the following estimator:

Bors = (Z'Z1(9)2) " Z2'527 ' (9)y. (2.7)

A discussion on the theoretical properties of this infeasible estimator is informative because: (1) the
incurred estimation error of an appropriately constructed estimatorZ/‘;\l(q) will be asymptotically
negligible, and (2) we can suppress the effect of banding by letting ¢ increase with 7.

Two remarks related to BGLS are instructive. First, the GLS estimator differs from the usual
least squares estimator Borg = (Z'Z)~' Z'y by a weighing with the inverse covariance matrix
X Yq). Tt is well documented in standard econometric textbooks (e.g., Davidson and MacKinnon
2004, chapter 7) that this weighing may lead to substantial efficiency gains. Second, it is illustrative
to substitute the MCBD of X', !(q) into the definition of this infeasible GLS estimator. The result
is Bars = (Z5uSu (0 Z i) " Z5iuSu () ysan where Zy, = Mu(q)Z, and ypa = Mu(q)y. The
premultiplications by M., (q) have the effect of filtering and taking care of serial correlation. The

block diagonal matrix S, '(¢) applies scaling and rotation to account for the correlations between

the series. The following univariate autoregressive setting exemplifies this intuition.

Example 2

A regression model y;, = 5t + uy has AR(1) innovations u; = pu,_1 + 1, where n, s (0,0?%) and

lp| < 1. Taking n =1, the expressions of Example 1 are easily adapted to yield:

1 Y1 (1
2 5 1 _
S, = diag 072, o ..., 0%, M, y= ‘p y'Q S 'py1 , (2.8)
L0 = L yr | (YT — Y

and a similar transformation for the linear trend. The implied GLS estimator coincides with the



estimator from Prais and Winsten (1954).

3 Asymptotic theory

In this section, we present the asymptotic results. More specifically, we derive: (1) the limiting
distribution of the GLS estimator, (2) the fully modified GLS (FM-GLS) estimator that corrects
for second-order bias terms, (3) Wald test statistics, and (4) multivariate KPSS-type of tests for
the null of cointegration. As mentioned, the two fully modified estimators defined in Proposition 1
of Wagner et al. (2020) shall be adopted as a benchmark. The following assumption will facilitate
the development of the asymptotic theory.

Assumption 1 (innovation processes)

The innovations processes in the model (2.1) satisfy the following assumptions:

(a) The process ¢, = [n,,€l]' is an independent and identically distributed (i.i.d.) sequence with

E((.¢) = [?ﬁ’: gzs} = 0 and E(||¢]|*") < €, < oo for some constant C,. > 0 and some r > 2.

(b) The lag polynomial A(-) in Eq. (2.2) satisfies det (A(z)) # 0 for all|z| < 1 and Yo dllAsllF <

0o, where det(A) denotes the determinant of a matriz A.

(c) Am; = v, admits the VAR (oo ) process D(L)v; = &;, where D(L) = I,—> 77| D;L?. Moreover,
det (D(z)) #0 for all |z| <1 and >0 d 1Djll 7 < oo,

The stationary VAR(oo) specifications for {u,} and {v;} are natural given the linear minimum
MSE predictor formulae that underlie the definitions of the MCBD and BIAM. Moreover, the
conditions in Assumption 1 ensure that the lag polynomials \A(L) and D(L) are invertible (see
for example Theorem 7.4.2 of Hannan and Deistler (2012)), thereby showing that our Assumption
1 is similar to the linear processes assumptions that are regularly adopted in the literature on
nonlinear cointegration, cf. Choi and Saikkonen (2010), Wagner and Hong (2016), and Wagner
et al. (2020). The assumption det (D(1)) # 0 rules out cointegration among the components of
{a}.

Under Assumption 1(a), an invariance principle holds for ¢, i.e., 7'/2 Z,[;Tl] ¢ = Be(r) =
[g"((:))} where B¢ denotes an 2n-dimensional Brownian motion with covariance matrix [?Z: ‘;’; ]
Moreover, Assumptions 1(b)-(c) justify the use of the Beveridge-Nelson decomposition (Phillips

and Solo, 1992). A functional central limit theorem for linear processes is thus also applicable to



€t = [’U,;”Uﬂl, that is

[rT]
1 B,(r A(l) O B, (r
—5 Y &= Be(r) = (r) = 1) alr) , (3.1)
T1/2 3
=1 B,(r) O D1 B(r)
where the Brownian motion Bg(r) of dimension 2n has covariance matrix
-1 -1
20 24 A(l 0) X Xl [A1)Y O
0 — _ ( ) nn n ( ) - (32)
2, 2, O D(1) Yy Yo O D(1)

Apart from this long-run covariance matrix 2 =y ;° E(&t& +h), we also introduce the one-sided
long-run covariance matrix A = [ﬁzz 2;‘5] =370 E(Etﬁg +h). The Brownian motion defined by
B,, = B, — 2,.'B, is by construction independent of B,. Its (n x n) covariance matrix

equals 2, , = 92, — 2, .Q;vl 2,

3.1 Infeasible GLS

We start our analysis assuming that the (n7" x nT') covariance matrix 37,(¢) is a known quantity
for each ¢. The MCBD on p.4 can now be used to derive the limiting distribution of this infeasible

GLS estimator. An insightful exposition of our results requires further notation.

(a) Introduce scaling matrices: Gg,r := T~ Y2 diag[l,T',..., T~%] for the time trends, and
G,,r = T2 diag[T~/2, T, ..., T7/?] for the stochastic trends. Moreover, we define
Gr :=diag|[Gir,..., G, 1|, where G, r := diag [Gq, 1, G, 7).

(b) Let d;(r) := [1, r,... ,Tdi}/, B, .(r) := [Bvi (r), Bgi (r),...,Bs (1“)]/ and j;(r) := [d;(r), B, (r)]'.

G

Define d x n block-diagonal random matrix J(r) := diag [71(r), ..., Jn(7)]-

(c) b; = { a1 1,2 fol B, (r)dr,...,s; fol B;jl?_l(r)dr}/.

Finally, we use ij as shorthand notation for the jth component of B,,.

Theorem 1 (limiting distribution of the infeasible GLS estimator)
If Assumption 1 holds, and if ¢ = q(T') satisfies 1/q+ q/T 72920, then
-1

G;' <[§GLS - 5) = (/01 J(T)‘Quul'](r)/dr> (3.3)

1 1
Y ( [ ameiis. o+ [ J<r>n;;nmn;;dBv<r>+B),
0 0

as T — oo (for a fized n), where B =B, ..., Bl with B; = row; <2€n) col; (2_1> b;.

m

8



The limiting result in (3.3) coincides with the limiting distribution of the MSUR estimator,
BMSUR = (Z’(IT ® ﬁ;ul)Z) B (Z’(IT ® fl;ul)y), as reported in Wagner et al. (2020), see their
Proof of Proposition 1. The equivalence of these limiting distributions is caused by the facts that:
(1) applying a linear filter to an integrated series only affect its long-run variance (e.g., Phillips
and Park 1988), and (2) the previous statement remains true when applying a linear filter to
higher integer powers of integrated series. The terms fol J(r) 2102, 02 1dB,(r) and B in (3.3)
reflect the presence of second-order bias terms caused by serial correlation and endogeneity. In
Section 3.3, we introduce the fully modified (FM) correction that adjusts these bias terms and

leads to standard inference. We first introduce a feasible version of the GLS estimator.

3.2 Consistent estimation of BIAM and feasible GLS

Up to this point, we have discussed the infeasible estimator BGLS given in Eq. (2.7). A feasible
GLS approach requires a consistent estimator of the (nT x nT') matrix X (q). Several authors,
e.g., Wu and Pourahmadi (2009) and McMurry and Politis (2010), have constructed consistent
estimators of large covariance matrices using banding or tapering to reduce the number of unknown
parameters. Direct usage of their results poses two difficulties. First, the numerical inversion
of large matrices is computationally expensive for large nT. Second, matrix inversion might be
impossible because the estimated covariance matrix cannot be guaranteed to be positive definite.
In light of such considerations, we will estimate X 1(¢q) directly and ensure it to be positive
definite. The approach is the sample counterpart of the BIAM described on p.5. That is, we
replace true innovations by first-stage OLS residuals u; = y, — ZtBO Ls, and subsequently minimize
a sample moment in estimated residuals rather than the population mean squared forecasting
error. This method was previously used by Cheng et al. (2015), Ing et al. (2016a), and Beutner

et al. (2022), for univariate time series. For a multivariate time series, we define

T
A() = [&(8) ﬁe(g)] = agmin Y @~ Ol 1~ — Oty
(©1,..., @g)ER"X”Et 0+1
~ 1 T ~ ~ —~ —~ /
S(0) = 7= D |l = Au(Oties =+ = A(Otie—e] [ = Ar(O)ir =+ = Al O]
t=0+1

(3.4)

1<(<gq and S(0) =T S aa,. Similarly to (2.5)-(2.6), we subsequently construct the
matrices .//\\/lu(q) = [M(q)],<; j<r and S.(q) = diag |5(0),8(1),...,8(q),. .., §(q)], and obtain

u



the multivariate BIAM estimator as

Tal(q) = Mo ()8, (9) M (q). (3.5)

Assumption 2

Foru = [u},...,uy) and u = [u},...,uy, assume ||t — ul]* = O,(1).

Assumption 3

1 3
Assume q = qr satisfies — + q% — 0, as T — oo.
qr

Assumption 2 requires the residuals to be sufficiently close to the true innovations. It is a
rather mild assumption and it is satisfied if residuals are computed by least squares. Assumption
3 places constraints on the banding parameter gr. First, it requires the banding parameter to
diverge with the sample size. This ensures that no nonzero elements are (asymptotically) set to
zero. Moreover, the assumption ¢3/T T29° 0 establishes an upper bound for the growth rate of ¢r.
The following theorem shows the consistent estimation of X!, implying that the infeasible and

feasible GLS estimators share the same limiting distribution.

Theorem 2 (consistency of X 1)

If Assumptions 1-3 hold, then

|52 ) - 22| < || B2 ) - B2 an)| + | Bt ar) - =2

:Op<\/q%?>+0<%l/2 Z SHASH}‘> —, 0, as T — oo,

s=qr+1

(3.6)

where “—,” denotes convergence in probability.

3.3 Fully modified inference

The asymptotic results of Theorem 1 are not immediately useful for statistical inference. There
are two difficulties. First, the second-order bias dislocates the limiting distribution which can
translate into substantial finite sample bias. Second, possible dependencies between the Brownian
motions B, and B, cause the limiting distribution to depend on nuisance parameters. Critical
values would therefore be nuisance parameter dependent as well.

