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bassp@windowslive.com The 2008 financial crisis triggered the debt crisis in Europe. High debt-to-GDP ratios
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National and Kapodistrian ity measures to avoid sovereign default, which deepened even further the decline of
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Greece their GDP. We examine the case of a highly indebted country, which is not cut off from

the financial markets yet, using a bilinear difference equation system. We contemplate
the dynamic equations of national income and sovereign debt together, as GDP fluc-
tuations directly affect the debt evolution and we introduce the notion of the second
relation, namely the deceleration of private investments due to sovereign debt. We
build a new method for the implementation of fiscal policy, a feedback control of the
economic system, and we stress its consequent policy implications. We contribute to
the existing debt dynamics literature providing a new perspective for the interaction
of public debt and GDP. The fiscal policy method we propose vanishes the dilemma
between the front-loaded and back-loaded austerity, combines the fiscal recovery from
a recession and the fiscal consolidation, as it immediately improves the debt-to-GDP
ratio by increasing the national income and restraining the rise of public debt. Finally,
we stress why the second relation is important for the implementation of fiscal policy,
as its presence leads to a slower and more painful recovery.

Keywords: Debt, Fiscal policy, Feedback control, Fiscal consolidation, Recovery

1 Introduction

The period of Great Moderation ended with the 2008 financial crisis, which made econ-
omists to set in question the tenets that they have been following since then (Blanchard
et al. 2010). This reassessment was important because the 2008 crisis was different than
previous ones; it was global, more severe and incurred at least one more crisis, that of
debt sustainability and sovereign default (Romer 2012). In Europe, five countries ini-
tially (Greece, Italy, Ireland, Portugal and Spain) and then Cyprus faced severe problems
with their sovereign debt and were forced to apply consolidation measures in order to
restrain their deficits and lower their debt-to-GDP ratio at sustainable levels. For the res-
cue of the countries mentioned above, except Italy and Spain, consolidation programs
were formed by the ESM, ECB and the IMFE.
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Consequently, research was focused on the debt-to-GDP ratio dynamics and its relation
with other variables (such as interest rates, primary surpluses and GDP growth rate) in
order to be investigated whether the debt-to-GDP ratio will remain at sustainable levels or
not. Escolano (2010), Genberg and Sulstarova (2008), Casadio et al. (2012) and Berti et al.
(2013) are examples of research on debt-to-GDP ratio dynamics. However, despite the
research on the interaction of the above variables with the debt-to-GDP ratio, there are not
to our knowledge any research that explicitly combines the debt evolution with national
income dynamics and examines them as a system, employing the framework we use.’

Before 2008 fiscal policy was abandoned for several reasons, being among them the
following three: fiscal policy can stimulate national income only after some lags; if mon-
etary policy can achieve the smallest output gap then fiscal policy is not needed any
more; third, Ricardian equivalence had set in question its efficacy. However, the crisis
put forth again its importance as policy instrument to overcome a recession. Romer
(2012) stresses that fiscal policy has great effects even in the short-run. Blanchard et al.
(2010) points that, having no other means for expansionary policy, given the zero lower
bound of policy rate, fiscal space is vital and improved fiscal policy methods, such as fis-
cal stabilizers, must be built on.

Another aspect of the debt crisis was that it created an intellectual dispute about
whether the needed austerity should be front or back loaded and, even more, if austerity
is contractionary or expansionary. The first part of this dispute sets the question: should
a highly indebted country conduct contractionary policy to limit the budget deficits
or expansionary policy, together with commitment for future fiscal discipline, to over-
come the recession? The front-loaded austerity is needed to avoid sovereign default but
deepens the recession. The back-loaded austerity helps to overcome the recession, but
increases the debt-to-GDP ratio. Berti et al. (2013) support the front-loaded austerity, as
they stress that even though in the short-run debt-to-GDP ratio rises, in the long-run it
returns to sustainable levels, while Romer (2012) supports the back-loaded austerity, as
the commitment for future fiscal discipline is enough to calm financial markets. Regard-
ing the second part of this dispute, Alesina and Ardagna (2010), Alesina et al. (2018)
and Alesina et al. (2019) supports that austerity based on spending cuts is less likely to
create a recession than that based on tax increases. They even document a few episodes
of expansionary fiscal adjustments, such as that of Ireland, Denmark, Belgium and Swe-
den in the 1980s and Canada in the 1990s. On the other hand, Romer (2011) disagrees
and supports that expansionary and contractionary fiscal measures has great effects and
these effects are to the expected direction. In fact, this aspect of the dispute reveals the
debate about the efficacy of the two fiscal policy instruments, spending and taxes, and
which one to utilize. Romer (2011) supports that spending is always more effective than
taxes, despite applying expansionary or contractionary measures. On the other hand,
Alesina and Ardagna (2010) support that taxes are more effective than spending.

