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The difference between Modigliani-Miller and
Miles-Ezzell and its consequences for the
valuation of annuities

Denis M. Becker'*

Abstract: This paper addresses the differences between the Modigliani-Miller [M&M]
model (1958, 1963) and the Miles-Ezzell [M&E] model (1980, 1985). The main differ-
ence between these two models concerns the stochasticity of the free cash flows.
While M&M assumes a strictly stationary process, M&E’s process is a martingale.
However, this subtle difference has not been fully exposed, and previous literature has
produced partly erroneous statements or inconsistent valuation models. Therefore,
the main objective of this paper is to illustrate and accentuate the effect of these two
mutually exclusive stochastic processes on the timely behavior of cash flows, discount
rates, and values of the firm, equity, debt, and tax shield. For this purpose, we perform
a numerical experiment that allows the determination of values and discount rates by
means of the risk-neutral approach. We show that in the M&E model, all cash flows
and values are path-dependent, while they are not in M&M’s world. Furthermore, in
M&E’s model, all discount rates are time-invariant, except for the discount rate applied
to tax shields, which depends on the lifetime of the cash flows. Contrarily, in the M&M
setup, all discount rates change across time, except for the constant discount rate of
the tax shield. This has consequences for the applicability of the well-known present-
value formula for annuities and for building consistent valuation models for both finite
and perpetual cash flows.
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The valuation of firms and the effect of the
financing structure on the value of the firm are
important topics in corporate finance. One cate-
gory of approaches applied to firm valuation is
based on discounting expected future cash flows.
There are several methods that fall into this
category. The formulas involved in these methods
rely on several assumptions. One of these
assumptions concerns the type of the stochastic
behavior of the cash flows. Specifically, two
mutually exclusive stochastic processes have
been assumed in the previous literature. However,
the subtle difference between these two alterna-
tives has not been fully exposed, and previous
literature has produced partly erroneous state-
ments or inconsistent valuation models.
Therefore, the main objective of this paper is to
illustrate and accentuate the effect of these two
stochastic processes on the timely behavior of
cash flows, discount rates, and value of the firm.

Attribution (CC-BY) 4.0 license.

© @

© 2021 The Author(s). This open access article is distributed under a Creative Commons

Page 1 of 24


http://crossmark.crossref.org/dialog/?doi=10.1080/23322039.2020.1862446&domain=pdf
http://creativecommons.org/licenses/by/4.0/

Becker, Cogent Economics & Finance (2021), 9: 1862446 O‘ZK;' Cogent Py economics & ﬁ nance

https://doi.org/10.1080/23322039.2020.1862446

Keywords: Capital structure; Leverage; firm valuation; discounted-cash-flow methods;
value of tax shield

1. Introduction

In 1958 and 1963, Modigliani and Miller (in the following abbreviated as M&M) published their
seminal papers about the effect of financial leverage on the value of a firm and the costs of capital.
Since then, the valuation of cash-flow streams, the development of discounted-cash-flow (DCF)
models, the determination of the appropriate discount factors in these models, and the effect of
financial leverage on both the DCF values and discount rates (required returns) have received
considerable attention among researchers, academics, and practitioners.

During the course of past research several DCF models have been developed (for 10 such models,
see Ferndndez, 2007. The most prominent models are the equity method, the free cash-flow method
(FCF method; sometimes also referred to as weighted-average-costs-of-capital [WACC] method), the
adjusted-present-value (APV) method (developed by Myers, 1974), and the capital-cash-flow (CCF)
method (see, e.g. McConnell & Sandberg, 1975; Nantell & Carlson, 1975; Ruback, 2002). An important
and well-understood claim (e.g. Booth, 2007; Ferndndez & Magni, 2007 is that these different models,
if applied to the same set of assumptions (like the assumptions of M&M) need to give the same values
of the unlevered firm, levered equity, debt, and interest tax shield. If they would not, the practical
usefulness would be greatly impaired because different firm or project values may result in different
decisions concerning project acceptance or resource allocation.

Previous literature has produced partly confusing and erroneous statements or inconsistent
valuation models. Detailed examples for this will be given in Section 2. One of the reasons for
these disagreements or misspecifications of DCF models is that one essential assumption has not
been paid enough attention to. It concerns the type of the stochastic process of the cash-flows.
Two types of cash-flow stochasticity have been implicitly or explicitly used in the valuation
literature. The first specification was originally used by M&M who model the free cash flow as
a strictly stationary process. A second and different specification was applied by Miles and Ezzell
(1980, 1985), in the following abbreviated as M&E) who presume a martingale process. Ceteris
paribus, replacing an M&M type of cash flow by an M&E type of cash flow does not only affect the
timely behavior of discount rates and values but also changes the way in which consistent
valuation can be carried out.

Thus, fully understanding the difference between the stochasticity of M&M and M&E cash flows
is essential for building consistent DCF models both in the case of perpetual cash flows as well as
cash flows of finite life.

The main purpose of this paper is therefore to illustrate and accentuate the effect of these two
mutually exclusive stochastic processes on the timely behavior of cash flows, discount rates, and
values. For this purpose, we introduce a numerical experiment. More particularly, we simulate a simple
scenario-tree of cash flows, one based on M&M and another one based on M&E. By means of the risk-
neutral approach we will then calculate the values of the unlevered firm, levered firm, levered equity,
debt, and tax shield. The observations made in this experiment will then support general statements
about the timely behavior of discount rates and values. More particularly, we will show that for M&E all
discount rates are time-invariant, except for the discount rate applied to tax shields, which is increasing
with the remaining lifetime of the cash flows. Contrarily, in the M&M setup, all discount rates depend on
the remaining lifetime of the cash flow, except for the discount rate of the tax shield, which is constant.
This knowledge is important when valuing cash flows that behave like annuities or perpetuities.

This paper will be structured as follows. In section 2 we will look more closely into the previous

literature on this topic and give examples for statements that, in our opinion, are misleading or
incorrect. Section 3 shows the set of assumptions applied by Modigliani and Miller (1963) and Miles
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and Ezzell (1980, 1985). In section 4, the four most common DCF models are formalized. Section 5
introduces the evaluation of cash flows via a backward-iteration process and risk-neutral prob-
ability approach. This approach is then applied to a numerical example. Section 6 summarizes the
observations with respect to all cash flows, values, and discount rates involved in the evaluation
process. Section 7 highlights the consequences for the evaluation of perpetuities and annuities.
Finally, section 8 summarizes the findings and gives short indications for further research.

