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Consolidating Marginalism and Egalitarianism: A New Value for

Transferable Utility Games∗
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Abstract

In cooperative games with transferable utilities, the Shapley value is an extreme case of marginal-

ism while the Equal Division rule is an extreme case of egalitarianism. The Shapley value does not

assign anything to the non-productive players and the Equal Division rule does not concern itself to

the relative efficiency of the players in generating a resource. However, in real life situations neither of

them is a good fit for the fair distribution of resources as the society is neither devoid of solidarity nor

it can be indifferent to rewarding the relatively more productive players. Thus a trade-off between

these two extreme cases has caught attention from many researchers. In this paper, we obtain a new

value for cooperative games with transferable utilities that adopts egalitarianism in smaller coalitions

on one hand and on the other hand takes care of the players’ marginal productivity in sufficiently

large coalitions. Our value is identical with the Shapley value on one extreme and the Equal Division

rule on the other extreme. We provide four characterizations of the value using variants of standard

axioms in the literature. We also provide a mechanism that implements our value in sub-game perfect

Nash equilibrium.
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1 Introduction

Cooperative games with transferable utilities or simply TU games describe situations where a finite set of

players make binding agreements to generate worths. Their applications in economic allocation problems

are wide and varied (see [8, 14])1. The underlying assumption is that the players form the grand coalition

under such binding agreements. A solution is a rational distribution of the worth of the grand coalition

among the players. We call a single point solution a value. Many of the values found in the literature

revolve around the notions of egalitarianism and marginalism. Values that combine both these attributes

are called solidarity values [18, 22]. In this paper, we propose a new solidarity value for TU games that

focuses on egalitarianism in smaller coalitions and marginalism in larger coalitions. We provide four

characterizations of this value on the basis of the coalitional sizes. We also propose a bidding mechanism

to implement our value in sub-game perfect equilibrium.

Among all the values found in the literature, the Shapley value [21] is perhaps the most popular one

that builds on the notion of marginalism [28]. It is the expectation of the increase of the transferable

utilities of a player when she joins a coalition [25], which we call her marginal contributions. Unlike the

Shapley value, the Equal Division(ED) rule allocates the worth of the grand coalition equally among all

the players and can be considered to be the most egalitarian solution to TU games. Combined with the

standard axioms of efficiency, additivity, and symmetry, the Shapley value and the ED are characterized

by the null player and the nullifying player property respectively (see [24]). The null player property

requires that a completely unproductive player should earn a zero payoff. The nullifying player property,

on the other hand, not only assigns zero payoffs to players who contribute nothing to a coalition but

also nullifies the output of that coalition. Thus, the two extreme characteristics of marginalism and

egalitarianism are realized in the two values by the axioms of the null player and the nullifying player

respectively. Different trade-offs between marginalism and egalitarianism are proposed and accordingly,

several solidarity values are obtained (see, e.g., [1, 2, 4, 5, 11, 10, 9, 12, 15, 17, 18]).

In our society, egalitarianism is observed in small coalitions while marginalism is observed in large

coalitions. An excellent argument for this can be found in Jared Diamond’s book ‘Guns, Germs, and

Steel’, where he argues that unequal development of regions can be traced through agriculture and the

range of animals and species available to domesticate during the initial development and climate. In most

of the states in the northeastern part of India with large tribal populations, this is even visible today.

There exist different tribes 2 in the hills and plains who have their autonomous councils (constituted

based on the Sixth Schedule to the Constitution of India 3) to look after the welfare of their communities

through standard and pre-defined public distribution systems. Both the central and the state governments

allocate funds to these autonomous councils based mainly on their marginal productivities to the state

exchequer combined with their political and socio-economic credibilities. This allocation to the larger

coalition of tribes is governed by marginalism. However, within each such autonomous council, ideally,

most of the facilities are community-based and people practice egalitarian distribution and sharing of

resources. It is observed that in a coalition of sufficiently small size for example, within a community or

a tribe or clan, players are more friendly, homogenous, and socially involved and hence they allow more

often the egalitarian sharing of the resources among themselves. However, when more people enter into

1More recently the network allocation rules (see, e.g., [6, 7]) have found applications in Bioinformatics (see, e.g., [3] and

the references therein).
2According to the 2011 Census reports, the state of Assam in India has approximately 13% of the tribal population out

of a total population of 30.57 million.
3There are all total 9 autonomous councils in the state of Assam, India who enjoy varying degrees of autonomy within

the state legislature.
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the coalition making it sufficiently large and heterogeneous, productive players prefer not to share their

earnings equally with non-productive or less productive players.

Motivated by the above discussion, in this paper we first explore whether there exists a value for TU

games that embodies both marginalism and egalitarianism depending on the size of the coalitions. Since

the difference between the Shapley value and the ED can be attributed to the axioms of the null player

and the nullifying player, our starting point here is to define a player who nullifies the worths of all the

coalitions of sufficiently small size and becomes non-productive (a null player) in all larger coalitions: call

her a k-nullifying null player. A player is a k-nullifying null player if her presence in all coalitions of size

till k makes them non-productive (zero worth) and beyond size k, she does not contribute to any coalition.

The value of k determines the point at which the norms switch. The corresponding axiom of k-nullifying

null player property suggests that the proposed value gives zero payoffs to the k-nullifying null player.

Note that the k-nullifying null player is a null player when k = 1 and a nullifying player when k = n.

We propose a value: the k-SED value, that guarantees egalitarian shares to the non-productive players

within small groups e.g., families, communities, tribes depending on the permissive value of size k. On the

other hand, it also assures that more productive players are not deprived of their marginal productivities

in sufficiently larger coalitions. The class of values that satisfy efficiency, symmetry, and linearity are

called ESL values (see [16, 19]). Most of the values for TU games being ESL values, i.e., characterized by

efficiency, symmetry, and linearity differ by a fourth axiom, which is, for example, the null player property

for the Shapley value [21], the nullifying player property for the ED [24], the A-null player property for

the solidarity value [18], the δ-reducing player for the Discounted Shapley value [26], to name a few. The

k-SED value for each k is an ESL value. Linearity is, however, often considered as a technical condition

with little economic implications. Therefore, alternative characterizations of most of these linear values

are done using different notions of monotonicity [9, 26, 27], the pioneering work with this approach being

that of Young [28]. We, therefore, propose three alternative characterizations avoiding linearity along

the lines of these works. Recently, in [1], a new class of solidarity values is proposed. The class of k-SED

values resembles this class of values, however, they differ by the social situations they represent. We have

shown that the notion of the null player in our model is more socially relevant and interpretable than

theirs. Moreover, on a technical note, in our case, we are able to characterize the whole class of values

ranging from the ED to the Shapley value for k = 1, · · · , n. We highlight these differences towards the

end of the paper. Finally, we propose a bidding mechanism of our value which goes along the line of

[1, 2]. We show that the proposed mechanism implements the k-SED value in SPNE.

The rest of the paper proceeds as follows. In Section 2 we present the preliminary definitions and

results pertaining to the development of the paper. Section 3 describes a procedure to compute the k-SED

value followed by its various characterizations in Section 4. In Section 5, we compare our model with

some of the existing models. Section 6 describes the implementation mechanism of the class of k-SED

values and finally, Section 7 concludes.

