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Abstract 
 
We study the dynamics of the quantity and quality of teachers in the framework of dynamic 
general equilibrium OLG model. The quantity and quality are jointly set by a government 
agency wishing to maximize the quality of basic education per student while being bound by 
teachers’ collective bargaining agreement which equalizes teacher pay. Our model features 
two stages of education: basic and advanced (college), the latter being required of teachers. 
The cost of hiring teachers is influenced by the outside opportunities that college educated 
individuals have in the production sector. We show that this factor strengthens in the process 
of endogenous growth and moreover that it pushes the optimal trade-off between quantity and 
quality of teachers in the direction of the former. Namely, the number of teachers hired will 
grow over time while their relative quality (but not the absolute human capital attainment) 
will fall. This evolution of human capital accumulation is accompanied by increasing 
inequality, within the group of college educated workers in particular. Further, we consider 
the comparative dynamics effect of an exogenous skill biased technological change 
represented by a positive shock to productivity of the skilled workers, hence to the college 
premium. We show that this will exacerbate the negative trends in the quality of basic 
education in relation to GDP growth. Countering this trend would therefore require an 
increase in the share of GDP spent on basic education, assuming that the institutional setup of 
the school system remains unchanged. 
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Therefore according to (33)   
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Thus the expression (38) will be negative as long as the inequality 
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is true, which is certainly the case under the non-binding condition  
4
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  on the tax 

rate (see Appendix 1 for the proof  of this assertion).  Comparing expressions (38) and (39) one 

can see that negativity of (38) implies the same for (39). Therefore we can conclude that  
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over time, we obtain our central result. 

 

Theorem 1 (Dynamics of the Quantity and Quality of Teachers).  The recursive dynamic 

equilibrium (RDE) exhibits the following evolution of education policy variables:  

- the quantity of teachers  
t
z  will grow over time; 

- the relative quality of teachers characterized by the range of their innate abilities falls:  

both the upper and the lower thresholds  ,
t t
a a  decrease over time; 

- the college attendance ability-cut-off  *

t
a   also drops over time and (according to Lemma 

2) remains consistently below the lower ability threshold for teachers  
t
a . 

 

Recall that according to relationships (14) 
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This leads to the following  

 
Corollary.  As the relative quality of teachers falls over time in the RDE (according to the 

Theorem), the absolute quality of teachers characterized by their human capital attainment 

grows:  both the human capital of the top teacher and the least qualified one, ,
t t
h h  , increase 

over time. 
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Discussion. The intuition for the above results is based on the facts characterizing economic 

growth in our model. The growth of per student quality of basic education increases the  

opportunity to pursue higher education for an expanding group of students. Namely, college 

attendance becomes worthwhile for an ever broader group of students, adding on students with 

relatively low ability. At the same time, the human capital attainment of higher ability students 

increases disproportionately relative to their less able peers due to non-linearity in the college 

education production function (7). In other words, economic growth drives the rise of income 

inequality within the group of college educated individuals. As a result, hiring high ability 

individuals as teachers becomes a relatively more expensive option, which pushes the quality-

quantity trade-off in the education policy in favor of the latter. This argument is made explicit by 

the following result which characterizes the evolution of income inequality in our model. 

Based on the income formulas (4)-(5), the human capital accumulation formulas (6)-(7) 

and using the uniform distribution of abilities, as well as the formula (9) for the threshold ability 

between the groups, we can obtain the mean income of unskilled individuals: 
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and the mean income of the skilled (ignoring the distortion due to collective bargaining in the 

education sector): 
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Thus the inequality between the groups is given by 
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This expression obviously increases in basic education quality, which according to Lemma 1 

rises over time. 

 The inequality within the skilled group (ignoring the aforementioned distortion) is 

characterized by 
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which also grows as basic education quality rises over time. One can rewrite this expression, 

according to (9), as 
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This demonstrates that the upward trend of the absolute disparity between the highest and lowest 

incomes of skilled workers can be attributed to two factors: (i) the rise of basic education quality 

1t
E

−

 which increases human capital and therefore incomes of all workers, but disproportionately 

more so at the high end of ability distribution; (ii) falling, according to Lemma 2, college 

attendance ability cut-off   which brings lower ability workers into the fold of the skilled hence 

increasing the intra-group inequality.  

