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CONVEX MONOTONE SEMIGROUPS AND THEIR GENERATORS
WITH RESPECT TO I'CONVERGENCE

JONAS BLESSING*!, ROBERT DENK*? MICHAEL KUPPER*3, AND MAX NENDEL***

ABSTRACT. We study semigroups of convex monotone operators on spaces of contin-
uous functions and their behaviour with respect to I'-convergence. In contrast to the
linear theory, the domain of the generator is, in general, not invariant under the semi-
group. To overcome this issue, we consider different versions of invariant Lipschitz
sets which turn out to be suitable domains for weaker notions of the generator. The
so-called I'-generator is defined as the time derivative with respect to I'-convergence
in the space of upper semicontinuous functions. Under suitable assumptions, we
show that the I'-generator uniquely characterizes the semigroup and is determined
by its evaluation at smooth functions. Furthermore, we provide Chernoff approxima-
tion results for convex monotone semigroups and show that approximation schemes
based on the same infinitesimal behaviour lead to the same semigroup. Our results
are applied to semigroups related to stochastic optimal control problems in finite
and infinite-dimensional settings as well as Wasserstein perturbations of transition
semigroups.

Key words: Convex monotone semigroup, ['-convergence, Lipschitz set, comparison
principle, Chernoff approximation, optimal control, Wasserstein perturbation.

MSC 2020: Primary 47H20; 47J25; Secondary 35K55; 35B20; 491.20.

1. INTRODUCTION

The link between operator semigroups and abstract Cauchy problems through the
infinitesimal behaviour of the semigroup is a classic question in the theory of partial
differential equations. A fundamental result is that strongly continuous semigroups of
bounded linear operators on Banach spaces are uniquely characterized by their infinites-
imal generator. In a nonlinear setting, Alvarez et al. [1] provide an axiomatic foundation
for viscosity solutions to fully nonlinear second-order partial differential equations based
on monotone semigroups which are defined on the space of bounded uniformly contin-
uous functions and satisfy suitable regularity and locality assumptions. This approach
was picked up later by Biton [6] for semigroups on more general spaces of continuous
functions with a certain behaviour at infinity. While these works mainly focus on the
existence and axiomatization of second-order differential operators through semigroups,
the uniqueness of the associated semigroups in terms of their generator is not yet fully
clarified, cf. the discussion in [0, Section 5]. The key ideas of viscosity solutions are
local comparisons with smooth functions and regularizations by introducing additional

*DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF KONSTANZ, 78457 KONSTANZ,
GERMANY

**CENTER FOR MATHEMATICAL Econowmics, BIELEFELD UNIVERSITY, 33615 BIELEFELD,
GERMANY

E-mail addresses: *jonas.blessing@uni-konstanz.de, “robert.denk@uni-konstanz.de,
3 kupper@uni-konstanz.de, ‘max.nendel@uni-bielefeld.de.

Date: February 17, 2022.

Financial support through the Deutsche Forschungsgemeinschaft (DFG, German Research Founda-
tion) — SFB 1283/2 2021 — 317210226 is gratefully acknowledged.

1



2 CONVEX MONOTONE SEMIGROUPS

viscosity terms. We refer to Fleming and Soner |22, Chapter I1.3] for an intuitive discus-
sion on viscosity solutions in an operator-theoretic setting based on abstract dynamic
programming principles. In the present paper we follow a different approach which is
closer to the theory of linear semigroups and based on invariant sets which are suitable
domains for a weaker definition of the generator. In order to provide uniqueness results
for semigroups based on their infinitesimal behaviour, it is crucial that the domain of
the generator is invariant under the semigroup. If we drop the linearity, the invariance
may fail, see |17, Example 5.2|. Additionally, the domain might be even empty, see
Crandall and Liggett |14, Section 4]. For convex semigroups, the invariance can, in gen-
eral, only be guaranteed for spaces with order continuous norm, see [16]. In contrast to
LP-spaces and Orlicz hearts, which might be too large to handle the nonlinearity, spaces
of continuous functions lack this property. Hence, we are looking for an invariant set
on which we can define the generator in a weaker form such that the semigroup still
represents the unique solution to the associated abstract Cauchy problem. Similar to
Rademacher’s theorem, it turns out that Lipschitz continuous paths of the semigroup
are differentiable in a weaker sense, i.e., the generator can be defined with respect to
I"-convergence.

Let S := (S(t))¢>0 be a strongly continuous semigroup of convex monotone operators
on a suitable space of continuous functions. On the so-called upper Lipschitz, which is
invariant under the semigroup, we can define the upper I'-generator

Afff = I'-lim sup M

10 h

Likewise we define the I'-generator Arf if the limes superior in the previous equation
can be replaced by a I'-limit. Since the function A; f is merely upper semicontinuous,
an extension of S to the set of all upper semicontinuous functions is necessary in order
to define the term S (t)Aif f. For that purpose, we follow the ideas of Beer [1]. Under
the assumption that S is continuous from above, there exists a unique extension which
is upper semicontinuous with respect to I'-convergence. The latter property is crucial
for our work. Moreover, on the set of upper semicontinuous functions, the concept
of I'-convergence satisfies desirable stability properties, see, e.g., Dal Maso [15] and
Rockafellar and Wets [35].

Our first main result is a comparison principle which implies, in particular, that con-
vex monotone semigroups are uniquely determined by their upper I'-generator on their
upper Lipschitz set, see Theorem 2.10 and Corollary 2.11. Second, under additional
assumptions, we show that Apf = I'-lim, o Arf, if (fn)nen is a suitable approxi-
mating sequence for f, see Theorem 3.4. Typically, the approximating sequence can be
constructed via convolutions with mollifiers or sup-inf-convolutions. In particular, we
obtain an explicit description of Arf if, for smooth functions, the I'-generator is given
as a convex functional of certain partial derivatives. It was shown in Alvarez et al. [1]
and Biton [6] that this is the case for typical fully nonlinear PDEs. Third, we study
approximation schemes of the form
2n1¢

S(t)f = lim (I(27™t))

l—00

f

which are known as Chernoff approximations |11, 12] or Trotter formulae [12,13]. In
this case, key properties of S can be obtained from the corresponding properties of I,
see Theorem 4.3 and Theorem 4.6.
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The semigroups we consider are upper semicontinuous with respect to I'-convergence
and sequentially continuous in buc!, see Lemma 2.6 and Lemma 2.7. The idea of
weakening topological properties of the semigroup is already present in the literature.
Goldys and Kocan [21], van Casteren [11], Kunze [30] and Kraaij [28] study linear semi-
groups in strict topologies, see also Kraaij [26] and Yosida [16] for semigroups in locally
convex spaces. Furthermore, equi-continuity in the strict topology is suitable for stabil-
ity results. Kraaij [29] provides convergence results for nonlinear semigroups based on
the connection between viscosity solutions to Hamilton—Jacobi equations and pseudo-
resolvents and, in [27], T-convergence of functionals on path-spaces is established. A
classical approach to nonlinear semigroups concentrates on the study of maximal mono-
tone or m-accretive operators, see, e.g., Barbu [2], Bénilan and Crandall [5], Brézis [9],
Kato [25] and the references therein. However, there exist simple examples of operators
which are accretive but not m-accretive, see, e.g., |17, Example 5.2|. This obstacle was
one of the motivations for the study of viscosity solutions to fully nonlinear equations,
cf. Lions [32], Crandall et.al. [13] and Evans [19, Section 4].

In Section 5, the abstract results are applied to several classes of examples. In
Subsection 5.1, we show that dynamic stochastic optimal control problems for drift and
volatility controlled diffusions can be approximated by iterating a corresponding static
control problem, where we only take simple deterministic controls. Moreover, the study
of the so-called symmetric Lipschitz set yields a regularity result for the corresponding
PDE even in the degenerate case. In Subsection 5.2, we show that, in the sublinear
case, the previous approximation result can be lifted to an infinite-dimensional setting.
In Subsection 5.3, we show that non-parametric Wasserstein perturbations of transition
semigroups asymptotically coincide with perturbations which have a finite-dimensional
parameter space. As a byproduct, we recover the Talagrand T3 inequality for the normal
distribution.

2. COMPARISON OF CONVEX MONOTONE SEMIGROUPS ON LIPSCHITZ SETS

2.1. Setup and I'-convergence. Let (X, d) be a complete separable metric space and
denote by B(z,r) := {y € X: d(x,y) < r} the closed ball with radius » > 0 around
x € X. We endow the set of all functions with the pointwise order, i.e., f < g if and
only if f(z) < g(x) for all f,g: X — [—00,00) and x € X. All order-related notions
(sup, inf, max, min, lim sup, etc.) for such functions are understood with respect to this
order. We define fV g := max{f, g}, fAg:=min{f, g}, fT:= fV0and f~ := —(fA0)
for all f,g: X — [—00,00), where f~(z) := o0 if f(x) = —o0.

We slightly relax the supremum norm in order to include unbounded functions with
controlled growth behaviour at infinity. For this, we fix a bounded continuous function
k: X — (0,00) and consider the k-weighted supremum norm

71 = sup £ (&) s(a) € 0.00] for all f: X = [~o0,00).

Let C, be the space of all continuous functions f: X — R with || f]|, < oo and Uy be
the set of all upper semicontinuous functions f: X — [—o0,00) with [|fT]. < co. If
k =1, then || - || is the usual supremum norm || - ||~, Cx coincides with the space Cy
of all bounded continuous functions and U is the set Uy, of all upper semicontinuous
functions which are bounded above by a real constant. Since the mapping

Ci = Cy, f—=fk

D\ sequence converges buc if and only if it is bounded and converges uniformly on compacts. On
Polish spaces, a sequence converges buc if and only if it converges in the strict topology, see [39].
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is an order-preserving linear isometric isomorphism, the space C, is a Banach lattice.
Note that

Ux = (CH)E = {111611{1 fn5 (fn)neN C Cn}-Q

Let (fn)nen C Uy be a sequence and f € U,. We write f,, | f if (fn)nen decreases
pointwise to f. If f,, and f are real-valued, we say that f,, — f uniformly on compacts
if sup,cg |f(z) — fu(z)] — 0 for every compact set K C X. Furthermore, a set ' C Uy,
is called bounded if sup e || f|lx < 0o and bounded above if sup e g | f | < o0.

Definition 2.1. For every sequence (fy,)nen C Uy, which is bounded above, we define

(F- lim sup fn) () :=sup { limsup fn(zn): (Tn)neny C X with z, — l’} € [—o0, 00)
n—oo n—oo
for all x € X. Moreover, we say that f = I'-lim,,_,o frn with f € Uy if, for every x € X,
e f(x) > limsup,_, fn(x,) for every sequence (zp)neny C X with z,, — x,
o f(x) =limy o0 fn(xy,) for some sequence (zy,)neny € X with x,, — .
For every t > 0 and (fs)s>0 C Uy, which bounded above, we define
I'-lim sup fs := sup { [-limsup fs, : Spn — t} € Us.

s—t n—00

Furthermore, we say that f = I'-lim,_ fs with f € Uy if f = I'-lim, o fs, for all
sequences (sp)nen C [0,00) with s, — t.

For further details and a summary of basic results on I'-convergence, we refer to
Appendix A. The following geometric characterization of the I'-limsup is based on
the work of Beer [1]. We will use it throughout this work to link I'-convergence with
monotone convergence and I'-upper semicontinuity with continuity from above.

Remark 2.2. For every f € Uy, there exists a family (?€)5>0 C Uy with
FlLf asel0 and —%g?gmg |fTllx +e foralle>0.

Furthermore, let (fy,)nen C Uy be bounded above. Then, it holds I'-limsup,, . fn < f
if and only if, for every € > 0 and K C X compact, there exists ng € N such that

falz) < f(z) forall z € K and n > ng.

The family (?E)Do is explicitly constructed in Appendix A.

2.2. Convex monotone semigroups on Lipschitz sets. Let S := (5(¢)):>0 be a
family of operators S(t): C, — Uy. The norm generator is defined by
S(h)f—f

A: D(A) = Cy, [ %%T,

where the domain D(A) consists of all f € C, such that S(t)f € C, for all t > 0,
the previous limit exists with respect to the norm || - ||, and S(s +¢)f = S(s)S(t)f
for all s,¢ > 0. As previously discussed, the assumption S(t): D(A) — D(A) for all
t > 0 is, in general, too restrictive. We point out that this problem can not be avoided
by restricting the semigroup and the generator to a subspace of C,. Hence, instead of
considering the largest set on which the right derivative of the trajectories t — S(t)f
exists with respect to the norm, we consider the largest set on which the trajectories
are merely (upper) Lipschitz continuous. For these trajectories the right derivative can
still be defined as a limes superior. This brings us to the following crucial definition.

21t holds f(z) = infpen SUp, e x ﬁ(max{(ffc)(y), —n} —n’d(z,y)) for all f € U, and z € X.
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Definition 2.3. The upper Lipschitz set Ei consists of all f € Cy such that
(i) S(t)f € C for all t > 0,
(ii) S(s+1t)f =S(s)S(t)f for all s,t >0,
(iii) there exist hg > 0 and ¢ > 0 with (S(h)f — f)k < ch or all h € [0, ho).
Furthermore, we define the upper I'-generator by

Aiff = I‘—limsupM e U, forall fe Ei.
hl0 h

By definition, it holds D(A) C £f and Af = A{ f for all f € D(A). Furthermore,
we will see in Section 3 that, under additional assumptions, the limes superior in the
previous definition can be replaced by a limit. The invariance of the upper Lipschitz
set, i.e., S(t): Ef_ — Ei for all t > 0, does not require further assumptions and is
shown in Remark 2.9 below. While Af € C, holds by definition, Aff f is not necessarily
continuous and may take the value —oo. Hence, in order to to give the term S (t)Aif f
a meaning, an extension of S from C, to U is necessary. Moreover, the argumentation
in this article relies heavily on the fact that the extension is I'-upper semicontinuous in
time and continuous from above. This can be achieved under the following assumption
which holds throughout the rest of this section. Let B¢, (0,7) := {f € Cx: ||fllx < 7}
and By, (0,7) :={f € Uy: || f|lx <7} be the closed balls with radius » > 0 around zero
in C, and U,, respectively.

Assumption 2.4. The family S := (S(t)):>0 of operators S(t): C, — U, satisfies the
following conditions:

(S1) The operator S(t) is convex and monotone,® and S(t)0 = 0 for all ¢ > 0.

(S2) For every t > 0, the operator S(t) is continuous from above, i.e., S(t)f, | S(t)f
for all sequences (fp)neny C C and f € C,, with f, | f.

(S3) I-limsup,_,; S(s)f < S(t)f and S(0)f = f for all t > 0 and f € C,.

(S4) supsejo, SUPfe B, (0,r) [19(8) flln < oo for all r,t > 0.

Since Cy is a Banach lattice and S(t) is convex, it is sufficient to require condition (S2)
for some f € Cy, e.g., f = 0. Although, in many examples, S is a priori only defined
on a closed subspace C C C,, we assume that S is defined on the whole space C,. The
reason behind this is the fact that the property U, = (C,)s together with condition (S2)
ensures the existence of a pointwise extension to U, which is again continuous from
above and satisfies the conditions (S1)-(S4) for all f € U,. If U, = Cs, it is sufficient to
state Assumption 2.4 with C instead of C,. We conclude this subsection with the crucial
observation that S is simultaneously upper semicontinuous in the variables t and f, see
Lemma 2.6 below. Moreover, we state some further comments about Definition 2.3 and
Assumption 2.4. Let B, be the space of all Borel measurable functions f: X — [—o0, 00)
with || fT]], < oc.

Remark 2.5. We discuss the extension of S from C, to Uy. For a proof, we refer to
Corollary C.3.

(i) Fix t > 0. Since S(t): C, — Uy is continuous from above and U, = (Cy)s, there
exists a unique extension S(¢): U, — U, which is continuous from above. The
family of extended operators satisfies the conditions (S1)-(S4) with U instead of
Cs. In addition, for every x € X, the functional

Un — [_00700)7 f = (S(t)f)(x)

3The mapping C, — [—00,00), f > (S(t)f)(z) is convex and monotone for all z € X.
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can even be extended to B, in such a way that, for every € > 0 and ¢ > 0, there
exists a compact set K C X with (S(t)(£1ke))(x) <e. Here, K¢ := X\K.
(ii) Fix t > 0 and K C X compact. Let (fn)nen C Uy be a sequence with f,, | 0. By
part (i), the mapping
[0,t] x K = R, (s,2) = (S(s)fn)(2)
is upper semicontinuous for all n € N and decreases pointwise to zero as n — co.
It thus follows from Dini’s theorem that

sup  (S(s)fn)(x) L 0 asn — oo.
(s,2)€[0,t] x K

Moreover, for every € > 0 and ¢ > 0, there exists a compact set K1 C X with

sup  (S(s)(E1ke))(z) <e.
(s,2)€[0,t] x K

Lemma 2.6. Let (fy)nen C Uy be bounded above and (tp)nen C [0,00) a convergent
sequence. Define f :=T-limsup,,_, fn and t :=lim,_,oc ty,. Then,

[-limsup S(t,) fn < S(t)f.

n—o0

Proof. Let ¢ € (0,1] and K C X compact. By Remark 2.2, there exists ng € N with
fu(x) < F(2) for all z € K and n > ng. We use the fact that f~ > —1/ex together with
the monotonicity of S(t,) to come up with

S(tn)fn < S(tn)(7€ + %]ch) for all n > ny,

where ¢ := sup,en || £ || + /e < 0o. For all A € (0,1), the convexity of S(t,) implies

S(tn) (f7 + Slge) < AS(tn) (3F7) + (1 - A)S(t@(ﬁm@).
Hence, it follows from Lemma A.1(iv) and Remark 2.5(i) that

I-limsup S(ty) fn < /\S(t)(%fs) + (1 — A)sup S(t,) (ﬁﬂ[(c).

n—o00 neN

Since K C X is arbitrary, we can use Remark 2.5(ii) to conclude that

I-limsup S(t,) fn < AS(H) (2.

n—oo

Furthermore, f x < ||f*]|« + ¢ < ¢- and the monotonicity of S(t) yield

T-Tim sup S(t,) fn < AS(t)(LF°) < AS(2) (?5 + (L= 1)%).

n—oo

Since S(t) is continuous from above, the right-hand side converges to S(t)?6 as A 1 1.
Thus, it follows from f° | f that

T-limsup S(tn) fn < S()f° L S{H)f aselO. O

n—oo

Lemma 2.7. Let (fn)nen C Cix be a bounded sequence and f € Cy, with f, — f
uniformly on compacts. Then, S(t)f, — S(t)f uniformly on compacts for all t > 0.

