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An optimal reinsurance management and
dividend payout strategy when the insurer’s
reserve is an Ito–Levy process
Sure Mataramvura*

Abstract: We solve the problem of an insurer who decides to optimally allocate
a proportion (1—a(t)) of premiums to a re-insurance company (thereby retaining
a proportion a(t) of premiums) and who also has to optimally pay dividends c(t) at
any time t to shareholders. If the insurer’s reserve x(t) is a given Ito–Levy process
and the shareholders' preferences are given by a general constant relative risk
aversion utility function, we set the problem as a stochastic control problem and
solve the resulting HJB equation. Results are discussed in detail and show that it is
optimal that premiums and dividends be directly proportional to the reserve. High
premium lead to high reserves which in turn leads to high premium payouts. This
paper contributes to the rich area of stochastic control and also it helps insurers
whose reserves can be modelled, to make technical decisions of how to charge
premiums, reinsure liabilities and pay dividends to shareholders.
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1. Introduction
The motivation of this research stems from De Finetti (1957) where the feeling among researchers is
that insurance companies can maximize dividend payouts to shareholders through reinsurance. This
then has to be done in an optimal way. We solve a problem of an insurance company with known
reserve process and which can control the proportion aðtÞ of its premiums (and claims) while the
proportion 1� aðtÞ is held by a reinsurance company. The idea of constructing the reserve of the
insurance company stems from Cramér—Lundberg discrete time model with current extensions to
continuous time models like we have. The emphasis then was on ruin probability arguments. This
paper considers a reserve process which is a Lévy- Itô process with a safety loading on the premium.
A similar model with no jumps exists in literature (see, eg, Yong and Zhou (1999) or Marufu (2014)).
The insurance company is also responsible for the payment of a dividend cðtÞ to its shareholders who
have a CRRA utility function. The choice of the utility function together with the addition of the jumps
makes this research different from previous work. An optimal premium and optimal dividend payout
are found which maximize the shareholder’s expected cumulative utility of dividend payment up to
bankruptcy or insolvency. In Højgaard and Taskar (1999) the authors consider a Brownian motion
with drift as model for reserve process and a completely different utility function (linear in their case)
while in Taksar and Zhou (1998) the reserve process is similar to ours on drift and diffusion part while
the dividend payout structure and utility functions are different plus there are no jumps. Our utility
function is of a generalized Constant Absolute Risk Aversion (CARA) which in part is a power utility
function and, on the other hand, a logarithmic utility function. The optimal risk allocation (premium
sharing with the reinsurance company) and dividend payout are obtained by use of dynamic
programming which is preferred to the other common maximum principle since our control is
Markovian. One surprising result is that the optimal premium and dividend payout are independent
of time t, but both are proportional to the reserve.

Our contribution in this paper is threefold, first, to the best of our knowledge this is the first time
the reserve process of the type used has been used for a study of this type, second, the con-
sideration of the investor’s general CRRA utility type is the first time it has been applied to
a reinsurance-dividend payout problem and third we have managed to prove that the value
function in our stochastic control setup is independent of time, an important contribution to any
future studies. Other important results discussed at the end are also new results for this study. Our
paper is structured as follows: the next section looks at the model framework after which we solve
the HJB equations in the next section which has the main results of this paper. Each result is
discussed with respect to implications to insurance-reinsurance strategy. Finally, we conclude.

2. The model
Consider a time horizon T 2 ½0;1Þ and t 2 ½0; T� be a starting time of xðsÞ; ðs 2 ½t; T�Þ, where xðsÞ, the
insurer’s reserve is given by

dxðsÞ ¼ aðsÞμ� cðsÞð Þdsþ aðsÞdBðsÞ þ
ð
R

γaðsÞz~Nðds;dzÞ (2:1)

xðtÞ ¼ x > 0

Here 0 � aðsÞ � 1 is the insurer’s premium, such that 1� aðsÞ is the reinsurance’s portion of
premiums and claims, μ is the “safety loading” and cðsÞ is the dividend payout to shareholders of