2. Disagreements, Confusion, or Misspecifications in the Previous Literature

In this section, we want to pinpoint the disagreements, confusion, or misspecifications in the
previous literature. We will start with looking at the translation (mathematical) formulae between
the required return on the unlevered equity ry and the discount rate in the FCF method rec that
play a central role in the consistency of different DCF methods. Modigliani and Miller (1963, based
on their formula 31.c) find the following relationship:

fece=ry—ry-7-(1—q) (1)

Here z is the corporate tax rate, and g represents the equity-to-firm-value ratio. Contrary to (1),
Miles and Ezzell (1980) show that:

1+rU
1+r

reer=ty—7-(1—q)-re- (2)
with r; being the risk-free rate, which equals the required return of the debt holders. Cooper and
Nyborg (2006) apply yet a different translation, which is:

recr=ru—rr-7-(1—q) (3)

Intrinsically tied to this translation is the determination of the required return on the interest-tax
shield rys, which is required in the APV method. Concerning this rate, Modigliani and Miller (1963)
suggest the risk-free rate rys = r;. Harris and Pringle (1985), on the other hand, suggest the
application of the required return on unlevered equity as the appropriate discount rate for the
interest tax shield across all periods: rrs = ry. Likewise, Booth (2007, p. 38), in his CCF formula
(formula enumerated with 20), exclusively applies the required return on unlevered equity to the
tax shield. As we will show later, this cannot be true for neither M&M nor M&E. From the tax-shield-

value calculation by Arzac and Glosten (2005, formula 13, but without growth) or Barbi (2012,

1+rf

formula 15) yet a third discount rate can be derived, namely: rs = ry - T

Let us now turn to some discrepancies concerning the constant leverage and constant level of debt.
Arzac and Glosten (2005) state that “Modigliani and Miller (1963) show that when the firm maintains
a constant level of debt D and pays a tax rate t, the value of the tax shield is VTS = z - D. How to value
the tax shield in the more interesting case in which the firm maintains a constant leverage ratio is
a matter of contention.” While it is true that M&M maintains a constant level of debt, the second
sentence of this statement suggests that a constant level of debt excludes constant leverage, or vice
versa. This is incorrect with respect to M&M where the constant-debt assumption implies constant
leverage, which again is a consequence of the type of stochasticity of M&M’s cash flow.

Later in their paper, Arzac and Glosten (2005) say that “Fernandez [referring to Fernandez
(2004)] arrives at (14) by making use of the Modigliani-Miller’s expression VTS =z - D, which [...]
does not apply under a constant leverage policy in the presence of systematic risk.” However, in the
world of M&M the firm has both constant leverage and systematic risk in the free cash flow (as well
as the flow to the equity holders).
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Cooper and Nyborg (2006) state that “The difference is that [M&E] assume that the amount of
debt is adjusted to maintain a fixed market value leverage ratio, whereas [M&M] assume that the
amount of debt in each future period is set initially and not revised in light of subsequent develop-
ments.” Although true, this statement is somewhat misleading, because both M&E and M&M
maintain a fixed market-value-leverage ratio. However, the cash-flow process according to M&E
requires the amount of debt to change, while the cash-flow process of M&M does not require the
debt to be revised. In other words, if we assume constant leverage in the first place then revising
or not revising the amount of debt is not an assumption, it is an implication of the stochastic
behavior of the cash flows. Cooper and Nyborg (2006) further claim that the: “[M&M model ...]
generates a tax saving from interest that does not vary as the value of the firm varies.” However, the
firm value in M&M cannot vary because of the strict stationarity of the future free cash flow.

Sabal (2007) states that “If cash flows were not perpetuities and the firm wished to keep
a constant debt ratio, the level of debt must be adjusted every period to reflect the changing present
values of both tangible assets and the tax shield.” This statement seems to imply that if cash flows
were perpetuities, then the value of the firm, equity, debt, and tax shield would not have to be
adjusted at all. This, however, is invalid with respect to the M&E setup, in which all of these values
are almost surely adjusted in all states in the future.

Beside the aforementioned disagreements concerning perpetual free cash flows, previous
research has also produced different opinions concerning finite-life annuities. Miles and Ezzell
(1980, p. 722, assumption 2) assume that the required return on unlevered equity is constant
throughout time. They furthermore conclude (p. 726) that the discount rate in the FCF method is
independent of the magnitude and timing of the FCF. Booth (2007), however, comes to the
conclusion that the discount rate in the FCF method (the weighted average costs of capital)
increases over time for cash flows with a finite lifetime. As we will show below, this statement is
not valid for M&E type of cash flows.

Arditti and Levi (1977) studied the validity of the weighted average costs of capital for both
perpetual and finite-life annuities. Their formula (26) represents the FCF method, where they assume
a constant discount rate. As we will discuss later, this formula is correct only for cash flows that fulfill
the stochastic properties according to M&M. Their formula (27), which corresponds to the CCF method,
assumes both constant interest payments and constant discount rates. As we will show later, both
these conditions are inconsistent with cash flows according to M&M and M&E. Arditti and Levi (1977)
also generate an inconsistency by applying the equity-to-firm-value ratio to the investment outlay
(see formula (15) and (27)) instead of the firm value when calculating interest payments.

Brusov et al. (2011) attempted to develop a valuation formula for the M&M style constant finite-
life annuity. In their analysis (more precisely their formula 14), they neglect that the continuing
value of debt (like all of the other values) decreases over time. This fact was already pointed out by
Boudreaux and Long (1979, p. 8). If the debt decreases, then tax savings will also decrease. Hence,
the annuity formula applied in their analysis (see Brusov et al., 2011, formula 14) cannot be valid.
Brusov et al. (2011) furthermore presume that the unlevered return on equity and the discount
rate in the FCF method remain constant over time. However, as we will show below, these rates
can be subject to change (more precisely they increase) throughout the lifetime of the FCF. If
discount rates change throughout time, the traditional annuity formula (as in their analysis
enumerated with 20) is inapplicable.

Before we can evaluate the statements in the previous literature, it is necessary to look carefully
at the assumptions and construction of DCF methods contained in the aforementioned literature
and in the following analysis. The next two sections are devoted to setting out these assumptions
and specifying the four valuation methods mentioned above.
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3. Definition of Stochastic Cash Flows According to Miles/Ezzell and Modigliani/Miller
Before stating the one and only decisive difference between Modigliani and Miller (1963) and Miles
and Ezzell (1980), the set of assumptions that are equal in both of these frameworks will be
introduced. As Qi (2010) points out, one can argue against a theory (here the theory of M&M or
M&E) by attacking its assumptions. The purpose of this paper, however, is not to question these
assumptions, but to ask for results (discount rates and translation formulae) that are consistent
with these assumptions. The assumptions are the following:

(1) The earnings before interest and taxes (EBIT) represent a stochastic infinite-life annuity
(perpetuity): more precisely, we assume that {EBIT;} with t=1,...,T is a stochastic process with
constant unconditional expectation E[EBIT,] = EBITg for all t = 1,..., EBITy denotes this constant,

and we will occasionally refer to it as base EBIT. EBITg is furthermore positive to receive a positive
value for the firm.

Schematically, the first four points in time of such an annuity are illustrated as a scenario tree in
Figure 1. In this figure, the nodes of the tree are enumerated from n=1,...,15 The branches
(edges) of this tree indicate the existence of transition probabilities p, from one state in ¢ to
another state in t+ 1.

(2) The EBIT equals the operating cash flow. This means that depreciations, investments or any
changes in working capital cancel each other out.

(3) We apply only corporate taxation, no personal taxation. The corporate tax rate is furthermore
deterministic (non-stochastic), time invariant, and does not depend on the size of the EBIT

(4) The flow to debt consists of interest payments and changes in the principal of debt only. This
means that there do not exist additional fees, discounts, etc.

(5) No transaction or information costs appear when levering or delevering the firm.

(6) The risk-free rate r¢ is deterministic (non-stochastic) and constant throughout time.

(7) Debt is risk free. The debt holders receive the negotiated nominal amount of debt and interest.

Early research like Modigliani and Miller (1958, 1963), Myers (1974), Miles and Ezzell (1980), and
Harris and Pringle (1985) explicitly or implicitly assume risk-free debt financing. Others, who
applied other than the risk-free rate to debt still treated debt deterministically (for example
Ruback (2002) or Cooper and Nyborg (2008)). The modeling of risky debt, particularly in finite-life
projects, requires additional assumptions and complicates the computations. Throughout this
paper it will therefore be convenient to assume debt as risk-free.