Proof. Let K C X be compact and € > 0. Choose §, A € (0,1) with
A= NISOflle <5 and el (1= N)f+ 6] < &, (2.1)
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where the constant ¢ > 0 will be fixed later. By Remark 2.5(ii), there exists a compact
set K1 C X with K C Ky such that

5161]13 ((1 — /\)S(t)(ﬁlll(f)) (r) < 3.

Since f, — f uniformly on compacts, there exists ng € N with f,, < f +d + <1 K¢ for
all n > ng, where ¢; := sup,,cy 2| fn|lx. Monotonicity and convexity of S(t) imply

S(t)fn < )\S(t)(fTM) + (1 —=XN)S(2) (ufil/\)ﬁ]l[{f) for all n > ny.

By Lemma B.2(ii), there exists a constant ca > 0 such that
[AS@(52) = S@f|| < callt =N + 3l + @ = NSO
Now, choose §, A € (0, 1) such that condition (2.1) is satisfied with ¢ := ¢ V co. Then,
(S(t)fn) (@) < (S@)f)(z) +& foralln>ngand z € K.

Since (fyn)nen is bounded, we can change the role of f and f,, in the previous consider-
ations in order to obtain the reverse estimate. O

The following lemma shows that the upper Lipschitz set is invariant.

Lemma 2.8. [t holds S(t): L3 — LS for allt > 0.

Proof. Let f € £5. Choose hg € (0,1] and ¢ > 0 such that (S(h)f — f)r < ch for all
h € [0, hg]. We use S(h)S(t)f = S(h+t) = S(t+h) = S(t)S(h)f, Lemma B.1, the
monotonicity of S(¢) and Lemma B.2 to estimate

(BWSOLZSO) < (50 (5 EOIZDT) g o

h h
(S(h)f — )F
h

/

< ch forall h € (0, hol,

K

where ¢ > 0 is a constant independent of h € (0, h]. O

In the next remark, we give an outlook on stronger versions of the Lipschitz set.
Furthermore, we discuss some results about the Lipschitz set from the theory of linear
semigroups. Most of these results rely on the reflexivity of the underlying Banach space,
a property which C, does not have.

Remark 2.9.

(i) Similar to Ei, one can define the Lipschitz set £, consisting of all f € C, with

o S(t)f € Cy for all t >0,

e S(s+1t)f =5(s)S(t)f for all s,t >0,

e there exists hy > 0 and ¢ > 0 with ||[S(h)f — fllx < ch for all h € [0, hg].
Furthermore, we define the symmetric Lipschitz set Efym ={fe€ LS —fe ES}.
While S(t): £5 — L% for all ¢ > 0 follows by a similar argumentation as in the
proof of Lemma 2.8, the invariance of Efym can, in general, not be guaranteed.

However, in several examples, the symmetric Lipschitz set is invariant and can, in
contrast to [,i and £%, be determined explicitly. This leads to regularity results
for the associated semigroup, see |7, 8] and Subsection 5.1.
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(ii) Let T := (T'(t))t>0 be a be a strongly continuous semigroup of bounded linear
operators on a Banach space X. For simplicity, we assume that the growth bound
of T is negative, i.e., there exist ¢ > 0 and w < 0 with ||T(¢)z|| < ce*t||z| for all
x € X. Then, the set

T(h)x —x
Fi = X HiH 00
vi={o e 2 sup | 25— < o

is called the Favard space or the saturation class of T, a notion coming from
approximation theory, see, e.g., [10, Section 2.1] and [18, Section I1.5.b]. Denoting
by A the norm generator of T, it is known that F; = D(A) holds if X is reflexive,
see [10, Theorem 2.1.2|. If T is even holomorphic, then Fy = (X, D(A))1 0o,
see |33, Proposition 2.2.2|. Here, (-, -)1,00 stands for the real interpolation functor.
However, for non-reflexive X', an explicit description of F; seems to be unknown
in many cases.

2.3. Comparison and uniqueness. Based on the preliminary work of the previous
two subsections, we can now prove the following comparison principle which is the main
result of Section 2. Basically, a semigroup satisfying Assumption 2.4 can be seen as the
minimal I'-supersolution of the associated abstract Cauchy problem. Furthermore, the
semigroup is uniquely determined by its upper I'-generator. In the next section, we will
prove approximation results which show that, in many examples, the evaluation of the
generator at smooth functions is sufficient to determine the I'-generator and thus the
semigroup.

Theorem 2.10. Fiz T >0 and f € L£3. Let u: [0,T] — L5 be a bounded function with
u(0) = f and I'-limsup,_,, u(s) < u(t) for allt € [0,T]. Assume that, for allt € [0,T),

lirrlif.oup H <W>_ < (2.2)
I'-lim sup (Aifu(t) - u(t—i—h})L—u(t)) <0. (2.3)

hl0
Then, it holds S(t)f < u(t) for all t € [0,T].

Proof. Fix t € [0,T]. We prove that the function v: [0,¢] — £, s — S(t — s)u(s)
satisfies v(0) < v(s) for all s € [0,¢]. First, we show that
lim inf —U(S + h}i —v(s)

nh >0 forall s€0,t). (2.4)

Let s € [0,). Because of u(s) € £5 and condition (2.2), there exists hg > 0 with

{H (S0e) —u(a)y+

c:= sup max
he(0,ho]

Y
K

u(s+h) —u(s)\—
)

H} < o0. (2.5)

For every h € (0, ho|, we define

fh:_maX{S(h)u(ﬁ—u(s)7_z} - gh:_max{_u(s—i-h})L—u(s)’ Z}

It follows from Lemma A.1(vi) that

c
f :=T-limsup f, = max{ Afu(s), ——}.
hl0 h { r () /1‘,}
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Furthermore, we can use inequality (2.3), equation (2.5) and Lemma A.1(vi) to estimate

I-limsup (f + gn) < 0. (2.6)
10
Let € > 0. By the boundedness of u and condition (S4), there exists A € (0, 1] such that
sup Al[S(a)u(d)||x < e. (2.7)
a,be(0,t]

Lemma B.1 and inequality (2.7) imply
v(s+ h) —ov(s) v(s) —v(s+h)

e h — e h

= limsup S(t —s—h)S(h)u(s) —S(t — s — h)u(s + h)
hl0 h

< limsup A <S(t —s—h) <5(h)u(5))\—hu(s +h) (st h)> Sl s (s + h))
hl0

<limsup AS(t — s — h) (fh +9h +u(5+h)) + =
hl0 )\ K

Furthermore, the boundedness of (gn)ne(0,ho)s (fh)he(0,ho], and u together with condi-
tion (S1), condition (S4) and Remark 2.5(ii) ensure that we can apply Lemma C.4 to
estimate

A

Lemma 2.6, inequality (2.6), Lemma A.1(iv), I-limsupj o u(s +h) < u(s) and inequal-
ity (2.7) yield

lim sup AS (t—5—h) <fh+9’"° +u(s + h)> < limsup AS(t—s—h)
hl0 A hl0

(f+gh+u(s+h)>.

f+9n
A

We combine the previous estimates and let £ | 0 to obtain the inequality in (2.4).
Second, we adapt the proof of [36, Lemma 1.1 in Chapter 2] to show v(0) < v(s) for
all s € [0,t]. Let z € X and € > 0. Define v(s,x) := (v(s))(z) and

Ve(,x): [0,t] = R, s — v(s,z) + es.

limsup AS(t —s — h) (

+u(s + h)> < AS(t—s)u(s) <
A0

S| m

Moreover, let so := sup{s € [0,¢]: v-(0,z) < vo(s,z)}. From I'-limsup,_,,u(r) < u(s)
and Lemma 2.6, we obtain that v.(-,x) is upper semicontinuous. In particular, it
holds v¢(0,2) < wv.(sp,x). By contradiction, we assume that sp < t. Let (sp)nen C
(s0,t] be a sequence with s, | so. It follows from ve(sy,z) < v:(0,2) < ve(sp,x) and
inequality (2.4) that

0 Z thup ’Ue(sn,.i[,') — Ug(so,x) — limsup U(Sn,LU) - ’U(SO,fU)

n—00 Sn — S0 n—»00 Sn — S0

+e>e>0.

This implies v:(0, z) < v (¢, x) and therefore v(0,z) < v(t,z) as € | 0. In particular, we
obtain S(t)f = v(0) < v(t) = u(t). O

Having a close look at the proof of the previous theorem, it seems natural to replace
the conditions (2.2) and (2.3) by the assumption that

H (S(h)u(t) —u(t+ h))+

W < oo and TI-limsup S(h)ult) — u(t+h) <0.

K h10 h o

lim sup
10
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Indeed, the previous theorem remains valid and the proof simplifies. In particular, we
do not need the technical Lemma C.4. However, in examples, this assumption is not
verifiable. Lemma A.1(iv) implies that condition (2.3) is satisfied if

Afu(t) < T-lim mfhww N ( - lim sup 7w> )
h 110 h

Furthermore, it follows from Remark 2.2 that condition (2.3) is satisfied if

: n Cut+h) —u(d)\t

lim (AF u(t) — )

h10
uniformly on compacts. We conclude this subsection with a comparison result for convex
monotone semigroups and a remark on the concept of a I'-supersolution.

=0

Corollary 2.11. Let (T'(t))i>0 be another family of operators T'(t): C, — U, with
Lipschitz set LT and upper T'-generator Bl'f. Suppose that T satisfies Assumption 2.4.
Furthermore, let D C LT N Ei satisfy T(t): D — D for allt >0 and

ALf<BEf forall f €D. (2.8)
Then, it holds S(t)f <T(t)f for allt >0 and f € D such that the limit

_ T(h)f—f
+r_
Bel=im— " €%

exists uniformly on compacts.

Proof. Define u(t) := T'(t)f for all t > 0 and f € D. Assumption 2.4 and the invariance
of D C Ei imply that u: [0,00) — Ci is a well-defined mapping with u(0) = 0 which
is bounded on compact intervals and satisfies I'-limsup,_,, u(s) < u(t) for all £ > 0.
Condition (2.2) also holds due to the invariance of D C £7.

It remains to verify condition (2.3). For every ¢ > 0 and h > 0, we use u(t) € D and
inequality (2.8) to estimate

u(t + h})L—u(t) < Biru(t) - u(t—l—hi)L—u(t)‘

Let (hn)nen C (0,00) be a sequence with h,, | 0. For every n € N, we have

u(t + hy) — u(t) u(t + hy) — u(t)
hn hn ’

where g, 1= ﬁ(T(t)(f + hy B f) = T(t) f). It follows from Lemma B.1 that

T+ ot ) - 70 (U g pn)

Cult+hy) —u(t) T + B f) =TT (ha) f

< 9n I I
<1 (- (MU= B ) e rr ) - 0T

Afu(t) —

Blfu(t) - = BIJ‘ru(t) —Ggn + Gn — (2'9)

hy,
Combining the previous estimate with Lemma 2.7 yields
u(t + hp) —u(t)
9n —
hy,

uniformly on compacts. Furthermore, since T'(t) is convex, the sequence (g )nen is non-
increasing. Hence, there exists a function g € U, with g, | g. We use Lemma A.1(iii)

—0
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and (v) to conclude g = Bitu(t). It follows from inequality (2.9), Bfu(t) — g, <0 and
Lemma A.1(iv) that condition (2.3) is satisfied. Theorem 2.10 yields S(¢)f <T'(¢)f. O

Remark 2.12. Let 7 > 0 and f € £J. A function u: [0,T] — £5 can be seen as a
I"-supersolution of the equation

Owu(t) = Afu(t) forallt e [0,T], u(0)=f, (2.10)
if u satisfies the conditions from Theorem 2.10. Let f € £° such that the limit

Alir f= 1/58 S(h)]{f € C,
exists uniformly on compacts. Define ug(t) := S(¢t)f for all ¢t € [0,T]. It follows from
the proof of Corollary 2.11 with 7" := S and Theorem 2.10 that ug is the smallest
I-supersolution of equation (2.10). In this way, for a large class of fully nonlinear equa-
tions, we obtain a solution concept which is directly related to the idea of semigroups
and their generators.

3. APPROXIMATION OF THE I'-GENERATOR

Throughout this section, let S := (S(t))i>0 be a family of operators S(t): C, — Uy
satisfying Assumption 2.4. A priori it is not clear how the upper I'-generator can
be computed and whether the limes superior in the definition of AF can be replaced
by a limit. In many examples, the norm generator can be computed explicitly for
smooth functions as a differential operator. Furthermore, we want to recall that linear
differential operators are typically closed and uniquely determined by the evaluation
at smooth functions. Here, we do not claim that Ar is closed, i.e., that the graph of
Ar is a closed subset of C, x U,. However, under additional assumptions, we obtain
approximation results for the I'-generator.

Definition 3.1. The I'-generator is defined by

Ar: D(Ap) — Uy, f F;iiom S<h)ff_f

where the domain D(Ar) consists of all f € £ such that the previous limit exists.

In the sequel, we denote by S the family of extended operators S(t): U, — U
satisfying condition (S1)-(S4) with Uy instead of Cy, see Remark 2.5. For every t > 0,
f €U, and x € X, we define the pointwise integral

</ots e ds) (@) = /O (S()) (@) ds.

3.1. General approximation results. The goal of this subsection is to prove an ap-
proximation result of the following form: for every f € E;qr and (fn)nen € D(Ar),
which is bounded above such that (Arf,)nen is also bounded above and f,, — f
uniformly on compacts, it holds Aif f = I-limsup,, ,., Arf,. While the inequality
Aff f < I-limsup,,_,, Arfn is always satisfied, the reverse inequality only holds un-
der an additional assumption on S and for special choices of the sequence (fy)nen.
This is, for example, the case if S is translation invariant and (fy,),en is generated by
convolution, see Subsection 3.2. We need the following auxiliary estimate.
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Lemma 3.2. For every r,ty > 0 and ¢ > 0, there exists Ao € (0, 1] such that
St f — f < /\/tS(s)(lA+f+f)ds+ et
- 0 )\ r K
for all t € [0,to], f € Be,(0,7) N LY and A € (0, \o).

Proof. Fix r,tp > 0 and € > 0. By condition (S4) we can choose Ag € (0, 1] such that

sup sup  A|lS(s)fll <e and Aotg < 1. (3.1)
SE[O,t()] fEBCK (0,7‘)

In the sequel, we fix t € [0,%], f € Bc,(0,7) N L5 and X € (0, Ag]. Define h, := 27"t
and tF := k27"t for all k,n € Ny. For every n € N, it follows from the semigroup
property of S on Ef_, inequality (3.1) and Lemma B.1 that

2n gn
S()f = f =D (S(h)f = S 1) = 3 (St S () f = S(t57 1))
k=1 k=1

< Ay, Z( S(thh <(h’)‘\)hi_f+f) —S(tﬁ_l)f)

t 2 S(hn)f —
_ )\/0 S S <(A)h~7;f + f> Lyt gy (s) ds + %t

We use Fatou’s lemma and Lemma 2.6 to conclude that

S(t)f—ng/hmsupZSt’“ < (A)f ! f)n[k 1tk)()d8+%t

0 n—oo h
t
t
< — A& =
_)\/0 5(5)(A £f o+ f)ds+ S

Note that the sequence inside the integral, to which we apply Fatou’s lemma, is bounded
from above, because of f € £ and condition (S4). O

Theorem 3.3. Let (fn)nen C D_?_ be a bounded sequence and f € C, with f, — f
uniformly on compacts and (Afffn)neN bounded above. Then,

fe £i and A{f f < T-limsup Af f,.

n—o0

Proof. Let ¢ > 0. Choose X\ € (0, 1] such that Lemma 3.2 holds with 7 := sup,,cy || fn ||«
and to := 1. For every h € (0,1] and A € (0, \g], we use Lemma 2.7, Fatou’s lemma,
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Lemma 2.6 and Lemma A.1(iv) to conclude that

SO~ S
h  nooo h
h

< lifln_)solip 2/0 S(s) (%Aan + fn)ds + %

P 1 €
< h/o lim sup S(s) (XAIJEfn —|—fn)ds—|— -

n—oo
A [P 1 €
< — — el
_h/o S(s)(y9+ £)ds + =,

where ¢ := I'-limsup,,_, Aff fn. In particular, condition (S4) implies f € Ef_. More-
over, it follows from Lemma A.1(iv), Lemma 2.6 and S(0) = idy, that

AR 1 € €
Abf <T-1i = - - < =
o f < ;erosuph/o S(s)(/\g%-f)ds—i—ﬁ_g—l-)\f—i-/{
Letting € [ 0 and A | 0, we obtain Alfng—limsupnﬁooAfifn. O

Under additional assumptions on the approximating sequence ( f,)nen, we also obtain
the reverse estimate for the upper I'-generator and that f € D(Ar).

