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Product Differentiation and Oligopoly:
A Network Approach

Abstract

This paper develops a theory of oligopoly and markups in general equilibrium. Firms compete in
a network of product market rivalries that emerges endogenously out of the characteristics of the
products and services they supply. My model embeds a novel, highly tractable and scalable
demand system (GHL) that can be estimated for the universe of public corporations in the USA,
using publicly-available data. Using the model, I compute firm-level markups and decompose
them into: 1) a new measure of firm productivity that accounts for product quality; 2) a metric of
network centrality, which captures the extent of competition from substitute products. I estimate
that, in 2019, public corporations produced consumer surplus in excess of 10 US$ trillions (against
$3 trillions of profits). Oligopoly lowers total surplus by 11.5% and depresses consumer surplus
by 31%. My analysis also suggests that both numbers were significantly lower in the mid-90s
(7.9% and 21.5%, respectively). These results should be interpreted with care due to data
limitations.
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1. Introduction

Recent empirical evidence suggests that firms vary enormously in their degree of market power, as measured
as the price markup over marginal cost (De Loecker et al., 2020, henceforth DEU). In the United States,
both the level and the dispersion of these markups appear to have increased over the last few decades. This
increase has been accompanied with a secular rise in industry concentration (Grullon et al., 2019; Kwon
et al., 2021).

Why do some firms charge such large markups, while others price close to marginal cost? What drives the
observed changes in the distribution of markups? And what are the macroeconomic implications of these
trends for aggregate productivity and consumer welfare?

Standard price theory arguments suggest that the recent upward trends in markups and industry concen-
tration may have major implications for competition policy. Some observers believe that they reflect an
oligopolization of US industries; the newly-appointed chairman of the Federal Trade Commission even went
as far as suggesting that a new paradigm in antitrust policy needs to be developed in response to it (Khan,
2018). However, interpreting these trends through the lens of economic theory presents an imposing method-
ological challenge.

The study of market power has traditionally resided within Empirical Industrial Organization (EIO - Einav
and Levin, 2010). This literature has developed two broad strategies to measure markups. The first is the
“supply” approach, which relies on production function estimation (De Loecker, 2011): its key advantage is
that it’s implemented on balance sheet data (available across many different industries) and does not impose
any conduct assumption. This approach has been instrumental to measuring the rise of markups among US
publicly-traded firms (DEU).! The key shortcoming of the supply approach is that it is silent on why firms
charge markups, why these markups change over time, and in the cross-section.

The second is the “demand” approach: as the name suggests, it is based instead on demand estimation
(Berry et al., 1995; Nevo, 2001, ...), and it models a firm’s ability to price above marginal cost in terms
on the availability of substitute products. This approach yields insights on the causes of markups, their
heterogeneity, and for this reason it plays an important role in antitrust policy. The crucial disadvantage
of the demand approach is that it requires data on market prices and physical output sold; this data is not
available for more than a handful of industries (Syverson, 2019) precluding its application in macroeconomics.
Another limitation of this approach is the lack of scalability due to the curse of dimensionality: in a model
with n firms, the economist effectively needs to first estimate n? cross-price demand elasticities—one for each
pair of rivals.

Moreover, in studying product market demand in macroeconomics, we are faced with an even more daunting
conceptual challenge: a key input in demand analysis is the market definition — that is, the economist needs
to understand, for each relevant product, what is the set of available substitute products and how strong is the
degree of substitutability among pairs of products. Market definition is often a deciding factor in antitrust
litigations. It is hard enough to define individual markets without incurring in a variety of ideological
biases; the complexity of this challenge is compounded several times over when we move from an industry
setting to a macro setting. To study market power in macro setting, we face the seemingly insurmountable
challenge of objectively defining multiple, potentially-interlinked product markets at the same time. Industry
classifications (such as NAICS) are not a solution to this problem: not only are they equally arbitrary (Chen
et al., 2016 show that firms strategically manipulate their industry codes), but they are based on production
process similarities, not on product substitutability. In other words, they are appropriate for estimating
production functions, but they are not suitable for demand estimation.

The consequence of these methodological limitations is that, while we can measure changes in the distribution

1n addition, Baqaee and Farhi (2020) have recently shown how to approximate the deadweight loss from resource misallocation
using the cross-sectional distribution of markups.



of markups in the macroeconomy using the supply approach, the infeasibility of the demand approach poses
a major obstacle to our ability to understand their causes and consequences, and to perform policy-relevant
counterfactuals.

In this paper, I tackle these challenges head-on, and develop a theory of oligopoly and markups in general
equilibrium. I then take the theory to the data to unpack the sources of markups heterogeneity, and to
investigate the changing welfare consequences of oligopoly power in the United States.

The model that I propose is populated by a finite set of granular firms that behave as oligopolists, and
which coexist with a continuum of competitive atomistic producers that enter and exit endogenously. To
model product market competition among the oligopolists I propose a new, highly tractable and scalable
demand system — Generalized Hedonic-Linear (GHL). Its key innovation is to dispense with the notions
of industry and sector altogether, building instead on the tradition of hedonic demand (Lancaster, 1966;
Rosen, 1974). Each firm’s output is modeled as a bundle of characteristics that are individually valued by
the representative consumer; the model links the cross-price elasticity of demand between all firms in the
economy to the characteristics. If two companies’ products contain similar characteristics, the cross-price
elasticity of demand between their products is high. The result is a rather different picture of the product
market: not a static collection of sectors, but a network, in which the products are the nodes the edges
reflect product similarity and thus the intensity of product market rivalry.

