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Abstract

I characterize the optimal linear commodity taxes when households differ in

multiple characteristics and earn multiple incomes, in presence of an optimal

non-linear tax schedule on the households’ labour incomes. The government

should tax a commodity more heavily if, conditional on labour income, more

deserving individuals consume larger quantities of that commodity. This is

the case for merit goods, or if the government otherwise seeks to compensate

individuals who consume larger quantities of that commodity. Furthermore,

the government wishes to tax commodities at different rates to the extent that

doing so reduces the distortions caused by the labour income tax. This is the

case when individuals with different incomes have different preferences, or when

individuals with different labour supplies also have different consumption pat-

terns.
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1 Introduction

The optimal taxation of commodities remains a contentious issue. International

organizations and academic reviews recommend that VAT rates are uniform (e.g.,

OECD, 2020, p.42 and Mirrlees et al., 2011, ch.9). Yet most governments do apply

reduced VAT rates. By doing so, they aim to increase the purchasing power of low-

income groups, to stimulate the consumption of merit goods such as culture, and to

redistribute towards specific groups, for example, through reduced rates for female

hygiene products.1

The recommendation that commodities are taxed at uniform rates is rooted in a

seminal paper by Atkinson and Stiglitz [1976]. They show that when individual pref-

erences are weakly separable between leisure and consumption and individuals differ

only in their labour productivities, commodities should indeed be taxed at uniform

rates. The reason is that with such a one-dimensional population, if all individuals

have equal preferences, individual consumption patterns contain no information about

the individuals’ types beyond what is already revealed by the individuals’ labour in-

comes. Given then that any redistribution attained by differentiated commodity taxes

can also be attained by a tax on labour income with equal distortions of labour supply

but without distortions of consumption decisions, it is best to not use differentiated

commodity taxes for redistribution. Only when there are clear complementarities

between labour supply and the consumption of specific goods, most notably childcare

and transportation to work, can differentiated commodity taxes help reduce the dis-

tortions caused by a progressive tax on labour income (Gordon and Kopczuk, 2014

and Pirttilä and Suoniemi, 2014).

A notable shortcoming of the model of Atkinson and Stiglitz [1976] is that indi-

viduals differ only in their labour productivities. Saez [2002] studies the desirability

of differentiated linear commodity taxes when individuals also differ in their tastes.

Studying linear commodity taxes besides a non-linear income tax is useful due to the

possibility of arbitrage between taxpayers. Saez [2002] shows that starting from a

situation without commodity taxes, introducing a small linear tax on one commod-

ity increases social welfare if, on average, higher-income individuals have a relatively

higher taste for consuming this commodity.

1See, for example, OECD [2020] and Terricabras [2016]. According to OECD [2020], other goods
enjoy reduced VAT rates because they are locally supplied and their production is labour-intensive.
In this paper, I do not consider this motive.
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Ferey et al. [2021] derive optimal tax conditions in the setting studied by Saez

[2002], still for the case where households earn a single labour income. For linear

commodity taxes however, the relation between their conditions for the optimum and

the desirability conditions found by Saez [2002], remains unclear. Saez [2002, p.229]

leaves this as an “extremely useful” task for future research.

In this paper, I derive formulas for the optimal linear taxation of commodities

in a broad generalization of the model of Atkinson and Stiglitz [1976]. By doing so,

I identify the sufficient statistics that allow quantifying the optimal commodity tax

rates. Extending Saez [2002], I allow for taxpayers to differ in multiple characteristics

such as tastes, productivities, gender, etc. Furthermore, I allow for taxpayers to

earn multiple labour incomes. Allowing multiple labour incomes in the household

allows studying, for example, the effect of different complementarities of primary and

secondary labour supply with the consumption of certain goods (e.g., childcare). I

briefly characterize the optimal non-linear schedule for the multidimensional labour

income tax, and then focus on the optimal linear tax rates on commodities.

Main Results My results are as follows. If the tax schedule on the labour

incomes is optimal, then one should only deviate from uniform commodity taxes if

doing so either contributes to the distributional objectives of the government in ways

that cannot be accomplished through the tax on labour income, or if it reduces the

distortions caused by the taxation of labour income.

