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An optimal reinsurance management and
dividend payout strategy when the insurer’s
reserve is an Ito-Levy process

Sure Mataramvura*

Abstract: We solve the problem of an insurer who decides to optimally allocate

a proportion (1—a(t)) of premiums to a re-insurance company (thereby retaining

a proportion a(t) of premiums) and who also has to optimally pay dividends c(t) at
any time t to shareholders. If the insurer’s reserve x(t) is a given Ito-Levy process
and the shareholders' preferences are given by a general constant relative risk
aversion utility function, we set the problem as a stochastic control problem and
solve the resulting HJB equation. Results are discussed in detail and show that it is
optimal that premiums and dividends be directly proportional to the reserve. High
premium lead to high reserves which in turn leads to high premium payouts. This
paper contributes to the rich area of stochastic control and also it helps insurers
whose reserves can be modelled, to make technical decisions of how to charge

premiums, reinsure liabilities and pay dividends to shareholders.
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and dividend payouts depend linearly on the
reserve process. Therefore, an increase in pre-
miums results in an increase in reserves which in
turn increases the dividend payouts. The problem
has been solved using stochastic control methods
applicable to cases like these where the reward
function is continuous. The risk retention level and
dividend payout also depend on the investor, Ads
level of risk aversion and bank interest rates. It
turns out that the choice of constant relative risk
aversion (CRRA) utility type indicates that a low
relative risk aversion and high interest rates imply
demands for high dividend payouts from
investors.
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1. Introduction

The motivation of this research stems from De Finetti (1957) where the feeling among researchers is
that insurance companies can maximize dividend payouts to shareholders through reinsurance. This
then has to be done in an optimal way. We solve a problem of an insurance company with known
reserve process and which can control the proportion a(t) of its premiums (and claims) while the
proportion 1 — a(t) is held by a reinsurance company. The idea of constructing the reserve of the
insurance company stems from Cramér—Lundberg discrete time model with current extensions to
continuous time models like we have. The emphasis then was on ruin probability arguments. This
paper considers a reserve process which is a Lévy- It6 process with a safety loading on the premium.
A similar model with no jumps exists in literature (see, eg, Yong and Zhou (1999) or Marufu (2014)).
The insurance company is also responsible for the payment of a dividend c(t) to its shareholders who
have a CRRA utility function. The choice of the utility function together with the addition of the jumps
makes this research different from previous work. An optimal premium and optimal dividend payout
are found which maximize the shareholder’s expected cumulative utility of dividend payment up to
bankruptcy or insolvency. In Hgjgaard and Taskar (1999) the authors consider a Brownian motion
with drift as model for reserve process and a completely different utility function (linear in their case)
while in Taksar and Zhou (1998) the reserve process is similar to ours on drift and diffusion part while
the dividend payout structure and utility functions are different plus there are no jumps. Our utility
function is of a generalized Constant Absolute Risk Aversion (CARA) which in part is a power utility
function and, on the other hand, a logarithmic utility function. The optimal risk allocation (premium
sharing with the reinsurance company) and dividend payout are obtained by use of dynamic
programming which is preferred to the other common maximum principle since our control is
Markovian. One surprising result is that the optimal premium and dividend payout are independent
of time t, but both are proportional to the reserve.

Our contribution in this paper is threefold, first, to the best of our knowledge this is the first time
the reserve process of the type used has been used for a study of this type, second, the con-
sideration of the investor's general CRRA utility type is the first time it has been applied to
a reinsurance-dividend payout problem and third we have managed to prove that the value
function in our stochastic control setup is independent of time, an important contribution to any
future studies. Other important results discussed at the end are also new results for this study. Our
paper is structured as follows: the next section looks at the model framework after which we solve
the HJB equations in the next section which has the main results of this paper. Each result is
discussed with respect to implications to insurance-reinsurance strategy. Finally, we conclude.