I show how to estimate this demand system for an unprecedentedly-large set of firms using a dataset recently
developed by Hoberg and Phillips (2016). This dataset provides measures of product similarity for all pairs
of publicly-traded corporations in the US. These, in turn, are based on a computational linguistics analysis
of product descriptions contained in firms’ SEC forms 10-K. My model maps these similarities into an n x n
matrix of cross-price demand elasticities. A unique feature this remarkable database is that the similarity
scores are vary over time, as firms update yearly these product description: this allows my model’s demand
elasticity to vary over time.

I validate the GHL demand system in several ways. First, I show that the macro-cluster structure of the
network of product rivalries overlaps (almost perfectly) with GIC product industries. Then, I show that,
for a sample of firm pairs that have been studied in the IO literature, the cross-price demand elasticities
implied by the paper match almost perfectly (without directly targeting) the corresponding microeconometric
estimates. Finally, I show that the markups implied by the model correlate highly (both over time and in
the cross section) with those estimated by De Loecker, Eeckhout and Unger (2020). HP provide additional
validation in their paper.

I use my model to decompose the markups of US public corporations into two forces. The first is a novel
measure of (hedonic-adjusted) productivity; the second is a measure of product market centrality, which
captures the intensity of product market competition coming from producers of substitute products. Firms
display a significant amount of variation across both measures; moreover, dispersion of productivity has
increased over time, consistently with the “superstar firms” hypothesis (Autor et al., 2020), while product
market centrality has fallen dramatically, reflecting a broad increase in market power.

I then use my model to compute the deadweight loss from oligopoly and to simulate changes in total surplus
and consumer surplus for a number of counterfactuals. 1 find that the welfare costs of oligopoly are sizable.
By moving to an allocation in which firms price at marginal cost (that is, in which they behave as if they were
atomistic players in a perfectly-competitive market), total surplus rises by 12.6 percentage points; consumer
surplus increases by 31%, partly due to total surplus being reallocated from producers to consumers. By
computing a separate counterfactual that keeps the aggregate labor supply fixed (markups are equalized,
rather than eliminated), I determine that a significant share of the welfare loss from oligopoly—about 7.7
percentage points of the aforementioned 12.6—occurs by way of factor misallocation. In other words, the
deadweight loss is driven not only by an underutilization of inputs, but also by a suboptimal mix of goods
being produced. I also simulate a counterfactual in which all firms in the economy are owned by a single
producer that implements a collusive equilibrium. Under this scenario, total surplus would drop by about



one-tenth: with some degree of abstraction, we can think of this estimate as an upper bound to the welfare
benefits of antitrust. Also, in this monopolistic/collusive equilibrium consumer surplus would decrease by
about 38%, due partly to surplus being reallocated from consumers to producers.

By mapping my model to firm-level data for a period of 26 consecutive years, I investigate the welfare
consequences of the rise in concentration and markups between 1996 and 2019. I find that the share of
surplus appropriated by companies in the form of oligopoly profits has increased from about 15.5% (in 1996)
to 22.7% (in 2019).

The efficiency costs of oligopoly have also increased over this period. In terms of total surplus, the gap
between the oligopolistic equilibrium and perfect competition (the deadweight loss) has increased from 7.9%
(in 1996) to 12.6% (in 2019).

Consumer surplus is thus adversely affected via two channels: less surplus is produced overall (as a percentage
of the surplus that could be produced), and less of the diminished surplus is allocated to the consumer
in equilibrium. Thus, an important contribution of this paper is to make progress on understanding the
distributional implications of oligopoly.

In sum, the empirical implementation of the model points to an increase in oligopoly power over the last
quarter century, measured as: (1) an increase in the deadweight losses induced by oligopolistic behavior; (2)
a decline in the share of total surplus that accrues to consumers.

I generalize my model in several ways and show that my results are robust to all of the following modifications,
including: 1) T allow heterogeneity in the slope of the marginal cost function across firms; 2) I incorporate
private and non-US firms, modeling them as a competitive fringe of atomistic firms that enter and exit
endogenously; 3) I estimate a version of the model from which I exclude non-tradable sectors (thus showing
that the previous results are not an artifact of ignoring geography); 4) I create and estimate a multi-product
version of the model; 5) T add an input-output network, thus allowing firms to be vertically related through
the supply chain; 6) I estimate a version of the model in which firms play Nash-in-prices (Bertrand) as
opposed to Nash-in-quantities (Cournot); 7) I consider the case where labor supply is inelastic.

This is the very first paper to derive a network oligopoly game starting from a hedonic utility specification,
to embed the game in a general equilibrium framework and to take the resulting model to the data in a
structural way. The key assumption is that the representative consumer’s preferences are described by a
utility function that is quadratic-in-characteristics. Based on these assumptions, the firms in my model play
a game over a weighted network, a type of potential game that has been extensively studied in the micro
theory literature (see Ballester, Calvé-Armengol and Zenou, 2006; Ushchev and Zenou, 2018).

Crucially, the empirical implementation of GHL does not require any proprietary or confidential data, and
is computationally tractable. Two datasets are required: Compustat and HP’s cosine similarity data, which
the authors have made publicly-accessible through an online repository.?2 Combined with the fact that the
model is uniquely tractable and scalable, it can thus find a multiplicity of applications in macroeconomics,
finance and international economics.

This paper aims to connect the new EIO literature (Einav and Levin, 2010) to two recent and growing
branches of macroeconomics that use micro-data.

The first is the literature on networks (Atalay, Hortacsu, Roberts and Syverson, 2011; Acemoglu, Carvalho,
Ozdaglar and Tahbaz-Salehi, 2012; Carvalho, 2014; Acemoglu, Ozdaglar and Tahbaz-Salehi, 2017; Carvalho
and Tahbaz-Salehi, 2019; Baqaee and Farhi, 2020; Carvalho, Nirei, Saito and Tahbaz-Salehi, 2020). T con-
tribute to and expand this literature, which has mostly focused on input-output networks, by considering a
different type of network: that of product market rivalries.?