A first reason to deviate from uniform commodity taxes is when, on average and

conditional on labour income, the covariance between the welfare weights and the

consumption of a particular good differs from zero. This can be the case when a

strong preference for that good is considered to be socially desirable (merit goods), or

when taxpayers who, conditional on income, consume larger amounts of that good are

otherwise more deserving (e.g. to compensate for other injustices).2 The larger is the

covariance conditional on income between the welfare weights and the consumption

of that particular good, the larger is the distortion that the government should accept

from taxing that good. This motive for deviating from uniform commodity taxes is

absent if taxpayers differ only in their labour productivities.

A second reason to deviate from uniform commodity taxes is when, on average

and conditional on labour income, there is a difference between the cross-sectional

2In this paper, a good is a merit good if the government considers a strong taste for it socially
desirable. I disregard positive externalities.
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variation and the individual variation in the consumption of some good as one changes

one of the labour incomes. This can be the case for two reasons. First, it is possible

that around the income under consideration, individuals with different incomes have

different tastes for that good. Second, it is possible that taxpayers who supply differ-

ent quantities of labour, consume different quantities of the good under consideration.

In both cases, the consumption patterns reveal information about the types of the

individuals, allowing for more efficient redistribution than through the labour tax

alone. The acceptable size of the distortion from taxing the good under consideration

is then larger if the difference between the cross-sectional variation and the individual

variation in the consumption of that good is larger as one varies a particular labour

income, and if the marginal excess burden of taxing that labour income is larger.

A third reason to deviate from uniform commodity taxes is more technical. If

on average and conditional on labour income, households for whom the individual

variation of the consumption of some good with one of the labour incomes is larger

also face a larger marginal excess burden of taxing that labour income, then shifting

the burden of taxation from that labour income to the good under consideration

increases the efficiency of the tax system. As noted by Saez [2002], there is little

reason why such covariance would exist, and it would in any case be difficult to

measure empirically. This third term is absent in models where individuals differ

only in their labour productivities.

Relationship to Existing Literature This paper makes several contributions

to the literature. Saez [2002] studies the linear taxation of commodities when in-

dividuals differ in their labour productivities and their tastes, but they earn only

one labour income. He only finds desirability conditions for non-uniform commodity

taxes and does not characterize the optimal tax rates. Jacobs and Boadway [2014] do

derive optimal linear commodity taxes, for the case where households differ only in

their labour productivities and they earn only one labour income. Because they con-

sider a population that differs in one dimension only, they find less reasons than Saez

[2002] to levy differentiated commodity taxes. Ferey et al. [2021] derive optimal linear

commodity taxes for the case studied by Saez [2002], without showing how their op-

timality conditions relate to the desirability conditions found by Saez [2002]. I extend

the literature by deriving the optimal linear commodity tax rates for the general case,

allowing households to differ in characteristics beyond their labour productivities and

preferences, and to earn multiple labour incomes. I write these optimality conditions

4



in a way that immediately reveals the relation to the desirability conditions of Saez

[2002].

Road Map We proceed as follows. I introduce the model in Section 2. In Section

3, I derive properties of individual behaviour, and I introduce sufficient statistics

conditional on labour income. I present the optimal tax schedules in Section 4, before

concluding in Section 5.

2 The model

2.1 Households

Households differ in labour productivities w ≡ (w1, . . . , wL) ∈ W , where L ≥ 1

and W ⊂ RL
+ is closed and convex. For each productivity dimension l = 1, . . . , L,

households supply labour `l, yielding labour income zl = wl`l. Households pay labour

income taxes T (z), where the tax schedule can depend on all labour incomes z ≡
(z1, . . . , zL) simultaneously in complicated ways.

Households spend their disposable income on numéraire good c and commodities

x ≡ (x1, . . . , xJ). Producer prices are normalized to one, and commodities are taxed

at linear rates t ≡ (t1, . . . , tJ). The budget constraint for a household is:

c+
J∑

j=1

xj(1 + tj) =
L∑
l=1

zl − T (z). (1)

Besides their labour productivities, households can differ in other dimensions. We

parametrise the additional characteristics using the vector θ ≡ (θ1, . . . , θK) ∈ Θ ⊂
RK

+ . We denote the type vectors as ω ≡ (w,θ) ∈ Ω ≡ W × Θ. We denote the joint

cumulative distribution of the types as Gω(ω) with corresponding twice continuously

differentiable density function gω(ω). We do not make assumptions about the joint

distribution of the types.

