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Abstract

In this paper, we discuss estimation procedure and various inferential methods for varying

coefficient panel data models that include spatially correlated error components. Our estimation
procedure is an extension of the quasi-maximum likelihood method for spatial panel data regression
to the conditional local kernel-weighted likelihood. We allow both relevant and irrelevant regressors
in our model and propose a variable selection procedure that we show to perform well for models

that

involve spatial error dependence. We also extend our procedure so that it allows empirical

modelling and testing of the so-called semi-varying coefficient specification. To ensure the statistical
validity of our methods, we derive a set of asymptotic properties based on a collection of primitive
assumptions that appear regularly in the nonparametric literature. Finally, we use the proposed
model and methods to analyse the municipal disparities in mental health service spending by local
authorities in England in order to illustrate practicability and empirical relevance.

Keywords: Spatial models, Error components, Local maximum likelihood, Varying coefficient,
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1. Introduction

Panel data consist of repeated observations over time on the same set of cross-sectional
units, which can be individuals, firms, schools, cities, local authorities or any collection
of units one can follow over time. In the recent years, in the attempt to answer complex
empirical questions many researchers recognise the need to exploit the rich information
available in panel data sets. Accordingly, panel data and methods of econometric analysis
appropriate to such data have become increasingly important in the discipline. Recently,
we have witnessed fast methodological developments in various areas of panel data analysis.
This paper focuses on two important areas, namely (i) spatial error dependence (SED),
and (ii) varying coefficient panel data models.

Spatial models for panel data are important tools in economics, regional science and
geography in analysing a wide range of empirical issues. By far the most widely used
spatial models are variants of that originated by |Clifff (1973) (see also |Cliff and Ord
(1981)). Spatial panel data models with spatial autoregressive (SAR) disturbances are
considered in [Baltagi et al. (2003)), Kapoor et al.[ (2007, Liu and Yang| (2015)), and |Su and
Yang (2015) among others. |Gao et al.| (2020) consider an alternative assumption on the
dependence that is shown to be closely related to the SAR. Moreover, varying coefficient
models are a useful extension of classical linear models and have been the main focus of
many methodological studies in the literature (see e.g. |Fan and Zhang] (1999), (Cai et al.
(2000) and Xia et al. (2004)). Varying coefficient panel data models have also attracted
considerable attention in the past two decades. For example, Sun et al.| (2009) propose a
panel data varying coefficient model by imposing a widely-used identification restriction
such that the sum of the fixed effects is zero, whereas Rodriguez-Poo and Soberon| (2014))
propose to use the first difference to remove the fixed effects. Furthermore, [Feng et al.
(2017) consider varying coefficient panel data models where all covariates are categorical.

So far, methodological developments in these two areas have progressed as two sepa-
rate directions. In this paper, we establish estimation procedure and various novel infer-
ence methods for varying-coefficient panel data models that include spatially correlated
error components. We begin by constructing alternative varying-coefficient specifications
in which both relevant and irrelevant regressors are included. In addition, our spatial
model allows the individual effects themselves to be spatially correlated. This differs from
previous studies in the literature (e.g. Baltagi et al. (2012))), who consider only spatial
dependence in the error term. Then, we establish the model’s estimation procedure that
can be viewed as an extension of the quasi-maximum likelihood method for spatial panel
data regression (e.g. Lee and Yu| (2010), and Liu and Yang (2015)) to the conditional
local kernel-weighted likelihood (see e.g. |[Fan et al. (1998), Cai et al.| (2000)), and |Fan and
Zhang| (2008))). In this regard, we derive a set of asymptotic results based on a collection
of primitive assumptions that also appear in other existing studies (e.g. [Robinson! (2011)).
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Asymptotically, our analysis is tailored for the case where the time dimension is fixed and
the cross section dimension tends to infinity. In the other words, T is fixed and N — oo
and thus is geared towards samples where N is large relative to T as is frequently the
case. Moreover, we establish a novel procedure for selecting necessary regressors. [Wang
and Xia (2009) introduced the so-called Kernel Least Absolute Shrinkage and Selection
Operator (KLASSO) technique. We show that this technique is ineffective when applied
to the panel data where there exists the Cliff-Ord-type models of spatial error dependence
and suggest an alternative procedure. We also extend our procedure to handle selection
in a more complex specification known in the literature as the semi-varying coefficient
model. Finally, we conduct extensive simulation exercises in order to examine the finite
sample performance and robustness of our proposed (estimation and inference) procedures.
Importantly, we show that addressing spatial error dependence and using random effects
enables important efficiency gain that leads to more effective statistical inference.

The analytical tools developed in this paper can be used for a broad range of ap-
plications. To illustrate their empirical relevance and applicability, we apply the newly
established model and methods to analyse municipal disparities in mental health service
(MHS) spending by councils in England. Our study explains the MHS spending in relation
to a set of risk factors (e.g. percentages of male population and of population under 14 year
of age) and supply factors of mental health needs (e.g. medians house price and weekly
wage). Moreover, we study the interaction between these explanatory variables and some
important local authority-specific attributes, namely (i) political preferences and ideology,
and (ii) level of total public health expenditure by local authorities. The idea behind the
former stems from the hypothesis that some councils may give more weight in terms of
resources to some risk factors (e.g. standardised mortality ratio and percentages of male
population) and such decision is influenced by political preferences or beliefs within the
local authorities, for example whether left- or right-wing political party is in power. On
the other hand, studying the latter, in which the MHS is a part of, can help to highlight
local authorities’ views about each of the explanatory variables. To understand this idea
more clearly, let us first recall the Engel’s law in economics which suggests that the poorer
a family is, the larger the budget share it spends on nourishment. Correspondingly to
the Engel’s law, a relatively stronger impact of the share of population under 14 on MHS
when the total public health expenditure is low, for example, suggests that the variable
is considered by the local authorities to be an essential determinant. On the contrary, a
relatively smaller impact of the percentage of male population on MHS when the total
public health expenditure is low suggests, for instance, that the variable is considered to
be important though not essential. A more detailed discussion of these points is presented
in Section [l
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The rest of the paper is organised as follows. In Section [2.1) we propose a varying-
coefficient panel data model that includes spatially correlated error components. In Sec-
tions [2.2] we illustrate the model’s estimation procedure and establish its relevant asymp-
totic properties, whereas in Section [2.3| we introduce the alternative variable selection
procedure. In Section we conduct extensive simulation exercises in order to exam-
ine the finite sample performance and robustness of our proposed procedures, while we
present the application of our model and methods to analyse municipal disparities in men-
tal health service spending by councils in England in Section[d] Finally, Section [f] presents
conclusions and further discussion. Technical proofs are provided in the Appendix.

2. Varying coefficient model with spatially correlated error components

We begin by introducing the model specification and basic assumptions.

2.1. Model specification

Let y;; € R! be a response of interest, X;; = (Xit1,..., Xitp) € R? and Z; € [0,1],
which are referred to as the D-dimensional “regressors” and “covariate”, respectively, in
order to differentiate and avoid confusion. For ¢ =1,...,N and t = 1,...,T, we assume
that we observe y;; generated by

Vit = XitBo(Zit) + wit, (2.1)

where £y(z) = {B1.0(2),.-.,8p0(2)}" € RP is a vector of smooth nonparametric functions
in z and u; € R! denotes an error term of which E(uy|X;, Zi) = 0 almost surely. To

specify the spatial error dependence we define

T
unN = (un,u21, <o s UNT, UL2, - - -, UN2, ULS, - - - 7UNT) )

where we have grouped the data by time periods rather than spatial units as commonly
done in panel data literature, yy as a NT x 1 vector of y;; with a similar structure, and

Xn = (X711, Xops ooy Xty Xios ooy X gy Xigo oo, X T
Accordingly, the model in (2.1]) can be expressed in matrix notation as
yn = (Boo Xn)ep + un, (2:2)

where B(] = {B()(Zn), 60(221), ce ,Bo(ZNl), ,30(212), ey B()(ZNT)}T, €D is D x 1 vector of
1s and “o” denotes the Hadamard product. We assume that uy follows the SAR process

un = (It ® poWn)un + en, (2.3)
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where ® signifies the Kronecker product, Wy is an N x N spatial weights matrix which
is nonstochastic, pg is a scalar auto-regressive parameter and ¢y is an NT x 1 vector of
innovations. Moreover, ey follows a classical one-way error component model (see e.g.
Baltagi et al.| (2008]))

ey = (er @ IN)un + vy,

where puy denotes a vector of the unit specific error component, er is a T' x 1 vector of 1s
and vy is an NT x 1 vector of independent and identically distributed (i.i.d) idiosyncratic
errors. For the sake of clarity, hereafter we refer to uy and ey as vectors of “disturbance”
and “innovation”, respectively.

With regard to the model in , we impose:

Assumption Al. Wy is row-normalized in the sense that elements in a given row sum

up to one and non-stochastic spatial weights matrix with zero diagonal elements.

Assumption A2. Let Sy(p) = Iy — pWn for an arbitrary p. Sn(p) is invertible for all
p € P, where the parameter space P is compact and pg € (—1,1) is in the interior of P.

Assumption A3. Wy and S;,l (p) are uniformly bounded in both row and column sums
in absolute value.

Assumption A4. Let T be a fized positive integer. In addition, {vi}, 1 =1,2,...,N and
t=1,2,...,T, are i.i.d. across i and t with zero mean, variance 0370, E(Jvg|*¢) < oo for
some ¢ = 20, where 0 < p < 2.

Assumption A5. The unit specific error components {u;}, i = 1,2,..., N are i.i.d.
across i with zero mean, variance 0270 and E(|ui|**s) < oo for some s = 20, where
0<p<L2.

Assumption A6. The processes {vyi} and {p;} are independent of each other.

Assumption [AT] implies that no unit is a neighbour to itself. Although the elements
of Wy are assumed independent of ¢, the number of neighbours, which a given unit has,
may depend on the number of cross-sectional units, N. Assumption ensures that the
model is closed in the sense that we can write

Uy = [IT ® (IN — poWN)_l]sN, (2.4)

which clearly suggests that our SAR random effect model allows the individual effects
themselves to be spatially correlated. This differs from previous studies in the literature
(see e.g. Baltagi et al.|(2012))) who focus only on spatial dependence on the error term.
Assumption restricts the extent of association between the cross sectional units. In
practice these are satisfied given that each of the units is associated only with a limited
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number of neighbours, or in the other words, if Wiy is sparse. Alternatively, they may
be satisfied when Wy is not sparse if its elements decline with a distance measure that
increases sufficiently rapidly as the sample size increases.

The remaining assumptions are standard and lead to the variance-covariance matrix

Elunuj] of the form

A = [Ir ® (In — poW)) 2 ylIr @ (In — poW )71, (2.5)

where Q2 v = Eleney] = 070Qon + 01 ¢Q1y and 07 g = 07 + Tos . As such, Qo n =
(I7 — (Jr/T)) ® In and Q1 n = (Jr/T) ® Iy are symmetric, idempotent and orthogonal
to each other, where Jr = eTe; is a T'x T matrix of ones, and are standard transformation
matrices frequently used in the error component literature.

Alternatively, we can write Q0 \ = 012,70@1?\,, where

QY = [Ir ® (In — poWN) ] {Qon + (L + ¢oT)Qin} | Ir @ (In — pOW;)—l] (2.6)

and ¢g = 02’0/0370, which suggests that Q% = (1/0’12}70)E[UNUJ—|\—7]. In this regard,
-1
(@?V) - QY @Y, (2.7)

where 69\[ = {QO,N +(1+ T(l)o)_l/2 Ql,N} [I7 ® (In — poWn )] by using the orthogonality
of Qo,n and Q1 n. We now use these results to establish the model estimation procedure.

2.2. Estimation procedure

To establish the estimation procedure, we need to first introduce a transformation of
the original model. Let Xon = @%XN and gy = @?Vyzv, where @19\, is defined in 1’
Then, the transformed model is written as

fion = (Bo o Xon)ep + iion, (2.8)

where jjon = Q% yn — {@%(Bo o Xn)ep — (Bo o Q% Xn)}. Such a model can be viewed as
a combination of the Cochrane-Orcutt/RE-GLS transformations in econometrics.

Correspondingly, let @y = {Q(),N +(1+ Tgb)_l/2 Ql,N} It ® (INn — pWn)] represent
an arbitrary expression of @z?\,, and §jy and X ~ denote that of 4oy and XON, respectively.
Also, let st be the js-th row of XN, Ujs = Yjs — stﬂ be the js-th element of iy =
in — (B oXN)eD, and

Qy = [Ir® (In — pWn) ] {Qon + (1 + ¢T)Q1 N} [IT ® (In — ,OWJ)_I}

be an arbitrary expression of @Y;.
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For a given bandwidth parameter h and a kernel function K () in K(-) = K(-/h)/h,

we can then construct the conditional local kernel-weighted log-likelihood as follows

N T N T
1
(B.oy,0p) = — Slog{2mol}y > Kn(Zjs —2) + log{lQn[} Y D> Kn(Zjs — )
Jj=ls=1 j=1s=1
1 N T )
~ 3 s = XjoBY Kn(Zjs = 2). (2.9)
V=1 s=1

Given 6 = (¢, p)" € A, where A denotes a compact parameter space, the local likelihood
function in (2.9)) is maximised at

N T TN
SN XX Kn(Zis—2) | DD X i Kn(Zss — 2), (2.10)

j=1 s=1 j=1 s=1

- . .. -1 ..
which can also be expressed as ((z) = {X;\;KNXN} X;\;KNQN in matrix notation,

where KN = diag{Kh(Zn — Z), N 7Kh(ZN1 — Z), Kh(Zlg — Z), . ,Kh(ZNT — Z)}, and

-1

N T
G0(2) = | DD KnlZss — 2)ijss — KB | | D0 Kn(Zjs —2)

j=1s=1 j=1s=1

These suggest formulating the concentrated log-likelihood 572(5) = maxg ;2 0(B,02%, ¢, p)
as follows

N T
(5(0) = — - [log(2767) + log |Qn| + 1] D > " Kn(Zjs — 2). (2.11)

j=1s=1

l\.')M—t

Suppose that () is maximised by 6 = (¢, p) T, i.e. é is the quasi-maximum likelihood
estimator of 6y = (¢o, o). To establish its asymptotic properties requires a number of
additional conditions. We introduce first some conditions of standard nature on the kernel
function and the bandwidth.