2See hobergphillips.tuck.dartmouth.edu
30utside the macro-networks literature, Bloom, Schankerman and Van Reenen (2013) have studied rivalry networks in a seminal
empirical study of R&D spillovers.
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The second is the literature on markups and industry concentration (De Loecker, Eeckhout and Unger,
2020; Autor, Dorn, Katz, Patterson and Van Reenen, 2020; Edmond, Midrigan and Xu, 2018; Covarrubias,
Gutiérrez and Philippon, 2020; Syverson, 2019). This paper builds on and adds to this body of work by
incorporating hedonic demand as well as new data. These features allow me to go beyond markups and
concentration, and to create a rich, high-dimensional representation of the competitive environment. In my
model, firms differ not only by their productivity, but also by their products’ characteristics; as a consequence,
each firm has a distinct set of competitors that changes over time, as firms update their product’s description
in their SEC filings.

The rest of the paper is organized as follows. In Section 2, I present my theoretical model. In Section 3, I
present the data used in the empirical part of the paper and show how it is mapped to the model. In Section
4, I validate the GHL demand system introduced in this paper. In Section 5, I present my empirical results.
In Section 6, I discuss a number of extensions and robustness checks. In Section 7, I present my conclusions
and discuss how my findings can inform the current debate on market power and antitrust policy.



2. A Network Theory of Oligopoly and Markups

In this section, I present a general equilibrium model in which firms produce differentiated products and
compete a la Cournot. For expositional purposes, I start by laying out the basic model that only includes
single-product, final goods-producing oligopolistic firms. After characterizing the equilibrium of this model
economy and outlining a series of counterfactuals of interest, I extend the model (in Subsection 2.10) by
adding a continuum of perfectly-competitive atomistic firms, input-output linkages and multi-product firms.

2.1. Generalized Hedonic-Linear (GHL) Demand

There are n firms, indexed by i € {1,2,...,n} that produce differentiated products. Following the tradition of
hedonic demand in differentiated product markets (Lancaster, 1966; Rosen, 1974), I assume that consumers
value each product as a bundle of characteristics. The number of characteristics is (n + m).

There are two types of characteristics. The first m characteristics are common across all goods and are
indexed by k € {1,2,...,m}, while the remaining n characteristics are idiosyncratic (that is, they are product-
specific and cannot be imitated by other products) and therefore have the same index ¢ as the corresponding
product. The scalar ay; is the number of units of common characteristic j provided by product i. Each
product is described by an m-dimensional, strictly-positive column vector a; , which I assume to be of unit
length — formally:

!
A = [au az; ... amn} (2.1)
such that Zaii =1 Vie{l,2,..,n} (2.2)
k=1

The vector a; therefore provides firm i’s coordinates in the space of common characteristics. We can stack
all the coordinate vectors a; inside a m x n matrix that we call A:

a11 a12 T A1n
a21 a22 o a2n

A = [al as - an] = ] ] ) ] (2.3)
am1  Am2 o Qmn

Let ¢; be the number of units produced by firm ¢ and consumed by the representative agent, which we write
inside the n-dimensional vector q:

a=|[a & - @ ]/ (2.4)

Definition 1. A vector q that specifies, for every firm, the number of units produced is called an allocation.

I assume that there exists a representative agent. Consistent with the hedonic demand literature, the
consumer combines linearly the characteristics of different products, and their preferences are defined in
terms of these characteristics. Letting z; be the total units of common characteristic j, we have:

T = ZakiQi (2.5)
i=1

Hence, intuitively, the matrix A transforms units of goods into units of common characteristics:

x = Aq (2.6)



Letting y; be the number of units of each characteristics I assume that each unit of good ¢ provides exactly
one unit of its corresponding idiosyncratic characteristic:

y =q (2.7)

The representative agent’s preferences are described by a utility function that is quadratic in both common
characteristics (x) and idiosyncratic characteristics (y). The agent’s preferences also incorporate a linear
disutility for the total number of hours of work supplied (H):

m

. N 1 n 1
Ueyt) HarY (o - gad) 00X (v - o) - a (28)
k=1

i=1

where b7 and b are characteristic-specific preference shifters. In linear algebra notation:
def Naz 1 / MY 1 /
Ukx,y,H = «alx'b — 5 XX +(1-a)ly'b 5 Yy —H (2.9)

a € [0,1] is the utility weight that is assigned to common characteristics. Hence, it governs the degree of
horizontal differentiation among products. This class of preferences was previously used by Epple (1987)
in his investigation of the econometric identification of hedonic demand models. To his framework, I add
idiosyncratic characteristics. While these do not make a substantive difference in the theory, they will later
provide an additional degree of flexibility in the empirics (through the parameter «). In addition, by making

leisure the outside good, I close the model and make it general equilibrium.*

The representative consumer chooses a consumption bundle q taking p (the vector of prices) as given.
Moreover, I assume that the representative consumer is endowed with the shares of all the companies in the
economy. As a consequence, the aggregate profits are paid back to them. The consumption basket q respects
the following budget constraint:

H+1 > > pigi (2.10)
i=1
To streamline notation, let us define::
b ¥ aAb"+(1-a)b? (2.11)

Then, plugging equation (2.6) and (2.11) inside equation (2.9), we obtain the following Lagrangian for the
representative consumer:

Z(q,H) = q'b—%q’ I+a(A’A-T)|q—H—-\(qp—H-T1I) (2.12)

The choice of labor hours as the numéraire immediately pins down the Lagrange multiplier A = 1. Then,
the consumer chooses a demand function q (p) to maximize the following consumer surplus function:

S@ o (b-p)-ydl+a(AA-Tq (213)

Let us now define the concept of cosine similarity.