We summarize the above results as 

 

Theorem 2 (The Evolution of Income Inequality).  The recursive equilibrium dynamics 

exhibits growing inequality within the group of skilled individuals, as well the increase in 

inequality between this group and the unskilled.   

 

As we discussed above and in Section 2, this result is due to the absolute growth of the quality of 

basic publicly provided education, which has unequal impact on individuals across the 

distribution of abilities because of the complementary relationship between individual ability and 

quality of education. 7 

The recent growth literature which presents evidence of rising dispersion of incomes of 

skilled workers over the last decades attributes this to the skill biased nature of technological 

change (see Acemoglu (1998), (2000) and Galor & Moav (2000)). While our results have been 

derived from the impact of growing public provision of basic education without assuming a rise 

in skill premium 
t
θ ,  one should expect the latter to exacerbate the effect.  

                                                             

7 A somewhat similar argument for the magnifying effect that greater public education funding 

may have on income distribution is advanced by Glomm and Kaganovich (2003) in the presence 

of complementarity between public and parental private inputs, imperfect altruism and 

borrowing constraints. The fact of such complementary relationship and its implications for 

inequality was documented for the case of Britain by LeGrand (1982). 
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We will now introduce exogenous skill biased technological change into the model given 

by positive shocks to the skill premium coefficients 
t
θ  and will explore its effects on the  

education policy variables and the quality of education. Specifically, we consider the recursive 

dynamic equilibrium (RDE) corresponding to the original (benchmark) exogenously given 

sequence { }
t t o

θ
∞

=
 and assume that the productivity augmentation of skilled labor receives a 

positive shock from time  t0 on, i.e. that for  t = t0, t0+1, … the value 
t
θ  is replaced with some 

t t
θ θ′ > .  We will characterize the effect of this exogenous change on the RDE, particularly on the 

education policy variables. We obtain the following comparative dynamics result (see Appendix 

for the proof). 

 

Theorem 3 (The Effect of Skill Biased Technological Change).  Consider the comparative 

dynamics experiment described above where skill premium coefficients 
t
θ   receive a positive 

shock from period  t0  on.  The corresponding recursive dynamic equilibrium, relative to the 

benchmark RDE for t ≥ t0 , will be characterized by   

- lower quantity of teachers  
t
z ; 

- lower aggregate quality of teachers  qt  and therefore 

- lower quality of basic education Et . 

 

Note the negative effect on both the number and aggregate quality of teachers which is 

due to an upward shock to the cost of skilled labor. The theorem thus shows that the 

technological change biased toward skilled labor will have a detrimental effect on the absolute 

quality of basic education, exacerbating the negative effect of a secular downward trend in the 

relative quality of teachers stated in Theorem 1.  These results will apply, in particular, when the 

education tax rate  τ  stays constant, which means that education budget remains a constant 

fraction of GDP, i.e. grows at the same rate. This leads to an important implication of our result 

that given the negative impact of rising skill premium on the quality of education, a policy aimed 

at neutralizing this effect would require an increase in funding of education (assuming no change 

in the institutional setup of the school system and teachers’ labor market) at a rate faster than 
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GDP growth, i.e. raising the fraction of GDP devoted to education.  A proper interpretation of 

this conclusion follows directly from our results: the relative cost of maintaining a given teacher 

quality standard will rise over time.    

 

5.  Conclusions 

Over the last forty years, education policy in the U.S. has changed significantly, focusing in 

particular on lowering the student-teacher ratio. We have developed a model which offers an 

insight into this evolution by relating it to the changes in the US economy characterized by rising 

skill premium and overall income inequality. We argue that teacher wage compression due in 

large part to collective bargaining agreements has a significant effect on decisions concerning 

quantity-quality trade-offs in hiring teachers. Our model predicts that as incomes rise and 

become more dispersed, education policy-makers are forced to adjust relative teacher salaries 

and thereby quality standards. Education quality is optimized by lowering relative quality of 

teachers while increasing their numbers. This causes the higher ability college educated people to 

choose private sector employment which offers higher reward to skilled workers.  

 We argue moreover that a rise in skill premium caused, in particular, by skill biased 

technological change will exacerbate the negative trends in the relative quality of education. 