the company. Also BðsÞ is a standard Brownian motion and ~Nðds;dzÞ is a Poisson random measure
independent of BðsÞ (see Øksendal & Sulem, 2007 for more treatment of Lévy processes). We

consider ν to be the Lévy measure of xðsÞ satisfying
ð
Rn 0f g

ð1 ^ z2ÞνðdzÞ < 1, ie, xð:Þ has paths of

bounded quadratic variation and such that
ð
jzj � 1

jzjνðdzÞ < 1 (meaning x(s) has on average

a finite number of jumps of size greater than 1 by unit time). Observe that the threshold of 1 is
just arbitrary. Any other threshold, eg, R > 0 could be chosen.
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Consider a probability space Ω;F ; P;F sð Þ where F s is the natural filtration of xðsÞ. We assume
that both aðsÞ and cðsÞ are non-anticipative. Define the control πðsÞ ¼ ðaðsÞ; cðsÞÞ and let AðtÞ be
the set of all admissible controls π such that (2.1) has a unique strong solution xðsÞ (in reality we
are happy with Markov controls which are enough for our problem).

We assume that the shareholder’s utility function over dividend payouts isUðcÞ ¼
cβ
β ; if 0 < β <1
lnðcÞ if β ¼ 0

�

Note that, for β � 0, the case β ¼ 1� ln jεj (ε < 0:1) was studied in Krvavych (1992). In this case,
ε is defined as the maximal accepted level of the insurer’s ruin probability as demanded by the
regulatory authority. This would restrict our case to 0 < β < 1 . Our choice of utility function is to
have a utility function that exhibits constant relative risk aversion (CRRA) for all 0 � β < 1.

Define τ ¼ inf s � t : xðsÞ ¼ 0f g as the bankruptcy time where τ ¼ 1 is equivalent to saying that

almost surely the company never being bankrupt. Note that ðτ; xðτÞÞ 2 @D� whereD� ¼ ½0; T� � R
þ. In

that case, the boundary ofD� is @D� ¼ ½0; T� � @Rþ� � [ Tf g � R
þ� �

so either the insurer will become

bankrupt before terminal time in which case τ is the first exit time of xðsÞ from R
þ or the insurer will

remain almost surely solvent till maturity in which case xðsÞ > 0 for all s 2 ½t; T�.

Jðt; x; πÞ ¼ E
ðτ
t
e�rsUðcðsÞÞds

� �
and (2:2)

Vðt; xÞ ¼ sup
π2AðtÞ

Jðt; x; πÞ (2:3)

Here Jð:; :; :Þ is the reward function which gives the shareholder’s discounted expected cumulative
dividends payout up to bankruptcy and Vðt; xÞ is the value function which gives optimal reward.
The problem is to find an optimal control π�ð:Þ ¼ ða�ð:Þ; c�ð:ÞÞ and optimal reward V(t,x) such
that Vðt; xÞ ¼ Jðt; x; π�Þ.
Proposition 2.1 V(t,x) defined on (2.3) is a concave function in x.

PROOF.

We follow the same argument as in Taksar and Zhou (1998) albeit in a jump case. Let π1ð:Þ ¼
ða1ð:Þ; c1ð:ÞÞ and π2ð:Þ ¼ ða2ð:Þ; c2ð:ÞÞ be two policies admissible at x1ð:Þ and x2ð:Þ respectively where
x1ðsÞ and x2ðsÞ are two solutions of (2.1). Let also λ 2 R be such that 0 � λ � 1 . Fix t 2 ½s; τ� and
define

x3ð:Þ ¼ λx1ð:Þ þ ð1� λÞx2ð:Þ

and

π3ð:Þ ¼ ða3ð:Þ; c3ð:ÞÞ ¼ λða1ð:Þ; c1ð:ÞÞ þ ð1� λÞða2ð:Þ; c2ð:ÞÞ

Then

π3ð:Þ 2 Að:Þ. Let also τ1; τ2 and τ3 be respectively bankruptcy times for x1ð:Þ; x2ð:Þ and x3ð:Þ, then
(2.1) implies that