2 Preliminaries

Let N = {1, 2, ..., n} be the player set with n players and 2N denote the power set of N . The subsets

of N are called coalitions. Denote the size of a coalition S by the corresponding lower case letter s. To

simplify notation, we write S∪ i for S∪{i} and S \ i for S \{i} for each S ⊆ N and i ∈ N . A cooperative

game or a simple TU game is a pair (N, v) where the function v : 2N → R is such that v(∅) = 0. For each

S ⊆ N , v(S) denotes the worth of the coalition S. If the player set N is fixed, we represent a TU-game
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by v only. Denote by v0 the null game, defined as v0(S) = 0 for all S ⊆ N . A TU game is zero-monotonic

if, for each i ∈ N and each coalition S 3 i, it holds that v(S) − v(S \ i) ≥ v(i). The class of all TU

games over the player set N is denoted by G(N). Recall that the standard assumption of TU games is

that the grand coalition is eventually formed. A solution of an n-player TU-game is an n-dimensional

payoff vector x ∈ Rn giving a payoff xi ∈ R to every player i ∈ N . A value on G(N) is a function Φ

that assigns a payoff vector Φ(v) ∈ Rn to each v ∈ G(N) for a fixed player set N . The class G(N) of all

TU games with player set N forms a vector space of dimension 2n − 1 under the standard addition and

scalar multiplications of set functions. For every coalition S ⊆ N with S 6= ∅, the games eS : 2N → R
and uS : 2N → R given by,

eS(T ) =

{
1, if T = S

0, otherwise,
(2.1)

uS(T ) =

{
1, if S ⊆ T

0, otherwise,
(2.2)

are standard bases for the class G(N) of TU games with player set N called the identity games and

the unanimity games respectively. For every game v ∈ G(N), we can write v =
∑
S 6=∅ v(S)eS and

v =
∑
S 6=∅∆S(v)uS where ∆S(v) =

∑
T⊆S(−1)s−tv(T ). The marginal contribution of player i to coalition

S is formally written as,

mv
i (S) = v(S ∪ i)− v(S). (2.3)

Suppose that the grand coalition N is formed in such a way that the players enter the coalition one by

one. Such entry can be attributed to a permutation π : N → N of the players. We denote the collection

of all permutations by Π(N). For every π ∈ Π(N), we denote by P (π, i) = {j ∈ N : π(j) < π(i)} the

set of players that enter before player i in the permutation π. The Shapley value [21] denoted by ΦSh

assigns to every player her expected marginal contribution (to the coalition of players that enters before

her), given that every permutation of entrance π has equal probability of occurrence namely,
1

n!
.

Therefore the Shapley value is given by

ΦShi (v) =
1

n!

∑
π∈Π(N)

mv
i (P (i, π)), (2.4)

which after simplifications becomes,

ΦShi (v) =
∑

S⊆N\i

s! (n− s− 1)!

n!
mv
i (S). (2.5)

The Equal Division (ED) rule is a solution ΦED : G(N)→ Rn that distributes the worth v(N) of the

grand coalition equally among all players in any game, i.e.,

ΦEDi (v) =
v(N)

n
. (2.6)

It follows from (2.5) and (2.6) that both the Shapley value and the Equal Division rule can be expressed

in a unified manner as follows:

Φi(v) =
∑
S⊆N

s! (n− s− 1)!

n!
Cvi (S), (2.7)

where the quantity Cvi (S) ∈ R be such that Cvi (S) = mv
i (S) ∀ S ⊆ N, when Φ = ΦSh and Cvi (S) =

eN (S)v(S) ∀ S ⊆ N, when Φ = ΦED.
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Call Cvi (S) the coalitional contribution of player i in S with respect to v ∈ G(N). Thus, under

this new notation, both the Shapley value and the ED assign to each player her expected coalitional

contribution Cvi (S) where Cvi (S) = mv
i (S) in case of the Shapley value and Cvi (S) = 0 for S ( N and;

Cvi (S) = v(N) for S = N , in case of the Equal Division rule.

Various axiomatizations of the Shapley value and the Equal Division rule can be found in the literature

(see [13, 21, 23, 24, 28]). In the following, we list some of the important axioms that characterize these

two values and also are relevant to the present paper. Prior to that we define the following:

Definition 1. A player i ∈ N is a null player in v if mv
i (S) = 0 for every coalition S ⊆ N .

Definition 2. A player i ∈ N is a nullifying player in v if v(S) = 0 for every coalition S with i ∈ S.

Definition 3. Two players i, j ∈ N are called symmetric with respect to the game v if for all S ⊆ N\{i, j},

v(S ∪ i) = v(S ∪ j).

We list the axioms for a value Φ : G(N)→ Rn as follows:

Axiom 1. Efficiency (Eff): Φ is efficient if for any v ∈ G(N) :
∑
i∈N Φi(v) = v(N).

Axiom 2. Null Player Property (NP): For every game v ∈ G(N) and every null player i ∈ N in v, we

have Φi(v) = 0 .

Axiom 3. Nullifying Player Property (NPP): For every game v ∈ G(N) and every nullifying player i ∈ N
in v, Φi(v) = 0.

Axiom 4. Symmetry (Sym): For every pair of symmetric players i, j ∈ N with respect to the game

v ∈ G(N), we have Φi(v) = Φj(v).

Axiom 5. Linearity (Lin): For all games u,w ∈ G(N), every pair of γ, η ∈ R, and every player i ∈ N :

Φi(γu+ ηw) = γΦi(u) + ηΦi(w); (2.8)

Φ is additive (ADD) if in particular (2.8) holds for γ = η = 1.

Axiom 6. Strong monotonicity (SMon): Φi(v) ≥ Φi(w) for every pair of games v, w ∈ G(N) and player

i ∈ N such that mv
i (S) ≥ mw

i (S) for all S ⊆ N \ i.

Axiom 7. Coalitional strategic equivalence (CSE): For every pair of games v, w ∈ G(N), a value Φ

satisfies Φi(v + w) = Φi(v) whenever i is a null player in w.

Axiom 8. Fairness4 (F): For any two symmetric players i, j ∈ N in w ∈ G(N), it holds that

Φi(v + w)− Φi(v) = Φj(v + w)− Φj(v), ∀v ∈ G(N).

Axiom 9. Desirability (D): A value satisfies Desirability if for all v ∈ G(N) and all i, j ∈ N , v(S ∪ i) ≥
v(S ∪ j) for all S ⊆ N \ {i, j}, then Φi(v) ≥ Φj(v).

Axiom 10. Marginality (M): For all v, w ∈ G(N), i ∈ N , mv
i (S) = mw

i (S) for all S ⊆ N \ i implies

Φi(N, v) = Φi(N,w).

Axiom 11. Coalitional monotonicity(CM): For each pair of games v, w ∈ G(N), if v(S) ≥ w(S) for all

S ⊆ N , then we have Φi(v) ≥ Φi(w) for each i ∈ N .