Definition 2. We call the dot product ala; the cosine similarity between ¢ and j.

The rationale for this nomenclature is that — geometrically — aja; measures the cosine of the angle between

4Two additional key differences are 1) in Epple’s model sellers act as price-takers, while here they oligopolistically; 2) Consumer
choice is discrete in Epple’s model, and continuous here.



FIGURE 1: ILLUSTRATIVE EXAMPLE - TwO FirMS, TWO CHARACTERISTICS

1.2+ .

Characteristic B

0 0.2 0.4 0.6 0.8 1 1.2
Characteristic A

FI1GURE NOTES: The following diagram exemplifies the hedonic demand model, for the
simple case where there are only two product characteristics (A and B) and only two

competitors (1 and 2). Each firm exists as a vector on the unit hypersphere of product
characteristics (in this example, we have a circle). The dot product aja; equals the
cosine of the angle . The tighter the angle, the higher the cosine similarity, and the
larger (in absolute value) the inverse cross-price elasticity of demand.

vectors a; and a; in the space of common characteristics R*. Hence, the cosine similarity ranges from zero
to one. Because, by definition:
(A’A);; = ajay (2.14)

the matrix A’A contains the cosine similarities between all firm pairs. A higher cosine similarity implies
that two products provide a more overlapping mix of characteristics, and this reflects in patterns of product
substitution: if aja; > ajay, an increase in the supply of product ¢ leads to a larger decline in the marginal
utility of product j than it does on the marginal utility of product k.

Figure 1 helps visualize this setup for the simple case of two firms—1 and 2—competing in the space of
two common characteristics A and B. As can be seen in the figure, both firms exist as vectors on the unit
circle (with more than three characteristics, it would be a hypersphere instead). The cosine similarity aja;
captures the width of the angle 6. An increase in the cosine of the angle 6 implies a lower angular distance,
and therefore a more overlapping set of common characteristics.

The assumption that a; has unit length is a normalization assumption on volumetric units (kilograms,
pounds, gallons, etc.). The normalization consists in picking, for each good i, the volume unit so that i is
geometrically represented by a point on the m-dimensional hypersphere. Subsection 2.4 and Appendix B



discuss this normalization more in detail.

We can streamline the notation further by defining:

011 012 - O0Oiln
021 022 ~*°* O2p
def def
» < o , = a(A'A-I) (2.15)
Onl1 On2 r Onpn

then the demand and inverse demand functions are given by:

Aggregate demand : q = (I+X)"' (b—p) (2.16)
Inverse demand: p = b— (I+3)q (2.17)

Notice that the quantity sold by each firm may affect the price of the output sold by every other firm in
the economy (unless the matrix 3 is null). The derivative dp;/dq; is proportional to aja;, the product
similarity between ¢ and j. The closer these two firms are in the product characteristics space, the larger is
this derivative in absolute value. Because A’A is symmetric, we have dg;/0p; = 0q;/Op; by construction.
In terms of elasticities, we have:

dlog p; q;

Inverse cross—price demand elasticity : = —= .0y Vi#j (2.18)
dlog g pi
0logq; ; _
Cross—price demand elasticity : 8% _ B (I+3%), . (2.19)
dlogp; @ !

It is worth stopping to inspect equation (2.19) more closely. The first thing to notice is that the cross-price
demand elasticities depend on the inverse (I 4+ 2)71. This implies that, while cosine similarities are positive
by construction, it is entirely possible for goods to be complements. This property of the model is discussed
at length in Section 6.

Next, let us consider the case i = j, where (2.19) simply becomes the own residual demand elasticity. The
first major difference between the GHL demand system and CES is that, while in CES the own demand
elasticity is equal to a constant, here the own demand elasticity is an equilibrium object (as it depends on
q) and will generally differ among firm pairs. This implies that, unlike CES, this demand system produces
heterogenous markups. In fact, we can see that two forces drive cross-sectional differences in market power
across firms. The more familiar one is the incomplete passthrough from marginal cost to prices: that is,
larger firms (high ¢;) charge higher markups. The second force, which is instead a feature of hedonic demand
models, is asymmetric product differentiation. That is, a firm j that produces a “unique” products, as
measured by the term (I + E);jl, face a less elastic residual demand.

2.2. Supply

I denote by h; the labor input acquired by every firm. Then the labor market clearing condition is:
H = h (2.20)

I assume (without loss of generality) that labor is the numéraire of this economy (the price of one unit of
labor is $1). Therefore h; is also the total cost incurred by firm 4, and it is a function of the output g;.



Special Case: the case where the cost function is quadratic is of particular interest:

5
~q¢  thus ¢ = &+ g (2.21)

hi = fi+cdq + 5

as it yields closed-form solutions, and it is the one that we take to the data in Section 5. I further assume
that all fixed costs (f; in the quadratic case) are sunk.

Firm ¢ maximizes its total profits 7;, defined as follows:

def
mi(@) = pi(q) ¢ —hi(q)
R L
J#i

Firms compete a la Cournot: each firm 7 strategically chooses its output volume g; by taking as given the
output of all other firms. By taking the profit vector as a payoff function and the vector of quantities
produced q as a strategy profile, I have implicitly defined a network game (Ballester, Calvé-Armengol and
Zenou, 2006, henceforth BCZ). The reason is that the matrix ¥ can be conceptualized as the adjacency
matrix of a weighted network: in this specific instance, it is the network of product market rivalries that
exists among firms, based on the substitutability of their products.