2. The model
Consider a time horizon T € [0,) and t € [0, T] be a starting time of x(s), (s € [t, T]), where x(s), the
insurer’s reserve is given by

dx(s) = (a(s)u —c(s))ds + a(s)dB(s) +J ya(s)zN(ds, dz) (2.1)
R

x(t)=x>0

Here 0 < a(s) < 1is the insurer’s premium, such that 1 — a(s) is the reinsurance’s portion of
premiums and claims, y is the “safety loading” and c(s) is the dividend payout to shareholders of
the company. Also B(s) is a standard Brownian motion and N(ds, dz) is a Poisson random measure
independent of B(s) (see @ksendal & Sulem, 2007 for more treatment of Lévy processes). We

consider v to be the Lévy measure of x(s) satisfying J (1 AZ%)u(dz) < oo, ie, x(.) has paths of
R\ {0}

bounded quadratic variation and such that J |zlv(dz) < oo (meaning x(s) has on average
lzl >1

a finite number of jumps of size greater than 1 by unit time). Observe that the threshold of 1 is

just arbitrary. Any other threshold, eg, R > 0 could be chosen.

Page 2 of 11



Mataramvura, Cogent Economics & Finance (2019), 7: 1698939 0«;&;’ Cogent P economics & ﬁ nance

https://doi.org/10.1080/23322039.2019.1698939

Consider a probability space (Q,F,P,Fs) where F is the natural filtration of x(s). We assume
that both a(s) and c(s) are non-anticipative. Define the control z(s) = (a(s),c(s)) and let A(t) be
the set of all admissible controls z such that (2.1) has a unique strong solution x(s) (in reality we
are happy with Markov controls which are enough for our problem).

N . - . g ifo<p<1

We assume that the shareholder’s utility function over dividend payouts is U(c) = { lﬂn(c) i -0

Note that, for # # 0, the case f =1 — In¢| (¢ < 0.1) was studied in Krvavych (1992). In this case,
¢ is defined as the maximal accepted level of the insurer’s ruin probability as demanded by the
regulatory authority. This would restrict our case to 0 < # < 1. Our choice of utility function is to
have a utility function that exhibits constant relative risk aversion (CRRA) forall 0 < g < 1.

Define z =inf {s > t: x(s) = 0} as the bankruptcy time where r = o is equivalent to saying that
almost surely the company never being bankrupt. Note that (z, x(z)) € 9D* where D* = [0,T] x R*.In
that case, the boundary of D*is D" = ([0,T] x OR*) U ( {T} x R*) so either the insurer will become
bankrupt before terminal time in which case 7 is the first exit time of x(s) from R* or the insurer will
remain almost surely solvent till maturity in which case x(s) > 0 for all s € [t, T].

J(t,x,z) =E Ufe”sU(c(s))ds}and (2.2)
t
V(t,x) = sup J(t,x,n) (2.3)
reA(t)

Here J(.,.,.) is the reward function which gives the shareholder’s discounted expected cumulative
dividends payout up to bankruptcy and V(t, x) is the value function which gives optimal reward.
The problem is to find an optimal control z*(.) = (a*(.),c*(.)) and optimal reward V(t,x) such
that V(t,x) = J(t, x, z*).

Proposition 2.1 V(t,x) defined on (2.3) is a concave function in x.

ProoF.

We follow the same argument as in Taksar and Zhou (1998) albeit in a jump case. Let z1(.) =
(a1(.),c1(.)) and 3(.) = (az(.),c2(.)) be two policies admissible at x;(.) and x;(.) respectively where
x1(s) and x;(s) are two solutions of (2.1). Let also 2 € R be suchthat0 < 42 < 1.Fixt e [s,7] and
define

x3(.) =x1(.) + (1= )x2(.)
and
m3(.) = (a3(.),¢3(.) = Aa1(.),c1()) + (1 = A(az2(.), c2())