4In [11] this axiom is termed as the van den Brink fairness since it was introduced by van den Brink in [23].
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Axiom 12. Differential marginality (DM): For all v, w ∈ G(N), i, j ∈ N , v(S ∪ i)− v(S ∪ j) = w(S ∪ i)−
w(S ∪ j) for all S ⊆ N \ {i, j} implies that Φi(v)− Φj(v) = Φi(w)− Φj(w).

The most standard characterization of the Shapley value requires Eff, Sym, Lin, and NP. The ED,

on the other hand, has been characterized using Eff, Sym, Lin, and NPP (see [24]). An alternative

characterization of the Shapley value is due to [28] that uses Eff, Sym, and (SMon or M5). Chun [13]

characterizes the Shapley value using Eff, Sym, and CSE. van den Brink [23] characterizes the Shapley

value by the axioms of Eff, NP, and F. Finally, van den Brink[24] uses Eff, CM, and a weaker version of

Sym to characterize the ED.

Recall from Section 1 that a value that satisfies Eff, Sym and Lin is called an ESL value [16]. We

mention the following proposition from [20] for later reference.

Proposition 1. (Proposition 2 in [20], p. 184) A value Φ on G(N) is an ESL-value if and only if there

exists a unique collection of real constants BΦ = (bΦs : s ∈ {0, 1, 2, ..., n}) with bΦn = 1 and bΦ0 = 0 such

that for every game v ∈ G(N),

Φi(v) =
∑

S⊆N\i

s!(n− s− 1)!

n!

{
bΦs+1v(S ∪ i)− bΦs v(S)

}
. (2.9)

That is

Φi(v) = ΦShi (BΦv) (2.10)

where (BΦv)(S) = bΦs v(S) for each coalition of size s.

3 The k-SED value

We now introduce our new value for TU games, which we term the k-SED value. We follow an approach

similar to Shapley’s [21] approach where the players are allowed to enter a coalition following a particular

permutation assuming that all possible permutations of entrance have equal probabilities. Our value

is based on the assumption that given a coalition S of sufficiently small size, each player i agrees to

the egalitarian distribution of its worth v(S), namely v(S)
s : let us call it the egalitarian coalitional

contribution. However, when the size of the coalitions is sufficiently large, the coalitional contributions

become marginal contributions mS
i (v) and are no longer egalitarian.

Let k be the maximum size of the coalitions in which each player enjoys egalitarian coalitional contri-

butions. Recall that the players enter the coalition one by one. Define P k(π) = {j ∈ N |π(j) ≤ k}. Then

P k(π) represents the set of first k players who enter the game under the permutation π. If π(i) ≤ k then

P (π, i) ∪ i ⊆ P k(π). Thus, following our assumption the coalitional contribution Cvi (P (π, i)) of player

i is
v(P k(π))

k
when it enters into P (π, i) and when π(i) ≤ k. On the other hand, when player i enters

the coalition P (π, i) with π(i) > k, then Cvi (P (π, i)) = v(P (π, i) ∪ i)− v(P (π, i)) in the permutation π.

Thus, the coalitional contribution Cvi (P (π, i)) of player i in a game v in forming the grand coalition N

following the permutation π is given by

Cvi (P (π, i)) =


v

(
P k(π)

)
k

, if π(i) ≤ k

v(P (π, i) ∪ i)− v(P (π, i)), if π(i) > k.

(3.1)

5Young[28] calls this the independence property
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Definition 4. The k-SED value denoted by Φk−SED : G(N) → Rn is the value that assigns to every

player i ∈ N , her expected coalitional contribution given by

Φk−SEDi (v) =
1

n!

∑
π∈Π(N)

Cvi (P (π, i)) (3.2)

where Cvi (P (π, i)) is given by (3.1).

The expression for Φk−SED(v) in 3.2 can be simplified as follows:

Φk−SEDi (v) =
1

n!

∑
π∈Π(N)

Cvi (P (π, i))

=
1

n!

∑
π∈Π(N):π(i)≤k

v(P k(π))

k
+

1

n!

∑
π∈Π(N):π(i)>k

{
v(P (π, i) ∪ i)− v(P (π, i))

}

=
1

n!

∑
π∈Π(N):π(i)=k

k
v(P k(π))

k
+

1

n!

∑
π∈Π(N):π(i)>k

{
v(P (π, i) ∪ i)− v(P (π, i))

}

=
1

n!

∑
π∈Π(N):|P (π,i)|=k−1

v(P (π, i) ∪ i) +
1

n!

∑
π∈Π(N):|P (π,i)|≥k

{
v(P (π, i) ∪ i)− v(P (π, i))

}
(3.3)

On further simplification, 3.3 can be re-written as follows:

Φk−SEDi (v) =
∑

S⊆N : i 6∈S
s=k−1

(n− k)!(k − 1)!

n!
v(S ∪ i) +

∑
S⊆N : i6∈S

s≥k

(n− s− 1)!s!

n!

{
v(S ∪ i)− v(S)

}
. (3.4)

Remark 1. (a) The k-SED value coincides with the Shapley value for k = 1 and the ED for k = n.

(b) For each v ∈ G(N), Φk−SED(v) = ΦSh(Bkv) where Bk = (bs : s ∈ {0, 1, 2, ..., n}) such that b0 = 0,

bs = 0 for s < k, bs = 1 for s ≥ k.

(c) In view of (b) above, for each v ∈ G(N), define v̄ ∈ G(N) as follows.

v̄(S) =

{
0, if s < k

v(S), if s ≥ k
(3.5)

Then Φk−SEDi (v) = ΦShi (v̄).

4 Characterization

In this section we characterize Φk−SED using four sets of axioms and explore their relationships with the

various characterizations of the Shapley value mentioned in Section 2.

4.1 The k-nullifying null player

As we have defined in Section 1, we call a player that nullifies the contributions of the small coalitions

and becomes non-productive in sufficiently large coalitions a k-nullifying null player. Formally, we have

Definition 5. Let k ∈ {1, 2, ..., n} be given. Player i ∈ N is a k-nullifying null player if v(S ∪ i) = 0 for

S ⊆ N \ i with s < k and v(S ∪ i) = v(S) for S ⊆ N \ i with s ≥ k.

7



Axiom 13. k-nullifying null player property: (k-NNPP): A value Φ : G(N) → Rn satisfies k-nullifying

null player property if for every v ∈ G(N) it holds that Φi(v) = 0 for every k-nullifying null

player i ∈ N .

Note that k-NNPP requires that a player that annihilates the contributions of the small coalitions and

becomes non-productive in sufficiently large coalitions should be rewarded zero payoff. Replacing the NP

with the k-NNPP property in the characterization of the Shapley value we obtain the characterization of

the k-SED value. In the following, we provide the first characterization theorem where we show that the

k-SED value is efficient, linear, symmetric and it gives zero payoffs to those players who make the small

coalitions non-productive and become themselves non-productive in sufficiently large coalitions. Unless

specified, we keep k fixed here.

Let us introduce two subspaces of G(N) as follows:

G<k(N) = {v ∈ G(N) : v(S) = 0 for all s ≥ k} and G≥k(N) = {v ∈ G(N) : v(S) = 0 for all s < k}.

