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Abstract

This paper provides a general theoretical framework that captures the essential features of
a Swedish reform where private and public health care providers serve patients with certain
functional impairments. Because providers receive a fixed hourly compensation for their
services (identical across patient types) and only private providers can reject service requests
from patients, private providers avoid the costliest patients, resulting in a monetary deficit
for public providers. To partially overcome this problem, a multiple pricing (reimbursement)
scheme is proposed and its solution is characterized. The results suggest that there are some
fundamental trade-offs, e.g., between the goals of containing costs and restricting choices
for patients, but that the suggested pricing scheme may substantially reduce the deficits for
public providers without affecting the total budget set by the central government.

Keywords: health care services, public and private providers, multiple pricing, welfare,
dumping.

JEL Classification: C61, D47, D78, I11.

1 Introduction

A medical treatment for a patient with multiple health problems will normally involve additional
costs relative to the same treatment for a patient who is healthy in all aspects except the one that
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the patient is being treated for. If the reimbursement scheme (i.e., the “prices”) for the health
care providers do not take such variations across patients into account, private providers may
avoid the costliest patients.1 This phenomenon, known as “dumping” (see, e.g., Brown et al.,
2014; Ellis, 1998; Newhouse, 1996), is undesirable for two intertwined reasons. First, dumping
restricts the choice sets of high-cost patients, who are left with the default (typically public)
provider. Being able to choose between different providers may be of substantial intrinsic value
for patients, especially when it comes to services that are consumed often or over a long duration
of time, such as personal assistance services for people with functional impairments. Second,
when prices are based on the average costs in the patient population, dumping inflates total costs
since third-party payers have to fund both the services provided to the dumped patients and the
excess payments to private providers.

It seems intuitive to think that both these dumping related problems could be solved by in-
troducing a multiple pricing scheme that differentiates prices according to “cost types,” making
high-cost type patients more attractive to serve while reducing the profit margins. This intuition
lies behind the design of prospective payment schemes such as Diagnosis Related Group (DRG)
reimbursement in hospital care (Hafsteinsdottir and Siciliani, 2010; Kifmann and Siciliani, 2017)
and risk-adjustments of payments to health care plans (Ven et al., 2000). Yet, recent literature
has suggested that risk adjustment may induce cream-skimming within risk categories (Brown
et al., 2014), and may inflate costs if the risk scores are based on information supplied by the
provider (Geruso and McGuire, 2016). In both cases, the conclusion utterly depends on the un-
certainty surrounding the health needs of a given patient. While uncertainty is at the core of many
aspects of health and health care (Arrow, 1963), it is not always a dominant feature. In particular,
long-term care services such as personal assistance for functionally impaired or elderly persons
are examples of care settings in which the need of a given patient is predictable with small vari-
ation. In 2019, such services accounted for on average 1.3 percent of the gross domestic product
in OECD countries in 2019, i.e., a significant share of health expenditures.2

This paper sets up a very general theoretical model where patients have the option to choose
a private or a public provider of personal assistance services. Both types of providers receive
a fixed hourly compensation for supplying a given number of hours of care to patients, i.e., a
purely prospective payment system with no cost-reimbursement component. The paper attempts
to answer the following question: can the total costs be reduced by introducing a multiple pric-
ing scheme where the hourly compensation is identical for both public and private providers, but
where the compensation is allowed to be distinct for different “types” of users? To motivate the
model, a Swedish policy for personal assistance services (see Section 2) will serve as a leading
example throughout the paper, noting that the model and the results are not restricted to this spe-

1On some markets, it is a common practice to use nonlinear pricing schemes where prices are not strictly pro-
portional to the quality or quantity purchased. See Oren (2012) or Wilson (1993) for detailed reviews.