Each household makes its decisions as one unit. They choose consumption c and

x, and labour incomes z, taking into account their budget constraint (1), to maximize

a thrice continuously differentiable, weakly concave utility function:

max
c,x,z

u

(
c,x,

z1

w1
, . . . ,

zL

wL
,ω

)
, (2)
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with partial derivatives uc > 0, uxj > 0 and u`l < 0, and with indifference sets that

are strictly convex in (c,x, z) for all utility levels and types. We assume that for all

households, the second-order conditions hold for optimization problem (1)–(2), and

that the household’s optimization problem admits a single global maximum. These

assumptions, together with the assumption that the tax schedule z 7→ T (z) is twice

continuously differentiable, prevent that small tax perturbations lead to “jumps” in

the choices of the households.3 For a household of type ω and for tax policies T and

t, we denote indirect utility as v(ω, T, t).

2.2 Government

The government sets its tax policies to maximize an additive social welfare function

subject to a budget constraint. The social welfare function is:4

max
T,t

∫∫
Ω

W (v(ω, T, t),ω) dGω(ω), (3)

where (v, ω) 7→ W (v, ω) is a twice continuously differentiable, increasing, and weakly

concave transformation of household utility that captures the government’s normative

preferences. Note that the weight given to a household can depend on its type ω.5

The government’s budget constraint is:

∫∫
Ω

(
T (z) +

J∑
j=1

tjxj

)
dGω(ω) ≥ E, (4)

with E an exogenously given revenue requirement.

3See Spiritus et al. [2022] for a proof.
4
∫∫

Ω
denotes a multidimensional integral over the set Ω.

5It remains an open question how the government should compare taxpayers that have different
preferences. One possible approach is the construction of equivalent incomes that cardinalize the
households’ utilities in a way that incorporates the planner’s normative judgements. See Fleurbaey
and Maniquet [2018] for a review of principles of fairness in optimal taxation theory. In this paper,
we accept the social preferences as given.
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3 Individual behaviour

The first-order conditions for household optimization problem (1)–(2) for labour in-

comes l = 1, . . . , L and commodities j = 1, . . . , J are:

u`l

uc
= wl(1− Tzl) and

uxj

uc
= 1 + tj. (5)

For each household type ω, we denote the optimal labour incomes as Z(ω) ≡ (Z1(ω),

. . . , ZL(ω)), the optimal consumption of the numéraire good as C(ω), and the optimal

consumption of the other commodities as X(ω) ≡ (X1(ω), . . . , XJ(ω)). We denote

the income space as the set Z ≡ {z ∈ RL
+|∃ω ∈ W : Z(ω) = z}.

With the assumptions made in Subsection 2.1, the households’ responses to small

perturbations of the tax policies are well defined. Let ρ denote a lump sum perturb-

ation, and let τ l denote a compensated perturbation of the l-th marginal tax rate,

such that the perturbed tax schedule is:

z 7→ T (z)− ρ+
L∑
l=1

τ l · (zl − Z l(ω)). (6)

We denote the behavioural responses to an increase in the lump sum income for any

commodity j as ∂Xj(ω)/∂ρ, and for any labour income l as ∂Z l(ω)/∂ρ. We denote

the behavioural responses to a compensated perturbation of the m-th marginal in-

come tax rate as ∂Xj∗(ω)/∂τm and ∂Z l∗(ω)/∂τm. Lastly, we denote the behavioural

responses to a change of the linear tax rate on the i-th commodity as ∂Xj(ω)/∂ti

and ∂Z l(ω)/∂ti.

Standard derivations yield Slutsky decompositions (omitting function arguments,

and with asterisks denoting compensated effects):

∀j,m :
∂Xm

∂tj
=
∂Xm∗

∂tj
− ∂Xm

∂ρ
Xj, (7)

and:

∀j, l :
∂Z l

∂tj
=
∂Z l∗

∂tj
− ∂Z l

∂ρ
Xj, (8)
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and Slutsky symmetries:

∀l,m, j, k :
∂Z l∗

∂τm
=
∂Zm∗

∂τ l
,

∂Xj∗

∂τ l
=
∂Z l∗

∂tj
and

∂Xk∗

∂tj
=
∂Xj∗

∂tk
. (9)

Following Christiansen [1984], Saez [2002] and Jacobs and Boadway [2014], we

split the decision process of the individuals into two phases. In the second phase,

individuals take their labour incomes and thus their disposable incomes as given, and

they decide how to spend their money on consumption goods. In the first phase,

individuals choose their labour incomes, taking the ensuing outcome of the second

phase as given. Conditional on the combination of labour incomes z, we denote the

corresponding optimal consumption of the j-th good as Xjc(ω, z).