Then using the standard notation for the direct sum of linear spaces, we getG(N) = G<k(N)⊕G≥k(N). It

follows that every game v ∈ G(N) can be written as v = v<k +v≥k where v<k ∈ G<k(N), v≥k ∈ G≥k(N)

such that v<k(S) = v(S) for all s < k, v<k(S) = 0 for all s ≥ k and v≥k(S) = v(S) for all s ≥ k,

v≥k(S) = 0 for all s < k.

Next, we define a basis for the class G(N) which will be useful in showing the uniqueness of the

k-SED value at a later stage. Observe that {eS : S ⊆ N, s < k} given by (2.1) is a basis of G<k(N) and

{uS : S ⊆ N, s ≥ k} given by (2.2) is a basis of G≥k(N). Since G(N) = G<k(N) ⊕ G≥k(N), therefore,

the set W = {wS : S ⊆ N,S 6= ∅} where each wS ∈ G(N) is defined by

wS(T ) =

{
eS(T ), if s < k

uS(T ), if s ≥ k
(4.1)

is a basis for G(N). Observe that every game v ∈ G(N) can be written as v =
∑
S 6=∅ λ

k
S(v)wS where

λkS(v) =
∑
T⊂S:t≥k(−1)s−tv(T ) for s ≥ k and λkS(v) = v(S) for s < k. In the following, we give the first

characterization theorem of the k-SED value.

Theorem 1. The following statements are equivalent:

(1) Φ satisfies Eff, Sym, Lin and k-NNPP.

(2) Φ is given by Φi(v) =
∑
S:i∈S

λkS(v)

s

(3) Φ(v) = ΦED(v<k) + ΦSh(vk≥k).

(4) Φ = Φk−SED

Proof. By Lin, Φ is unique if it is unique on a basis. By Eff, Sym, and k-NNPP, Φ is unique on

W = {wS : S ⊆ N,S 6= ∅}. Moreover, Φi(v) =
∑
S:i∈S

λkS(v)

s
clearly satisfies Eff, Sym, Lin and

k-NNPP. This establishes (1)⇔(2). It is obvious that (3)⇔(4). Finally, Φ(v) = ΦED(v<k) + ΦSh(vk≥k)

satisfies Eff, Sym, Lin and k-NNPP. This completes the proof.

Remark 2. The logical independence of the axioms in Theorem 1 can be found in the Appendix.

Remark 3. In view of theorem 1, Φk−SED is an ESL value. Therefore, by proposition 1, the formula

for Φk−SED given by (3.4) has the equivalent form given by (2.9) with bΦj = 0 for all j < k and bΦj = 1

for all j ≥ k.
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4.2 The coalitional k-strategic equivalence

The Shapley value is characterized in [24] with the axioms Eff, Sym and CSE. In [13], another charac-

terization is provided using the same set of axioms, but the definition of CSE in [13] differs slightly from

[24]. In [24], it is shown that these two definitions are equivalent and hence, we use the definition given

in [24]. Note that CSE combines ADD and NP and states that the payoff of a player from any game does

not change when another game in which she is a null player is added to it. Here we show that replacing

the null player with a k-nullifying null player also does not change the payoff of a player if we add a game

in which this player is a k-nullifying null player. Note that, in particular, when k = n, the n-nullifying

null player is a nullifying player and the proposed property implies that the payoff of a player from any

game does not change if another game is added to it in which she is a nullifying player. Thus we have

the following:

Axiom 14. Coalitional k-strategic equivalence(k-CSE): A value Φ : G(N) → Rn satisfies Coalitional k-

strategic equivalence if for every pair of games v, w ∈ G(N) it holds that Φi(v +w) = Φi(v)

whenever i is a k-nullifying null player in w.

Lemma 1. If a solution Φ : G(N) → Rn satisfies Lin and k-NNPP then Φ satisfies k-CSE. But the

converse is not true.

Proof. By Lin, Φi(v + w) = Φi(v) + Φi(w). Now if i is a k-nullifying null player in w then Φi(w) = 0 by

k-NNPP. Therefore Φi(v + w) = Φi(v) and hence Φ satisfies k-CSE.

A solution that satisfies k-CSE need not satisfy Lin and k-NNPP. This can be seen from the function

Φ : G(N) → Rn given by Φ1(v) = Φk−SED
1 (v) + 2 and Φi(v) = Φk−SED

i (v) − 2

n− 1
for all i ∈ N \ 1.

Since Φk−SED
i (v + w) = Φk−SED

i (v) + Φk−SED
i (w) and Φk−SED

i (w) = 0 for k-nullifying null player i in w,

therefore Φi(v + w) = Φi(v). Thus Φ satisfies k-CSE but it neither implies Lin nor k-NNPP.

Lemma 1 implies that the axiom k-CSE is weaker than Lin and k-NNPP. In the following, a characteri-

zation of the k-SED value is presented based on k-CSE.

Theorem 2. A value Φ : G(N)→ Rn satisfies Eff, Sym and k-CSE if and only if Φ = Φk−SED.

Proof. It is easy to check that Φk−SED satisfies Eff, Sym and k-CSE. Conversely, we prove the uniqueness

by induction on d(v) = |{T ⊆ N : v(T ) 6= 0}|6. If d(v) = 0 then v(S) = 0 for all S ⊆ N . By Eff and

Sym, Φi(v) = 0 = Φk−SED
i (v) for all i ∈ N . Assume that Φi(w) = Φk−SED

i (w) for all d(w) < d(v).

Let H(v) = {i ∈ N : v(S) = 0 for all S ⊆ N \ i}. Then for every i ∈ N \ H(v), there exists an

S ⊆ N \ i such that v(S) 6= 0. Since (v − v(S)eS)(T ) = v(T ) for S 6= T and (v − v(S)eS)(T ) = 0

for S = T , we have d(v − v(S)eS) = d(v) − 1, i.e., d(v − v(S)eS) < d(v). By induction hypothesis,

Φi(v − v(S)eS) = Φk−SED
i (v − v(S)eS) for i ∈ N \ H(v) and S ⊆ N \ i. Since Φi(v(S)eS) = 0 and i

is a k null-nullifying player in v(S)eS therefore Φi(v) = Φi(v − v(S)bS) by k-CSE. Since Φk−SED
i (v) =

Φk−SED
i (v− v(S)eS) for S ⊆ N \ i, therefore, Φi(v) = Φk−SED

i (v) for i ∈ N \H(v). With Sym and Eff, it

follows that Φi(v) =
v(N)−

∑
j∈N−\H(v) Φk−SED

j (v)

|H(v)|
= Φk−SED

i (v) for i ∈ H(v). Therefore Φ = Φk−SED

by induction hypothesis.

Remark 4. The logical independence of the axioms of Theorem 2 can be found in the Appendix.

6Our procedure follows a similar procudure discussed in [24] where the uniqueness for the Equal Division rule is shown

by induction on the number of coalitions with non-zero dividend.
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The following corollary is an immediate consequence of Theorem 2.

Corollary 1. A value Φ : G(N)→ Rn satisfies Eff, Sym and n-CSE if and only if Φ = ΦED.

4.3 The k-partial monotonicity

In [28], the elegant notions of Marginality (M) and Strong Monotonicity(SMon) are introduced in the

characterization of the Shapley value. Now, we introduce the axiom of k-partial monotonicity that weakly

combines these two axioms on the basis of the size of coalitions determined by k. A similar axiom follows

by replacing monotonicity with marginality.