Then

n3(.) € A(.). Let also 71,7, and 73 be respectively bankruptcy times for x1(.),x2(.) and x3(.), then
(2.1) implies that

J(t,x3,a3(.),c3(.)) = J(t,x1,a1(.),c1(.)) + (1 — A)J(t, x2,a2(.),c2(.)). Taking supremum both sides,
we get

V (t,Ax1 + (1= A)x2) > AV(t,x1) + (1 — DV(t, x,).
Note also that 73 =71 A 1, u]
3. The HJB equations and main results

We now setup the HJB equations. For a more generalized setting, see @ksendal and Sulem (2007).
For our case, we define the domain
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D= {(s,x):t < s < 1;0<x < X} as the “continuation region”, for some x, to be deter-
mined. From @ksendal and Sulem (2007), and for ¢(t, x) € C1?(D) using the convention

Dep(t,x) = 44X — g (£, x) and Dyceh(t, x) = L2 — o (t,x) we get that the generator of the

dx?

controlled process y(t) = (Sx(t)t> with y(0) = (i) is
1
ATt %) = e (£,X) + (A — )by (£, X) + 5 0 (£, X)

+ J‘R {p(t,x +yaz) — ¢(t,x) — yaze,(t, x) }v(dz).

The HJB equation is (see @ksendal & Sulem, 2007 for this specific control problem)

sup {Vt(tax) + H(t,X,ﬂ, DXv(tvx)vDXXV(taX))} =0 (31)
neA

where

H(t, X, 7, DxV(t, X), DxxV(t, X)) = (au — )Vx(t,X) + % A’V (t, X)

+ J {V(t,x +yaz) — V(t,x) — yazVx(t,x)}v(dz) + e "U(c)
R
is the Hamiltonian for this control problem.
Case 1: v = 0 and p#0

Note that the utility function U(c) =% is homothetic, and hence one can easily prove
that V(t,x) = V(t, 1)x”.

It is thus natural to assume a reward function of the form V(t,x) = e "K(t)x” for some
function K(t) to be determined.

Proposition 3.1 Let v = 0 and 0 < f8 < 1. Then there cannot be K(t) such that V(t,x) = e "*K(t)x*

Proor. The optimal portfolio is found directly from the HJB Equation (3.1) whereby the value
function V(t, x) is expected to be of the form

V(t,x) = e*“K(t)%” for some K(t) to be determined. Note that a similar result can be obtained
with V(t,x) = e "K(t)x? so the above assumption is without loss of generality. However, substitut-
ing this into the HJB equation leads to a Bernoulli differential equation

2 2
KO+ (5L )K®+ (1= p) (K)o

) then the natural condition V(t,0) = 0 gives a solution to the Bernoulli

Let 6 =1 (2
t) = [ (e — 1)]1 7 which immediately gives c*(t) =

equation as K(

e*‘"—l .

Note thatif ¢ > O thene® — 1 < Oforallt > 0. Equally if 9 < 0 thene=® —1 > Oforall t > 0.
Therefore there is no @ such that K(t) is well defined and such that c*(t) > 0 o

Proposition 3.2 Let vy =0,0 < f< 1,0 < u < ,/2'(1 ) and define xo := 1 L2 Then the optimal control
7" = (a*,c*) is given by

. _pHX _ 1 w2p
a —1T/; and c¢* is independent of time and given by c* =15 (r I ﬁ>x Moreover, if x = Xg

thena*=1=1-a"=0
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The value function for this stochastic control problem is

_ Attt 1 ”2[3 ﬂilxﬁ
ven =t (125 (11 5)) G20

Proor.

Due to (3.1), we know that z* cannot be time dependent for this case.