These two issues have received extensive attention in the linear cointegration literature. A
(non-exhaustive) list of solution methods is: joint modeling as in Phillips (1991), Saikkonen’s (1992)
dynamic least squares, and the integrated modified OLS and fixed-b approaches by Vogelsang and

10



Wagner (2014). We rely on the fully modified (FM) approach advocated by Phillips and Hansen
(1990) and Phillips (1995). The idea is a twofold modification of the estimator: (1) second-order
bias terms are subtracted, and (2) a transformation of the dependent variable is introduced to
obtain a zero-mean Gaussian mixture limiting distribution. Recently, Wagner et al. (2020) have
proposed two estimators within the framework of SUCPRs. These estimators, FM-SOLS and
FM-SUR, rely on kernel estimators of the one- and two-sided long-run covariance matrices (see

Theorem 3). As such, we impose the following assumption.

Assumption 4 (consistent estimation of long-run covariance matrices)
2 and A are consistent kernel estimators of the long-run covariance matrix §2 and the one-sided

long-run covariance matriz A, respectively.

Andrews (1991) and Newey and West (1994) use kernel estimators for long-run covariance
estimation. Their method involves the calculation of weighted sums of the autocovariance matrices
of the residuals. These weights are determined by a kernel function and bandwidth parameter.
Our Assumption 4 is easily satisfied by imposing suitable conditions on the kernel function and
bandwidth parameter. We refer to Phillips (1995) and Jansson (2002) for an enumeration of such
conditions.

Alternatively, we can obtain consistent one- and two-sided long-run covariance estimators
within the BIAM framework of Section 3.2.> This approach resembles Berk (1974). The GLS
estimator and its FM counterpart are thus constructed within a single framework. The estimators
are as follows. For t = 1,2,...,T, we first stack u; and Azx; = v; in the 2n-dimensional vector
fAt = [u}, Az;]’. Since the BIAM estimator is essentially fitting VAR processes up to order gr, we
will use the estimated VAR(gr) approximations to define the long-run covariance estimators. For §2,
the estimator is .(AZqT = (Ign — ;1.21 ﬁ}(qT)>_1 qu <I2n — ;1.21 ﬁ}’(qT)>_1, where f‘qT = §(qT)
and ﬁ}(q;p) denote respectively the estimated prediction error variance and the coefficient matrix
of the j™ lag when a VAR(qr) is fitted to {é\'t}; Recall the population one-sided long-run
covariance matrix is A = 77 E(ftfg +h). It is thus intuitive to approximate this quantity by a
finite sum of estimated covariance matrices of {é}thl These covariance matrices are nothing but

~ —1 o ——,
subblocks of the matrix X, (qr) = M, (qr)S¢(qr) M (qr).” We therefore use

A\QT,TT = Q;«Tg‘g(QT)Ql (37)

2An overview of the procedure is given here. Section 2 in the Supplement provides further details.
3We use X¢ to denote the (2nT x 2nT) matrix E(£€') where &€ = [€], &), ..., &})'. The matrices Mg(q) and

gg(q) are defined similarly to respectively ./\/;lu(q) and gu(q) (see p.10). The matrix ./\/;lg(qT) is lower triangular
with identity matrices on the main diagonal. Therefore, its matrix inverse exists and is fast to compute.

11



where Q, = [O2nxon; "+ » Oonxon, Lon, -+, Ion) is a (2nT X Qn) block matrix of zeros of which
the last r blocks have been replaced by identity matrices. To ensure consistency, we place the

following rate restriction on the number of included autocovariance matrices.

Assumption 5

1 3
AsT — oo, — 4 291

rT

— 0 and rr = O(qr).

Definitions and limiting results for FM estimators are presented in Theorem 3. The FM-
SOLS, FM-SUR, and FM-GLS estimators, all depend on estimators for A and 2. It is only
the consistency of these estimators that is relevant for the asymptotic analysis, not whether the
kernel or BIAM approach is employed. As such, we will not complicate notation by introducing
additional notation to indicate whether the kernel or BIAM approach is used. In subsequent
theorems and simulation results, we will use kernel estimators for FM-SOLS and FM-SUR, and

the BIAM approach for FM-GLS. This seems to be the logical choice for these estimators.

Theorem 3
~ !
Fori=1,... ,n, define b; = [O’diﬂ, T, QZtT:l Tty o, Si th1 xft"_l] . Also, let the (n x n) matriz

AL be the (implied) consistent estimator of AL, = A, — A, 2,19, .

VU

(a) Define the FM-SOLS estimator as
B\;OLS —(2'2)" <Z’y+ - f‘i) ; (3.8)

where y = [yt yl, .y with yi =y, — 2,92, Ax,, and A = [A},... A.] with
A = AAjlulgz and AAvtul being the it element on the main diagonal of AAju If Assumptions 1

and 4 hold, then
N 1 -1
G;' (Bloss - B) = ( / J(r)J(r)’dr> / J(r)dB,,,(r). (3.9)
0 0
(b) Define the FM-SUR estimator as
N N -1 ~ -
Bivn=(2Ur0 2,0)2) (2o 2y - A7), (3.10)

where A* .= [A7, ... A*] with A? = row; (AA:;J col; (!A?;}}> b;. If Assumptions 1 and / hold,
then

-1

Gi' (Bsn ) = ([ s0@tawrar) [ amazs, m .11
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(c) Define the FM-GLS estimator as

N _ . PP N
Bias = (250W2) 25700y -2 (Ire 2,10,2, )v-B"], (12
where v .= [Ax), ..., Axl) = [vy,..., v}, and B = [ZASIH, ey fj’:/}/ with

m

l§+ = [rowi (2’m> col; (2’71> — row; (AAW> col; (ﬁ@lflwﬁgj)] R
If Assumptions 1-3 and 5 hold, then

7 (BFGLS - ﬁ) = ( /O 1 J(r)n;;J(r)'dT>

The FM-GLS estimator is new to the SUCPR literature, whereas the FM-SOLS and FM-

-1

/ ' J()2 B, () (3.13)

SUR estimators have recently appeared in Wagner et al. (2020). Theorem 3 indicates that all
three estimators have a zero-mean Gaussian mixture limiting distribution implying that standard
inference is applicable for each. However, we also see from Theorem 3 that the asymptotic
covariance matrices are generally different because different types of weighing are used in the

construction of the estimators, see Corollary 1 below.

Corollary 1
Conditional on F, = a(BU(r),O <r< 1), the asymptotic covariance matrices of FM-SOLS,
FM-SUR, and FM-GLS are, respectively, given as follows.

([0 ([ s 310) [ )
vSUR—</O I >nu.3,J<>d> ,
vFGLS—(/Olﬂ )2, >d)1 (/Ol.u 212,92, 1J<>d)(/olJ< )2, (r >d)1.

There are special cases in which some (pairs of) estimators become asymptotically equivalent. For
example, if n = 1, then all estimators are asymptotically equivalent because the weighting matrices
2.1 and 2} are now scalars. Also, under exogeneity, we have §2,,, = §2,,.,, and the FM-SUR

and FM-GLS estimators share the same limiting distribution.

For completeness, we also detail how the FM-GLS estimator can be used to test linear
hypotheses. A formal presentation of such a result is more involved because of the different

convergence rates of the individual parameter estimators. That is, the parameters with the lowest
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convergence rate will dominate the asymptotic distribution and one should take care to avoid a
degenerate limiting distribution. We will rule out such complications by considering hypothesis
tests on individual parameters.” Therefore, let R denote a (k X s) selection matrix in which every
row contains a single 1 and zeros otherwise. The null hypothesis R3 = r can be tested using
the standard chi-squared limiting distribution of the Wald statistic (Theorem 4). These tests
are practically relevant. For example, exclusion restrictions of the type R3 = 0 allow us to test

whether the cointegrating relation is linear.

Theorem 4 (linear hypothesis testings)
Consider the null hypothesis Hy : RB = r, which imposes k linearly independent restrictions.

Under the assumptions of Theorem 3(c), the Wald test statistic
~ N ~
W = (RB;EGLS — r> ¢! <R,8}FGLS — r) = X% as T — oo, (3.14)
~ ~ -1 ~ ~
where & = R [z' <IT ® n;ul) Z} [Z’ (IT ® 210, (rl) Z} [Z’ (IT ® n;ul) Z} R.

3.4 Testing the null of cointegration

Stationarity tests are used to avoid spurious regressions and to verify the correct specification of the
cointegrating relation. To test for stationarity of the SUCPR errors, we combine the test statistic
from Nyblom and Harvey (2000) with the sub-sampling approach found in Choi and Saikkonen
(2010). We consider three test statistics. To treat all test statistics in a unified framework, we

define

j+1 j+b—1 !
o) = e, w3 ] 15
s=j s=j
that is, a vector of length nb stacking the cumulative sums of {x;,..., ;4p—1}. If the true

innovations {u,} were observed, then we could use the full-sample KPSS-type of test statistic
T2, r(w) (Ir ® 2, ) 1.r(w) = tr [(AZ;?}T_Q S (0w (2 us)/} to test for stationarity
of the innovations. Under the null of stationarity, this test statistic would converge weakly to
fol |W (r)||?dr with W (r) denoting an n-dimensional standard Brownian motion. This limiting
distribution is free of nuisance parameters and the cumulative distribution function is available as

a series expansion (see Theorem S1 in the Supplement).

4For general linear hypothesis, we refer the reader to Sims et al. (1990) where a reordering based on convergence
rates is used to establish the limiting distribution of the Wald F' statistic for a general linear hypothesis. The same
approach is applicable in our setting but we will not explore this in greater detail.
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The innovations {u;} are only available when cointegrating relations are pre-specified. If these
coefficients are estimated, then this additional parameter uncertainty will contaminate the limiting
distribution with nuisance parameters.” The idea behind the subsampling approach is to construct
a test statistic incorporating b = by residuals while computing parameter estimators from all T’
observations. If by increases slowly with sample size, then the parameter estimation error will
be negligible relative to the randomness in the errors and the asymptotic distribution remains
Jo W (7)|2dr

The three KPSS-type of tests are based on the following residuals: ;0,5 = 4" — ZBi,, s

ot — ot 3+ - _ 3+ Fatiats ; .
U, syp =Y — ZiBsyr, and Uy reLs = Yt — ZiBrgrs- The test statistics are given by:

% 1 ~ .
Kb = 7 i (@) (B © 223) @sur(@l), i€ {SOLS, SURY, (3.16)
and
1 7 ~
K]FbiLS b2, 7 Pivr(Urars) gt (ar, br) e, (UraLs), (3.17)

where 231(qu br) is the (nbr x nbr) submatrix of Z/'u?l(qT) obtained by selecting the rows and
columns related to all time indices in the set {n(T — br) + 1,n(T — br) + 2,...,nT}. The test
statistic in (3.17) fits naturally into the FM-GLS estimation framework.

Theorem 5 (limiting distributions of KPSS tests)

Let the assumptions from Theorem 3 hold.

1 b 0
(a) If —+ LT20°0, then as T — oo,
br T

]bT:‘/IIW (r)|Pdr, 1<j<T-br+1, i€ {SOLS,SUR}.

b % .
(b) If— + —T 7280, then Kjaks = fol W (r)||?dr for any 1 < j <T —br+1.