Axiom 15. k-Partial Monotonicity (k-PMon): Given two games v, w ∈ G(N), a value Φ : G(N) → Rn

satisfies k-partial monotonicity if for each i ∈ N , Φi(v) ≥ Φi(w) whenever either of the

following holds:

(i) mv
i (S) ≥ mw

i (S) for all S ⊂ N such that s ≥ k with i 6∈ S.

(ii) v(S) ≥ w(S) for all S ⊂ N such that s < k with i ∈ S.

Axiom 16. k-Partial Marginality (k-PM): Given two games v, w ∈ G(N), a value Φ : G(N) → Rn

satisfies k-partial marginality if for each i ∈ N , Φi(v) = Φi(w) whenever either of the

following holds:

(i) mv
i (S) = mw

i (S) for all S ⊂ N such that s ≥ k with i 6∈ S.

(ii) v(S) = w(S) for all S ⊂ N such that s < k with i ∈ S.

Remark 5. It can be easily shown that the k-SED value satisfies k-PMon and k-PM. In [28], axioms

M and SMon are alternatively and equivalently used to characterize the Shapley value along with Eff

and Sym. In [11, 24], it is shown that M (and therefore, SMon) imply CSE. In a similar manner, we

can straightway show that k-PMon and k-PM are equivalent and both imply k-CSE. Thus, in view of

Theorem 2, we have the following theorem as its corollary.

Theorem 3. A value Φ : G(N)→ Rn is equal to the k-SED value if and only if it satisfies Eff, Sym and

k-PMon (or k-PM).

4.4 The fairness axiom

In [23], the Shapley value is characterized using the axioms of Eff, NP and F. We propose to replace NP

by k-NNPP and obtain a characterization of the k-SED value along the same line. The following lemma

due to [23] is useful for our characterization.

Lemma 2 ([23], Proposition 2.4(i), pg 311). If a value Φ : G(N) → Rn satisfies Sym and Lin then Φ

also satisfies F. But the converse is not true.

Similar to Proposition 2.4(ii) in [23], we have the following Lemma.

Lemma 3. If a value Φ : G(N)→ Rn satisfies F and k-NNPP then Φ satisfies Sym.

Proof. Suppose that Φ satisfies F and k-NNPP. For the null game v0 ∈ G(N) given by v0(S) = 0 for all

S ⊆ N , each player i ∈ N is a k-nullifying null player. Therefore Φi(v0) = 0 by k-NNPP. Suppose that

i, j ∈ N are two symmetric players in v ∈ G(N). By F, Φi(v0 + v)−Φi(v0) = Φj(v0 + v)−Φj(v0). Since

(v0 + v) = v therefore Φi(v) = Φj(v) and hence Φ satisfies Sym.
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It follows from Lemma 3 that F is not equivalent to Lin and Sym. Thus we have the following

proposition.

Proposition 2. If Φ : G(N)→ Rn satisfies Eff, k-NNPP and F then, Φi(v0) = 0 for all i ∈ N where v0

is the null game in G(N) and

Φi(λwS) =

 0, if i 6∈ S
λ

s
, if i ∈ S.

Proof. Suppose Φ : G(N) → Rn satisfies Eff, the k-NNPP and F. Then Φ satisfies Sym by Lemma 3.

Now the result follows immediately from Eff, k-NNPP and Sym.

Next, we introduce some mathematical preliminaries to prove our next characterization. For every

v ∈ G(N), we write v as v =
∑
S⊆N :S 6=∅ λS(v)wS with respect to the basis W defined by (4.1). Now, given

v ∈ G(N), we define DW (v) = {S ⊆ N : λS(v) 6= 0, v =
∑
S⊆N :S 6=∅ λS(v)wS} and dW (v) = |DW (v)|.

For v ∈ G(N) with dW (v) ≥ 2, we define the graph (N,Gv,W ) where every pair {i, j} of players in N

forms a link in Gv, i 6= j if and only if there exists an S ∈ DW (v) with {i, j} ⊆ S or {i, j} ∩S = ∅. With

abuse of notation, we denote a link in Gv by the pair {i, j} itself. A coalition B is connected in Gv if

either |B| = 1 or for every i, j ∈ B, there exist a sequence of players i1, i2, ..., im such that i1 = i, im = j

and {ip, ip+1} ∈ Gv for all p ∈ {1, 2, 3, ...,m − 1}. A connected coalition B is a component or maximal

connected coalition in Gv if {i, j} 6∈ Gv whenever i ∈ B and j ∈ N \ B. Two distinct components are

disjoint. Thus we have the following proposition.

Proposition 3. The graph Gv has at most two components for dW (v) ≥ 2. If Gv has two components

then their union is N . Also v can be written as v = λB1
(v)wB1

+ λB2
(v)wB2

where B1, B2 are two

components of Gv.

Proof. Suppose that B1, B2, B3 are three distinct components in Gv. Since dW (v) ≥ 2 therefore DW (v) 6=
∅. Assume without loss of generality there exist a coalition T ∈ D(v) such that T ⊆ B3. Let i ∈ B1,

j ∈ B2. Then {i, j} ∩ B3 = ∅. Since T ⊆ B3 therefore {i, j} ∩ T=∅. Therefore {i, j} ∈ Gv. Since B1 is

a connected component and i ∈ B1, j ∈ N \B1 therefore {i, j} 6∈ Gv. This is a contradiction. Therefore

Gv has at most two components. Suppose that B1 ∪B2 6= N . Then for i ∈ B1, j ∈ B2, h ∈ N \B1 ∪B2,

we have {i, h} ⊆ N \ B2, {j, h} ⊆ B1. Therefore {{i, h}, {j, h}} ⊆ Gv. This is again a contradiction.

Therefore N = B1 ∪B2.

Suppose that v =
∑
λSi(v)wSi . Since S1 ⊆ N = B1 ∪B2. Assume that S1 ∩B1 6= ∅. Since all players in

S1 are connected therefore S1 ⊆ B1. If there exist a player j ∈ B1 \S1 then {j, t}∩S1 = ∅ for all t ∈ B2.

Then {j, t} ∈ Gv. This is another contradiction. Hence S1 = B1.

Therefore each Si is equal to one of B1, B2 and hence v = λB1
(v)wB1

+ λB2
(v)wB2

.

The next characterization theorem of the k-SED value based on fairness goes as follows.

Theorem 4. A solution Φ : G(N) → Rn satisfies Eff, k-NNPP and F if and only if it is equal to the

k-SED value.

Proof. Every solution that satisfies Sym and Lin also satisfy F. Therefore Φk−SED satisfies F. From sub-

section 4.1, it follows that the Φk−SED satisfies Eff and k-NNPP.

Conversely, suppose that Φ satisfies Eff, k-NNPP and F. If dW (v) = 0 or 1 then v ∈ {v0, λT (v)eT , λS(v)uS}
for some coalitions T, S such that t < k, s ≥ k. Then by proposition 2, Φi(v) is uniquely determined by

the k-SED value. Now we apply induction on dW (v).
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Assume that Φ(v′) is uniquely determined for all dW (v′) < k. Assume also that dW (v′) ≥ 2. Then n ≥ 2.