2https://stats.oecd.org/Index.aspx?ThemeTreeId=9, Dataset: Health expenditure and financing, Fi-
nancing: All financing schemes, Function: Long-Term Care (health).
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cific application. The model is based on the empirical observation that private providers engage
in dumping since the hourly compensation is fixed, but the cost of providing assistance services
typically varies widely depending on who receives the service. That is, different patients have
different needs, but even if they have identical needs, they may still be differently costly to assist,
for example, because they live in different geographical areas. To formalize this observation, it
is assumed that patients can be classified to be specific cost types, and that the regulator knows
the cost type of each patient.3

The considered optimization problem allows for the flexibility to set any number k of prices
(one price for each k exogenously given intervals of cost types) instead of just one price for all
cost types (as in the current Swedish system).4 The solution to this problem characterizes the
pricing scheme that minimizes total costs for any given number of prices. The results demon-
strate that as long as all high-cost types must be served, differentiated pricing schemes may give
rise to fundamental trade-offs between the goals of containing costs and allowing patients an
effective choice between providers. The regulator reduces total costs by increasing the number
of prices, but possibly at the expense of decreasing the share of patients that may effectively
choose between providers (i.e., the non-dumped patients). Thus, the paper shows that the trade-
off between efficiency and risk-selection (see also Newhouse, 1996) does not only arise in the
choice between retrospective (cost-based) and prospective payment systems, but also between
different prospective payment systems. The model further highlights that refinements of the
pricing scheme may be associated with a trade-off regarding the types of patients that are able
to effectively choose between different providers. Specifically, the distribution of patients facing
an effective choice may include more high-cost types and fewer low-cost types under a refined
pricing scheme.

From a policy perspective, the results can be used to investigate how a more flexible pricing
scheme with multiple prices affects the monetary loss of the public default provider under differ-
ent assumptions on cost functions and cost type distributions.5 A numerical study demonstrates
that marginal adjustments in the policy, such as increasing the number of prices from one (as in
the current Swedish system) to two, would reduce the loss of the municipalities by roughly 50
percent. The corresponding number when moving from one to ten prices is roughly 90 percent.
A back-of-the-envelope calculation shows that the estimated loss for the public providers of 4.45
billion SEK in 2020 could have been reduced to 2.31 billion SEK if the reimbursement schemes

3The former of these assumptions captures the above observation that different users may be differently costly
to serve (see also Brown et al., 2014; Chernew et al., 2020; Newhouse, 1996). The latter assumption is realistic
in the personal assistance setting, as users need to submit detailed information on determinants of costs (e.g., their
disabilities, general health status, home address, etc.) when applying for assistance services.

4The problem is solved for an integer number k of prices since this is relevant from a policy perspective. How-
ever, the model can also be solved for infinitely many prices as, e.g., Mirrlees (1971) did in his seminal continuous
optimal taxation framework. See the discussion in Section 5.

5The theoretical results are valid under weak assumptions on the distribution of cost types as it suffices that the
cost types are distributed according to a cumulative density function F with a strictly positive density f .
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had been based on two prices instead of one. The corresponding loss for ten prices is 0.48 billion
SEK.

The remaining part of the paper is outlined as follows. Section 2 provides a brief description
of the Swedish system for personal assistance services. Section 3 contains an overview of the
related literature. Section 4 introduces the theoretical model. The main theoretical and numerical
findings are stated in Sections 5 and 6, respectively. Section 7 concludes the paper. All proofs,
as well as some technical remarks, are delegated to the Appendix.

2 Motivating Example: Personal Assistance Services in Sweden

Swedish residents with significant and long-term functional impairments have the right to receive
personal assistance with activities of daily living.6 These activities include, among other things,
assistance with personal hygiene, food preparation and simpler medical treatments.7 Since the
enactment of the Personal Assistance Law in 1994 (SFS 1993:387, 1993), eligible assistance
users may freely choose the provider of their personal assistance services (for a detailed review
of this act, see Clevnert and Johansson, 2007). Giving the users the right to choose their provider
was a central goal behind the enactment of the law. It was argued that users, who are highly
dependent on their assistant, should be allowed to choose their provider, acknowledging the
uniqueness of each user-assistant relationship and the difficulty to govern personal services of
this kind (SOU 1991:46, 1991, pp. 111).

