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1 Introduction

How time preferences and beliefs about the future affect consumption savings decisions is a clas-
sical economic question. The workhorse model of inter-temporal allocation is the life-cycle model
of Modigliani and Brumberg (1954) and Ando and Modigliani (1963). Standard deterministic
models assume an additively separable per period utility function, where future utility is dis-
counted exponentially (Samuelson 1937). Models with survival beliefs express those as additive
probability measures. Standard discounting as the combination of exponential time-discounting
with additive survival beliefs results in a dynamically consistent life-cycle model in which the
future selves of the economic agent have no incentives to deviate from her ex ante optimal con-
sumption and savings plan. This paper instead analyzes life-cycle models with arbitrary effective
discount factors. In this setup the generic case is dynamic inconsistency, that is, the optimal
consumption plan from the perspective of some ex-ante agent does—for almost all specifications
of discount factors—not coincide with the optimal consumption plan from the perspective of
some ex-post agent.

We follow the literature since Strotz (1956) and Pollak (1968) and compare a naive agent—
who does not foresee that her future selves will deviate from the current self’s optimal consump-
tion savings plan—with a sophisticated agent—who is aware of these deviating incentives. Our

main research question is as follows:

How does the underlying effective discounting process impact on the question whether the naive

or the sophisticated agent saves a greater fraction of her wealth in any given time-period?

From an economic policy perspective this question is relevant because governments worldwide
look for ways to induce more prudent savings behavior. If it was the case that a sophisticated
agent will always save more than a naive agent under an empirically relevant discounting scenario
such as, e.g., hyperbolic time discounting (Laibson 1997), awareness campaigns about people’s
dynamic inconsistencies may usefully complement financial incentives schemes. Closer to our
own theoretical interests is the comparison between our economic intuition and the formal impli-
cations of life-cycle models. Intuitively, we had expected that the nature of effective discounting
processes would have some impact on the question whether a naive agent saves more than her

naive counterpart or vice versa.



We address our research question within a class of life-cycle models with a per period iso-
elastic power utility function in which the consumption policy functions are linear in total wealth.
We denote the concavity parameter of the per period utility function by # so that 1/6 measures
the inter-temporal elasticity of substitution (/ES). For this class of models our answer to the

posed research question proves that our intuition was wrong:

Irrespective of the effective discount process, the sophisticated agent will save more than her

naive counterpart in any given time period if and only if the IES is smaller than one.

Thus, the question which agent type saves a greater fraction of her wealth in any given time
period is exclusively determined by the IES. This holds regardless of whether in any future
period the naive agent consumes—or plans to consume—more or less than her sophisticated
counterpart. We regard this finding as surprising because the effective discount process is the
sole reason for why the model might be dynamically inconsistent to begin with.

Our result extends Pollak (1968)’s finding that for an /ES of unity the naive and the so-
phisticated agent save exactly the same fraction of their wealth in every period irrespective
of their effective discount function. This knife-edge case is often taken as a reference point
for interpreting consumption behavior in models with a presence bias.! In these models, the
sophisticated agent’s life-cycle savings decision is shaped by two opposing forces—on the one
hand, (i) restricting her future selves decisions because they understand they will over-consume
and, on the other hand, (ii) providing sufficient resources to finance her consumption needs and
thereby to smooth consumption. One may therefore conclude that the answer to our research
question is obvious for models with a presence bias: With a low value of the inter-temporal
elasticity of substitution (/ES) relative to a value of one, the sophisticated agent cares more
about inter-temporal consumption smoothing and thus it is plausible that motive (ii) is stronger
than motive (i) and vice-versa for a high value of the IES.

Even in these models with a presence bias, however, this intuition provides only limited
guidance because it relates to an intra-personal comparison of the consumption behavior of the
sophisticated agent and not to the inter-personal comparison across the two types of agents. In

fact, our main result shows that this intuition is misleading because irrespective of the shape

LA related literature studies observational (in)equivalence results to models with exponential discounting,

where 6 = 1 serves as a reference point, cf., e.g., Strulik (2015), Cabo et al. (2016) and Cabo et al. (2020).



of the discount function—i.e., whether it induces a presence or a future bias—the sophisticated
agent saves more than the naive agent if and only if the I ES is less than one.

We start with a cake eating problem with finite horizon 2 < T < oo. In this model, we
assume that households discount the future with age-dependent effective discount factors pj, ,,
with pj,, > 0 and p,, = 1, where h is the current age of the household and ¢ is the age with the
respective future period consumption delivery. We are agnostic about the nature of the discount
process. In deterministic models it reflects pure time-discounting and in models with survival
uncertainty a combination of pure time-discounting and survival beliefs.? Because the discount
factors of the h-old agent, h = 0,..., T — 1, can be any strictly positive real-numbers, our life
cycle model is very general and it encompasses relevant extensions of the standard model such
as (quasi-)hyperbolic time-discounting models (cf. Phelps and Pollak 1968; Laibson 1997; 1998;
O’Donoghue and Rabin 1999; Harris and Laibson 2001) and Choquet expected utility or/and
Prospect theory life-cycle models with non-additive subjective survival beliefs (cf. Bleichrodt
and Eeckhoudt 2006; Ludwig and Zimper 2013; Drouhin 2015; Groneck, Ludwig, and Zimper
2016; Grevenbrock, Groneck, Ludwig, and Zimper 2021 and references therein). To make this
latter point explicit, one can show that the discount factors of an h-old Choquet expected utility
decision maker are p;,, = 3, v, Where 3, , stands for pure time-discounting between present
age h and future age ¢t and v}, stands for the decision maker’s non-additive belief to survive
from age h to age t.2

To deal with the generic case of dynamic inconsistency, we solve the life-cycle model for the
realized consumption paths of a sophisticated and a naive agent, respectively. Despite the fact
that both agents share the same preferences, their realized consumption paths result from very
different optimization problems. The sophisticated agent chooses her per-period consumption
as if she plays a strategic game against her future selves. In contrast, the naive agent chooses
her per-period consumption under the misperception that her future selves will stick to the
consumption plan that is optimal from her ex ante perspective.

Denoting by mi, for i € {n, s} the marginal propensity to consume out of total wealth wy,

2Compare, e.g., Halevy (2008), Epper, Fehr-Duda, and Bruhin (2011), Saito (2011), Chakraborty, Halevy,
and Saito (2020) who discuss the relationship between pure time-preferences and preferences under uncertainty

or/and risk.
3A formal proof can be found in the earlier version of this paper (Groneck, Ludwig, and Zimper 2021).



at age h of the naive and the sophisticated agent, respectively, we derive as our main result
Theorem 1, which states that for all (arbitrary) specifications of the effective discount factors?,
(i) # < 1 implies my < mj and # > 1 implies m} > mj. This result is directly derived
from a comparison of the respective MPCs, thus it holds globally and hinges on the linearity
of consumption policy functions. For the special case of a three-period model (7" = 2) we
further show analytically that the concavity parameter 6 additionally determines the strength®
of the response of the sophisticated relative to the naive agent’s savings decision in response
to any (local) departure from standard discounting. This straightforward first-order condition
argument thus directly illustrates for the three-period model that only the concavity parameter ¢
but not the effective discount process drives our main finding. Beyond determining the degree
of inter-temporal smoothing through the IES = %, the concavity parameter 6 therefore plays an
additional role for the inter-personal comparison of savings behavior between the naive and the
sophisticated agent. In a quantitative illustration we further show that the differences in MPCs
across the two types of agents can be large for plausible values of 6.