Indeed, the labor of college graduates will further appreciate relative to the average wage and 

hence relative to the tax revenue. Countering this trend would therefore require an increase in the 

share of GDP spent on basic education, assuming that the institutional setup of the school system 

remains unchanged.  

 Our finding that skill biased technological change can have a negative effect on the 

quality of education is an interesting case of negative feedback, since SBTC literature points to 

the rise in the supply of skill due to growing availability of education as its underlying cause.  

Furthermore, this leads to an issue which appears important for future research on the aggregate 

long term effects of SBTC: as the technical change brings about productivity gains, one needs to 

factor in its effects on the cost and quality of education and the corresponding policy responses 

in order to assess the full long-term impact.   
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Appendix 1 

 

We will first prove Lemmas 1 and 2 under the hypothesis that Lemma 3 is correct. We will then 

prove that Lemma 3 is indeed correct in the recursive dynamic equilibrium, and thereby the 

imposition of the hypothesis will not have diminished the generality of (or create circularity 

problems with) the argument.   
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Thus, in order to prove the Lemma it is sufficient to show that for all 0,1,...t =  
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which is indeed true according to Assumption 1 and by the induction argument. � 
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Proof of Lemma 2. 

Based on Lemma 3 we use expression (9) for *

t
a  . Then according to (35) our task of proving the 

inequality *

tt
a a> . is equivalent to verifying the inequality 
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Upon substituting the expression (33) for 
t
z , the last inequality becomes 
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Under Lemma 3 the right hand side in (42) is less than 
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according to (41) in order to prove inequality (42) it is by far sufficient to establish 
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which is indeed true for all 0,1,...t =  according to Assumption 2 combined with Lemma 1. � 

 

Proof of Lemma 3. 

The above proofs were based on the hypothesis that Lemma 3 is correct, i.e. that the ability cut-

off for college attendance *

t
a  satisfies equality (9), i.e. we proved that if college attendance cut-

off ability is 
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 then the optimal education policy requires that all teachers’ 

ability strictly exceed this threshold.. This in turn means that the marginal college graduate will 

be employed in the production sector. As we explained after stating equality (9), if an individual 

with ability below attended college his skilled human capital given adjusted for the net 

productivity augmentation 
t

θ  will be inferior to his unskilled human capital derived from the 

first stage of education, therefore a job in production sector’s skilled labor force would not 

compel such individual to attend college. Thus the only way the violation of Lemma 3 could 

occur is if such individual had an opportunity to be hired as a teacher. Compare, however, 
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optimization problem (20) where 
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CE b B

θ

θ
−

=

−+

. Thus the latter indeed characterizes the recursive dynamic 

equilibrium optimum, i.e. Lemma 3 is correct. � 

 

Proof of inequality (41) 

We rewrite the inequality by squaring its both sides:  

 

( )
222

1

2 1

2

2 1 2

tt t

t t

τ γτ τγ γ

ν γ τ ν γ τ γ

ν   − +      
>          + − + −         

 

which can be simplified: ( ) ( )
2

1
1 2 1 1

2
t t t

ν
τ τ

ν

γ
τ

γ

   
− + > − +   

   
. This last inequality is certainly 

true if  ( )
2

1
1 2 1

2
t t

γ

ν ν
τ τ

γ

   
− + > +   

   
 which reduces to  

4

5 2 /
t

τ
ν γ

<

+

. � 

 

 

Proof of Theorem 3. 

The proof will proceed by induction argument.  

Consider firstly the effect of a positive shock to coefficient 
t
θ   in period  t=t0  on 

education policy variables in this same period.  According to (33) direct derivative  t

t

z

θ

∂

∂
 has the 

same sign as   
( ) 1

t

t t
b B

θ

θ θ

 ∂


∂ + −



, i.e. negative, so we can write 

0
t

t

z

θ

∂
<

∂
            (43) 

Therefore, according to (34) and (35), respectively, we can write 



 36

(1.5 ) 0t t t t

t

t t t t

a a z z
A

z
τ

θ θ θ

∂ ∂ ∂ ∂
= = − <

∂ ∂ ∂ ∂
                      (44) 

(0.5 ) 0tt tt t t

t

t t t t

a a z z
A

z
τ

θ θ θ

∂ ∂ ∂ ∂
= = − <

∂ ∂ ∂ ∂
                      (45) 