Our study adds to the existing literature because it (a) stresses the importance of fiscal
policy; (b) proves the necessity of the simultaneous usage of both taxes and government

! There is a vast research focusing on fiscal policy using DSGE model, such as Castro et al. (2015), Brand and Langot
(2018) and Bhattarai and Trzeciakiewicz (2017).

2 For a comprehensive analysis, see Blanchard et al. (2010).
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outlays; (c) vanishes the dilemma of front-loaded or back-loaded austerity; (d) introduces
the notion of second relation, namely the deceleration of private investments due to
sovereign debt, and (e) explicitly and discretely examines the national income and debt
dynamics in order to provide answers regarding the fiscal consolidation of a country.

2 Methods

The aim of this paper is to propose a new fiscal policy method, namely a feedback control
of the economic system, which exploits the two available controllers, the government
outlays and the aggregate tax rate. This theoretic approach for the implementation of
fiscal policy is based on the interaction of GDP with sovereign debt, as we contemplate
their dynamic behavior together as a system. The method we develop produces flexible
policy rules, which depend on pre-specified targets for national income and sovereign
debt and also on their previous values. For every period t, the policy-maker sets the tar-
gets and then adjusts the government expenditures and the aggregate tax rate accord-
ing to the policy rule to exactly meet these targets. We also exploit the same method of
feedback control to produce policy rules, but now the target of sovereign debt turns into
target for the primary surplus. This second approach is much closer to the rescue pro-
grams that were formed for the countries of southern Europe, as the policy-maker can
fix specific targets for the primary surplus.

The model we use is a form of the discrete time multiplier-accelerator model, that was
firstly proposed by Samuelson (1939) and then was adopted by a great number of econo-
mists, such as Hicks (1950), Hommes (1993), Hommes (1995), Kotsios and Leventidis
(2004), Puu et al. (2005), Puu (2007), Sushko et al. (2010), Westerhoff (2006a), Wester-
hoff (2006b), Westerhoff (2006c), Dassios et al. (2014), Kostarakos and Kotsios (2017)
and Kostarakos and Kotsios (2018). Specifically, it is a deterministic discrete time bilin-
ear system of difference equations, which has two dynamic equations, for the national
income and the sovereign debt. Bilinear systems have a special type of non-linearity;
there is at least one input which is multiplied with the state vector. Thus, the system we
propose has two controllers, the additive one, which is the government outlays, and the
multiplicative one, which is the aggregate tax rate.

3 Results

The results presented here indicate that a highly indebted country can overcome a reces-
sion and simultaneously decrease its debt-to-GDP ratio by activating the proposed
feedback control method. Thus, the dilemma of front-loaded or back-loaded austerity
vanishes, as the proposed method manages to achieve the needed fiscal adjustment and
to increase national income. The proposed control method produces flexible rules for the
determination of the government outlays and the aggregate tax rate, which are depend-
ent to desirable targets and to the previous values of the state vector. This result explicitly
suggests that both policy instruments, taxes and spending, have to be employed in order
to meet the two targets, income—debt or income—primary surplus, despite the vast debate
about which of them to use and about their efficacy. This result is in contrast with Romer
(2011) and Alesina and Ardagna (2010) who propose the utilization of only one instru-
ment, spending. Romer (2011) proposes spending increases to avoid recession, though
being aware that the level of debt or that of primary deficit cannot be predetermined, and
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Alesina and Ardagna (2010) who propose spending cuts to achieve fiscal adjustment only.
Our results are similar to EImendorf and Sheiner (2017) suggestion to enact a combina-
tion of increased public investments and tax raises. However, in addition to the intuition
of Elmendorf and Sheiner (2017), our model provides a more concrete method for the
implementation of fiscal policy, as pre-specified targets can be met.

The remainder of this paper is organized as follows: in Sect. 2 we build the model, in
Sect. 3 we state the policy problem and we build the method for the implementation
of fiscal policy which can be used by a highly indebted country, in Sect. 4 we contem-
plate the stability of tax rate’s path and the consequent policy implications, in Sect. 5 we
compare the policy rule for taxes with the conducted tax-policy of several countries, in
Sect. 6 we conduct policy experiments and in Sect. 7 we conclude.

4 The model

The total output of the economy is equal to the sum of consumption, investment and
government outlays, the income identity for a closed economy. The consumption func-
tion embodies the Keynesian notion of the multiplier and it is equal to the propensity to
consume multiplied by the disposable income that agents earned the previous period.
However, following Hommes (1993), we distribute consumption in three lags, so agents’
consumption function is affected by the disposable income of the three previous years,
which is multiplied by the partial consumption coefficients. So, the consumption func-
tion is:

C = s1Y2 |+ sa¥P, + s3YP, 1)

where

Sy, 85 S5¢ partial consumption coefficients, where 0<s;<1,i=1,2, 3

Y?,=Y,—1,Y, the disposable income.

7, the aggregate tax rate, where 0<7,_;<1, for all z.