Finally, we extend our main finding in Theorem 1 to models with return risk, a portfolio
choice and homothetic Epstein-Zin-Weil (EZW) preferences (Epstein and Zin 1989; Epstein and
Zin 1991; Weil 1989), again for the multi-period model where 7" > 2. This also encompasses
models with risky human capital (Krebs 2003) and thus may also allow for self imposed borrowing
constraints if there exists a strictly positive probability of loosing the wealth endowment from a
risky investment. Our main result therefore holds in a broad class of economic models. What is
decisive is the linearity of consumption policy functions. With this extension we also formally
establish that it is the value of the deviation of the I ES from unity which governs the relative
consumption-savings response of the two agents to deviations from geometric discounting and

not risk aversion.b

1At ages h € {T — 1,T} we always have m} = mj§ irrespective of the value of 6.
5The impact of @ on the inter-personal comparison between both types is non-monotonic. We show for

6 > 1 that the relative size of the reaction of a sophisticated over a naive agent to any deviation from standard
discounting increases up to a threshold value § > 1 whereby it decreases afterwards. This non-monotonicity
in > 1 arises because the naive and the sophisticated agent have identical MPCs for # = 1 as well as in the

limit 6 = cc.
SIn this extension, § takes (at least) a triple role as a consumption smoothing parameter, a relative smoothing

parameter of the naive and sophisticated savings response to deviations from standard discounting and as a

parameter partially controlling precautionary savings behavior. For the latter point see Kimball and Weil (2009)



The remainder of our analysis proceeds as follows. Section 2 solves the model for the re-
alized consumption path of the sophisticated agent as well as for the planned versus realized
consumption paths of the naive agent. Section 3 formally defines dynamic consistency versus
inconsistency of our life-cycle model in terms of the realized versus planned MPCs of the naive
agent. Section 4 comprehensively answers our research question. Section 5 presents the ex-
tension to EZW preferences, and Section 6 concludes. All formal proofs are relegated to the

Appendix.

2 The Life-Cycle Model

We study an additively time-separable life-cycle model with final period T > 1 such that every

h-old agent’s life-time utility over the consumption stream (¢, cpi1..., cr) € Rgah“ is given as

T
Un (chs Cht1-o 01) = th,tu (ct) (1)
t=h

where the age-dependent effective discount factors must only satisfy p,, > 0 and p,, = 1. There
exists an initial amount of total wealth wy > 0 that the agent can spend over her life-cycle so

that the budget constraint becomes
Wi =wy —c >0 forte{0,1,...,7—1}. (2)

We restrict attention to period-utility functions belonging to the family of iso-elastic power

utility functions, that is, u (¢) must be differentiable on R, such that

u(c) = (3)

and u' (¢) = ¢7? for concavity parameter 0 < 8 < oco.

2.1 Optimal Consumption Plan

For fixed period consumption ¢; and wealth w; let

Cy = MWy

and Krueger, Ludwig and Villalvazo (2021).



where m; denotes the agent’s marginal propensity to consume (MPC). Because the optimal
period consumption is linear in total wealth for power period utility functions, it will sometimes
be convenient to consider MPCs rather than absolute consumption levels.” Expressed in terms
of MPCs for the periods h + 1,...,T and period h wealth lifetime utility (1) of the h-old agent

from consumption stream (cy, ..., c7) becomes

Uh (Ch; mp41, ...,mT,wh) = u(ch) + Z ph’tu <(’U}h — Ch) my 1:[ (1 — mj)) . (4)

t=h+1 Jj=h+1

Next we derive the MPCs that would maximize this utility function from the perspective of the
h-old agent. In what follows, we denote by m™ : [0,1]" " — [0,1] the function that gives us,
for any given argument

(th, ceey mT) € [O, 1]T7h ,
the (unique) MPC that maximizes through the absolute consumption level

*h *,h
Cp =My, (Mpg1, ooy mp) Wy

the utility function (4) over all admissible consumption levels ¢;. In game-theoretic terms,
my b (Mmpy1, ..., mr) would correspond to the best reply/response of an h-old agent who assumes

that her future selves will be choosing (mp1, ..., mr) as their respective MPCs.

Proposition 1. The MPCs mj’h that are optimal from the perspective of the h-old agent for

fixed myiq,...,mp are given as

1 fort="T

i (Mes, o) = 1 forh<r—1 O

3

T Ph, -1 1-0
1+ (Zs:t+l ﬁ(ms H;’:H—l(l_mj)) )

For T" > 2 our life-cycle model will be, generically, dynamically inconsistent in the sense
that for almost all specifications of discount factors there is some t-old agent with ¢ > h, where
h < T — 2, who will have a strict incentive to deviate from a consumption plan that would be
optimal from the perspective of the h-old agent. To solve for models that might be dynamically

inconsistent, the literature distinguishes between the two extreme cases of a naive versus a

"Linearity of consumption policy functions in models with a deterministic labor income stream and no bor-

rowing constraints is a well-established result in the consumption literature, cf., e.g., Deaton (1992).



sophisticated agent (cf. O’Donoghue and Rabin 1999). The remainder of this section defines
both types of agents in terms of the optimal MPCs of Proposition 1.

2.2 Sophisticated versus Naive Saving Choices

In game-theoretic terms, m;™ : [0,1]" " — [0, 1] given by (5) is the h-old agent’s best response
function according to which she chooses for a given wealth level w,; the utility maximizing
consumption level

*h *,h
e =my" (Mg, ..., mp) wy

for the t-old agent whereby she assumes that the agents who are older than ¢ choose
(mt+1, ceey mT) S [0, 1]T7t

as their respective MPCs. In what follows we distinguish between an agent who is either sophis-
ticated or naive throughout her whole life-cycle. Whereas the h-old sophisticated agent chooses
a best response against the actual savings behavior of all her future selfs, the h-old naive agent
chooses a best response against her most preferred savings behavior of her future selfs—which

may or may not coincide with the actual savings behavior of these future selfs.

2.2.1 The Sophisticated Agent

Definition 1. We speak of a “sophisticated agent” if and only if this agent correctly anticipates

at every age h her future behavior.

Denote by m; the realized MPC of the t-old sophisticated agent. Expressed in terms of the
optimal MPCs, the sophisticated agent solves through backward induction at every age h > 0
the problem

my, = my" (M, ., my) .

This gives us, by Proposition 1, the following recursive characterization of the realized MPCs of
the sophisticated agent.

Proposition 2. The realized MPCs of the sophisticated agent are given as follows:

1 for h=T

— 1 forh<T -1
1+<Ph,h+1CZ+1>

Dl

7



where C?z’s the slope of the continue value function of self h in period t and is recursively
defined as
1 fort="1T

ms 4 phthl (1—mg)? (g fort<T—1

Solving the model for the sophisticated agent through backward induction is equivalent to
solving an extensive form game for the unique subgame-perfect Nash equilibrium where the
agents of different ages are different players who can choose MPCs at each information node.
The only way how an agent can influence through her chosen MPC the future consumption path
in her favor is by restricting the budget, i.e., wealth level, of her future selfs. The MPC m{—
being a best response of the 0-old agent against the correctly anticipated MPCs of her future
selfs—is therefore a function in m$, for ¢ > h. On the other hand, the MPCs of future agents do
not depend on previously chosen MPCs. This is a consequence of the fact that optimal MPCs
are independent of wealth levels for iso-elastic power period utility functions.