Theorem 3.4. Let (fn)nen C D(Ar) be a bounded sequence and f € C,, with f, — f
uniformly on compacts and (Ar fn)nen is bounded above. Assume that, for everye > 0,
there exists a sequence (rp)nen C (0,00) with ry, — 0 such that

S(h)fn — fn S f—f €
() s () 0+ 22
for allh € (0,1], n € N and x € X. Then, f € D(Ar) and Arf = I'-limy, 00 Ar fn-

Proof. First, let (hpm)men C (0, 1] be a sequence with h,, — 0. By Theorem 3.3 and
Lemma A.1(i), there exists a subsequence, which is still denoted by (hy,)men, such that

S(hm)f_f cU

m

g1 :=TI-lim x  exists. (3.3)

m—ro0

Moreover, since (Ar fn)nen is bounded above and due to Lemma A.1(i), every subse-
quence (fn, )ken has a further subsequence (fy,, )ien such that

g2 :=T-lim Arf,, €U, exists. (3.4)
l—00 !
To simplify the notation, we subsequently write f; := f”kl' Theorem 3.3 implies
g1 < AL f <T-lim Ap f; = go.
l—o0

Second, we show that g; > go. To do so, let x € X and € > 0. By definition of the
I'-limit, we can choose a sequence (z7);eny C X with 2; — = such that

<F— lim Apf}) () = lim Ar fi(x;).
l—00 l—00
In addition, there exist sequences (m;)ien and (y;)ieny with d(z;, ;) — 0 such that

AFfl(:Cl) < (S(hml)fl - fl

b >(yl)+€ for all I € N.
my
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Let (77)1en C (0,00) be a sequence satisfying condition (3.2). Then, for every [ € N,

S(hmz)f B f>
AFfl(J?l) = zegl(lylz),m) < hmz (Z) * ”(yl) e
S(hmz)f—f>
: <eB(as) < ham, (=) + ol k)

where 0; := d(x,y;) + r — 0. Since k > 0 is continuous, we have inf;ey s(y;) > 0. It
follows from Lemma A.1(vii) that
S(h -
g2(z) = (F— lim Arfl> () = lim Arpfi(x;) < (F— lim (rm)ff) (x) = g1(x).
=00 l—o0 l—o0 hml

Third, we show that f € D(Ar) with Apf = I'-lim,,_,oc Arf,. From the first part,
we know that every sequence (A, )men C (0,00) with h,, — 0 has a subsequence which
satisfies equation (3.3). A priori the choice of the subsequence and the limit g; depend
on the choice of the sequence (hy,)men. However, we have g1 = g2 and the function go
is independent of (hy,)men. Hence, Lemma A.1(ii) implies

S(hf-f

=I-lim ——

g1 L jOm n )
ie., f € D(Ar) with Apf = g1. Since the limit in equation (3.4) is also independent of
the choice of of subsequence, we obtain Apf = lim,, oo Arfa. O

3.2. Convolution. In this subsection, we study two particular convolution schemes to
generate approximating sequences (fy,)nen Which satisfy condition (3.2). The first one,
convolution with probability measures, works particularly well if X = R% and the mea-
sure has a smooth density with respect to the Lebesgue measure. In this case, (fy,)nen
is a sequence of smooth functions and the generator can be a differential operator of
arbitrary order. However, the condition f, € D(Ar) is no longer verifiable if X is
infinite-dimensional. The second one, sup-inf-convolution, is restricted to first-order
equations but can be applied in separable Hilbert spaces.

3.2.1. Conwvolution with mollifiers. Let X be a separable Banach space. Suppose that
there exists dg > 0 with

K(z
c:=sup sup Klz) < 0. (3.5)
2€X yeB(x,60) F(Y)
To simplify the notation, we assume, w.l.o.g., that dy := 1. In the sequel, we fix a

sequence (fn)nen of probability measures on the Borel o-algebra B(X) of X which
concentrate in the sense that

tin (B(0,1/n)°) =0 for all n € N. (3.6)
For every n € N, f € U, and z € X, we define the convolution by

(F*ma)la) = [ (o= )m(dy) € [=o0,00),
Condition (3.5) ensures that the previous integral is well-defined.

Lemma 3.5. For every n € N, the mapping U, — Uy, f— f * p, is well defined and
upper semicontinuous, i.e., for every sequence ( fm)men C Uy, which is bounded above,

I-limsup (fom * ) < <F— lim sup fm> * L.

m—o0 m—0o0

Furthermore, it holds I-limsup,,_, . (f * pn) < f for all f € Uy.
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Proof. First, we show that U, — Uy, f — f * pu, is well defined. Let n € N, f € U,
and z € X. It follows from condition (3.5) and condition (3.6) that

* T)R\T) = xr — R\T — ﬂ C
e @) = [ o gm0 ) <l

Moreover, let (z,)meny C X be a sequence with z,, — x. Fatou’s lemma implies

m— 00 m— 00

limsup (f * pin) () < /X limsup f (£ — ) pin(dy) < /X £ — ) pin(dy)

Second, we show that, for fixed n € N, the convolution is upper semicontinuous. Let
(fm)men C Uy be bounded above, z € X and (z,)men C X with 2, — 2. Since
suppen | £l < 00 and v(A) := [, £ du, defines a finite Borel measure, we can apply
Fatou’s lemma to conclude that

limsup (f * pn)(2,) = lim sup/ Jm(@m — y) pn(dy)

m— 00 m—00

< /X lim sup fim (zm — y) pa(dy) < /X ( I-lim sup fm) (z —y) pn(dy).

m—00 m— 00

Third, we show that I'-limsup,,_,. (f * pn) < f for all f € U,. Let z € X and
(zn)neny € X with 2, — x. Since f is upper semicontinuous, for every ¢ > 0, there
exists ng € N such that f(z, —y) < f(z) + ¢ for all n > ng and y € B(0,1/n). Hence,

(Fom)en) = [ flan = y)nly) < @) e forall nz o,
B(0,1/n)
Letting € | 0 yields limsup,,_, o (f * n)(2n) < f(2). O

For every x € X, we define the shift operator 7,.: U, — U, by
(r2f)(y) == f(z+y) foralyeX.

Condition (3.7) in the following lemma is clearly satisfied if S is translation invariant,
ie., 5(t)f = S(t)(7.f). Moreover, in many examples, the condition holds at least for
Lipschitz continuous functions.

Lemma 3.6. Let f € £i such that f, == f * u, € D(Ar) for all n € N. Assume that,
for every e > 0, there exists § > 0 such that

TS (@t)f — SE) (12 f)|lx < et forallte[0,1] and x € B(0,9). (3.7)
Then, it holds f € D(Ar) and Apf = I'-limy, o0 Ar fn-

Proof. We verify the assumptions of Theorem 3.4. First, we show that the sequence
(fn)nen is bounded and converges to f uniformly on compacts. It follows from condi-
tion (3.5) that || f; ]|« < ¢||f]x for all n € N. Moreover, for every compact set K C X,
continuity of f implies

sup |fn(x) — f(z)| < sup/ |f(x —y) — f(z)| un(dy) = 0 as n — oc.
zeK z€K J B(0,1/n)

Second, we verify condition (3.2). To do so, let ¢ > 0. By condition (3.7), there exists
ng € N such that

S)(T—yf) < Ty S(t)f+ < forallt €[0,1] and y € B(0, no)
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For every h € [0,1], n > ng and z € X, we use Jensen’s inequality and the monotonicity
of S(h) to estimate

(S(h) o)) = <s<h> ( Lo 7380) un<dy>>> (@)

<, EOEE@ i@ < [ (5006 + ) il
= (S fu+ ) (@)

It follows from the linearity of the convolution and condition (3.6) that

S(h)fn—fu _ (SWf—f € S(h)f —f £
; < < ; ) i+ — < o (Tﬂy) +— (38

Third, we show that the sequence (Ar f)nen is bounded above. By inequality (3.8)
with € := 1, Jensens’s inequality and condition (3.6), there exists ng € N with

1(S(h) fn = Fr) Tlle < NNSR)S = )T pnll + b < ell(S(h)S = F) Tl + .

for all h € [0,1] and n > ng. Since f € £, we can choose hy > 0 and ¢’ > 0 such that
sup [[(S(h).fn = fu) " lle < e (S(R)f = f) ¥l + h < (e’ + 1) for all h € (0, hol.

neN
This shows that (Af f,,)nen is bounded above. Now, Theorem 3.4 yields the claim. [

To discuss the assumption f * u, € D(Ar), we consider only the finite-dimensional
case and convolution with mollifiers. Denote by Lip,, the space of all bounded Lipschitz
continuous functions f: R¢ — R and by Cy° the space of all bounded infinitely differ-
entiable functions f: R? — R such that all derivatives are bounded. Moreover, let C®
be the set of all infinitely differentiable functions f: R? — R with compact support.

Remark 3.7. Let X := RY. Moreover, let n € C® with n > 0, supp() C B(0,1) and
fRd 17 r)dz = 1. Define n,(z) := nn(nz) for all n € N and = € R%. For the measure
pn(A) == [ 4 Mn(y) dy, the convolution f * i, is given by

(f * 1) /fx— ¥ (y) dy

We have f *n, € C{° for all f € Lip, and n € N. Assume that S(¢): Lip, — Lip,, for
all t > 0, Cp° C D(Ar) and that condition (3.7) is satisfied for all f € Lip;,. Lemma 3.6
yields f € D(Ar) and Apf = I-limy, o0 Ap(f*ny,) for all f € qur NLipy,. In particular,
the I'-generator is uniquely determined by the evaluation at smooth functions. Hence,
the uniqueness result, Corollary 2.11, can be improved accordingly, i.e., equality of the
generator on CP° ensures equality of the semigroups on Lip,. Furthermore, Lemma 2.7
implies equality on Ci.

3.2.2. Regularization with sup-inf-convolution. Let X be a separable Hilbert space with
norm |-|. We fix ¥ = 1 and denote by BUC the space of all bounded uniformly continuous
functions f: X — R. For every n € N and f € BUC, we define the sup-inf-convolution

(0nf) (@) = sup int (£(2) + 8y — =P —nly — of?). (3.9)

It is shown in [31] that 6, f € Lipj, for all n € N, and lim,, e |0 f — f|loc = 0 for all
f € BUC. Here, Lip%) denotes the space of all differentiable functions f € Lip, such
that the first derivative is again bounded and Lipschitz continuous.
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Lemma 3.8. For everyr >0, f,g € Bguc(0,7), n € N and x € X,
6] = 0u)@) S sup (F=9)(0), where o= (VE+ 2/
yeB(x,rn

Proof. In equation (3.9), the supremum can be taken over the ball B(z,/2r/n) and
the infimum over the ball B(y, \/4r/n). Hence, we can estimate

(Onf — Ong)(z) < sup sup (F(y7 z) — G(y, z))
yEB(w,\/2r/n) 2EB(y,\/4r/n)
< sup sup  (f(2) —g(2) = sup  (f(2) —g(2)),

yEB(z,4/2r/n) z€B(y,\/4r/n) z€B(x,Tn)
where F(y,z) == f(2)+5|y—2]*—nly—=|* and G(y, 2) := g(2)+5ly—z[*—nly—z[>. O
As an application of Theorem 3.4, we obtain the following result. Condition (i) is
typically satisfied for first order equations, where we have Lipllj C D(Ar).
Lemma 3.9. Assume that S(t): BUC — BUC for all t > 0. Let f € £3 NBUC with
(i) 0nf € D(Ar) for alln € N,
(i1) S(t)(Onf) < 0,5(t)f for allm € N and t > 0.
Then, it holds f € D(Ar) and Arf = I'-lim, o0 Ar(0,f).
Proof. We verify the assumptions of Theorem 3.4. Define f,, := 0,,f for all n € N. By
definition and [31], it holds sup,ex || frlloo < [ flloc and [|6nf — f|lcoc — 0. Moreover, we

use condition (ii), condition (S4) and Lemma 3.8 to choose a sequence (7, )nen C (0, 00)
with r, — 0 such that

S(h) fo = fn < O0uS(h)f — fu < sup  (S(R)f — f)(y) forall h € 0,1].
y€B(-,rn)

Hence, condition (3.2) is satisfied. Furthermore, since f € £3, there exist hy € (0,1]
and ¢ > 0 with

h)fn— fn h)f —
S()f7f <  sup M < ch forall h € (0, ho].
h yEB( . 7T71) h
This shows that (Aif frn)nen is bounded above. Theorem 3.4 yields the claim. O

3.3. Connection to distributional derivative. Let X := R? Moreover, let n € C°
with n > 0, supp(n) C B(0,1) and [zqn(z)dz = 1. Denote by f *n, the convolution,
where 7,,(z) := n%(nz). Let I C NZ be an index set and H: R/ — R be a convex
function. Our goal is to identify Apf with g := H((D®f)qcr) if the partial derivatives
D“ f exist as regular distributions for all o € I and g is locally integrable. Since Arf is,
in contrast to g, upper semicontinuous, we want to replace g by its upper semicontinuous
hull g. To do so, we have to choose a suitable representative of g.

Let f: R — R be a locally integrable function. We define X 7 as the set of all x € R
such that the limit

f(z) :==lim f(y)dy
740 B(z,r)

exists. We remark that the Lebesgue set of a function f, consisting of all z € R? with
f(z) = f(z), depends on the choice of the representative, while the set X ¢ does not.

4Den0ting by A the Lebesgue measure, the normalized integral is given by

1
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Furthermore, by the Lebesgue differentiation theorem, the complement of the Lebesgue
set has measure zero, see [10, Corollary 3.1.6]. This implies A(X§) = 0 and therefore

X7y is dense in R<.
Theorem 3.10. Let I C Ng be an index set and H: RT — R be a convex function. Let

fe ﬁi satisfy condition (3.7). For every n € N, we define f, := f xn, and assume
that

(i) D*f and D® f, exist as reqular distributions for all o € I,
(ii) H((D*f)acr) and H((D® fy)acr) are locally integrable,
(iii) fn € D(Ar) and Arpfn = H((D® f)nen).

Furthermore, we define the functions

g(x) == H((D*f(x))acr) forallze R,

g(z) := lim g(y)dy for all x € X,
710 B(z,r)
g(z) := limsup g(y) for all x € RY.

yeXg,y—

Then, it holds f € D(Ar) and (Arf)(z) = g(x) for all x € R%. In particular, we have
g(z) < oo for all v € RZ.

Proof. Tt follows from Lemma 3.6 that f € D(Ar) and Apf = I-lim, 00 Af,. First,
we show g < Arf. Define F' := (D f)aer and F,, := (D% f,)aer for all n € N. It holds
F,, = Fxn, for all n € N, where the convolution of the vector valued-function F with 7,
is understood componentwise. Hence, we can use condition (i) and |10, Theorem 3.2.1]
to obtain F,, — F almost everywhere. Continuity of H and condition (iii) imply
g=H(F)= lim H(F,) = nh%n;o Arfn <T-limsup Arf, = Apf

n—oo n—o00
almost everywhere. This yields the estimate
][ g(y)dy < ][ (Arf)(y)dy for all z € R? and r > 0.
B(z,r) B(z,r)
For every x € X, it follows from the upper semicontinuity of Arf that

i) =t gly)dy<tmsupf  (Arf5)dy < (Arf)(a)
r B(z,r) rl0 B(z,r)

In particular, § is bounded above and therefore g(x) < oo for all 2 € R%. We use again
that Apf is upper semicontinuous in order to conclude that

g(z) = limsup §(y) < limsup (Arf)(y) < (Arf)(z) for all z € R%.
yeXg,y—x yeXg,y—x

Second, we show Arf < §. Let z € R¢and € > 0. Because of Apf = I'-lim,,_o0 Ar fn,
there exists a sequence (z,)ney C R? with z, — = and (Arf,)(2,) — (Arf)(z). In
addition, since g is upper semicontinuous, there exists § > 0 such that g(y) < g(z) + ¢
for all y € B(z,9). Choose ng € N with B(z,/n) C B(x,0) for all n > ng. Since g is
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locally integrable, it holds H(F) = g = g < g almost everywhere. It follows from the
previous considerations and Jensen’s inequality that

(Arfn)(zn) = H(Fy(zy)) = H ( /B ( F(xn — y)nn(y) dy)

071/")

< /B o H(F(zn — y))nn(y) dy

< / (@ — )a(y) dy < (@) +e.
B(0,1/n)

We obtain (Arf)(z) = limy, o0 Ar fa(z,) < g(z) for all z € R?, O

In several examples, the set E;gym N Lipy, is invariant under S and has an explicit

representation by means of Sobolev spaces. In addition, it holds C}* C D(Ar) and
Arf = H((D®f)acr) for all f € Cp°. Hence, for every f € £§ym N Lipy, the previous
theorem yields that u(t) := S(t)f solves the equation

I Tim u(t+ h) —u(t)

pr— &4 > .
) h H((D u(t))ael) for allt >0

These ideas can be carried out by using quite elementary calculations, see Subsection 5.1.
Nonetheless, we want to mention a general result that locality of the generator implies
the existence of a function H with Af = H((D“f)aer) for sufficiently smooth f.

Remark 3.11. Fix s := 1 and assume that S restricted to BUC is a strongly continuous
semigroup. Furthermore, let H: R — R be a convex function satisfying

Af = H((D)aer) for all f € BUC™, (3.10)

where I := {a € Nd: |a| < 2} and BUC™ denotes the space of all infinitely differentiable
functions f € BUC such that all partial derivatives are again in BUC. Then, A is local
in sense that, for fixed 2 € R?, it holds Af(z) = Ag(x) if f,g € BUC®™ coincide on an
open neighbourhood of z. On the other hand, it was shown in [0] that locality and some
(technical) regularity of the semigroup already imply the existence of a convex function
H satisfying equation (3.10).

To formulate the conditions from [(], we denote by C° the space of all infinitely
differentiable functions f: R® — R. For every sequence r := (r,)nen C [0,00), let @,
be the set of all f € C2° such that |[DYf||cc < 7y for all n € N and |a| < n. We call
S regular if the following holds: Let (rp)nen C [0,00), f € BUCNC® and K C R?
compact. Then, for every T > 0 and ¢ > 0, there exists dg > 0 such that, for all
te[0,T7], € (0,0, g€ Qr and x € K

(S +89)) (@) — (S(0)(x) — bg(a)] < et.

Moreover, we call S local if the following holds: Let z € R? and f, g € BUCNC®™ which
coincide on an open neighbourhood of z. Then, for all € > 0, there exists hg > 0 with

|S(h)f —S(h)g|(x) < eh for all h € [0, hg].