For the partial coefficients s, s, and s5, we again follow Hommes (1993); thus their sum
is less than unity, s; +s,+s;<1 and s, >5,>s;>0. The above assumptions state that the
consumption cannot exceed the income earned and that the highest and lowest fraction
of income are spent with a delay of one period and with a delay of three periods, respec-
tively, where the second assumption “...seems to be the most relevant from an economic
point of view” Hommes (1995, p. 447). The aggregate tax rate T represents the total tax
revenue-to-GDP ratio, namely the portion of GDP that the government collects as rev-
enue. This desired tax revenue can be achieved by all the means that a government has at
hand, direct and indirect taxes and social contributions as well.

The investment function embodies the acceleration principle, the so-called relation,
which many economists have used since 1930s, starting from Frisch (1933), Samuelson
(1939), Hicks (1950) and Goodwin (1951). The acceleration principle states that the dis-
crepancy between the income of the two previous periods induces agents to form their
behavior about their investment decisions. Thus, induced investment is proportional to
this discrepancy, multiplied by the accelerator coefficient v.

Since the two influential paper of Reinhart and Rogoff (2010) and Reinhart et al. (2012),
the public debt overhang theory has become a major issue of the literature. Debt over-
hang deals with the slowdown of income growth rate that is brought on by public debt. An
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example of debt overhang literature is Kumar and Woo (2010), who find a negative relation
between initial public debt-to-GDP ratio and subsequent real per capita income growth
using a panel of 38 countries from 1970 to 2008. This negative effect is due to a slowdown
in labor productivity, which in turn is because of reduced investment. Similarly, Ewaida
(2017) finds a negative impact of public debt-to-GDP ratio on economic growth, which is
statistically significant after the debt-to-GDP ratio becomes greater than 90%, and one of
the most affecting channels is savings/investments. In a more specific research, Salotti and
Trecroci (2016), using a panel data set for twenty OECD countries from 1970 to 2009, esti-
mate the effect of debt on aggregate investment and productivity growth. They find a sta-
tistically significant negative effect of debt-to-GDP ratio on investments’ growth rate, with
no evidence of non-linear relationship between the two variables. Aggregate investment
is composed by two parts, public and private investment, with the latter being composed
by corporate and household investment. Bacchiocchi et al. (2011) find that high debt-to-
GDP ratio reduces government capital expenditure in all OECD countries. However, pub-
lic expenditures will not concern us, as in our model they are embodied in government
outlays G. Moreover, Graham et al. (2014), using micro-dataset of accounting and market
information for the most publicly traded non-financial firms in the US, found that the sov-
ereign debt is strongly negatively correlated with corporate debt and investment. Namely,
when a sovereign debt is high, there is a plethora of sovereign bonds that an investor can
buy, which are safer, so firms change their behavior and do not issue corporate bonds to
finance their investment decisions. Thus, a high sovereign debt changes firms’ behavior and
affect negatively the demand for investment. As Furth (2013) mentions, “...when savings are
invested in government bonds, they cannot also be invested in productive capital’, thus pri-
vate investment is crowded out by public debt. So, it is apparent that the debt-to-GDP ratio
affects the income growth rate through the private investment growth rate. However, as we
mentioned above, this crowd-out effect exists because of the fact that high debt deprives
money from investors who want to invest. This effect has to do with a quantity of money
that goes to government bonds and not to finance investments. Thus, we make the reason-
able assumption that the stock of debt affects the level of private investment, an aspect that
we name second relation and we embody it to the investment function. Following the same
reasoning, we assume that the consequence of buying government bonds in the current
period will be obvious in the next period, when investors will not be able to raise funding
for their investment plans. Thus, public debt is embodied with a lag in the investment func-
tion. Thus, the investment function is:

I = P +v(Y;o1 — Yiop) — aBsy, (2)

where " is the autonomous investment, which is consider to be constant; v is the accel-
erator coefficient, where v>0; a is the decelerator coefficient, where a>0, and B, is the
current level of sovereign debt.

The national income can now be expressed in the following identity:

Y; =C +1; + Gy, 3)

where Y, is the current national income; G, are the current government outlays; substi-
tuting the behavior equation of consumption and investment into (3) national income
becomes:
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Y, =P+ Yio1+ e Yio1 + 3 Y3 —aBi1 + Gy, (4)

where ¢, ,=s,(1—1,_1) +v,
Co=8(1—1_y) -V,
c3 =53(1—T_3).
The debt dynamics are described by the usual difference equation:

Bi=0 + rBi—1+ Gt — 1Y, (5)

where r is the interest rate of debt which we consider as constant. The system has two
elements exogenously determined by the policy-maker, the government outlays G, and
the aggregate tax rate r,, namely the two controllers, the additive and the multiplicative,
respectively. Equations (4) and (5) constitute the system of difference equations under
consideration. It is an autonomous bilinear inhomogeneous difference equations system

of third degree.