To interpret the marginal propensities to consume against the literature on hyperbolic dis-
counting it is instructive to derive a variant of the generalized Fuler equation (Harris and Laibson
2001), which as shown in the Appendix follows from the expressions for marginal propensities

to consume given in Proposition 2 as

h

s s ph,h+2 Ch s s

uc(cy,) = Prps1 | Mpg1 T+ hﬁ (1 - mh+1) Uc(ch+1) (7)
Phht1Pht 1,042 Cpyo

Equation (7) is the deterministic model analogue to the “generalized Euler equation with ad-
justment factor” we derived in a model with idiosyncratic productivity risk in Groneck, Ludwig
and Zimper (2016). It reflects two effects on the consumption growth rate from dynamically

inconsistent preferences. The first is through term

_ Prhi2 # 1 (in general),
Ph.h+1Ph+1,h+2
which in the familiar quasi-hyperbolic time discounting model is equal to the inverse of the

short-run discount factor. The second is through the ratio

h
Chio

h+1
Chya

# 1 (in general),

which captures the difference in the marginal valuation of wealth in period h+2 from the perspec-

tive of the sophisticated agent h and her next period counterpart h + 1. In the quasi-hyperbolic



¢ . . . .
Q_Zﬁ = 1, because continuation value functions from period h+2 onwards
h+2

are the same for sophisticated agents h and h + 1 in that model.

time discounting model

2.2.2 The Naive Agent

Definition 2. We speak of a “naive agent” if and only if this agent assumes at every age h
that her optimal consumption plan from the perspective of age h is also optimal from the

perspective of all her future selfs t > h.

In contrast to the sophisticated agent, the h-old naive agent bases her savings decision on
a—possibly incorrect—assumption about her future behavior. Put differently, the naive agent
completely ignores the possibility that her future selfs might have strict incentives to deviate
from her optimal consumption path. Expressed in terms of the optimal MPCs of Proposition 1,

the h-old naive agent’s planned MPCs for t > h are characterized as

nh *,h n,h n,h ]
mg" =mg (myg, . myp ) (8)

Let my = m}”" be the realized MPCs of the h-old naive agent, which are stated in the next
Proposition 3. The realized MPCs of the naive agent are given as follows:

(i) Recursive characterization:

1 for h=T

1 —— forh<T -1
(ST o (0 T (12 ) )P

with planned MPCs

1 fort="1T
n,h
e = l - 1 + fort<T —1

[4 [

1+% DD (%)
M1

(ii) Closed form:
1
my = for h<T — 1.

=

1+ ZtT:thl (ph,t)



3 Dynamic Consistency versus Inconsistency

There exists a large behavioral and decision-theoretic literature which convincingly argues that
human decision making is typically prone to violations of dynamic consistency. Dynamic incon-
sistencies arise, for example, within the following three modeling classes: (i) deterministic models
with a presence bias induced by hyperbolic or quasi-hyperbolic time-discounting (Laibson 1997;
1998; O’Donoghue and Rabin 1999); (ii) non-deterministic models with expected utility maxi-
mizing agents who violate Bayes’ rule®; (iii) non-deterministic models with Choquet expected
utility decision makers (Schmeidler 1989; Gilboa 1987) or/and Prospect theory decision makers
(Tversky and Kahneman 1992; Wakker and Tversky 1993; Wakker 2010) who form conditional
non-additive beliefs that may or may not be updated in accordance with some Bayesian up-
date rule (Gilboa and Schmeidler 1993; Eichberger, Grant, and Kelsey 2007; 2012). Within
the context of life-cycle models with time-discounting and survival uncertainty, our model with
arbitrary effective discount factors contains these modeling classes as special cases.

We formally define dynamic consistency versus dynamic inconsistency of the life-cycle model
in terms of possible discrepancies between the planned and the realized MPCs of the naive agent.

It will be analytical insightful to define these concepts with respect to the agent’s age.
Definition 3.
(1) We say that the model is “dynamically consistent at age h” if and only if
mp" =m? for all t > h+ 1.
(ii) Conversely, we say that the model is “dynamically inconsistent at age h” if and only if

mj" £ m? for some t > h+ 1.

The model is always dynamically consistent at ages h € {T,T — 1}. For h < T —2 we obtain,
by Proposition 3, the following equivalent characterization of dynamic consistency in terms of

discount factors.

8The economic literature which considers violations of Bayesian updating includes Rabin and Schrag (1999);
Rabin (2002); Epstein (2006); Epstein, Noor, and Sandroni (2008); Mullainathan, Schwartzstein, and Shleifer
(2008); Gennaioli and Shleifer (2010); Ortoleva (2012). Bayesian updating of additive probability measures is,
through the law of iterated expectations, equivalent to dynamic consistency of expected utility preferences (cf.,

e.g., Epstein and Le Breton 1993; Epstein and Schneider 2003; Ghirardato 2002; Siniscalchi 2011).

10



Proposition 4. The life-cycle model is dynamically consistent at age h € {0,...,T — 2} if and
only if, for all t € {h+1,T — 1},

> (p—) - (). )

kg1 \Phit k=t+1

D=

Equation (9) is for every ¢ generically violated over the space of all discount factors so that our

model is, for almost all values of discount factors, dynamically inconsistent at any age h < T —2.

Example 1. To give an illustrative example, let T' = 3 and observe that dynamic

consistency at age h = 0 is characterized through the following two equations:

TL,h — n —
my™ =My <~ — = P23

and
g v
h Po,2 Po,3 1 1
my" = my A (_) + <_> = (p12)" + (p13)" -
Po,1 Po,1

Whenever we find some discount factors that satisfy both equations, a small per-
turbation of factors would break down equality. That is, dynamic consistency is
non-generic at h = T'— 3 because it breaks down for the perturbed values of discount
factors in any open interval-—with strictly positive Lebesgue measure—around the

original values.[]

The standard way to ensure that (9) holds, and thereby dynamic consistency of the model
at age h, is to impose the following condition standard discounting (SDC) on discount factors:
Definition 4. We say that the discount factors satisty condition SDC at age h if and only if

Pht+1
Ph.t

= ppopq forallt € {h+1,T7 1}, (10)

which s mathematically equivalent to

Phik _ popforallt € {h+1,T—1} and all k > ¢, (11)

Ph.t

Proposition 5. Suppose that the discount factors satisfy condition SDC at age h. Then the
following holds:

11



(1) The model is dynamically consistent at age h.
(ii) The discount factors also satisfy condition SDC at all ages h' > h.
(iii) By (i) and (i), the model is dynamically consistent at all ages h' > h.

To put Proposition 5 into context, it is important to notice two aspects. First, Condition
SDC at h is sufficient but not necessary for ensuring dynamic consistency at h. Second, if
Condition SDC is violated at h although the model is dynamically consistent at h, we may
encounter situations where the model is dynamically inconsistent at some age h’ > h. Both

possibilities are illustrated by the following example.