(8) The value of debt DV;equals the nominal (contractual) amount of debt DN, : DV; = DN; for all ¢
This implies that the nominal (contractual) interest rate equals the risk-free rate. Because the risk-
free rate is deterministic and constant over time, the nominal interest rate is also deterministic
and time invariant.

9) In the case of negative income before taxes (EBIT; — /;<0, with I, representing the interest
payment in point in time t), there is a tax transfer to the firm (reverse taxation). This means, for
example, that negative income cannot be carried over to another point in time.

(10) We assume a constant equity-to-firm value ratio g throughout the lifetime of the EBIT.
Accordingly, the debt-to-firm value ratio will be 1 — g

When it comes to the only difference between Modigliani and Miller (1963) and Miles and Ezzell
(1980) we have the following mutually exclusive assumptions. Modigliani and Miller (1963)

assume:

(11a) The conditional expected EBIT are constant (time invariant): E[EBIT|EBIT;_1] = EBITg with EBITg
being a constant.

(11b) The conditional expected EBIT at point in time t equals the realized EBIT in the previous point in
time (t -1):

E(EBIT,|EBIT, 1] = EBIT, 4

Figure 2 and Figure 3 exemplify the difference between these two settings. The numerical values
in these figures are generated as follows: assume a base-cash flow of EBITg = 50. With respect to
the M&M setup in Figure 2 this means, from any given state in point of time t there will be a 50%
transition probability to a state in t + 1 with EBIT;, 1 = EBITg - u, and with the same probability we
move into the state with EBIT; 1 = EBITg - d. The factors u (like up) and d (like down) are chosen as:
u=1.1and d = 0.9. Hence, being in some state (node) in point of time t, the next period’s EBIT will
be either: 50-1.1 =55 or 50-0.9 = 45. This means that both the unconditional and conditional
expected EBIT equals the base EBITg of 50. The probabilities shown in brackets represent the risk-
neutral probabilities that will be applied during the valuation of the firm below.
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Figure 3. The Miles-Ezzell sce-
nario tree.
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With respect to the M&E setup in Figure 3 this means: from any given state in point of time t
there can be a transition to either a state with EBIT:,; = EBIT;-u or to a state with
EBIT;,; = EBIT; - d. For the calculation of the EBIT in t =1 we use the base EBIT. The real prob-
abilities, the risk-neutral probabilities, and the factors u and d have the same values as in the M&M
setup. While the unconditional expected EBIT; is equal to the base EBITg for all points in time t, the
conditional expected EBIT is now path dependent. For example, having moved on the path from
node 1 to node 4 through intermediary node 2, the conditional expected EBIT; 3/, Will
be 50% - 66.55 + 50% - 54.45 = 60.5.

In section 5, we will evaluate these cash flows by means of the risk-neutral probability approach.
For both M&M and M&E, we will apply the same risk-neutral probabilities and the risk-free rate. In
the following section, we will specify the four methods of valuation addressed in this paper.

4. Four Discounted Cash Flow Methods
To prevent any confusion about the construction of valuation methods addressed in this analysis,
we will quickly outline these models here. The notation applied in these models is given as follows:

FV.: Value of the levered firm

FVy: Value of the unlevered firm, respectively, the unlevered equity

EV.: Value of the levered equity

DV: Value of debt

ADV: Change of debt because of down payments or issue of new debt

TSV: Value of the interest tax shield
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EBIT: Earnings before interest and taxes

I: Interest payments

7: Corporate tax rate

g: Equity-to-firm value ratio

re : Required return on levered equity

ry: Required return on unlevered equity or unlevered firm
ro: Required return on debt

rrs: Required discount rate for the interest tax shields
recr: Required discount rate in the free-cash-flow method

The equity method: In this method the value of the levered equity is calculated directly by
discounting the flow to the equity holders by means of the required return on levered equity rg,.

Backward iteration formula: Perpetuity formula:

_ (EBITei1—le1)- (1 =T)—ADVii 1 +EVi i _ (EBIT=)-(1-1)
EVie= THrece BV = el

The change in debt is determined as: ADV;,; = DV;.1 — DV;. In the case of an M&M perpetuity,
the change in debt is always zero. In the case of an M&E perpetuity, there will be debt adjustments
in the single states of the world (nodes). However, both the unconditional and conditional expec-
tation of the change in debt will be zero. The value of the levered firm can be calculated by adding
the debt value to the equity value (FV, ; = EV| ; + DV) or by dividing the firm value by the constant
equity-to-firm-value ratio (FV,; = EV +/q).

The FCF method: In this method the value of the levered firm is calculated by discounting the
free cash flow (the flow to the unlevered firm) by means of a corresponding discount
rate recr=q-rec+(1—q)- (1 —7) - rp.

Backward iteration formula: Perpetuity formula:

EBITei1-(1=T)+FVi e
1+Geree+(1-qe) (1-T) 1o

_ EBIT-(1-T)
= gra+(1-q)-(1-1)1n

FVLJ =

The discount rate in this formula is often referred to as the after-tax weighted average costs of
capital (see, e.g., Harris & Pringle, 1985, p. 237; McConnell & Sandberg, 1975, p. 885). The FCF
method evolves from the equity method, and this is a well-known relationship. Nevertheless, the
derivation is outlined in Appendix 1.

The APV method: In this method the value of the levered firm is determined as the sum of the
value of the unlevered firm plus the value of the interest tax shield. The value of the unlevered firm
is computed by discounting the free cash flow (the flow to the unlevered equity) with the required
return on unlevered equity ry. The value of the tax shield needs to be computed by discounting the
interest-tax shield with the corresponding discount rate rys.
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Backward iteration formula: Perpetuity formula:

FVL,r = FVU,t + TSV; FV. = FVy + TSV

FVy, = EBITr+1'(11;rE?[+FVu,r+1 FVy = EBIT}(Ul—r)
TSei1+TSVi _ 15

TSV = ===t SV =

The CCF method: In this method the cash flow to the capital holders is discounted with the
corresponding weighted average costs of capital recg = q - re. + (1 — q) - rp. The flow to the capital
holders consists of the flow to both the equity and debt holders after corporate taxation.

Backward iteration formula: ‘ Perpetuity formula:
PV = BT (D)4 ‘ Fv, = EBBT-00-04

T+Ge-rece+(1—qe) roe qre+(1-q)-ro

This method also evolves directly from the equity method together with the valuation of debt.
The derivation is shown in Appendix 2.

5. Backward Iteration Process with Risk-Neutral Probabilities

In what follows, we will describe the procedure for evaluating all of the aforementioned values: EV|
(value of levered equity); FV (value of the levered firm); FVy (value of the levered firm); DV (value of debt);
and TSV (value of the interest tax shield). For this purpose, we will apply the risk-neutral probability

Step O: Initialization: Start with the next-to-last period
t=T-1
Step 1: Let N; be the set of all nodes at point in time t.

Let F(n) be the set of all the offspring-nodes that

evolve from node n.

For each node n € N;, determine the value of the

stochastic cash flow CFcr(n) and continuing value
BN [CFe+ Vi)

Vicr(ny as follows:V, = %for all n € N;. Here

Eftr s is the conditional risk-neutral expectation of

the cash flow and continuing values.
Step 2: If t = 0, the valuation is complete.