Assumption Bl. K(z) is a symmetric density function with a compact support. In
addition, K (z) has a first derivative K'(z), by which [v(K'(z))*dv is bounded.

Assumption B2. The bandwidth parameter is any monotonic sequence h = h(N) o
(N)~Y5 implying that {Nh}~t = N=4/5.

Now we introduce some conditions on the regressors and the covariate.

Assumption C1. Z;; is independent and identically distributed (i.i.d.) over i and t. In
addition, the density function f(z) of Zi is continuous, positively bounded away from 0
on [0,1], and has bounded second derivative.
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Assumption C2. ForVz € @,i=1,...,.N andt =1,....T, E[Xy|Ziy = z] = pux(2)
and E[X;} Xit|Ziy = 2] = Y x(2) is non-singular and has bounded second order derivatives
on [0,1]. Also, E[| X5 XN||%|Zis = 2] is bounded, where || - || denotes the Frobenius norm.
Xt is independent of Zjs for (i,t) # (4, s).

Finally, we impose some standard conditions on the functional coefficient.

Assumption D1. Second order derivatives of By.q4(2), d =1,...,D, are continuous. Also,
E(||Bo.a(2)||*) is bounded.

AssumptionsBl{and [B2|are primitive and used regularly in nonparametric studies (see
e.g. |Okui and Takahide| (2018)), whereas Assumption [C1] ensures that the observed index
values are sufficiently dense on the support. This implies that maximal distance between

two consecutive index variables is only of the order Op (10%¥T> . In addition, Assumption

replaces assumptions in spatial panel regression models. For example, it is required
in those studies that elements of Xy are uniformly bounded constants for all N and
limNT_,oo(NT)*lXJT]Q]_VlXN exists and is nonsingular for all § € A, (e.g. Assumption 6 of
Lee|(2004)) ). For an arbitrary index value z € [0, 1], let z* be its nearest neighbor among the
observed index values, i.e. 2" = argminze(z,,.1<i<N,1<t<T} |z —Z|. Assumption imposes
a smoothness condition on the functional coefficient, which implies that ||S(z)— Bo(2*)|| =
Op <1ojgvj¥T) (see e.g. [Xia et al. (2004))). This is an order substantially smaller than the
—2/5

optimal nonparametric convergence rate, which is (NT')
Furthermore, Lemma [2.1| below is useful for deriving consistency and identifiability of
the spatial estimation, which are stated in Theorem [2.1]

Lemma 2.1. Let Assumption A to D hold. Also, let E{(,(B,02,¢,p)|z} = L.(8,02,9,p)
and (5(8) = Iél&g( 0.(B,0% ¢,p). Then (a)

UB,o3,0,p) = —*log{%az}zzf(h js = % +10g{!®N\}ZZKh Zjs = 2)

Jj=1s=1 j=1s=1

- %{(&(z) — B(2) TEX T K Xnl2)(Bol2) — B(2))}
~ 2 Q{UOUtr[@ONQNKNQN]} (2.12)

where E[X [ Ky Xyle) = Y, S BIXL X2l Kn(Zjs — 2), and (b)

N T
[log(2757) +log [Qn| + 1] > Y~ Kn(Zjs — 2) (2.13)

j=1s=1

l5(0) =

[\.')M—A

_ _ -1
where O’ (1/NT) R[QONQLKNQN] |:Z§V:1 23:1 Kh(st - Z):| .

8
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Theorem 2.1. Let Assumption A to D hold. Also, let

lim sup{ max 52(5)} # lim sup £(o)
N—oo 5€De(5o)ﬂA N—o00o

for any 6, where D(8g) is the complement of e-neighbourhood of 8y. Then, &y is uniquely
identifiable and 6 = 6y + Op ((NT)_l/Q) as N — o0.

Moreover, the estimators of fy(z) and 012]70, which are based explicitly on 3, can be
formulated as follows

-1

) N T . . N T
Blz) = DY X[ XjEKn(Zis—2) | DY X Kn(Zjs — 2)

j=1s=1 j=1s=1
ST A -1 . T
- {XNKNXN} XL Knin, (2.14)

where Xy = @y Xy in which @ = {Qon + (1 + T$)"V/2Qy n}Ir ® (Iy — pWy)], and

-1

N T
ZZKh jo = 2 igs — KB | [N Ka(Zis—2)| . (2.15)

j=1s=1 j=1s=1

Since 03,0 does not depend on the location z, it can be estimated based on

1 N T
r=Np 2l 00z

i=1 t=1

Hereafter, we refer to B(z) and 62 as “unpenalised estimators” and present their
asymptotic properties in Theorems and [2.3] - To state these properties, let D(z) =

F2(2)E(X g Xojs|2), B = BIXq;, Xojs |21 (B (2) ' (Xjs, Zss) | ] (Xys| Zjs = 2) 4585 () f=(2))],

and V(z) = %,OE(X()TJSXOJ'S| Vf(2)H2, where ¥? = fK2 )du and Ko = [u?K (u)du.

Theorem 2.2. Let Assumption A to D hold. Then (a) 65 = 05+ Op ((NT)~Y2), and
(b) B(2) = Bo(2) + Op ((NT)=%/5) as N — cc.

Theorem 2.3. Let Assumption A to D hold and | hn<f f=(2) > 0, where cy = h™° with
CN

0 > 0 being arbitrarily small. Then, as N — 0o,
VNTh (B(z) — Bolz) — Bms) —p N(0,%),

where Bias = D~ H(2)K2h?B and ¥ = D71 (2)V(2)D71(2).
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2.3. SAREC-KLASSO method

So far, we have assumed that all the regressors are necessary. In this section, we relax
this assumption, and introduce a procedure for selecting relevant regressors. Particularly,
we extend the KLASSO technique to the panel data context of , where there exists the
Cliff-Ord-type models of spatial error dependence. We refer to this procedure as spatial
autoregressive error component KLASSO or SAREC-KLASSO. To this end, we assume
without loss of generality that there exists an integer Dy such that co > E{deﬁ(Zit)} >0
for any d < Dy, while E{ﬁiO(Zit)} = 0 for any Dy < d. Accordingly, define X;;, =
{Xita,. ., Xiep,} € RPO and Xy = {Xupgt1,--- Xie.p} € RP=P0 In other words,
there are Dy regressors, which are truly relevant, but the rest are not.

Let B = {8(Z11),...,B(ZNn1), B(Z12), ..., B(ZNT)}" = {b1,...,bDy, bDys1,---,bD},
which is an NT x D matrix, and

N T N T D
{il5s = XjsB(Zit) Y Kn(Zit — Zjs) + Y Adllball, (2.16)
i=1 t=1 j=1 s=1 d=1
where A = (A\1,...,Ap)" € R are the tuning parameters, by € RTV*1 is the dth column

of B and || - || stands for the usual Euclidean norm. Under the conditions of the model,
the last (D — Dy) columns of the B matrix should be 0, which suggests that the task of
variable selection is equivalent to identifying sparse columns in the B matrix. By following
the group LASSO idea of Yuan and Lin (2006), we note firstly the penalized estimation

By = {B\(Zn),.--,B\(ZNn1), B\(Z12), ..., BA(ZnT)} T

= argmingepraxn Qa(B) = (bat,---»00.00,OADs15 -+ -, bAD).  (2.17)

The above estimator can be viewed as the penalized counterpart of that in (2.10). In other
words, the (i,t)-row of By is defined as the transpose of

N T _ N T
SN X XK (Zi — Zjs) + D ZZXJS Gis Kn(Zit — Zjs), (2.18)
j=1s=1 j=1s=1

where @ = diag(A1/||b1]l,- .., Ap/|lbp])).

Similarly to the unpenalised procedure, ﬂN,\(z) is useful for formulating conditional
local kernel-weighted log-likelihood

Ir-(0) = —flog{27r02}ZZKh s — 2 +1og{y@Ny}ZZKh Zjs — 2)

Jj=1s=1 j=1s=1

1 N T
3 YD Aiiis = XisBa(2) Y2 En(Z)s - ), (2.19)

g
7j=1s=1

[S3\V)
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where 6 = (02,4,p)" € © for which © is a compact parameter space. Furthermore, the

1 N T
)\,U ﬁ Zza)\(zﬁf

i=1 t=1

estimator

where

N T
& Z Z Kh js — Zit {yJS - stB)\(Zit)}Q Z Z Kh(st - Z)
j=1ls

7j=1s=1 =1

enables the formulation of the concentrated log-likelihood

. 1
5(6) = 5[1og{27r}+1+1og ZZKh s — 2
7j=1s=1
N T
+ log|Qn| > Y Kn(Zjs — 2). (2.20)

j=1s=1

Now, let 5,\ denotes quasi-maximum likelihood estimates of dg. Then, the penalized
estimate of By = {fo(Z11), - -, B0(Zn1), Bo(Z12), - - -, Bo(ZnT)} | is

A~

By = {Bx(Z1)--,Bx(ZN1), Br(Z12), -, Ba(ZnT)} T

= argminBeRTNxD Q)\(B) = (lAJ)\’l, e ,lA))\’DO, I;A,Do-Hv NP ,ZA))HD) (2.21)

in which
N T N T
=SS e - X0} EZa - Z) + Zxdubdu (2.22)
i=1 t=1 j=1 s=1
where A = (A\1,...,Ap)" € R are the tuning parameters, by € R7V*1 is the dth column
of B and || - || stands for the usual Euclidean norm. In other words, the (i, t)-row of B) is

defined as the transpose of

-1
Az ZZ L X Kn(Zis — Zjs) + D ZZXSyJS Zin — Zjs),  (2.23)
j=1s=1

j=1s=1

where & = diag(\ /|01, .-, Ap/lbo))-

To discuss the asymptotic properties of the penalized estimators, we need to impose
some conditions on the amount of shrinkages being applied to the relevant and irrelevant
coefficients as follows.

Assumption E1. For ay = max{\;: 1 < d < Dy} and by = min{A\; : Dy < d < D},
assume that (N)"/1ayn — 0 and (N)/10y — cc.
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We now present theoretical properties of the above penalized estimators. To this end,
let Bx(Zit) = {Bra(Zir), Brp(Zit)} T, where Bro(Zit) = {Br1(Zit)s- .-, Brpe(Zir)} T and
Bai(Zit) = {Brpo+1(Z11)s - ., Brp(Z11)} T

Theorem 2.4. Let Assumptions A to E hold. Then

P ( sup [|Brp(2)] = 0> -1,

z€[0,1]

where Bp(2) = (Br(pg11)(2), - Ban(2) T

Theorem 2.5. Let Assumptions A to E hold. Then

sup [|Br.a(2) = Ba(2)]l = 0p{(NT)>°},
z€[0,1]
where
N T -1
Z > Xt XitaKn(Zis — 2) Z X1 0aKn(Zi — 2). (2.24)
z=1 t=1 i=1 t=1
Theorem suggests that the true model can be consistently selected as long as the
tuning parameters satisfy the conditions listed in Assumption Moreover, since it is
associated with Dy, Ba(z) can be viewed as the oracle estimators. Theorem suggests
that the asymptotically optimal nonprametric convergence rate can be achieved as long
as the tuning parameters satisfy the conditions listed in Assumption
In spite of the results in Theorems [2.4and [2.5] practical selection of up to D shrinkage
parameters, i.e. A1,...,Ap, is not Stralghtforward. In order to overcome such a difficulty,
we follow an idea often used in the literature (see e.g. [Zou| (2006)), (Wang and Leng| (2007)
and |Zou and Li (2007)) that is to specify

Ao

e, (2.25)
(NT)=/2||b4

Ad =

where I;d is the d-th column of the unpenalised estimate B and A\ > 0. In this regard, it

is important to note that

N T 1/2
(NT)™2Jbal| = {(NT)I ZZB/%(ZN:)} —p {E[BQ(Zit)]}l/Q, 1<d< Dy (2.26)

and
N T 1/2
{(NT>‘1 > ZB;%(ZM} = Op{(NT)™*}, (Do +1) <d < D, (2.27)

12
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which are direct results of Lemma in the appendix. While suggests that Ay
converges to a positive constant for 1 < d < Dy, implies Ay converges to infinity for
(Do +1) < d < D. Therefore, in order to maintain (N)'"/10g — 0 and (N)'"/19y — oo,
it must be the case that \g(NT)'/10 — 0 and \g(NT)3/? = 0.

The specification in helps to reduce the original D-dimensional problem about
A € RP to a univariate problem about selecting A9 > 0. In practice, such a selection is
done by minimising the following BIC-type criterion

log{(NT)h}

BIC) = log{ RSS)} + df x (NDh

(2.28)

where 0 < df < D is the number of nonzero coefficients identified by By and

N T N T o 9
RSSy = (NT) YY" {036 = XisBr(Zit) } Kn(Zie — Z5s). (2.29)

Let B 5 denote a penalised estimator in 1) which corresponds to A= argmin, BIC,,
and 85 rep{esent the model identified by B 5- Theorem below states that the turning
parameter A selected by the BIC criterion is able to consistently identify the true model.

Theorem 2.6. Let Assumptions A to E hold. Then
P(S;\ = ST) —1 (2.30)
as N — oo, where St = {1,..., Do} denotes the true model.

Remark 2.1. A final point to clarify regarding the wvariable-selection procedure is the
use of i and Xt in the calculation of RSS) in . In this regard, the conceptual
discussion in Section suggests that we can rely on the following steps: (i) compute spatial
estimates of 6 = (¢,p)! based on mazimizing the concentrated log-likelihood under the
unpenalized estimation in , (ii) compute Gz and X1, then (iii) apply the SAREC-
KLASSO method as discussed in the previous and current sections.

2.4. Identifying constant coefficients in semi-varying coefficient models

Another useful procedure is to identify constant coefficients amongst those associated
with the relevant regressors selected in the previous section. This enables modelling of the
so-called semi-varying coefficient specification. In this section, we suggest an approach for
identifying constant coefficients, which can be viewed as an alternative to the shrinkage
method introduced in Hu and Xial (2012). Our approach consists of two important steps.
In the first step, we select the relevant variables using the shrinkage method introduced
in Section 2.3l Theorems 2.4 to 2.6] ensures that all relevant variables that are associated
with nonzero (functional or constant) coefficients are consistently identified as long as

13
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the tuning parameters satisfy the conditions listed in Assumption Let D denote the
number of relevant regressors identified by B 5- The second step involves hypothesis testing
for coeflicient constancy in the varying-coeflicient model. More specifically, we test the
hypotheses

Hy : Ba(z) = C4 versus Hj: f4(z) #Cq, 1<d<D, (2.31)

where C is a constant.