Example 1 revisited. Suppose that the discount factors violate Condition SDC

(10) but satisfy

Po2 P Po,3 0 Po3 P
- 30 - 29 - M2,3»
Po ! Po,1 b2 Po,2
implying
P13 Po2 1

P12 Pos /)2,3.
The model is dynamically consistent at 0 because of

(12)

nh_  n Poj3
my™ =My g — = P23
Po,2

and

Dl
=

+ (01,2)

1 1
nh n Poz '\’ Pos\*
myT = my = (—) + (_) = (pl’g)

Po,1 Po,1
However, since dynamic consistency at age 1 requires p, 5 = 21_,3 the model is, by
) 1,2

(12), dynamically inconsistent at age 1 unless py 3 = 1.00

While condition SDC at h is satisfied for all h > 0 for exponential time-discounting combined
with Bayesian updating of additive survival beliefs, it does typically not hold for (i) (quasi-
Yhyperbolic time-discounting models, (ii) for models with additive survival beliefs that are not
updated in accordance with Bayes’ rule, and (iii) for models with non-additive survival beliefs
that are not updated in accordance with the optimistic Bayesian rule (Gilboa and Schmeidler

1993).°

9For detailed formal arguments we refer the reader to the working paper version of this paper (Groneck,

Ludwig, and Zimper 2021).

12



4 Who Saves a Greater Fraction of Their Wealth: The

Naive or the Sophisticated Agent?

4.1 Point of Departure

We will see that the sophisticated and the naive agent’s savings behavior will coincide at all ages
if the life-cycle model is dynamically consistent at all ages (cf. Corollary 3 below). Of course,
this finding is not surprising. Quite surprising, however, is the following relationship: Even if
the life-cycle model is dynamically inconsistent, both types of agents exhibit the same savings
behavior whenever the period-utility function is of the logarithmic form. This remarkable finding

goes back to the seminal analysis in Pollak (1968).

Theorem 0 (Pollak 1968). For all (arbitrary) specifications of the effective discount factors
we have at every age h:

0 =1 implies m; = m;j.

It is straightforward to verify Pollak’s Theorem directly by setting 8 = 1 in the MPCs of
Propositions 2 and 3 to obtain
1 for h=T

my, =mp =
1 for h<T —1.

1+Zz:h+1 Ph,t
4.2 Main Result

For general 6 # 1 it follows also from Propositions 2 and 3 that the MPCs of the T- and T'— 1-old

agents coincide for the naive and sophisticated type such that

— s __
mp = mT_17

n _ S _ 1
mp_ = Mp_,

=
1+ (pT—l,T) !
For any ages h < T — 2, however, it is no longer obvious how the sophisticated and naive agent’s

savings behavior will compare whenever 6 # 1. Our main result extends Pollak’s analysis to the

whole class of iso-elastic power utility functions, i.e., to all concavity parameter values 6 # 1.
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Theorem 1. For all (arbitrary) specifications of the effective discount factors we have at every

age h <T — 2:
(i) 0 <1 implies mj < mj;
(i) 0 > 1 implies mj > mj.
The proof of Theorem 1 is based on the following

Lemma 1. Let h < T — 2.

(i) 0 < 1 implies m} < m;, if and only if m}" # m$ for some t > h +1.
(ii) € > 1 implies m} > m; if and only if m?’h # mj for some t > h+ 1.
(iii) 0 # 1 and m} = mj if and only if mph = my for all t > h+ 1.

Our proof of Lemma 1 is based on an application of Jensen’s inequality. We here sketch the
core of the proof for a three period model (T' = 2).!° By comparing the analytical expressions of
the marginal propensities to consume of the sophistic and the naive agent at age h =T —2 = 0,

we show that mg < mg is equivalent to

mn,O 6 1 mn,O 0
< : ) m1—|—<—1) (1—my) <1,
ma 1-— mq

where m?’o is the period 0 plan for the period 1 marginal propensity to consume of the naive

agent. This condition is a weighted average of two function values around one—the function

n,0 n,0
. my’ 1—-my° . .
is evaluated at _— and o 0N a convex function for & > 1 and on a concave function

for & < 1. Therefore, the term is less than one so that m{ < m( if the function is concave
(0 < 1) and above one so that m§ > m{ if the function is convex (6 > 1).

Let us use the characterizations of Lemma 1 to identify further conditions such that the
weak inequalities in Theorem 1 either become strict or hold with equality. At first, observe that

mi._; = m/p_, implies

h h Ph,T
mply Fmy o, S mp, Fmp o, S P # Pr_17) (13)
hT—1

which gives us by Lemma 1 the following (easy-to-check) sufficiency condition for strict inequal-

ities.

0The proof for T > 2 is a straightforward extension of the main idea and is based on backward induction.
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Corollary 1. Let h <T — 2. Whenever the discount factors satisfy inequality (13), we have:
(i) 0 <1 implies my < mj;
(i) 0 > 1 implies mj > mj.

Because inequality (13) holds generically, we can combine these strict inequalities with The-

orem 0 by Pollak (1968) to obtain the following statement.

Corollary 2. Let h <T — 2. We have generically that

my < (>)m; if and only if § < (>) 1.

Recall that we have defined dynamic consistency at age h as
mP" = mp for all t > h+ 1.

Proposition 6. Let h < T —2 and 0 # 1. We have mj = mj whenever the model is

dynamically consistent at all ages t > h.
Combining Proposition 5 with Proposition 6 gives us the following corollary.

Corollary 3. Suppose that the discount factors satisfy Condition SDC (10) at age h. Then

my, =mj, for all ages h' > h.
Next, recall our definition of dynamic inconsistency at age h:
mp" £ m? for some t > h+ 1.
Proposition 7. If the model is dynamically inconsistent at age h <'T' — 2, we have:
(1) 0 <1 implies m} < m$ for some t > h;
(i) 0 > 1 implies m} > m; for some t > h.

If the model is dynamically consistent at age h, we have, by Proposition 6, that mj = mj
provided the model satisfies the additional requirement that it is also dynamically consistent

at all ages b’ > h + 1. Whenever the discount factors satisfy Condition SDC (10) at age h,

15



this additional requirement is automatically satisfied (cf. Proposition 5 and Corollary 3). The
following result clarifies that we cannot drop this additional requirement whenever Condition
SDC (10) is violated; that is, dynamic consistency at age h alone is, in general, not sufficient to

n __ S
guarantee my, = mj.

Proposition 8. Suppose that the model is dynamically consistent at age h but dynamically

inconsistent at some age h' > h+ 1. Then we have:
(i) 0 <1 implies mj; < mj;

(ii) 0 > 1 implies m}; > m; .

4.3 Interpretation: The three-period model

Why is our main result exclusively driven by the concavity parameter # and not by properties of
the effective discount process? To offer some intuition, consider the three-period model (T' = 2)
for which the MPCs of the sophisticated and the naive agent coincide in the second and third
period, i.e., mj = my = my for t = 1,2. As a consequence, we can comprehensively describe
any departure from standard discounting in the three-period model through a single parameter
e= -2 _ 140 only.

£0,1P1,2

Denote by dj), =

L% for i € {n, s} the ratio of the marginal propensity to save to the marginal

mp
propensity to consume for the two agent types. Next define the measure for the relative reaction

between the sophisticated and the naive agent to any departure from standard discounting as

the ratio
ods,
— Oe
y = 8d8 .
“de
In Appendix B.8 we formally derive the relationship
adg 19
94 1 1 — 0
= O — Ite=m) > 1if and only if # > 1,€ # 0, (14)
86& 1+e€
because of U= — 1 This local argument shows that only ¢ > 1 versus # < 1 matters for

1+e€
the question whether the sophisticated or the naive type reacts stronger to any (small) deviation

€ # 0 from standard discounting whereby the direction of this deviation is irrelevant.