Public providers (municipalities in this case) are obliged, by law, to accept all assistance
requests, but private providers, by contrast, are allowed to reject assistance requests. Providers
are reimbursed by the same hourly compensation from the central government. The annual total
compensation is capped by the central government, meaning that any deficits have to be covered
by the providers. Between 1996 and 2020, the costs of the state-funded assistance services rose in
nominal terms from almost 4.2 billion SEK (0.6 percent of the budget of the central government)
to 23.5 billion SEK (1.9 percent of the budget).8 This dramatic increase in costs is largely driven
by the increase in the number of people who have been granted assistance and the increase in the
number of hours that have been granted to them (ISF 2021:11, 2021). By carefully studying the
estimated personnel costs for the private and municipality providers, another interesting pattern
emerges: It is plausible that private firms indeed engage in dumping, i.e., that they avoid the
costliest users. As can be seen from Figure 1, the average personnel costs for the private firms

6For a comprehensive description of the Swedish health care system in general, see Anell et al. (2012). There
are several papers analyzing the impact of different price and choice reforms in Swedish healthcare for example
Kastberg and Siverbo (2007), Dackehag and Ellegård (2019), Anell et al. (2018), Agerholm et al. (2015) and Diet-
richson et al. (2020). However, none of these studies provide a theoretical framework for analysing multiple pricing
schemes.

7The decisions about eligibility and granted number of hours are taken by the Social Insurance Agency (ISF
2021:11, 2021, p. 9).

8See the 2022 Swedish Budget Bill (Proposition 2021/22:1, 2021).
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(white bars) are clearly below the fixed hourly compensation from the central government (grey
bars) for all years between 2008 and 2020. In the same time period, the average personnel costs
for the municipalities (black bars) are clearly above the fixed hourly compensation from the
central government (grey bars).9 Thus, the figure seems to indicate that private firms on average
make a profit on each user, whereas the municipalities on average make a loss on each user.10

There are no strong reasons to believe that private and public providers have different cost
functions in the production of personal assistance services for a given cost type.11 Although
private providers often can be expected to be more concerned about cost efficiency (Hart et al.,
1997), the structure of the personal assistance system leaves little room for efficiency improve-
ments: The service package is standardised and consists of manual tasks with little room for
productivity improvements. Moreover, the incentives for such improvements are in all circum-
stances weak, as providers are paid by the hour. Wage rates are collectively bargained and thus
do not depend on whether the employer is private or public. For a user of a given cost type, the
cost of providing services should therefore be quite similar. Although wage rates are regulated,
they do differ between more and less skilled staff categories. The observed difference in person-
nel costs indicates that municipalities employ personnel with more experience, more advanced
training and education, i.e., exactly the type of personnel that is required to treat users with more
severe health issues. In other words, it looks as though private providers earn their profits by
dumping high-cost users to the public providers.

3 Related Literature

The payment structure considered in this paper is an instance of a prospective payment system.
In such systems, a third-party payer (e.g., the government) sets prices, and possibly the base of
payment (e.g., hours granted), in advance (Jegers et al., 2002). In comparison with retrospective
payment, which is based on “reasonable costs,” prospective payment strengthens the incentives
for the providers to improve production efficiency (Shleifer, 1985).12 However, the theoretical
literature (see, e.g., Newhouse, 1996) has long acknowledged that this form of payment gener-
ates incentives to screen the pool of potential users for low cost types (risk-selection). In this
strand of literature, profit-maximizing, possibly semi-altruistic, health care providers select the

9The calculations of the estimated personnel costs is based on data from Statistics Sweden and the Swedish Tax
Agency. See also the recent report by the Swedish Social Insurance Inspectorate (ISF 2021:11, 2021)

10There are, of course, also non-personnel related costs (e.g., for transportation and medical equipment), but these
costs are, for any given user, likely to be almost identical for private and municipality providers.

11Accordingly, the government investigation behind the law did not argue that private providers would be able to
produce services at lower costs. The investigation did express hopes about yardstick competition (SOU 1991:46,
1991, pp. 112).