Jðt; x3; a3ð:Þ; c3ð:ÞÞ ¼ λJðt; x1; a1ð:Þ; c1ð:ÞÞ þ ð1� λÞJðt; x2;a2ð:Þ; c2ð:ÞÞ. Taking supremum both sides,
we get

V t; λx1 þ ð1� λÞx2ð Þ � λVðt; x1Þ þ ð1� λÞVðt; x2Þ:

Note also that τ3 ¼ τ1 ^ τ2 □

3. The HJB equations and main results
We now setup the HJB equations. For a more generalized setting, see Øksendal and Sulem (2007).
For our case, we define the domain
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D ¼ ðs; xÞ : t � s � τ;0 < x � x0f g as the “continuation region”, for some x0 to be deter-

mined. From Øksendal and Sulem (2007), and for ϕðt; xÞ 2 C1;2ðDÞ using the convention

Dxϕðt; xÞ ¼ dϕðt;xÞ
dx ¼ ϕxðt; xÞ and Dxxϕðt; xÞ ¼ d2ϕðt;xÞ

dx2 ¼ ϕxxðt; xÞ we get that the generator of the

controlled process yðtÞ ¼ sþ t
xðtÞ

� �
with yð0Þ ¼ t

x

� �
is

Aπϕðt; xÞ ¼ ϕtðt; xÞ þ ðaμ� cÞϕxðt; xÞ þ
1
2
a2ϕxxðt; xÞ

þ
ð
R

ϕðt; xþ γazÞ � ϕðt; xÞ � γazϕxðt; xÞf gνðdzÞ:

The HJB equation is (see Øksendal & Sulem, 2007 for this specific control problem)

sup
π2A

Vtðt; xÞ þ Hðt; x; π;DxVðt; xÞ;DxxVðt; xÞÞf g ¼ 0 (3:1)

where

Hðt; x; π;DxVðt; xÞ;DxxVðt; xÞÞ ¼ ðaμ� cÞVxðt; xÞ þ 1
2
a2Vxxðt; xÞ

þ
ð
R

Vðt; xþ γazÞ � Vðt; xÞ � γazVxðt; xÞf gνðdzÞ þ e�rtUðcÞ

is the Hamiltonian for this control problem.

Case 1: ν ¼ 0 and β�0

Note that the utility function UðcÞ ¼ cβ
β is homothetic, and hence one can easily prove

that Vðt; xÞ ¼ Vðt;1Þxβ.

It is thus natural to assume a reward function of the form Vðt; xÞ ¼ e�rtKðtÞxβ for some
function KðtÞ to be determined.

Proposition 3.1 Let ν ¼ 0 and 0 < β < 1. Then there cannot be KðtÞ such that Vðt; xÞ ¼ e�rtKðtÞxβ.

PROOF. The optimal portfolio is found directly from the HJB Equation (3.1) whereby the value
function Vðt; xÞ is expected to be of the form

Vðt; xÞ ¼ e�rtKðtÞ xββ for some K(t) to be determined. Note that a similar result can be obtained

with Vðt; xÞ ¼ e�rtKðtÞxβ so the above assumption is without loss of generality. However, substitut-
ing this into the HJB equation leads to a Bernoulli differential equation

K0ðtÞ þ μ2β

2ð1� βÞ � r
� �

KðtÞ þ ð1� βÞ KðtÞð Þ β
β�1 ¼ 0:

Let θ ¼ 1
1�β

μ2β
2ð1�βÞ � r
	 


then the natural condition V(t,0) = 0 gives a solution to the Bernoulli

equation as KðtÞ ¼ 1
θ e�θt � 1
� �� �1�β

, which immediately gives c�ðtÞ ¼ θx
e�θt�1 .