Following similar procedure used in the proof of Theorem 2.5 (pg 311) in [23], we can also show that

Φi(v) is unique for all i ∈ N .

Remark 6. The independence of the axioms of Theorem 4 can be found in the Appendix.

Similar to Corollary 1, an immediate consequence to Theorem 4 is the following.

Corollary 2. A solution Φ : G(N)→ Rn satisfies Eff, NPP and F if and only if Φ = ΦED.

Remark 7. Note that F is equivalent to DM (see [11]) and therefore, we can replace F by DM in Theorem

4 and obtain another characterization as follows:

Theorem 5. A solution Φ : G(N) → Rn satisfies Eff, k-NNPP and DM if and only if it is equal to the

k-SED value.

4.5 The coalition specific incentive for cooperation

Here, we introduce another axiom: Coalition specific incentive for cooperation(CSIC) that endogenizes

the choice of the size k of the k-SED value.

Axiom 15. Coalition specific incentive for cooperation(CSIC): A value Φ : G(N) → Rn satisfies the

Coalition specific incentive for cooperation property if there exists an S ⊂ N such that Φ

has the property Φi(eT ) = 0, for all T ⊆ S with i ∈ T, and Φi(uS∪W ) = 0, for all W ⊆
N \ S with i 6∈ S ∪W .

Axiom 15 implies that for a value, that satisfies CSIC, there always exists a coalition S of N such that

the players in S have no incentive to deviate from S to make smaller coalitions and, the remaining players

have no incentive to leave any coalition that includes all the players of S. Recall from Section 1 that,

such an S for example, can represent a small homogeneous community, a tribe or a clan who do not have

incentives to further break into smaller groups. Following theorem states that if such an S exists, its size

s is exactly the value of k in the corresponding k-SED value.

Theorem 6. A solution Φ : G(N)→ Rn satisfies Eff, Sym, Lin, and CSIC if and only if there exists a

unique k ∈ {1, ..., n} such that Φ = Φk−SED.

Proof. Suppose that there exists a k ∈ {1, ..., n} such that Φ = Φk−SED. By theorem 1, Φk−SED

satisfies Eff, Sym, and Lin. Let S be a coalition of size k. Then by the definition of Φk−SED, we have

Φi(eT ) = 0 for all T ⊂ S with i ∈ T, and Φi(uS∪W ) = 0 for all W ⊆ N \ S with i 6∈ S ∪W . Thus,

Φk−SED satisfies CSIC.

Conversely, let Φ satisfy Eff, Sym, Lin, and CSIC. Observe that, if Φ : G(N)→ R satisfies the CSIC then

there is an S ⊆ N for which Φ satisfies the given properties. Take k = s. Then, there exists a chain of

coalitions ∅ = S0 ( S1 ( ... ( Sn−1 ( Sn = N with sj = j for j ∈ {0, 1, ..., n} and S = Sk such that Φ

satisfies the following conditions:

(a) Φi(eSj ) = 0, ∀i ∈ Sj , j ∈ {1, ...k − 1} and

(b) Φi(uSj
) = 0, ∀i 6∈ Sj , j ∈ {k, ..., n}.
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Since Φ is an ESL value, therefore, by proposition 1, there exists a unique collection of real constants

{bΦi : i ∈ {1, 2, 3, ..., n}} with bΦ0 = 0, bΦn = 1 such that

Φi(v) =
∑

S⊆N\i

s!(n− s− 1)!

n!

{
bΦs+1v(S ∪ i)− bΦs v(S)

}
. (4.2)

Recall from Remark 3 that for any k ∈ {1, ..., n}, Φ given by (4.2) coincides with Φk−SED only if

bΦj = 0 for j < k and bΦj = 1 for j ≥ k. In view of the observation made in the beginning, there

exists a sequence of coalitions ∅ = S0 ( S1 ( ... ( Sn−1 ( Sn = N with sj = j ∈ {0, 1, ..., n}, and a

k ∈ {1, ..., n} such that Φi(eSj ) = 0 ∀i ∈ Sj , j ∈ {1, ..., k − 1} and Φi(uSj ) = 0 ∀i 6∈ Sj , j ∈ {k, ..., n}.

Since Φi(eSj
) =

(n− sj)!(sj − 1)!

n!
bΦsj for i ∈ Sj therefore, bΦsj = bΦj = 0 for j < k. If k = n then

bΦj = 0 for all j < n. Therefore, Φ = Φn−SED. Assume that 1 ≤ k < n and i 6∈ Sn−1. Then

Φi(uSn−1) = 1
n (bΦn − bΦn−1). Since n−1 ≥ k, therefore, Φi(uSn−1

) = 0. Thus, bΦn = bΦn−1 = 1. If n−2 ≥ k,

then Φi(uSn−2
) = 1

n (bΦn−1 − bΦn−2) for all i 6∈ Sn−2. Thus, bΦn−1 = bΦn−2. Continuing in this way, we have

1 = bΦn = bΦn−1 = bΦn−2 = ... = bΦk . Thus, Φ = Φk−SED.

Suppose that for another coalition S′, Φ satisfies Eff, Lin, Sym and CSIC. Then, under the above

observation, we obtain another sequence of coalitions ∅ = T0 ( T1 ( ... ( Tn−1 ( Tn = N , with S′ = Tk′

for some k′. But, then k′ = s′ and we have bΦ0 = bΦ1 = bΦ3 = ... = bΦk′−1 = 0 and bΦk′ = bΦk′+1 = ... = bΦn = 1.

Thus, k = k′ and therefore, k is unique.

It is interesting to observe that in all the above characterizations, the parameter k makes significant

difference in the axioms viz., k-NNPP, k-CSE, k-PMon and k-PM from their Shapley counterparts.

However, the properties, they satisfy are similar. For example, the way Lin and NP imply CSE in case of

the Shapley value, Lin and k-NNPP imply k-CSE in case of the k-SED value. Similarly, we observe that

k-PMon and k-PM both imply k-CSE exactly in the same manner as SMon and M both imply CSE. We

have also shown that F(equivalently DM) and k-NNPP imply Sym the way F (equivalently DM) and NP

together imply Sym. For endogenizing k, we have proposed our last axiom: coalition specific incentive

for cooperation, which is unique of its kind.

5 Comparison with existing solutions

In [27], it is conjectured that there exists a large class of linear values which can be characterized by

monotonicity. The k-SED value being a linear solution characterized by k-PMon therefore, belongs to

this large class of values.

Our value is also closely related to the solidarity value SolN proposed recently in [1]. For an integer

p in {0, 1, 2, ..., n− 1}, the payoff to player i ∈ N given by Solp due to [1] has the following form.

Solpi (v) =
∑

S⊆N :i∈S,s≤p

(n− s)!(s− 1)!

n!

(
v(S)−v(S\i)

)
+

∑
S⊆N :i6∈S,s=p

(n− s− 1)!s!

n!