 
Recall that according to the derivation of (20) 

( ) ( )*

1 1

1

2
t t t t t t
q b B CE a Bh z A b B CE z

− −

 
= + − − +  

 

since we have assumed  0a = . Using formula (34) we can rewrite the above as  

  ( )
( )

2

1

1
t

t t t
q A b B CE z

ν τ

γ
−

−

= +                            (46) 

which implies, according to (43) that  

0
t

t

q

θ

∂
<

∂
              (47) 

for  t=t0 . Combining (43) and (46) and referring to (10) we can conclude that for  t=t0    

0
t

t

E

θ

∂
<

∂
              (48) 

 We can now proceed to the next step of the induction and evaluate the effect born by the 

education policy variables in period  t=t0+1, keeping in mind two sources of this effect: the direct 

effect of higher value of  
0

1t
θ

+
 and the indirect one caused by lower education quality in the 

previous period  
0
t

E  as established in (48). The results in (43), (47) and (48) show that the direct 

effects on the variables   
1 1 1
, ,

t t t
z q E

+ + +
 in any period  t+1  of a contemporaneous rise in 

1t
θ

+
 are 

negative. For the purposes of completing the induction argument it will therefore be sufficient to 

prove that a decline in 
t

E   will have a negative effect on  
1 1 1
, ,

t t t
z q E

+ + +
, in other words that the 

derivatives of these variables with respect to  
t

E  are all positive.   
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According to (33) the derivative  
2

1
( )

t

t

z

E

+
∂

∂
 has the same sign as the expression 

( )( )

*

1

1 1

1
1

t

t t
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b B ACE

θ

θ

+

+ −
+

−

−

 , which according to Lemma 3 is equal to  1 *
1

t
A a

−

−   and therefore is 

positive.  Thus we can conclude that   

1
0

t

t

z

E

+
∂

>
∂

              (49) 

Rewriting expression (46) for period  t+1:  ( )
( )1 2

1 1

1
t

t t t
q A b B CE z

ν τ

γ

+

+ +

−

= +  , we note 

that a rise in  
t

E  affects  
1t

q
+

 directly (obviously positively) as well as through  
1t

z
+

 , i.e. also 

positively according (49).  Thus we can conclude that 1
0

t

t

q

E

+
∂

>
∂

.  This combined with (49) 

implies due to (10) that 1
0

t

t

E

E

+
∂

>
∂

. Thus according to the above discussion the theorem’s proof is 

complete.  �
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Appendix 2 

 
Glossary of Mathematical Terms 
 
β  Discount factor in individual intertemporal preferences 

t
τ  Labor income tax rate in period t 

t
T  Total government revenue in period t 

a  Lower bound on innate ability, from Section 4 on a =0 is assumed 

A  Upper bound on innate ability 
( )a ω  The innate ability of individual ω 
*

t
a  Ability cut-off level for attending college in period t 

( )u

t
h ω  Unskilled individual’s level of human capital in period t 

u

t
H  Aggregate unskilled human capital in goods production in period t 

( )s

t
h ω  Skilled individual’s level of human capital in period t 

s

t
H  Aggregate skilled human capital in period t 

sy

t
H  Aggregate skilled human capital in goods production in period t 

C  Productivity coefficient of compulsory basic education 

t
E  Public education quality in period t 

b  Coefficient of in-college depreciation of pre-college human capital. 

B  Productivity coefficient of higher education 
*

h  Human capital threshold for admission to college 

D  TFP coefficient in the goods production sector 
α  Physical capital income share in the goods production sector  

t
θ  

Productivity augmentation of skilled human capital (skill premium) in 
the production sector in period t 

γ  Returns to quantity of teachers 
ν  Returns to quality of teachers 

t
Σ  Set of individuals employed as teachers in period t 

t
z  

Number of teachers (the share of teachers in the working population) in 
period t 

h

t
I  Teacher’s salary in period t 

t
a  The lowest ability level among teachers in period t 

t
h  The lowest human capital level among teachers in period t 

t
a  The highest ability level among teachers in period t 

t
h  The highest human capital level among teachers in period t 

t
q  Aggregate teacher quality in period t 
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