Note that if θ > 0 then e�θt � 1 < 0 for all t > 0. Equally if θ < 0 then e�θt � 1 > 0 for all t > 0.
Therefore there is no θ such that KðtÞ is well defined and such that c�ðtÞ � 0 □

Proposition 3.2 Let ν ¼ 0, 0 < β < 1, 0 < μ <
ffiffiffiffiffiffiffiffiffiffiffiffi
2rð1�βÞ

β

q
and define x0 :¼ 1�β

μ . Then the optimal control
π� ¼ ða�; c�Þ is given by

a� ¼ μx
1�β and c� is independent of time and given by c� ¼ 1

1�β r � μ2β
2ð1�βÞ

	 

x. Moreover, if x ¼ x0

then a� ¼ 1 ) 1� a� ¼ 0
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The value function for this stochastic control problem is

Vðt; xÞ ¼ e�rt 1
1� β

r � μ2β

2ð1� βÞ
� �� �β�1

xβ

β
; x � 0

PROOF.

Due to (3.1), we know that π� cannot be time dependent for this case.

Now, assume that Vðt; xÞ is of the form Vðt; xÞ ¼ e�rtK xβ
β for some constant K to be determined.

Then substitution in the HJB equation yields

K ¼ 1
1�β r � μ2β

2ð1�βÞ
	 
	 
β�1

. Now the condition c� ¼ K
1

β�1x then gives the result for both c�

and Vðt; xÞ

The condition 0 < μ <
ffiffiffiffiffiffiffiffiffiffiffiffi
2rð1�βÞ

β

q
is necessary for K to be defined for all 0 < β < 1, otherwise the

value function will be negative or undefined for some values of r and β . Clearly Vðt; xÞ 2 C1;2ðDÞ
and a Verification Theorem (see Øksendal, 2003 for theorem) applied to V(t,x) shows that it is
really the optimal reward. □

Remark 3.3

We draw a lot of insights from Proposition 3.2.

(1) First, the portion of premium a� due to the insurance company is directly proportional to the

reserve up to the threshold x0 ¼ 1�β
μ after which the insurer would take all premiums and

pay all liabilities, ie, a� ¼ 1 for x ¼ x0. Note that if x > x0, then a� > 1 which is not possible.
We thus view x0 as the insurance vs no-reinsurance threshold as indicated on the graph
below.

(2) The threshold x0 is inversely proportional to the safety loading μ. The smaller the safety
loading the greater the threshold meaning that if the insurer wants to quickly “go it solo”
without the aid of reinsurance, then the insurer should raise its safety loading. Alternatively,
if the insurance company charges less safety loading, they would need more money in
reserve before switching to the no-reinsurance region. But the insurance company cannot
afford not to charge the safety loading, ie, the case μ ¼ 0 is not possible. In limit (since x0
will not be defined) it would result in a� ¼ 0 meaning the insurance company will have to
reinsure all the liability which does not make sense. It is as good as not insuring the liability

at all. Actually, the condition 0 < μ <
ffiffiffiffiffiffiffiffiffiffiffiffi
2rð1�βÞ

β

q
makes it impossible to consider the case of no

safety loading.

a∗

xx00

reinsurance
no-reinsurance
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(3) The optimal dividend payout is also directly proportional to the reserve for the case β � 0.
The constant of proportionality is time independent, a result we proved before. For the case
0 < μ < 1, then for fixed β, then c� is an increasing function of μ, that is, the more safety
loading, the more dividend payout. On the other hand, for μ > 1, then c� is a decreasing
function of μ, ie, the more safety loading, the less dividend payout. □

Case 2 ν � 0 and β � 0

As in the other case, we look for πð:Þ ¼ ðað:Þ; cð:ÞÞ that maximizes

h0ða; cÞ ¼ Vtðt; xÞ þ ðaμ� cÞVxðt; xÞ þ 1
2
a2Vxxðt; xÞ

þ
ð
R

Vðt; xþ γazÞ � Vðt; xÞ � γazVxðt; xÞf gνðdzÞ þ e�rtUðcÞ

and such that

h0ða�; c�Þ ¼ 0. The HJB equation from this is an integral-differential equation

sup
π2AðxÞ

½Vtðt; xÞ þ ðaμ� cÞVxðt; xÞ þ (3:2)