A sample of size T allows for up to M = |T'/br| series of nonoverlapping blocks of residuals
of length br. Similarly to Choi and Saikkonen (2010), we apply the Bonferroni procedure to
use all these series and thereby increase power. The approach is applicable to any of the three
test statistics in Theorem 5. As such, we keep the notation general and use a generic K; to

denote a test statistic based on the j** subseries, j = 1,2,..., M. In the Bonferroni procedure

5There are exceptions. Shin (1994) reports a nuisance parameter-free limiting distribution for a single-equation
linear cointegrating relation. This remains true if only a single integrated variable enters the cointegrating regression
with a higher power, see Proposition 5 in Wagner and Hong (2016).
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we compute K., = max{Kj, K, ..., Ky} and do not reject the null hypothesis whenever
Kimaz < caynr With co/pr defined by P (fol |W (r)||2dr > ca/M) = a/M. The Bonferroni inequality
implies limp_, o P (Kmaz < CQ/M) >1—limp_ o Z]Ai1 P (Kj > ca/M) =1— « and we see that the

probability of a type-I error does not exceed the significance level a.

Remark 1

We suggest following Choi and Saikkonen (2010) in terms of the implementation of the subsampling
approach. That is, the block size by is selected using the minimum volatility rule by Romano
and Wolf (2001). For this particular block size, we subsequently select subsamples by taking

non-overlapping blocks from alternatively the start and the end of the sample.

Remark 2
The limiting results in Theorem 5 guarantee a correct asymptotic size. Our simulations show (1)
that these tests have power against various alternative hypotheses and (2) that power increases

with sample size. A theoretical investigation of the power properties is outside our scope.

4 Simulations

We now study the finite sample performance of the estimators and stationarity tests. First, we
compare the FM-GLS estimator with the FM-SOLS and FM-SUR estimators from Wagner et al.
(2020). All long-run covariance matrices are computed using a Bartlett kernel and the automatic
bandwidth selection approach due to Andrews (1991). For FM-GLS, the banding parameter gz
is selected using the subsampling and risk-minimization approach explained in section 5 from
Bickel and Levina (2008).° Infeasible counterparts of the estimator are constructed assuming
the knowledge of the true serial correlation and/or cross-sectional dependence pattern. These
estimators are denoted by infSOLS, infSUR, and infGLS. Second, we look at the cointegration

KSOLS and KSUR

e o0t use the residuals as in (3.16), whereas

tests. We consider three test statistics:

KFGLS

o> employs the pre-filtered residuals from (3.17). All tests are implemented with minimum

volatility block size selection and Bonferroni correction. We consider T' € {100,200, 500} and
n € {3,5}. All tests are performed at a nominal significance level of 5%. For stationary processes,
a presample of 200 observations is used to remove the influence of the starting values. All results

are based on 2.5 x 10* Monte Carlo replicates.

6More details concerning the implementation can be found in the Supplement.
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4.1 Monte Carlo designs

We generate data according to a quadratic SUCPR. That is, we adopt the DGP in (2.1) with
Zit = [1, t, Ty, x?t]l. The integrated variables satisfy g = 0 and Ax; = v;. We explore two error

processes.

Setting A (Errors as in Wagner et al. (2020)): As a benchmark, we revisit the simulation

setting in Wagner et al. (2020) and generate innovations according to
U = P1UL—1 + € + poey, vy =e; + 0.5€e;1, (4.1)

where e, "% N(0,2(ps)), e S N (0, X(ps)) with

L op p
p 1 p

3(p) = , (4.2)
_p p 1_

is a symmetric Toeplitz matrix. The parameter p; controls the level of serial correlation and po
measures the degree of endogeneity. The parameters p3 and p4 indicate the extent of correlation
across equations induced through €; and e;, respectively. For simplicity, we assume identical values
p1=p2=p3=ps=p€{0,0.3,0.6,0.8}. The true coefficient vector is 3 = [6’1, . ,,3;1]/, where
Bi=1,1,5,0;4) with 8,4 =—03,i=1,...,n.

Setting B (Vector ARMA errors): To further investigate the importance of serial correlation,

we consider a second specification of the innovation process:
uy = Ayug g +ny + Agmyy, vy = Azv; g + &y, (4.3)

where 1, and &, are generated as [%] "< N(0,X(0)) and X(0) € R 2" as in (4.2) but with
parameter 6. The matrices A;, © = 1,2, 3, are generated independently and similarly to Chang

et al. (2004). That is, we take the following three steps:

(a) Generate an n x n random matrix U; from UJ[0,1] and construct the orthogonal matrix

~1/2
H =U, (U{Ui) .
(b) Generate n eigenvalues A\, ..., \in ey (A A
(c) Let L; = diag (A1, ..., Ain) and compute A; = H, L, H.
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The parameter 6 € {0.3,0.5} governs regressor-error correlation and cross-equation correlation.
The amount of serial correlation is specified through A and A. The three scenarios (A, 5\) €

{(0.1,0.5),(0.5,0.8),(0.8,0.95) } steadily increase the autocorrelation in the generated data.

Setting C (Cointegration tests): We continue to construct innovations according to Setting
B. Moreover, we fix [2¢] S N(0,3(8)) with § = 0.3, and we construct the matrices A, and
Aj using (A, 5\) = (0.1,0.5). The eigenvalues of A; are varied to explore both size and power

properties. We always estimate a quadratic seemingly unrelated CPR.

Size DGP. We generate the eigenvalues of A; as before. That is, take Ai1, ..., A, i~ U[A, 5\],
where (A, 5\) € {(0.1,0.5),(0.5,0.8),(0.8,0.95)}.

Power DGP1. We set \j; =1 for 1 < j < J; and generate Ay ESh U[O.l,O.B] for 1+1 <5 <n.

The integer J; € {1,2,n} represents the number of unit roots in {u,}.

Power DGP2. The eigenvalues of A; are sampled as A1, ..., A, y [0.1, 0.5], and the first
Jo € {1,2,n} series follow a cubic SUCPR specification:

1+t + 5z — 0.32% + 0.0123, + uy, 1 << U,
Yir =
1+t + 5z — 0.37% + uy, Jy+1<i<n.

Power DGP3. We again take Ai1,..., A1, s U[O.l, 0.5] and construct

S0 Ui, 1<i<Js,
Yit =
1+t + 5z — 0.32% + uy, Js+1<i<n,

where J;3 € {1,2,n} represents for the number of equations that specify a spurious relation.

Overall, the Power DGPs 1-3 consider: missing /(1) regressors, omitted higher order powers of

the I(1) regressor x;;, and spurious regressions, respectively.

4.2 The simulation results

Tables 1 and 2 report the empirical mean squared error (MSE) for both feasible and infeasible
estimators. As results are qualitatively similar across equations, we only report on the estimators
for 814 (the coefficient in front of 2%,). The column with FGLS contains the numerical value of
the MSE and the MSEs of all other estimators are expressed relative to this benchmark. Values

above 1 indicate a better performance of FM-GLS. We make the following observations:
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(a) The FM-GLS estimator generally has the lowest MSE among all feasible estimators. These
finite sample efficiency gains are small at low levels of endogeneity and serial correlation,
but become sizeable at higher levels. Moreover, the Monte Carlo outcomes for the infeasible
estimators indicate that these gains remain when the estimators are informed about the true
endogeneity and serial correlation properties. It is thus the GLS weighting of the data that

improves estimation accuracy.

(b) There is one particular instance in Table 2 in which the performance of the FM-GLS estimator
has a high MSE, namely the case of high persistency (A, ) = (0.8,0.95), high endogeneity
6 = 0.5, and small sample size T' = 100. This is caused by an inaccurate BIAM estimator
resulting from the combination of a small sample size, high endogeneity, and high persistency.

The problem disappears when 7' increases.

The subsequent set of simulations evolves around hypothesis testing, see Table 3 and Figures
1-6. The errors are simulated using Setting A and we use the following Wald-type test statistics:
the Wald-SOLS and Wald-SUR tests as developed in Proposition 2 in Wagner et al. (2020), and
the Wald-FGLS test from Theorem 4. We consider: (i) the single equation test Hy : 14 = —0.3
against the two-sided alternative H; : 814 # —0.3, and (i) the joint test Hy : f14 = foa = ... =
Bna = —0.3 against the alternative which rejects when at least one coefficient is unequal to —0.3.

Some general remarks regarding size and size-corrected power are as follows.

(¢) The Wald tests are typically oversized but the three tests react differently to changes in p.
Increases in p result in an increasing size for the SOLS and SUR versions of the Wald test,
whereas increases in p lead to size decreases for the GLS-type of Wald test. Overall, the GLS

test provides better size control.

(d) In Figures 1 and 2, we vary the serial correlation parameter p; and the endogeneity parameter
p2 separately. Overall, variation in p; has a larger influence on size with the SUR test being

the most sensitive and the GLS test being the least sensitive.
(e) For all three Wald-type of tests, the size of the tests improves with sample size T

(f) The ordering in terms of size-corrected power is the same throughout Figures 3-6. That is,
size-corrected power is lowest for Wald-SOLS, increases for Wald-SUR, and is highest for the
Wald-FGLS test.

The simulation results for the KPSS-type of cointegration tests can be found in Table 4. The

general conclusions are as follows.

19



(g) The empirical sizes of the K395 and K5V tests are similar. We observe very conservative
results for low serial correlation, decent size for medium serial correlation, and strongly
oversized tests at high levels of serial correlation. These findings are completely in line with
the simulation results that are reported in table 3 of Choi and Saikkonen (2010). The same

behavior is observed for the KXGLS test but the deviations from the 5% level are less extreme.

(h) The power of the K955 KSUER and KEFCLS tests behave as expected: (1) power always
increases with sample size, and (2) power increases when more unit roots, more misspecified
equations, or more spurious relationships are incorporated in the DGP. The KX%LS test has

the lowest power among the three tests. This is caused by the fact that the filter can nearly

difference the data and hence make it appear more stationary.

5 Conclusion

We investigated the performance of three fully modified (FM) estimators in seemingly unrelated
cointegrating polynomial regressions. An FM-GLS estimator is proposed to eliminate nuisance
parameters for conducting inference. Monte Carlo simulations revealed the advantages and
disadvantages of these FM methods. Some interesting questions are left for future research.
From a theoretical viewpoint, it is interesting to study the behavior of the modified Cholesky
decomposition (and BIAM) when the series under consideration is nonstationary. This would give
insights into the behavior of: (1) the FM-GLS estimator while estimating spurious regressions,

and (2) the power properties of the cointegration tests.
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Appendix A Proof of main results

We provide proof of the main results in this appendix. Some intermediate lemmas (indicated with

S and a number) can be found in the online supplemental material.

Lemma 1

Let A, (L) =1, — ?:1 A;(q)L? denote the lag polynomial implied by the coefficient matrices in
(2.3). By the Beveridge-Nelson (BN) decomposition, we also have A,(L) = A, (1) + (1 — L);\Q(L)
where :Zlq(L) = AV (@) L7~ with A, i(q) = >0 Ai(q). If Assumption 1 holds, then

(a) A,(1) = A1) + 0 (S, 2|4, )

(b) there exists a q* > 0 such that Y _, HAv](q)Hf < oo for all g > ¢*.