2.3. Equilibrium

Network games belong to a larger class of games known as “potential games” (Monderer and Shapley, 1996):
the key feature of potential games is that they can be described by a scalar function ® (q), which we call
the game’s potential. The potential function can be thought of, intuitively, as the objective function of the
pseudo-planner problem that is solved by the Nash equilibrium allocation. The potential function is shown
below, together with the aggregate profit function II (q) and the aggregate welfare function W (q):

Aggregate Profit: II(q) = db — d(I+X)q — H(q)
1
Cournot Potential : ®(q) = q'b-— 3 qd(2I+X)qg— H(q) (2.22)
1
Total Surplus: W (q) = q'b-— 3 qd(I+X)q— H(q)

The three functions in equation (2.23) are visually similar to each other; they only differ by the scalar weight
applied to the quadratic terms. The Cournot potential ® is somewhat of a hybrid between the aggregate
profit IT and the total surplus W: the diagonal entries of the quadratic term are the same as the aggregate
profit function, while the off-diagonal terms are the same as the aggregate surplus function. By maximizing
the potential ® (q), we find the Cournot-Nash equilibrium. I shall assume all these three functions are
concave. In the special case where the cost function is quadratic, these three functions are also quadratic:

1

I (q) = q (b — co) —3 -q' 21+ A+2¥)q - F

®(q = d (b—co) —% q' 2l + A+X)q— F (2.23)
1

Wi(q) = dq(b-c —§~q/(I+A+E)q—F
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5 0 - 0
where AT and F % Zn: f; (2.24)
Y -
Because the oligopolists in this model will be actual firms in the data (who produce positive output by
definition) we can look directly at the unique internal solution.

Proposition 1. The Cournot-Nash equilibrium is q® - the mazimizer of the potential function ® (-):

q? def argmax ¢ (q) (2.25)
a
it is the solution to the following system of equations:
q®> = (2I+%) ' [b-c(q?)] (2.26)

in particular, for the special case where the cost function takes the quadratic form of equation (2.21) the
following closed-form solution obtains:

® = QI+A+D) ' (b-c) (2.27)

Proof. The derivation of the potential function, as well as the proof that its maximizer q® is the genuine
Nash equilibrium, appear in Appendix A. O

Equation (2.26), which provides a closed-form solution for the case where the cost function is quadratic,
allows us to take a closer look at the determinants of equilibrium firm size. The diagonal matrix A, which
contains the slopes of the marginal cost functions, captures economies of scale. X is the adjacency matrix
of the network of product rivalries. b and c® are, respectively, the demand and supply function intercepts.
Hence, (b; — ¢;) is simply the marginal surplus of the very first unit produced by firm ¢; also, b; can be
interpreted as a measure of vertical product differentiation (quality).

BCZ show that another way to interpret equation (2.26) is as a measure of network centrality — specifically,
that developed by Katz (1953) and Bonacich (1987). The intuition is that firms that are more “isolated” in
the network of product similarities face less product market competition and behave more like monopolists.
Centrality measures are a recurring feature of the literature on networks in macroeconomics (see Carvalho
and Tahbaz-Salehi, 2019). In Appendix D, I discuss in further detail the link between Nash equilibrium and
network centrality.

The discrepancy between the potential function and the total-surplus function implies that the network
Cournot game delivers an equilibrium allocation that is not socially-optimal. A benevolent social planner
can theoretically improve on the market outcome for two reasons. First, they can coordinate output choices
across firms; second, they can internalize consumer surplus.

2.4. Generalizability of the Utility Function

In Appendix B I prove that the utility specification in equation (2.9) is identical, up to series of welfare-
invariant normalizations, to the more general form

U(x,y, H) ef L x'b - % x'MPx + %y’by - 7——24y'Myy —15H (2.28)

x =A% and y=AY%q (2.29)
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where M7 is some diagonalizable (not necessarily diagonal) matrix, MY is a some positive diagonal matrix
(not necessarily an identity matrix), we do not require ||aj|| = 1 for all k¥ and AY is a known diagonal matrix
that depends in closed form on (o, 72,74, M*, MY). None of the normalizations required to go from (2.28) to
(2.9) involves choosing labor units, which therefore leaves us with an additional degree of freedom to impose
labor as the numeraire good.

2.5. Markups, Productivity and Centrality

In this subsection, I investigate how we can measure market power in this model, and identify the underlying
exogenous drivers of variation in markups.

By the textbook definition, a firm has market power if it is able to influence the price at which it sells its
product. This definition is closely connected to, but not equivalent, the concept of “markup” (the ratio of
output price to marginal costs). While the presence of market power implies positive markups, a firm’s
ability to charge large markups depends on other factors as well. In what follows, I will show that the
optimal markup charged by the firms in my model depends on two factors.

The first is productivity (adjusted to account for product quality): firms that are more “productive” (that
can generate a lot of surplus surplus with little labor) charge higher markups, independently of their ability
to influence prices: a monopolist with higher productivity will charge a higher markup than one that is less
productive. In other words, a firm’s productivity determines the highest markup that it can charge.

The second factor determining equilibrium markups is the intensity of competition from substitute products:
this can be summarized, at the firm level, by a metric of centrality. The idea is that even a firm that is
very productive may be unable to affect prices (and thus charge large markups) if there is a large number of
other products with similar characteristics that can act as potential substitutes and which can be produced
cheaply. This metric, which I shall call product market centrality, is the “purest” measure of market power
in the model, in the sense that it isolates a firm’s ability to influence prices.

In what follows I formalize this intuition by defining some measures of centrality and productivity as well by
deriving a few useful identities. To begin with, we formally define a measure of degree centrality.

Definition 3. We define d; —the (output-weighted) degree centrality of firm i— as follows:

def
di é Z 0;54; (230)
J#i
We can then express the equilibrium quantity and price-cost margins as a decreasing function of this measure
of centrality.