5 Fiscal policy under flexible rules

The method we propose is a sort of feedback control which takes advantage of both the
controllers of the bilinear system (4)—(5), the aggregate tax rate and the government out-
lays. However, the policy-maker defines the aggregate tax rate 7, at period t and it will
affect the system only at the next period £+ 1 and then for two more periods. The prob-

lem under consideration is:

5.1 Economic problem

Let T be a fixed and given time instant. Define a pair of controllers G, t=¢,, t,, ..., T and
T, t=1t), t, ..., T — 1 such that, the state vector (Y, B,) will coincide with a predetermined
trajectory (Y*,;, B*;1), (Y*,p B*}9), ..., (Y*p B*;) at the time instants t=t,, t,, ..., T, that is:
(Yiy Bp) = (Y B'), (Y3 Biz) = (Y3 Bya)s ....(Yp By) =(Y"pp By).

5.2 Control method

Before we state a theorem that solves the above economic problem, it is crucial to clarify
the time that the policy maker is able to define the two controllers and the time that
these controllers will affect the economic system. Suppose that £=0. The policy-maker
can define G, and 7, The government outlays G, will affect the income and debt of
period t=0, (Y, B,), while 7, will affect the (Y,, B;). Suppose now that at the middle of
period t=0, a government decides to run a consolidation program. G, and 7, are already
set. Since system (4)—(5) is deterministic, the policy maker can easily compute the vec-
tor (Y, By). In order the policy maker to compute (Y), B;), he must only define G, as the
7, has already been set. Thus, the policy maker can completely predetermine either Y;
or B, as he has at hand only one controller, the government outlays. In contrast, when
the period =1 starts and G; has been set, the policy maker has at hand both controllers
G, and 7, and he can completely predetermine the vector (Y,, B,). The same is valid till
t=T, when the termination of the consolidation program is decided.
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Theorem 3.1.1. Let the policy-maker has at hand the two controllers, the government
outlays and the aggregate tax rate, at the time instant t=k. If the targets for national
income and for sovereign debt are (Y*,_,, B*; ), then the next unique values for G, , and
Tpe
1 * * aut
Giy1 = ﬁ[YkH —s1Bp — 1"+ (@+r +rs1)Br — (v+51)
— 81
Yi — (s2 = s2Tp—1 = V)¥g1 — (83 — 83Tk —2) Yy—2,
1
— YV}, =B, -4+ Q4+a+rB— v+s1)
(1 _ Sl)Yk k+1 k—+1

Yi— (52 —s2T4—1 — V) Yi—1 — (83 — $3T4—2) Yi—2,

Tk =

match them. That is, Y ,=Y", and By ,=B", for t=k+1, whenever (G*;{, %)
have been applied to the system (4)—(5).

Theorem 3.1.1° states that the system (4)—(5) can be forced to follow a predetermined
trajectory. The pair of functions (G*;;, 7%;) of the above theorem is a constant rule for
the implementation of fiscal policy. If k successive targets for income and debt have been
set, then the policy-maker must compute k values for the government outlays and the
aggregate tax rate. These k values of the government outlays and the aggregate tax rate
will be applied to the system at k successive periods and k pairs of the targets will be
matched. For example, let k=2 and the trajectory of the targets is ((Y*5, B*3),(Y*,, B*))).
Then the policy-maker must compute according to the rule of Theorem 3.1.1 the two
pairs of instruments (G*5;, 7%,) and (G*,, 7¥3;) and then apply them to the system (4)—(5)
in two successive periods ¢t =3, 4 to match the targets. Theorem 3.1.1 also states the effi-
ciency of the proposed control method.

The economic problem as defined above and its solution through Theorem 3.1.1 have
two important implications. The first one has to do with the notion of controllability.
The above economic problem is a problem of perfect output controllability (Aoki 1975).
This means that, in order the problem to be solved, at least two instruments are needed.
So, if a policy maker wants to adjust the debt-to-GDP ratio, namely to influence two
variables (income and debt), he has to exploit both the government spending and the
aggregate tax rate. This implication lessens the importance of the dispute about which
policy instrument to use, taxes or spending, as both are needed. Second, Theorem 3.1.1
provides a rule of how the policy maker should implement fiscal policy by using the two
instruments. This rule implies an important result that is summarized in the Corollary
below.

Corollary 3.1.1. The aggregate tax rate and the government outlays which are defined
by the rule of Theorem 3.1.1 will exhibit similar dynamic behavior, as their difference
equations have the same independent variables and their coefficients have the same sign.

3 For the proof of Theorem 3.1.1, see Appendix A.
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The proposed control method will lead to a mix of expansionary and contractionary
policy because the aggregate tax rate and the government outlays either will increase
together or they will decrease together following similar trajectories.

5.3 Flexible policy rules

In applied policy, it is important to set and achieve stable targets for the income
growth rate, the evolution of sovereign debt and the primary surplus. Besides, the
rescue programs in Europe, at least in Greece, were built in that sense, where gov-
ernments were committed to achieve specific targets for their primary surpluses. As
stated above, the rules of Theorem 3.1.1 guarantee perfect output controllability of
system (4)—(5). Thus, the policy maker can choose two target trajectories, for income
and debt, respectively, according to desired growth rates for the two variables.