1
2
a2Vxxðt; xÞ þ

ð
R

Vðt; xþ γazÞ � Vðt; xÞ � γazVxðt; xÞf gνðdzÞ þ e�rtUðcÞ� ¼ 0

By “guessing” the value function as in the previous case (due to the homothetic property), we get

c� ¼ K
1

β�1x for some K to be determined and a�, if it exists, is a solution of the polynomial equation

μ� að1� βÞ
x

þ
ð
R

1þ γaz
x

	 
β�1
γz� γz

� �
νðdzÞ ¼ 0:

It is not clear whether this equation always gives a unique solution 0 � a � 1. However, we can
show that in special circumstances, a unique optimal control π� can be found. To see this, we

assume as before that Vðt; xÞ ¼ e�rtK xβ
β , so that maximizing h0ða; cÞ implies:

μxβ�1 � ð1� βÞaxβ�2 þ
ð
R

γz xþ γazð Þβ�1 � γzxβ�1
n o

νðdzÞ ¼ 0 (3:3)

c� ¼ K
1

β�1x (3:4)

Let

fðaÞ ¼ μxβ�1 � ð1� βÞaxβ�2 þ
ð
R

γz xþ γazð Þβ�1 � γzxβ�1
n o

νðdzÞ

then

● fð0Þ ¼ μxβ�1 > 0

● lim
a!1 fðaÞ ¼ �1

● f 0ðaÞ ¼ �ð1� βÞ xβ�2 þ
ð
R

γz xþ γazð Þβ�2νðdzÞ
� �

< 0, so that fðaÞ is a decreasing function for
all 0 < a < 1.

Therefore, there exists a unique solution a� to Equation (3.3). Given numerical values of para-
meters, one can easily solve numerically for a� where algebraic methods are not sufficient.

Substituting a� and c� in (3.4) into the HJB equation, and assuming that

μ > x
βa�

ð
R

1þ γa�z
x

	 
β
� 1� γβa�z

x

� �
νðdzÞ � ða�Þ2βð1�βÞ

2x2 � r
� �

, then
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K ¼ 1
1� β

r þ μβa�

x
þ ða�Þ2βð1� βÞ

2x2
�
ð
R

1þ γa�z
x

� �β

� 1� γβa�z
x

( )
νðdzÞ

 ! !β�1

:

Note that, the results for the case ν ¼ 0 in Case 1 shows that a� is of the form a� ¼ gðμÞx, for
some function g of the safety loading μ. In that case, K will be constant and equal to

K ¼ 1
1� β

r þ μβgðμÞ þ 1
2
βð1� βÞg2ðμÞ �

ð
R

1þ γgðμÞzð Þβ � 1� γβgðμÞz
n o

νðdzÞ
� �� �β�1

and finally, the value function is Vðt; xÞ ¼ e�rtK xβ
β . This proves the following general result for the

case β�0:

Proposition 3.4 Suppose that the reserve of the insurance company is given by the Lévy -Itô process
(2.1) . If the shareholder’s utility function of dividend yield is UðcÞ ¼ cβ

β then the optimal control π� ¼
ða�; c�Þ that solves (2.3) is given by

a� ¼ gðμ; βÞx (3:5)

c� ¼ Kðμ; r; βÞð Þ 1
β�1x (3:6)

where both gð:; :Þ and Kð:; :; Þ are constants which depend on the safety loading μ, the interest rate

r and the risk-reversion index β. The value function is Vðt; xÞ ¼ e�rtKðμ; r; βÞ xββ . In particular, for the

case x > x0 ¼ 1
gðuÞ , then the insurance company will take all risk and does not re-insure the liability.