Corollary 2.1. Let the conditions of Theorem[2.9(a) hold. Then

zl[tpl]IIB(Z) — B(2)|I* = op{(NT)"*/?}. (2.32)

Corollary suggests that the difference between 3(z) and B(z) (defined in (2.10))

is negligible uniformly over the entire index support. This is critical since it ensures that
above hypothesis test can be implemented based on asymptotic property established in
Cai et al| (2000), Fan and Zhang| (2000b). The test statistic is written as

Tj:(—2logh)1/2[sup {Ta7(3,12)}2(3,(2) — € — bias(by(2) D) ‘—dN], (2.33)
z€[0,1]

in which the components of the test can be defined as follows:
. . N . . .oy -1
50 (3(2)) = ef, { XF KN X} XERE X {KIEN KN ) €502,

dy = (=2log )"/ + it log {ﬁ f{K'(t)}Zdt} :

bias(B;(z )|@) ~el {XIEN &N} X Kyan,
= sz':l Zt:l 53’( zt)

where a;; = { BO () (Zi — 2) + 271 5P (2)(Ziy — z)2} Xy and K'(t) = 9K (t)/0t. Finally,
the null hypothesis is rejected when the test statistic exceeds the asymptotic critical value
= —log(—0.5log av).

2.5. Local quadratic approximation of the penalty function

In the spirit of Hunter and Li (2005) (see also [Fan and Li| (2001))), the computation
in practice is based on an iterative algorithm in which the loss function in is locally
approximated by

N T N T D ||b HQ
ZZZZ{ - X zt)} Kn(Z + > A o (2.34)
1 t=1 j=1 s=1 d=1
N T (N T ) D B2(
=AY {on - Xz} Kz P ff<m
=1 t=1 7j=1s=1 d= b)\ d

)



Slm Alm Alm T m) 7(m 7
where Bg\ ) — {5/(\ )(Zn) 5(m )(Z21) ..,Bg\ )(ZNT)} (bf\ 1)’bg\,2)"' bg\ D)) denotes
the estimates obtained in the mth iteration. The minimiser of which is B/(\ m+1) such that

the (i,t)-row is defined as the transpose of

-1

N T
6§\m+1)(zit) - ZZX;XJ'SK}L(Z# — Zjs) + ™
7j=1s=1
X Z sy]sKh it — st) B(m—i_l) (235)
j=1s=1
where @ (™) = dlag(/\1/||b ), . )\D/||b H)

m*”< )

We next study the dynamlcs of 3 as m — oo. The results are presented as

corollaries of Theorems [2.4] and [2.5] since their mathematical proof is closely related.
Corollary 2.2. Let Assumptions A to E hold. Then

P ( sup [|67 7V (=) = o) —1

z€[0,1]

where B (m+1) ( ) = (Ai"(‘gill (2 ),..-,5(m+1 ()"

Corollary 2.3. Let Assumptions A to E hold. Then, we have

sup |77 (2) = Bu(2)]| = op{(NT)~2/},
z€[0,1]

where 5(m+1 () = (Ayﬁﬂ)( Yy ,5&77}5;1 (2)".

3. Simulation studies

In this section, we present a set of simulation exercises that examine the finite-sample
performance of the procedures introduced in the previous sections. These are (3.1) spatial
estimation, which involves estimation of 6y = (¢g, po) |, using the concentrated likelihood;
(3.2) nonparametric estimation of coefficient functions fy(z) = {Bo.1(2),---,Bo.n(2)}"
based on the oracle, unpenalised and the penalised estimators; (3.3) variable selection,
i.e. relevant versus irrelevant variables, based on the SAREC-KLASSO and KLASSO
methods; and (3.4) hypothesis testing of coefficient constancy, i.e Hy : By q(2) = Cy versus
Hy : Boa(z) # Cq, where 1 < d < D and Cj is a constant.

In order to achieve these, we assume that y;; is generated based on two types of data
generating process, namely:

Model I y; = 2 Sil’l(27TZit)Xit71 +2 COS(Qﬂ'Zit)XZ‘tQ =+ Ut
Model IT  y;; = 2 sin(27rZit)Xit71 +2 COS(QWZit)XZ't’g + 0-5Xit,3 + O.?Xit,4 -+ Ut
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Table 1: Spatial estimation: Model I

P=2 N =100 N =200 N = 300

Por p J) Por p P Por p P
MAE | 0.063 0.068 0.075 | 0.044 0.045 0.046 | 0.037 0.039 0.038
RMSE | 0.078 0.086 0.090 | 0.055 0.056 0.059 | 0.047 0.048 0.048

Por é N Por é ®x Gor é N
MAE | 0221 0.253 0.245 | 0.172 0.203 0.189 | 0.113 0.159 0.141
RMSE | 0.269 0.303 0.291 | 0.207 0.241 0.228 | 0.146 0.195 0.178
P=5 N =100 N =200 N = 300

Por p Px Por p Px Por p Px
MAE | 0.090 0.081 0.099 | 0.064 0.066 0.073 | 0.054 0.055 0.059
RMSE | 0.109 0.103 0.128 | 0.081 0.083 0.092 | 0.068 0.072 0.077

Por ¢ o Gor ¢ N Por ¢ o
MAE | 0214 0.252 0.241 | 0.173 0.203 0.190 | 0.115 0.162 0.143
RMSE | 0.265 0.300 0.288 | 0.208 0.241 0.230 | 0.148 0.197 0.181
P=38 N =100 N =200 N =300

Por p J) Por p P Por p J)
MAE | 0.096 0.092 0.123 | 0.078 0.078 0.096 | 0.063 0.065 0.074
RMSE | 0.120 0.116 0.151 | 0.095 0.099 0.119 | 0.082 0.084 0.098

¢or ¢ (b)\ ¢or ¢ ¢>\ (bor ¢ ¢A
MAE | 0213 0.254 0.238 | 0.173 0.204 0.190 | 0.115 0.162 0.144
RMSE | 0.265 0.303 0.287 | 0.209 0.243 0.231 | 0.148 0.198 0.182

Note: Estimates computed based on maximizing the concentrated log-likelihood
(i) under the unpenalised estimation, p, (ii) under the penalized estimation, px, and
(iii) under the oracle estimation, por.

The difference between Models I and II lies in the fact that the former includes zero
constant-coefficients, whereas the latter includes two, i.e. 0.5 and 0.7. Hence, Model II
is an example of the semi-varying coefficient models. We set X;;; = 1, and generate
(Xit2, ...
0.51=72| for any 2 < ji,j2 < 7. We also generate Z; from uniform distribution U[0, 1].
Furthermore, the disturbance follows the SAR and EC processes explained in Section
with pp = 0.3 and 0&70 = 0370 = 1. Regarding the required spatial weight matrix, we follow

,Xit’7)T from multivariate normal distribution by setting cov(Xi j,, Xitj») =

Kelejian and Prucha; (1999) and employ matrices that differ in their degree of sparseness.
Particularly, we construct what known in the literature as the “P-ahead-and-P-behind”
spatial association. For example, P = 1 leads to the “l-ahead-and-1-behind” matrix,
whose ith row has nonzero elements in positions ¢ + 1 and ¢ — 1, so that the ith element
is directly related only to two other elements, namely the ones in front and behind it. We
construct three spatial weight matrices based on P =2, P =5 or P = 8, which lead to 4,

10 and 16 nonzero elements in a given row, respectively.
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Moreover, in the practical computation, we follow the results of [Magnus and Muris
(2010) and compute inverse and determinant of the matrix @y based on

@Qn) " = (1/T)Jr @ Ot + {Ir — (1/T)Jr} @ Cy ' and |@y| = |Cy|Co| ",

where O = (1 4 ¢T)Cq and Cy = {(Iy — pWn) (In — pWx)} . This can help to
alleviate a serious computational burden caused by repeated evaluations of this TN x T'N
matrix during the optimisation process. Other necessary computational parameters are
selected as follows. For each simulation repetition, we select the optimal bandwidth based
on the method of leaving-one-out cross validation within the context of the unpenalised
estimation since the asymptotic theory for such selection is already well developed in the
literature (see e.g. Lee and Yu/ (2010))). The bandwidth selected in this step is also used in
the penalized estimation. In addition, the optimal shrinkage parameter is selected based
on the BIC criterion defined in , whereas the total number of iteration of the iterative
algorithm in Section [2.5] is set at 15. In the simulation exercises that follow, a total of
200 repetitions are conducted for each of the model setups. Tables [1] to [3] summarise the
simulation-results obtained. Below, we discuss a number of important findings.

3.1. Autoregressive parameter and variance ratio

In Tables [1] and Pors Pun and py denote estimates of the spatial parameter pg
that are computed based on maximizing the concentrated log-likelihood under the oracle,
unpenalised and penalised estimation, respectively. Similarly, gZ;OT, ¢3un and (;ASA, are those of
the variance ratio ¢y = 0370 / 012)70. For comparison, we consider two measures of accuracy,
namely the mean absolute error (MAE) and root mean squared error (RMSE). While
the RMSE closely resembles a standard definition that is often seen in the literature, it
is based instead on quantiles, which exist with certainty, rather than moments (see also
Kapoor et al. (2007))). In particular, we compute

1/2
. 10 \?
MSE = 2 —= 1
RMS {bms + <1.35> } ; (3.1)

where bias refers to the difference between the median of the estimates and pg, IQ) is the
inter-quantile range c¢; — ¢ in which ¢; and co are the 0.75 and 0.25 quantiles, respectively.

The results in the tables show that p,, and py, perform almost equally well when N
is small. Although MAE and RMSE for p) converge to zero as N increases, the estimator
does not perform as well as the oracle and the unpenalised-based counterpart at small V.
However, all the three estimators of the spatial parameter perform almost equally well
at larger N. Regarding those of the variance ratio, it is clear that éw performs the best.
Unlike that of the spatial parameter, here é)\ performs much better than its unpenalised-
based counterpart. These results are not surprising given the fact that the oracle and
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Table 2: Spatial estimation: Model IT

P=2 N =100 N =200 N = 300

Por p J) Por p P Por p P
MAE | 0.068 0.068 0.079 | 0.044 0.046 0.048 | 0.038 0.039 0.039
RMSE | 0.083 0.086 0.096 | 0.056 0.056 0.061 | 0.047 0.048 0.050

Por é N Por é ®x Gor é (3
MAE | 0236 0.254 0.257 | 0.170 0.203 0.191 | 0.123 0.159 0.155
RMSE | 0.283 0.303 0.304 | 0.206 0.241 0.229 | 0.157 0.195 0.190
P=5 N =100 N =200 N =300

Por p Px Por p Px Por p Px
MAE | 0.095 0.081 0.102 | 0.066 0.066 0.075 | 0.054 0.055 0.061
RMSE | 0.119 0.103 0.129 | 0.084 0.083 0.098 | 0.070 0.072 0.080

Por ¢ ®x $or ® N Por ® (5
MAE | 0232 0.252 0.252 | 0.171 0.203 0.194 | 0.125 0.162 0.157
RMSE | 0.279 0.300 0.301 | 0.207 0.241 0.232 | 0.159 0.198 0.193
P=38 N =100 N =200 N = 300

Por p J) Por p P Por p P
MAE | 0.095 0.092 0.121 | 0.080 0.078 0.096 | 0.063 0.065 0.075
RMSE | 0.119 0.116 0.148 | 0.098 0.099 0.121 | 0.082 0.084 0.099

¢or ¢ (b)\ ¢or ¢ ¢>\ (bor ¢ ¢A
MAE | 0232 0.254 0.253 | 0.170 0.204 0.194 | 0.125 0.162 0.158
RMSE | 0.279 0.303 0.301 | 0.207 0.243 0.232 | 0.159 0.198 0.193

the penalised estimation are able to provide the much more accurate estimates of the
coefficient functions (we will discuss this further below). At N = 300, éx performs almost
as well as the oracle-based counterpart.
higher number of nonzero elements in a give row of the weighting matrix, renders less
accurate estimation of both the spatial parameter and the variance ratio. However, that
of the former seems to be affected more significantly. Finally, similar results are obtained

Note: p, px, and por are defined as in Table

for both of the model examples.

3.2. Nomparametric estimation of the coefficient functions

Moreover, an increase in P, which leads to a

In order to investigate the relative accuracy of the penalized estimators compared to
that of the unpenalised and oracle based counterparts, we compute the following relative
estimation error (REE)

Zszl Ef\;l 23;1 \B,\,k(Zz't) — Bok(Zit)|
S S S 9k(Zie) — Bo(Zie)]

where J5(Z;;) may be either the unpenalised Bk(Zit) or oracle estimator Bor,k(Zit).

REFE =100 x

(3.2)
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Table 3: Nonparametric estimation of the coefficient functions

Model 1 N =100 N =200 N =300
REE,, REE., | REE,, REE.. | REE,, REE..,
P=2 1.278 0.391 1.079 0.357 1.032 0.350
P=5 1.289 0.393 1.075 0.354 1.032 0.350
P=8 1.291 0.394 1.074 0.354 1.030 0.349
Model II N = 100 N = 200 N = 300
REE,s REEun | REE,s REEu. | REEss REEu.
P=2 1.048 0.608 1.011 0.604 0.998 0.599
P=5 1.057 0.611 1.014 0.605 0.998 0.601
P=8 1.057 0.609 1.013 0.604 0.997 0.600

Table [3| presents the related simulation results. In the table, REE,. and REE,,
represent the REE measures when 95 (Z;) is Bor’k and Bk(Zit), respectively. In all cases,
it is clear that REE,, converges to one, while REE,, converges away from one as N
increases. This implies the penalised based estimator performs at least as well as the oracle
estimator as N — oo, but definitely better than the unpenalised counterpart. Moreover,
the penalised based estimator perform well asymptotically for the models that involve zero
coefficients. However, it performs even better asymptotically for the model that involves a
mixture of functional and constant coefficients. In fact, the penalised estimator is already
performing as well as the oracle counterpart at N as low as 300. Finally, these results are
quite robust across P.