Proof (a) By Cauchy-Schwartz inequality, V\;GQ have HAq(l) — A(l)HF < 2321 HAj(q) — AjH; +
o0 2\! o0

D imgt HAij < (q 23:1 HAj(q) — Aij) +D e HAJ“JT and subsequently use Lemma S1

(see Supplement). (b) Using Baxter’s inequality in Theorem 6.6.12 in Hannan and Deistler (2012)

(also see their Remark 3) for the final inequality, we derive > 7_, HAE(q)HJT < Z?leHAj(q)Hf <

=131 45(@) = Ayl + A - < O A - < © .

Proof of Theorem 1 The premultiplication by M., (¢) applies a linear filter whereas S, (q)
implies weighting. Since the behaviour of the first ¢ < T elements does not affect the asymptotic
results, we take Z; = u; = O for ¢ < 0 and for all t = 1,2..., we apply the transformations

implied by A,(L) and S7'(¢q).” Consequently, we have

G;' (BGLS - ﬂ) = [

qu
=

L)Z,G1) S7'(q) (AQ(L)ZtIGT>]

=1 . (A1)
X Y (A(L)ZGr) 8 (q) (Ag(L)uw) + 0,(1).
t=1
Using the BN decomposition, Lemma 1, we first show
d 1
A(LZIG, = ADZGy + 3 A0AZ, Gy = ADZG: + O, (7). @2
Note that HZ% A(q)AZ]_;,,G H <> | 4;(q)|| [|AZ_,..Gy | and that for any ¢,
1/2
|AZiG | = max | Gurdzl) = max (|Ga,rAdul* + |Govir Asil*) / (A.3)

"The same argumentation is used in Phillips and Park (1988). The modification to obtain rigorous proof is
straightforward.
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The vector G4, 7Ad;; typically contains elements 7'~ (k+1/2) [tk —(t— 1)’“] where k =0,1,--- ,d;. By
the inequality (a+b)" < a™+nb(a+b)""!, for a,b > 0, n € N, we obtain 0 < t* — (£t — 1) < ktk~1
and thus T-®H/2 [tk — (¢t — 1)F] < ¢, T73/2 < CT~%?. As a result, |Ga, 7Ady||” < CT.
The vector G, rAs;; typically contains elements T (k+1)/2 (xft — xﬁ71)7 where kK = 1,...,s;.
The binomial expansion implies zf — 2% | = an_:lo (T’Z)xﬁflvzim = 0, (T(k_l)/ 2), and thus
T-kD2(gh — 2k ) = O0,(T7"). It further implies that |Gy, 7Asy|]> = 0,(T~?). Combining
|AZ]Gr|| = O,(T™") with Lemma 1(b), and using Lemma 1(a) and >3° | j'/?|| 4], =
0(q7'/?), we have (A.2).

Using (A.2) and ||S(q) — || = 0 (see Eq. (S.17) in the supplementary material), we obtain

Y (A(D)ZIGr) 571 (a) (A,(L)Z,Gy)

t=1

uU

Il
\TM’%
I

1

G+ 2,92,/ Z,Gr + O,(q""?) :x/ J(r) 2. J(r)dr. (A4)
0

To continue, we rewrite the second part in (A.1) as

(A(L)Z,Gr) S (q) (Ag(L)ue) = (A(L)Z{Gr) S~ (q)m:
! =1 (A.5)

M=

t

and we will repeatedly use the identity

Z J.De, = Z (e} @ J;) vec(D Z Jiey, Z Jieop, -, Z Jient | vec(D) (A.6)
t t t
for any matrices J; € R D € R™" and e; = [ey, ..., ey € R™1. Then
T T
= D (AL ZIGr) - Y (AYL) ZIGy) it | vee (2, +o(1)) (A7)
t=1 t=1

where 7, is the i entry of n,. For 1 <i < n, we use the BN decomposition to obtain

Z ('Aq(L)Zt/GT), TNt

t=1

(A.8)

T

q
GrZmi A (1) + Z GTAZﬂ?ztAl ) + Z GrAZ,_ ]+177ztA (q)".
1

t=1 j=2 t=

Il
11
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By definition, we have Zthl GrZm,; = diag Zthl Girziy, .. .,Zle GmTznt] N, where the
limiting distribution of each block follows from Proposition 1 of Wagner and Hong (2016). More
specifically, the k™ block will converge to a stochastic integral and a second-order bias term which

is proportional to X, ,. := E (exn;) (the (k,7)" element of X,), 1 < k,i < n, and thus

iGTZtnitAq(l)/ = (/01 J(r)dB,,(r) + BZ-> A1), (A.9)

where B, := diag [¥,,, by, -, X, bl

AS L, GrAZaAu(g) = diag [SL, Gurdzu, - S, Gurdaw] m (S5, Ay + 0(1))/,
we again consider the limiting distributions block-wise. Every element in the blocks will rely on one
of the following three results. (1) As derived below (A.3), we have !T_(]”’%) S [ - (t-1)7] nit| <
CT32 ST |nul = 0,(1). (2) By Assumption 1, for any 1 < k,i < n, vy and 7, are Near
Epoch Dependent in Ly-norm on {[n;,&j]'},., of size —1 and arbitrary size, respectively. A
small variation on Theorem 17.9 from Davidson (1994) shows that {vyn;} are Lo-NED of size
—1. The ii.d. assumption on {[n;,e;]'} allows for a LLN for the sequence {vyn;}, see e.g.,
Theorem 20.21 of Davidson (1994), implying 7} Zthl Axpny =T71 Zthl VkeNit —p Degns- (3)
702 Axl iy = G5 fol BJ-'(r)dr, where j > 2. The specific reason is as follows. By

the binomial expansion (below (A.3)), we have

T -1 , .\ T T
(i i (i J j—m -— (4 j—
T Z Azyni =T vz Z <m) Z TtV M = 3T s Z x?ct—llvktnz‘t + 0p(1)

t=1 m=0 t=1 t=1

1 T__1 Lkt - J 1 — Tt =
— X M) L Okilit — Bepn,) + 0p(1
J kag (\/T) \/T\/T - <\/T> ( ktTit kn,) :D( )

i—1

where T-1/2 t 1 (xkt/\/T>j (VkeMit — Xeyn;) = Op(1). To see this, we refer to de Jong (2002).
The moment and NED conditions in Assumption 1 in de Jong (2002) are satisfied. Moreover, since
F(x) = 2771 is homogeneous of degree j — 1, Assumption 2 in de Jong (2002) holds as well. The

desired result now follows from Theorem 1 in de Jong (2002). Combining these results, we obtain

Z GrAZny, A (q) = B; (ZA ) (A.10)

t=1

Finally, the last term in (A.8) is bounded by 2322 HA](q)H H Zthl GTAZt_metH. Using
similar arguments above, we conclude that Zthl GrAZ,_j1my = 0y(1) (lags of AZ, will lead
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to E(vkt_jmt) = 0 for any j > 0). Hence, Z?:z Zthl GTAZt_metjj(q)’ = 0,(1). Combining
(A.8), (A.9) and (A.10), we have

XT: L)Z,G;) nzt;»/ A1) + B,. (A.11)

t=1

col1 (X5,)
Note that vec (Zninl) = : . Inserting (A.11) into (A.7), we eventually have
coln (T

= /0 (@B, (r) © J(r)AQ)) vee (Z:1) + By, B,] vec (1)

:/1J(T)A() X 1B, (r +ZB col; ( /1J(r).{2;u1dBu(r)+Bﬂ,, (A12)

where the symmetry property of En*nl is used in the final step.

) Y'nt

= —Z‘;ol( i(q) — Aj)u_j, where A;(q) = O for j > g, and then apply (A.6), we have

I = [zt (AL Z1G) . ST (AL ZIGy) ]vec (2,;; —l—o(l)). For any block
i=1,...,n, by the BN decomposition (A.2), we have

Now we consider the term I7 in (A.5). If we define uwj = [uf,,...,u}] = A (L)u, —

i (A(L)Z/G) o
ZG Z A, (1) Zult
ZGszktult + O, ( anowz
~o, ( S f/?HAjuf) (1)

Jj=q+1

T
E Ui—j
t=1

It implies I1 = 0,(1). The theorem now follows from (A.1), (A.4), and (A.12). [

Proof of Theorem 2 We start wih the estimation error Eu?l(q) — X '(q). Repeated addition

and subtraction yields

=200 - =20 < || Muto) - Malo)| 8. @] | Mata)]

+ M@l [|8. (@) - 821@)]| [ M@ + IMu(@)] [821@)] || Mule) - Mala)|-
(A.13)

We will only consider the terms H.//\jlu(q) — M, (g)|| and Hg;l(q) — 8, (q)||- It is not hard to

u
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derive that the remaining terms are bounded in probability. Define G = ./\/;lu(q) — M, (q) and
denote its (n x n) subblocks by G;;, 1 <4,j <T. This matrix G is banded in such a way that
there are at most 2¢ — 1 nonzero block in the block-columns of GG'. Using this observation and

various norm properties, we find

IGIF <196/l < max Z lgg),

n(2q — 1) max Z I1G5:/13

1<j<T 1<j<T
q3
n(2q - 1) g?g;ZHA - A0 = w0 - 1) max |14 - A0 =0, (4).

where the final step follows from Lemma S3.* We conclude that H.//\\/lu(q)—Mu(q) | =0, <\/q3/T> :
The difference 3’;1((1) -S.!

» (@) forms a symmetric and block diagonal matrix, hence ng (q) —

q)H = max{Hg(O) — S(O)H,maxlggq Hg(ﬁ) — S(()H} By Assumption 2,

T
T Z u,u; — E(u,uy)
t=1

. ~—1 — > ~-1 —_
Applying Lemma 83, we sce [|S, (q) — 8,'(0)]| < [|Su(@) = Su(@)]| [[Su @] IS @] =
O, (q/\/T) Overall, recalling (A.13), a bound on the estimation eror is HZ/’E(Q) - Z’;l(q)H =
O, (\/q?’/T).

The bound on the truncation error, || X1 (q) — X7t < Cq~ V23" — g1 5 [ As]l £, follows from
a straightforward generalization of the results in Lemma 2 of Cheng et al. (2015) and Propositions

2.1-2.2 of Ing et al. (2016b). See Lemma S4 in the supplementary material for details. |

Proof of Theorem 3 (a)-(b) See the proof of Proposition 1 in Wagner et al. (2020). (c)
Since the residuals {@;} are obtained by first stage OLS, we get ||u — u|?> < |G;! (BOLS —
B)? |GrZ'ZGr|| = O,(1). Assumption 2 is thus satisfied and we can rely on the results in
Theorem 2. From (3.12), the definition of the FM-GLS estimator, we have

T <BJJ~:GLS - 5)
<GTZ’ i(q )ZGT) [GTZ’Z/';\l(q)u G Z' <IT ® 21 ﬁuvfz;;)v - GTZ3+] .