Otherwise, go back one time period, i.e, t — 1 — t and
continue with step 1.

approach, based on the numerical values provided in Figure 2 and Figure 3. Generally, the valuation of
a stochastic cash flow needs to follow a backward iteration process with the following steps:

This procedure can be simplified if the cash flows, continuing values, probabilities, and risk-free rate are
path-independent. We can then apply a deterministic backward iteration process described by:

BN [CFei + Vi)

Vi
t 1+I’f

forallt=0,....,T—1 (4)

As we notice for the M&M setup, the cash flows are state independent. The risk-free rate and the
set of transition probabilities are also constant. This implies that all of the computed values will be
state independent. Hence, in the M&M world, we can apply deterministic backward induction (3).
For the M&E setup, this is not the case.
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More precisely, the equations in the backward iteration process are the following:

Value of levered equity:

B8 [(EBITs — Is) - (1 — 7) — ADVs + EV| ]
EVL,n = 1 T " (5)

Value of debt:

B [Is + ADVs + DV]

DV, =
n 1+rs

(6)

Value of unlevered equity:

_ EngF(n) [EBIT - (1 —7) + EVys]

EVyn Tir

7

Value of interest tax shield:

ERN

TSV, = 'seF(n) Is - (1 —7) +TSV]

1+rf

(8)

To calculate the interest payments, we will introduce the set P(s) that denotes the parent node
of which node s springs off.

Calculation of interest payment:

Is = DNP(s) * 'nom 9
Calculation of down payment:

ADN; = DNp(s) — DN, (10)

By assumption (7) we impose DN, = DV,,, and by assumption (10) we also fix a target equity-to-
firm-value ratio:

EVin=FV n-qand DV, =FV - (1 —q) (11)

After adding (8) into (4), (5), and (7), and after adding (9) into (4) and (5), we are left with the
following equation system for each state of the world:

B () [EBITs - (1= 7) = DVp(s) - (1 + ¢+ (1 — 7)) + DVs + EVy 4]

EVi, = o (12)
EN. [EBITs - (1 —7) + FV,

FVyn = seF(n)[ Sl—f—rf 7) U,s} (13)
E™N. IDVp - e - (1 — 1) + TSV,

TSV, — ser(n) [DVeis) re- (1 - 1) s (14)

1+rf
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Figure 4. The Modigliani-Miller

flows to stakeholders.

EVipn=FVin-qand DV, =FVi,-(1—-q) (15)

For all nodes n in the last period of time we assume: DV, =0, EV , =0, EVy, =0 and TSV, = 0.
Expression (12), the value of the unlevered firm, can undergo the backward induction directly, that is, it
is possible to determine the continuing value of the unlevered firm for all nodes int = T — 1. Once these
values are known, it is possible to determine the values in all preceding nodes (states)int = T — 2, and so
forth. The value of the levered equity, debt, and tax shield cannot be calculated directly. For this reason,
we solve equation (11) together with (14) for the levered firm value. This leads us to the FCF method as
follows:

B8 ) [EBITs - (1= 7) + FVi 4]
FVin=

1+qr+(1-q-rr-(1-7)

(16)

By means of backward induction, it is now possible to compute the value of the levered firm in all nodes
of the tree (fromt = T — 1 to t = 0). Once the values of the levered and unlevered firm are known, both
the discount rates ry and recr can be computed. The value of the levered equity and debt can be deduced
by applying relationships (14). The value of the tax shield can also be determined as the difference
between the levered and unlevered value of the firm. After the value of debt becomes known, the
interest payments and the changes in debt can be calculated. Once these cash flows are available, the
tax shield and the flow to levered equity can also be computed. Once all of the values and cash flows are
calculated, it is possible to compute the remaining discount rates: rece, rrs, rp, and rg.

Let us now turn back to our numerical example. Assume the following additional information:
Tax Rate: 7 = 30%

Equity-to-firm-value ratio: g = 40%

Risk-free interest rate: ry = 5%

For the M&M setup, the results are represented in Figure 4 and Figure 5. The results correspond-
ing to the M&E setup are shown in Figure 6 and Figure 7. In these figures, FtE, , (FtD,, TS,) refers to

t=1 t=2 t=3

Node 8 EBIT, = 55.0000
FCFy = 385000 |FtE = 180386
FtDg = 20.7579 | TSg = 0.2965

Node 4 EBIT, = 55.0000
FCF, = 385000 | FtE, , = 18.1526
FtD, = 20.9288 | TS, = 0.5814

Node 9 EBIT, = 45.0000
FCFy,= 315000 |FtE o= 11.0386
FtDy= 20.7579 | TS, = 0.2965

Node2 EBIT, = 55.0000
FCF, = 385000 | FtEy, = 18.2620
FtD, = 21.0930 | TS, = 0.8550

Node 10 EBIT;, = 55.0000
FCFyo = 385000 | FtEy 1, = 18.0386
FtD;o = 20.7579 | TSy = 0.2965

Node 5 EBIT; = 45.0000
FCF; = 31.5000 | FtEy ¢ = 11.1526
FtDs = 20.9288 | TS = 0.5814

Node 11 EBIT;; = 45.0000
FCF,, = 31.5000 | FtEy,, = 11.0386
FtD,; = 20.7579 | TS,; = 0.2965

Node12 EBIT;, = 55.0000

FCFy, = 385000 | FtEy,, = 18.0386
Node 6 EBIT, = 55.0000 < FiDy, = 207579 | TS,, = 02965

FCFg = 385000 | FtEy g = 18.1526
FtDg = 20.9288 | TS, = 0.5814

Node 13 EBIT,; = 45.0000
FCFy3 = 31.5000 | FtEy; = 11.0386
FtDy3 = 20.7579 | TS;5 = 0.2965

Node 3 EBIT; = 45.0000
FCF; = 31,5000 | FtEy; = 11.2620
FtD, = 21.0930 | TS; = 0.8550

Node 14 EBIT,, = 55.0000
FCF,, = 385000 | FtEy,, = 18.0386
FtD,, = 207579 | TS, = 0.2965

Node 7 EBIT, = 45.0000
FCF, = 315000 | FtE;, = 11.1526
FtD, = 209288 | TS, = 05814

Node 15 EBIT,5 — 450000
FCFys = 31.5000 | FtEy 45 = 11.0386
FiD5 = 20.7579 | TSy5 = 0.2965
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t=0 t=1 t=2

Figure 5. The Modigliani-Miller
Node 4

values and discount rates.

Figure 6. The Miles-Ezzell flows

to stakeholders.