3.3. Variable selection

We now discuss finite sample performance of the SAREC-KLASSO procedure for
selecting between relevant and irrelevant regressors. Table [f] summarises the simulation
results. Prior to considering these results, it is useful to note that the vector of relevant
regressors is XiIa = {Xit1, Xiw}—r for Model I, whereas it is XZ-IQ ={Xit1,... ,Xi,574}T for
Model II, so that the numbers of relevant regressors are Ky = 2 and Ky = 4, respectively.
Table [4] presents percentages of the simulation repetitions where the SAREC-KLASSO
procedure is not only able to obtain the correct number of relevant regressors, but also
able to accurately select the regressors in questions.

These results show that the performance of our procedure is not affected by the fact
that Model II contains constant coefficients. Such a finding paves way for identifying
constant coefficients in semivarying coefficient models using the procedure introduced in
Section A higher number of nonzero coefficients leads to better finite sample perfor-
mance at smaller N. Nonetheless, the results for the two models converge when N increases
to 300. Moreover, the finite sample performance of our selection procedure seems to be
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Table 4: Variable selection

Model P=2 N =100 | N =200 | N =300
I KLASSO 0.020 0.167 0.533
SAREC-KLASSO 0.353 0.800 0.960
IT KLASSO 0.007 0.053 0.340
SAREC-KLASSO 0.627 0.880 0.967

Model P=5 N =100 | N =200 | N =300
I KLASSO 0.027 0.200 0.560
SAREC-KLASSO 0.360 0.820 0.960
IT KLASSO 0.007 0.067 0.353
SAREC-KLASSO 0.613 0.860 0.960

Model P =38 N =100 | N =200 | N =300
I KLASSO 0.027 0.213 0.580
SAREC-KLASSO 0.367 0.867 0.967
IT KLASSO 0.007 0.087 0.387
SAREC-KLASSO 0.593 0.833 0.967

worsen as P increases, but only marginally. This likely reflects the performance of the
spatial estimation, which was discussed in the previous section. Finally, it is important to
note that the KLASSO procedure is totally incapable of operating under models associated
with spatially correlated error components.

3.4. Hypothesis testing for coefficient constancy

In the current section, we examine finite sample performance of the Fan and Zhang’s
(2000) hypothesis testing procedure of coefficient constancy for models associated with
spatially correlated error components. We compare two scenarios, namely Fan and Zhang’s
(2000) procedure with and without spatial error dependence being addressed and the
random effect being utilised in order to obtain efficiency gain. Furthermore, in order to
allow an investigation into the ability of the test to reject an untrue null hypothesis we
assume that observation y;; is generated based on:

Model IIT  y;y =2 Sin(QWZit)XitJ + 0.5 COS(QWZit)XitQ + 05Zzt(1 — Zit)Xit,iS -+ Ut

Otherwise, the remaining details are as previously specified.

Table |5 summarises the simulation results. The table shows percentages of correct
rejections and non-rejections (out of 150 replications) obtained by applying the Fan and
Zhang’s (2000) testing procedure with and without spatial error dependence being ad-
dressed and the random effect being utilised in order to obtain efficiency gain. Before
discussing our findings, it is important to note that, in Model III, 5y 1(z) demonstrates a
much strong nonlinearity compared to 5y 1(z) and 5o 1(z). The results obtained seem to
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Table 5: Hypothesis test of coefficient constancy

P=2 N =100 N =200 N =300
Null Hypothesis | with without | with without | with without
Hy : p1(z) = C4 100 100 100 100 100 100

Ho: Ba(z)=Cs | 65 60 84 75 94 84
Ho:fBs(z)=Cs | 67 69 81 77 85 77
Ho: Ba(z) =0 74 69 85 83 89 84
Ho: fB5(z) =0 76 64 84 77 83 81
Ho: Bs(z) =0 72 70 83 74 84 77
Ho: B7(z) =0 81 66 82 77 88 83
P=5 N =100 N =200 N = 300

Null Hypothesis | with without | with without | with without
Hy : p1(z) = C4 100 100 100 100 100 100

Ho: Bi(z)=Cy | 67 63 81 79 94 85
Ho:Bi(z)=Cs | 69 65 77 76 80 76
Ho : Bi(z) =0 74 67 85 79 90 86
Ho:Bi(z) =0 73 66 85 77 83 79
Ho : Bi(z) =0 73 72 82 74 83 79
Ho:Bi(z) =0 81 67 83 78 88 84
P=38 N =100 N =200 N =300

Ho:pi(z)=Cy | 100 100 100 100 100 100
Ho:Bi(z)=Cy | 65 63 81 81 94 85
Ho:pBi(z)=C3 | 66 65 77 75 80 75
Ho:Bi(z) =0 75 70 83 79 90 85
Ho:Bi(z) =0 73 66 85 77 82 77
Ho:Bi(z) =0 74 72 83 71 83 77
Ho:Bi(z) =0 81 68 83 75 88 85

Note: The table shows percentages of correct rejections and non-rejections obtained by applying the Fan
and Zhang’s (2000) testing procedure with and without spatial error dependence being addressed and the
random effect being utilised in order to obtain efficiency gain.

reflect this fact. The null hypothesis of a constant coefficient is easily rejected for So 1(z)
such that the percentages of rejections reach 100% even for N = 100. For Sy 1(z) and
Bo,1(%), having addressed spatial error dependence and utilised random effect in order to
obtain efficiency gain clearly makes a significant impact on the power of the test. A similar
benefit is also evidence for Sy 4(z) to By 7(z). In this regard, the correct null hypothesis is
rejected much less frequently. Finally, the results are robust across P.

4. Public mental health expenditure in England

In the UK, Department for Communities and Local Government’s (DCLG) revenue
account budget records Mental Health Support (MHS), which covers services where the
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Table 6: Our data and its sources

Symbols | Descriptions

vote Percentage of voters with right-wing ideology
Source: Percentage of voters that have voted for the Conservative and UK Independence
Parties in local government elections available at www.electionscentre.co.uk

tph Population-standardised total public health by local authority
Source: Reported in the DCLG’s Revenue Outturn, Social Care and Public Health data

available at www.ons.gov.uk

mhs Per capita measure of standardised MHS for persons age between 18 and 64
Source: Reported in the DCLG’s Revenue Outturn, Social Care and Public Health data
available at www.ons.gov.uk

nuc Claimants of unemployment-related benefits on Benefits Agency Administrative System
Source: Regional labour market Claimant Count by unitary and local authority

available at www.ons.gov.uk

pmp Percentage of male population by local authority
Source: Estimates of the population for the UK available at www.ons.gov.uk

puld Percentage of population under 14 year of age

Source: Estimates of the population for the UK available at www.ons.gov.uk
smr Age-standardised mortality rates for 2016 to 2019 standardised to the 2013
European Standard Population expressed per 100,000 population

Source: Deaths registered by area of usual residence available at https://data.gov.uk

noj Number of jobs is measured by the Labour Force Survey as the sum of employee jobs;
self-employment jobs, and government-supported trainees
Source: Regional labour market available at https://data.gov.uk

plp Percentage of households headed by lone parent by local authority
Source: Estimated number of households by household types, local authorities in England

available at www.ons.gov.uk

mhp Median house price paid by local authority
Source: Median house prices for administrative geographies available at www.ons.gov.uk

mww Median weekly wage-Gross (£) for all employee jobs by local authority in England
Source: Earnings and hours worked, place of residence by local authority

available at www.ons.gov.uk

psq Population density defined as population per square kilometre

Source: Estimates of the population for the UK available at www.ons.gov.uk

primary support reason for their care is related to mental health support. These include
nursing, supported accommodation, direct payments, homecare, supported living, other
long term care, and other short term support, which are recorded under “Social Care”.
Intriguingly, the DCLG revenue account reveals evidence that the budget allocated to
MHS varies substantially across the English (upper tier) local authorities. For example,
in 2016/17 MHS spending by these local authorities ranged between 0.11% (Wandsworth)
and just below 53% (Harrow) of their total public health budgets, respectively. While the
figures were similar in 2017/18, they were between 0.43% (Halton) and just above 61%
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(North Somerset) in 2018/19. Such disparities grew significantly in 2019/20.

In this section, we employ the newly established model and methods to analyse the
municipal disparities in the MHS spending in England. Being able to explain such phe-
nomenons is an important step toward having a better understanding of impacts and
implications of the UK 2013 public health reforms. Particularly, we would like to under-
stand whether their intended objectives, i.e. to improve the nation’s health and well-being
and to reduce inequalities at both national and local levels, are achieved. A number of
previous studies have applied a traditional reduced form demand and supply framework in
which local authorities are treated as statistical units and the municipal disparity in their
spending is explained in relation to a set of risk factors. In our view, this is an example of
empirical questions where a varying-coefficient panel data model incorporating spatially
correlated error components, can render the investigation much more fruitful. Within the
context of the MHS, the varying-coefficient process enables non-linear interactions between
risk factors of mental health need (e.g. percentage of people aged under 14) and authority
specific attributes that represent local preferences and policies. Moreover, the error com-
ponent structure on the disturbance incorporates unobservable spatial interaction among
the local authorities as well as individual heterogeneity.

The study in this section focuses on 151 councils in England, which have social services
responsibility, out of 333 local authorities. However, two local authorities, namely City of
London and Isles of Scilly, are excluded from our analysis due their unusual socio-economic
and demographic characteristics. On the time dimension, we focus on the observation
period between 2016/17 and 2019/20, which reflects our interest on the impact of the
2013 government’s public health reform and the reduction in its spending on the public
health grant during the period. These lead therefore to N = 149 and T = 4. Below we
begin by first establishing the empirical model.

4.1. Empirical model

Since the objective of our study is to analyse the disparities of mental health spendings
across local authorities in England, our dependent variable is the MHS by local authority
standardized by the total population in each local authority. In the study that follows, we
denote per capita measure of the standardised MHS by mhs, and assume that the data

generating process behind the mhs is
mhs = XBo(Z) + u, (4.1)

where [By(Z) is a vector of smooth functions and u follows a spatially correlated error
component process, which was thoroughly defined in Section We will now discuss the
individual components that comprise model (4.1) in more detail.
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4.1.1. Regressors and covariate
Let us begin with X = (X,..., Xp) and Z. Regarding the former, the first proposition
is to include an intercept term in the model by setting X; = 1, which implies that

mhs = Bo1(Z) + X*By(Z) + u, (4.2)

where X* = (X2,...,Xp) and 85(Z) = (Bo2(Z),...,Bo.p(Z))". The remaining regressors
are derived from two sources. Firstly, we selected a set of explanatory variables suggested
by the literature as area-level characteristics potentially linked to mental health needs (see
e.g. McCrone and Jacobson, (2004)), |Aziz et al. (2003)), and Moscone et al.| (2007)). Our
study explains the municipal disparity in mental health spending based on a set of risk
factors, namely: (i) Population density, (ii) Percentage of male population, (iii) Percentage
of population under 14 year of age, (iv) Standardized mortality ratio, (v) Number of jobs,
(vi) Percentage of households headed by lone parent, and (vii) Number of unemployment
claimants. Finally, we include (ix) Median house price, and (x) Median weekly wage in
order to control for the supply-side factors. Table [6] presents descriptions and sources of
the data used in detail.

Moreover, it is important to note that the English local authorities have considerable
autonomy under the reformed system to (a) allocate resources from central government
among various local services (e.g. education, housing, leisure, community resources and
social services), and (b) prioritise particular areas and client groups in line with local
interpretations of need. Therefore, their actual spending will likely reflect local policies
and preference rather than the standard spending assessment by the central government.
Hence, it is implausible to assume, for example, that the percentage of people aged under
14 (%POPul4) would have the same effect on mhs across all the local authorities. In
the light of this argument, we will focus our study on two strategies. Firstly, we define
the covariate Z in order to take into account a political influence. The basis of this idea
is from a hypothesis that there might be councils that decide (based on their political
beliefs, for example) to give more weight in terms of resources to the elderly while others
to the youths. In the practical analysis, the covariate is represented by the percentage
of voters with right-wing ideology, vote hereafter. More specifically, it is the percentage
of voters that have voted for the Conservative and UK Independence Parties in the local
government elections. Secondly, the covariate Z is defined as total public health spending
by local authority standardized by the total population in each authority, ¢tph hereafter.
The purpose of this is to take into consideration a type of Engel’s law, which might
be in operation within the context of MHS. To understand this idea more clearly, let
us recall the Engel’s law in economics which suggests that the poorer a family is, the
larger the budget share it spends on nourishment. Within our panel data model, the
varying coefficient specification helps to highlight local authorities’ views about each of
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the exogenous variables. For example, effect of the percentage of population under 14
on MHS is higher when TPH is low suggests that the variable is considered an essential
determinant. On the other hand, effect of the percentage of male population on MHS is
lower when TPH is low suggests that the variable is considered to be important though

not essential.