4 Optimal policies

Saez [2001] was the first to characterize the optimal labour income tax schedule

in terms of sufficient statistics. Werquin et al. [2015] did the same for the case

with multiple labour incomes. The optimal taxation of multiple labour incomes is

complicated, and its interpretation is beyond the scope of the present paper. I simply

state the optimality conditions for the tax on the labour incomes in Subsection 4.1,

and take these optimality conditions as given in Subsection 4.2 to characterize the

optimal linear commodity taxes.

4.1 Optimal tax on labour incomes

The derivations and the interpretation of the optimal tax schedule on the labour

incomes are beyond the scope of this paper. Werquin et al. [2015] and Spiritus et al.

[2022] show that, given our assumptions, the optimal tax schedule is characterized

by:6

∀z :
L∑
l=1

∂

∂zl

(
W l(z)gz(z)

)
= −(1− β(z))gz(z), (10)

where for any function ω 7→ h(ω), the notation z 7→ h(z) denotes the average of

h(ω) over all types ω who choose labour income Z(ω) = z; z 7→ gz(z) denotes

6Integrating (10) for L = 1 shows that it is equivalent to Saez’ [2001] ABC-style characterization
for the optimal one-dimensional tax on labour income.
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the probability density function for the labour incomes and z 7→ Gz(z) denotes the

cumulative distribution function; we denote the marginal excess burden of a tax on

the l-th labour income as follows:

∀ω :W l(ω) ≡ −
L∑

m=1

Tzm
∂Zm∗(ω)

∂τ l
−

J∑
j=1

tj
∂Xj∗(ω)

∂τ l
; (11)

and we denote the marginal social welfare weights net of income effects as follows

(with λ denoting the government’s budget Lagrange multiplier):

∀ω : β(ω) ≡ Wvuc
λ

+
L∑
l=1

Tzl
∂Z l(ω)

∂ρ
+

J∑
j=1

tj
∂Xj(ω)

∂ρ
. (12)

At each point z on the boundary of the income space Z, the following boundary

condition must hold:7
L∑
l=1

W l(z)el(z) = 0, (13)

where el(z) is the l-th component of the unit vector normal to the boundary of the

income space at the point z. Applying the divergence theorem to condition (10)

and substituting the boundary conditions (13) shows that the welfare weights should

average to one: ∫∫
Ω

β(ω)dGω(ω) = 1. (14)

4.2 Optimal commodity taxes

The linear tax rate on the j-th commodity is optimal if perturbing it leaves social

welfare unaffected. Demanding that the sum of all effects of a perturbation of tj

on social welfare equals zero, the government’s first-order condition for the optimal

linear tax on the j-th commodity is:

∫∫
Ω

{(
1− W ′uc

λ

)
Xj +

L∑
l=1

Tzl
∂Z l

∂tj
+

J∑
k=1

tk
∂Xk

∂tj

}
dGω(ω) = 0, (15)

7See Werquin et al. [2015] and Spiritus et al. [2022] for proofs. For L = 1, condition (13) is
equivalent to demanding that the marginal tax rates equal zero at the bottom and at the top of the
income distribution.
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where we omit the function arguments in the integrand to simplify notations.

Substitute Slutsky decompositions (7)–(8) and definition (12) of the social welfare

weights:

∫∫
Ω

{
(1− β)Xj +

L∑
l=1

Tzl
∂Z l∗

∂tj
+

J∑
k=1

tk
∂Xk∗

∂tj

}
dGω(ω) = 0. (16)

Condition (16) characterizes the optimal linear taxes on the commodities, even

when the tax schedule on the labour incomes is not optimal. We are interested in the

optimal tax rates on the commodities when the tax schedule on the labour incomes is

optimal, thus optimal tax conditions (10) and boundary conditions (13) are fulfilled.8

I present the results in two steps. First, I present the optimality conditions in the

presence of a single labour income, so we remain close to the model of Saez [2002].