(
v(N)−v(S)

)
. (5.1)

If p is drawn from {0, 1, 2, ..., n−1} according to the probability distribution β = {βp : p ∈ {0, 1, 2, ..., n−
1}} then the solidarity value SolN due to [1] induced by the probability distribution β is defined as

follows:

SolN (v) =

n−1∑
p=0

βpSol
p(v) (5.2)

It is easy to verify that if k = n−p, for p ∈ {0, 1, 2, ..., n−1}, then Φk−SED(v) = Solp(v∗) where v∗ given

by v∗(S) = v(N)− v(N \S) ∀S ⊆ N , is the dual game of v. This is because Φk−SED and SolN represent
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two opposite social situations. In case of SolN which is indeed the expected payoff vector of the average

payoff vectors Solk, k = 0, 1, ...n − 1, each player entering at position π(i) ≤ k obtains her contribution

v(P (π, i))− v(P (π, i) \ i) upon entering while each player entering at position π(i) > k obtains an equal

share of the remaining worth v(N) − v(P (π, π−1(k))). The k-SED value Φk−SED on the other hand,

awards equal share to each player entering at position π(i) ≤ k and her marginal contributions when she

enters at the position π(i) > k.

One of the key axioms in both [1] and our model to characterize the values Solp and Φk−SED involves a

type of null player. It is the p-null player for Solp and the k-nullifying null player for Φk−SED.

Given p ∈ {1, 2, 3, ..., n− 1}, v ∈ G(N), a player i ∈ N is called p-null player in v if

∀S ⊆ N, i ∈ S, s ≤ p, v(S) = v(S \ i) and ∀S ⊆ N, i 6∈ S, s = p, v(N) = v(S).

A value Φ satisfies p-null player axiom if for each p-null player in v, it holds that Φi(v) = 0. The two

players, the k-nullifying null player and the p-null player are similar, but they build on two completely

different social narratives. Unlike the k-nullifying null player, the p-null player is non-productive in all

coalitions till they reach a size p, and the worth of all coalitions of size p where she is not a member is

equal to the worth of the grand coalition. This axiom may possibly be considered somewhat restrictive

and demanding and is particularly specific to the requirement of the formulation of the solidarity value

SolN . It is not clear to what extent one can argue that it represents some social criterion. It is a matter

of further study that, why and how a player without being a member of a coalition of size p can influence

that coalition to generate the same worth as that of the grand coalition! The k-nullifying null player on

the other hand divides the class of coalitions into two groups, in one group it acts as a nullifying player

and in the other, as a null player. When k = 1 it is the null player and for k = n it is the nullifying

player. Note that the standard characterization of the Shapley value and the ED requires the null player

property[21] and the nullifying player property [24] respectively. Thus it also supports our intuition that

the k-nullifying null player inherits characteristics from both null and nullifying types of players.

We conclude this section with the following few observations from [1]. For details, refer to Propositions

6, 8 and 11 in [1].

Proposition 4. (Proposition 6 of [1], p. 72). Fix any p = {0, ..., n− 1}. If p = 0 then Sol0 = ED and

if p = n− 1 then Soln−1 = ΦSh.

Proposition 5. (Proposition 8 of [1], p. 73). A value Φ on G(N) belongs to SolN if and only if it can

be represented by

Φi(v) =
∑

S⊆N\i

s!(n− s− 1)!

n!

{
bΦs+1v(S ∪ i)− bΦs v(S)

}
with constants BΦ = {bΦs : s ∈ {0, 1, 2, ..., n}} such that

bΦ0 = 0, bΦn = 1, and ∀s ∈ {1, 2, ..., n− 1}, 1 ≥ bΦ1 ≥ bΦ2 ≥ ... ≥ bΦn−1 ≥ 0.

Furthermore, Φ = Solβ, where β = {βs : s ∈ {0, 1, 2, ..., n − 1}} is obtained from the transformation

BΦ 7→ β such that

β0 = 1− bΦ1 , βn−1 = bΦn−1 and ∀s ∈ {1, 2, ..., n− 2}, βs = bΦs − bΦs+1.

Proposition 6. (Proposition 11 of [1], p. 80) A value Φ on G(N) is equal to Solp for p ∈ {1, 2, ..., n−1}
if and only if it satisfies Eff, Equal treatment of equals, Additivity and the p-null player axiom.
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Proposition 4 above, shows that Sol0 = ΦED and Soln−1 = ΦSh and Proposition 6 characterizes Solp,

p ∈ {1, 2, ..., n − 1} using Eff, equal treatment of equals (Sym in our terminology), ADD and the p-null

player axiom. However, in view of Proposition 4, the axioms in Proposition 6 cannot characterize the

ED as Solp is equal to the ED, only when p = 0. Therefore, the characterization due to Proposition 6

does not seem to be a complete characterization from the Shapley value to the ED. On the other hand, all

the four characterizations we have proposed here, completely characterize the range of the k-SED values

starting from k = 1 to k = n including the Shapley value and the ED at the two extremes.

6 The α-SED value and implementation

Generalizing the k-SED value to include all possible values of k ∈ N in the line of [1], we define the α-SED

value as follows. Assume that the integer k is drawn from N according to the probability distribution

α = (αk : k ∈ N). Then the α-SED value Φα−SED induced by the probability distribution α is defined

for v ∈ G(N) as the expected payoff given by

Φα−SED(v) =

n∑
k=1

αkΦk−SED(v). (6.1)

Thus, the α-SED value computes the expected payoff of each player under the probability distribution α.

Remark 8. (a) If α1 = 1, αk = 0 for k ≥ 2 then Φα−SED = ΦSh.

(b) If αn = 1, αk = 0 for 1 ≤ k ≤ n− 1 then Φα−SED = ΦED.

Now we propose a mechanism that implements the k-SED and the α-SED values for zero-monotonic

games in Subgame Perfect Nash Equilibrium (SPNE). This mechanism is an adaptation of the mechanism

proposed in [1]. The difference in the proposed mechanism from the mechanism of [1] is in the take-it-

or-leave-it part of stage 3 of the Mechanism (B). In the step 4 of stage 3 of Mechanism B in [1], all

the players in position higher than (and including) p+ 1 leave with null payoff when the offer proposed

by player in position p+ 1 is not accepted by consensus. In our mechanism it will be the set of players in

position lower than (and including) p+ 1 (In our formulation, it is k + 1). For the sake of completeness

we will define the modified mechanism below and provide the proposition without proof.

Mechanism (M)

Consider any TU-game v ∈ G(N) and a probability distribution α = (αk)
n
k=1 on N and define A = {i ∈

N |αi 6= 0} the support of α.

Stage 1: Each player i ∈ N makes bids hik ∈ R, one for each position k ∈ A, under the following

constraint:

∑
k∈A

αkh
i
k = 0. (6.2)

For each position k ∈ A, define the aggregate bid Hk as:

Hk =
∑
i∈N

hik. (6.3)

Denote by ΩA the subset of positions with the highest aggregate bid.

Stage 2: Each player i ∈ N makes bids hiπ ∈ R, one for each permutation π ∈ Π(N), under the

constraint:
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∑
π∈Π(N)

1

n!
hiπ = 0. (6.4)

The condition given by Eq.(6.4) suggests that the designer gives each permutation π equal weights,

namely 1
n! . For each permutation π ∈ Π(N), the aggregate bid, defined in a similar way as in Stage 1,

is denoted by Hπ. Finally, denote by ΩΠ(N) the subset of permutations with the highest aggregate bid.