Now focus on the case 8 > 1. For this case we show that

9y > 0 if and only if 0* < 0 (15)
90 | ,.
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for the threshold value # > 1 which is uniquely determined as the root of a non-linear equation.
For parameter values # such that 1 < 6 < 6 we thus obtain that the relative size of the sophisti-
cated agent’s reaction to any (small) deviation € # 0 from standard discounting increases whereas
it decreases for §# > 0.1 This argument illustrates that the role of the concavity parameter 6,
ie., the IES = %, for the inter-personal comparison between the naive and the sophisticated
agent is more complex than the role it plays as an inter-temporal smoothing parameter in models

with standard discounting.

4.4 Quantitative Relevance

We illustrate the quantitative implications of our findings in Figure 1 for a stylized calibration of
a standard hyperbolic time discounting model assuming estimates of 6 regarded as plausible in
the literature, cf. Bansal and Yaron (2004). For a typical “finance” calibration with 1/6 = 2 the
percent differences are very large, and also for a standard “macro” calibration where 1/6 = 0.5,
the implied percent differences in consumption range from non-negligible —1% at age h = 0

to 2.3% at age T.12

5 Extension

We extend our main result to a life-cycle model with random returns, a portfolio choice and
Epstein-Zin-Weil (EZW) preferences (Epstein and Zin 1989; Epstein and Zin 1991; Weil 1989)
with arbitrary discount factors. Our extension builds on fundamental insights of the seminal
work by Merton (1969) and Samuelson (1969) that with homothetic preferences and serially un-
correlated returns the policy functions for consumption are linear in total wealth. The according
expressions for the MPCs of the naive and the sophisticated agent are therefore analogous to
those in our baseline model. It is then straightforward to establish that the backward recursive

proof of Theorem 1 readily extends to this setup.

UWhenever 6 > 6 the differences between the sophisticated relative to the naive agent’s saving reaction

decreases because in the limit 8 — oo the savings behavior of both types must coincide again.
12For the chosen calibration of the model, details of which are described in Appendix C, the value of 6, cf.

Section 4.3, evaluated at age 0 is 6y = 1.9344.
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Figure 1: Percent Differences in MPCs and Consumption Levels
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Notes: Percentage differences between sophisticated and naive hyperbolic discounting agents’ marginal propensity

to consume (25{ - 1) -100% (Panel a) and level of consumption (Z—i{ - ) -100% (Panel b). See Appendix C for
h h

the calibration of the model.

5.1 Epstein-Zin-Weil Preferences with Arbitrary Discount Factors

The familiar Epstein and Zin (1989, 1991) aggregator with discount factor ”Zhitl can be written
13

as

& phin 1 o1\ 100
Up = £ p;; — (E[(a-0uf) ™))" forant=n, (16)

where parameter ¢ > 0 is a measure of risk-aversion whereas parameter 6 is a measure of
resistance to inter-temporal substitution. For the parametrization ¢ = 6 the standard additively
time-separable case with CRRA per period utility function (3) is nested as a special case.

We interpret the discount function p,, as pure time discounting, thus p,, = Bj,,. As it
is, there exists an ongoing discussion in the literature regarding interpretational issues of EZW
life-cycle models with survival risks rather than with pure time-discounting only, which we

sidestep here as this discussion is beyond the scope of the present paper (cf. Hugonnier et al.

130ur representation is an often used monotone transformation U} = ﬁVthl_e of the standard textbook

-0

formulation V/* = (C%G + Zhartr (E [Vt’il;a})m

Ph,t

=
) , which directly nests the additively separable case
where o = 6.
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2013; Cérdoba and Ripoll 2017; Bommier et al. 2020; Bommier et al. 2021).!* Also for the
nested additively separable case where ¢ = 6 we abstract from the possibility that dynamic
inconsistency may be induced by non-additive subjective survival beliefs vy, but again solely

assume it through the pure time discounting function f, ,.'*

5.2 Random Return Process with Portfolio Choice

Let R; be an independently (over time) distributed risky return factor governed by the additive
probability measure 7, where R; takes weakly positive values m-almost surely.!® As in Section 4.4
we think of an economy that is populated by naive and sophisticated agents so that R; is an
aggregate return process. Additionally, let R/ be a risk-free return factor such that R/ <
E Ry = f R;dm. The household chooses in period ¢ to invest share a; in stocks with next period
risky return R,y and 1 — a; in bonds with risk-free return R/. The stochastic portfolio return
on the beginning of period ¢ financial wealth holdings is accordingly RY = R/ + a,_; (Rt — R/ )
Additionally, let e; be a possibly time varying deterministic endowment income stream of the
agent. In our Supplementary Appendix we show that the budget constraint in terms of total
wealth w; = x; + hy—where h; is human wealth (the present value of labor income) and z; =

xy = a;RY (y_1) + €4 is cash-on-hand-—is given by

Wiy = (W — ¢) RYy () (17)
where
dt :O{txt_Ct. (18)
Wi — C

Observe that a nested model variant is one without labor income and risky returns (with or
without a portfolio choice), where households decumulate a given initial financial wealth endow-
ment over the life-cycle. Furthermore, an alternative model giving rise to the same mathematical

properties is one with risky labor income generated by risky returns to human capital h; and

141n a nutshell, this discussion concerns the question whether homothetic EZW preferences that explicitly
incorporate the utility of possible death can be consistent with the natural assumption that ‘life is better than

death’ for parameter values o # 6, 0 > 1,0 > 1.
150therwise we would have to be explicit how to define the resolution of uncertainty with regard to the joint

process of return and survival uncertainty.
16These are standard assumptions on the return process in the portfolio choice literature.
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a linear human capital production function taking monetary human capital investments 7; as

inputs, cf. Krebs (2003), and thus our results apply to a larger class of models.!”

5.3 Main Results from Extension

The main results from this extension can be summarized in the following two corollaries, proven

in the Supplementary Appendix.

Corollary 4. Lemma 1 and thus Theorem 1 extend to the dynamically inconsistent EZW

life-cycle model with arbitrary discount factors.

Corollary 5.Theorem 1 extends to portfolio shares in the dynamically inconsistent EZW life-

cycle model with arbitrary discount factors such that:
(i) 0 <1 implies af < a3 forall h;

(i) 6 > 1 implies o} > «; forall h .

6 Concluding Remarks

Pollak (1968) shows that—irrespective of the specification of discount factors—the sophisticated
agent and her naive counterpart exhibit the same savings behavior whenever their period utility
function is logarithmic. We extend Pollak’s analysis to the class of all iso-elastic power utility
functions by showing that the sophisticated agent saves in every period a greater fraction of her
wealth than her naive counterpart if and only if the resistance to inter-temporal substitution
is larger than one. As a generalization of the additively time-separable life-cycle model (1) we
show that exactly the same relationship holds in a model with return risk, a portfolio choice
and Epstein-Zin-Weil (EZW) preferences. We expect our findings to provide useful guidance for
the interpretation of results in quantitative work where closed form solutions no longer arise but
where the interpretation on the relative consumption responses of the two types of agents in 6

may still hold approximately.