Now, assume that V(t, x) is of the form V(t,x) = e"*Kj—f for some constant K to be determined.
Then substitution in the HIJB equation yields

2 p-1 . 1 .
K= (1%/, (r—z("l—_ﬁﬁ)» . Now the condition c* =Krix then gives the result for both c*
and V(t, x)

The condition 0 < u < ,/w is necessary for K to be defined for all 0 < g < 1, otherwise the
value function will be negative or undefined for some values of r and g . Clearly V(t,x) € C?(D)
and a Verification Theorem (see @ksendal, 2003 for theorem) applied to V(t,x) shows that it is
really the optimal reward. o

Remark 3.3
We draw a lot of insights from Proposition 3.2.

(1) First, the portion of premium a* due to the insurance company is directly proportional to the
reserve up to the threshold xp = % after which the insurer would take all premiums and

pay all liabilities, ie, a* = 1 for x = xo. Note that if x > xq, then a* > 1 which is not possible.
We thus view xo as the insurance vs no-reinsurance threshold as indicated on the graph
below.

. no-reinsurance
remsurance

(2) The threshold xq is inversely proportional to the safety loading u. The smaller the safety
loading the greater the threshold meaning that if the insurer wants to quickly “go it solo”
without the aid of reinsurance, then the insurer should raise its safety loading. Alternatively,
if the insurance company charges less safety loading, they would need more money in
reserve before switching to the no-reinsurance region. But the insurance company cannot
afford not to charge the safety loading, ie, the case u = 0 is not possible. In limit (since xq
will not be defined) it would result in a* = 0 meaning the insurance company will have to
reinsure all the liability which does not make sense. It is as good as not insuring the liability

at all. Actually, the condition 0 < u < /25~ makes it impossible to consider the case of no

safety loading.
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(3) The optimal dividend payout is also directly proportional to the reserve for the case g # 0.
The constant of proportionality is time independent, a result we proved before. For the case
0 < u < 1, then for fixed g, then c* is an increasing function of g, that is, the more safety
loading, the more dividend payout. On the other hand, for x > 1, then c* is a decreasing
function of 4, ie, the more safety loading, the less dividend payout. o

Case2 v #0and g+ 0
As in the other case, we look for z(.) = (a(.),c(.)) that maximizes

ho(a,€) = V(t.x) + (@ — Va(t.x) + 50 Vau(t, X

+ J {V(t,x +yaz) — V(t,x) — yazVy(t, x) }v(dz) + e "U(c)
R
and such that

ho(a*,c*) = 0. The HJB equation from this is an integral-differential equation

sup [Vi(t, x) + (au — ) Vx(t, x) + (3.2)
reA(X)

%azvxx(t,x) + J.IR {V(t,x + yaz) — V(t, x) — yazVx(t,x)}v(dz) + e "*U(c)] = 0

By “guessing” the value function as in the previous case (due to the homothetic property), we get

¢* = Kr'ix for some K to be determined and a*, if it exists, is a solution of the polynomial equation

_ad=p JR { (1 +E)Hyz - yz}y(dz) 0.

X X

It is not clear whether this equation always gives a unique solution 0 < a < 1. However, we can
show that in special circumstances, a unique optimal control z* can be found. To see this, we

assume as before that V(t,x) = e*"K"F”, so that maximizing ho(a, c) implies:

uxP1— (1 - plaxP? + [ {yz (x+yaz)’ ! - yzxﬁ’l}y(dz) =0 (3.3)
JR

¢ = Krix (3.4)
Let
fla) =pux"' — (1 - pax’? + J {yz (x +yaz) ™t —yzx? }v(dl)
R
then

* f(O)=px 1 >0

. alim f(a) = —
« fl(a)=—(1-p) |x? +[ vz (x +yaz)’%u(dz)| < 0, so that f(a) is a decreasing function for
al0<a< 1. ®

Therefore, there exists a unique solution a* to Equation (3.3). Given numerical values of para-
meters, one can easily solve numerically for a* where algebraic methods are not sufficient.