Fy 4 = 326667

Tya = 7.1429 %

FV,,q = 32.9491

Tecra = 6.2245 %

Node 2 EVi4 = 13.1796 |1, = 103112 %
FVy, = 63.7778 |1y, = 6.0976 % DV, = 19.7695 |4 = 5.0000 %
FV,,, = 64.6005 | rpcp, = 5.1836 % TSV, = 02824 | rpg4 = 5.0000 %
EVy,, = 25.8402 |1y, = 7.7090 %
DV, = 387603 | m, = 5.0000 % Node 5
TSV, = 0.8227 | rys, = 5.0000 % FVys = 326667 | rys = 7.1429 %
Node 1 FVs = 329491 | rpcps = 6.2245 %
FVyq = 934074 |1y, = 5.7494% EVi,s = 13.1796 | 15,5 = 10.3112 %
FVi,; = 95.0053 | rpcp; = 4.8368 % DVs =19.7695 |15 = 5.0000 %
EVi, =38.0021 |1, = 6.8420 % TSVs = 0.2824 | g5 = 5.0000 %
DV, = 57.0032 |7, = 5.0000 % Node &
TSV, =1.5978 | sy = 5.0000 % FViye = 326667 |16 = 7.1429%
FVi,6 = 32.9491 | rpcp = 6.2245 %
Node 3 EVi = 13.1796 |16 = 10.3112%
FViys = 637778 |15 = 6.0976% DV, = 19.7695 | 14 = 5.0000 %
FVy3 = 64.6005 | 7ecrs = 5.1836 % TSVs = 02824 | s = 5.0000 %
EViy = 25.8402 |73 = 7.7090 % Node 7
DV, =38.7603 |15 = 5.0000 % FVyq = 32.6667 |1y, = 7.1429%
TSVs = 08227 | rrs5 = 5.0000 % FVi,7 = 329491 |rpcpy = 6.2245%
EV,,, = 13.1796 |7, = 10.3112%
DV, = 19.7695 |1, = 5.0000 %
TSV, = 02824 | rys, = 5.0000 %
0 t=1 t=2 t=3
Node 8 EBIT, = 66.5500
FCF, = 465850 | FtE, = 21.8267
Node 4 EBIT, = 60.5000 FtDg=25.1171 | TS, =0.3588
FCF, = 423500 | Ftky, = 22.5749
FtD, = 204084 | TS, = 0.6333 Node9 EBIT, = 54.4500
FCF, = 381150 | FtE, — 13.3567
Node 2 EBIT, = 55.0000

FCF, = 385000 | FtE; , = 22.8611

FtD, = 16.4775 | TS, = 0.8385

Node 5

EBIT; = 49.5000

FCF; = 34.6500

FtEy s = 10.5256

FtDg = 24.7577 | TS; = 0.6333

Node 6

EBITs = 49.5000

FCF, = 34,6500

FtEyq = 184704

FtDs = 16.6978 | TSs = 0.5181

Node 3 EBIT; = 45.0000

FCF; =31.5000

FtEy ; = 8.1850

FtD, = 241535

TS, = 0.8385

EBIT, = 40.5000

FCF, = 283500

FtEy, = 86119

FtD, = 202563 | TS, = 05181

<
<
<

FtDy = 251171

TSy = 0.3588

Node 10

EBITy, = 544500

FCFy, = 38.1150

FtEy ;0= 17.8582

FtDy, = 205503

TS;o = 0.2936

Node 11

EBIT,; = 445500

FCF,, = 31.1850

FtEy,, = 10.9282

FtD,, = 20,5503

TS;; = 0.2936

Node 12

EBITy, = 544500

FCF;, = 38.1150

FtE, ,, = 17.8582

TS, = 0.2936

Node 13

EBITy; = 445500

FCFy, = 31.1850

FtEy 5 = 109282

FtDy; = 205503

TS;3 = 0.2936

Node 14

EBITy, = 445500

FCF,, = 31.1850

FtEy ., = 146113

FtD,, = 16.8139

TSy, = 0.2402

Node 15

EBITy5 = 364500

FCFyg = 25,5150

FtEy 5 = 8.9413

FtDys = 168139

TS,5 = 0.2402

the flow to levered equity (flow to debt, tax shield) in node n of the tree. Some of these calculations
are given in more detail in Appendix 3.

In the following section, we will summarize our observations and discuss the results with respect
to the literature mentioned in sections 1 and 2.
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Node 1

FVy, = 91.6119

Ty1 = 71429 %

FV,, = 93.1682

Tecr1 = 6.2245 %

EVy,; = 37.2673

L1 = 103112 %

DV, = 55.9009

Tb1 = 5.0000 %

TSV, = 1.5563

Trsy = 6.0433 %

6. Observations

<= cogent - economics & finance

t=2

Node 4

FVy4 = 39.5267

Tua = 7.1429 %

FVy4 = 39.8684

Trcra = 62245 %

Node 2 EVyp4 = 159474 |14 = 10.3112%
FVyz = 69.4711 |1y, = 7.1429% DV, = 239210 |m, = 5.0000 %
FVy; = 70.3642 | rpcp, = 6.2245 % TSV, = 03417 | 7154 = 5.0000 %
EVy, = 281457 |7y, = 103112 % Node' 5

FVys = 32.3400

Tus = 7.1429%

FVys = 32.6196

Trces = 6.2245 %

EVys = 13.0478

s = 10.3112 %

DVs = 19.5718 s = 5.0000 %
TSVs = 0.2796 g5 = 5.0000 %
Node 6

FVye = 32.3400

Tue = 7.1429 %

FW¢ = 32.6196

Tecre = 6.2245 %

DV, = 42.2185 |, = 5.0000 %
TSV, = 0.8931 |rs, = 5.6957 %
Node 3

EVye = 13.0478

e = 10.3112 %

FVy3 = 56.8400

Tus = 7.1429 %

FV,3 = 57.5707

Tecrs = 6.2245 %

EVy; = 23.0283

TeLs = 10.3112 %

DV; = 34.5424

3 = 5.0000 %

DVs = 19.5718 s = 5.0000 %
TSV = 0.2796 Trsg = 5.0000 %
Node 7

TSV; = 0.7307

153 = 5.6957 %

FVy7 = 26.4600

Tuy = 7.1429%

FV,, = 26.6888

Tecey = 6.2245 %

EVi, = 10.6755

Ly = 10.3112 %

DV; = 16.0133

b7 = 5.0000 %

TSV, = 0.2288

Trs7 = 5.0000 %

For the numerical experiment conducted in section 5, we can summarize the observations below.
Let us begin with the findings regarding all of the discount rates.

1)

()

(3)

(4)

(5)

(6)

@)

Discount rates in last period: in period t = 2 (the last period for which we have calculated
values) the M&M returns coincide with the M&E returns.

Discount rates in different states of the same period: for both valuation settings, we
notice that the discount rates in all nodes of the same time period are always the same. In
other words, the discount rates are path independent.

Discount rate for debt (rp 5): we have treated debt as risk-free. Therefore, it can be confirmed
that the return on debt is the same in both trees across all nodes (states of the world).

Discount rate for tax shield (r7s;): in the M&M tree, the tax shield is discounted with the
risk-free rate at all times, while in the M&E tree it is only risk-free in the last period. The
further backward we go in time (from future to present) the higher the discount rate of the
tax shield (including the continuing value) becomes in the M&E tree.

Return on the unlevered firm: in the M&E tree, the required return on the unlevered firm is
constant for all nodes and time periods. In the M&M setup, this return changes, and more
particularly, it decreases from the future to the present.

Return on levered equity (rg, ): in the M&E tree, the required return on the levered equity is
constant for all nodes and time periods. In the M&M setup, this return changes, and more
particularly, it decreases from the future to the present.

Discount rate applied in the FCF method, rice =q-re + (1 — q) - 17 - (1 — 7): in the M&E
tree, this discount rate is constant because all of its constituents are constant. In the M&M
setup, this return decreases from the future to the present because the required return on
levered equity decreases.

Let us now also look at the cash-flow behavior:
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(8) The non-conditional expected EBIT, as well as the non-conditional expected FCF were
assumed to be constant (see assumption 1).

(9) For both the M&M and the M&E setting, the nonconditional expected flow to the debt
holders is not constant (i.e. not an annuity). More specifically for this experiment, the cash
flow to the debt holders increases from the present to the future.