We distinguish two different cases. According to the first, the national income and
the sovereign debt are forced to grow at a predetermined rate. According to the sec-
ond, national income is forced to grow at a certain growth rate and the primary sur-
plus is fixed to a constant percentage of GDP, which is a slightly different method. The
second approach will be analyzed in the next section.

Case 1: The constant growth rate of income and debt

S =0 +d)Y; and Bf | = (14 d2)B;,

where d; and d, are the constant rates for income and debt, respectively.
Substituting the above relations into the equations of Theorem 3.1.1, G, ; and 7,

become:
1—v+di —s1 v—s2(1 —1_1) s3(1 — 1,—9) a+s1(r—ds) Jaut

Gl = Y, Yi1— Y — ,
A 1—51 s 1—81 =1 1—51 t-2 1—S1 t 1—51
(6)

" 1—v+4di—s1 v—sg(1—1-1) Yi—1 s3(1 —14-9) Yt_2+a+rfd2 B; Jaut
T = — 2t )
¢ 1—s1 1—s Y, 1—s1 Y, 1—-s1 Y, (1—=s)Y;
7)

Lemma 3.2.1. Exploiting even further the equations Y, ,=(1+d))Y, and
B,,,=(1+d,)B, and rearranging, Eq. (7) can be written as follows:

S s
i 1- S1)?1 + dl)Tt*1 + a- 51)(31 Y d)? T2 + P, ®)
where
p— A—v4+d —s)A+d)?+ @ —s)A+dy) _Sg+a+,_d2%_ Jaut |
A =s)( +d)? 1-s1 Y (1-sDY
and
2ut Jaut

B _ <1+d2)t_1131

= > = >
Y, 1+d; Y and T=0% — aosparanciy b2 L
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Defining fiscal consolidation to be the reduction of the debt-to-GDP ratio, namely
that the income growth rate is higher than that of debt, while d; >0, we can put for-
ward to the following theorem.

Theorem 3.2.1. Fiscal* consolidation guarantees that the tax rate which is defined
according Eq. (8) will not diverge to infinity.

Corollary 3.2.1. Given Theorem (3.2.1), if there is a time span t=1...,k where the input
P of Eq. (8) is non-positive, then the tax trajectory will be declining. Equivalently, the
equation below must hold:

+(Q1+d1)—v

Jaut (1 +d2)t7131 $2 S3

—d - . L
1—soardyn = “7 N\ 15a) v Tva Ardr 1+dy

)
If the input P is positive, then the lower its magnitude, the smoother the upward slope of
the tax trajectory will be.

Corollary 3.2.1 stresses the conditions under which the proposed method can be bet-
ter utilized and be applied for greater period of time. In the next section, we will inter-
pret its consequences.

5.4 Fixed primary surplus
Case 2: The constant growth rate of income and the primary surplus as a constant per-
centage of GDP

P = +d)Y;and ©Y; — Gry1 = d3 Y},

where d; is the constant income growth rate and d5 the constant percentage of primary
surplus.

Case 2 consists a slightly different version of case 1. Now, we have a target for the
national income and we do not consider the evolution of public debt. However, by fixing
the primary surplus we can compute the government outlays G, ; and the aggregate tax
rate 7, that control the system (4)—(5). If we directly solve the system Y*; ,=(I+d,)Y;
and 7Y — Gy,  =d5Y"; 1, the second case produces the following fiscal policy rules:

1
Gl = . [(A+s1d3) Vi +Br =1 —(v451) Yi— (52— 52Tk -1 =) Vi1 — (53—83Tk—2) Y 2],

1
= m[(1+d3)Y,§‘+1+aBk—Ia“t—(V+51)Yk—(Sz—Szrk_l—V)Yk_l—(53—53fk_2)Yk-z]~
Using Y*,,;=(I+4d,)Y, and substituting it into the above equations, we get for G,

and 7,

* For the proof of Theorem 3.2.1., see Appendix B.
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« _(A+d)d+dss)—v—s1 ssl—7_1)—v

= Y, Y;_
t+1 1—3s1 t 1—s1 =1
s3(l—14—9) — v a Bt
N A AT B — )

1—s 1—95 1—95

-4 +d))(A+d3)—v—s1 s51—7-1)—vYi
—

1—s; 1-s1 Y
s3(1 —14—2) —v Yo a B 2t
1—S1 Yt 1—81 Yt (l—Sl)Yt'

Lemma 3.3.1. Exploiting even further the equations Y, ,=(1+d,)Y,
1,.Y,— G, =d5Y,, | and rearranging, Eq. (11) can be written as follows:

82 $3

= 1+ T2+ Q,
(1—-s)A+d) (1 —s)( +d1)?
_ (4d3)(A+d))3—(v+s)A+d) > +(v—s3) (1+d1)—s3 a By _ _ It
whereQ = (1—s1)(1+d)? + 1-s1 Y; (1-s1)Y:?
and

B, ( 1+r )tlB1 p t—2 ( 147 >i 4 Jaut Jaut
- = —— ——F | an = ,
v, \1+d) v " \1+d4 I—s)Y;  (1—spA+d) 1

and

t>2.