Proposition 2. The equilibrium quantities and price-cost margins satisfy:

bi — dz — C;
% = PG = T (2.31)

Proof. Appendix H. O

The intuition behind this expression is that b; is the intercept of the “monopolistic” demand function that
firm 7 would face if it had zero similarity to every other firm, while (b; — d;) is the intercept of the residual
demand actually faced by 7 in the Cournot oligopoly game.

If 7+ had zero degree centrality, it would charge a monopolistic price-cost margin equal to %(bz —¢). As
competition from rivals increases (higher d;) firm ¢ charges a lower and lower price-cost margin, while
its equilibrium size decreases. As d; approaches (b; — ¢;), firm ¢ eventually hits a choke price and exits
endogenously.

12



One shortcoming of d; as a measure of centrality is that it is an endogenous object (it depends on the output
vector q). The next step is to write the equilibrium markup of firm ¢ in terms of exogenous measures of
productivity and centrality. We start by defining the equilibrium markup formally.

Definition 4. We define i; —the markup of firm i— as the ratio between the output price p; and the marginal

cost (¢;) — formally:
def Pi
=

i (2.32)

The first step in decomposing u; is to define a novel measure of productivity that is comparable in the cross
section of firms and that accounts for product quality. This is a non-trivial task. We know that cross-sectional
comparisons of physical productivity are typically meaningless (Syverson, 2004) for a variety of reasons: a)
the output of different firms is typically measured in volumetric units that are not comparable; b) even when
output units are comparable, the production technology may differ across firms; ¢) even keeping technology
constant, the quality of output may vary. In fact hedonic adjustment is increasingly used in national statistics
to construct good price indices that account for changes in quality. These adjustments have been shown to
exert a significant effect on measured productivity growth (Moulton et al., 2001).

To construct such an “ideal” productivity measure, we start from the observation that the model admits a
clear measure of quality, b;, which is the representative agent’s willingness to pay for the first unit of good
i when the supply of every other product is zero. The next step is to exploit the fact that a change of
volumetric units (say, from pounds to kilograms) has the effect of scaling up b; and ¢; by exactly the same
factor. By taking the ratio between b; and c;, we obtain a measure of productivity that adjusts for product
quality, is welfare-relevant (see below), and is invariant to changes in volumetric units. We call this ratio
“hedonic-adjusted productivity”.

Definition 5. We define w; —the “hedonic-adjusted productivity” of firm i— as the ratio between the marginal
utility of the very first unit produced (b;) and the marginal cost (¢;) — formally:

w; = 2 (2.33)

The reason this measure is welfare-relevant as well as comparable in the cross-section of firms (despite the
fact that firms produce vastly different products) is that it literally measures the maximum number of dollar-
utils that the firm can provide to the consumer for each dollar or marginal cost - it therefore has exactly the
same interpretation across all firms. It is easy to prove that the equilibrium markup (u;) is bounded above
by i’s quality-adjusted productivity.

Lemma 1. In the Nash-Cournot equilibrium allocation, firm i’s equilibrium markup is always less than the
“monopolistic” markup fi;, which takes on the following expression:
def b+ ¢ 14+ w;

7,< 71' = = 2.4
pi < Q0 2. 5 (2.34)

with equality if and only if firm i has degree centrality equal to zero (d; = 0).
Proof. Appendix H. O

To write the equilibrium markup in terms of productivity and centrality, let us re-write equation (2.26) by
defining the matrix I':

Y11 Y12 o Vine
1 Y21 Y22 o Tem e 1 -1
q® = 3 I'(b-c) where r = . o ) def <I + 22) (2.35)
Tl Yn2 " Unn
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We can further rewrite equation (2.35) in scalar notation as:

1 b; — ¢
& _ g E 2 J Lo
ql‘ — 5 ’Yn + # "}/1] bl — ci (bl 074) (2.36)
JF

Appealing to the Nash equilibrium-centrality linkage, we can interpret the term in square brackets as a
measure of (inverse) centrality, that captures how far firm 7 is from every other rival j in the space of
product characteristics, weighting each rival j by its competitiveness (b; — ¢;) relative to i. We can thus
formally define the product market centrality of firm i.

Definition 6. We define y;, the product market centrality of firm i as follows:

def bj —¢j
L=xi 5 vt v (2.37)
J#i v

X: is a measure of centrality because it “summarizes” the entire matrix of cross-price derivatives into an
n-dimensional vector. What we have done, intuitively, is to replace (I + X) ~! with a diagonal matrix that
has (1 — x;) along the diagonal, to obtain:

1—x;
g = —5 (bi—c) (2.38)
Importantly, this measure of centrality is a function of exogenous objects, and it determines how close to
competitive (or monopolistic) is the markup charged by firm 7 in equilibrium.

Proposition 3. The equilibrium markup p; is equal to the product market centrality (x;)-weighted convex
combination of 1 (the lowest possible markup), and the monopolistic markup fi;:

pi = Xi+(1—xi) (2.39)
Corollary. The product market centrality ranges from zero to one: x; € [0,1] .
Proof. Appendix H. O

This proposition links the topology of the rivalry network to a firm’s ability to influence prices: a firm that is
highly central (y; — 1) has many rivals that supply products similar to its own, and thus behaves similarly
to an atomistic firm, in that it is unable to affect prices. Vice-versa, a firm that is highly peripheral (x; — 0)
supplies a product that loads on characteristics that are not supplied by other firms, and thus behaves
like a monopolist. A firm’s ability to influence prices is maximized when centrality is zero (there are no
competitors). We have thus micro-founded firms’ markups using product characteristics.

2.6. Consumer Surplus, Surplus Distribution and the Shapley Value

The surplus that firms produce is either captured by firms in the form of profits, or by consumers in the form
of consumer surplus. It is thus natural to ask the following question: how much (consumer) surplus does
each firm contribute? And how does oligopoly power affect firm’s ability to to capture surplus? These might
seem like questions that are not well posed: after all, the consumer surplus contributed by firm ¢ depends
on how much output every other firm j is producing.