17This encompasses models with self imposed borrowing constraints if there exists a strict positive probability

for the returns on human capital and on financial wealth to be zero.
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Appendix

A  Proof of Theorem 1

Our proof of Theorem 1 is based on the recursive presentations of the marginal propensities
to consume of the sophisticated and the naive agent. The different implications for the cases
0 < 1 versus # > 1 result from a simple application of Jensen’s inequality to strictly concave
and strictly convex functions, respectively. Because the proof of Theorem 1 will be implied by

the proof of Lemma 1, we prove, at first, Lemma 1.

Proof of Lemma 1. Part (i): We show for h € {0,...,T — 2}:
(i) 0 < 1 implies m! = m3 if m"" =m for all t > h+1.
(ii) 6 < 1 implies my < m3 if m{" #m$ for some t > h+ 1.
Recall from (6) and (28) the following expressions for MPCs
1

"= Y
I+ (ph,h+1Ch+1>
where
-0 Prittl s\1—6
C=mi "+ = (1—m) G (19)
Ph.t
as well as
1
n,h
my" = T — (20)
Lt (B ) mith

Using these expressions gives us at age t = h

my < mj
=
1
1 ]
h 9 ph,h+1 n7h71
(ph,h+1Ch+1) < ( mpiq
Ph.h
=
TL,]’LQ h < 1
my1 G <L

Next, we appropriately transform ¢”. To this purpose, notice from (20) that
n,h 4
Priv1 [ 1—my n,h?
=\ i
ph,t my ’
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Using this in (19) we get recursively for t =T —2,... h+ 1
h si—o 1— m?h s\1—0 _n,h?
G =m; + T h (1 —mj) my g €t+1

n.h o 1 n,h 0
nh@ my ’ s —my’
< ¢ = ( ms ) my + (_:) (1- mt)mt—H Ct+1 (21)

The remainder of the proof proceeds by backward induction on (21) overt =T —1,...,h+1.

Claims: Firstly, we claim that, for all t € {h +1,...,T — 1}, 0 < 1 implies

mi el =1 (22)

h

if my"" =mg forall t > h+ 1.

Secondly, we claim that, for all t € {h+1,...,T — 1}, § < 1 implies
my <1 (23)
if m{"" 2 mg for some t > h + 1.

Base Case: Recall that mf = m2" = mg = 1. In period t = T — 1 we have

mn,h 0 1 mn,h o
n,h? ~h T-1 s — s
m = m + | — 1—-m .
T-15T7-1 — s T-1 s ( Tfl)
mp_4 IL—mip_

Suppose, at first, that m", = ms._,. Then our first claim (22) is trivially satisfied for t = T'—1

because of
nhl b
my G =1

irrespective of the value of 6.

Suppose now that m: 7é mi_q, implying

n,h 1— n,h
mr_y £ mr_y

mip_y L—mp_

By the strict version of Jensen’s inequality, we obtain for 8 < 1

n,h o 1 n,h Y
mr_q s — My, s
my’ 1CT 1 = (ms ) myp_y + <—1—m5 ) (1—m7_y)
T-1 T-1
b 1 — et 0
o (B ) () ()
mr_y L=m7_,
=1
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because z?

t=T-1.

is strictly concave for § < 1. Consequently, our second claim (23) is satisfied for

Backward Induction Step: Suppose that the first claim (22) has been proved for period
1+ 1. That is, we have shown that § < 1 implies

n,h?
mi+h1 G =1 (24)

if m"" = mg for all t > i+ 1. Rewrite (21) as

n\ ? n\ 7
o m;’ 1—m; wh® h
n,h 7 s 7 s
m," (;=—— | m + | —— 1—mi)ym,; ¢\ 4.
7 7 ms 7 ]-_mf ( z) i+1 Si+1

(2

-
=A(m""ms)

By the same reasoning as in the base case, we have that # < 1 implies
A(mP" m3) <1 (25)
whereby this inequality is strict if and only if m?’n # m;. Since
r+y<1and b <1 implies z + by <1,
(24) together with (25) gives us the desired result that § < 1 implies
mp =1 (26)

e h
if m;”" = m{ whereas we have

0
m?’h Ci‘ <1

if m" £ ms.
Next suppose that we have proved the second claim (23) for period 7 + 1. That is, we have

shown that ¢ < 1 implies

n,h? -h
m;iy Giyg <1

if m{"" # m; for some t > i + 1. Because of (25), we must have that
n,h? -h
m," ¢ <1
Combining both cases proves Part (i) of Lemma 1.0
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Proof of Lemma 1. Part (ii): We show for h € {0,...,7 — 2}:
(i) 0 > 1 implies m}} = mj if m{"" =m} for all t > h+1.
(ii) 0 > 1 implies my < m3 if m{"" #m$ for some t > h+ 1.
The proof proceeds exactly as the proof of Part (i) of Lemma 1 whereby we prove the following

two claims:

Firstly, for all t € {h+1,...,7 — 1}, 6 > 1 implies
m Gl =1
if m{"" =mg for all t > h + 1.
Secondly, for all t € {h+1,...,T — 1}, 6 > 1 implies
mp 'l > 1 (27)

if m{"" 4 ms for some t > h+ 1.
The only difference to the proof of Part (i) is the reversed strict inequality in claim (27)

which follows, by the strict version of Jensen’s inequality, by strict convexity of z¢ for § > 1.000

Proof of Theorem 1. To prove Part (i), we have to show that § < 1 implies m} < mj. Recall

from the proof of Lemma 1(i) that
m?’hggf <lforallte{T —2,...,h+ 1} implies my < m;.

Moreover, the proof of Lemma 1(i) had established that 6 < 1 implies either m;’ ’hed” =1or
m?’hed‘ < 1lforallt € {T—2,...,h+1}. An analogous argument applies to Part (ii) of
Theorem 1.0101

B Additional Proofs and Derivations

B.1 Proof of Proposition 1

For h = T, we trivially have as optimal consumption C;’T = wr with optimal MPC m;T =1.
For h < T, the optimal period h consumption cZ’h from the perspective of the h-old agent is

pinned down by the following FOC:

dUy, (ep; mps1y .oy Mg, wh)

dCh Ch:c;;,h
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= XT: Ph,tul ((wh — c;;’h> my ﬁ (1-— m])> (mt ﬁ (1— m])) )

t=h+1 j=h+1
which becomes for the power period utility function
» i1 1-0
CORSICEEDRD o (% | RIEE) B
t=h+1 j=h+1
Solving for ¢ results in
h

*,h
" =my" (Mpsa, ...,mp) wy,

such that the optimal period h MPC for fixed period h + 1, ..., T MPCs is given as
1

U (S (T 0= m) ) g

More generally, by the envelope theorem, the optimal period ¢ > h consumption from the

*,h
my" (Mpg1,...,mrp) =

perspective of the h-old agent given fixed values of my,1,..., my and wealth w; is pinned down
by

oo ()= (=) " S o (e T =)

s=t+1 j=t+1
B.2 Derivation of Equation (7)