Theorem 3.3.1. Fiscal’ consolidation guarantees that the tax rate which is defined

according Eq. (12) will not diverge to infinity.

Corollary 3.3.1. Given Theorem (3.3.1), if there is a time span t=1,...,k where the input Q

of Eq. (12) is non-positive, then the tax trajectory will be declining. Equivalently, the equa-

tion below must hold:

s 1 t-1p =2/ i
() B S (1)
1+d)t-1n 1+d; Vg s 1+d;

$2 s3 di
— 81 — — +A+d3)1+dy)—v .
YTlvd 0+ d)? (+dy)d+d) —vi—r

If the input Q is positive, then the lower its magnitude, the smoother the upward slope of the

tax trajectory will be.

Similarly with Corollary (3.2.1), Corollary (3.3.1) stresses the conditions under which this

version of the method can be used. We will discuss its consequences in the next section.

6 Remarks about fiscal policy

The two cases analyzed above produce an aggregate tax rate trajectory according to the

difference Eqs. (8) and (12), respectively. Each term of relations (9) and (13) reveals the

impact that incurs to the tax trajectory depending on its coefficient sign. The policy-maker

can reach valuable conclusions by Egs. (9) and (13) in order to plan and execute fiscal

® For the proof of Theorem (3.3.1), see Appendix B.
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intervention following the rules of Case 1 and Case 2. The following remarks concentrate
these conclusions.

6.1 Remark No1: the impact of consumption

In both cases the term —(s; + Li—zdl + (I:ﬁ) reveals the impact of consumption to the

aggregate tax rate. If s; +s,+ 53— 1, then the aggregate tax rate will follow a lower trajec-
tory, thus the tax burden of the consolidation will be mild. Alternatively, the policy-maker
could set a greater growth rate for income d; with the same tax cost.

6.2 Remark No2: the impact of the initial fiscal conditions upon consolidation efforts

The resulting aggregate tax rate from both cases depends on the initial condition of the
economy, concerning the debt-to-GDP ratio % = by, as it affects positively the inputs P and
Q. Thus, starting the reform with a higher debt-to-GDP ratio means heavier tax burden.
Setting d, >r+a for Case 1 consists the sole exception. However, this case implies that the
country will run primary deficits rather than primary surpluses, which constitutes deficit-
financed expansion and not consolidation. We should mention here, that this remark has
nothing to do with the dilemma of front-loaded or back-loaded austerity, as the proposed
method guarantees immediate recovery for income. It only states that starting the consoli-
dation with worse initial conditions, you will have to pay a heavier tax burden.

6.3 Remark No3: the importance of private sector

This remark underlines the importance of the private sector of the economy. High enough
autonomous investments and accelerator v guarantee a lower aggregate tax rate trajectory.
Again, the policy maker can take advantage the increased autonomous investments and the
increased accelerator to achieve better targets for income and debt growth rates or higher
primary surpluses for Case 2.

6.4 Remark No4: the impactofaandr

For both cases, the second relation « increases the input P and Q and, so, it makes fiscal
adjustment harder. This means that given a high enough a the aggregate tax rate will be
higher and the policy maker will not be able to achieve a quick and painless fiscal adjust-
ment. The same is true for the interest rate, as it has the same influence on inputs P and Q.

7 Policy rule for taxes and an example of fiscal consolidation

The aggregate tax rate of the proposed method needs to be adjusted every period in order
the policy maker to meet the pre-specified targets and such a policy may confuse the econ-
omy of a country. However, when fiscal consolidation consists the first priority, changing
the aggregate tax rate may be well justified. For example, the last decade was characterized
by severe fiscal adjustments and reforms, especially in Europe, as the Great Recession made
many countries to apply austerity measures. These measures included several tax incre-
ments, where the most severe of them were imposed in Greece, which was about to default
in 2010. However, most countries in Europe increased the tax revenue-to-GDP ratio in
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order to fight existing or future deficit problems. This is depicted in Table 1, which contains
data for the countries of the European Union after 2006 and till 2018.°

The first conclusion from Table 1 is that between 2009 (the year that the Great Reces-
sion made its impact apparent) and 2018 only five countries decreased their tax reve-
nue-to-GDP ratios (Esthonia, Ireland, Hungary, Malta and Norway) and by less than 2%.
The biggest increase was made by Greece, Iceland, Slovakia, Portugal, Spain, France and
Poland. The increase was 8.1, 5.6, 5.3, 5.1, 5.0, 4.3 and 4 percentage points of their GDP,
respectively. These examples are thoroughly compatible with are model, as the adjust-
ments were made year by year.