In particular, this condition implies that Af(z) = Ag(z) if f,g € D(A).
In the sequel, let S be regular and local. Then, by [0, Theorem 3.1], there exists a
continuous function H: R% x R’ — R such that

Af(z) = H(z,(D"f(2))aer) for all f € BUC™ and » € R
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It follows from the proof of [6, Theorem 3.1| that convexity of S implies convexity of the
mapping H(x, -): Rl — R for all z € R?. Furthermore, if S is translation invariant,
ie., S(t)(tof) = 7:S(t)f, then H does not depend on x € R?, see [6, Proposition 4.1].

4. GENERATING FAMILIES

In many examples, S can be approximated by iterating another family I := (I(t))t>0
of operators which do not form a semigroup but have (in contrast to S) an explicit
representation. This leads to approximation schemes of the form
2m1¢

S(t)f = lim (I(27™t))" " f. (4.1)
=00
Furthermore, they can be used in order to construct nonlinear semigroups, see [3]. In

this case, we call I a generating family and S an associated semigroup. In view of the
previous results, we expect that two generating families with the same infinitesimal
behaviour lead to the same associated semigroup.

Let I be a family of operators I(t): C, — Cy. For every t > 0 and n € N, we define
the partition 7}, ;= {k27™" A t: k € Ny} and the iterated operator

I(wl) = I(27™)*I(t —k27"), where k:=max{n € Np: k27" < t}.

The Lipschitz set £ consists of all f € C,, for which there exist hg > 0 and ¢ > 0 such
that ||[I(h)f — f|lx < ch for all h € [0, hp]. Define Ry := {x € R: 2z > 0} and denote by

T :={k27": k,n € Ny} the set of all positive dyadic numbers.

Assumption 4.1. Suppose that I satisfies the following conditions:
(i) 1(0) = idg,.
(ii) The operator I(t) is convex and monotone with 7(¢)0 = 0 for all ¢ > 0.
(iii) There exists a function a: Ry x Ry — R, which is non-decreasing in the second
argument, such that, for all r,s,¢ > 0,

I(t): Be, (0,7) = Be, (a(r,t)) and o(a(r,s),t) < a(r,s+1t).
(iv) For every r > 0, there exists w, > 0 such that
11(t)f = I()gllx < ™7 If —gll« forallt €[0,1] and f,g € Bc, (0,7).

W.l.o.g. ,we assume that the mapping r — w, is non-decreasing.

(v) There exists a countable set D C £! such that the sequence (I(7})f)nen is uni-
formly equicontinuous for all (f,t) € D x T. Moreover, for every f € Cy, there
exists a sequence (fp)nen C D with ||fnllx < ||f|lx for all n € N and f, — f
uniformly on compacts.

(vi) For every t > 0, x € X and (f)nen C C,; with f,, 10,

sup sup (I(73)fn)(x) L 0 asn — oo.

s€[0,t] keN

For every (f,t) € D x T, by condition (iii) and (v) and Lemma D.1, the sequence

(I(7h) f)nen has a subsequence which convergences uniformly on compacts. Hence, up
to a subsequence, we can define S by equation (4.1). If I is translation-invariant and
k = 1, the verification of condition (v) is particularly simple for Lipschitz continuous
functions. While many properties of S follow from the conditions (i)-(v) or even weaker
conditions, the semigroup property is rather delicate and requires an additional assump-
tion. However, condition (vi), which implies continuity from above, also guarantees the
semigroup property. Another possibility to ensure the semigroup property is to assume
norm convergence or monotone convergence, see |3, 23, 341].



CONVEX MONOTONE SEMIGROUPS 21

Remark 4.2. We mention two sufficient conditions for Assumption 4.1(vi).

(i) Let &: X — (0,00) be another bounded continuous function such that, for every
R(x)

e > 0, there exists a compact set K C X with sup,c e Z(—i) < e. Furthermore, we

assume that there exists a function a: Ry x Ry — Ry, which is non-decreasing
in the second argument, such that, for all r,;s,t > 0 and f € C, with || f|[z <,

() fllz <a(r,t) and a(a(r,s),t) < a(r,s+t). (4.2)

Let (fn)nen C C, be a sequence with f,, | 0. Dini’s theorem implies uniform
convergence on compact sets and, therefore, || ||z — 0. It follows from Assump-
tion 4.1(ii), equation (4.2), [8, Lemma 2.7] and Lemma B.2(ii) that

sup sup [ 1(m) fullz < @@l fillz, Ol fullz = 0 asn — oo.
s€[0,t] keN
(ii) Assume that there exists a family J of operators J(t): C, — C,, which are
continuous from above, such that, for all s,t > 0 and f € C,,

IO f<Jt)f and J(s)J(t)f < J(s+1t)f.

In addition, we suppose that the mapping [0,00) — R, f + (J(t)f)(z) is upper
semicontinuous for all f € Cy and x € X. The monotonicity of I implies I(7!)f <
J(t)f forallt >0, n € Nand f € Ci. Let (fn)neny C Cx with f,, J 0. Then, for
every t > 0 and x € X, Dini’s theorem implies

sup sup (I(m$) ) (2) < sup (J(B)fa)(@) LO a5 n— oo

s€[0,t] keN s€[0,t]

The next statement is a consequence of the results in [8] and Appendix C. For the
reader’s convenience, we provide a proof in Appendix D.

Theorem 4.3. Suppose that I satisfies Assumption 4.1. Then, there exist a family S
of operators S(t): C, — Cy and a subsequence (n;)ien C N such that, uniformly on
compacts,

St)f = llggo I(m},)f  for all (f,t) € Cux T. (4.3)

Furthermore, S satisfies Assumption 2.4 and is a strongly continuous convex monotone
semigroup on L£°. It holds £ C £%. In addition, for every f,g € Cy,

Ihf—f Smi-f

h g h =0

K

lim

implies  lim
10 [

K

If the sequence (I(})f)nen is non-decreasing, it holds S(¢)f = sup,en (7)) f. In
particular, the limit in equation (4.3) exists without choosing a convergent subsequence.
This is, for instance, the case for Nisio semigroups, see [341,35]. Furthermore, under mild
assumptions, one can show that S(t)f = sup,ep, I(7)f, where P; consists of all finite
partitions of the interval [0.t]. For details we refer to |3, Lemma 2.15].

In order to apply the results from Subsection 3.2.1, we subsequently only consider
the case X := R%. Furthermore, we assume that there exists 6y > 0 with

sup  sup @<1. (4.4)

x€R? yeB(z,00) ’i(y) N

To simplify the notation, we assume, w.l.o.g., that dy := 1. For every r > 0, let Lipy (r)
be the space of all r-Lipschitz functions f: X — R with ||f||cc < 7.

Assumption 4.4. Suppose that I satisfies the following conditions:
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(i) There exist ¢ > 0 and & € (0, 1] such that
II(t) (e f) =TI (t) fllx < crtlz]
for all t € [0,1], # € Bga(0,6), r > 0 and f € Lipy ().

(ii) For every f € Cp°, we can define the norm limit

r'o)f = %%I(h)}f_f e C..

(iii) There exists a function §: Ry x Ry — Ry, which is non-decreasing in the second
argument, such that, for all r,s,¢ > 0,

I(t): Lipy(r) — Lip,(B(r,t)) and B(B(r,s),t) < B(r,s +t).

If I satisfies Assumption 4.1 and Assumption 4.4(ii), Theorem 4.3 yields C;° C D(A)
and Af = I'(0)f for all f € C2°, where A denotes the norm generator of S. In the
sequel, we fix n € C with n > 0, supp(n) C Bga(0,1) and [p4n(z)dx = 1. For every
n € N and z € RY, we define 7, (z) := n%(nz) and denote by f % n, the convolution,
see Remark 3.7.

Theorem 4.5. Suppose that I satisfies Assumption 4.1 and Assumption 4.4. Then, it
holds L5 N Lip, C D(Ar) and Arf = T-lim,_e0 A(f * ) for all f € £5 N Lipy,. In
addition, we have S(t): Lipy, — Lipy, for all t > 0.

Proof. We verify condition (3.7) for all f € Lip,. Fix n € N and x € Bga(0,9). By
induction, we show that, for all k € N, » > 0 and f € B¢, (0,7) N Lipy(r),

1127 (10 f) — o L2Vl < B(r, k27 ™)™ Catria=m) 277 |1 (4.5)

For k = 1, the claim holds by Assumption 4.4(i). For the induction step, we assume
that inequality (4.5) holds for some fixed k € N. Let r > 0 and f € B¢, (0,7) N Lipy(r).
Assumption 4.1(iii), Assumption 4.4(iii) and condition (4.4) imply

127" f, 127" )(1af), e 1(27") f € Be, (0, a(r,27")) N Lipy, (B(r,27")).
We use [%, Lemma 2.7| and inequality (4.5) to conclude
@) (o f) = 7 (27" £l
< ETFIRT)(rf) = 17" (I (27") )]l
HIET (27 f) = 7 (2717 f
< ¢ et | 127 (e f) = 7l (27
+cB(B(r,277), k27" Watatram k2 27 g
< e a0z B 2727 2| + B(r, (k + 1)27)e" YatntrnzTm k277 g
< eB(r, (k +1)27™)e "Watnrn2=n (k4 1)277 ).
Equation (4.3), inequality (4.5) and equation (D.6) imply
IS (70 f) = TS () fllx < eB(r,t)e 0 t|z|

for all t > 0, z € Bra(0,6), r > 0 and f € B, (0,7) N Lipy(r). In particular, we obtain
that condition (3.7) is satisfied for all f € Lipy. Lemma 3.6 implies £3 NLip, C D(Ar)
and Apf = T-lim,, o0 A(f*mn,) for all f € [,i N Lipy,. The invariance of Lipy, is a result
of Assumption 4.4(iii), equation (4.3) and equation (D.6). O
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S

sym>’

If we define ﬁi and £ analogously to Ei and L

sym then, similar to [3, Lemma 2.8
and Lemma 2.9], one can show that E{,_ - E*j_. Moreover, in many examples, it holds
I(t)f <S(t)f forall t > 0 and f € C, and thus Eﬂ_ = Ef_. Unfortunately, an explicit
characterization of Lﬁ_ is, in general, not possible. For that purpose, the symmetric
Lipschitz set is more suitable, see Subsection 5.1. In |2, Section 5|, the authors provide

conditions which guarantee that £ == £5 —and S(t): £, — £5 . for all t > 0.

sym sym sym sym

Theorem 4.6. Let I and J be two generating families of operators on C, which satisfy
Assumption 4.1 and Assumption 4.4. Denote by S and T, respectively, the associated
semigroups which exist by Theorem 4.3.

(i) Let C € LT N LS NLipy, such that T(t): C — C for all t > 0. Assume that
I'o)yf <J(0)f forall feC.
Then, it holds S(t)f < T(t)f for allt >0 and f € Cs.
(ii) Assume that £ NLip, C L1, I'(0)f < J'(0)f for all f € C° and
J(s+t)f < J(s)J(t)f foralls,t >0 and f € Cy.

Moreover, let the mapping [0,00) — R, t — (J(t)f)(x) be lower semicontinuous
forall f € Cy and x € X. Then, it holds S(t)f < T(t)f forallt >0 and f € C.

Proof. First, it follows from Theorem 4.3 and Assumption 4.4(ii) that
Af =T'(0)f <J(0)f =Bf forall feCY,

where A and B denote the norm generators of S and T, respectively. Hence, for every
f € C, Theorem 4.5 and Lemma A.1(iv) imply

Arf :F—_l}mA(f*nn) gF-_l}imB(f*nn) = Brf.

We use Corollary 2.11 to conclude S(t)f < T'(t)f for allt > 0 and f € C°. Let f € C,
be arbitrary. Condition (4.4) ensures that there exists a sequence (fy,)neny C Cp° with
| frlle < |Ifllx for all n € N and f,, — f uniformly on compacts. Lemma 2.7 implies
that S(t)f = limp oo S(t) fro < limpoo T(t) fr, = T(2) f.

Second, it follows from equation (4.3) that J(¢)f < limy, e J(7h)f = T(t)f for all
t € T and f € C,. For arbitrary times ¢ > 0, the inequality J(t)f < T(t)f follows from
the required lower semicontinuity of J and condition (S3). We obtain

LT nLip, ¢ £X NLip, = £ NLip, c £L ¢ £5.
By Remark 2.9, Theorem 4.3 and Theorem 4.5, it holds
T(t): LY NLip, — £ NLip, for all t > 0.

Hence, the claim follows from part (i). O

5. EXAMPLES

5.1. Control problems and upper semigroup envelopes. In this subsection, we
show that value functions of stochastic optimal control problems can be approximated by
a sequence of static optimization problems over increasingly finer partitions. The latter
corresponds to the construction of so-called upper semigroup envelopes, cf. Nisio [35]
and Nendel and Rockner [31]. For a representative class of optimal control problems,
we thus show that the value function coincides with the upper envelope of a suitable
family of penalized linear semigroups.

Let (Wi)i>0 be a d-dimensional standard Brownian motion on a complete filtered
probability space (2, F, (Ft)t>0,P) satisfying the usual conditions. Denote by S‘i the
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set of all symmetric positive semidefinite d x d-matrices. Throughout this subsection,
we fix a measurable function L: S‘j’r x R — [0, 0o] satisfying the following assumption.
Assumption 5.1. Suppose that L satisfies the following conditions:

(i) There exists (a*,b*) € S2 x R? with L(a*,b*) = 0.

(ii) L grows superlinearly, i.e.,

L(a,b
lim (a,8) =00
Jal +lbl—o0 [a] + 0]

In order to apply Ito’s isometry, we endow R?*¢ with the Frobenius norm

d
Z ;|2 for all @ € R4
ij=1

Let A be the set of all predictable processes (a,b): Q x Ry — Si x R? with

t
E{/ as]—l—]bs\ds} < oo forallt>0.
0
For every t > 0, f € Cp, and z € R?, we define
t t t
(S()f)(z) == sup <E[f(x+/ \/@dWSJr/ bsdsﬂ—E[/ L(as,bs)dsD,
(a,)eA 0 0 0

where E[X] denotes the expectation of a random variable X : © — R. Note that S(¢)f
is the value function of a dynamic optimal control problem with finite time horizon
t > 0. In addition, for every t > 0, f € C}, and = € R%, we define the value function of
the related static control problem

J@&)f)(x):= sup  (E[f(z+ VaW;+ bt)] — L(a,b)t).
(a,b)eS? xR4

Subsequently, we use the following notations:

t t
Xta’b ::/ \/@dWs%—/ bsds for all (a,b) € A and t > 0,
0 0

cL = sup _al 1ol
(abyest xra 1+ L(a,b)’
L*(c):= sup  (c(la] + |b]) — L(a,b)) for all ¢ >0,

(a,b)eSE x R4
1
Bayf = 5tr(aD?f) +(Vf,b) forall f € BUC? and (a,b) € SL x R?,

where BUC? denotes the space of all twice differentiable f € BUC such that the first
and second derivative are in BUC. Assumption 5.1(ii) implies ¢, < oo and L*(¢) — 0
as ¢ | 0. The proof of the following auxiliary estimates consists of straightforward but
lengthy calculations, see Appendix E.

Lemma 5.2.
(i) For every c,t >0, r > 0 and (a,b) € A,

>7)—E UotL(as,bs)ds] << +L*(f)t.

P Xa,b
c (| t 'S T

In particular, S is continuous from above.
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(i4) For every c,t >0, 6 € (0,1], x € R?, (a,b) € A and f € Lip,(c),

E[/Otf(:v—l—Xg’b)ds]S(f()%- 5t+CCLEV/1+Lau, duds].

(iii) Lett >0, z € RY, f € BUC? and (a,b) € A with

(S f)(@) <t+E[f(x +Xt“”’)] -E UO L(as,bs)ds] .

Then, for cg:=2(1+ || Barp= flloo) + L*([[D? flloo V 2[|V flloc), it holds

t
E [/ L(as,bs)ds} < cyt.
0

The next theorem is a consequence of the results in Section 4 and a generalization
of the example presented in [2, Section 6.1|. For the reader’s convenience, we provide
a proof in Appendix E. Denote by L° the set of all bounded measurable functions
f:R?* — R and by W™ the corresponding first order Sobolev space. For f € W1
and a € S%, we say that A, f exists in L™ if there exists a function ¢ € L> with

/ gpdr = —/ (VaVf,\/aV¢)dz for all p € C¥
R4 Rd

In this case, since g is unique almost everywhere, we define A, f := g. Clearly, it holds
Auf = szzl a;j0;; f for all f € BUC?. Moreover, let V,f := (b, V) for all f € Wh>
and b € R?. Define

Sp = {a € S‘j_ blenf L(a,b) < }

Theorem 5.3. There exists a family S of operators S(t): Cp, — Cy, which satisfy
Assumption 2.4, such that, uniformly on compacts,

T(t)f:nlgrgoe](ﬂfl)f—supJ( ) f forall f € Cp andt > 0.

neN

Furthermore, T is a strongly continuous convex monotone semigroup on BUC. Denoting
by B the norm generator of T, it holds BUC? C D(B) with

1
Bf=  sup <7Aaf + Viof — L(a, b)) for all f € BUCZ.
(a,b)eSe xRd 2
It holds T(t): £g;m N Lip, — ﬁsym N Lipy, for allt >0 and .Csym N Lipy, has the explicit
characterization
ﬁsTym N Lip, = {f € m D(A,) N W sup  (||[Bapflloo — L(a,b)) < oo}

a€esy, (a,b)GSL xRd
Furthermore, we have T(t)f < S(t)f for allt >0 and f € Cy,.