Figure 1: Dependence implied by weight matrices under consideration

4.1.2. Spatial Error Dependence (SED) versus Spatial Lag Dependence (SLD)

There often exists an association between MHS spendings made by two or more local
authorities. In the literature, such an association is often modelled based on either the
SLD or SED. The SLD model is useful for modelling endogenous effects, which explain
variations in individual behaviour by the prevalence of the behaviour in a group, contextual
effects, which explain individual behaviour by the variation of background characteristics
of the group, and correlated effects, which assess whether individuals facing a similar envi-

ronment or sharing similar individual characteristics will behave the same way. However,
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Table 7: Descriptive statistics

Mean StD Min Max
tph 65.793 24.372 29.739 172.647
mhs 13.265 7.163 0.100 53.710
nuc 5,169.98  4,228.38 105.00  48,145.00
pmp 0.495 0.009 0.473 0.553
puld 0.172 0.020 0.135 0.247
smr 967.366 131.461  583.100 1345.800
noj 202,926 175,994 19,000 2,130,000
plp 0.107 0.028 0.042 0.216

mhp 274,133 173,263 105,000 1,425,000
mww  469.094  77.396  332.100 784.400
psq  2823.152 3367.706  63.000 16425.320

its usefulness is diminished by its inability to disentangle or to identify these effects, i.e.
the so-called reflection problem posed by [Manski| (1993]). Within the context of our model,
there are enough reasons to believe that a more relevant type of dependence is the SED. In
, since Z represents the authorities specific socio-demographic/economic attributes,
B0,1(Z) can help to indirectly model the contextual and correlated effects. Furthermore,
the non-linear interactions, which are modelled via our varying coefficient specification,
can help to capture these effects even more effectively. In addition, measurement errors
that spill across grid boundaries, for example, can easily lead to the SED. Otherwise,
there may exist unobservable latent variables that might be unaccounted for in the model.
For instance, closure of a large psychiatric hospital, which serves patients from various
municipalities, clearly has an impact on social care sector across a wide territory. Such a
closure of hospitals, which has been one of the most prominent features of mental health
policy in the UK for some years, will substantially increase the need for social care ser-
vices across a wide area and ultimately influencing expenditure. Another example would
be the provision of high-secure and medium-secure units for people with forensic needs,
often organised at multi-regional level in line with nationally agreed population catchment
areas. Their funding may be a NHS hospital, NHS trust, or other independent provider’s
responsibility, but there will be again a social care shared (spatial) resource effect of not
providing these services. Other sources of unobserved spatial concentration could be sug-
gested as the high psychiatric hospital admission in two or more neighbouring authorities,
which may be caused by noise pollution from airports. Noise has been the major environ-
mental issue in the field of aviation, primarily impacting residential communities close to

airports by affecting community annoyance, sleep deprivation, and mental health issues.
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4.1.8. Spatial weight matrices

Regarding the SAR in , how and to what extent the MHS by a local authority
depends on that of the others are captured by elements in the matrix Wy. In spatial
econometrics in general, a weight matrix is constructed based either on geographical or
socio-economic/demographic distances of individuals. Within the context of our model,
we argue that geographical-based weight matrices are more effective due to a number
of reasons. Firstly, they are exogenous to the model and also time-non-varying. These
conditions are required, but cannot be guaranteed when adopting weights based on socio-
economic/demographic distance metrics. Moreover, our varying-coefficient specification
enables modelling non-linear interactions between the risk factors of mental health need
and authorities specific socio-economic/demographic attributes. Hence, it is reasonable to
assume that socio-economic/demographic interactions of MHS spending are fully captured
within the model. In the current section, we consider a similar set of weight matrices to
that used in Section [3} so that we can analyse if and how estimation results change with
weight matrices that differ in their degree of sparseness. In particular, we consider weights
matrices, which are constructed based on (i) the k-nearest neighbours criteria, where k is 4,
10, or 16, and (ii) sphere of influence. Figuredepicts spatial dependence implied by these
weight matrices, which are referred to hereafter as K4, K10, K16 and SW, respectively.

4.2. Empirical analysis

We begin with basic data exploration before discussing estimation results in detail.

4.2.1. Basic data exploration

Table[7] presents descriptive statistics, which describe basic features of the data used in
our study. Figure presents the average mhs (i.e. per capita measure of standardised MHS
for persons age between 18 and 64) for all the local authorities over 2016/17 to 2019/20.
It is evident that mhs tends to distribute in clusters, with the highest concentrations in
metropolitan areas such as Greater London, Greater Manchester and Birmingham.

4.2.2. Estimation results

The steps taken in our analysis coincide with the methodological development in
Section 2] We first estimate the spatial parameters using the likelihood methods discussed
in Section then perform variable selection using the SAREC-KLASSO method. Once
irrelevant regressors are identified, we employ the test procedure discussed in Section
ﬂ (as the third step) to check whether associated functional coefficients are constant
functions. The estimation results are summarised in Table [§] and graphically presented
in Figures |3 to In these figures, the red lines are confidence bands drawn at the 90%
confidence level

~

Bi(2) — dn. Bi(2) + A(2)] (4.3)
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Figure 2: Per capita measure of standardised MHS for persons age between 18 and 64 (mhs)

where Bj (z) is an unpenalised estimate obtained after excluding irrelevant regressors,

Az) = {dN + [log 2 —log {—log(1 — a)}] (—2log h)_l/Q} x SD {Bj(z)} ,

a=0.1, dy and SD? {B](z)} are both defined in (2.33]), whereas the broken blue line is
computed as follows

T
Cj = % > Bi(Zu). (4.4)

i=1 t=1
500 Below we begin by discussing some important findings on the modelling specifications.
501 e In both panels of the table, the estimates of the autoregressive parameter increase
502 as higher number of nearest neighbours being taken into consideration. Moreover,
503 the estimates listed in panel (a) are closely similar to those in (b).
504 e Also in both cases, the outcomes of the variable selection do not variate across
505 different weight matrices used. The selected number of relevant variables are 5 and
506 3 when z is defined as the percentage of right-wing voters, vote, and total public
507 health, tph, respectively. Similarly, the outcomes of the coefficient constancy test
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Table 8: Estimation results

(a) z is defined as percentage of right-wing voters (vote)

w P o) K inct nuc pmp puld smr noj plp mhp mww psq

K4 0.159 1.767 5 ® . X . X . . . X X
3.833 . 2.561 . 2.277 . . . 0.151 0.723

K10 0.208 1.786 5 ® . ® . X . . . X X
3.738 . 3.415 . 2.139 . . . 0.455 1.182

K16 0.266 1.812 5 x . x . X . . . X X
3.268 . 3.453 . 1.872 . . . 0.127 1.239

SI 0.208 1.747 5 x . x . X . . . X X
3.633 . 3.745 . 2.341 . . . 0.374 0.752

KO . . . x . x x x x x x x x
13.007 . 8.765 4.967 10.846 10.743 6.547 4.292 9.829 8.586

(b) z is defined as total public health (tph)

w P o) K inct nuc pmp puld smr noj plp mhp mww psq

Kw4 0.185 1.785 3 x . . . . . . . x ®
5.891 . . . . . . . 3.376 5.489

KW10 0.255 1.761 3 x . . . . . . . x x
5.11 . . . . . . . 3.259 5.294

KW16 0.298 1.815 3 x . . . . . . . ® ®
4.743 . . . . . . . 3.334 5.416

SW 0.212 1.769 3 x . . . . . . . x x
5.709 . . . . . . . 3.511 5.021

Ko . . - x . x X x x X x x x
17.025 . 5.327 2.137 13.679 8.945 2.214 5.898 5.282 6.606

Note: “x” signifies variables (i) which are selected to be relevant and (ii) whose associated functional
coefficients are statistically tested to be constant functions at 5% level. “®” signifies variables (i) which
are selected to be relevant and (ii) whose associated functional coefficients are statistically tested to be

non-linear functions at 5% level.

508 remain largely unchanged across different weight matrices used. However, without
500 taking into consideration the potential SAR and error component structure, the
510 selection suggests that all (but one) variables in each of the panels are relevant.
511 Such a finding is in significant contrast to that based on the SAREC-KLASSO
512 method. In addition, the test statistics of the coefficient constancy test are much
513 larger compared to those associated with K4, K10, K16, ST and KO0.

514 e By applying the SAREC-KLASSO method, we have found that the intercept and
515 two other regressors are relevant in explaining the disparities between mental health
516 spending by councils in England, namely median weekly wage (mww) and population
517 per square kilometre (psq). While the effects of these regressors depends non-linearly
518 on total public health (tph), they are independent of the percentage of right-wing
519 voters (vote). These findings are also supported by the confidence bands drawn
520 in Figures [3| to |8 These confidence bands are drawn at the 10% significance level
521 and suggest consentaneously that estimates of the functional coefficients for the
522 intercept, mww and psq are statistically significant. Furthermore, the dependence
523 of their effects on tph and independence from wvote, which we highlighted earlier, are
524 also confirmed.

525 e Interestingly, the percentage of male population (pmp) and standardized mortality
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Figure 3: Estimates coefficient function of the intercept: Z represents vote

KW4: Intercept KW10: Intercept
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KW16: Intercept SW: Intercept
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% of Right Voters (z) % of Right Volers (z)

Note: The red solid curves are 90% confidence bands defined in 1} The blue broken line is C’j in l}

ratio (smr) are also selected as relevant, but only when z is defined as vote. In this
regard, the coefficient constancy test suggests that the effect of pmp on mhs is de-
pendent of vote, whereas that of smr is independent. The second part of this finding
is unusual because, if they exist, such constant effects of smr should also be found
in the bottom panel of the table. A closer inspection of the test statistic suggests
that the effect of smr is a borderline case in which the null hypothesis of coefficient
constancy can be rejected by increasing the significant level slightly. Furthermore,
the confidence bands drawn in the top-right panel Figures [ to [§] confirm that the
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Figure 4: Estimates coefficient functions based on KW4: Z represents vote
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Figure 5: Estimates coefficient function of the intercept: Z represents tph
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We now shift our attention to the empirical implications of the functional coefficients.

Let us begin with Figures 3| and [5, which present the estimates of £ 1(Z) in for each
of the weight matrices used.

e From the figures, it is clear that these estimates (and their associated confidence

bands) are consistent across the weight matrices used. As the results, our discussion

will only concentrate on the top left panels of each figure, which are based on KW4,

for Z defined by wvote and by tph, respectively.
e The estimate of the functional coefficient suggests that per capita spending on mental

health services is higher among the councils, which are dominated by central-right
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politics. However, being dominated by central-left politics does not seem to have
statistically significant effect.
e Furthermore, we find that mhs is treated as a luxury goods in the lower region of

the tph support, whereas it is viewed as an inferior goods in the higher region.
We now analyse estimates of the remaining functional coefficients, which are presented in
Figures [3] to
e From the figures, it is clear that these estimates (and their associated confidence
bands) are quite consistent across the weight matrices used. As the results, our
discussion will only concentrate on Figures [] and [9] which are based on KW4, for

Z defined by vote and by tph, respectively.

e The impact of population density on spending is positive and significant as we ex-
pected since we anticipate higher mental health expenditure in inner-city areas that
are more densely populated.

e Furthermore, we find strong evidence that mww should have a demand-side inter-
pretation instead since councils with higher median weekly earnings seem to spend
more on mental health services. Such a result is consistent with that reported in
Moscone et al. (2007) for their spatial error model. The estimate of the functional
coefficient suggests that impact of mww on mhs increases between low to medium
tph (i.e. mww plays a similar role to the luxury goods in the Engel curve literature),
but decreases between medium to high mhs (i.e. mww plays a similar role to the
inferior goods in the Engel curve literature).

e Moreover, independently to vote and tph, the percentage of male population does
not seem to have a significant effect on the mental health service spending across
councils. However, by conditioning its effect on the UK political spectrum, it seems
that pmp has a positive (negative) impact on mhs in councils that are dominated
by central-left (central-right) politics.

e Similarly, independently to vote and tph, the standardised mortality ratio does not
seem to have a significant effect on the mental health service spending across councils.
However, by conditioning its effect on the UK political spectrum, it seems that smr

has a positive impact on mhs in councils that are dominated by central-left politics.

5. Conclusions

The research in this paper focuses on two of the most discussed areas of methodological
development in panel data analysis, namely spatial error dependence and varying coeffi-
cient panel data models. We established a new varying-coefficient panel data model that
includes spatially correlated error components and introduced the model’s estimation pro-
cedure and various novel inference methods. Our estimation procedure is an extension of

the quasi-maximum likelihood method for spatial panel data regression to the conditional
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Figure 6: Estimates coefficient functions based on KW10: Z represents vote
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local kernel-weighted likelihood, whose asymptotic properties were established based on a
set of primitive assumptions often seen in studies in the nonparametric literature. More-
over, we established a novel variable selection procedure by extending the Kernel Least
Absolute Shrinkage and Selection Operator technique to panel data analysis where there
exists the Cliff-Ord-type models of spatial error dependence. We also extended our pro-
cedure to handle selection in a more complex specification known in the literature as the
semi-varying coefficient model. Furthermore, we conduct extensive simulation exercises in

order to examine the finite sample performance and robustness of our proposed procedures
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Figure 7: Estimates coefficient functions based on KW16: Z represents vote
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and illustrated their practical applicability by applying them to analyse municipal dispar-
ities in MHS spending by councils in England. Specifically, we studied the interaction
between a set of demand and supply factors of mental health needs and local authorities
specific political and economic attributes, namely the political preference/ideology and
total public health spending.
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Figure 8: Estimates coefficient functions based on SW: Z represents vote
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Figure 9: Estimates coefficient functions based on KW4: Z represents tph
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Figure 10: Estimates coefficient functions based on KW10: Z represents tph
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Figure 11: Estimates coefficient functions based on KW16: Z represents tph
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Figure 12: Estimates coefficient functions based on SW: Z represents tph
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6. Appendices

This section consists of seven appendices. Appendix [A] provides a set of useful definitions,
whereas Appendix [B| discusses the proof of Lemma , Theorem , and Theorem a).
Appendix [C] presents a set of lemmas that will be useful for the proof in Appendices [D] to [G] that
follow. Appendices |§| presents the proof of Theorem b) and Theorem m while Appendices
to [G] provide detailed proof for the results in Sections to respectively.