8 Policy experiments

In this section several simulations are presented which concern the way that the param-
eters of the fiscal rules affect the aggregate tax rate and the debt-to-GDP ratio. Appendix
C contains a table which depicts the values of these parameters for all simulations. In
each simulation a single parameter takes four different values and the corresponding fig-
ure (first simulation corresponds to Fig. 1, etc.) depicts the resulting trajectories of the
aggregate tax rate and the debt-to-GDP ratio. The blank cells of the table in Appendix
C point the parameter that takes different values and the cells that contain a dash point
the parameter that is not applicable to the specific simulation, according to the method
followed. Simulations for Case 1 of Sect. 3.2 are depicted in Figs. 1, 2, 3, 4, 5, 6 and 7 and
simulations for Case 2 of Sect. 3.3 are depicted in Figs. 8, 9, 10, 11, 12, 13 and 14, respec-
tively. Regarding the parameters that take different values, we chose s; +s,+s;~1 and

® Data are retrieved from the annual report “Taxation trends in the European Union” of the European Commission of
the years 2008 to 2020.
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§1>8,>s4 for the partial consumption coefficients, supposing that previous values of
national income plays a decreasing role in the total consumption. For the income growth
rate d;, the debt growth rate d, and the percentage of primary surplus d; we chose a
range from 1.5 to 5%. For the interest rate we chose a range from 3 to 6%. For the accel-
erator v the selected range is (0.15—0.25) and for the second relation « is (0.3—1.5%).
The initial conditions for all simulations are 90% debt-to-GDP ratio, 30% aggregate tax
rate and public spending 30% of GDP. Finally, autonomous investments are constant and
equal to 7% of the initial national income. Thus, an adequate and economically sensible
range for all the parameters is selected in order to examine the qualitative behavior of
the model.

8.1 Simulations for Case 1

Simulations presented here concerns the policy rules of Sect. 3.2. Figures 1, 2, 3,4, 5, 6, 7
depict the way that the aggregate tax rate and the debt-to-GDP ratio are affected by dif-
ferent values of a single parameter. All figures show that the aggregate tax rate and the
debt-to-GDP ratio are affected as is stressed in Sect. 4. Figure 4 shows that 1% change in
the interest causes enormous shifts at the aggregate tax rate trajectory. However, simu-
lation here depicts a negative value for the aggregate tax rate. This can be avoided by
the policy maker simply by revising his targets for d; and d,. Figure 5 points out that if
the policy maker defines a high value for d;, he will succeed a quicker consolidation but
the economy will suffer a heavier tax burden. Similarly, Fig. 6 depicts that a lower debt
growth rate d, can be interpreted in the same manner as before. Finally, Fig. 7 depicts
that a more sensible target for income growth d;, which is defined at 1%, mitigate the tax
burden, as it can be compared with Fig. 3.

8.2 Simulations for Case 2

In the present section, we show the simulations which are according to the policy rules
of Sect. 3.3. Figures 8, 9, 10, 11, 12, 13, 14, similarly with the previous simulations, depict
the way that the aggregate tax rate and the debt-to-GDP ratio are affected by different
values of a sole parameter. Again, all figures show that the aggregate tax rate and the
debt-to-GDP ratio are affected as is stressed in Sect. 4. In Fig. 9, the aggregate tax rate
drops below zero due to rather extreme values of the accelerator. It is apparent that if
this is case, the policy maker can easily improve his targets for income growth or pri-
mary surplus and achieve a quicker consolidation. Moreover, this case reveals the great
importance of the accelerator, as little changes in its magnitude incur grave shifts in
the debt-to-GDP ratio and the aggregate tax rate trajectories. Figure 10 points out the
importance of the second relation. Minor changes in its value also bring great changes in
the aggregate tax rate and the debt-to-GDP ratio. Figure 12 has the same interpretation
with Fig. 5. Figure 13 points out that if the policy maker defines a high value for d,, the
tax burden will be higher but the adjustment will be faster. Figure 14 shows that a lower
target for d, lowers the trajectory of the aggregate tax rate lightening the tax burden, as
it can be compared with Fig. 10.
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9 Concluding remarks

Combining the dynamics of national income with that of sovereign debt, our aim was to
develop a new method for the implementation of fiscal policy, which satisfies simultane-
ously the fiscal recovery and consolidation. The results presented in this paper prove that
the economic system can be successfully controlled as we developed a new method for
the definition of the tax rate and the government outlays, which forces national income
and sovereign debt to follow pre-specified trajectories. Our method produces flexible
rules that a policy maker can use to meet his fiscal targets of national income and sov-
ereign debt growth rates, and of the percentage of primary surplus. Our results indicate
that the fiscal recovery accompanied with fiscal consolidation is attainable. In addition,
they indicate that there is a trade-off between the magnitude of the tax rate, namely how
painful a consolidation is, with the length (or speed) of the consolidation. Thus the pol-
icy-maker can choose between a fast and painful fiscal adjustment and a slow and less
painful one. Nevertheless, our results make the dilemma of front-loaded or back-loaded
austerity to vanish. Another important conclusion is that both the tax rate and the pub-
lic spending are needed in order to adjust the debt-to-GDP ratio and our model suggests
that they will follow similar trajectories, either upward or downward. Furthermore, we
show that the private sector of an economy is of major importance, as private invest-
ments can make recovery and consolidation faster and less painful. Finally, we introduce
the notion of the second relation, the deceleration that sovereign debt causes to private
investments, and we stress its importance in the design of fiscal policy.