We do not assume that the matrices a € Sy, are positive definite which is a common
assumption for parabolic PDEs. Moreover, in the completely degenerate case Sy, = {0},
we have Esym N Lip,, = Lip,, and 7' is a shift semigroup corresponding to a first order

PDE. If there exists a positive definite matrix a € Sg,, then |33, Theorem 3.1.7] implies

£l NLip, C D(A) = ({f € W2! nBUC: Af € L™},
p>1
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In particular, if the function

d

d
1
H:R™ xR (z,9) —  sup (5 E ai;Tij + E bi%’)
(a,b)GS‘iXRd ij=1 i=1

has at most polynomial growth, we can apply Theorem 3.10. Note that the operator
B can still be degenerate, since positive definiteness is not required for all a € S;,. We
also remark that if there exist a € Si and € > 0 with

sup  L(a,b) < oo
{beR?: |b|=<}

then one can show L’g;,m C Lipy,. For details we refer to the proof of [3, Theorem 6.3].
However, without this additional assumption on L, the intersection with Lip;, is nec-
essary. To our knowledge, an explicit description of Esym seems to be unknown even
in the linear case B = A, where £§;m coincides with the Favard space which has been
discussed in Remark 2.9. Denote by L1p2b the space of all twice differentiable functions
f € Lipy, such that the first and second derivative are in Lip,. Moreover, we denote by

A the norm generator of S.

Theorem 5.4. The family S satisﬁes Assumption 2.4. Furthermore, we have Lipﬁ C
D(A), Af = Bf for all f € Lip? and LI, NLip, C E*_g,_. Hence,

sym

St f=Tt)f forall(ft)eCy,xRy.

Proof. First, we note that S(¢) is convex and monotone with S(¢)0 = 0 for all t > 0. By
Lemma 5.2(i), S is continuous from above. It holds [|[S(t)f — S(¢)gllcc < ||f — glloo for
all t > 0 and f,g € C. Thus, we obtain S(¢): Lipy,(r) — Lipy(r) for all ,¢ > 0, since
S(t) is translation invariant. It follows that S(¢): BUC — BUC and S(t): Cy, — Uy,
because Lip, C BUC is dense and Uy, = (BUC);s. Moreover, the dynamic programming
principle, see, e.g., Fabbri et al. [20, Theorem 2.24] or Pham [37, Theorem 3.3.1], yields
that S is a semigroup on BUC. Hence, in order to verify condition (S3), it suffices to
show that limy o ||S(t)f — f|ls for a dense subset of BUC.

Second, we show that Lip? C D(A) and Af = Bf for all f € Lip?. Let f € Lip?,

€ (0,1], t > 0 and = € R%. Choose (a,b) € A with

(S()f)(@) < t+E[f(x+Xf’b)]—E[/0 L(as,bs)ds]

2
By Theorem 5.3 and Assumption 5.1(ii), there exists ¢ > 0 with Bf € Lipy(c). Define
= ¢/2c. We use It6’s formula, Theorem 5.3 and Lemma 5.2(ii) and (iii) to obtain

(301=1)

INA
NI N M

1 t
’ L / Ba,p, f(x + X$") = L(as, bs) ds]
0

E [1 /th(x + Xo) ds]
< Bf(z) + CCL [//HL%, duds]

cer, (1 +cp)t
< — .
< Bf(x)+¢e+ 52 5

IN
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It follows from T'(t) f < S(t)f and Theorem 5.3 that

T)f — Sit)f —
0 = lim sup <<)ff —Bf> () < lim sup (W—Bf> (x) <e.
tl0 zcRd t tl0 reRd t
Letting € | 0 yields f € D(A) and Af = Bf.
Third, we show that ﬁg;,m NLipy, C £9. Let f € L’g;,m N Lipy,. Theorem 5.3 implies
J € Naes, D(A) NWH and

C:=  sup (|Bapflloc — L(a,b)) < oc.
(a,b)GSL xRd
Let n € C° with n > 0, supp(n) C B(0,1), and [, n(z) dz = 1. Let n,(z) := nén(nz)
and f, := f xn, for all n € N and = € R?. For every (a,b) € A, t > 0 and = € RY, we
use Ito’s formula and || Bq, p, fnlloo < || Bagbs flloo to estimate

E[f(z+ X)) - f(z) - E [/Ot L(as, as) ds}

= lim (E[fu(z + X)) — fu(z)) - E [/OtL(as,bs)ds]

n—oo

t
= lim E [/ Ba, b, fulz + X5P) — L(as,bs)ds]
0

n—oo

n—oo

t
= hm E |:/ (Basabsfn(x +X§"b) - L(a'-g’bs)]l{asGSL} d5:| S Ct
0

We obtain S(t)f — f < Ct for all t > 0. Tt follows from Theorem 5.3 and Corollary 2.11
that S(t)f = T(t)f for all t > 0 and f € LipZ. Now, let f € Cy, by arbitrary. Choose
a bounded sequence (fy,)nen C Lip% with f, — f uniformly on compacts. Lemma 2.7

implies S(t) f = limy, 00 S(t) fro = limp oo T(t) fro = T'(2) f . O

5.2. Trace class Wiener processes with drift. Let X be a real separable Hilbert
space with inner product (-,-) and norm |- |. Denote by .#1(X) the space of all trace
class operators endowed with the trace class norm || - [| # (x)-

Assumption 5.5. Let B x Q C X x .#71(X) satisfy the following conditions:

(i) Q is selfadjoint and positive semidefinite for all @ € Q.

(i) Q1Q2 = Q2Q: for all Q1,Q2 € Q.
(iii) B x Q is bounded.

By the previous assumption and |17, Corollary 3.2.5], there exists a joint orthonormal
basis of eigenvectors (ex)ren C X, i.e., for every Q € Q and k € N, there exists g > 0
with Qe = pg rex. For every Q € Q and = € X,

Qr =Y pok (x,ex)er.

keN

Hence, every @ € Q can be identified with the sequence pug = (tQ.k)ken € 0! satisfying
tr(Q) = Qll7 (x) = llkgller- Assumption 5.5(iii) implies that A := B x pu(Q) C X x £*
is bounded, where p(Q) = {png: Q € Q}.

Let (€¥)ren be a sequence of independent one-dimensional standard Brownian mo-
tions on a complete filtered probability space (€2, F, (Ft)t>0, P) satisfying the usual con-
ditions. For every A := (b, u) € A, the semigroup (7 (¢)):>0 associated to the Q)-Wiener
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process with @ = pg and drift term b is given by

f (x +ib+ ) mgfek>

keN
forallt >0, f € BUC and z € X. Furthermore, we define

J(@)f :=supTy\(t)f forallt>0and f e BUC.
AEA

(Th@) f)(z) :=E

Let A be the set of all predictable processes

(b, 1) Q% [0,00) = A, (w, ) = (bu(w), (1 (@))ken)-
For every t > 0, f € BUC and « € X, we define

f(x+/0tbsds+2</ot\/;’§d£§>ek>].

keN

(S f)(x) = sup E
(b.u)eA

Theorem 5.6. There exists a strongly continuous convex monotone semigroup T on
BUC such that, uniformly on compacts,

T f = nh_)r{.lo J(mpt) = sgg J(mt)f  for all f € BUC and t > 0.

Furthermore, it holds S(t)f = T(t)f for allt > 0 and f € BUC such that there exist a
compact linear operator K: X — X and g € BUC with f(x) := g(Kz) for allx € X.

Proof. First, we show the existence of the associated semigroup T'. Since

sup ([bl + llaller) < o,
(b,)EA

we can apply the results from [31, Section 2 and Example 7.2|. Hence, there exists a
strongly continuous convex monotone semigroup 7" on BUC such that J(xl)f + T(t)f
for all ¢ > 0 and f € BUC. Dini’s theorem implies uniform convergence on compacts.
For every t > 0 and f € BUC, it holds J(¢)f < S(¢)f and thus T'(t)f < S(t)f by
construction.

Second, we show that S(¢)f = T'(t)f for all ¢t > 0 and f € BUC depending only on
finitely many coordinates, i.e., there exists n € N such that

flx)=f (i(m,ek>ek> for all x € X.

k=1
Fix n € N and define X,, := span{ey,...,e,} C X. For every t > 0, f,, € Cp(X,,) and

x € X,, we define
t n t
n (:w/o bsds+;(/o Mdgf)ek” ,

where A,, denotes the set of all predictable processes (b, u): £ x [0,00) — A,, with

A, = {((<b, ex) ket ooy (1) ketm) ¢ (b, ) € A} CR" x RT.
In addition, for every t > 0, f,, € Cp(X,,) and z € X,,, we define

fn <:1: +th+ zn: \/mfekﬂ for all X\ := (b, ) € Ay,
k=1
(In(t) fn)(@) == sup (Txn(t)fn)(@).

AEA,

(Sn(t)fn)(x) = sup E
(b,p)eAR

(Tan(t) fu)(z) = E
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Note that Assumption 5.1 is satisfied with L := co-1c. Hence, by Theorem 5.3, there
exists a semigroup 7, on Cy(X,) associated to I,,. Furthermore, Theorem 5.4 implies

Sp(t)fn =Tn(t)fn forallt>0and f, € Cp(X,).
Let f € BUC such that there exists f,, € BUC(X,,) with

f(x) = fn (Z(w,ek>ek> for all z € X.

k=1
It follows from the definition of .S;, and the construction of 7;, that
St f=8n(t)fn=Ta(t)fn=T(t)f forallt>0.

Third, we show that S(t)f = T'(t)f for all t > 0 and all f € BUC such that there
exist a compact linear operator K: X — X and g € BUC with f(z) := g(K=x) for all
x € X. Since the finite rank operators are dense in the space of all compact linear
operators w.r.t. the operator norm || - ||(x), there exists a sequence (K )nen of finite
rank operators with ||[K — Ky[[1(x) — 0. Let fy(x) := g(K,) for allz € X and n € N.
It holds || fnllco < ||9lloo for all n € N and

lim sup |f(z)— fo(z)|=0 forallr>0.
Moreover, the boundedness of A yields

=00 e B(0,r)
t 0 t - "
/Obsder;(/o usdgs)ek]<oo.

For every r > 0 and « € X, we use Chebyshev’s inequality to estimate

(SOLf = fal)(2)
> 7")

< sup |[f(y) — fa(y)]
x+/otbsds+§</ot M’Sdéf)@k

c:= sup E
(bueA

yeB(0,r)
t 0 t - L
:c+/0bsds+kZ:1</0 bk deb) ey

+2[|glloc sup P(
(bu)eA

< sup |f(y) - fulp) + e G E

|

y€B(0,r) T (bu)eA
2 wllx|+c
< swp 1f) = fuly)| + Adlellel )
y€B(0,r) r

By choosing first > 0 and then n € N sufficiently large, we obtain

max{|S(t)f = S(t)ful(x), [T(t)f = T(t)fnl(2)}

< max{(SE)|f — ful) (@), (TOIf = ful)(@)} = (SOIf = ful)(z) = 0.
Hence, the second part implies S(t)f =T (t)f. O
5.3. Wasserstein perturbation of linear transition semigroups. Let X := R
and k = 1. Moreover, for a fixed p € (1,00), we denote by P, the set of all probability
measures on the Borel-o-algebra B(R?) with finite p-th moment. Let (u:)i>0 C P, and

(¢1)i>0 be a family of functions 1;: RY — RY. Following the setting in [23], for every
t>0, f € Cyand z € RY, we define

(RODHE = [ F0(a)+ ) (o).
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Typical examples include Koopman semigroups and transition semigroups of Lévy and
Ornstein—Uhlenbeck processes, see [23]. Denote by £ the Lipschitz set of R. Let C§°
be the space of all infinitely differentiable functions f € Cg such that all derivatives are
in Cg, where Cy consists of all continuous functions f: R — R with lim, o0 f(x) = 0.

Assumption 5.7. Suppose that R forms a semigroup. Furthermore, let (ut)¢>0 and
(1¢)¢>0 satisfy the following conditions:
(i) limeyo fra [ylP dp(y) = 0.
(ii) There exist 7 > 0 and ¢ > 0 such that p(B(0,7)¢) < ct for all t € [0,1].
(iii) +(0) = 0 for all t > 0.
(iv) There exists ¢ > 0 such that, for all z,y € R? and ¢ € [0, 1],

(@) = e(y) = (& —y)| < ctle —yl.
(v) For every f € C° N LT, the limit

R(0)f = lim

h10

R(h)f - f

exists uniformly on compacts.
For every z,y € R? and t € [0, 1], the conditions (iii) and (iv) imply
[Yi(2) — o < ctle| and  [¢r(z) —di(y)] < el —yl. (5.1)
Lemma 5.8. [t holds C C L.

Proof. Let f € C°. Choose ¢, > 0 such that Assumption 5.7(ii) and (iv) are satisfied.
In addition, let supp(f) C B(0,7). By Assumption 5.7(v), there exist tg € (0, 1/2¢] and
d >0 with
sup  [(R@)f — f)(z)] <t forall t € [0,t0).
x€B(0,4r)
Inequality (5.1) implies |1¢(x) + y| > r for all x € B(0,4r)¢, y € B(0,r) and t € [0, to].
Hence, for every x € B(z,4r)¢ and t € [0, o], it follows from Assumption 5.7(ii) that

(R ) (@) = f(@)] < [ floope (B(O,7)%) < ell flloct.
We obtain |R(t)f — flleo < max{c,c| f|lco}t for all t € [0, 0] O

In the sequel, we consider a perturbation of the linear transition semigroup R, where
we take the supremum over all probabilities which are sufficiently close to the refer-
ence measure . Recall that, in Subsection 5.1, we considered a Brownian motion
with uncertain drift and volatility, where the uncertainty was parametrized by a finite-
dimensional parameter space. Here, the non-parametric uncertainty is instead given
by an infinite-dimensional ball of probability measures. We define the p-Wasserstein
distance by

Wy(p,v) == < inf / ly — z|P dm(y, z)) " for all p, v € Py,
meCpl(p,v) JRd xR

where Cpl(u, v) consists of all probability measures on B(R? x R?) with first marginal

w and second marginal v. Let ¢: [0,00) — [0,00] be a convex lower semicontinuous

function with ¢(0) = 0 and ¢(v) > 0 for some v > 0. Furthermore, we assume that

that the mapping [0, 00) — [0, 00], v Lp(vl/ p) is convex. The previous assumptions

ensure that

¢*(w) == sup (vw — p(v)) < oo for all w > 0.
v>0
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For every t > 0, f € Cy, and = € R, we define
109)) = swp ([ i) +2)a0() = Wyl ).
vEP, R4
where ¢;: [0,00) — [0, o0] denotes the rescaled function
to(%), t>0,v>0,
or(v) =<0, t=v=0,
400, t=0,v#0.
The following result is a consequence of |23, Theorem 3.13] and Lemma 3.6.

Theorem 5.9. There exists a semigroup S on Cy,, which satisfies Assumption 2.4, such
that, uniformly on compacts,

St)f = li_}rn I(my) f = ianI(wn)f forall f € Cp andt > 0. (5.2)
n—o0 ne
Denoting by Ar the D-generator of S, it holds C3° N L C D(Ar) and
_ oS-
Arf = RO+ (V5) =i 2P =1

uniformly on compacts for all f € CgoﬂﬁR. Condition (3.7) is satisfied for all f € Lipy,.
Furthermore, it holds S(t): Lipy, — Lipy, and S(t): Co — Cq for all t > 0.

Proof. By [23, Theorem 3.13 and Remark 3.14], there exists a semigroup S on Cy
which satisfies equation (5.2), Assumption 2.4 and the statement about the I'-generator.
Choose ¢ > 0 such that Assumption 5.7(iv) is satisfied. It follows from the proof
of Theorem 4.5 that condition (3.7) holds for all f € Lipy if we verify the following
conditions:

e I(t): Bc,(0,7) = Bc,(0,r) for all r,t >0,

o [ I()f —I(t)g|loo < ||f — glleo for all t > 0 and f,g € Cy,

o I(t): Lip,(r) — Lipy(etr) for all r,t > 0,

o |7e(I()f) = I(t)(Tef)|loo < crt|z| for all r,t > 0, f € Lip,(r) and = € R%.
The first two statements follow immediately from the definition of I. For every r,¢ > 0,
f € Lip,(r) and z,y € R?, inequality (5.1) implies

(1) F)(@) — IO F)()] < sup / F() + 2) — F(n(y) + 2)] dw(2)
vEPp

< elr|lz —yl. (5.3)

Furthermore, we use Assumption 5.7(iv) to estimate

(72 (L) f) = 1(t) (72 f)|(y) < Sup/ [f (el +y) + 2) = f(Pr(y) + 2+ 2)| dv(2)

vePp
<rli(x +y) — Pi(y) — x| < ertlal.

It remains to show S(t): Cy — Cp for all ¢ > 0. Since S is semigroup, it suffices to
show S(t)f € Cy for all t € [0,1/2¢] and f € Cy. Since S(t) is monotone and convex
with S(¢)0 = 0, it holds |S(¢)f] < S(¢)|f| < I(t)|f|]- By [23, Lemma 3.4|, there exists a

constant ¢’ > 0 with

IO < sup / 1F (@) + ) ldv(y).
)<c'}

{UEPP Wp MtV
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Let € > 0. Since f € Cy and the Wasserstein ball {v € Pp: W, (1, v) < '} is tight, we
can choose r > 0 with

sup [ f(x)| <
z€B(0,r)c

and  sup  v(B0,7))|flle < =
W ()< 2

| ™

For every x € B(0,4r)¢ and y € B(0,r), inequality (5.1) implies |¢(x) + y| > r. Thus,

(IOIf) (@) < sup (/ |f (We(x) + y)ldv(y) +/ |f (We() + y)!dV(y)>
Whp (1t,v)<c! B(0,r) B(0,r)c
€ C
<0 (G HrBOnIIfl) <=
We obtain S(t): Cy — Cq for all ¢ > 0. O

In addition to the Wasserstein perturbation, we consider a perturbation which is
parametrized only by drifts b € R?. For every t > 0, f € Cp, and = € R?, we define

TN = sup ([ ) 4540 auls) b))

beRd

We remark that W, (u, vp) = |b|t for all b € R? and ¢ > 0, where

v(A) = /Rd Ta(b+y)du(y) for all A€ B(RY).