Substituting a* and c¢* in (3.4) into the HJB equation, and assuming that

. . :
H> g U { (1 “"TZ> -1 ‘Yﬂgz}"(dz) — 3 v, then
R
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B 1 ppar  (a*)’p(1—p) raz\’ ypa‘z /H

Note that, the results for the case v = 0 in Case 1 shows that a* is of the form a* = g(u)x, for
some function g of the safety loading p. In that case, K will be constant and equal to

K= (1%/3 (r+uﬂ9(ﬂ)+%ﬂ(1—/J’)gz(”)_JR { (”V—C’(")Z)ﬁ‘l‘Vf”-"(")z}”(‘jz)))ﬂi1

and finally, the value function is V(t, x) = e*"K’%‘. This proves the following general result for the
case p#0:

Proposition 3.4 Suppose that the reserve of the insurance company is given by the Lévy -Ité process
(2.1) . If the shareholder’s utility function of dividend yield is U(c) :C/—f then the optimal control z* =
(a*,c*) that solves (2.3) is given by

a’ =glup)x (3.9

¢ = (Ku,r.p)yix (3.6)

where both g(.,.) and K(., ., ) are constants which depend on the safety loading y, the interest rate
r and the risk-reversion index p. The value function is V(t,x) = e ""K(u, r,,B)X/—f. In particular, for the
case x > Xog = ﬁ, then the insurance company will take all risk and does not re-insure the liability.
For the case v = 0 then

9(u)=lﬁﬁwhileK: (1;} (r_z(fzﬁﬂ)>)ﬂl

Surely V(t,x) € C?(D) and a Verification Theorem (see @ksendal, 2003 for the case v = 0;
@ksendal & Sulem, 2007 for the case v # 0), shows that z* is really optimal and that V(t,x) is
the value function. The verification theorem proof will be standard and will be omitted here.

Example 3.5
We look at a special example of the above for some special approximation:

Assume that (1+ %)ﬁ’l ~ 1+ (8 —1)EZ by Taylor approximation and assuming that

2r(1 - p)(1+ JRyzzzu(dZ))

O<pu<

p
then we get
a = 1 and the optimal dividend payout for this case is ¢t = Krix
(1-p) (1+_[ <yz>2»<dz>>
R ﬁ_l
whereK= |1 |r———«/

1-p
2(1-p)(1+]) y*22u(d2))
R

The corresponding threshold for reinsurance is now

xo= & ;ﬂ) (1 + JR(yz)zy(dz))
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Note that since 1 + J (y2)*v(dz) > O for all z, then the threshold for the special case with jumps is
R

always more than the threshold for the case without jumps. We then conclude for this case that in
the presence of jumps the insurance company would need more in reserve before insuring all
liability than in the case with no jumps. The jumps bring more risk. All the other observations for a*
raised in Case 1 also apply for this case.

In this case, we can retrieve the same value for K as in Case 1 by simply lettingv=0.

Substituting, we get ¢* =15 | r - T —
2(17ﬁ)(1+J r*z2v(dz))
R
and note that the dividend payment for the case with jumps is less than that for the case with
no jumps because of the existence of the factor 1 +J (y2)*v(dz) on the denominator.
R

The reward function is

1 2 d
V(t,x)=e™" r— wh x

O 2a-pas | prvay) ) F

Case 3: =0

Proposition 3.6 Let s =0, and without loss of generality, lets consider the approximation in the

example above so that 1 =1+ J y*Z%u(dz). Then the optimal control =* = (a*,c*) is given by
R

a* = ux and c* = rx where the optimal payoff or reward function is

2

V(t,x) = ot (Mgm) ifv+#0

1u2 _r4rl .
et <2” 4 lnx)ifr = 0
rZ

where for the case v # 0 we have ignored higher order powers of a in the Taylor expansion
of V(t,x + yaz).