8More specifically, for any matrix @ we have ||Q]|? < ||QQ’||1. Moreover, if Q is an (n x n) matrix, then also

QI < vnlQllx < nl@l.
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Given Theorem 2, we have GTZ’Z/'u?l(q)ZGT = GrZ'X,'(q)ZGr + 0p(1) and it converges
weakly to the expression in (A.4).

/\

To continue, we define ;lq(L) =I,—>]_, Aj(q) I/ and its BN decomposition A (L) = .Aq(l) +
(1 L)A;(L) through A;(L) = 321, Aj() L7~ with A3(q) = S0 Ailq). Ag(1) = Ay(1)+0,(1)
(1)

i=j

and > 7, ”A;*(q)H]r <> HAvj(q)HF + 0,(q) are obtained from the followmg two results: (1
[4,0) - A0, < S 140 - A, < Cvaldw - A = 0,(#7) = o),
where the last step follows from Lemma S3, and (2) > 7, ‘}Aj(Q) ~A;(q H]—' <q> HA\](q) -
q)HF = 0,(q). Using the BN decomposition of .Zlq(L) and similar steps as those below (A.5),

we have

G T =Y (A(07Gr) §70) (A D) +o,0) = [ 102108 0)+B,,

t=1
where S(q) = S(q) + 0,(1) given in Lemma S3. Using the identity (A.6), it is not hard to deduce

1 row; (Aw) coly (Q;ann,;;)bl
Grz (@, 0,8, o= [ T0)2,102,2,14B,0)+ :
0 TOWp, (Aw) colp (.Q;vl nwn;ul)bn

-~

Bvu

Combining the results above leads to:

-~ ~ o~

1
GTZ’Z‘;l(q)u—GTZ’(I ® 2710, .Qw1>v:>/ J(r)2:-1dB, (r) + B,
0

uu

~+
where Bt := B., — B,,. By construction, we have GpB = B*. Altogether this implies the

limiting distribution in the theorem. |

Proof of Theorem j We first introduce the appropriate scaling into the test statistic, that is
W= (RBiows - r)'(RG;lR’) (RG;'R) & (RG;'R))| B (RG'R) (RBjgrs—7).

Since the matrices G5! and R'R commute and RR’ = I}, we have (RG;lR’)(R,é\;EGLS —r)=
RG}l(ﬁ}rG s — 3) under the null hypothesis. Conditional on F, (defined in Corollary 1), this
quantity is asymptotically normally distributed by Theorem 3(c) with asymptotic covariance
matrix RV 5. sR', where Vi is given in Corollary 1. The consistent estimation of all the
quantities involved ensures that (RG;'R') @ (RG;'R') has the same limit. Therefore, the Wald
statistics are conditionally chi-square distributed with & degrees of freedom. Since this distribution

does not depend on F,, we conclude that the unconditional distribution of W is also x3. |
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Proof of Theorem 5 The results for K beTLS and K ]ng R follow from a straightforward multivari-
ate extension of the proof of Proposition 6 in Wagner and Hong (2016). For K JF bC;LS , we first
let ;4 (uw) and X, (¢, br) be the population counterparts of ¢, (trcrs) and 231(% br),
respectively, where X' (qr, br) denotes the subblock matrix of X' (gr) formed by taking the
elements with row and column indices belonging to the set {n(T —by) + 1,n(T —by) +2,...,nT}.
By rearrangement, we have
K =720, (w) 3, (ar, br) @0, ()
0720 () (D2 (ar,br) = i (ar,br)) @iar(w) + Rlar, j,br), (A14)

where the remainder term is bounded as

[R(gr. 5, br)| < |07 (@300 (@rars) — @iee () ||° || Zat(ar, br)||

+ 2||b7" (0 (rrs) = @ror (W) || |22 (ar,b2)| 67" @00 ()]

Poincaré’s separation theorem (e.g., p.347-348 of Abadir and Magnus (2005)) implies Apin(A) <
Amin(B) < Apaz (B) < Ajax (A) when B is a principal submatrix of A. By this inequality and
Theorem 2, we conclude that HZ/El(qT, br) — X ar, br)|| < HZ/';\l(qT) — X (qr)|| = 0p(1) and
HZ/’E(qT,bT)H = O,(1). Moreover,

j+br—1 t 2\ /2
167" (@10 (Grars) — e (w))| = | 07" Z by Z (Us,rorLs — Us) = 0p(1),
t=j s=j

where ||b7'* 20 (@orars = wo)| < |07 X0, 206Gy | [|Gr! (Blaws — B)]| = 0,(1) by The-

orem 3 and the assumption by/T — 0 as T — oo. Standard weak convergence arguments

imply ||b7' @, (w)|| = O,(1). Combining these results, we have b;*@;p, (u)’(Z/JJ\l(qT,bT) -
2;1(qT,bT))cpj,bT(u) = 0,(1) and R(qr,j,br) = o0,(1). By (A.14), it remains to consider

b2 @ine (W) X5 (g7, br) @b, (w). Construct the nT x nbr selection matrix Ry, such that

j+1 jHbr—1 !
! / li / / ! /
Ry pjpe(w) = |0/ 0,y "l > 0,0
5:]' :]
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Then, by the MCBD (2.5), we have

/

72 (W) X0 (qr, br)pjpr (1) = b1 @0, (W) Ry, 0 (ar) Ry 4 P (1)
= b7_“2 (Mu(QT)Rj,bTSDj,bT (u))l Szjl(qT) (Mu(qT)RjJ)TcpjabT (u)) .

As argued in the proof of Theorem 1, by the assumption ¢r/br — 0 as T' — oo, we can treat
the premultiplication of R; .4, (w) by My, (¢r) as applying the filter A, (L) block-wise. Under

the same condition, S, (¢r) implies a scaling S~!(gr). By the BN decomposition in Lemma, 1,

and similarly C(L) = C(1) + (1 — L)C(L) with C(L) = [A(L)],
A,(L) Zu = A (1) Z u, + Ay, (L)u
= A, (1)C(1) Zn + Ay, (DC(L) (my = myo) + Ay, (D).
For t = j + [rby] — 1, a FCLT for i.i.d. sequences gives

b8 2 ar) Agp (1) D S e = 87Y2(ar) Ay (DC(1) b2 D ma+ Op(b"7) = W ().

s=j

The partial sum process ZZ: i Ms thus dominates the asymptotic distribution:

b2 @ (W) X (qr, br) @), (1)

Jjtbr—1 t 2 1
=t Y (or ST A ar) A (L) D || +0p(1) = / 1w (r)|]” dr.
t=j s=j 0
using the continuous mapping theorem. |
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Table 1: Empirical MSE for the coefficient ;4 of xi?t with ¢ = 1 under error Setting A. The column
labeled FGLS contains the numerical value of the MSE of feasible FM-GLS. Other MSEs are expressed
relative to this benchmark. Values above 1 indicate a better performance of feasible FM-GLS.

n=23 n=>5
P SOLS SUR FGLS infSOLS infSUR infGLS SOLS SUR FGLS infSOLS infSUR infGLS
T =100

0 0999 1.048 3.56E-05 0.937 0.937  0.937 0.988 1.047 3.81E-05 0.894 0.894 0.894
0.3 1170 1.077 5.50E-05 1.098 0.959 0.907 1.186 1.064 5.43E-05 1.090 0.899 0.851
0.6 2166 1474 T7.09E-05 2.017 1.180 0.864 2.260 1.426 6.85E-05 2.025 1.046 0.785
0.8 5.247 2.607 7.51E-05 6.547 2474 0.878 5.720 2.589 7.40E-05 6.591 1.984 0.676

T = 200

0 1.012 1.042 4.09E-06 0.961 0.961 0.961 1.019 1.069 4.25E-06 0.939 0.939 0.939
0.3 1.146 1.043 6.64E-06 1.101 0.960 0.942 1.216 1.069 6.62E-06 1.124 0.937 0.907
0.6 2045 1.295 1.01E-05 1.920 1.101 0.906 2.222 1.345 9.37E-06 2.032 1.056 0.851
0.8 5206 2434 1.29E-05 5.502 1.971 0.916 6.197 2701 1.11E-05 6.106 1.778 0.813

T = 500

0 1.013 1.028 2.41E-07 0.988 0.988 0.988 1.016 1.039 2.55E-07 0.973 0.973 0.973
0.3 1.195 1.054 4.03E-07 1.162 0.998 0.975 1.224 1.052 4.02E-07 1.176 0.978 0.961
0.6 1877 1.154 T7.45E-07 1.789 1.054 0.952 2.142 1.217 6.49E-07 1.993 1.023 0.914
0.8 4.158 1.771 1.26E-06 4.011 1.456 0.935 5.341 2.031 1.03E-06 5.038 1.394 0.880

Table 2: Empirical MSE for the coefficient j; 4 of :L“Zzt with ¢ = 1. under error Setting B. The column
labeled FGLS contains the numerical value of the MSE of feasible FM-GLS. Other MSEs are expressed
relative to this benchmark. Values above 1 indicate a better performance of feasible FM-GLS.

n=23 n=>5

(A A) T SOLS SUR FGLS infSOLS infSUR infGLS SOLS SUR  FGLS  infSOLS infSUR infGLS

Panel A: Low endogeneity 6 = 0.3

100 1.290 1.270 9.46E-05 1.270 1.131 0.865 1.256 1.275 9.51E-05 1.215 1.052 0.822
(0.1,0.5) 200 1.216 1.163 1.27E-05 1.191 1.077 0916 1.220 1.164 1.22E-05 1.201 1.038 0.896
500 1.137 1.088 8.58E-07  1.133 1.033 0.961 1.159 1.106 7.65E-07 1.151 0.997 0.936

100 1.790 1.825 3.99E-05  1.792 1.522 0.638 1.812 1.896 3.81E-05 1.802 1.431 0.594
(0.5,0.8) 200 1.677 1.681 4.91E-06  1.597 1.408 0.763 1.682 1.645 4.73E-06 1.581 1.271 0.733
500 1.467 1.404 3.34E-07  1.392 1.248 0.897  1.522 1415 3.01E-07 1.432 1.185 0.864

100 0.123 0.136 1.48E-04  0.212 0.145 0.022  0.001 0.001 2.67E-02 0.002 0.001 0.000
(0.8,0.95) 200 2.257 2.322 &.59E-07  2.537 1.986 0.517  1.622 1.577 1.04E-06 2.218 1.343 0.366
500 2.098 2.050 5.47E-08 @ 2.021 1.686 0.703  2.031 2.014 4.90E-08 1.964 1.394 0.632

Panel B: High endogeneity 6 = 0.5

100 1.327 1.269 7.48E-05  1.579 1.230 0.899 1.335 1.299 7.26E-05 1.825 1.211 0.817
(0.1,0.5) 200 1.232 1.161 9.91E-06  1.394 1.131 0.949 1.269 1.225 9.26E-06 1.653 1.166 0.886
500 1.179 1.091 6.66E-07  1.297 1.079 0.980 1.162 1.093 5.99E-07 1.464 1.071 0.942