Furthermore, the previous definition of J is consistent with the one in Subsection 5.1 if
we fix the volatility matrix a and choose p; := P o (v/aW;)~! and L(b) := ¢(|b]). Note
that uncertainty in the volatility is not included in the setting of this subsection. Define
Lip, := Lip;, N Cyp.

Theorem 5.10. There exists a family T of operators T(t): Cy, — Cy,, which satisfy
Assumption 2.4, such that, uniformly on compacts,

Tt)f = nh_)rglo J(mt)f  for all (f,t) € C, x T. (5.4)

Furthermore, T is a strongly continuous convexr monotone semigroup on Cqy. Denoting
by Br the I'-generator of T, it holds C§* N L € D(Br) and

. T(h)f—f
Brf =R(0 ¥ =lim ———
rf =R O)f+¢ (V) =lim——
uniformly on compacts for all f € CNLE. Condition (3.7) is satisfied for all f € Lipy.
Furthermore, we have T(t): Lipg — Lipy for all t > 0.

Proof. First, we verify Assumption 4.1. Clearly, the conditions (i)-(iv) are satisfied.
Choose ¢ > 0 such that Assumption 5.7(iv) is satisfied. Similar to inequality (5.3),
one can show that J(¢): Lip,(r) — Lipy(er) for all r,¢ > 0. In particular, the se-
quence (J(m!)f)nen is uniformly Lipschitz continuous for all ¢ > 0 and f € Lipy,.
Assumption 4.1(vi) follows from Remark 4.2(ii), since J(¢)f < S(¢t)f for all t > 0 and
f € Cyp. Next, we show that J(t): C, — Cy, for all t > 0. Let ¢ > 0 and f € Cy,.
Choose a bounded sequence (fp)pen C Lip, with f, — f uniformly on compacts.
Lemma 2.7 yields J(t)f, — J(t)f uniformly on compacts. Indeed, the corresponding
proof only relies on the fact that J(¢) is convex, monotone and continuous from above.
Since J(t)f, € Lip, C Cy, for all n € N, we obtain J(t)f € Cy. Moreover, it holds
[J(&)f] < J(@)|f] < S(t)|f] and thus |J (7)) f| < S(t)|f| € Co for all t > 0, n € N and
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f € Co. Tt remains to show that £/ C Cy is dense. For every c,t > 0 and f € Lipy(c),
it follows from [23, Equation (3.7)] that

0<J@)f—R@O)f<I{t)f — R(t)f <tp*(c). (5.5)
Hence, Lemma 5.8 implies C° C £ ¢ £7. By Theorem 4.3, there exists a family T

of operators T'(t): Cp, — Cp and a subsequence (n;);cn, which satisfy Assumption 2.4,
such that, uniformly on compacts,

Tt)f = lliglo J(m),)f forall (f,t) € CpxT.

Since (J(7%) f)nen is non-decreasing, the convergence holds without choosing a subse-
quence. In addition, 7" is a strongly continuous convex monotone semigroup on Cy and
it holds T'(t): Lip, — Lip, for all ¢ > 0.
Second, we show that C3° N £ ¢ D(Br) and
T(h)f—f
Brf =R(0 “(IDf]) =1
rf=RO)f+¢ (Df]) =lim —=

uniformly on compacts for all f € C* N LE. For every h > 0 and b,z,y € R%, we use
Taylor’s formula to obtain

|f(Wn(x) +y + bh) — f(vn(z) +y) — (VF(Wn(z) +1),bh)| < || D*f|lo|bI*h*.

As seen in the proof of [23, Lemma 3.6], it holds limp o |R(h)g — g|(x) = 0 for all
g € Lip,,. Hence, we can estimate

igint (YOO @) >t it [ (97 0n) 4 1) o)

— liminf R(5) (V1) (z) ~ ()
= (Vf(2).b) — o(Jb]).

Taking the supremum over all b € R? yields

- Jh)f—R(h)f
1 f| ————= > .
int (70 @) 2 9
We use the previous inequality, J(h)f < T(h)f < S(h)f, Assumption 5.7(v) and The-
orem 5.9 to conclude T - f
lim ———= = R'(0)f + ¢"(|V f])

10
uniformly on compacts.

Third, we remark that the verification of condition (3.7) for all f € Lip, is similar
to the proof of Theorem 5.9. Moreover, it follows from J(t): Lipy(r) — Lipy(e“r) and
the construction of T that T'(t): Lipy(r) — Lipy(etr) for all r,t > 0. O

Theorem 5.11. [t holds S(t)f =T(t)f for allt >0 and f € Cy,.

Proof. By construction, it holds 0 < T'(t)f — R(t)f < S(t)f — R(t)f < I(t)f — R(t)f
for all t > 0 and f € Lipy. Hence, inequality (5.5) implies

LR N Lipy = £5N Lipy = £7 N Lip,.

Let D := LN Lipg. It follows from Remark 2.9(i) and Theorem 5.10 that T'(t): D — D
for all t > 0. Next, we show that Apf = Brf for all f € D. Let n € C° with n > 0,
supp(n) C B(0,1), and [pan(z)dz = 1. Define n,(z) := nn(nz) and f,, := f *n, for
all n € N and z € R?. Then, it holds f, € Cg° for all n € N. Choose ¢, > 0 such that
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Assumption 5.7(iv) is satisfied and f € Lipy(r). For every t > 0, n € N and z € R?, we
use Fubini’s theorem to estimate

|R(t) fr — (R()f) % 1 (2)
<[ . ( [ 156e) +y=2) = e =)+ ) dﬂt@)) (s < ort

We obtain ||R(t)fn — falloo < |R(E)f — flleo + crt and, therefore, f, € L. Tt follows

n
from Lemma 3.6, Theorem 5.9 and Theorem 5.10 that
Arf =TI-lim Apfn =TI'-lim Bpfn = Bpf.
n—o0 n—oo

Hence, Corollary 2.11 implies S(¢t)f < T'(t)f for all t > 0 and f € Cg N LE while the
inequality S(t)f > T(t)f holds by construction. Now, let f € C}, be arbitrary and
choose a bounded sequence (fy)neny C C° with f,, — f uniformly on compacts. We
use Lemma 2.7 and Lemma 5.8 to conclude
S(t)f = lim S(t)fn = lim T(t)fn = T(t)f. Il
n—oo n—oo
In the particular case that S coincides with the entropic semigroup, as a byproduct
of Theorem 5.11, we recover that p; satisfies the Talagrand T inequality, see |15, Chap-
ter 22| and [11]. Denote by N (0,¢1) the d-dimensional normal distribution with mean
zero and covariance matrix t1, where 1 € R%*? is the identity matrix.

Corollary 5.12. It holds Wa(v, ) < /2tH(v|ue) for all t > 0 and v € Py, where
H(v|pt) denotes the relative entropy of v w.r.t. pg := N(0,¢).

Proof. Choose v := idga, s := N(0,t1) and p(v) := v*/2 for all t,v > 0. Moreover, let
(Wi)t>0 be a d-dimensional standard Brownian motion on a complete filtered probability
space (Q, F, (Ft)e>0, P) satisfying the usual conditions. We show that

(T(t)f)(x) = (S(t)f)(x) := §log (E[exp(2f(x + W3))])

for allt > 0, f € Cp, and z € R?. By elementary calculation, see [7, Lemma 4.4]~and the
proof of |7, Theorem 4.5|, one can show that J(¢)f < S(¢)f and thus T'(¢)f < S(t)f for
all £ > 0 and f € Cy,. To show the reverse inequality, we want to apply Corollary 2.11.

By straightforward computations, one can show that S satisfies Assumption 2.4 and
BUC? C D(A) with

Af =LX(Af+|Vf]?) forall f € BUC%.

Moreover, it follows from It6’s formula and Theorem 5.3 that D := Eg;,m N Lip, C £3.
Since S and T are translation invariant, Lemma 3.6 yields Apf = Brf for all f € D.
Hence, Corollary 2.11 implies S(t)f = T(t)f for all t > 0 and f € BUC2. For arbitrary
f € Cy, the equality follows by approximation. In addition, it follows from Theorem 5.11

that S(t)f = S(t)f < I(t)f forallt > 0 and f € C},. Fenchel-Moreaus’s theorem yields

Walv, iu)* _ su v—
P — sy ([ pav - a09)0)

<sw ([ rav- GON0O)) = Ol n
feCy R4



CONVEX MONOTONE SEMIGROUPS 35

APPENDIX A. I'-CONVERGENCE

Following the works of Beer [1], Dal Maso [15] and Rockafellar and Wets [38], we
gather some basics about I'-convergence. We remark that, in [15] and [38], all results
are formulated for extended real-valued lower semicontinuous functions. However, a
function f: X — [—o00,00) is upper semicontinuous if and only if —f: X — (—o0, 0]
is lower semicontinuous, and all results immediately transfer to our setting.

Lemma A.1. Let (fp)nen C Uy and (gn)nen C Uy be bounded above, and f,g € U,.

(i) It holds I-limsup,, ,~ fn € Ux. Furthermore, (fn)nen C Uy has a I'-convergent
subsequence, i.e., I-limy_ o0 fn, € Uy exists for a subsequence (ny)gen.
(ii) We have f = I-limy, o0 fn if and only if every subsequence (ny)ren has another
subsequence (n,)ien with f =T-lim;_, fnk-l'
(111) If fn L f, then f =T-lim, o0 frn-
() It holds T-limsup,,_,~ (fn + gn) < T-limsup,, o fn + [-limsup,, . gn. More-
over, we have I'-limsup,, ,. fn < T-limsup,,_,. 9n i fn < gn for alln € N.
(v) Assume that f € Cyx, fn — f uniformly on compacts and g = T-lim, o0 G-
Then, it holds f + g = T-limy, 00 (fr, + gn)-
(vi) If f =T-limsup,,_,o fn and g € Cy, then fV g =I-limsup,,_,..(fn V g).
(vii) It holds (I-limsup,,_, ., fn)(2) > Hmsup,, o, SUPyep(z,5,) fn(y) for allz € X and
(0n)nen C (0,00) with 6, — 0.

Proof. Part (i) follows from |15, Remark 4.11|, [15, Theorem 4.16], and [15, Theo-
rem 8.4|. For part (ii) and (iii), we refer to |15, Proposition 8.3] and |15, Proposi-
tion 5.4|, respectively. Part (iv) and (vii) are direct consequences of the definition of
the I'-lim sup.

In order to show part (v), let z € X and (x,)peny € X with z, — z and g(z) =
limy, 00 gn(zy). For every n € N,

|(f + 9)(@) = (fa+ gn)(@n)| < |f(2) = flan) + sup 1F () = fu@)l +19(x) = gnlwn)l,

where K := {x,,: n € N}U{x} is compact. Since f,, — f uniformly on compact and f is
continuous, the right-hand side converges to zero. We obtain f+g < I'-limy, 00 (frn+9n)
and the reverse inequality follows from part (iv).

It remains to show part (vi). The inequality fV g < I'-limsup,,_,.(fn V g) follows
from part (iv). Let (z,)peny € X and x € X with z,, — z. Continuity of g implies

(fowe v 9) ) = (limsup fo, (w0,)) V 9(2) < (£ V 9)(a),

k—o00

limsup (fn V g)(x)

= lim
n—00 k—o00
where (x5, )ken is a suitable subsequence approximating the limes superior. O

Let f € U, and £ > 0. Following [1], the upper e-parallel function to f is defined by

e . 1
FX o Ba (s mes {0, ~2) +e).

If closed bounded sets in X are compact (e.g., if X = R? or X is compact), one can
show that f€ is upper semicontinuous, cf. the proof of |1, Lemma 1.3]. For a general
metric space (X, d), however, the upper semicontinuity of f¢ cannot be guaranteed. For
this reason, we consider the upper semicontinuous envelope of f¢, which is defined by

F:X5R, z— limsup f°(y) = inf sup f*(y).
y— 0>0 ye B(z,5)
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Note that, for all z € X,

7 (x) = sup { limsup f¢(zp): (Zn)neny C X with x,, — x} = I'-limsup f*,

n—oo n—oo

where in the last expression f¢ stands for the constant sequence (f€),cn. We have the
following geometric description of the I'-lim sup.

Lemma A.2.
(i) For every f € U, and e > 0,

frEF < inf 7 and [(F) e < N1l +e (A1)

Furthermore, it holds f- € Uy, for alle >0 and f~ | f ase ] 0.
(ii) Let (fn)nen C Uy be bounded above and f € U,. Then, I-limsup,,_ . fn < f if
and only if, for every e > 0 and compact set K C X, there exists ng € N with

falz) < f(z) forallz e K and n > ny. (A.2)
Proof. First, we show inequality A.1. Fix f € Us, e > 0 and x € X. For every ¢’ > ¢,
ffa)<f) < s fy)

yEB(z,e’'—¢)
= sup L( sup max { f(z)k(z), -1} —|—€>
yEB(z,e’—¢) ﬁ(y) z€B(y,e)

< Ca'($)<

~ k(x)

L (@) (swp max {F(2)n=), 5} +€') = o) ),

"i(x) zEB(z,e’)

sup sup max {f(z)k(z), —1} + 5)
yEB(z,e’—¢) 2€B(y,e)

where co/ () 1= SUpycp(ze—e) % Continuity of x implies c./(x) | 1 as €’ | e. Hence,
taking the infimum over &’ > ¢ in the previous estimate yields the first part of inequal-
ity (A.1). Furthermore, we can estimate

(F%) " (@) < inf (f5)7(2) < inf (Slel)r; (fr) " (y) + 5’) =l +e

In particular, we obtain ?E € Uy, because ?5 is upper semicontinuous by definition.

Second, we show that ?5 1 fas d ] 0. Due to inequality (A.1) it is sufficient to prove
fO1 fasd ] 0. Since fr is upper semicontinuous, for every z € X and ¢ > 0, there
exists § > 0 such that (fx)(y) < (fr)(x) + ¢ for all y € B(x,d). We obtain

1

flz) < fx) = rw), max {(f5)(y), —3} + 0 < max {f(z),— 5} + 5 +e.

This implies f(x) < infsog fO(x) < f(z) + e f(z) ase | 0.

Third, let (fn)nen C Uy be bounded above and f € U, with I'-limsup,,_, . fn < f.
We follow the proof of |1, Lemma 1.5] to verify inequality (A.2). Let K C X be compact
and € > 0. Since I'-limsup,, .., fn < f and x > 0 is continuous, we obtain

limsup(fnk)(zn) < (fk)(z) forall z € K and (zp)neny C X with z, — x.
n—oo

Hence, for every x € K, there exist n, € N and r, € (0,¢) such that
(fk)(y) < max {(fr)(z), -1} +¢c forall n > n, and y € B(z,ry).
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By compactness of K, we can choose x1,...,2; € K with K C Ule B(x;,ry,;). Define
ng :=ng, V...Vng,. Let x € K and i€ {1,...,k} with d(x,z;) < ry, <e. We obtain

1
fn(l’) < %

Fourth, let (f,)nen € Uy be bounded above and f € Uy such that inequality (A.2)
holds. Let x € X and (2 )neny C X with z,, — z. Since K := {mn n € N} U {z} is
compact, for every € > 0, there exists ng € N such that fn(acn) < f (xy,) for all n > ny.
We obtain limsup,, ., fn(z,) < f (z) for all e > 0, because f is upper semicontinuous.
Hence, part (i) implies I'-limsup,,_, . fn < infoso f = f. O

(max{(f/ﬁ)(xi), —é} + 5) < f(x) for all n > ng.

We conclude this section by noting how the definition of f° simplifies if (X, d) satisfies
an additional geometric property.

Lemma A.3. Assume that (X,d) has midpoints, i.e., for every x,z € X and X\ € [0, 1],
there exists yy € X with

d(x’yk) = )\d(l‘, Z) and d(yka Z) = (1 - )\)d((L‘, Z)'
Then, it holds f- = infu~. f€ for all f € U, and £ > 0.

Proof. Let x € X and & > e. Since (X, d) has midpoints, for every z € B(z,e’) there
exists y € X with d(:c y) <&’ —e and d(y, z) < e. Hence, we can estimate

=y (me (e, -2) +2)
1 1 /
= s (max{fEn() —H}+)
1 /
< co(x) yeBS(;IEI_E) () zESBu(Igj,a) (max {f(z)r(2), -2} +¢ ),

x(y)

z,e'—¢) k(x)

inf f° () < inf  sup  f(y) = ().

e'>e e'>e yEB(x 51_5)

where ¢/ () := SUPye B( Continuity of x implies c.r | 1 as & | . We obtain

The reverse estimate follows from inequality (A.1). O

APPENDIX B. BASIC CONVEXITY ESTIMATES

Lemma B.1. Let ¢: C;, — R be a convex functional. Then,

¢(f)—¢(g)gA<¢<ng+> ¢(g)> for all f,g € Cr and X € (0,1].

The previous statement remains valid if we replace Cy by By.

Proof. We use the convexity to estimate

o)~ ola) =0 (A (152 49) + (1= g - ol

<20 (152 40) + (1= N0t0) - ol

2 (s(552+a) - 0t0)). 0
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Let F, be the space of all functions f: X — [—o00,00) with || fT|x < cc.

Lemma B.2. Let ®: C, — Fy. be a convex monotone operator with ®(0) = 0.
(i) For every r > 0, there exists ¢ > 0 such that

[2(F)llx < cllflle for all f € Be,(0,7).

One can choose ¢ := 1|| (@(%))4_”,{ In particular, the function ®(f) is real-valued,
i.e., (f): X = R forall f € Cy.
(ii) For every r > 0, there exists ¢ > 0 such that

[2(f) = @(9)llx < cllf —gllx  forall f,g € Bc,(0,7).
One can choose ¢ := %supfleBCH(o’gw) [2(f)] < o0
The previous statements remain valid if we replace Cy by By.