(10) For both the M&M and M&E setting, the nonconditional expected flow to levered equity is
not constant (i.e. not an annuity). More specifically for this experiment, it decreases from
the present to the future.

(11) For both the M&M and M&E setting, the nonconditional expected tax shield is not constant (i.e.
not an annuity). More specifically for this experiment, it decreases from the present to the future.

These observations have the following immediate consequences:

(a) In both cash-flow scenarios, the discount rates are path independent. This makes it possible
to discount the unconditional expectations of the cash flows and values. Hence, it is possible
to use the deterministic backward induction scheme:

_ E[CFiti1 + Vigs]

Vie = 1 forallt=0,...,T-1 (17)

where E now represents the expectation under real probabilities, and r; is the risk-adjusted
discount rate for E[CFis 1 + Vig1].

(b) For M&M, none of the values in t =0 can be computed directly using the formula for the
present value of an annuity of the form: Present Value = Annuity x Annuity Factor with the
annuity factor commonly being defined as:

1+n"-1

Annuity Factor =
Y 1+n"-r

where r is the discount rate, and T represents the lifetime of the annuity. This is because either
the expected cash flows, the discount rates, or both are not constant.

(c) For M&E, the FCF method can be carried out by means of the formula:
Present Value = Annuity x Annuity Factor. The same applies to the value of the unlevered
firm. For these valuations, both the FCF and the corresponding discount rates are constant
across time. The value of levered equity, debt, and tax-shield cannot be computed by means of
an annuity valuation formula. Here a backward induction of the form (17) is required. Note,
however, that these values can always be deduced from the levered and unlevered firm value
as follows:

EVL =FV_-q, DV =FV,-(1—q), TSV =FV_ — FVy (18)

7. Consequences for Valuation of Annuities and Perpetuities
Based on the implications above, we will now numerically analyze the behavior and convergence
of the discount rates.

7.1 The Modigliani/Miller Annuity

The discount rates for the M&M cash flows cannot be derived by applying an approach based on
the annuity formula, but we can, however, apply the deterministic backward induction process
(17). Let us start with the equity approach, restated in the following, where we apply the remaining
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lifetime R=T,...,1 of the annuity (instead of time index t=1,...,7):

_ (EBITg—Ip)-(1—7)—ADVp_1 +EV g_1
EVig= T

Note that we replace the time index on EBIT because we are now looking at a stochastic annuity
with constant expectation EBITg. Let us rewrite this approach as shown in the following frame:

FVLﬁR.(l — q).l’f FVL?R.(]. — q) - FVL7R,1(1 — q)
FVL,R.q DVR.rf DVR — DVR,l FVL‘R—1~q

EBITg.(1 —7) — Iz 1.(1 — ) — .DVi_1 + EVig 1
1+rer

EV g =

This brings us to:

_ EBITB . (1 — T) — FVL‘R . (1 — q) < rg- (1 — T) — FVL.’R . (1 — q) + FVL‘R—l

FVig-
LR q 1+ rep

We recognize that rg ¢ is a compound rate because the enumerator consists of the stochastic EBIT
with expectation EBITg. The remaining terms of the enumerator are deterministic and can be
discounted with the risk-free rate:

FVio-q— EBITg - (1 — T) FVLﬁR_l _ FVL,R . (1 — q) . [I’f . (1 — T) + 1]
LR = 1+ reprr 1+rs 141

By solving this expression for the value of the levered firm, we obtain:

EBIT,-(1—7)
FVi g — Ty (L) +FViRa 20)
Tol4+g i+ (1-q) - (1-7)

For given rggrr (the required return on unlevered equity at point in time T) and EBITg we are able to
compute the value of the levered firm for all points in time by means of backward induction.
Subsequently, we can determine the discount rate recpg in the FCF method for a given remaining
lifetime as follows:

_ EBITB . (1 — ‘L') +FV|_‘R,1 S fepg = EBITB . (1 — T) + FVLﬁR—l B

Fv =
LR 1+ recrr R FVir

1 (21)

The backward iteration for the unlevered firm value can be written as:

EViio — EBITg (1 - T) + FVy i1 . EBITg (1 — T) FVuyti1
UR = 1+ryt N 1+ resir 1+r

This value can be used to deduce the required return on the unlevered firm:

o EBITB (1 — ‘L') —+ FVU4,R—1 _

= 1
UR FVur

Once the values for the levered and unlevered firm are known, the remaining values can be
deduced according to (18). Based on these values and the corresponding cash flows, we are
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Figure 8. Behavior of discount
rates (required returns) in the
Modigliani-Miller model.
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then able to determine all of the discount rates. Figure 8 illustrates these rates depending on the
remaining lifetime of the M&M annuity for the numerical values given above.

7.2 The Miles-Ezzell Annuity

In the M&E setup, all the discount rates are constant except for the discount rate applied to the tax
shield. This discount rate can be determined by the following considerations. Again, letR=T,...,1
represent the remaining lifetime of the annuity EBITg.

The discount rate for the tax shield is defined as:

TSVg — DVg - r¢ -7+ TSVg_1 i hreg = DV - I’f%;'\;‘; TSVr_1 _

1 22
1 —+ rTs_R ( )

The value of the tax shield is the difference between the levered and unlevered firm value.

TSVR = FVL.R — FVU,R and TSVR,l = FVLAR—l — FVU.R—l (23)

As concluded above, the values of the levered and unlevered firm can be calculated by means of
the annuity valuation formula as follows:

1+ -1

FV g =EBITg - (1—71)-
(1 + rece)® - recr

(T+rece) -1

FVig1=EBITg-(1—-7) —
(T +rece)® ™ ricr
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1+r)f -1

FVyr=EBITg- (1 —1)-
on e

1+r)ft-1

FVup-1 =EBITg - (1 —1) - —
1+t

The debt value can be calculated by means of the debt-to-firm-value ratio.

DVR = (1 — q) . FVLﬁR (26)

Substituting (22) to (25) into (21) yields the following expression for the discount rate of the tax
shield:

(1= Q) rergeeer — (1+rrcr) “+ (1+ry)
PrCFR — PUR

I'trsp =

where @rcrr and ¢y p represent the annuity factors:

(1 +rmg) ~1 andgyg = A+n) -1

PECFR = R R
(1 + rece)” recr (14+r)"ry

Figure 9 illustrates the behavior of the discount rates for an M&E annuity depending on the
remaining lifetime and for the numerical values chosen in our example.

7.3. The Modigliani/Miller Perpetuity

At the end of this section, we will quickly compare the numerical results with the considerations in
the literature for the case of perpetual cash flows. For M&M, the necessary conditions for the
consistency of the four valuation models are well established. These are:

(1) The tax shield is discounted by means of the risk-free rate (or the rate of debt):

Irs =I5

(2) The translation from the unlevered return on equity to the discount rate in the FCF method is
(Modigliani &Miller, 1963, p. 438):

r'ecpP =y [177,'(17(])] (27)

Feck = 5.102041% [1 — 30% (1 — 40%)] = 4.1837%

(3) The discount rate in the FCF method is also defined as (see FCF method in Section 4 or
Appendix 1):

rFCF:qrELJr(lfq)(lfr)rD (28)

Fecr = 40%5.2092% + (1 — 40%) (1 — 30%) 5% = 4.1837%

(4) The translation from the unlevered return on equity to the levered return on equity is given as
follows (Modigliani & Miller, 1963, p. 439):

rF_|_=l’U<|>(1fT)(rU7rf) (1;q) (29)

reL = 5.102041% + (1 — 30%) (5.102041% — 5%) 174%%) = 5.2092%
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Figure 9. Behavior of discount
rates (required returns) in the
Miles-Ezzell model.
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(5) The discount rate in the CCF method is (see CCF method in Section 4 or Appendix 2):
rccr=q-rec+(1—-q) e (30)

(5) From (29) and (30), we can also derive the translation from the unlevered return on equity to
the discount rate in the CCF method as shown by Nantell and Carlson (1975, p. 1348):

recce =ry+(rr—ry)z(1-q) (31)
rece = 5.102041% + (5% — 5.102041%) 30% (1 — 40%) = 5.0837%

Taking (31) the other way around we obtain:

, _fec—rr(l—q) _ Iece
YT 1-t1-q 1-:(1-9q)

Contrary to this result, Brealey et al. (2017) suggest unlevering by means of ry = rcec and at the
same time levering by means of (29), which generates an inconsistency.