12Other structures of payment can be considered. The recent surge in availability of detailed patient data, together
with increased computational capacity, suggest that individual-level auctions may be an alternative way to stimulate
production efficiency while minimizing risk-selection (Montanera et al., 2021). In practice, the notion of auctioning
out the care for disabled individuals to the lowest bidder may sound unattractive to the general public.
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Figure 1: The average personnel costs (in SEK) for the private firms (white bars), the fixed hourly compensation
from the central government (grey bars) and the average personnel costs for the municipalities (black bars) between
year 2008 and 2020.

quantity and quality of care supplied to users of different cost types (Dranove, 1987; Allen and
Gertler, 1991; Ma, 1994; Ellis, 1998; Eggleston, 2000). Providers will attract low cost types
(“cream-skimming”) and underserve (“skimp”) or avoid (“dump”) high cost types. Researchers
have suggested that incentives for risk-selection can be mitigated by introducing partial cost re-
imbursement (Barros, 2003; Eggleston, 2005; Kifmann and Lorenz, 2011) or refining the pricing
scheme to better reflect variation in risk, a practice known as risk-adjustment (Ven et al., 2000;
Ellis et al., 2018).13

Notably, this literature generally ignores the cost of providing services to the dumped patients
(Newhouse, 1996). By contrast, these costs are central to the model introduced in the present
paper where the service package delivered to each user (“quality”) is fixed ex ante and the cost to
provide the service varies across cost types. The main economic problem facing the third-party
payer in our setting is that the dumping behavior of private providers inflates costs in return for
nothing: Profits only serve as a signal of risk-selection, not as a signal of productivity or ability
to innovate. Thus, the regulator seeks to minimize private profits. This objective is also common
in the branch of the industrial organization literature that investigates how to optimally regulate
profit maximizing firms (Laffont and Tirole, 1993). In the context of this paper, the objective can
be motivated by a concern about the dead-weight loss from raising the public funds to finance

13Some authors have suggested that the third-party payer should opt for other price levels than the expected costs
to address other problems such as adverse selection (Glazer and McGuire, 2000). Such objectives are beyond the
scope of the present study.
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the services that, under all circumstances, will have to be delivered to the high-cost types. With
the exception of Eggleston (2000), we are not aware of any other paper that has considered the
dead-weight loss from excess spending in relation to risk-selection.

The study by Brown et al. (2014) is most closely related to this paper. They also investigate
the consequences in a healthcare market with prospective payments when changing from one
price to multiple (risk-adjusted) prices. Similarly to the model considered in this paper, their
focus is on providers and patients play no active role in the analysis, the budget period is fixed
and the budget allocated by the third-party payer does not change with the number of prices.
In contrast to this paper, they study a market for overall healthcare financed via the federal
U.S. program Medicare. This program includes all healthcare services, and providers that enroll
patients need to cover all expenses associated with their patients. This significantly increases the
uncertainty of the cost associated with a patient. They model this uncertainty by assuming that
each patient type has an expected cost with a variance that is increasing with the expected cost
(providers can screen patients at a cost). This additional component of their model leads to a
similar pattern as in this paper. Namely, providers screen patients and only enroll the low-cost
patients in each risk-adjustment class. As in this study, Brown et al. (2014) also find that profits
for private firms decrease with the number of prices. Even if their conclusions are similar to ours,
the models are different and our optimization problem and objectives are different. Because of
these differences, this paper characterizes a different multiple pricing scheme. Further, Brown
et al. (2014) do not recognize the trade-off between cost containment (total costs decrease with
the number of prices also in their paper) and the share of patients that are able to choose between
different providers.

Geruso and McGuire (2016) is another closely related study. The authors point out that the
use of risk adjustment to limit cream-skimming in a prospective payment system may reintro-
duce cost-containment problems, if the risk scores are based on information (such as previous
diagnoses or procedures) reported by the provider. In difference to the present study and Brown
et al. (2014), Geruso and McGuire (2016) thus find that multiple prices may not lead to lower
total costs. Geruso and McGuire’s paper fit well to settings where the provider sits on exclusive
information about patients’ cost type, such as hospital care services. Our model suits better to
settings in which the service package can be is determined ex ante by a third party, which is the
case for means-tested personal assistance services or home help services more generally.