100 1.880 1.892 3.08E-05  2.732 1.861 0.661  1.850 1.833 3.05E-05 3.170 1.718 0.575
(0.5,0.8) 200 1.793 1.727 3.72E-06  2.132 1.610 0.798 1.713 1.639 3.76E-06 2.143 1.381 0.697
500 1.480 1.370 2.62E-07  1.678 1.299 0.941  1.577 1.461 2.44E-07 1.739 1.256 0.863

100 0.030 0.031 5.14E-04  0.172 0.077 0.005  0.000 0.000 3.27E+03  0.000 0.000 0.000
(0.8,0.95) 200 2.381 2514 6.85E-07  5.002 2.825 0.5641  1.880 1.771 7.83E-07 5.026 2.030 0.389
500 2.186 2.090 4.23E-08  2.756 1.850 0.712 2184 2.044 4.03E-08 2.786 1.560 0.619
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Table 3: Empirical size (%) of the single-equation Wald tests for Hy : 814 = —0.3 and the joint Wald
tests for Ho : f14 = P24 = -+ = Pna = —0.3, where ;4 denote the coeflicients in front of J;?t. The
columns labeled by Wald-SOLS and Wald-SUR display the results of the Wald-type test statistics given
in Proposition 2 by Wagner et al. (2020). The Wald-FGLS test is constructed as in Theorem 4.

n=23 n=>5

p  Wald-SOLS Wald-SUR Wald-FGLS Wald-SOLS Wald-SUR Wald-FGLS

Panel A: Single-equation test

T =100

0 11.75 13.44 9.89 14.30 17.84 13.44
0.3 13.25 15.09 9.92 15.32 19.59 13.55
0.6 16.13 19.03 7.54 18.80 27.65 11.86
0.8 20.56 26.60 4.70 26.72 43.11 10.13
T = 200

0 9.02 10.00 7.48 9.90 12.00 8.47
0.3 9.96 10.93 7.24 11.32 13.62 8.81
0.6 12.68 14.10 5.93 14.62 19.40 7.71
0.8 15.72 19.50 2.95 19.58 30.95 4.90
T =500

0 7.02 7.44 5.89 7.32 8.47 6.19
0.3 8.07 8.41 5.76 8.54 9.50 6.04
0.6 941 9.68 4.78 10.34 12.54 5.94
0.8 10.92 12.48 3.09 13.47 18.96 3.73
Panel B: Joint test

T =100

0 17.85 21.68 14.60 29.13 39.40 26.65
0.3 20.67 24.62 14.44 32.60 44.91 28.14
0.6 27.13 33.59 11.40 45.65 65.44 27.72
0.8 36.99 48.49 8.30 63.29 86.38 26.57
T =200

0 11.66 13.74 9.00 17.49 22.90 13.26
0.3 14.11 16.25 8.77 21.35 28.23 14.55
0.6 19.08 22.71 7.10 30.58 44.07 12.88
0.8 26.21 33.92 4.19 44 82 69.44 10.60
T =500

0 8.70 9.64 6.60 10.83 13.38 7.91
0.3 9.84 10.74 6.23 13.29 16.19 8.19
0.6 12.79 14.09 5.13 18.69 25.15 7.67
0.8 16.02 19.56 3.35 26.86 41.72 5.28
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Figure 1: Empirical size of the joint Wald tests Hy : 14 = 24 = --+ = fpa = —0.3, where §; 4 denote the

coefficients in front of 2. The Wald-SOLS test (green) and Wald-SUR test (blue) are based on Proposition 2 by
Wagner et al. (2020). The Wald-FGLS test (red) is found in Theorem 4. We vary the serial correlation parameter
p1 from 0 to 0.9 while keeping ps = p3 = ps = 0.8 fixed. The cross-sectional dimension is n = 3.
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Figure 2: Empirical size of the joint Wald tests Hy : 814 = B24 = -++ = Bna = —0.3, where §; 4 denote the

coefficients in front of 2%. We vary the endogeneity parameter pz from 0 to 0.9 while keeping p; = p3 = py = 0.8
fixed. The cross-sectional dimension is n = 3. See Figure 1 for further information.
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Figure 3: Empirical size-corrected power of the single-equation Wald tests Hy : 814 = —0.3 where (1 4 is the
coefficient in front of 2,. We consider n = 3, T € {100,200}, and p; = pa = p3 = py = p with p € {0.6,0.8}. See
Figure 1 for further information.



Single-equation tests, n = 5
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Figure 4: Empirical size-corrected power of the single-equation Wald tests Hy : 814 = —0.3 where (1 4 is the

coefficient in front of #2,. We consider n = 5, T € {100,200}, and p; = pa = p3 = py = p with p € {0.6,0.8}. See

Figure 1 for further information.
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coefficients in front of 2. We consider n = 5, T € {100,200},

p € {0.6,0.8}. See Figure 1 for further information.
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Table 4: Empirical size (%) and power (%) of Bonferroni-type (multivariate) subsampling KPSS tests.
The integer J; in Power DGP1 indicates the number of unit roots contained in errors {u.;}, J is related
to the number of equations that exclude cubic power terms m?p J3 specifies the number of spurious
relations.

n=3 n=>5

T KSOLS KSUR KFGLS KSOLS KSUR KFGLS

max max max max max max

Panel A: Size

100 037 034 0.47 0.33 0.25 0.26
(0.1,0.5) 200 042 037 0.53 0.42 0.28 0.18
500 0.71 0.60 1.24 0.64 0.58 0.80

— i 100 810 7.28 186 2235 1965 129
(2, 2). serial correlation (0.5,0.8) 200 354 322 291 870 7.57  1.09
500 1.92 169 454 402 340 478

100 50.63 48.67 16.17  90.99  89.69 18.41
(0.8,0.95) 200 4048 38.56 14.26  83.71  81.78 12.16
500  21.87 20.36 16.25  60.09  56.87 15.49

Panel B: Power DGP1

100 44.03 39.92 21.14  57.65 52.05 14.00
1 200 5797 5090  33.85 7409 66.64 27.24
500  67.23 5737  56.63 88.41 80.23  49.93

) 100  66.64 63.83 38.07 84.77 80.36  29.12
J1; # {unit roots} 2 200 7777 73.00 52.88  94.38 91.16  49.87
500 84.19 78.83 7840 9857 96.89  72.02

100 78.89 7741 54.26  99.39 99.24  64.89
n 200  88.40 86.53  70.07 9997 99.95  88.75
500  91.28 90.19  89.55 100.00 100.00  96.53

Panel C: Power DGP2

100 10.92 10.51 347  18.67 18.40 1.91
1 200 26.41 25.58 772 41.90 4141 4.95
500  55.72  55.28 24.10 7776 77.22 18.36

N , 100 17.83 1697 615 3077 2977  3.70
J2, # {misspecified equations} 2 200 4029 39.04 1557 6201 61.15 1051
500  69.64 6850 3848 91.66 91.27  30.87

100 23.16  22.53 9.88  53.66 51.21 10.45
n 200 4725 4560 2283 83.78 82.73 29.05
500  75.60 73.98  56.79 9823 98.15  69.35

Panel D: Power DGP3

100  77.03 77.06 2834 9426 9412  21.04
1 200 89.55 89.14 3564 9897 9884  31.79
500 9726 97.05  55.61  99.91 99.91 48.48

, i 100 87.40 86.75 52.85 98.95 98.81  43.05
Js, # {spurious relations} 2 200 94.95 94.33  57.95 99.89 99.89  58.15
500  98.69 98.49  77.59 100.00 100.00  69.59

100 91.55 90.60 7195 99.97 99.92 8787
n 200 96.71 96.33  74.85  99.99 100.00  93.86
500  98.04 97.62 91.66 100.00 100.00  98.02

Note: To decrease the computational burden we reduced the number of Monte Carlo replications to 10%.
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1 Additional Proofs

Lemma S1

If {us} satisfies Assumption 1, then for any m > 1, there exists a constant C > 0 such that

dolAjm) - AjlF<C D A% (S.1)
j=1

Jj=m+1

Proof In view of page 257 of Hannan and Deistler (2012), the summability condition of Assumption 1
implies that the spectral density matrix is bounded and bounded away from zero. The boundedness

condition in Cheng and Pourahmadi (1993) is thus satisfied and (S.1) follows from their Theorem 2.2. W

Lemma S2 (implications of the first moment bound theorem)

Let Assumption 1 hold, and define
M1, = W1 — A(0)u(0), where  u(€) = [uj,uj_y, - ,ué_gﬂ],. (S.2)

The following three inequalities are true:
2
(a) B|l 7 S wi@ua) — E (u@uila)) | < 075

r r/2 oo r/2
<C (ﬂ) (Ej:@rl ||A]H3T) , for some r > 2 and any

) By S (s = el ey
1<t<gq;



T
) B[ 507 (s atns) ~E(nasstins)| < 0007, forsome v 22 ant ang 1 £ 5.

Proof (a) Since || - ||> < || - ||%, we obtain

2

T-1
E Ti_q ; wi(@)ue(q) — E (ue(q)ui(q))

2

T—1
Z Uitk 1Ujp—e+1 — B(Uip— 1 —o41)]| 5 (S.3)
t=q

Cgrm Y Y

kt=11,j=1

where u;; denotes the it" element u;. As remarked in the main text, the lag polynomial A(L) is invertible
by Assumption 1. Recall C(L) = [A(L)]™" = 772, C;L7 with Cy = I,, and Y372 [|Cjll7 < oo.
We observe that w;; = Z‘?O:O row; (Cj)m—;. By Proposition 10.2(b) of Hamilton (1994), absolute
summability of the coefficient matrices {C;}32, implies Y2 |yuk(s)| < 00 where v,k (s) = E(ug, sug.i—s)-
The conditions for the First Moment Bound Theorem (FMBT) in Findley and Wei (1993) are thus

satisfied. Choosing ¢(t,s) =1 if t = s > ¢ (the banding parameter) and ¢(t, s) = 0 otherwise,

T—1 2 T—1
E Z [t t—pp1 U p— 041 — E(W,t-kﬂ“j,t-éﬂ)}] = El Z q(t, 8) [ p—pp1tjs—o41 — Bt p—pp1Ujs—r41)]
t=q t,s=1
T-1
<C q(t, 8)q(l, w)yui(t — D)yui(s =C Z Yu,i(t = )yt = 1)
t,s,l,w:l tl=q
< C’Yuj Z |'7uz | < C(T q |:7u,j Z |’Yu z (T - q),
tl=q t=—00

by the FMBT. This bound holds for general k, ¢, i and j, and (a) thereby follows from (S.3).