This allows comparing our optimality conditions to his desirability conditions. Next,

I present the results for an arbitrary number of labour incomes. The proof for all

results is in Appendix A.

Proposition 1. If households earn a single labour income z and the tax schedule on

labour income is optimal, then the optimal linear commodity tax rates are character-

ized by the following conditions, for all commodities j:

J∑
k=1

tk
∫
Z

∂Xkc∗

∂tj
dGz(z) =

∫
Z

cov(β,Xj|z)dGz(z) (18)

−
∫
Z
W

(
dXj

dz
− ∂Xjc

∂z

)
dGz(z)

+

∫
Z

cov

(
W ,

∂Xjc

∂z

∣∣∣∣ z) dGz(z).

The interpretation of the terms in Proposition 1 corresponds directly to the de-

8If the marginal tax rates on labour income are not optimal, one can use the derivations of
Atkinson and Stiglitz [1980] to study the properties of condition (16). For example, assuming the
population average of the welfare weights equals one, so (14) is satisfied, we find:

cov
(
β,Xj

)∫∫
Ω
Xj∗dGω(ω)

=

∫∫
Ω

{∑L
l=1 Tzl

∂Zl∗

∂tj +
∑J

k=1 t
k ∂Xk∗

∂tj

}
dGω(ω)∫∫

Ω
Xj∗dGω(ω)

. (17)

We thus find that in the optimum, the distributional characteristic of each good should be equal to
the normalized efficiency losses caused by taxing that good.
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sirability conditions of Saez [2002]. My contribution is to state the full optimality

conditions, whereas Saez [2002] identifies the cases where the commodity taxes should

differ from zero. The first term on the right-hand side of (18) indicates the covariance

of the welfare weights with the consumption of the commodity under consideration,

conditional on labour income. It indicates whether conditional on labour income, the

government considers a strong taste for the goods under consideration to be desirable

from a normative perspective, or individuals who consume more of the good under

consideration are more deserving of additional resources for another reason. This first

term is zero in models with one-dimensional types, such as the models of Atkinson

and Stiglitz [1976] and of Jacobs and Boadway [2014].

The second term on the right-hand side of (18) captures the difference between

the cross-sectional variation and the individual variation in the consumption of the

good under consideration. This term can differ from zero for two reasons, as discussed

by Saez [2002]. The first possible reason is that around the income level under con-

sideration, individuals with different incomes have relatively different tastes for the

consumption good under consideration. The second reason why this term can dif-

fer from zero, is that households who supply different quantities of labour, consume

different amounts of the good under consideration. This term was also identified by

Jacobs and Boadway [2014] for the case where all individuals have the same prefer-

ences. If there is a difference between the cross-sectional variation and the individual

variation in the consumption of the good under consideration, the consumption pat-

tern reveals information about the individual types beyond what is revealed by the

labour incomes alone. Shifting from a tax on labour income to a tax on that commod-

ity then reduces the distortions caused by the tax system, by an amount proportional

to the marginal excess burden of the labour income tax.

The third term on the right-hand side of (18) captures the possibility that condi-

tional on labour income, household for whom a higher labour income leads to a higher

consumption of the good under consideration, have higher compensated responses to

taxes on labour income. By then shifting the burden of taxation from that labour

income to the good under consideration, the government can attain equal benefits of

redistribution, with less efficiency losses. As noted by Saez [2002], this third term

is difficult to measure empirically, and there is intuitively little reason why it would

differ from zero. This third term is absent in models with a single dimension of

heterogeneity.
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If the right-hand side of (18) differs from zero, then it becomes desirable to levy

differentiated taxes on the commodities. The left-hand side of (18) then indicates

that the optimal size of the marginal excess burden caused by taxing a good under

consideration, conditional on labour income, is larger in absolute value as the absolute

value of the right-hand side of (18) increases.

We now turn to the optimal taxes in presence of multiple labour incomes. Recall

from Subsection 4.1 that when turning to a multidimensional context, studying the

optimal taxation of the labour incomes becomes considerably more complicated. I

show in the following Theorem that this complexity does not transfer to the optimal

linear taxation of commodities.