Another related strand of literature considers multiple prices in the context of differentiating
prices across medical procedures. In difference to the model considered in this paper, these
studies do not consider a fixed service package. In a study by Hafsteinsdottir and Siciliani (2010)
providers are not allowed to dump patients and the third-party payer considers the marginal cost
of public funds. However, they do not discuss risk-selection.
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4 Model and Preliminaries

For convenience, and without loss of generality, it is assumed that there is a continuum of pa-
tients. Each patient can be described by a cost type θ, normalized to belong to the interval [0, 1].
The cost types are distributed on this interval according to the cumulative distribution function
F with a strictly positive density function f . Patients can be served by the municipality or by a
profit maximizing private firm. Both types of providers can serve as many patients as they desire
(there are no capacity constraints). Private firms can decline to serve patients. Any patient not
served by a private firm must be served by the municipality.

A cost function c : [0, 1] → R+ specifies the cost for serving a patient of cost type θ. This
function is increasing and differentiable, i.e., c′(θ) > 0 for all θ ∈ [0, 1]. That the cost function
is increasing follows by the definition of cost types since a higher cost type is associated with a
higher cost. The assumption that private firms and the municipality have identical cost functions
is rather mild since there are no strong reasons to believe that their cost structures are very
different for the type of application used to motivate the theoretical framework (see Section 2).

A regulator determines the prices that the municipality and the private providers receive for
serving patients. More specifically, the regulator partitions the support of cost types [0, 1] into k
sub-intervals. Let this partition be given by the vector θ = (θ0, θ1, . . . , θk) where θj−1 < θj for
all j ∈ {1, . . . , k}, and θ0 = 0, θk = 1. It now follows that:

[0, 1] = ∪k−1j=1 [θj−1, θj) ∪ [θk−1, θk].

By defining θj = θj+1 for all j = 0, . . . , k−1, a sub-interval j can also be written as [θj, θj). Let
p = (p1, . . . , pk) denote the price vector set by the regulator. Here, pj ∈ [c(θj), c(θj)] represents
the price for all cost types in sub-interval j. Note also the difference to the current Swedish
system where there is a single price in the entire cost type interval. This situation is represented
by the special case when k = 1.

There is a budgetB available to the regulator. This budget is set by the central government for
the fixed time period of interest. For simplicity, it will be assumed that the available amount of
money is enough to cover the cost of serving the patients (a situation where the budget is smaller
than the total costs can be incorporated in the model by adding a constant κ, that represents the
“deficit,” to equation (1)). Formally:

B =

∫ 1

0

c(θ)f(θ)dθ. (1)

The total amount of money payed out to the private providers and the municipality cannot ex-
ceed the budget B. Consequently, the regulator is restricted by the following budget feasibility
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Figure 2: The cost function c is represented by the increasing function. For the single price p = c−1(0.58) = 0.33,
the private firms will only serve cost types in the interval [0, 0.58]. The loss for the municipality is represented by
the grey area.

constraint:

k∑
j=1

pj[F (θj)− F (θj)] = pk −
k−1∑
j=1

[pj+1 − pj]F (θj) ≤ B. (2)

The objective of the regulator is to determine the prices p to minimize the loss incurred by the
municipality on patients that are not served by the private firms. To formally define this objective,
consider any given sub-interval [θj, θj) with an associated price pj ∈ [c(θj), c(θj)]. Since the cost
function is increasing, there is a cutoff c−1(pj) for the sub-interval j where the private firms serve
all patients on which they can make a profit. That is, the patients in the interval [θj, c

−1(pj)].
Because private firms engage in dumping, the patients that belong to the interval (c−1(pj), θj)

must by served by the municipality. This logic is graphically illustrated in Figure 2 where the
cost function is represented by the increasing function. Moreover, there is a single price in the
entire cost type interval [0, 1]. Note now that if the price is given by p = c−1(0.58) = 0.33, the
private firms will only serve patients with cost types in the interval [0, 0.58] as these are the only
types where the price exceeds the cost of serving them.