The consumption growth rate of the sophisticated agent is given as

S S
Chr _ MppaWni1 1— mhms
a mywp my, htl

Using the expression for mfl and (! 41 from Proposition 2 we obtain

S
Cthl _ % C
c = Phh+15h+1
1
1 Ph,h+2 1-0 .3, 0
— [ S S
= Phht1 (mh+1 + (1 - mh+1) Chaa | Mht
Ph,h+1
1
-0 a
3 Ph,h+2 1 —mj,
— 0 S ) S —+1 h
= Phpgr | Mpi1 T (1—mph1) P Chia
Ph,h+1 My 1

1

5 s Ph,h+42 s ey 5\ 7 n o
= Phpsr | Mpg1 + o (1 - th) (ph+1,h+2Ch+2) Chso
) +1

1 Ph,h+2 ¢ Z+2 !
— 0 S ) _ s
= Prpy1 | Mpyr T Al (1 mh+1) :
Phh41Phi1,h42 Chyo

Noting that u.(c) = ¢7% then gives (7).
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B.3 Proof of Proposition 3

Mathematically equivalently, the h-old naive agent’s planned MPCs are pinned down by the
following FOCs for all ¢ such that h <t < T

—0

n,h -0 _ n,h
Ph,t(mt wy) = Phtt1 (mt+1wt+1)
=
-0
n,h -0 n,h n,h
0 = s (i (= )
=
1
nh
mt - 1 1 (28)
Pri+1 ) ? n,h
1+ (%) (i)
Substituting
nh 1
M = T )
Ph,t+2 n,h
1 + <ph,t+1) (mt+2>
in (28) gives
nh 1
mt -

S

1 -1
Pht+1 Ph,t+2 \ ¢ n,h
1+ ( Ph,t > + ( Ph,t > (mt+2>
By repeating this argument until m;ﬂ’h = 1, we obtain the following closed form description of

planned MPCs

1 fort=1T
nh

L + fort<7T —1.
1+Z£:t+1 (M)

Ph,t

<

B.4 Proof of Proposition 5

Part (i) is obvious and part (iii) follows from (i) and (ii). It remains to prove part (ii). Suppose

to the contrary that Condition SDC holds at age h but that there exists some h’ > h such that

P k
# P (29)
Pr +

for some t € {h' + 1,7 — 1} and some k > t. Note that (11) implies

Pnt P Phk P Phi 0
=Pwits = Pk = Ptk
Ph.n! Ph.n! Ph.t
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and therefore
Ph,k

Pr k _ Pupt Ph.k —
Pr + % Ph.t b
a contradiction to (29).
B.5 Proof of Proposition 6
For age T' — 1 we have trivially
my' T =mk =ms =1 (30)
so that by the if-part of Lemma 1(iii)
mp_y =Mmp_y. (31)

The model is always dynamically consistent at ages 7" and 1" — 1. Suppose now that the model

is dynamically consistent at age t =T — 2, we have, by definition,
mpT T =m? fort > T — 1.
This gives us by (30) and (31)
mpT T =ms fort > T — 1
so that by the if-part of Lemma 1(iii)
My_g = Mp_y. (32)

By backward induction, we obtain the proposition for arbitrary h < T — 2.

B.6 Proof of Proposition 7

Focus on # < 1 and suppose to the contrary that mj; < m; does not become strict for some
t > h but that
my =m; for all t > h. (33)

By Lemma 1(iii), m} = m; implies m}"" = m¢ for all t > h + 1. This gives us, by (33),

mf”h =my forallt > h+1,

which contradicts the assumption of dynamic inconsistency at age h.
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B.7 Proof of Proposition 8

Focus on 6 < 1 and suppose to the contrary that m} = m; instead of m} < mj. By Lemma

1(iii), we have that

mp" =ms for all t > h+1.

If the model is dynamically consistent at age h, we further have

implying

mp" =mp for all t > h 41,

my =m; for allt > h+ 1. (34)

But if the model is dynamically inconsistent at age A’ > h + 1, we obtain, by Proposition 7(i),

my < m$ for some t > A/, a contradiction to (34).

B.8 Three-period model: Derivation of Equations (14) and (15)

Since my =

L we obtain for the MPCs of the two agents
1+pf,

1

1 71
Ve (14 (725) " ok

£o,2
P0,1P1,2

—
+
s}
O
=
VR
—
+
) —
RS
N
~_
—
&
+
e}
o
[\
VR
—
+
e} —_
=l
[\V)
~_
—
&
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i for i€ {n, s} to get
1

m

__ _Poz2 i
Next, let 1 4+ € = rorria for € # 0 and define dj =

ody 1 1 1 1
(9_60 = 508,10?,2(1 +e)r >0
11
1-6 1-6 o 1-6
ody 1 1 1 1 1 1 1
a: = épg,lpleﬂ 1 + sz I (1+e) 1
14 p{, L+ pis L+ piy
-1
[N S
= pPoiPie T T Pl —(1+e¢)
L+ pis L+ pis
1 71
1 1 1 P12
= 598,19?,2 l1+e 1
1 ‘|’Pf,2
11 1 4
= gP0apT2 (L+e(l—my))* >0
and we thus get
ads
9dy 1 1—
Y= 8%2 = 29! where 2 = el —m)
52 1+4+¢
Furthermore, since
dlny 1\’ 1 O0ln(z)
20 (5) Infz) + (5 - 1) 20
—_—
>0 >0
we obtain
dy 1 1
— >0, f =->=-¢c(0,1 35

where for the case # > 1 the threshold value 6 is defined as the root of the non-linear equation

(Y e (5-1) 222

which by the intermediate value theorem exists and is unique.

The intuition for the upper bound parameter § € (1,00)—and thus corresponding lower
bound IES of i € (0,1) is that for the limiting case § = co we have perfect complements of
consumption over time so that consumption is constant, ¢; = ¢, = ¢ for all h and therefore the
sophisticated and the naive agent save and consume the same amount if § = oo and # = 1 and

thus the derivative in (15) changes its sign for 6 < 6.
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It remains to show that alaL(gz) > 0. We have

dln(z) 1 Eaml -0
00  1+e(l—my) 00
because
1
aml 1 aple,Q

0~ (Utpar oo

C Calibration

For the calibration of the quantitative illustration in Section 4.4 we assume that agents live
for T" = 60 years, are born with a wealth endowment of wy = 100, which, to generate a life-
cycle asset profile, we distribute as endowment income of 2 until retirement and a pension
income of 1 after retirement at age 40. We assume two types of agents with 6; € {0.5,2}
with equal measure of 50% and within each preference type we assume equal shares of naive and
sophisticated hyperbolic time discounters with long-run discount factor § and short-run discount
factor 3 so that the economy is populated by 4 different agents with equal measure of 25%. To
discipline discounting in our deterministic model with a zero interest rate, we calibrate the long-
run discount factor  so that the aggregate asset holdings in the model economy match smoothed
data on assets taken from Groneck et al. (2016), whereby we hold constant the difference
between the short and the long-run discount rates A as calibrated by Angeletos et al. (2001),
ie, A =1/0.7—1/0.957 = 0.383. Matching asset profiles gives 6 = 1.035 and § = 06— A = 0.741

for the long- and short-run discount factors, respectively.'®

18Note that in our model with a zero interest rate a long-run discount factor above one is not surprising.
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Supplementary Appendix
Extension to EZW Preferences
(Not for Publication)

A Dynamic Budget Constraint
The budget constraint in terms of financial wealth e; is
a1 = @ RY (1) + e — ¢

for ap = 0 given. In terms of cash on hand z; = a;RY(ay_1) + e; we can rewrite the budget

constraint as

Topr = (2 —¢) Ry (ow) + eppn. (36)

Since human capital as the discounted sum of future deterministic labor income obeys
ht+1 = htRf — Ct41- (37)

Consolidating budget constraints (36) and (37) gives (17) and (18).