Stage 3: Pick at random any k ∈ ΩA and then any π ∈ ΩΠ(N). Together, position k and permutation π

induce a sequential bargaining game Gk,π whose payoffs are denoted by (gik,π)
i∈N . This bargaining game

contains the following steps:

(i) Player i ∈ N in position π(i) = k + 1 proposes an offer xij ∈ R to each other j ∈ N \ i.

(ii) The players other than player i, sequentially, either accept or reject the offer. If at least one

player rejects it, then the offer is rejected. Otherwise the offer is accepted.

(iii) If the offer is accepted, then the payoffs are given by:

gik,π = v(N)−
∑
j∈N\i

xij , and ∀j ∈ N \ i, gjk,π = xij . (6.5)

(iv) If the offer is rejected, then each player j in position π(j) ≤ k+1 leaves the bargaining procedure

with a null payoff, i.e. gjk,π = 0, while all the players j in positions π(j) ≥ k + 2 proceed to the

next round to bargain over v(Pπ
−1(k)(π)).

(v) The new proposer is player i in position π(i) = k + 2. Player i makes an offer xij ∈ R to every

other player j such that π(j) ≥ k+ 3. If the offer is unanimously accepted by all the players j in

position π(j) ≥ k + 3, then the payoffs are as follows:

gik,π = v(P i(π))−
∑

π(j)>π(i)

xij , and ∀j : π(j) > π(i), gjk,π = xij . (6.6)

If the offer is rejected, then player i in position π(i) = k+ 2 leaves the bargaining procedure with

a null payoff. Then, stage (iv) is repeated among the players j in position π(j) ≥ k + 3, where

the new proposer is player in position k+ 3. Stage (v) is repeated until a proposal is accepted. In

case, the bargaining procedure reaches the situation where the only active player i is such that

π(i) = n, then her payoff in Gk,π is equal to v(i).

Stage 4: Rewards (zik,π)i∈N resulting from Stage 1, 2 and 3 in Gk,π are defined as:

zik,π = gik,π − hik − hiπ +
Hk +Hπ

n
,∀i ∈ N. (6.7)

That is, each player pays her bids, receives an equal share of the aggregate bids Hk and Hπ plus the

payoff resulting from the bargaining procedure Gk,π. Finally, since k and π are chosen randomly in ΩA

and ΩΠ(N), the expected payoff of each player playing Mechanism (M) is given by

∀i ∈ N, mi =

∑
k∈ΩA

∑
π∈ΩΠ(N)

zik,π

|ΩA| × |ΩΠ(N)|
(6.8)

Proposition 7. Consider any zero-monotonic TU game v ∈ GN and a probability distribution α with

support A ⊆ {1, · · · , n}. Then, Mechanism (M) implements the α-SED value in SPNE.

Proof. The proof follows the steps of the proof in [1] closely adjusting for the order of the agents in

take-it-or-leave-it step. Therefore we omit the proof.
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7 Conclusion

We started with the proposal of a new value for TU games that exhibits the characteristics of the Equal

Division rule in small coalitions and the Shapley value in sufficiently large coalitions. The procedure

for obtaining this value is driven by the assumption that players in small groups share their collective

resource in an egalitarian manner, but become more competitive with the increase of the size of the

group. In large groups, where people are less likely to be altruistic, it is the marginal productivity of

each member that controls a fair distribution of their resources. This value clearly reflects such a social

phenomenon. Our model generates a whole range of values that includes the Shapley value and the

ED at its two extremes. We provide four characterizations of the proposed value and have developed a

mechanism that implements our values in sub-game perfect Nash equilibrium. There are possibilities to

explore alternative characterizations of the proposed value. We keep this for our future research.
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Appendix

Logical Independence of the axioms of Theorem 1

In the following, we show the logical independence of the axioms in Theorem 1.

Dropping Eff : The value Φ1 : G(N)→ Rn given by Φ1
i (v) =

1

2n−1

∑
S⊆N :s≥k

{
v(S∪i)−v(S)

}
satisfies

Sym, Lin and k-NNPP but does not satisfy Eff.

Dropping Lin: Define a new value Φ2 : G(N) → Rn given by Φ2
i (v) =

Φ1
i (v)∑

j∈N Φ1
j (v)

v(N) for all i ∈ N

if
∑
j∈N Φ1

j (v) 6= 0. Then Φ2 satisfies Sym, Eff and k-NNPP but does not satisfy Lin.

Dropping k-NNPP: The value Φ3 : G(N) → Rn given by Φ2
i (v) =

v(N)

n
satisfies Sym, Lin, Eff but

does not satisfy k-NNPP for k < n.

Dropping Sym: Consider the basis W = {wS : S 6= ∅} for G(N). Each i 6∈ S is a k-nullifying null

player for the game wS . Let π : S → S be a permutation on S. Define r = min{π(j)|j ∈ S}. Define a

value Φ4 : G(N) → Rn given by Φ4
r(wS) = wS(N) and Φ4

j (wS) = 0 for all j ∈ N \ r. Then Φ4 satisfies

Lin, Eff and k-NNPP but does not satisfy Sym.

Logical Independence of the axioms of Theorem 2

Dropping Eff : The value Ψ5 : G(N)→ Rn given by

Ψ5
i (v) =

1

2n−1

∑
S⊆N :s≥k

{
v(S ∪ i)− v(S)

}
satisfies Sym and k-CSE but does not satisfy Eff.

Dropping Sym: Define a value Ψ6 : G(N) → Rn given by Ψ6
1(v) = Φk−SED

1 (v) + 2 and Ψ6
i (v) =

Φk−SED
i (v)− 2

n− 1
for all i ∈ N \ 1. Clearly Ψ6 satisfies Eff and k-CSE. But Ψ6 does not satisfy Sym.

Dropping k-CSE: Let the value Ψ7 : G(N)→ Rn be as defined in (b). Define a new value Ψ7 : G(N)→

Rn given by Ψ7
i (v) =

Ψ6
i (v)∑

j∈N Ψ6
j (v)

v(N) for all i ∈ N if
∑
j∈N Ψ6

j (v) 6= 0. Then Ψ7 satisfies Sym and Eff

but does not satisfy k-CSE.

Logical Independence of the axioms of Theorem 4

Dropping Eff : The value Ψ1 defined by Ψ1
i (v) =

1

2n−1

∑
S⊆N :s≥k:i 6∈S

{
v(S ∪ i)− v(S)

}
satisfies F and

k-NNPP but does not satisfy Eff.

Dropping k-NNPP: The egalitarian rule ΦED : G(N) → Rn given by ΦEDi (v) =
v(N)

n
for all i ∈ N ,

satisfies Eff and F but it does not satisfy the k-NNPP for k < n.

Dropping F: The value Ψ2 defined by Ψ2
i (v) =

Ψ1
i (v)∑

j∈N Ψ1
j (v)

v(N) for all i ∈ N (if
∑
j∈N Ψ1

j (v) 6= 0)

satisfies Eff and k-NNPP but does not satisfy F.
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