A. Definitions

For an arbitrary vector P € R"*!, define its Euclidean norm as

1P| == \/pi + -+ P2

For an arbitrary matrix () € R™*™, define its Frobenius norm as |V p := (Z?zl ZT:l vij]2
Also, define a sequence of combination pairs (i,t) =it = {11,21,...,N1,12,...,N2,13,...,NT}.
Let m = (mi;q) € RVT*P denote an arbitrary N7 x D matrix with rows

1/2

T T T T T T T
My, Moy - s My, M2y - -3 TN M3, - - TN,
i.e. my is D x 1 and m}, is 1 x D, and columns vy, va, ..., vp, i.e. vg is NT x 1. Moreover, define

Bo = (84 (Z11), -, B4 (Zn1), B (Z12), - - -, Ba (ZN2), - -+ By (Znr)) T € RNTXP

and
B=(B"(Zu),....B"(Zn1),B" (Z12),...,B" (Zn2), ..., BT (Zn7)) T € RNT*D,

B. Proof of Lemma[2.1, Theorem and Theorem[2.9(a)
B.1. Proof of Lemma|2.1:
The derivation of (2.12)) is straightforward since the third term of (2.9) can be written as

o QTN Gyun} = — o {(Bolz) — B2 KT KN Kx(Bo(2) — ()
- Tig{'u(—)rNKNuON} (B.1)

In addition, the solutions for the optimization problem £¢(§) = max 0.(B,02,¢,p) are:
U’U

B(z) = {EIXNKnXn|2]} T EX N Ky Xn|2]Bo(2) = Bo(2)

and
1

o2 = (1/NT)030TR[@0N®;KN@N] Z ZKh(st - z)

j=1s=1

Hence, substitution of these into (2.12]) leads immediately to (2.13).
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B.2. Proof of Theorem[2.1):
We first recall Z{;(a) = maxg 2 £(f, 02, ¢, p), which was shown in 1) to be

N T
- 1
E@) =3 [log(2762) + log |Qn| + 1] ;21@ (B.2)
j=1s=
and £¢(8) = rgiagc 0.(B,02,¢,p) for which
) 1 N T
£(8) = -3 [log(2757) + log |Q x| + 1] ;;Kh (B.3)

established in Lemma Given the unique identiﬁcation of &, consistency of 6 = (¢,p)7
stated in the theorem follovvs from the convergence of = [¢¢(8) — £5()] uniformly to zero on A.
This can be established in two steps, namely (i) estabhshing point wise convergence of NT£§ (9) to

~05(5), and (i) establishing uniform Lipschitz continuity of < [KC (8) — £5(0)] over § € A.

To perform the first step, we need to note firstly that

NT [E(0) — E(5)] = _% log (i) .

Therefore, we only have to show that 62 = 2 + Op((NT)~1/2). To this end, let us write ;5 =
Jis — XjsPit = Xjs(Bo — Bit) + tlojs, where iigjs = ;5 — X550, so that

il = {Xjs(Bo — Bir) + iiogs } {Xjs(Bo — Bir) + tiojs }

= {Bo — Bi} ' X\ Xjs{Bo — Bi} + {Bo — B} T X iogs + iig;s X s {Bo — Bit} + ig;gfiogs-
Making use of lb enables writing Bit = By + Uoit, where

—1

N T N T
o = | > > XX Kn(Zjs— Zat) | > XiiojeKn(Zjs — Zir)

j=1s=1 Jj=1s=1
and hence
i)y = gy X X jstion — gy X jyilogs — gy Xjstiou + iigjyiiogs- (B4)
Moreover,
;NI
oy = NT > D i Kn(Zjs — Zn)
j=1s=1
;| NI
= 7 Z z; {UonX Xjstioir — uo;tX slojs = UgjsXjsUoir + uOJsuoﬂs} Kn(Zjs = Zir)
j=1s=
and
| NI
2 -5 = NT Z Z{ﬂ(—)rjsiloj's — Eliig;,tioss)

1
+ [Ri,js — E(Ryjs)] — [Rajs — E(Rajs)| + E(R1js) — 2E(Ra,js) }Kn(Zjs — Zit)
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where

Ry s = qutX nguon and Rg ;s = qutX sojs- (B.5)
In this regard, we note firstly that
1 _ _
NTUONUON 52+ Op((NT)~/?) (B.6)

under conditions required in Assumption A. The remaining terms in (B.5)) can be dealt with:

N T
| 7 S0 Ruse | = 57 N Bl A Keiion} = OUNT) 207 (B7)

and
| NI
7 . N 1\—1/2
E<NT§;232w> NT;:;}%WM Lo} = O(NTR) %), (B.S)
To obtain these results requires noting firstly that we have, by using the spectral decomposition
of a symmetric positive (or negative) definite matrix and the Cauchy-Schwartz inequality,

ZN:ZT:E{WMX Kjstion ) < ( mm) ZZE{umX X jstion

j=1s=1 j=1s=1
) 2

< <7mn> N Bllaon P} {Ellaon|P}/? = O(NT)=*h7Y), (B.9)
js

where 1g;s = NT Z;V 1 ZZ 1 uojsKh(Z —Zit), ')'\ftlax is the maximum eigenvalue of the D x D
symmetric positive definite matrlx of X NX N, and

N T 2 N T
> || =YD Y Bligy) = O(NT) 1), (B.10)
—1 = 1=1 i=1 t=1
This is so because
N T N T
B () = ZE[E (@0, Zsss Zit)]
i=1 t=1 i=1 t=1
1 N T N T . Zss -
= (NTh)2 ZZZZ/E(X2‘;IUO]‘;|Z]33Z )K (h) fz( Js)fz( zt)destit
i=1 t=1 j=1 s=1
1 N T N T
= (NT)2h ZZ/{ZZE(XQSlu0jS| js it)fZ(Zit)dZit}fz(st)K2<'U)dU
j=1s=1 i=1 t=1
1 Y& 1
2 2 2 _ 2 2 5o
S (NT)QihO—U’O% ;;E(X]s,l‘zjs)fz(zjs) = m(fﬂ’o% E(st,l)
=O((NT)?h™1). (B.11)
Finally, applying the Markov inequality to and (B.8)) and lead to

52 =562+ O0p((NT)"V/?), (B.12)
so that £¢(8) = £5(6) + Op((NT)~1/?).
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Now, we consider the uniform Lipschitz continuity of 2 — 2. Let us begin with

sup |67(8) — 75(8) — {55(6") — 75(0")}

116—8%|<e

{52000 = {6}V 15— 1| = 0r (1),

< sup
[[6—6*||<e

where §* € A lies on an e-neighborhood of § such that ||§ — 6*|| = 0 as € — 0, § lies on the line
segment {\J + (1 — A\)0*); A € (0,1)} and {62}V and {52} denote the gradients of 62 and &2,
respectively. Hence, the uniform Lipschitz continuity is established by showing

a2 - (22| | = oe(). (B.13)
In order to show the boundedness of (B.13]), let us expand the difference of the gradients as follows
9% o5 0a ' (8
GOV - 20N = g7 o - a2or | PO R - R
where R}y, R} y and Rj y denote gradients of Ry = uy QN (O)un, Rin(0) = ZZ 1 Et L R1(0)

— — —1
and Ro n(0) = EZ\LI Zle Ro,it(6), respectively. Moreover, E(RYy) = o (TR [Qongig(é) and
oy’ (9)
Y

therefore 3Ry = 57020 TR [QON
The rest of the terms can be similarly worked out as follows E(R} y) = O((NTh)~%/?) and
E(Rj y) = O((N Th)~1/2). The detailed derivation of these results are available upon request
from the authors. Finally, holds due to the Markov inequality.

Now let us consider the unique identification conditions of dg. The unique identification of dq

} +O0p((NT)~/?) by using similar arguments to lm)

is firstly considered by showing the counter argument. Consider the Jensen’s inequality below

“(5) I 1 4, 1 TR[GonG N KNG y]
i <0. .
{e —l5(60)} = 7 108 [0n oy | — 5 log < NT <0 (B.14)

The equality of 1i holds when QNQ, Al, = @;,1@01\7 = Iny7. Hence dq is not uniquely identified

when there is a sequence such that dx € D(0*) converges to 0* € D.(6o)NA where D.(-) and D(-)

represent an open e-neighborhood and its complement, respectively, and Nlim Qn(6*) — Nlim Qon-
—00 —00

Hence the unique identification condition requires that

lim sup{ max 52(5)} # limsup £5(do)

N 00 d€D(60)NA N—oco

for any §.

B.3. Proof of Theorem[2.9(a):
The proof of Theorem a) follows from that of Theorem see in particular the proof of
B12).
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C. Useful lemmas

In this section, we present a set of lemmas that will be useful for the proof that follows. For
the sake of clarity in the proof, we simplify the notations, so that Xon = Xy and Yon = Y. Also,
let st be the js-th row of Xy and ijjs be the js-th element of §jx = .

Lemma C.1. Let Assumptions A to D hold. Then,

L N [X Tkl ) E{XTX-K Z )H —0p N2y log(1/h)\ "/?
zsuopl NT it Xit Kn(Ziy — 2 it it h(Zit — 2 =Up W
€[0.1] i=1 t=1
E{ X XKn(Za — )} = F(2)2=) + O(h2), (C.1)
where Q(z) = E[X,} Xit| Zis = 2], which is assumed to have bounded derivative.

Proof of Lemma[C.1: Let us consider firstly a more general case of this result

sup
z€[0, 1]

Z Zit — 2)8it — E{Kn(Zi — Z)fzt}]|

{ (k’g 1/h> } (C.2)

where (&4, Z;;) are i.i.d. random vectors, &; are scalar random variables with E|;|° < oo, and
sup, [ |y|*f(z,v)dv < oo (where f denotes the joint density of (¢1, Z1)). The proof of (C.2)) can be
found in various existing works, e.g. [Fan and Zhang| (2000a). Regarding (C.1J):

B{X]Xukn(Zn =)} = B{BX]XuKn(Zu - 2)|2]}
h_l/E[X;Xith(Zit)K <Zith_ z> dZ;

= hil/E[X;Xﬂz}f(zJrvh)K(v)hdv

- /E[X;Xit\z]{f(z) L (2)oh + (1/2)f ()R + O(h)}k(v)do
= B[X; Xulzlf(2) + O(h?),
where f(z+vh) = f(2) + f/(2)vh + (1/2) f"(2)h?v? + O(h?) is used for the fourth equality.

Lemma C.2. Let Assumptions A to D hold. Then,

sup
z€[0,1]

ﬁ ZZ [ththKh it —2) — X;XitKh(Zit — z)} ‘ = Op((NTh)™h). (C.3)

Proof of Lemma : Let us represent (C.3]) by using Taylor expansion as follows

NTZZ X KoK (Za — =) - X;Xumzit—z)]‘

sup
z€[0,1] =1 =1
. 90~
< sup {|56||-HXJEKN 9 Xy b (C.4)
] F

z€[0,1
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where

acég;—vl =9[I7 ® (In — W) Qo + (1 + Td) ' Qun}lir @ (Iy — Wy)],  (C.5)
agg [Ir @ (In — pW)] {(1 +1T¢) Qn, N} [Ir @ (In — pWn)]. (C.6)

The uniform consistency of § in (C.4) over z € [0,1] was already established in Theorem

Lemma C.3. Let Assumptions A to D hold, and %(z) = (NT)~* Z;V=1 Zstl XJTSX]-SKh(z —Zjs).
Then,

sup
z€10,1]

LSS [ (R Rz - ) - f(Z)Q(Z)H‘Op{h2+<lz)]g\§m>l/2}, ©7)

} o 1/2
s ‘Z(z) - f(z)Q(z)( = 0p {h2 + (l(fv(;/)z)) } . (C.8)

Proof of Lemma : Lemma follows immediately from (C.1)).
Lemma C.4. Let Assumptions A to D hold. Then

i = WANT)VEY N XX [B0(Zie) = Bo(Zjs)) + s Y Kn(Zie — Zs)

j—l s=1

= h'A(NT) 1/222 {ng Bo(Zit) — Bo(Zjs)] + iijs } Kn(Zir — Zjs) + Raie + Rajit,
j=1s=1

where

’U/js = yjs _stﬂo(zit)

_ QN <
Rig = WY2(NT) W I X [60(Zh) — 0(Z3)] - 115~ 8
1/2 —-1/25T 6Q17\71 5
Rose = WPNT) XK 20 50(Zi) — 5o(Z3)] 115 = .
In addition,
1
Sl = 0p(1), (©9)

. N T -
where |G| = 372, 22—y |Gl

Proof of Lemma[C-} By using the same argument as in Lemma [C2] i.e. the uniform consistency
of & over z € [0, 1] established in Theorem Ryt and Ry are o,(1) uniformly over z € [0, 1]
and are therefore negligible. As the results, we simply write 4;; = 1 ;¢ + U2 i+, Where

N T

v = WPINT) VYN XL XBo(Zin) — Bo(Zis) | Kn(Zin — Zis)
j*ls—l

Qo = hY?(NT) 1/222 Yo Kn(Ziv — Zjs).
j=1s=1
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We intend to show that

‘ -

1
SrFlal? =

N T
72> Blial?
=1 t=1

E{|t1,u* +|a2,i)® +2|@1| - G20} = O(1). (C.10)

qu

1 N
< ST

i=1

~
Il

1

Firstly, we start by writing

where

qjs.ar,it

Tjs,it

h N T
lzt TZZQ]GZTIt + Nizzrjs,it = |ﬂ1,it|2
j=1s=1

i s
b T
Eliyul® = NT Z Z Egjsarit + 57 Z Z Erjs,it, (C.11)
JFL SFET j=1s=1

(Bo(Zit) — Bo(Zjs)] T X[\ X XL X0 [Bo(Zit) — Bo(Zur | K (Zit — Zjs) Kn(Zit — Zor)
= [Bo(Zit) — ﬂo(st)]TX;stX;st[ﬂo(Zit) — Bo(Zj KR (Zis — Zjs).

We consider firstly Eq;s .7 it Observe that gjs .rit = @js,r,it,1 + @js,er,it,2, Where

qjs,ar,it,1

qjs,ar,it,2

(86(Zin)} ' X[ X5 XL X0 B0(Zit)(Zjs — Zit)(Zor — Zit) Kn(Ziy — Zjs) Kn(Ziy — Zir)
CXX; X X0r(Zjs — Zit)*(Zir — Zit)* Kn(Zis — Z) Kn(Zis — Zor).