Proof. First, let r >0, f € Bc,(0,7) and X := lIfllx/r. We use the fact that ® is convex
and monotone with ®(0) = 0 to estimate

O(f) = DAL+ (1= 1)0) <AD(3f) < 20(%) = Ul=a(z).

r

Moreover, it follows from the convexity of ® and ®(0) = 0 that
0=®(0) = ®(3f + 5(=1)) < 32(f) + 32(-1).
We conclude (®(£f))(z) > —oo for all z € X and —®(—f) < ®(f). Combining the

previous estimates yields

Uy < —a(—f) < o(f) < L=a(z).

r
K K

Hence, it holds ||®(f)|lx < ¢/ f|l. with ¢ := %H((I)(%))JFH,Q < oo. For r = 0, the claim
follows from ®(0) = 0.
Second, let r > 0 and f,g € B¢, (0,7). We define

D Cp = Fu, > @(f+ f)—@(f) forall f' € C,.

Note, that |®(f)|x < oo by the first part and therefore ®(f') € F,, for all f' € C,.
Furthermore, it follows from the first part that

1905) = @)l = 257 = 9)], < 5 1@ 1F = gl < clf — gl

where ¢ := %Squ’eBcn(O,Sr) [2(f") < o0 O

APPENDIX C. EXTENSION OF CONVEX MONOTONE FUNCTIONS

Denote by ca,” the set of all Borel measures p: B(X) — [0, 00] with [, du < oo.
Let ¢: Cx — R be a convex monotone functional with ¢(0) = 0. We define the convex
conjugate of ¢ by

¢*: cat —[0,00], p sup (uf —@(f)), where puf :2/ fdp.
feCy X

Let By be the space of all Borel measurable functions f: X — [—o00,00) such that

/Tl < oo. Denote by Bg,(0,7) := {f € B: ||fllx < t} the closed ball with radius

r > 0 around zero. Using the ideas from [3], we obtain the following extension and dual
representation result.

Theorem C.1. Let ¢: C,;, — R be a convex monotone functional with ¢(0) = 0, which
1s continuous from above. Then, the following statements hold:
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(i) For every r > 0, there exists a o(ca,, Cy)-compact convex set M, C ca;l with
¢(f) = max (uf — 9" () for all f € B, (0,r).

One can choose M, := {u € ca}l: ¢*(u) < ¢(2r/x) — 2¢(—7/x)}.

(ii) Define ¢1: U, — [—00,00), f+— inf{p(g): g € Cx, g > f}. The functional ¢y is
convex, monotone and the unique extension of ¢, which is continuous from above.
In addition, ¢1 is admits the dual representation

o1(f) = ;2% (wf —¢*(n)) forallr >0 and f € By, (0,r).

(11i) Define ¢a: By — [—00,00), f +— lime oo SUP ¢ oot (u(max{f,—%}) - gb*(,u)).
The functional ¢1 is convexr, monotone and an extension of ¢. In addition, ¢y is
admits the dual representation

¢2(f) = sup (uf — qb*(,u)) forallr >0 and f € Bp,(0,7),
peM]

where M) := (Nsoli € cal: ¢*(n) < ¢(2r/x) — 2¢(-7/x) + €} is o(cal,Cy)-
compact and convex. In particular, for alle > 0 and r > 0, there exists a compact
set K C X with ¢2(£1Kc) < e.

Proof. First, we apply [3, Theorem 2.2| to obtain
¢(f) = max (uf —¢"(p)) forall f € Cy.

HECa

Let r > 0 and f € Bc,(0,7). Choose pu € ca} with ¢(f) = uf — ¢*(u). It follows from
the definition of ¢* and the monotonicity of ¢ that

piAE = o(%) < ¢"(n) = uf — o(f) < pgp —o(— %)
We obtain pZ < ¢(2) — ¢(—L) and therefore ¢* (1) < ¢(2) — 2¢( — £). Hence,

o(f) = max (f —¢*(w)) forall f € Be,(0,r),

where M, := {p € ca}: ¢*(u) < ¢(27/x) — 2¢( —r/x) }. Moreover, the set M, is convex
and o(ca,l, Cx)-compact, see [3, Theorem 2.2].

Second, by monotonicity of ¢, the functional ¢; is monotone and an extension of ¢.
We show that ¢1(f) = limy,—00 ¢(fn) for all (fn)nen C Cx and f € U, with f,, | f. By
definition of the infimum, there exists a sequence (g )xeny C Cy such that ¢(gi) — ¢1(f)
as k — oo. Let g := f, Vg for all k,n € N. Since g* | gx as n — 0o, and ¢ is monotone
and continuous from above, we obtain

Tim ¢(f,) < lim 6(gh) = o(g) for all k € N.

Monotonicity of ¢; implies ¢1(f) < limy o0 ¢(fn) < limgoo d(gr) = ¢1(f). In partic-
ular, it follows that ¢; is convex. Indeed, let f,g € U,, and A € [0, 1]. Since U, = (Cyg)s
and Cy is directed downwards, there exist sequences (f,)neny and (gn)nen in C, with
fnd fand g, | g. We obtain

S1(Af + (1= N)g) = lim ¢(Afn + (1= N)gn) < lim (AG(fn) + (1= A)gn)

=A01(f) + (1 = A)¢1(g)-
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Third, we show that ¢; is continuous from above. Let (f,)nen C Uy and f € Uy
with f,, | f. Since Uy = (Cyg)s, for every k € N, there exists a sequence (f}')nen C Cx
with f7* | fx as n — oo. Define f,, := min{f],..., fi'} € C, for all n € N. It holds

f~n+1 = min{f{l+17 . '7f7?+1?f:1:’——11} < mln{fila e 7f7?} = f?’b for all n € N7
fo=min{fi,..., frt <min{fl,...,f"}=f, forallneN,
fo=min{fP, ..., f2..., Py < f forall k,n € N with k < n.
We conclude that f = lim, o frn < limy, oo fn < limy oo fff = fi for all £ € N.

Thus, it follows from the monotonicity of ¢; and the second part of this proof that
d1(f) <limpoo 91(fn) < limysoo d(fn) = ¢1(f). We have shown that ¢, is continuous

from above. Hence, |3, Theorem 2.2] implies
B1(f) = max (uf — ¢"(w)) for all £ € Uy
HeECca,

By the same arguments as in the first step, the maximum in the previous equation can
be taken over the set M, for all r > 0 and f € By,_(0,7). The uniqueness of ¢; as
extension, which is continuous from above, follows from U, = (Cy)s.

Fourth, by definition, the functional ¢9 is convex and monotone. Since ¢; is contin-
uous from above, we obtain from the dual representation of ¢; that

o1(f) = lim ¢y (max{f,—£}) = ¢2(f) forall f € U,

Similar to the first part of this proof, it follows that the supremum in the definition of
¢2 can be taken over M, for all > 0 and f € Bp,(0,r). By [3, Theorem 2.2|, the set
M is o(ca;, Cy)-compact and convex. The last statement follows from ¢* > 0 and the
fact that, by Prokhorov’s theorem, the set {yu,: u € M|} is tight for all » > 0, where
pe(A) == [, L dp for all A € B(X). O

Remark C.2. Let ¢: C;, — R be a convex monotone functional with ¢(0) = 0, which
is continuous from above at zero, i.e., ¢(f,) | 0 for all (f,)pen C C, with f, | 0.
Then, it follows from the proof of [3, Theorem 2.2] that ¢ is continuous from above, i.e.,
O(fn) 4 o(f) for all (f)nen C Cx and f € C, with f,, | f. However, if we replace Cy

by U, this statement does not remain valid, because Uy is not a vector space.
With the help of Theorem C.1, we can show the assertions from Remark 2.5(i) and (ii).

Corollary C.3. Let (S(t))i>0 by a family of operators S(t): C, — U, which satisfy
the conditions (S1)-(S4). Then, the following statements hold:

(i) For everyt > 0, there exists a unique extension S(t): U, — Uy, which is continu-
ous from above. The family of extended operators satisfies the conditions (S1)-(S4)
with Uy, instead of Cy. In addition, for every x € X, the functional

U/{ - [_00700)3 f = (S(t)f)(fl?)

can be even extended to the space By such that, for every e > 0 and ¢ > 0, there
exists a compact set K C X with (S(t)($1ke))(z) < e.

(ii) Lett > 0 and K C X compact. Then, for every e > 0 and ¢ > 0, there exists a
compact set K1 C X such that

sup  (S(t)(L1ke))(z) <e.
(s,x)€[0,t] x K
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Proof. First, we extend S(t) from C, to Uy. Let t > 0 and z € X. By Lemma B.2, it
holds (S(t)f)(z) € R for all f € C,.. Thus, the conditions (S1) and (S2) yield

¢": Co = R, [ (S(t)f) ()

satisfies the assumptions of Theorem C.1. Define (S(t)f)(x) := ¢}"(f) for all f € U,,
where gbi’z denotes the extension of ¢** from Theorem C.1(ii). The family of extended
operators satisfies the conditions (S1), (S2) and (S4) with U, instead of C and is the
unique extension which is continuous from above. Next, we verify condition (S3), i.e.,

P-limsup S(s)f < S(t)f forallt >0 and f € U,.
s—t

Fixt >0, f € U, and € X. Let (t,)nen C [0,00) and (2, )neny C X with ¢, — ¢ and
xn, — x. We use Theorem C.1(ii) and condition (S3) to estimate

limsup (S(tn) f) (#n) = inf sup inf { (S(tx)g)(z1): g € Cuy g > [}

< inf { lim sup (S(tn)g)(xn)! g€Cy, 92> f}

< inf {(S(t)g)(x): g € Cw, g > f} = (S(t)f)().

The statement about the extension to B,; holds because of Theorem C.1(iii).
Second, let ¢,t > 0, K C X compact and € > 0. By part (i), we can define

Gsz: B = [—00,00), f— (S(s)f)(x) forall (s,x) € [0,t] x K.
For every (s,z) € [0,t] x K and K1 C X compact, Theorem C.1(iii) implies

0< ¢s,x(%]le) < sup ,U/(%]le)a
pneM

where M = U, pyepogxr it € cal: ¢, (1) < ¢s.2(2/x) — 2¢5:(~¢/x)}. Furthermore,
by Dini’s theorem, the functional

d): Cn — R, f — sup ¢s,x(f)
(s,2)€[0,t]x K
is well-defined, convex, monotone and continuous from above. Hence, |3, Theorem 2.2]|
and condition (S4) imply that the set

MC {# ccal " ()< sup  [Bsa(E) — 200 (- g)\}
(s,x)€[0,t]x K
is o(ca, C,)-relatively compact. The claim follows from Prokhorov’s theorem which
ensures that {y,.: pu € M} is tight, where y,,(4) := [, L du for all A € B(X). O

Lemma C.4. Let (¢n)nen be a sequence of functionals ¢n: Cx — R which satisfy the
following conditions:

e ¢, is convex, monotone and ¢,(0) =0 for alln € N,
® SUP,eN SUPfeB, (0,r) |on(f)] < oo for allr >0,
e sup, ey On(fe) 4 0 as k — oo for all (fi)ren C C, with fi, | 0.
For every n € N, by Theorem C.1, there exists a unique extension of ¢n: C; — R

to a functional ¢y : U, — [—00,00) which is continuous from above. Let (fn)nen and
(gn)nen be bounded sequences in U,. Then,

lim sup ¢, (fr + gn) < limsup ¢, (f + gn), where f:=T-limsup f,.

n—o0 n—oo n—oo
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Proof. First, we show that imsup,,_, ¢n(fn + gn) < imsup, . én(f + gn) for all
€ (0,1]. Since the functionals (¢, )nen are uniformly bounded, the functional

¢: Cx = R, f = sup dn(f)
neN
is well-defined, convex, monotone and satisfies ¢(0) = 0. Furthermore, it follows from
Theorem C.1 and ¢* < ¢; that
on(f) = max (,uf — gbZ(,u)) for alln € N, r > 0 and f € By, (0,r),
peMy
where M, := {u € cal: ¢*(1) < suppen |0n(27/x) — 260 (—7/x)|}. In the sequel, we fix
r = sup,en(||fnllx + llgnllx + 1) and M := M,. Let € > 0. Since ¢ is continuous from
above, by [3, Theorem 2.2] and Prokhorov’s theorem, the set {p,: p € M} is tight,

where 1,(A) := [, 2 dp for all A € B(X). Hence, there exists K C X compact with
sup,e s ts(K€)(r+1/) < . Moreover, by Lemma A.2, we can choose ng € N such that

fanlz) < fg(ac) for all z € K and n > ng.
For every n > ny, it follows from f~ > —¢/x that

@b (fn+gn) = L%ax( (fn+gn) QS:L(:U’))
< ma (7 + g0 + (5 1x0) ) = 620

< ma (u(F" +gn) = 1)) +2 = Ou(F +90) + 2.

We obtain lim sup,, o ¢n(fn + gn) < lim SUPp 00 (4 gn) for all € > 0.
Second, we show inf,¢(g ] limsup,,_, On(F~ + gn) < limsup,,_,o0 dn(f + gn). Using

the dual representation from the first part, we obtain

£ 1 . ) = inf inf f° — ot
aéfb ; lﬂs§p¢ (" +gn) fféNaéfb 11%}4(235( w(f +gi) — o5(w))

= inf _inf max (1f” = an(n)),
where oy, (1) = infg>, (65 (1) — pgr). For fixed n € N, we want to interchange the
maximum over u € M with the infimum over ¢ € (0,1] by using |21, Theorem 2|. To
do so, we have to replace «,, by a function which is convex and lower semicontinuous.
It holds inf,enr o (i) > —o00, because ¢} > 0 and (gx)ren is bounded. Hence, we can
define @, : M — R as the lower semicontinuous convex hull of «,, i.e., the supremum
over all lower semicontinuous convex functions which are dominated by «,. Fenchel-

Moreau’s theorem, |21, Theorem 2] and Lemma A.2 imply
Snf gy (8" = ) = fnf, Sl g (=300
inf max (uf — () = inf max (uf — an () = lmsup gn(f + gn)

APPENDIX D. PROOFS OF SECTION 4

We need the following version of Arzéla—Ascoli’s theorem. A sequence (fy)nen of
functions f,: X — R is called uniformly equicontinuous if and only if, for every € > 0,
there exists § > 0 such that |f,(z) — fu(y)| < € for all n € N and z,y € X with
d(xz,y) < 0.

Lemma D.1. Let (fn)nen C Ck be bounded and uniformly equicontinuous. Then, there
ezist a function f € C, and a subsequence (ny)ien with fn, — f uniformly on compacts.
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Proof. Let D C X be countable and dense. By the Bolzano—Weierstrass theorem and
a diagonalization argument, there exists a subsequence (1;);en such that the limit

f@) = Jim fo(x) € R

exists for all z € D. Moreover, the mapping D — R, z — f(z) is uniformly continuous
and satisfies sup,cp |f(x)|s(z) < co. Hence, there exists a unique extension f € C,.
Since (fn)nen is uniformly equicontinuous, it holds f,,(z) — f(z) for all z € X. In
addition, we have f,, — f uniformly on compacts. Indeed, assume by contradiction
that there exist e > 0, K C X compact and a subsequence (k;);en of (ny)1en with

sup | fr, () — f(x)| > e foralll € N. (D.1)
zeK

By Arzéla-Ascoli’s theorem, the sequence (fi,)ien has a subsequence which converges
uniformly on K to a continuous function g: K — R. Due to the pointwise convergence
fi,(z) = f(x) for all z € K, we obtain f = g. This shows that

lim sup |f(x) — f,(z)| =0,
=00 pe K
which contradicts inequality (D.1). O

Proof of Theorem 4.3. First, as a consequence of Lemma D.1 and the results in [5,
Section 2.1], there exist a family (S(t)):>0 of operators S(t): D — C, and a subsequence
(n7)ien € N which satisfy the following conditions:
S(t)f =limy_,o0 I () f uniformly on compacts for all (f,t) € D x T.

S(0) = idp.
S(t) is convex and monotone with S(¢)0 = 0 for all ¢ > 0.
The mapping [0,00) — Cy, t + S(t)f is continuous for all f € D.
S(t): B5(0,r) = Bc, (0, a(r, t)) for all r,¢ > 0.
1S(t)f = S(t)gllx < e f — gl for all > 0 and f,g € B5(0,7).
We remark that the results [3] are formulated with the assumption that (I(7%)f)nen is
relatively compact w.r.t. the norm for all (f,¢) € Dx7T. However, it follows immediately
from the corresponding proofs that the existence of a subsequence (I (TrﬁLl) f)ien which
converges uniformly on compacts is sufficient for the previous statements. The latter
is ensured by Assumption 4.1(iii) and (v) and Lemma D.1. Define || f||coy = || f1ly |l
forall f: X > Rand Y C X.

Second, we show that, for every € > 0, r,t > 0 and compact set K C X, there exist
another compact set K1 C X and a constant ¢ > 0 with

1 (m3) f = I(mp)glloo,c < cllf = gllooiy +€ (D.2)
for all n € N and f, g € B¢, (0,r). Assumption 4.1(iii) and [, Lemma 2.7] imply
I(m!): Be,.(0,7) — Bg, (0,a(r,t)) for all n € N.

Moreover, the operators I(7%) are convex and monotone with I(x!) = 0. Hence, by
Assumption 4.1(vi) and Theorem C.1, they can be extended to B in such a way that

I(7t): Bg,(0,r) = Bg, (0,a(r,t)) for alln e N. (D.3)

Indeed, the previous equation follows from
—a(r,t) < I(rh) (= L) < I(xh)f < I(x})(L) < a(r,t) forall f € Bg,(0,r).
Hence, for every n € N and f,g € Bp,(0,r), Lemma B.2(ii) yields
1Tt f = T(t)glle < a@r)1f — gl (D.4)
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Due to inequality (D.3) and inf,ecx x(x) > 0, we can choose A € (0,1] with

€
sup  sup A7) loox < G
neN f'eBg, (0,2r)
Furthermore, by Assumption 4.1(vi), inequality (D.3), and Theorem C.1, there exists a
compact set K1 C X with

€

sup A1) (259 | < -

neN

For details, we refer to the proof of Corollary C.3. We use Lemma B.1, the previous to
inequalities and the fact that I(r!) is convex and monotone to conclude

>

L) f — 10t (FlLiey) < AI() (anf T f]lK1> () (k)

A

Ao (2f Ay €
< — — ¢ _ el
A 2r € €
< — b — 1 e < Z
< 31(m) <M1K1> T3=9

where all functions are evaluated at a fixed point € K. Interchanging the roles of f
and flg, in the previous estimate yields

€
12(m) f = L) (F L)oo i < 3
Moreover, the same inequality holds with g instead of f. Hence, inequality (D.4) implies

11(m) f = 1(m,)glloo,ic < () (fLi,) = 1) (91K ) oo, + €

1
< sup — () (Fx) — Te8) (gl ) +
wGKH(:E)
a(3r,t
< sup 2OT D 1 e e < ellf — glloor 4+ 5,

zeK K)(.Z‘)

where ¢ := a(3r,t)||£| oo SUP e i k().