7.4. The Miles-Ezzell Perpetuity
For the M&E perpetuity our analysis suggests the following:

(1) Both Arzac and Glosten (2005, equation 13 with growth rate g =0) and Barbi (2012,
equation 15) derived the correct formula for the value of the tax shield. Their formula

directly induces the discount rate for the tax shield as follows:

1+r,
s = Iy 1575
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, 14+5% '
— o - T’ (o
rrs = 7.14286% 11 7.1429% = 7.000% (32)

We therefore reject the opinion of Harris and Pringle (1985), who claim to discount the tax-
shield with the required return of the unlevered firm.

(2) The analysis in this paper confirms the results of Miles and Ezzell (1980, p. 726, formula 20)
concerning the translation of rece and ry which is:

1+fu
1+I’f

recr=ry—rir(l—q) (33)

rece = 7.14286% — 5% 30% (1 — 40%) 1-714286% — 6 2245%
(3) As in the case of M&M, the discount rate in the FCF method can also be represented by
formula (28).
(4) From the ry-to-rece translation we can directly deduce the relationship between the unlev-

ered and levered return on equity:

r-r(1-q) M+ 1
reL = q [ Rl ] (34)

7.14286% — 5% (1 — 40%) [730% (7.14286%-5%) 4 1

1+5%
ree = 40% =10.3112%

In a world with corporate taxes, we can therefore reject the formula of Taggart (1991, p. 14)
and Cooper and Nyborg (2006) who stated:

_n-r-(1-9)

reL
q

(35)

However, it is interesting to recognize that formula (29), in the absence of taxes, reduces

to (35).

(5) The discount rate in the CCF method is the same as for M&M (see formula (30)).

(6) From the expressions (30) and (34), we can derive the translation from the unlevered return
on equity to the discount rate in the CCF method.

7(ry — rr)
1+ff

Fecr = 7.14286% — 5% (1 — 40%) 24 -14288%-5%) _ 71245%

fecce=ru—re(l1—q) (36)

8. Summary and Outlook

In this paper, we have addressed the differences between the Modigliani-Miller (M&M) model from
1958 and 1963 and the Miles-Ezzell (M&E) model from 1980. The only different assumption between
these two frameworks is related to the stochasticity of the free cash flow: while M&M assumes
a strictly stationary process, M&E departs from a process with the martingale property. This difference
forces three implications for perpetuities: first, in the M&M setting, the level of debt and equity is state
independent. In the M&E setting, however, the value of debt and equity are state dependent. For the
latter, this means that the outstanding amount of debt needs to be adjusted throughout time in
different states of the world. The second implication concerns the discount rate on the tax shield: in
the M&M setting, this rate equals the risk-free rate, while in the M&E setting it represents a compound
of the risk-free rate and the required return on the unlevered firm (see equation (32) above). The third
implication concerns the translation formulae between ry, rg, recr, and recg. As shown in the previous
section, the formulae for a strictly stationary process (M&M) are different from the martingale process
(M&E). When it comes to annuities, these implications are also valid. In addition, we observe that the
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difference in the cash-flow stochasticity affects the timely behavior of the discount rates. In the M&E
framework, all of the discount rates except the discount rate for the tax shield remain constant. In
other words, the discount rate of the tax shield depends on the remaining maturity. Contrary to this,
in the M&M annuity, the discount rate of debt and the tax shield remain constant over time; they are
equal to the risk-free rate. The discount rates ry, rg, recr, and rccr, however, depend on the remaining
maturity.

This has consequences for the calculation of the value of the unlevered firm, the levered firm,
equity, debt, and the tax shield when free cash flows are annuities: annuity formulae of the form
Present Value = Annuity x Annuity Factor need to be applied with care. More precisely, this
straightforward formula cannot be applied to M&M type cash flows. In the case of M&E, this
approach is exclusively applicable to the FCF approach and the valuation of the unlevered firm.

Finally, we will suggest some obvious directions for further research. The simplest extension would
be to address growth in the cash flows (see, e.g., Dempsey, 2013; Fernandez, 2004). In the M&M
model, we would then propose that E[EBIT;|EBIT; 1] = EBITg - (1+g)' ", and in the M&E setup, we
would claim that E[EBIT;|EBIT; 1] = EBIT;_1 - (1 +g). In the latter model, this can be forced by
changing the factors u and d or by skewing the real probabilities (see Section 3). Other immediate
suggestions are the inclusion of personal taxes (see Cooper & Nyborg, 2008; Miller, 1977; Stapleton,

1972; Taggart, 1991), and risky debt, both with and without the possibility of bankruptcy.
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Appendix 1. Derivation of the FCF Method from the Equity Method
In this appendix, we briefly outline the derivation of the free-cash-flow (FCF) method. We start

from the equity method:

EV _ (EBITyy1—1t1)(1-7)—ADVyy 1 +EVi i1
Lt = Ttrere

We replace the following:

Ity1 =DNt - rnom =DVi-rg =FVit - (1 -q) - 15

ADVt+1 = DN; — DNtJrl =DV — DVH,]_ = FVL,t . (1 — q) — FVL7t+1 . (1 — q)

EVii=q-FV;

EVitii=q - FVitn

After adding these expressions into the equity method formulg, it is possible to solve for the
levered firm value FV| ;.1, which results in the FCF method presented in Section 4.

Appendix 2. Derivation of the Capital Cash Flow Method
In this appendix we briefly show the derivation of the capital-cash-flow (CCF) method. The equity

method can be stated as:

EVi¢(1+rece) = (EBITeq — Iia)(1 — 7) — ADViq + EVi 41

From the valuation of debt we know:

DVe(1+r) =Ity1 + ADViyq +DViyq
Adding these two equations together,

we obtain:
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EVig- (14 rece) +DVe- (141,) = (EBITeiq —Ity1) - (1 —7) + EVigpa + Tepa +DVigq

On the left side of this expression, we replace EV| ; = FV, ;- q and DV; = FV ; - (1 — q). On the right
side of this equation we see that EV| 111 + DViy1 = FVi t11.

Hence, we obtain:
FVie-q- (T4 rece) + FVie - (1= q)(X +1¢) = (EBITeyq — Iev1) - (1 —7) + Iep1 + FVien

On the left side, we factor out FV_ ;- Then we divide by the remainder, which brings us to:

(EBITt i1 —Ity1) - (1 —7) + Ty + FViLga
q-(L+ree) +(1—q) - (1+rp)

FVi i =

We can finally rearrange the denominator (discount factor), which brings us to the formula
presented in Section 4.