(b) For 1 < /¢ < g and r > 2, we have

T

-1 " -1 ||T-1
1
El7— 7 Z (i1, — Mes1) we(0)' || < 0727 H(T —0)~ Z Z (Mesre — M) uy || . (S4)
P s=0 = F
by || |I" < (I - ||3)"/? and the ¢,-inequality. By assumption, 741 is uncorrelated with [u,_,, ..., uf]’

implying that E [ ZtT:_gl("?tH,é — 77t+1)’ll/;:75} = 0. The FMBT can thus be applied directly without having
to express the quadratic form in deviations from the mean. However, some rewriting is needed to obtain
expressions in scalar random sequences. To this end, use A; 1 and A; ;(¢) to denote the (k, 1) element of

Aj and A;(0), respectively. Setting A;(¢) = O for j > £, we have n41 p—mi41 = Z(;il [Aj—Aj(Z)]utH,j,



and hence

T-1 r n T-1 n 2y "/
E Mo =) || =EQC D> > T umis DD (Aja — Aja(0) w1
—¢ F kom—=1 | t—¢ J=1 =1 S5
. _(8:5)
n n —

n oo
-2 -2
ESPIE] S 3 SPWIEVIVTIPHIN IS 3
I=1

k,m=1 t=~{ 7=1 k,m=1

T-1

*

E E um,t—sut
t={

with uy = Z;; Yoy (Aj,kl —Ajn (E))ul,tﬂ,j, where we suppress the dependence on the index &k (also
below) without confusion. To apply the FMBT, we define the autocovariances v, (t — h) = E(uju}),
the difference in lag polynomial coefficients a;(¢) = [A1 1 — A1 1(€), Ao — Az 1 (£), . . ] and Yoo =
[fyu’l(z' —§),1<i,j< oo]. By the Cauchy-Schwartz inequality, the c.-inequality, and boundedness of the

maximum eigenvalue of X, ., we obtain

Y (t = h) < s ( Z Z ikt — A (O) wgpa—j | <n Y [ar(t) Zucoar(l)]
=1 j=1 =1 (S.6)
< C“Z lar(0)]? < C”Z 14, — A;(O]F < Cn > A%
Jj=1 J=t+1

Applying the FMBT, we have

T_1 ry 1/r 1/2
(E m,t—su;Ek > <C Z Vum ')/u* (t - h)
= _th 0 g7
r ) 1/2 e’} 1/2 ( . )
<C |y (OUT = 0) Y Vu,m(t)|] <C@-0" 3 1AlF|
L t=—o00 Jj=0+1

using (S.6) and the absolute summability of {7, ,(¢)}. Combining (S.4), (S.5) and (S.7) leads to the
desired inequality.

(c) The equality ny1, = (In - 22:1 Aj(f)Lj)C(L)ntH shows that 741, has a linear pro-
cess representation in terms of 7. Theorem 6.6.12 of Hannan and Deistler (2012) implies that
SUP] < pcoo Z?:o |A;(¢)|| 7 < oo. By Propositions 10.2(b) and 10.3 of Hamilton (1994), both the coefficient
matrices associated with ( Z] 1A; ()L )C(L) and the autocovariances {E (1 111,00k,t4+1-s,6) focg

are absolutely summable, where 1411 is the k" entry of M¢+1,¢. The proof is completed using the



cr-inequality and the FMBT, that is, for r > 2,

T

1
T_7 Z (nt+17e772+1,é) - E(nt+1,m£+1,z>

t={

n
W ig Y E
e

T-1
Z 77k,t+1,£77m,t+1,£ —-E (nk,t+1,mm,t+1,e)]

km=1 | t=¢
1 n T—1 /2 1
< r—2 E E <(C———.
<Cn T2 | 2 (b t+1,0Mk,141,0) (nm,t+1,€nm,l+1,é)] < C(T — 7
[ |

Lemma S3
If Assumptions 1-3 hold, then

max [[A(0) ~ A(0)] = 0, (a/vT) max [[S(0) - S(0]| = 0, (a/vT). (S.8)

Proof Recall the definition of 1,41 ¢ and u(¢) in (S.2). Similarly, define
Nes1e = Urr1 — A (0), M1 = Uy — A)(0), () = [Uy, Ty, ,QLHJ'_ (S.9)

We first prove maxi</<q HK(Z) —A0)| =0, (q/\/T) Since <ﬁ(€) - A(é)) w(l) = Mer1,0 — Met1,0 and
= Ztngl Mit1,08(¢) = O (the first-order condition from (3.4)), we have

T-1 T—
(A0 - aw) (1,1_6 > atw)at(@') Z st (C (8.10)
t={

If we can show that ﬁ ZtT:_ql u:(q)tus(q)’ is asymptotically invertible, then 71 ZtT:}l uy(0)uy(0)" must
also be asymptotically invertible with probability 1, for any 1 < ¢ < ¢.! By the triangular inequality,

H 7 Sizq r(@)e(q)' — E(ui(q)ue(q)) where
T-1
| ot mutautan)| -0, (57)

by Chebyshev’s inequality and Lemma S2 (i), and

| o
Q
+ ~
IM:
2

1 T-1
T4 > wi(q)ui(g)

<L Y 4o o P S o)
T—q; uy(q) —we(q)||” + Z u(q) — (g T—q; w(q)||7,

'If the matrix @ is invertible, then each leading principle submatrix of Q is invertible as well.



e [ i~ 3 b < o~ bl 20/, lar — byl @t [Be]12. We have 1o S22 1 [ai(g) -
ula 2 = Z Sl S s — P < ALl - ul? = £0,(1

) by Assumption 2. Because
Z Hut( )|l = Op(q) by Markov’s inequality, we conclude Ib (q ) Overall, this gives

T-1

S awa - E(uxq)ut(qy)H —o0,(£) o (L) =a. (511)

Now observe that ]E(ut(q)ut(q)’ ) is a leading principal submatrix of 3, (thus invertible, see footnote 1).
As a result, ﬁ ZtT:_ql u(q)u(q) is asymptotically invertible.
We subsequently bound the RHS of (S.10) as follows: maxj</<q Hﬁ ST ﬁHLgﬁt(f)’H <Il,+...+

II., where I, = maxj<¢<q Hﬁ Z;}l Ner1ue ()],

= maxi</<q Hﬁ ST (Msre — M) we(€)

9

and
=
e [ 2 e |
1 =~ ~ /
I1; = fg?é(q T_7¢ 2 M1, (e (€) — ue(0))']|
= R )
1. = 1%1?2((1 T_7¢ 2 (41,6 = Met1,0) (W () — ue(£)) H )

We consider these terms separately starting from II,. Using the properties of Frobenius norm,

;T 2 T-1 2 1 -1 n |T-1 2
T E 77t+1ut(€), < E E 77t+1ut s B} E Nit+1Ujt—s
T/ 8 (T -9 “

t=¢ s=0 F s=014,j=11t=¢

Assumption 1 justifies the use of Lemma 2 in Wei (1987) which gives E ‘ZtT:_gl Mt 1Uj ¢ —s

CcoxiE () <

C(T — ¢). By Chebyshev’s inequality, Ve > 0, there exists az > 0 such that

2

T—
Z N1 (¢

<

IN

€,

C
2
€

and thus II, = O, (q/ﬁ) Furthermore, we deduce that IT, = O, (q/ﬁ) by Lemma S2(i7) and
Chebyshev’s inequality. For 11, if we write 9110 — M1, = [In, —A(f)] [at+1(£+ 1) — w1 (£+ 1)], then
by Cauchy-Schwarz inequality and Baxter’s inequality (leads to maxj</<, A0 < C),

<
1150\

T— T—
2 q
ZZ w1 (€ +1) — w1 (04 1)]| lrgzaz(q T Z |ut(0)]]” = O, <\/T> ,

where the last step follows from arguments similar to those preceding (S.11). Similarly, I1; = O, (q JNT )



and I1, = O, (q/T ). Combining all results, we finally have

max
1<t<q

/ ‘ =0, (\/qf) . (S.12)

By invertibility of 71 Y207 @ (€)@ (¢), (5.10) and (3.12), maxi<i<, | A(0) — A@)| = 0, (a/vT)
follows.

We continue with max;<y<q Hg(ﬁ) —5(0)]| =0y (q/\/T) Since Nyy1,0 = Met1,0— (ﬁ(ﬁ) - A(é)) u(0)
(see (S.9)), we can use (S.10) and the invertibility of = Zz:él ur(O)u(f) to write

T-1

fg?gxq ||§(€) - S(E)H = 1n§l?§Xq ﬁ tz:; (ﬁt+1,éﬁ£+1,€) -E (nt+1,€"7£+1,€)
= , =S .

= x|l 2 (M1, eMir10) = E (Mer,eMigae) — T—7 ; 41,08t (£) (A(@ - A(g))
= . , =S 2

< e\ T =0 < (M1 Mi1e) =B (Mepr i) || + Cfg?fq T_7 ;Z 1,08 ()
1 — ~ ~ / q q2

< x|\ 2 (Me1,6Mer1,e = Mesr,eMisne) | + Op < T> +0p <T> ; (5.13)

where the last step in (S.13) follows from maxj</<q4 Hﬁ = (ntH M1 g) -E (ntH Mgt z) H =

Op (x/q/T) using Lemma S2(447) and (S.12). By the inequality ||, a,a) — 32, b, < 32, llas — be|* +
2\/Zt la; — thQ\/Zt |b¢||* and similar arguments as for I1. and II; above, the first term in (S.13) is
bounded by

T-1

L E [M41,6 — Mt ||2
max
1<t<qT — ¢ ~ t+14 t+14

T-1 T-1
1 ~ 2 1 2 q
+2 ggngq T_¢ tz_; [7+1,0 — W41, gggq T_¢ ; 7416 = Op (ﬁ) :
Overall, we obtain max;<y<4 HS'\(E) - S(E)H =0, (q/ﬁ) as well. [

Lemma S4

Under Assumptions 1 and 3, we have
o0

1
122 a) - 2 < C—= Y slAdlz (S.14)
u u \/@S:q+1

Proof Consider || X3'(q) — X;(|- A rewriting as in (A.13) shows that | My (q) — My and ||S'(q) —



S;l H are the two important terms to bound. Hélder’s inequality implies

[Mu(@) - Mu| < /[[Mula) - M, [Mula) — M| (8.15)

For the matrix 1-norm we are concerned with the maximum absolute column sum. For an arbitrary
(nT x nT) matrix @ partitioned (block) column-wise, i.e. Q@ = [Q1,Q2,...,Qr|, we have the bound
1Ql1 = maxi<y<r Q1 < vnmaxicy<r |[|Q:llF. This implies [|Mu(q) — My||, < vrmax{I,, I}

where

, 1/2
T—q—2—j ) q )
L= _max | > [Agru(e+l+itd)lz+ D> A+ - A@lF] .
==t 1=0 i=max(1,q+1—j)
1/2

T—1—j
— (s N ) 2
Tr = T—q_I{lgng_g < Z 143 (i + ) AZ(Q)”]—')

i=1

We will bound the three summations that are encountered in the expressions for I, and I,. First, changing

the summation index and using c,-inequality,

T—q—2—j T-1-j
[Agrivila+1+i+5)|5= D [lAs(s + )%
=0 s=q+1
T—1—j T—1—j
. 2 2
<2 > A+ - AdF+2 Y A
s=q+1 s=q+1
T—1—j s+j o0
<2y (szznAk(sm—Ak@) L2 3 AR
s=q+1 k=1 s=q+1
For convenience, we define
2
(o] o0 1
Ko=| Y slAlz > 2| (S.16)
s=q+1 s=q+1