Third, we extend S to C. It follows from inequality (D.2) and the first part that, for
every € > 0, r,t > 0 and compact set K C X, there exist another compact set K1 C X
and a constant ¢ > 0 such that, for all f,g € Bg, (0,7) N D,

1S(E)f = SM)glloc,ic < cllf = glloo,i1 + & (D.5)

Let ¢ > 0 and f € C,. By Assumption 4.1(v), we can choose a sequence (fp)neny C D
with || fnllx < ||f||x for all n € N and f,, — f uniformly on compacts. Inequality (D.5)
ensures that the limit

S(f = Jim S(t)f € Cx

exists, uniformly on compacts, and is independent of the choice of the approximating
sequence (fy)nen. Moreover, we remark that inequality (D.5) is preserved in the limit,
i.e., we can replace Bc, (0,7)ND by Bg,. (0, 7). In particular, for every bounded sequence
(fn)nen C Cy and f € C, with f,, — f uniformly on compacts, it holds S(¢) f,, — S(t)f
uniformly on compacts.

Fourth, we verify equation (4.3) and the conditions (S1)-(S4). Let t € T, f € Cy,
€ > 0 and K C X compact. Choose a further compact set K1 C X and ¢ > 0 such
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that inequality (D.2) and inequality (D.5) are satisfied with r := || f||.. Moreover, by
Assumption 4.1(v), there exists g € B¢, (0,7) N D with || f — gllec,x, < €. We obtain

IS f = I(mp,) fllo,c < IS f = S(t)glloc,xc + 1(8)g — I(m7,)glloo, i
()9 = I(mp,) ok
< 2/l = glloo, i, + 26 + [1S(t)g — I (7, )glloc, i
< 2(c+ e +[1S(t)g — I(m,)glloc. i
It follows from g € D and the first part that lim;_ [|S(t)f — (7}, ) fllo,ic = 0. Condi-
tion (S1) follow from Assumption 4.1(ii) and the construction of S. Let ¢t > 0, f € C,,

K C X compact and € > 0. Since the constant ¢ in inequality (D.5) can be chosen
uniformly for compact time intervals, there exists g € D with

1S(s)f = S@) flloo.rc < [1S(s)g = S(t)glloo,x + & for all s € [0, +1].
It follows the continuity of the mapping [0,00) — C, g+ S(t)g that
lim |5(s)f — S(0) fllocc = 0. (D.6)

Now, the conditions (S2)-(S4) follows immediately from what we have shown so far.
Indeed, for every r,t > 0 and f € B¢, (0,7), we use inequality (D.3) to estimate

[1S@fllx < sup  |IS(s)fllx < sup  sup|I(m;) fllx < (r, £).
s€[0,4NT s€[0,t]jNT neN

Moreover, Lemma A.1(v) implies I'- limg_,; S(s) f = S(¢)f. Let t > 0 and (fn)nen C Cyk
with f, | 0. It follows from Assumption 4.1(vi) that

0<S(t)fn< sup S(s)fn < sup supl(mp)fn 0 asn— oo
s€[0,4]NT s€[0,t]NT kEN

Fifth, we show that S forms a semigroup. Let s,t € T, n € N with 2"s,2"t € Ny and
f € Be,.(0,7) for some r > 0. It holds

S(s+0)f = S(s)S(t)f = (S(s+0).f = I(my") f) + (I(mp)I(m,) [ — I(m3)S () f)
+ (I(m)S(t)f — S(s)S(6) f).

By equation (4.3), the first and third term on the right-hand side convergence to zero
uniformly on compacts along the subsequence (n;);en. It remains to show

I(mp ) () f = (7, )S(t) f — 0

ny

pointwise as [ — oco. In the sequel, we suppress the subsequence in the notation and
evaluate all functions at a fixed point z € X. Let ¢ > 0. Choose X € (0,1) with

Aa(r,s+t) <e and Aa(da(rt),s) <e.

By Assumption 4.1(vi), inequality (D.3) and Theorem C.1, there exists a compact set
K C X with

t
sup I(75) (21 ge) < E, where ¢ := a(r, ) (D.7)
neN K A
In addition, for § := Ar, we can choose ng € N with
5
sup |I(7L)f — St fl(z) < = for all n > ng. (D.8)
K

rzeK
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For every n > ng, we use Lemma B.1, inequality (D.3), inequality (D.8), the mono-
tonicity of I(7nf) and r < a(r,t) to estimate

1)y ~ 15 < artes) (=500 s 7) - armysions

2
< M) <)i+ ai:t)]ch_i_a(:t))+/\a(r,:+t)
2a(r,t) 2
gAI(ﬁ;)( a(/: )+:]1Kc>+:

Furthermore, convexity of I(w}), inequality (D.3) and inequality (D.7) imply

o [ 2a(r,t)  2c e A, o [4a(rt) A g [4c €
- 7 — ¢ — < — _ — — ¢ —
)\I(ﬂ'n)( + ]lK>+K_2I(7rn)< - —|—2I(7rn) ,{]IK +/~£

K K
< Aa(4a(r, t), s) L5 < 28.
2K 2k KT K

Interchanging the roles of f and g in the previous estimate yields

() I(e ) f — I(e)S(0f] < —= for all n > no,

r(x)
We conclude S(s +t)f = S(s)S(t)f for all s,t € T and f € C,. Now, let s,¢ > 0 be
arbitrary. Choose (sp)nen C [0,s]NT and (¢, )nen C [0,¢]NT with s,, — s and ¢, — ¢t.
It follows from condition (S4), inequality (D.5) and equation (D.6) that
S(s+t)f = S(s)St)f = (S(s+1)f = S(sn+1tn)f) + (S(sn)S(tn)f — S(sn)S(t)f)
+ (S(sn)S(t)f = S(s)S(t)f) =0

uniformly on compacts.
Sixth, for every f, g € Cy, it follows from [3, Theorem 4.3 and Lemma 4.4] that

T _ _
1}5101 (h)£ U g ) implies léﬁ)l HS(h)}]: I g ) =0.
In [8] it is assumed that the semigroup S is strongly continuous. However, we obtain
immediately from the proof of [, Theorem 4.3] that the inequality
Hs(t)f_fg Slimsup‘s(s)f_fg forallt >0
t K s—t S s

is sufficient. The latter is ensured by equation (D.6). Furthermore, by Remark 2.9(i),
it holds S(t): L5 — £ for all t > 0. Hence, the previous results yield that S is a
strongly continuous convex monotone semigroup on £°. The inclusion £! ¢ £5 follows
from [8, Lemma 2.13]. O

APPENDIX E. PROOFS OF SECTION 5.1

Proof of Lemma 5.2. First, for every ¢,t >0, r > 0 and (a,b) € A, we show that

P(| X

>r) —E UOtL(as,bs)ds] < §+L*(f)t.

r
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Chebyshev’s inequality, Jensen’s inequality and 1t6’s isometry imply

1
E Xa,b 1 27 2 t
P( X" > r) < ElX < - (E +E U bsds})
r 0

:i(E [/Ot|as|ds]é+E[/Ot|bs|ds]> §i<1+E[/0t|as|+|bslds]>.

Using the definition of L*, we conclude

Qs

t
P(IX*| >r)—E| [ L(as. b, <Shr (9
B(X2 2 1)~ B | [ Lawt) as] < S+ 1(8)s

Second, we show that S is continuous from above. Let ¢t > 0, z € R? and (fy,)nen C
BUC be a sequence with f,, | 0. For every r > 0 and (a,b) € A, we use the first part
to estimate

t
Elfnto-+ X24] - | | Lo e
b 0 b !
=E[fula+ X0 ey | FE [fale + X0 popsy | - [/0 L(as’bS)ds}

t
< swp fn(y)Hlleoo'P(!Xf’b\ZT)—E[/D L(as,bsms}

yEB(z,r)

< sup fn(y) + HleOO +L* (Hf1HOO> L
T T

yEB(z,7)

It follows from L*(¢) — 0 as € | 0 and Dini’s theorem that (S(¢)f,)(z) J 0. Since
Cy, C Uy = (BUC)y, the previous statement remains valid if we replace BUC by Cy,.
Third, for every ¢,t >0, 6 € (0,1], z € R%, (a,b) € A and f € Lip,(c), we show that

E{/Otf(a;—ng’b)ds]g(f()—i—cé 52 U/HL%, )duds| .

We use Chebyshev’s inequality, [t0’s isometry and the definition of ¢;, to estimate

Lo
gE[/O (fx+X“0 /yb|du ]

t s
:E[/O (f(x—l—Xg’O)]l{Xg,o'd}—|—f(x+X§’0)]l{Xg,oZ§}+c/0 |bu!du>ds}
¢ w0 ¢ ]
(f(z) + )t + cE [/0 (]P’(|Xs \25)+/0 ]bu|du)ds
t S
S(f(x)—kcé)t—i—iE{// |au|+\bu|dud3]
< (f(z) + co)t +CCLIE[//1+Lau, duds]

IN



48 CONVEX MONOTONE SEMIGROUPS

Fourth, let t > 0, z € R?, f € BUC? and (a,b) € A with
t
SON@ < ¢+ Elfa+ Xe0] | [ Llanb)as].
0

Assumption 5.1(i) implies E[f(x + Xta*’b*)} < (S(t)f)(x). Define
cf = 2(1 4 | Bar p flloo) + L*(I1D* flloo V 2[IV flloc)-

We use Itd’s formula and the definition of L* to estimate

t
R [/ L(as,bs)ds} <2t + 2E[f(z + X)) — 2B [f(z + X))
0
t t
< 2t + 2F [/ Bas7b5f(33 +Xg,b)ds} —2E [/ Ba*7b*f(x+Xg*,b*)ds]
0 0
t
< 21+ | Bue iy fll)t + E [ [ 01021+ 200 uwuwds}

t
< (2(1 + | Bas p flloo) + L* (|| D*flloo V 2|ny\|oo))t +E U L(as, bs) ds]
0

t
cit+E [/0 L(as,bs)ds] .

Rearranging the previous inequality yields

t
E [/ L(as,bs)ds} < cyt. O
0

Proof of Theorem 5.3. First, we show that J satisfies Assumption 4.1 and Assump-
tion 4.4. Clearly, J(t) is convex and monotone for all t > 0. Moreover, Assumption 5.1(i)
implies J(0) = id¢, and J(¢)0 = 0 for all t > 0. For every t > 0 and f, g € Cy,

IT(0)f = J)glle < sup [[Tap(t)f = Tap(t)glloc < |f = glloos
(a,b)eSE xR?

where (T,4(t))¢>0 denotes the linear semigroup given by
(Tup(t)f)(z) = E[f(z + vaW; + bt)] forallt >0, f € C, and z € R%

Since J(t) is translation invariant, we obtain J(¢): Lipy,(r) — Lipy(r) for all r,¢ > 0. In
particular, it follows by induction that the sequence (I(7!)f)nen is uniformly Lipschitz
continuous for all ¢ > 0 and f € Lip,. Let t > 0, z € R? and (f,)nen € BUC be a
sequence with f,, | 0. Lemma 5.2(i) and Dini’s theorem imply

0< sup sup (JEh) ) (@) < sup (S(s)fu)(@) L0 asm— oo.
s€[0,4]NT keN s€[0,t]

Indeed, by Theorem 5.4, the mapping ¢ — (S(t) f)(z) is continuous. Furthermore, it
holds J(¢t)f < S(t)f for all t > 0 and f € BUC and S is a semigroup on BUC. Since
Cy, C Uy, = (BUC)s, the previous statement remains valid if we replace BUC by Cj,.
Next, for every f € BUC?, we show that

S sup (1Aaf + Vi f — L(a, b))

=0.
h (a,b)eSd xR4 2

[e.9]

lim
hl0
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By Assumption 5.1(ii) and Itd’s formula, there exists » > 0 such that

J(h)f — 1
T2 gy (Suf+Vif - Lab)
h (a,b)eSE xR? 2 o
T, f—f 1
< sup ’b()ff—Aaf—be'
{lal,Jbl<r} h 2 o0

h
1
< s [T (VUG X0 Vsl GI80TC X2~ Bafllo) .

For every £ > 0, there exists § > 0 such that, for all (a,b) € S¢ x R? with |al, [b] <7
and s > 0,

a 1 a
(Hbe( C+ XE) = VS lloo + 180 f (- + X3P) — Aaf”oo>ﬂ{\xg*b|<5} <&

Furthermore, Chebyshev’s inequality implies

sup  P(IX°|>46) < sup

(E[|[vaW;[*] + |b]*s*) — 0 as s | 0.
{lal,Jb|<r} {lal,Jol<r}

2
52
It remains to show that J(¢): Cy, — Cy, for all ¢ > 0. Let ¢ > 0 and f € Cy. Choose
a bounded sequence (fy,)nen C Lipy, with f,, — f uniformly on compacts. Lemma 2.7
implies J(t)f, — J(t)f uniformly on compacts. Indeed, the corresponding proof only
relies on the fact that J(t) is convex, monotone and continuous from above. Since
J(t)fn € Lip, C Cy, for all n € N, we obtain J(t)f € Cp. By Theorem 4.3, there exists
a family T of operators T'(t): Cy, — Cp, which satisfy the conditions from Theorem 5.3

except for the statement about the symmetric Lipschitz set.
Second, we show that £L NBUC = £J_NBUC and

sym Sym
T(t): £, NLip, — LL,, NLipy, for all t > 0.

By straightforward computations, one can verify the conditions (i)-(iv) from [8, Assump-
tion 5.2] with J*(¢)f := J(t)f and J~(¢t)f := —J(t)(—f) for all t > 0 and f € BUC.
Moreover, it holds T'(t) f = sup,,ey J (7}, f for all (f,t) € BUC x T and J(¢)f < T(t)f
for all (f,t) € BUCxRy. We remark that in [3] a slightly stronger assumption has been
made, but it follows immediately from the corresponding proof that [3, Theorem 5.3] is
still applicable. We obtain £L,  NBUC = £J _ NBUC and

sym sym

T(t): £L  NBUC — LI NBUC for all t > 0.

Sym sym

In addition, the invariance of Lipy, holds by Theorem 4.5. It remains to show the explicit
representation of £ N Lip, = £Z . N Lipy,.

sym sym
Third, let f € £J,,, N Lipy,. Choose ¢ > 0 and to > 0 with

|J@#)f — flloo <ct and || J(E)(—f) + flloo < ct for all t € [0, to].
Fix (a,b) € S x R? with L(a,b) < oo and t € [0,o]. It holds
—(c+ L(a, b))t < = (J(@®)(=f) + f + L(a,b)t) < =(Tup(t)(=) + f)
= a,b(t)f - f < J(t)f - f +L(a7 b)t < (c—I—L((I, b))t

and thus ||T54(t) f — flloo < (¢4 L(a,b))t. Let n € C° with nn > 0, supp(n) C B(0,1)
and [, n(z)dz = 1. Define n,(z) := nin(nx) and f, := f*n, foralln € Nand = € R?.
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We use Fubini’s theorem to estimate

a0 = £ole) =[] [ 560+ Va0 = () ] = oo

/]Rd E[f(z +vVaW; + bt = y)|mu(y) dy — fu(@)

= |(Tap () f = f)* (@) < || Tup(t)f — f||, < (¢+ L(a,b))t.
It follows from f, € BUC? C D(B, ) that

| Bapfrlloo < ¢+ L(a,b) for all n € N. (E.1)
In addition, for every n € N,
1 1
Aafn = iAafn + ben + iAafn + V—bfn = Ba,bfn + Ba,—bfn- (EZ)

Inequality (E.1) and equation (E.2) imply
Sug [Aafulloo < HBa,banoo + ”Ba,fbanoo < 2(C+ L(a, b))
ne

By Banach-Alaoglu’s theorem, there exists g € L> such that A, f,, — ¢ in the weak*-
topology for a suitable subsequence. Moreover, it follows from f € Lip, = W1 that
\/aTan = (\/aTVf) * Ny — \/&TVf and thus f € D(A,) with A,f = g. Since the
supremum norm is lower semicontinuous w.r.t. weak*-topology, inequality (E.1) yields

| Bapflloo < ¢+ L(a,b). We obtain
fe ﬂ D(A) NWH>®  and sup (|| Bapflloo — L(a,b)) < oco.

ac€Sy, (a,b)ESL xRd
Fourth, let f € N,es, D(Aa) N W and assume that
c:= sup (||Ba,bf||C>O — L(a, b)) < 00.

(a,b)eSL xRd
Let t > 0, (a,b) € Sp, x R? and define f,, := f * 1, for all n € N. It follows from Ito’s
formula and By fn = (Bapf) * 1n that
Ta,b(t)f - f - L(CL, b)t = nh—>ngo (Ta,b(t)fn - fn - L(a, b)t)
< sup (HBa,banOO - L(CL, b))t
neN

< (IBaplloc — L(a, b))t < ct.
This implies J(t)f — f < ct. For the lower bound, we use L(a*,b*) = 0 to estimate
J(@O)f = [ = Tarp () f = f = = || Ba= = f || ool-
We obtain f € £7. Applying the previous estimate on —f yields f € L7 O

sym*
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