B Solution

The marginal propensities to consume and a characterization of the optimal portfolio choice
resulting from the solution of the consumption savings and portfolio allocation problem of the
naive and the sophisticated agents are given in the next proposition, which we formally prove

below:

Proposition 9. Consider the EZW life-cycle model with arbitrary discount factors. The

marginal propensities to consume are given as follows:

e for the sophisticated agent:

1 for h=T

1 for h < T,
1+(pn 1Sl 410 (a0, RY Rigr ) )

S



where CZH follows from the backward recursion int =T —1,...,h

Chl p 3 s\1— Ak
C? = mtl 9 T ;Hl (1- mt)l ’ C?—i—l -0 (athfv Rt+lv7r) (39)
ht

forggﬂzl, where for allt =h,..., T —1
1—-6

© (&t, Rf, RtJrl’ 7T) = max { (/ Rf""l(éét)ladﬂ') 1—(;} ' (40)

Gt
e for the naive agent:
1 fort=T
n,h

my" = . (41)

fort < T,
1+(M@(dt7Rf,Rt+1,7T)) (m?-;-};)_l

Ph,t

DI

where O(+) is given by (40).

o for both agents the optimal portfolio choice &; = & = &y is the solution to
[ Bt ar=o (42)

We thus find that the separation between risk attitudes as measured by ¢ and inter-temporal
attitudes as measured by € inherent to EZW preferences is reflected in the solution of this
model to the effect that both households choose the same optimal portfolio share &; as the
solution to (42)—which due to the convexity of the function R}, (&) 7 in the portfolio share is
decreasing in risk aversion o—, whereas the relationship between the marginal propensities to
consume out of total wealth across the two types of households is exclusively driven by inter-
temporal attitudes as measured by 6. Specifically, as in our recursive proof in Subsection A we
likewise find that

0
n,h h
my < m? & (mh+1> Chr <1

and since

0
n,h
ph,t+1 ~ 1- mt7 n,h
p—@ (Oét, R, Rt+1,7T) Y e LS
hit

we can use the above in equation (39) to obtain (21). An application of the analogous steps as

in the backward recursive proof of Theorem 1 finally gives us Corollary 4.

11



C Implications for Portfolio Choice

Our finding on marginal propensities to consume in Theorem 1 combined with the finding of
equal (across the two types) optimal portfolio shares &, leads us to the next observation regarding

the portfolio shares as a fraction of financial wealth ! for i € {n, s}. Recall from the definition

, h
Ty — &G

and since (the optimal) &; and h; are the same for both types of households, differences in

of &! in (18) that

the optimal portfolio choice out of financial wealth, o}, across the two types are solely due to

differences in z! — c!. Specifically, we get
af < af & xp —cf > xy —cf & wi (1 —mi) > wi(l—m}).

Next, assume that the return realizations R; are the same for the naive and the sophisticated
household (aggregate return risk). Then, since at all ¢ wealth accumulation, or decumulation,

obeys (17) and since &' = d, for i € {n, s} we obtain
mi <mi & (L—miw; > (1 —mj)w;' = wiy, > wiy,.

where the last inequality follows from (17) because 4! = é; and by our assumption of aggregate
return risk so that return realizations are the same for the naive and the sophisticated household.

We thus arrive at Corollary 5.

D Proof of Proposition 9

Our proof of Proposition 9 is based on recursive methods.
Sophisticated Agent. Our proof is by backward induction.

Claims: The value function of the sophisticated agent in any period ¢ > h is given by
1 _
U/ (w;) = m(gwtl ’ (43)

with associated policy function

) = MyWh,. (44)
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. ; s h _ _1 1-0 -
Base case: In period T we have ¢ = wr and thus Up = t—w; " and mz = 1.

Backward Induction Steps: Suppose the claims (43) and (44) have been shown for all
periods h + 1,...,T. Then iterate backward for all t =T —1,..., h + 1 using (43) in (16) to

get, also using resource constraint (17),

Priy1 1 1-01\ To0
o =+ L (008
h,t
1 0 Phit+1 -0 1\ =2
_ s\1— t+1 -h -0\ =5 -
= -0 ((Ct) + P Ct—l—l <E [(’wt+1> ]) )
1 ol p e A )
= _1 7 ((mt)l 0 + h,t+1 (1 _ mt)l QC?+1@ (Odt,Rf,Rt+177T)) wtl 0
o Pht
1 _
=l (45)

which defines (40) and establishes the backward recursion of ¢ in (39).
Next, in period h use (43) in (16) to get

1 _ N izao %
U= —— max {(cfl)l it Ph,h+1CZ+1 <]E [(wilurel) 1_6D } : (46)

1 — 0 c;wni1.65

Use the resource constraint (17) in the above to obtain, by the separation between the optimal

consumption and the optimal portfolio choice,

1 ) ) e
U;LZ _ Teng%x {(Cz)l 4 + ph,h+1 (wh _ CZ)I 9} CZ+1 II};Z’X { <]E |:(R1;L+1(ah)1 9) 170:|> 1 }

g

:@(&h’cz-s-lvathJrl’”)

with first-order condition for ¢}
(02)79 ~ Phh+1 (wn — Ch)ie CZ+1@ (dm R Rpy1, 77) =0,
where &;, is the optimal portfolio share further characterized below. We thus get
c; = mjwy

where
1

L+ [ppnpaChar© (an, RS, Ry, )]

which is (46) and proves the claims.

m; =

Sy

v



Naive Agent. For the naive agent, we essentially follow the same steps with the following

modifications:
e The maximization problem in (46) is solved for all t = h,...,T — 1, thus
—1 =0 ppii1 o\ l=o 1=0
U — ( n,h) : (E [ 1-6 H;D 7
t 1—46 c?’h,rurli?i@?vh { Cy + ph’t <t+1 (wtﬂ)

which, using the resource constraint and the separation between the optimal consumption

and the portfolio choice, gives

1
mph = : (47)

1+ [’)h»tﬂ ¢" 10 (64, B!, Re, w)]

Ph,t

D=

e Using the solution back in the value function as in (45) gives

1 1-0 1-6 o -
Urt = T3 ((m?h) + p;’tﬂ mh <1 - mf’h> © (ozt " RY Rt+1,7r>> w) ™’

Bt

0
1 N a0 (1 —mP" _
19 <mt7h> +<1_mt7h> ( "v’f) "
my

e We thus find ¢! = m/™". Using this in (47) we finally obtain
1

1 Ph,z+1@ ~An,h Rf R 0 n,h -t
T\ o, P\ Y g, My

h _
m, =

Optimal Portfolio Choice. Since © (&t,Rf ,Rt+1,7r) is the same for both agents we ob-
tain & = d?’h = @4, where from the first-order condition of the optimal portfolio allocation

problem ¢&; is the solution to

]E [Rf-i-l(&t)ia] - /Rf_t'_l(éét)adﬂ' = O

and thus the optimal portfolio allocation problem at t is a static decision problem, which is

parameterized by risk aversion o. L[]
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