In addition, Eqjs,rit = Eqjsurit,1 + Eqjsarit,2. Regarding the first term,

qus,zT,it,l = E{E[qjs,m’,it,llzjs = Zit; Z’LT = zt]}

where Q(

/ By Zi)Y T UZ3) U Zr) B Zi) (Zya — Zit) (Zor — )
Kh(Zit - st)Kh(Zit - Zz‘r)f(Zit)f(st)f(ZZT)dZitdestrr

h? /{Bé(zit)}TQ(st)Q(Zw)ﬂé(Zit)Ule(Ul)K(U2)dv1dv2f(zjs)f(zw)f(Zit)dZit

h? /{5(/)(Zz't)}TQ(st)f(st)Q(Zn)f(Zw)ﬁé(Zit)f(Zit)dZit//U1U2K(U1)K(Uz)dv1dvz
O(h*)o(1),

Zjs) = E[X\X;i|Zjs = Zy) and Q(Z,.) = E[X,.X,;|Z,; = Z], by which the third and

forth equality are obtained based on Zjs = Ziy +vih and Z;5 = Z,; + vah, and

/ B2y QU Z3) F(Z3) U Zur) (2 B Zit) f(Zia) A
= E{B)(Zu) X Xu X XutBy(Zi)} = O(1),

respectively. Regarding the second term, Egjs,r 2 = O(h*) uniformly over all pairs (i,t), i =
.,Nand t=1,...,T, that is

Est,ZT,it,2 S CE {|XTX XT 7.'r| ‘ js — Zit)g(ZzT - Zit)gKh(Zit - st)Kh(Z’LT - st)|}

= oY
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6

<)

1

6

<)

2

by using the similar argument for £g;s .r 1. Hence, Eqjq ,r it = O(h4). Regarding Erj, s, in the
same spirit as the above, we can show that

Erjsu = O(h%) (C.12)

uniformly over all pairs (i,t), i =1,...,N and t = 1,...,T. Hence, by applying these results to

(C.11)), we obtain

Bty ||

(NT) 'h(NT){(NT) — 1}O(h*) + (NT) " 'h(NT)O(h®)
= O((NT)h®) — O(R®) + O(h*) = O(1). (C.13)

Secondly,

N T 2
h
uzzt NT{ZZX $lijs K (Z st)}v

j=1s=1

so that

N T
Bligal* = 77 3 > B{IX il *K3(Za — Z;) |

= i vy - e { R P (22 ) ]
RN NT)TIR2(0)E {|\Xﬂan||2} . (C.14)

Observe that

iy A/
B { e (2250
N Ty — 7
= E {E {|Xﬂu11||21{2 <22h“> |Z11 = Zzz] }

Loog — Z .
- /92(211)K2 (”}l“) F(Z11) f(Z22)dZa2dZy1 (by using Zay = Z11 + vh)

= h/92(Z11)K2(U)f(222)f(Z11)dZ11dU

IA

Ch/K2(v)dv/gz(Zu)f(Zgg)f(Zn)dZu = ChKE| X i |?,
where 0?(Z11) = E{HX’E”&HHQ\ZH = ZQQ}. Such a result leads to

Btz

IN

(NT)"{(NT) = }CHE {|X ] unn |} + b= (NT) T K2(0) B {)) X i}
o(1). (C.15)

Finally, applications of (C.13]) and ((C.15) in (C.10|) complete the proof.
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Lemma C.5. Let Assumptions A to D hold and h oc (NT)~/%. Then
| NI
NT 22

Proof of Lemma : In the spirit of [Fan and Li| (2001)), it suffices to show that for any small
probability € > 0 we can always find a constant C' > 0 such that

B(Zs) — Bo(Zu)||| = Op {(NT)-4/5} . (C.16)

. . . —1/2 —1_
1]1\[I¥H1{.1§ P |:(NT)}I|1rfn||§,_C Q(Bo + {(NT)h} " /“m) > Q(Bo)] 1—k¢, (C.17)

where m is as defined in Appendix [A] To do so requires observing firstly that
. 2
ANT) I Y S S {5 — X [Bol(Zi) +{(NT)RY " Pmal] | K(Zua = 250)
. 2
= h(NT) T L S S s — RisBo(Zi) ) Kn(Zi = 230 (C18)
Furthermore, let o = {(NT)h}~'/? and observe that
A it T A~ <>
{yjs — X [Bo(Zi) + amit]} {yjs — X5 [Bo(Zi) + amit]}
A 4! T A~ 4
- {yjs - stBO(Zit)} {yjs - stBO(Zit)}

= {ijjs — X5 [Bo(Zu) + amz‘t]}T {?st — X [Bo(Zi) + Oémz't}}

- {ya - stﬁo(Zit)}T {yg - stﬁO(Zit)} + Rs. (C.19)
In this regard,
Ry = —ayy 8%;\[1 KnXnl[0 =8| + afo(Zu) " X 8%;\[1 KnXy||6 - 6]]
+ aml X329 6 — ol - om0 29 K X )15 o1
+ am;X]—\r,agigleNXNmitaHg — 0|l = Op{(NT)~*/?}

by using Theorem Hence, the first two terms of (C.19)) are the leading terms. A slight rewriting
of these terms gives

{st — Xjs [Bo(Zit) + amit]}T {yjs — Xjs 1Bo(Zi) + amit]}

i KoubolZ)} {iipe— o)}

=— 2am;X;st[ﬁo(st) — Bo(Zit)] — 2am;X]—»';i'Ljs + am;Xj—';stmita.
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668 This suggests writing

- st)

(C.20)

N T N T
Re = BVT) S0 S S0 {ie = Ko [B0(Zu) + (VDI i} K2 - 23)
1=1 t=1 j=1 s=1
N T N T . 9
— h(NT)™! ZZZZ {i]js - stﬁo(Zit)} Kn(Ziv = Zjs).-
=1 t=1 j=1s=1
N T NJ T
= = 20(NT)' YN NN AINTRYPm X[ X [80(Z;s) = Bo(Zie) | Kn(Zi
i=1 t=1 j=1s=1
N JT N T
= 2h(NT)' Y S S S AT Pl X i K (Zi — Z5s)
=1 t=1 j=1 s=1
N T JJV T
+ ANT) Y N NS (NT) R Pm X X emi {(NT)RY V2K (Zi — Zjs)
=1 t=1 j=1s=1
N T ~ ’ N T
= (NP DS mgS(Zi)mi — 2ANT)™H Y 0> " miiiay
=1 t=1 =1 t=1
660 Where
B N T
S(Zi) = (NT)'DY S X)X Kn(Zis — Z)
j=1s=1
Uy = h1/2 NT) UQZZ S{ng (Bo(Zjs) — Bo(Zit)] + s } Kn(Zie — Zjs).

670 Moreover,

j=1s=1

N T N T
2ANT)THY Y mitye < 2NT)TH YD [l dal
i=1 t=1 i=1 t=1
N T N T
(NT)T' D> mi S (Zuymie = (NT)TH YN A5 mad?,
i=1 t=1 i=1 t=1

671 where 7 denote the smallest eigenvalue of f](Z it). As the results,

R4

%

v

>

ZZmnE i)mi — 2(NT) ™! anmmaitn

i=1 t=1 =1 t=1

T
Zzﬁmnmnn —2ANT)" D " Il |

=1 t=1 =1 t=1

~+

1SSl =2V Y (T Y >

i=1 t=1

672 where the third inequality is due to the Cauchy—Schwarz inequality and

Rs

C

Fmn L (NT) " ml)> = 2 {(NT) " m)2} 2 {(NT) a2
et =20 {(NT) M}
{(NT) |3}/,
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673 In this regard, it is the case that 4§*" > 0. Since (NT)~!||@||*> = Op(1) using Lemma positivity
o714 of Ry is ensured for sufficiently large C. Finally, note that h(NT)~! = (NT)~*/°.

Lemma C.6. Let Assumptions A to E hold. Then

(NT)™! EN: ET: |85a(Zi0) = Bo(Zu0) ‘_op {(v)=+2), (C.22)

i=1 t=1
o5 where Ba.a(Zit) = {81 (Zit)s -, Bapy (Zit)} T

676 Proof of Lemma[C.6 Given Lemma and its proof, we may begin by noting that

RNT) ™ {Qa(Bo + {(NT)R}"/2m) — Qx(Bo) }

D
= R+ Op {(OVD) 7} 4+ h(VT) YT Aa [[lboa + {(NT)RY 204l = Ifooall]
d=1

677 To prove Lemma only requires showing that

D
Re = A(NT)™"S" A [llboa + {(NT)RY /20| = [boal
d=1

Do D
- h(NT)l{ZAd (150 + {(NT)RY20g] — llooal] + > Adn{(NT)l/%dn}ao.
d=1 d=Doy+1

678 With regard to the first term,

Dy Do
Ry = B(NT)™ " A |llboa + {(NT)RY " 2v4l| = llboall| < BY2(NT)3/2 3" Agfjua
d=1 d=1

IN

1/2

Do DO

WANT) 3 Payy Y |lvgll < hYA(NT) layg {(NTV > Ivdllz}
d=1

{hl/Q(NT)_laNT} c,

670 which converges to zero since {hY/?(NT) tanr} oc (NT)*/*ay — 0 under the conditions of the
6s0 lemma. Furthermore, the second term can be similarly worked out. That is

D D

Ry = Y M{(NT) oyl < BVANT)2 Y Agllell
d=Dg+1 d=Dgy+1
D D 1/2
< WPNT) P Pane Y udll < BYANT) tanr {(NT)_1 > ||vd||2}
d=Dg+1 d=Dop+1
{hl/Q(NT)_laNT} C—0.
Lemma C.7. Let Assumptions A to E hold. Also, let
N T .. ..
Qo3 = Z ZXk,jszs[ﬁo(Zit) — BA(Zit)| Kn(Zist — Zjs).

j=1s=1

49



Then,

N T 1/2
(Z > a23t> < Op{(NT)h=1/?}. (C.23)
i=1 t=1
Proof of Lemma[C.7: Observe that
N T 2
a%gt < HﬁO(Zzt) zt H ZZ kjsX]sKh st) ’

681 SO that

IN

N T
2
E E Qa3

=1 t=1

1 N T )
{NTZZII&) )

=1 t=1

1 N T
2 T;g k]szsKh Z]s)
= (NT)Op {(NTh)™'} Op{(NT)*},

where the final result is based on Lemma [C.5] and since

N T
=3 3.3 i = 23) = 00 1)
682 which follows Lemma
Lemma C.8. Let Assumptions A to E hold. Then
P (Hi))‘dH = 0) —1 forany Dy <d<D.

Proof of Lemma : Consider the D-th column of By, i.e. ZA),\’D. Such solution must satisfy

0Qx(B)

0=
O0bp

‘B:BA = a1 +as, (C.24)

where

N T N T , b
ZZZZ{%S_ XjsB(Z )} Kh(Zit—st)-l-Z)\dedH

i=1 t=1 j=1 s=1 d=1
as in (2.22)), a1 = Ap(bp/||bp||) and as is also a NT x 1 vector in which

N T
agit =—2Y > Xpju{ilis — XjaBr(Zit) }Kn(Zit — Zjs)- (C.25)
j=1s=1
Let us first consider as. Observe that
{gjs - stéA( zt)} - {( ]sﬂO( js) + ujs) - stﬂO(Zit) + stﬁO<Zit) - XJSB)\(Z’Lt)}

This leads to

Qo it = Q21 5t T Q22 5t + Q23 it

50



683

684

685

686

687

where

N T
Qo1 i = ZZXD,jsﬁjsKh(Zit — Zjs) + Ra1it,

j=1s=1

N T
Q2 it = Z ZXD,jszs(ﬁo(st) — Bo(Zi))Kn(Zit — Zjs) + Raz it
J=1s=1
N T . . A
Q3 it = Z Z Xp,jsXjs(Bo(Zit) — Ba(Zit) ) Kn(Zix — Zjs) + Ras, it

j=1s=1
Since R it, R4+ and Rz i are respectively defined in the same manner as Ry i, R+ and Rs,
they are asymptotically negligible.
We are able to obtain the following results by omitting these negligible terms. Firstly, (C.14]
suggests that O‘%l,it =0 (h™?), so that

N T 1/2
(Z Za) = Op ({(NT)h2}/2) = Op (NT)R™Y) .

i=1 t=1

Similarly, (C.12) implies o3, ;; = O(h), so that

N T 1/2
<ZZ 0452,%) =0p ((NT)h—1/2> .

i=1 t=1
Moreover, Lemmas and point to
9y 1/2

IN

N T A V2N 7|~ 7 )

Q23,it {ZZ 180(Zit) — BA(Zit>||2} SN Xp X Kn(Zis — Z4)
i=1 t=1 i=1 t=1 ||j=1 s=1

1/2

= [(NT)OR((NT) ) - Op(NT)*)| = Op (NT)R/2) .

These implies collectively that

[z, il

IA
— TN TN
M=
M=
§m
NG

S
_l’_
VS
KMZ
MH
l§w
N
S
Jr
Yo
M=
M=
o
ﬁl\')
<
N

Finally, it is the case that

lozll = /a3y + -+ + a3 g < \Jaduy o+ yJadwr = Op (NDRTVZ) - (C27)

since \/ag,it = \/a;m +dag e p = llagll
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688 Next, we consider a; = Ap(bp/||bpl|). Since by = (Ba(Z11),-..,Ba(Zn7))" and ||by| =
\/25\]:1 Zthl B3(Zit), it is the case that

laxll = [[Aa(ba/l[bal)l
= ZZ{ﬂd zt/ZZﬁg zt}
> b, o (NT 1/2)

690 As the results, P(||ai]] > ||az]]) — 1 as (NT) — oo as such the condition in (C.24)) cannot hold.
601 This suggest that lAu’d must be located at the place where the objective function is not differentiable,
602 1i.e. the origin. This leads to P(IA»\,d = 0) — 1 and completes the proof.

03 D. Proof of the results in Section 2.3

sos  D.1. Proof of Theorem [2.3(b):
695 The proof of Theorem [2.2|b) follows immediately from Lemmas to

o6 D.2. Proof of Theorem[2.3:
Firstly, by using the results of Theorem the Taylor expansion of C?zx,l can be expressed as

oloh o6yt
by’ = Qg+ S0 o

so7  Accordingly, 4(z) formula in (2.14) can be re-written as

N_ (¢ — ¢o) + op((NT)~1/2). (D.1)

N T
B(z) = Bo(2)+ 9 | DD XojsX0jsKn(Zjs — 2) + Djs(2)Op((NT)/?)

j=1s=1

N T
ZZ{X X]s 60 ) BO(Z)) + X]—l;a?s}Kh(ZJS - Z) ) (D2)

j=1s=1

e0s  where 4, = ;5 — X;sB0(Zjs). In this regard, Djs(2) = Djs p(2) + Djs.4(2) in which

N T
. 1
Djsa/)(z) = WZZXW& pX0J3 PKh(Zjé _Z)a
=1 s=1
1 L& .
Dijsg(2) = NT Z Z Xojs.oX0js.6Kn(Zjs — 2),

I
_
»
Il
—

J

where X, Xon = X3 8%%” Xy and Xjyiun = X3 (;%N un. In addition, we obtain by using the

Triangular inequality and following standard nonparametric analysis

E||Djs(2)llF < BllDjs,p(2)l|F + El|Djs.6(2)l|F = O(1). (D.3)
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699

700

701

702

703

704

By using and (D.3)), we re-write (D.2)) as follows

-1
T

N
Bz) = Bol2)+14 |D.D XojsXojsKn(Zjs — ) + op(1)

j=1s=1

[M]=

N
j=1ls

+ {Ri1,5(2) + Ria,n (2)}OR((NT)~V/?), (D.4)

Xois{X0js(Bo(Zjs) = Bo(2)) + il } Kn(Zjs — 2)

1

where u = Yojs — XOjsﬂo(st)v and

T
ZXOJS jS - Z)a

] =

T
ZXOJSXOJSK;L Zjs — 2)

s=1

] =

Riun(z) =

<.
Il
—

<.
I
—
V)
—

X,

07s

WE
Mﬂ
M=
B

RIQ,N(Z) - XOjsK}L(Z s Z)

{XoTjonjs(ﬁo(st) - 50(2))} Kin(Zjs — z).