Fortunately, the problem of how to attribute surplus to players in a game with non-linear utility has already
been studied in the theory literature, and we know that there is an economically-meaningful metric that
accomplishes this objective: the Shapley Value. While the Shapley Value is usually utilized to distribute
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surplus in coalitional games, there is nothing preventing us from applying the same concept to consumer
surplus in a game of oligopoly.

To break down aggregate consumer surplus using the Shapley value, we start by writing down the expression
for the consumer surplus generated by firm ¢ when it produces ¢; units instead of zero units. We know from
basic price theory that this quantity can be computed by integrating the difference between the residual
demand and the equilibrium price p;®:

qi 1
/ b — q; — E 0@ — i | dg; = i (by — pi) — 5%2 - E 0i54iqj (2.40)
0 — —
J#i J#i

Naturally, this marginal consumer surplus generated by ¢ depends on the vector of quantities supplied by
every other competitor (q—;). Suppose the actual output produced by all other firms is q_; = q—;. If we
simply plug this value into equation (2.40) and repeat this computation this for all firms, we will obtain a
measure of consumer surplus for every i that will not aggregate to total consumer surplus at q = q (because
of the non-linearity of the consumer utility).

The Shapley Value, which we call s;, solves this problem by taking the average of (2.40) over the set of all
possible “entry coalitions” — that is, the set of all allocations where firms j # ¢ produce ¢; = ¢; or g; = 0:6

1

1 1
$; def 2(n171) Z Z Z q; (bi —pi) — %qf . ZLjUijqiqj (2.41)
t1=0:12=0

tn=0 G

because we know that each firm j produces ¢; in exactly half of the allocations considered, the expression
above simplifies to:

1
si = ¢i (bi —pi) — 5 4+ ZaijQin (2.42)
J#i

by plugging the inverse demand function (p; as a function of ¢;), this expression further simplifies to:

def 1 2
S; = 5 q; +§Jijquj (243)
VE

Because it is a Shapley Value, one of s;’s desirable properties (which is trivial to verify in this setting) is
that it always aggregates to total consumer surplus, that is:

S = D s (2.44)

We shall therefore call s;, going forward, the consumer surplus generated by firm i. We can similarly define
a firm-level total surplus function, which attributes to every firm ¢ a certain share w; of total surplus W (q):

def 15

J#i

Next, we define a suitable measure of market share for our network oligopoly model, and derive an equation
that links this quantity to firm’s ability to appropriate surplus in the form of monopoly profits.

5When integrating consumer surplus, we must remember to treat p; as a constant, since consumers are price-takers.
6We could have equivalently taken the average over the continuous set dj € [0,q;]: it would yield the same expression for s;
(due to linearity). I used the discrete average where G; € {0, g;} because this is how the Shapley Value is traditionally defined.
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FIGURE 2: DEMAND, RENTS AND CONSUMER SURPLUS
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Definition 7. T define M;, the weighted market share of firm i, as follows:

def qi

M, . R
' q; + Z#i 0ijqj

(2.46)

This measure of market share weighs the output of each competitor by o;;, a measure of substitutability
between i’s product and j’s product. Notice that, under homogenous products (o;; =1 V4, ) this is simply
the market share of firm .

Following the literature, we can formally define r; — the monopoly rents of firm i — as:

def
ri = (pi—¢i)a (2.47)

and the Ricardian rents as the difference between c;q; and variable costs” (positive if marginal cost is
increasing), so that profits can be decomposed into:

o= T + g —TVC - f; (2.48)
~—~ [ — ~—~
Monopoly Rents Ricardian Rents Fixed Costs

It is possible to show that the ratio of monopoly rents r; to consumer surplus (measured using the Shapley
Value s;) is proportional to the weighted market share M.

Proposition 4. In the Cournot-Nash equilibrium allocation, the ratio of monopoly rents to consumer surplus,
for firm i, is equal to twice the weighted market share - specifically:

i~ oM, (2.49)

Si

"Thanks to David Baqaee for providing the correct nomenclature for all these objects.
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Proof. See Appendix H. O

Proposition 4 reflects the fact that, in my model, there are no clearly-defined industry boundaries. This is
also the case in the real world: if we consider antitrust lawsuits for example, a major object of litigation
is the market’s definition. Consider for example an attempted monopolization case: defendants (alleged
monopolies) have an incentive to define the relevant market broadly, while plaintiffs have an incentive to
define the relevant market narrowly. In my model, firms exist in a continuous space of product characteristics.
Hence, there is no uniquely-defined peer group for each firm. To understand how dominant firm ¢ is, we need
to compare its market share vis-a-vis every other firm in the economy, weighting every other firm by o;.
Notice that it is perfectly possible, in this model, for every firm to have a weighted market share of 100%.
This corresponds to the case where the network is completely disconnected (o;; = 0 for all 7, j) and every
firm is a monopolist.

While the weighted market share is an endogenous equilibrium object, we can show that it is entirely pinned
down by an exogenous one —the product market centrality y;— of which it is a strictly decreasing function.
This implies that also the ratio r;/s; is also a decreasing function of centrality.

Proposition 5. The equilibrium weighted market share M; is equal to the following strictly-decreasing function

of Xi: 1
— Xi
M; = 2.50
1+ x: (2:50)

This implies that when y; is equal to zero M; is equal to one, and vice-versa. In sum, y; is the key statistic
of market power in this model: markups, surplus sharing and market shares all depend on x; .

2.7. Efficiency and Counterfactuals

A key application of my theoretical model is to study how welfare statistics - such as total surplus - respond
to changes in market structure. What that means is that, having made the required assumption that firms
play to maximize a well-defined objective function (thus far we have assumed Cournot oligopoly), we can
then consider counterfactuals in which the same firms act to maximize a different objective function. In this
subsection, I define three of these counterfactuals: each of these counterfactuals corresponds to the solution
of a specific maximization problem.?