Theorem 1. If the tax schedule on the labour incomes of the households is optimal,

then the optimal linear commodity tax rates are characterized by the following condi-

tions, for all commodities j:

∫∫
Z

J∑
k=1

tk
∂Xkc∗

∂tj
dGz(z) =

∫∫
Z

cov(β,Xj|z)dGz(z) (19)

−
L∑
l=1

∫∫
Z
W l

(
dXj

dzl
− ∂Xjc

∂zl

)
dGz(z)

+
L∑
l=1

∫∫
Z

cov

(
W l,

∂Xjc

∂zl

∣∣∣∣ z) dGz(z).

The optimality condition (19) is very similar to the optimality condition (18) in

presence of a single labour income. The left-hand sides and the first term on the

right-hand sides are equal for both conditions, with equal interpretations.

The second term on the right-hand side of (19) now contains a sum over all labour

incomes. This term still captures, for each labour income, the difference between the

cross-sectional variation and the individual variation in the consumption of the good

under consideration. The interpretation remains the same as in the case with a single

labour income, only now the effect is summed over the different labour incomes. For

example, there can now be multiple Corlett and Hague [1953] effects, one for each of

the household members.

The third term on the right-hand side of (19) is also similar to the third term

on the right-hand side of condition (18), except that it is again summed over all the

12



labour incomes. This term again captures the technical possibility that conditional

on the labour incomes, household for whom a higher labour income leads to a higher

consumption of the good under consideration, have higher compensated responses to

taxes on that labour income. The interpretation of this term remains the same as in

the case with a single labour income.

5 Conclusions

There are several possible reasons to deviate from uniform tax rates on commodities.

A first possible reason is that conditional on labour income, individuals who consume

more of a particular good are more deserving in the eyes of the government. This can

be the case when a strong taste for a particular good is considered socially desirable

(merit goods) or if the government wishes to compensate types who typically consume

certain goods (e.g., to compensate for other injustices). The acceptable size of the

distortion from taxing a particular good, conditional on labour income, is then larger

if the conditional covariance between the welfare weights and the consumption of that

good is larger.

A second possible reason to differentiate commodity taxes is that on average, indi-

viduals with different incomes have different consumption patterns. A third, related

reason is that conditional on income, individuals who supply different quantities of

labour have different consumption patterns. In each case, shifting the burden of taxa-

tion from the labour incomes to differentiated commodity taxes increases the efficiency

of the tax system. The acceptable size of the distortion of taxing a particular good

then depends on the size of the difference between the cross-sectional variation and

the individual variation of the consumption of that good along each labour income,

and the size of the marginal excess burdens of the taxes on those labour incomes.

The formulas in this paper identify which statistics are sufficient to characterize

the optimal commodity taxes. Most of these statistics are not yet available in the

empirical literature. Moreover, it remains unclear how the social welfare function can

capture common ethical intuitions that may lead to differentiated commodity taxes

in the optimum. For these reasons, numerical simulations of the optimal commodity

tax rates would currently be based on arbitrary parameters. It would be very useful

if further research could quantify the needed sufficient statistics for a numerical ex-

ercise. Further useful extensions would include moving beyond the unitary decision

13



framework for the households. Such an extension, however, would first require ad-

vances in our knowledge on the optimal taxation of labour income when households

do not take their decisions as one unit.
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A Proof of Proposition 1 and Theorem 1

To account for the conditions for the optimal tax schedule on the labour incomes,

we reformulate optimality condition (16) in the income space. Let Gω|z(ω|z) denote

the cumulative distribution function of the characteristics ω conditional on labour

incomes z, with corresponding density function gω|z(ω|z). We can then change the

integration domain of (16), to find for any commodity j:

∫∫
Z

∫∫
{ω|Z(ω)=z}

{
(1− β)Xj +

L∑
l=1

Tzl
∂Z l∗

∂tj
+

J∑
k=1

tk
∂Xk∗

∂tj

}
dGω|z(ω|z)dGz(z) = 0,

(20)

or shorter:∫∫
Z

(1− β)XjdGz(z) +

∫∫
Z

{
L∑
l=1

Tzl
∂Z l∗

∂tj
+

J∑
k=1

tk
∂Xk∗

∂tj

}
dGz(z) = 0. (21)

We now rewrite the first integral in (21) as a covariance conditional on labour
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income:∫∫
Z