For any j > 0 and s > ¢ + 1, we have s> 357 |Ap(s +j) — A3 < Cs? Z?’:SHHHA;CH; <
(Zk:s+j+1k ||Ak\|]_-> by the L2-Baxter’s inequality. The first term in the RHS above is thus
bounded by CK,. Moreover, by Cauchy-Schwartz inequality, the second term can be bounded as

2 2\ . 2 _
e MAslE = 22 1 (8147 )s72 < (Zgiqﬂ 52 ||AS||f) (Z;’qus 2) < K. For the second



summation in I,, we first consider the case 0 < j < ¢, or max(1,¢q+ 1 — j) = ¢+ 1 — j, such that

q q
Yo A+ - A@lF= D A +5) - Adg)ll>
i=max(1l,qg+1—j) i=q+1—j
! 2 I 2

<2 Y A+ -AllF+2 D [Ade) - Aillz

i=q+1—j i=q+1—j
q+j ) q )

<2 ) A (s) — Al +2> [l Ai(g) — AR, < CK,

s=q+1 i=1

using arguments detailed before. This upper bound remains valid for g +1 < 7 < T —q—2. It is
likewise straightforward to derive Zg:ll_j I|1A4; (i + j) — Az(q)||3_- < CK4. Collecting all the results, we
have I, < C\/Kq, Iy < C/Kg, and thus HFu(q) — Fuﬂl < C\/K,.

For ||[My(q) — My, we are bounding the maximum absolute row sums. For an arbitrary

(nT x nT') matrix @ partitioned as Q = [Q},Q5,...,Q%], we have [|Qllcc = maxi<i<7 ||Qt[loc <

Vnmaxi<i< || Q]| 7, such that

m q 1/2

[Mulg) ~ M < \/ﬁqulnggT_l{ S 1Al + > 145(0) - Aj<m>||§:} ,
== i=a+1 i=1

where > 00 |A;(m)||% < CK4 and i 1A(g) - Aj(m)||5 < OKy, for any ¢ +1 <m < T — 1,

using the L2-Baxter’s inequality and the previous upper bound on Yt HA3||2}- We conclude that

[Mu(q) — Myl < C/Kq. Together with our previous we result, we obtain || M.y (q) — May|| < C/Kq

from (S.15).

From HS;l(q)—S;lH < HSu(q)—SuH HS;}H HS;l(q)H we see that it suffices to inspect HSu(q)—SuH
(the other norms are bounded). Exploiting the fact that both 8, (g) and 8, are block-diagonal, we have
|Su(q) — Sul| = maxqr1<p<r—1 S(q) — S(k)|| < 2maxg<p<r—1 ||S(k) — Xyl Let A;(¢) = O for j > ¢,
and recall the definition of 7,41 in (S.2). We find, for any k > g,

1S (k) — ZnnH = HE (77t+1,k — Net1) (77t+1,k - 77t+1)/H

SCY [lAsk) — AP < C > |lAF < CK,. (S.17)
s=1 s=q+1
We thereby obtain ||S,'(¢) — 8| < CK,. Together with the bound on ||Muy(g) — My, we deduce
[Z @ -2 <cvKe=C| Y sllAdlz > slAdz
s=q+1 s=q+1
The proof is complete. u

Theorem S1



Let W(r) = [Wi(r),Wa(r),...,Wyu(r)]" denote an n-dimensional standard Brownian motion. The
cumulative distribution function (CDF') of fol W (r)||? dr is given by

—2”/22k Erfc( \[> x> 0,

o o—t* gt

where kjp = (—1) SEEYEL 1 = 22 + 25 and Exfe(x)

-2 e

Proof We follow the approach from Example 1 of Anderson and Darling (1952) or equivalently appendix
B of Choi and Saikkonen (2010). Let f,, denote the probability density function of fol W (r)||* dr and
write £{-} and L',_l{o} for the Laplace and inverse Laplace operator, respectively. From the equality
fol W (r)|]? dr = Do fO 7)2dr, independence of the components of W (r), and the known univariate
result in Choi and Saikkonen (2010), we have

L{fa(2)}(t) = / et (@)d — [cosh (@)}_”/ : (S.18)

0

According to equation (4.28) in Anderson and Darling (1952), the CDF is

= o ()] o= {3 () e o

t
(S.19)

/ —n/2
)1 eV . N
=Lt t<2 ) > kjme MV () 2/2§ kjnL™ { Jnf}()
§=0

where we use (1) a ¢t with a positive real part, (2) linearity of the inverse Laplace operator, and (3) the
binomial expansion of [14+e~2V2£]="/2 The identity from Choi and Saikkonen (2010), £~ { 1 _"‘[} (x) =
— Erf (%f) Erfc <2f) completes the proof. |

2 Estimation of quantities for fully modified inference

The FM-GLS estimator relies on £2, A, and E(¢,{;) (see Assumption 1). For convenience, we denote this
(2n x 2n) matrix [gzz g:} by X. Please note the difference between X' and the large-dimensional matrix
Y- In this section, we consider the estimation of these three quantities within the BIAM framework. For
convenience, we recall & = [u}, v;]" and define € = [£], &), ..., &), Similarly to the definition of X, we
used X :=E (££') to denote the (2nT x 2nT) autocovariance matrix of {£;}. As a sample counterpart,
we stack 2y and Az; = vy in the 2n-dimensional vector & = [uy, vg]/. Using {é}tT:l, the BIAM estimator
for X¢ is now constructed as f’g(q) = J\/;lgl(q)gg(q)x\/l;y(q), where the matrices .//\\/lg(q) and 35(q) are
defined similarly to .//\\/lu(q) and g'u(q)7 respectively. Since the BIAM estimator is fitting VAR processes
up to order gr (see (3.4)), the coeflicient estimates ﬁj(qT) of the j' lag when a VAR(qr) is fitted,

j=1,2,...,qr, are immediate byproducts of the BIAM procedure and can thus be used to construct our



estimators. Finally, if F(L) = diag [A(L), D(L)] := Iy, — Y52, F;L7, where F; = diag [A;,Dj], then
F(L)& = ¢ holds.

Theorem S2
O ar 1 qr B /oy
Recall £2q; = <I2n - Zj:l Fj(QT)) Yr (IQn - Zj:l F](QT)> » Agrrr = QrTzﬁ(QT)Qlf and

S 1

T
ar = T—q Z [ft —Fi(qr)éi—1—--— Fyp (QT)ft—qT} [St —Fi(qr)§i—1—-— Fy, ((IT)St—qT]/’
T t=qr+1
where Q, = [O2nx2n, » Oanxon, Ton, - -+, Ion]' is an (2nT x 2n) block matrices of zeros of which the

last v blocks have been replaced by identity matrices. If Assumptions 1-3 and 5 hold, then

- qr = 2
> —X|[|=0 <>+0 F, =0,(1), S.1
|Zer % 2 Iml | =a) CRY
~ q% 1 ©

H'QQT_‘Q =0p -t — Z s||Fsl| 7 | = op(1), (S.2)

T ar =,
X 1 q% TN
|Bur e = Al = 0tz +0p [ Forr 41 /70 32 slBlLr | = 0p(1). (8:3)

s=qr-+1

Proof Note that & — &, = [(@; — u;),0']' and hence ||€ — €| = ||T@ — u|> = O,(1) by Assumption 2.
The conditions for Lemmas S3 — S4 and Theorem 2 are thus satisfied and we can use these results
in subsequent proofs. (a) The result (S.1) follows from the triangle inequality, Lemma S3 and (S.17).
(b) The second result (S.2) is obtained by the definition 2 = (Iy, — Y252, Fj) ™' X (I2n — Y32, Fj) 7Y,
Lemma S3 and a straightforward modification of (A.13). (¢) By A = ZZO:TT ]E(St££+h) +@Q,.,. XeQ, the
LHS of (S.3) can be bounded

HAAqTaTT - AH < Z ||E(£t€£+h)”]: + ‘|Q;T2£|| Higl(fﬁ) - Zg_lH Hfﬁ(QT)Ql”

h:TT

Since summability conditions on the coefficient matrices carry over to the autocovariances, we have

St B &) - < rr' 0%y hIE(&&G40) |- = or') by Assumption 1. Moreover, [|Q7, Ze|| <
Cy/rr and HZ’gl(qT) - Z’E_lH is discussed in Theorem 2. Finally, showing ||§§(QT)Q1H = 0p(1) will

complete the proof after a straightforward comparison of the established stochastic orders. It suffices to

prove ||f'£(qT)|| = Op(1). Weyl’s inequality (e.g. pages 40 and 46 in Tao (2012)) and Theorem 2 imply

—

(B (a) = A (B | < 156 ) = 26| = on(1),

, for a sufficiently large T, there exists a constant C' > 0 such that

By the uniform boundedness of ||2£
Hf‘g(qT)Hfl = Amin (EEI(QT)) < C and thus Hf‘g(qT)H < C~! with arbitrarily high probability. |
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3 Details on implementation

The implementation of the BIAM estimator and the subsampling KPSS tests requires selecting the
banding parameter ¢ and the block length b. In our simulations and empirical application, we follow
the subsampling and risk-minimization approach previously used by Bickel and Levina (2008), Wu and

Pourahmadi (2009) and Ing et al. (2016) to select q. The steps are as follows:

Step 1 Split the series of (first-step OLS) residuals, {u;}1 ;, into Jy non-overlapping subsequences of

length lp. These subsequences are {flt}gl:“( for j=1,...,Jp with Jy = [T/ly).

j—1Dlo+1

Step 2 Select an integer H, 1 < H < ly, and construct the (nH x nH) sample autocovariance matrix
ﬁu,nH = ﬁ Z:}} u(H)u(H)" which is an estimator of Xy, .,y = E[u(H)u(H)'] with

uy
u(H) := [ : ], where u(¢) = (4, - - - ,ﬁ;le)/. Compute IT, !

u,nH"
uH

Step 3 For every subsequence of residuals 1 < j < Jy, compute the BIAM estimate of X, i repeatedly

for all possible banding parameters 1 < g < H, denoted as Z’;lnH((j;j).

Step 4 Select the banding parameter that minimizes the feasible average risk, i.e.

Jo

= arg min Ji Z

gell,H) <0 57

We take p =1, H = [2 x T'4] and Iy = [T'/5] and obtain satisfactory results for all the settings we have
explored. As mentioned in Bickel and Levina (2008), the use of another vector norm (e.g. p = 2) does
not lead to qualitatively different results.

When we implement the minimum volatility rule as mentioned in Section 3 to select b, the values of
tuning parameters are adapted from Wagner and Hong (2016). More specifically, we set byqz = [2797]
instead of by, = [2.5T97.
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