For the case ν ¼ 0 then

gðuÞ ¼ μ

1� β
while K ¼ 1

1� β
r � μ2β

2ð1� βÞ
� �� �β�1

Surely Vðt; xÞ 2 C1;2ðDÞ and a Verification Theorem (see Øksendal, 2003 for the case ν ¼ 0;
Øksendal & Sulem, 2007 for the case ν � 0), shows that π� is really optimal and that Vðt; xÞ is
the value function. The verification theorem proof will be standard and will be omitted here.

Example 3.5

We look at a special example of the above for some special approximation:

Assume that 1þ γaz
x

� �β�1 � 1þ ðβ� 1Þ γazx by Taylor approximation and assuming that

0 < μ <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2rð1� βÞð1þ

ð
R

γ2z2νðdzÞÞ
β

vuuut

then we get

a� ¼ μx

ð1�βÞ 1þ
ð

R

ðγzÞ2νðdzÞ
� � and the optimal dividend payout for this case is c� ¼ K

1
β�1x

where K ¼ 1
1�β r � μ2β

2ð1�βÞð1þ
ð

R

γ2z2νðdzÞÞ

0
BB@

1
CCA

0
BB@

1
CCA

β�1

.

The corresponding threshold for reinsurance is now

x0 ¼ ð1� βÞ
μ

1þ
ð
R

ðγzÞ2νðdzÞ
� �

:
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Note that since 1þ
ð
R

ðγzÞ2νðdzÞ > 0 for all z, then the threshold for the special case with jumps is

always more than the threshold for the case without jumps. We then conclude for this case that in
the presence of jumps the insurance company would need more in reserve before insuring all
liability than in the case with no jumps. The jumps bring more risk. All the other observations for a�

raised in Case 1 also apply for this case.

In this case, we can retrieve the same value for K as in Case 1 by simply letting ν ¼ 0 .

Substituting, we get c� ¼ 1
1�β r � μ2β

2ð1�βÞð1þ
ð

R

γ2z2νðdzÞÞ

0
BB@

1
CCAx

and note that the dividend payment for the case with jumps is less than that for the case with
no jumps because of the existence of the factor 1þ

ð
R

ðγzÞ2νðdzÞ on the denominator.

The reward function is

Vðt; xÞ ¼ e�rt 1
1� β

r � μ2β

2ð1� βÞð1þ
ð
R

γ2z2νðdzÞÞ

0
BB@

1
CCA

0
BB@

1
CCA

β�1

xβ

β

Case 3: β ¼ 0

Proposition 3.6 Let β ¼ 0, and without loss of generality, lets consider the approximation in the

example above so that λ ¼ 1þ
ð
R

γ2z2νðdzÞ. Then the optimal control π� ¼ ða�; c�Þ is given by

a� ¼ μx and c� ¼ rx where the optimal payoff or reward function is

Vðt; xÞ ¼
e�rt

1
2u

2�rþr ln r
r2 þ 1

r ln x
	 


if ν ¼ 0

e�rt
1
2u

2 1
λ� 1

λ2

	 

�rþr ln r

r2 þ 1
r ln x

0
@

1
A if ν � 0

8>>><
>>>:

where for the case ν � 0 we have ignored higher order powers of a in the Taylor expansion
of Vðt; xþ γazÞ.
PROOF.

□

In this case we have

a� ¼ �μ ψx
ψxx

if ν ¼ 0
�μ ψx

ψxxλ
if ν � 0

(

and

c� ¼ e�rt

ψx
and the HJB equation becomes

Vt � μ2

2
V2
x

Vxx
� e�rtð1þ rtÞ � e�rt lnVx ¼ 0 if ν ¼ 0 (3:7)

Vt � μ2

2
1
λ
� 1
λ2

� �
V2
x

Vxx
� e�rtð1þ rtÞ � e�rt lnVx ¼ 0 if ν � 0 (3:8)

whose solution is

Vðt; xÞ ¼ e�rt
1
2u

2�rþr ln r
r2 þ 1

r ln x
	 


for ν ¼ 0 and
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Vðt; xÞ ¼ e�rt
1
2u

2 1
λ� 1

λ2

	 

�rþr ln r

r2 þ 1
r ln x

0
@

1
A for ν�0. □

The following observations hold for this case

(1) The first observation of Remark 3.3 is confirmed through separate computations for the case

UðcÞ ¼ lnðcÞ (ie, the case β ¼ 0). As a result, the threshold is now x0 ¼ 1
μ and the first two

remarks above hold for the proportion a� in this case.