This structure also implies that the loss for the municipality in each sub-interval equals the
mass of patients in the interval (c−1(pj), θj) multiplied with the loss, i.e., c(θ)−pj , of each patient
in that interval. In Figure 2, this loss is represented by the grey area defined by the difference
between the cost function and the price p = 0.33 in the interval (0.58, 1]. Now, by summing over
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each sub-interval, the total loss for the municipality is given by:

π(θ) =
k∑
j=1

∫ θj

c−1(pj)

[c(θ)− pj]f(θ)dθ. (3)

The regulators objective is to choose prices p to minimize the loss as defined in equation (3),
subject to budget feasibility as defined by equation (2). Such objective is in line with the large
literature on regulation that appeared in the 1980s (nicely summarized in the book by Laffont
and Tirole, 1993). Similar objectives have been considered in the context of prospective payment
schemes (Eggleston, 2000).

5 Theoretical Results

As described in the above, the problem for the regulator is to set the prices in order to minimize
the loss for the municipality. Given that the sub-intervals are fixed (and not a variable that the
regulator optimizes over), the regulator thus needs to solve the following optimization problem:

min
p∈

∏k
j=1[c(θj),c(θj)]

k∑
j=1

∫ θj

c−1(pj)

[c(θ)− pj]f(θ)dθ

subject to:

pk −
k−1∑
j=1

(pj+1 − pj)F (θj) ≤ B. (4)

Because this is a convex problem (see the Appendix), it can be analyzed via its Lagrangian and
the corresponding Karush–Kuhn–Tucker (KKT, henceforth) conditions. In other words, the KKT
conditions arising from the Lagrangian are both necessary and sufficient for an optimal solution.
The Lagrangian is defined as follows:

L(p, λ) =
k∑
j=1

∫ θj

c−1(pj)

[c(θ)− pj]f(θ)dθ + λ
(
pk −

k−1∑
j=1

(pj+1 − pj)F (θj)−B
)
.

The KKT conditions for the above Lagrangian are derived in the Appendix. To obtain a charac-
terization of the multiple pricing scheme, it is next observed that the KKT conditions provide the
following expression for λ for all j = 1, . . . , k, given the presumption that c−1(pj) ∈ (θj−1, θj):

λ =
F (θj)− F (c−1(pj))

F (θj)− F (θj−1)
. (5)

10



The interpretation of λ reveals important properties of the multiple pricing scheme. Namely, the
proportion of patients served by the municipality is constant in each sub-interval j and, further-
more, that λ can be used to derive the prices. The latter finding is illustrated in the following
example.

Example 1. Suppose that θ is uniformly distributed on the interval [0, 1], i.e., F (θ) = θ for any
θ ∈ [0, 1], and that the cost function is given by c(θ) = θ2. This implies that c−1(θ) =

√
θ and,

consequently, that c−1(pj) =
√
pj . Hence, condition (5) can be written as:

λ =
θj −

√
pj

θj − θj−1
. (6)

From this equation, it follows that λ ∈ (0, 1) for any pj ∈ (θ
2

j−1, θ
2

j) since pj is defined by
c(θ) = θ2 for some θ ∈ (θj−1, θj). Solving equation (6) for pj yields:

pj = (λθj−1 + θj(1− λ))2. (7)

Using the same arguments as in the above, the conclusion that λ ∈ (0, 1) and the identity θj =

θj−1, it now follows that pj > c(θj). This means that private firms will serve some (but not
all) patients in each sub-interval j. Furthermore, prices pj are monotonically increasing in the
sense that pj+1 > pj for all j = 1, . . . , k − 1. This can also be seen using equation (7) as this
monotonicity condition holds if and only if:

[λθj + θj+1(1− λ)]2 > [λθj−1 + θj(1− λ)]2.

But this inequality is satisfied by the above conclusion that λ ∈ (0, 1) and by the construction
that θj+1 > θj > θj−1. �

As it turns out, the main insights from Example 1 hold in general as revealed by the following
theorem.