The first counterfactual that I consider is perfect competition: firms act as atomistic producers, and price all
units sold at marginal cost.

Definition 8. The Perfect Competition allocation q" is defined as the maximizer of the aggregate total
surplus function W (q) :

v ¥ argmax W (q) (2.51)
920

for an internal solution " > 0 it satisfies
v = (I+2) ' [b-c(qd")] (2.52)
and subject to the quadratic cost specification in (2.21) it equals

@ = aearn (o) 25)

8The closed-form expressions for the output vector q which I provide below assume an internal solution. For my empirical
analysis, I also compute a numerical solution that is subject to a non-negativity constraint on q and I verify it is approximately
equal to the unconstrained solution (error < 0.1% for the total surplus function in Perfect Competition). The non-negativity
constraint binds for very few firms.
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The second counterfactual that I consider is called Monopoly: it represents a situation in which one agent
(that does not internalize consumer surplus) has ownership and control over all firms and maximizes aggregate
profits.

Definition 9. The Monopoly allocation is defined as the maximizer of the aggregate profit function II(q):

q" & arg max I (q) (2.54)
q>0
for an internal solution q'! > 0 it satisfies
1 _
a' = SI+%)7 [b-c(q")] (2.55)

and subject to the quadratic cost specification in (2.21) it equals
o _ —1 0
q' = (@2I+A+2%) (b-c) (2.56)

This allocation can be thought of as an economy with no antitrust, where firms have unlimited ability to
coordinate their supply choices.

Another interesting counterfactual is one in which resources are allocated efficiently but the labor supply is
fixed. That is, the social planner maximizes aggregate surplus subject to the constraint of using no more
labor than in the observed Cournot equilibrium.

Definition 10. I define the resource-efficient counterfactual qf as the solution to the following constrained
maximization problem:
q? Lef argmax W (q) st. H(q)=H (q®) (2.57)
q>0

Setting up the Lagrangian and using (1 — u) as the Lagrange multiplier, we find that, conditioning on the
set of active firms (q > 0) the resource-efficient counterfactual takes the form:

q? = @1+2)"" [b—pc(q”)] if g >0 (2.58)

where p solves:
H(q" (n) < H(q®) (2.59)

The Lagrange multiplier term g turns out to be the common markup charged by all firms in the resource-
efficient counterfactual.

Proposition 6. The Resource-efficient counterfactual g equalizes markups across active firms.
Proof. Let all firms price at a constant markup p over marginal cost:
Di = MG (2.60)
expanding the expression for the equilibrium price we have:
b-—(I+3X)q = puc (2.61)
rearranging the equation above we obtain (2.58). O

Because this counterfactual uses the same amount of labor as the observed equilibrium, by comparing welfare
in this allocation to the first-best we can effectively break down the deadweight loss into two components —
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one linked to misallocation, the other linked to labor suppression (its size reflects general equilibrium effects).
We can also interpret this counterfactual as the deadweight loss in an alternative model where the supply
of labor is completely inelastic. Notice that when this allocation is not constrained by the labor supply
(the Lagrange multiplier 1 — p is zero), the common markup is one (firms price at marginal cost) and the
resource-efficient allocation coincides with perfect competition.

2.8. Multi-product Firms, Collusion and M&A

Next, I generalize the model to accommodate multi-product firms and show how to perform counterfactuals
where firm boundaries are altered.

Suppose now that ¢ indicates product lines, and firms are denoted by z = 1,2, ..., Z. We thus define an n x Z
ownership matriz O, whose (i, z) entry is equal to one if firm z owns product line i. Each firm z maximizes
w, - the sum of the profits from all product lines:

n
@ =3 oum (2.62)
i=1

We next derive the equilibrium of the multi-product Cournot model:

Proposition 7. The multi-product Nash-Cournot equilibrium quantity vector mazimizes the following modified
potential function:

®(q) = q’b—%q’(QI—l—E—f—KOE)q—H(q) (2.63)

where K is the co-ownership matriz, defined as follows:

K11 K21 -+ Kin
K12 K22 -+ HKa2p def

K = . . ) . = 00/ (2.64)
Rnl Rn2 T Rnn

and the operator (o) is the Hadamard (entry-by-entry) product. The internal solution satisfies

q® = CI+X+KoX) ' [b-c(q?)] (2.65)
and with quadratic cost function it is equal to:

q® = 2I+A+Z+KoX) ' (b-c") (2.66)
Proof. Appendix H. O

The symmetric matrix K has a simple structure and a straightforward economic interpretation: its (i, 7)
entry is equal to one if product lines ¢ and j are owned by the same firm; otherwise, it is equal to zero .

The multi-product extension of the model can be used to perform counterfactuals on firm boundaries, includ-
ing mergers, acquisitions, break-ups and divestures. When it comes to modeling mergers and collusion, the
1.O. literature has used multiple approaches. Following Baker and Bresnahan (1985), we can model mergers
and collusion interchangeably as coordinated pricing. That is, the merger or the collusion does not alter the
product range offered by the merging/colluding enterprises; instead, a single agent determines the output of
the merging firms to maximize the joint profits. Then, even in a single-product setting (k;; = 0V ¢, j), we can
simulate a merger or a collusion between a subset J of the set of firms by re-setting to one the entries of K
that correspond to the elements of J x J. It is easily verified that when all firms are merged (k;; =1V ¢, j),
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the potential function ® (q) converges to the aggregate profit function II (q), and the equilibrium allocation
converges to the Monopoly counterfactual (equation 2.54).

More in general, to simulate a more complex 