Appendix A
Proof of Theorem 3.1.1.

Let at the time instant t=k the policy maker wants to achieve the target (Y*;,,
B*;1). We shift the system (4)—(5) by 1 delay, we set (Y, ;, By, 1) = (Y"1 B*41) and
we get:

Y =1+ (s1(1— ) + v) i + (s2(1 — T—1) — v) Yio1 + s3(1 — %—2) Yi—o — aB + Giy1,
Bi 1 = (14 1B + Giy1 — 4 Yi

The unknown elements are (G*;_;, 7). The above system can be written in matrix
form as follows:

1 —s51Y% G;_H
1 —Y ‘L';(|<
_ Y- I — (51 4+ V)Y — [s2(1 — —1) — vIYio1 — 83(1 — Tj—p) Yo + aBy
B, — (1+7)B :
1 —s1Y
1 -Y

) for every t=k. The solution is:

Since Det [ ] # 0, because 0<s; <1, then there is a unique solution for (G*;;,



Spyrakis and Kotsios Economic Structures (2021) 10:8 Page 20 of 22

»
Gl
N
Tk

B —sBy Pt @t s+ rs)B— (1 A Y — [ — ) — IV — s3(1— % 2) Vi ]
m Vi —Biy — P+ A+ a+ B — (51 + Yk — [s2(1 — 1) — VYo — s3(1 — 1_2) Yio)

The efficiency of the control method is proven by substituting the above solution (G*;,,,
%) into the system (4)—(5), and shifted it by one. We get (Y}1, Br 1) = (Y"1, B ) O

Appendix B
Proof of Theorem 3.2.1. and 3.3.1.

Consolidation, as defined in Sect. 3, can be interpreted for Case 1 as d,>0 and d,>d,
and for Case 2 as d; >0 and 4, >r. This definition has the following consequences for Eq. (8)
and (12):

1. The homogeneous part of Egs. (8) and (12) can be written in state-space form as

follows:

T = CTy1,

S 83
where Ty = [Tttl ], Ty = {?_; } ,C = [ (1—s1)1(1+d1) (1—51)(0”‘11)2 .
t—

and

Both terms 5 are positive and, according to Gershgorin Circle

$2 53
(1=s1)(1+d1) A=s1)(1+d1)
Theorem’, if their sum is less than unity then the first eigenvalue of C has absolute value
less than unity. The disc of the second eigenvalue has center the point 0 and radius
> < 1 then the tax

(1—31)5(731+dl)2’ which is less than unity. Thus, if 7875 + (1731)3(31 v
rate is asymptotically stable. The above inequality always holds if 4, >0, as for the partial
consumption coefficients it is valid that s; 45, +s3<1 = 1—5;>5,+53.

2. It is straightforward that, in order for the inputs P and Q to converge to a limit which
is a real number, their time-variant part must converge to zero. This is valid if and only if

d,>d, and d; > r for Eq. (8) and (12), respectively. []

Appendix C

a(%) 5, (%) 5,(%)  s3(%) (%) dy (%) dy(%) dy(%) v b (%) Pt (%)

Figure 1 0.3 90 5 4 5 4 35 - 0.2 7
Figure 2 03 90 5 4 5 4 35 - 90 7
Figure 3 90 5 4 5 4 35 - 025 90 7
Figure 4 03 90 5 4 4.5 3 - 025 90 7
Figure 5 03 90 5 4 5 35 - 025 90 7
Figure 6 03 90 5 4 5 4 - 025 90 7
Figure 7 90 5 4 5 1 0.2 - 025 90 7
Figure 8 0.3 90 5 4 5 35 - 2 0.15 7
Figure 9 0.3 20 5 4 5 35 - 1.5 90 7
Figure 10 90 5 4 5 35 - 1.5 0.2 90 7
Figure 11 03 90 5 4 35 - 2.5 025 90 7
Figure 12 03 90 5 4 4 - 1.5 0.2 90 7

7 Elaydi (2004, p.252).
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a(%) 5, (%)  5,(%)  s3(%) (%) dy(%) dy(%) di(%) v by(%) P (%)
Figure 13 0.3 90 5 4 4 35 - 0.2 90 7
Figure 14 90 5 4 5 1 - 4 0.2 90 7
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