Proor.
[m]
In this case we have
. _“:ZI_X ifv =0
a = o
—Hy ifv+#0
and
ct = ew—" and the HJB equation becomes
”2 VZ
Vi—S X —e™(1+rt)—etInV,=0ifr = 0 (3.7)
2 Vi
2 2
(LN o e tinV, — 0i
Vi 5 (/1 /lz)Vxx e"1l+rt)—e"InVy=0ifv # 0 (3.8)

whose solution is

V(t,x) =e" (w+%lnx) for v = 0 and
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" 2 <%_4i2> —r+rinr 1
V(t,x)=e ———4—++Inx | for v=0. o

The following observations hold for this case

(1) The first observation of Remark 3.3 is confirmed through separate computations for the case
U(c) = In(c) (ie, the case = 0). As a result, the threshold is now xg :% and the first two
remarks above hold for the proportion a* in this case.

(2) The dividend payout is directly proportional to the reserve with the bank interest rate being
the constant of proportionality. The more the reserve or the higher the interest rates or both,
the more dividend to be paid out.

Just as in the case #0, we generalized the result for the case v#0, as follows:

Proposition 3.7 Suppose that the reserve of the insurance company is given by the Lévy -Ito process
(2.1) . If the shareholder’s utility function of dividend yield is U(c) = Inc then the optimal control
#* = (a*,c*) that solves (2.3) is given by

a* = g(u)x (3.9)
= f(nx (3.10)

where both g(.) and f(.) are constants which depend on the safety loading ;. and the interest rate
r respectively. The value function is V(t,x) =e™" (K(u,r)+21Inx). In particular, for the case
X > Xo = ﬁ, then the insurance company will take all risk and does not re-insure the liability. In
particular, for the case v = 0 then

lu—r+rinr

g(u) = u, f(r) =r whileK = 3

Remark 3.8

The stopping time z, which is the insolvency time, is not a control variable since the insurance
company cannot decide when to be insolvent. As a result it is not part of the solution. It turns out
that in both cases

z=inf {t > 0:x(t) = xo} where xo has been determined as “threshold” time.

4. Conclusion

We have solved an insurance-reinsurance problem of maximizing the dividend payout to shareholders
through reinsurance. The shareholder is deemed to have CRRA utility function with results showing
that the optimal dividend payout and the premium must be proportional to the reserve with constant
coefficients of proportionality which depend on the safety loading, interest rate and coefficient of risk
aversion where applicable. The constants of proportionality will never be time dependent in all cases.
An extension of this work is to consider the case when dividend payouts are not continuous but
depend on the status of the reserve. This will lead to regime-switching arguments which can still be
solved on condition that the controlled process x(.) is proved to have a unique strong solution and that
an optimal control will exist. The results help insurers in decision-making. The interplay between
paying dividends and deciding on reinsuring liabilities is complex as demonstrated. Results show
that retention of risk and dividend payments are expected to increase as the insurer’s reserve
increases and both depend on the investor’s level of risk aversion. If this problem involved decisions
on investment, the type of utility function, ie, one that exhibits constant relative risk aversion would
have resulted in a constant allocation of the proportion of wealth allocated to risky investments. Our
results offer a different scenario. Take the case of power utility function. If g is high, then 1 — g is low
and both a* and c* increase. The optimal reward also increases for the investor. This is more evident
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when there are no jumps. Therefore, if investors have low relative risk aversion then insurers should
pay them more dividends because the premiums will be high resulting in increased reserve. This results
in increased payoff. The reverse is also true. Of interest is also the effect of interest rates on dividend
payouts. We note that an increase in interest rates results in an increase in dividend payouts. This is
independent of the presence of jumps. The economic significance of this is not certain suffice to say
that the value, in present value terms, of cashflows decreases with high interest rates. Therefore,
increasing dividend payout works for investors who are averse to interest rate risk, who may demand
more in dividends in line with the liquidity preference theory, with time replaced by interest rates.
Finally, we posit that this paper does not solve the problems of minimum cash requirements as
proposed by Solvency I, II or II regulations because it only looks at one aspect of the insurance

company, ie, its reserves. It will be interesting to include this aspect in future discussions.
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