Appendix 3 Calculations in the Numerical Example

In this appendix, we will show a selection of the detailed numerical calculations of the flows,
values, and discount rates shown in Figure 2 through Figure 7. Because the calculations are
conceptually equal for both the M&M and M&E models, we will here only show the latter. Please
note that possible decimals beyond the fourth decimal are suppressed. The development of the
EBIT in case of M&E is determined as follows:

EBIT, = EBITg -u=50-1.1=55
EBIT4 = EBIT, -u =55-1.1 = 60.5
EBITe = EBIT3 -u =45-1.1 =495

EBIT; = EBITg - d =50-0.9 = 45
EBITs = EBIT, -d = 55-0.9 = 49.5
EBIT; = EBIT; -d =45-0.9 = 40.5

All of the free cash flows are calculated as:

FCF, = EBIT, (1 — 1)
= EBIT, (1 -30%) foralln=2,...,15
By backward iteration, the value of the levered and unlevered firm can be determined. We start
calculating the values in nodes 4 to 7. For example, for node 4 the precise calculations are as
follows:

Levered firm value in node 4

P (FCFs+FVig)+pl-(FCFo+FVio)

FVia Trar (- (1—0n
__ 40%:(46.5850+0)+60%:(38.115+0)
= T+40%-5%+(1-40%)-(1-30%) 5%
= 39.8684

pl-(FCFs+FVi8)+pR-(FCFo+FVio

TecFa = = ( 2\/“" ( ) 1
_ 50%:(46.585010)+50%:(38.115+0) _
- 39.8684 -
= 6.2245%

Unlevered firm value in node 4

Pl (FCFs+FVus ) +pY (FCFo+FVus)

FVUA T-+re
__ 40% (46.5850+0)+60% (38.115+0)
- 1+5%
= 39.5267

fua = ph- (FCFs+FVys ) +p5- (FCFo+FVyo) 1

FVya

__ 50%-(46.5850+0)+50%-(38.11540) _ 1
39.5267

=7.1429%

After the continuing values for the nodes int = T — 1 are calculated, we proceed with the nodes
in t=T-—2. In our example, these are nodes n =2 and n = 3. For node n = 2, the detailed

calculations are:
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Levered firm value in node 2

Pl (FCFa+ FVia) +pY - (FCFs + FVis)

n 14+q-r+(1—-q)-(1—71)-rf

_40% - (42.35 + 39.8684) + 60% - (34.65 + 32.6196)

T 14+40%-5% + (1 —40%) - (1 — 30%) - 5%

=70.3642

pf - (FCFa + FVia) + pf - (FCFs + FV.s)
FVi

 50% - (42.35 + 39.8684) + 50% - (34.65 + 32.6196)

N 70.3642

FVi,

TecF2 = =1

—1=6.2245%

Unlevered firm value in node 2

Pl (FCFa+ FVya) + P - (FCFs + FVys)

B 1+rf

_ 40% - (42.35 4 39.5267) + 60% - (34.65 + 32.34)
- 14+5%

FVya,

= 26.4600

Pl - (FCFa + FViya) + Pl - (FCFs + FVys)
FVy.2

rya =

-1
=7.1429%

We now proceed to period t =T — 3. In our cas
we find the root node of the tree.

Levered firm value in node 1

e, this is the present point of time, t = 0, where

Unlevered firm value in node 1

 pY(FCFRy +FVL) +pl-(FCFs + FVi3)

- 1+q-ri+(1—q) - (1-17) - r¢

__ 40% - (38.5 + 70.3642) + 60% - (31.5 + 57.5707)

T T 14 40% 5% + (1-40%) - (1-30%) - 5%

=93.1682

PR+ (FCRy+FVi2 ) +p5 (FCFs+FVi3) 1
FVia -

__ 50%:(38:5470.3642) +50%-(31.5457.5707) _

93.1682
= 6.2245%

FVia

FrcFa

P (FCRa+FVya ) +pl-(FCFs+FVy3)

FVU~1 T+re
_ 40%-(38.5+69.4711)+60%-(31.5+56.84)
- 1+5%
=91.6119
v pi- (FCFa+FVy2 )+ (FCF3 +FVy3 ) 1
U2 = -

Yy,
 50%-(38.5+69.4711)50%-(31.5+56.84) _ ¢

56.84
=7.1429%

From the values above, we can now deduce the
The precise calculations for nodes 1, 2, and 4 are

value of levered equity, debt, and the tax shield.
the following.

Levered equity value and debt

Tax shield value

EViy =q-FViy = 40% - 93.1682 = 37.2673
DV = (1 —q)-FViy = (1 — 40%) - 93.1682 = 55.9009

VTS; = FV 1 — FWy1 = 93.1682 — 91.6119 = 1.5563

Levered equity value and debt

Tax shield value

EVi, =q-FV_, = 40% - 70.3642 = 28.1457
DV, = (1—q)-FVi, = (1 — 40%) - 70.3642 = 42.2185

VTS, = FV 5 — FVy; = 70.3642 — 69.4711 = 0.8931

Levered equity value and debt

EVis = q - FVi4 = 40% - 39.8684 = 15.9474
DVy = (1—q)-FViq = (1 — 40%) - 39.8684 = 23.9210

Tax shield value
VTSs = FVi 4 — FVy4 = 39.8684 — 39.5267 = 0.3417

Once, we know the value of debt, we can determine the interest payments, the interest tax
shield, and the change in debt. Again the calculations are shown for nodes 2, 4, and 8.

Interest payment

Interest tax shield

Node 2 I = DV; - ry = 55.9009 - 5% = 2.7950 TS, = DV, - rf - T = 55.9009 - 5% - 30% = 0.8385
Node 4 Iy = DV, - 1y = 42.2185 - 5% = 2.1109 TS; = DV - rp - T = 42.2185 - 5% - 30% = 0.6333
Node 8 ls = DVs - 1y = 23.9210 - 5% = 1.1961 TSg = DVy - rp - T = 23.9210 - 5% - 30% = 0.3588
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Change in debt

Node 2 ADV, = DV; — DV, = 55.9009 — 42.2185 = 13.6824
Node 4 ADV, = DV, — DV, = 42.2185 — 23.9210 = 18.2975
Node 8 ADVg = DV, — DVg = 23.9210 — 0 = 23.9210

Once we know the interest payments and the change in the outstanding debt, it is possible to
determine the flow to equity. For nodes 2, 4, and 8 the calculations are:

Flow to equity
Node 2 FtE, = (EBIT, — ) (1 — T) — DV, = (55 — 2.7950) (1 — 30%) — 13.6824 = 22.8611
Node 4 FtEqa = (EBIT4 — I4) (1 — T) — DV4 = (60.5 — 2.1109) (1 — 30%) — 18.2975 = 22.5749
Node 8 FtE g = (EBITs — Ig) (1 — T) — DVs = (66.55 — 1.1961) (1 — 30%) — 23.9210 = 21.8267

Once all of the cash flows and continuing values are determined, it is possible to deduce all of
the required returns or discount rates. We will illustrate this for nodes 2 and 4.

Return on levered equity:

Node 2

Node 4

PR x (FtELa+EVLa)+pRx (FtELs+EV s
rey 2 == ( gvud ( ) _ 1=10.3112%

PR (FtELg+EV, g )+p8-(FtELo+EV, .
fev, 4 = (i Lsgvud( to+EVis) —1=10.3112%
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