(1− β)XjdGz(z) = −
∫∫
Z

cov(β,Xj|z)dGz(z) +

∫∫
Z

(1− β)XjdGz(z). (22)

Substitute optimality condition (10) and then apply partial integration taking into

account boundary conditions (13):∫∫
Z

(1− β)XjdGz(z)

= −
∫∫
Z

cov(β,Xj|z)dGz(z)−
∫∫
Z

L∑
l=1

∂

∂Z l

(
W lgz(z)

)
Xjdz (23)

= −
∫∫
Z

cov(β,Xj|z)dGz(z) +

∫∫
Z

L∑
l=1

(
W l

dXj

dzl

)
dGz(z). (24)

Substitute the latter result into optimality condition (21) and rearrange:9

∫∫
Z

{
L∑
l=1

(
W l

∂Xjc

∂zl
+ Tzl

∂Z l∗

∂tj

)
+

J∑
k=1

tk
∂Xk∗

∂tj

}
dGz(z)

=
L∑
l=1

∫∫
Z

cov

(
Wl,

∂Xjc

∂zl

∣∣∣∣ z) dGz(z)

−
L∑
l=1

∫∫
Z
W l

(
dXj

dzl
− ∂Xjc

∂zl

)
dGz(z)

+

∫∫
Z

cov(β,Xj|z)dGz(z). (25)

Finally, we rewrite the left-hand side of the latter equation. Substitute definition

9To find (25), first add
∑L

l=1

∫∫
ZW l(∂Xjc/∂zl)dGz(z) on both sides of (21).
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(11) of the excess burden and rearrange:

∫∫
Z

{
L∑
l=1

(
W l

∂Xjc

∂zl
+ Tzl

∂Z l∗

∂tj

)
+

J∑
k=1

tk
∂Xk∗

∂tj

}
dGz(z)

=

∫∫
Z

{
L∑
l=1

Tzl

(
∂Z l∗

∂tj
−

L∑
m=1

∂Z l∗(ω)

∂τm
∂Xjc

∂zm

)}
dGz(z)

+

∫∫
Z

{
J∑

k=1

tk

(
∂Xk∗

∂tj
−

L∑
l=1

∂Xk∗(ω)

∂τ l
∂Xjc

∂zl

)}
dGz(z). (26)

Apply Slutsky symmetries (9):

∫∫
Z

{
L∑
l=1

(
W l

∂Xjc

∂zl
+ Tzl

∂Z l∗

∂tj

)
+

J∑
k=1

tk
∂Xk∗

∂tj

}
dGz(z)

=

∫∫
Z

{
L∑
l=1

Tzl

(
∂Xj∗

∂τ l
−

L∑
m=1

∂Zm∗

∂τ l
∂Xjc

∂zm

)}
dGz(z)

+

∫∫
Z

{
J∑

k=1

tk

(
∂Xj∗

∂tk
−

L∑
l=1

∂Z l∗

∂tk
∂Xjc

∂zl

)}
dGz(z). (27)

Now note that the compensated response of the consumption of the j-th con-

sumption good to a reform in the k-th commodity tax can then be decomposed as

follows:

∂Xj∗(ω)

∂tk
=
∂Xjc∗(ω,Z(ω))

∂tk
+

L∑
m=1

∂Xjc(ω,Z(ω))

∂zm
∂Zm∗(ω)

∂tk
. (28)

For a given type and keeping constant the chosen combination of labour incomes, a

compensated perturbation of the tax on labour income does not directly affect the

consumption choices. We thus find:

∂Xj∗(ω)

∂τ l
=

L∑
m=1

∂Xjc(ω,Z(ω))

∂zm
∂Zm∗(ω)

∂τ l
. (29)
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Substitute properties (28)–(29) on the right-hand side of (27) to simplify:

∫∫
Z

{
L∑
l=1

(
W l

∂Xjc

∂zl
+ Tzl

∂Z l∗

∂tj

)
+

J∑
k=1

tk
∂Xk∗

∂tj

}
dGz(z)

=

∫∫
Z

J∑
k=1

tk
∂Xkc∗

∂tj
dGz(z). (30)

Substitute the latter result into condition (25) to find the characterization of the

optimal tax rates in Theorem 1. Proposition 1 follows by setting L = 1 in Theorem

1.
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