(2) The dividend payout is directly proportional to the reserve with the bank interest rate being
the constant of proportionality. The more the reserve or the higher the interest rates or both,
the more dividend to be paid out.

Just as in the case β�0, we generalized the result for the case ν�0, as follows:

Proposition 3.7 Suppose that the reserve of the insurance company is given by the Lévy -Itô process
(2.1) . If the shareholder’s utility function of dividend yield is UðcÞ ¼ ln c then the optimal control
π� ¼ ða�; c�Þ that solves (2.3) is given by

a� ¼ gðμÞx (3:9)

c� ¼ fðrÞx (3:10)

where both gð:Þ and fð:Þ are constants which depend on the safety loading μ and the interest rate

r respectively. The value function is Vðt; xÞ ¼ e�rt Kðμ; rÞ þ 1
r ln x

� �
. In particular, for the case

x > x0 ¼ 1
gðuÞ , then the insurance company will take all risk and does not re-insure the liability. In

particular, for the case ν ¼ 0 then

gðuÞ ¼ μ; fðrÞ ¼ r while K ¼
1
2u

2 � r þ r ln r
r2

Remark 3.8

The stopping time τ, which is the insolvency time, is not a control variable since the insurance
company cannot decide when to be insolvent. As a result it is not part of the solution. It turns out
that in both cases

τ ¼ inf t � 0 : xðtÞ ¼ x0f g where x0 has been determined as “threshold” time.

4. Conclusion
Wehave solved an insurance-reinsurance problemofmaximizing the dividend payout to shareholders
through reinsurance. The shareholder is deemed to have CRRA utility function with results showing
that the optimal dividend payout and the premiummust be proportional to the reserve with constant
coefficients of proportionality which depend on the safety loading, interest rate and coefficient of risk
aversion where applicable. The constants of proportionality will never be time dependent in all cases.
An extension of this work is to consider the case when dividend payouts are not continuous but
depend on the status of the reserve. This will lead to regime-switching arguments which can still be
solved on condition that the controlled process xð:Þ is proved to have a unique strong solution and that
an optimal control will exist. The results help insurers in decision-making. The interplay between
paying dividends and deciding on reinsuring liabilities is complex as demonstrated. Results show
that retention of risk and dividend payments are expected to increase as the insurer’s reserve
increases and both depend on the investor’s level of risk aversion. If this problem involved decisions
on investment, the type of utility function, ie, one that exhibits constant relative risk aversion would
have resulted in a constant allocation of the proportion of wealth allocated to risky investments. Our
results offer a different scenario. Take the case of power utility function. If β is high, then 1� β is low
and both a� and c� increase. The optimal reward also increases for the investor. This is more evident
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when there are no jumps. Therefore, if investors have low relative risk aversion then insurers should
pay themmore dividends because the premiumswill be high resulting in increased reserve. This results
in increased payoff. The reverse is also true. Of interest is also the effect of interest rates on dividend
payouts. We note that an increase in interest rates results in an increase in dividend payouts. This is
independent of the presence of jumps. The economic significance of this is not certain suffice to say
that the value, in present value terms, of cashflows decreases with high interest rates. Therefore,
increasing dividend payout works for investors who are averse to interest rate risk, who may demand
more in dividends in line with the liquidity preference theory, with time replaced by interest rates.
Finally, we posit that this paper does not solve the problems of minimum cash requirements as
proposed by Solvency I, II or II regulations because it only looks at one aspect of the insurance
company, ie, its reserves. It will be interesting to include this aspect in future discussions.
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