<.
Il
-
I
-

S

Il
-
<.
Il
_

S

We firstly consider the denominator of the above terms. In this regard,

N T
1 N
Bl 7Y K Xokn(Zis—2) | = FRBEKoplZ5 = 2)
j=1s=1
>t (@B Xol). (D.5)
cN

By denoting inf f.(2)E(X,

[1z[|<cn

OJSXOjs|st = 2) = D*, we have

N T
E|Ru(2)]| < 2 'E ﬁzz il K (Zys = 2)|| = O((NTR)V2) (D.6)

by using Triangular and Cauchy-Schwartz inequalities, and the standard nonparametric analysis.
Similarly,

E[[R12(2)]]

IN

N T
o1 ];Tzz{xopxm Bo(Zis) = Bol2)) } Kn(Zs = 2)

= O((NT)"Y2n'/%) + O(h?).
These suggest that we re-write (D.4) as follows
-1

T

N
B(Z’) = ﬁO(Z) + Z ZX(;;SXOjSKh(ZjS - Z)
1s

j=1s=1

N T
x Y > Xojd Kogs (Bo(Zss) = Bo(2)) + i }En(Zjs — 2) p +0p(1).

j=1s=1
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706

707

708

709

710

711

The rest of the proofs is straightforward as shown in the standard varying-coefficient literature.
Let us present the denominator case as follows

NTh > X XojsK (]h) = D(2) + O(h?),

j=1s=1

where 9 (z) = fz(z)E(XoTjonjs|z) and

N T
1 ST Z»S — 2z 1
Var m ZZXOjonjSK ( 4 I ) = O((NTh) )7

j=1s=1
and
N T 7 .
ZZ ojonjs (Bo(Zjs) — Bo(2))K (Jsh> — Hoh2B.
Finally,
N T
1 Zis— 2
hZZXOJSUOJS ( ]h ) =0
j=1s=1
and
Zis — %
qus ( h ) = V(Z)
j 1s=1
Therefore,

VNTh ([S’(z) — Bolz) — Bms) —p N(0,3),
where Bias = D7 1(2)H2h?>RB and X = D1 (2)V(2)D 7 1(2).

E. Proof of results in Section
The following definitions are useful for providing proof of Theorems [2.4] and 2.5 :

” ‘/ﬂaa('z) Wzab('z) 1 Na(z) A ébaa 0
‘/”L z = -~ -~ 5 JV z == ~ ) 95 = ~ R
( ) ( ﬂba(z) /ﬂbb(z) ( ) va(Z) 0 E’Z)bb
where 9, and Dy, are (Do x Dg) and (D — Dy x D — D) diagonal block matrices, respectively,
whose diagonal elements are \;/||b;|. In addition,

N T N T
N 1 1
Maa(2) = 75 DD KajoXKajaKn(Zin = Zjs), Mop(2) = o5 DY Ki o X jaKn(Zin = Zjs),
j=1s=1 j=1s=1
1 N T
Man(2) = 55 DD X 5o X Kn(Zis = Zjs) = dlpa(2),
j=1s=1

N T .
ZZX _]sy]SKh it Z )

j=1s=1

XaT,js@jsKh(Zit Z;s) and Ny(z) =

3=

?>
S
Il
Z‘H
~
] =

~
Il
_
V)
I
—
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713

714

715

X L1t Qua O
Moreover, V/L(z) + (NT)_liJZ} = < Q:a QZ: ) , where

A~ ~ S -~ by N -1 -

Qoo = (-/%aa(z) + Daa — e/%ab(z) {*/%bb + g%bb} mba) )

A N ~ -1 . ~ A A ~ -1 ~
Qab = - {ﬂaa(z) + %aa} -/”ab(z)Qaaa Qba = - {Mbb(z) + E’bbb} ‘ﬂba(Z)be’
~ S - -~ o ~ -1 -

be = (J”bb(z) + Dy — My, (Z) {‘/uaa + %aa} ﬂab) .

An example for the use of the above definitions is to rewrite the penalized estimators as
~ N ~1-1 &
Br(z) = [/u(z) + (NT)*@} N(z). (E.1)

E.1. Proof of Theorem [2.7):
The penalized estimators of By (2) = {6o,py+1(2); - - -, ﬂo,D(Z)}T, i.e. the coefficient vector
associated with the irrelevant regressors, can be expressed as

Bap(2) = Qpa(2)Na (2) + Qup (2) Ny (2).-

We note firstly that both N, (z) and Nj(z) are uniformly bounded in a similar fashion to Lemmas
and Hence, to prove that BA,\J,(z) — 0 as NT — oo uniformly on z € [0, 1] only requires
showing that every elements of Qba and be converge to zero in the same manner. To this end, we
note that the diagonal elements of By, are Ag/||ba|| for (Do +1) < d < D, and

Sup]IIB(Z)II — 0,
1

zZ€E

which is in accordance with Theorem [2.2] Hence,

- b b
minH%be: diag A — — 00 (E.2)

BD0+1 BDH

due to Assumption This completes the proof.

E.2. Proof of Theorem

The penalized estimator of 8y 4(z) = {B0.1(2),. .., 50’[)0(2)}1— , 1.e. the coeflicient vector asso-
ciated with the relevant regressors, can be expressed as

BA,a(Z) = Qab(z)Nb(Z) + Qaa(z>-/\7a(2)»

whereas the unpenalized counterpart is

Ba(z) = éab(z)ﬁb(z) + Paa(2)Na(2),

>
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718

719

720

721

Hence, the difference between these estimators is
BA’a(Z) - Ba(z) = {Qab(z) - (i)ab(z)}-/vb(z) + {Qaa(z) - (i)aa(z)}ﬁa(z) (E.3)

This implies that proving the theorem requires showing that every elements of Qup and Qg converge
to zero. In the other words, the convergence of max.c (1) [|8x,a(2) — Ba(2)| depends entirely on

that of
diag{(fN,...,AaN}
[[01]] 160,

Hence, the claimed result is obtained immediately by noting Assumption [EI] and Theorem

. (E.4)

max | Daa|| = ’

E.3. Proof of Theorem

An arbitrary model §) may be correctly-fitted, under-fitted or over-fitted. Accordingly, we
can create three mutually exclusive sets, Ry = {\ € RP : 8§, = 87}, R_ = {A e RP : 8, A 87} and
Ry = {\ € RP : 8\ D 87,8\ # T}, which belong to correctly-fitted, under-fitted and over-fitted,
respectively. Also, let Ayr denote a reference tuning parameter that satisfies the conditions of
Assumption This can be obtained, for example, by setting \g = (NT)~3/21log(NT). Moreover,
we can deduce from the proof of Theorem [2.]]

RSSp —p RSSp whereas RSSp —p 03,0, (E.5)

and from Lemmas and

$(z) —=p 2(2) whereas %(z) —=p f(2)Q(2). (E.6)

Furthermore, )
18(Zie) = B(Zi) |2 = [|1B(Z)112 = 182 (Ze0)

due to the reverse triangle inequality.
We consider first the case of under-fitting, i.e. A € R_. Recall and rewrite

RSS,

(NT)~? 4 (G5 — XjsBr(Zit) Y Kn(Zis — Zjs)

SIvE
[M]=
] =
(]

= RSSp+ Ry, (E.7)

where 35 (2) = {B\1(2),....Bap(2)} T, and

RSSF = (NT)_QZZZZ{QJ’S_stB(Zit)}2Kh(Zit_Zj8)7

o6



722 In this regard, these suggest that (i) RSSp —p o7, (ii) for Ry we concentrate directly on

(NT)™! Z > {B(Zis) = Br(Zit)} ' S(Zin){B(Zin) — Br(Zin) }

P N T
> fmin {(NT)I S>> 18(Z) - m(zzfnﬁ}
| 1;1 t; A A )

> gmin {(NT)* S [1B@on - 18z 2| }
=1 t=1
N T

> fmin {(NT)*ZZBM»HQ}

S BB (Z)), (E5)

where the third inequality is obtained by assuming that the first coefficient is selected as being
irrelevant, i.e. ,5’>\71(Zit) = 0. Therefore,

RSS\ = g + " E{55 1(Zit)} (E.9)
in probability. We may similarly define
RSSy,, = RSSp + Ryyps

where

N T
]%XNT = (NT)il Z Z{B(Zzt) - B)\NT (th)}Ti(th){ﬂ(th) - B)\NT (th)}a

723 but focus instead on

IN
N
]
&

IA

2

3

%
P N ——|
=2

3

L
=1
7~
§>

N

\

=

S

N

o

i=1 t=1 }

N
+ ,?Inax {(NT)_1 Z Z ||B()(Zzt) - B/\NT (Z'Lt)||2} ;

i=1 t=1

724 which converges to zero in probability according to Lemmas and Therefore,

. : log{(NT)h}
inf {BIC\— BIC,,} = inf (RSS\— RSSyy.) + (dfs = dfavr) {W
> 0 in probability. (E.10)
725 Now, we consider the case where A € R, so that an arbitrary model 8y is over-fitted. In

726 addition, let Bg, = (Bs, (Z11),...,8s,(Z11))T denote an unpenalised estimate, which belongs to

o7



the over-fitted model Sy. Similarly to (E.7), we may define

T N T
RSSs, = (NT)2Y 3> {ije — XyoBsy (Zit) Y Kn(Zit — Z5)
i=1 t=1 j=1 s=1
= RSSF + RSM

where
Rg, = (NT)™' > > {B(Zir) — Bs, (Zi)} "2(Zi){B(Zir) — Bs, (Zir)}-
i=1 t=1
In this regard, we deduce from the over-fitting nature and the consistency of the unpenalised
estimator, i.e. Lemma that Ry > RSX, so that RSSy > RSSs,. In addition,

log RSSy, > logRSSs,

log RSSy\ —log RSSr > logRSSs, —log RSSF.
Moreover,
log RSSs, —log RSSF
n T
= log {1 + (Nzl“)é—g 2 ;{B(Zit) — Bonzin)} 2(Zi){B(Zir) — Bs, (Z,-t)}} :

In accordance with (E.6)), we can concentrate directly on

N
log {1 + (N;)&g Z Z{B(th) — BSA(Z“)}TS(ZM){B(ZH,) - BSX (Zzt)}}

N T
> = e S B — By (2} S (2 1B (i) — s, (Zu)

0.721 ( T) =1 t=1
> —&12 (?ma" {(NT)_l YD 118(Zi) - ﬁo(Zit)|2}
v i=1 t=1
N T R
+ g {(NT)1 DD 1180(Zie) — ﬂsA(Zu)IIZD
= —|Op{(NT)~*/?}. (E.11)

The first inequality is since log(1 +b) > —log(1 + b) > —b for b > 0. The second inequality is due
to the triangle inequality, whereas the third inequality is in accordance with Lemma It can
be similarly shown that

log RSSy,, —log RSSp > —|Op{(NT)~*/?}|,. (E.12)
Hence, we are able to deduce from (E.11)) and (E.12)
Jnf (RSS) = RSSyr) > —|Op{(NT)=4/3}). (E.13)
n
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738

739

740

741

742

743

744

745

746

747

748

749

750

751

752

Moreover,

inf {BICy — BICy,} = bg{UVT)h}}
eR_

)\lerﬁ{ff(RSS)‘ _RS‘S’)\NT) + (df)\ _deNT) { (NT>4/5

> 0 in probability. (E.14)
In order to obtain the result in (E.14]), observe that (i) P(dfyy,. = Do) — 1 which is an implication
of Assumption (ii) since A € Ry and Sy is an over-fitted model, we must have P(dfy >

Dy + 1) — 1, and (iii) under Assumption we have log((NT)h) o« log(NT) — oo and so
dfyx — dfay, > 1 with probability tending to one.

F. Proof of Corollary[2]]
Similarly to Theorem b)7 Corollary follows immediately from Lemmas

G. Proof of results in Section

Proof of Corollary[2.3:

The proof of Corollary relies heavily on Theorem We commence by noting that the
penalized estimators under the local quadratic approximation, i.e. A/(\mﬂ)(z), differs from 3 A(2)
only by replacing the diagonal matrix @ with

- A A
Gyim) diag{ L } (G.1)
151 (3w
We know that ||5g\7rzl)|| = ||ba.all as m — oo, for every 1 < d < D, by using the results in Hunter

and Li (2005). By Theorem [2.4] we also know that P (Hi))‘dH = O) — 1forany (Dg+1)<d<D

and P (‘ I;/\’dH # 0) — 1 for 1 < d < Dy. Hence, it must be the case that HIA)SZ) || converges to 0 for
every Do < d < D, while converging to a positive number for every d < Dy.

Next we partition (™ into sub-matrices D7 i.e. upper Dy x Dy diagonal sub-matrix,
and 9A2)+1), i.e. lower (D — Dg) x (D — Dy) diagonal sub-matrix. By the definitions in
and 7 it must be the case that all the diagonal elements of @),(I?H) converge to some finite
number, whereas those of Q)égb“) diverge to infinity when m — oco.

Finally, since these conclusions are similar to those drawn for @aa and §2)bb, the rest of the
proof closely follows that of Theorem

Proof of Corollary 2.3
The proof of Corollary follows that of Corollary and Theorem
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