Theorem 1. The optimal price vector p is implicitly given by the KKT conditions in equation
(5). Furthermore, pj > c(θj) for each j = 1 . . . , k.

The interpretation of the next result is that private firms engage in dumping and, consequently,
only serve the patients on which they will be able to make a profit. This finding is in line with
what previously has been observed in the literature (see, e.g., Brown et al., 2014; Chernew et al.,
2020; Eggleston, 2000; Newhouse, 1996).

Corollary 1. For each price and each sub-interval j, the private firms serve all patients with
θ-types in the non-empty interval [θj, c

−1(pj)].
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Theorem 1 characterizes the multiple price scheme, but it does not reveal anything about potential
trade-offs when increasing the number of prices. Before theoretically and numerically investi-
gating this is somewhat more detail, it will be instructive to first continue analyzing Example
1. Figures 2–4 provide a graphical representation of the numerical solution to the optimization
problem for the cases with one, two and five prices, respectively. The loss for the municipality is
given by the sum of the grey areas in each figure.

By comparing the figures, it is evident that when cost types are discretized into sub-intervals
with distinct prices, private firms serve the “lower cost types” within each sub-interval rather than
the “lowest cost types” overall. At the same time, private firms will also dump some of the “low
cost types” that they would have served under the the uniform price policy and start serving some
of the “high cost types” that they would have dumped under the uniform price policy (this also
captures the main insights of Corollary 1). This demonstrates that there is a trade-off regarding
the types of patients that are able to effectively choose between different providers. Specifically,
the distribution of patients facing an effective choice may include more high-cost types and fewer
low-cost types under a refined pricing scheme. Further, the loss of the municipality (i.e., the sum
of the grey areas in the figures) is decreasing in the number of prices. Thus, the multiple pricing
policy that incentivize private firms to serve some of the “higher cost type” patients will not only
result in lower losses for the municipality (without affecting the total budget set by the central
government), but it will also affect which patients that have an effective choice.

Figure 3: The cost function is represented by the increasing function. The two prices are given by p∗ =
(0.07, 0.59), and the loss for the municipality is represented by the sum of the two grey areas.

A general insight is that if the regulator is allowed to set infinitely many prices and, more pre-
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Figure 4: The cost function is represented by the increasing function. The five prices are given by p∗ =
(0.01, 0.09, 0.25, 0.49, 0.82), and the loss for the municipality is represented by the sum of the five grey areas.

cisely, one price for each cost type θ, the loss for the municipality will be zero as the optimization
problem gives a price pθ for any θ ∈ [0, 1] that is equal to the cost c(θ) of serving a patient with
cost type θ. But even if the assumption that there is enough funds available to cover the costs
of serving the patients is relaxed, the loss that results from solving the optimization problem
will be minimal in the sense that it will equal some constant κ that represents the shortage of
money in the system (see also the discussion in Section 4). However, from a policy perspective,
it is not feasible to set infinitely many prices as such pricing scheme may be perceived as too
complicated by the service providers. So, from a policy perspective, it is important to investigate
how loss for the municipality is affected and how the choice sets of the patients are affected
when a multiple pricing scheme is implemented. It is, however, difficult to derive such results
given the weak assumptions on, e.g., the cost function, the type distributions, and the partition
of sub-intervals. Hence, to obtain such results, additional assumptions must be imposed on the
model (as in Example 1 and Figures 2–4) or the model needs to be evaluated numerically. This
approach is also adopted in the remaining part of the paper. In particular, because the numerical
results will reveal (see Section 6) that the marginal benefit for the municipality is highest when
the number of prices is increased from one to two, the following two propositions focus on this
case.

The first proposition states that if the two cost type intervals contains equally many patients,
then the loss of the municipality always decreases when adding an additional price to the statue-
quo situation with only one price. Note that this conclusion holds for any increasing cost function
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and any cumulative density function F with a strictly positive density f .

Proposition 1. Suppose that each sub-interval contains an equal mass of cost types. If the num-
ber of prices is increased from one to two, then the loss of the municipality decreases.

The next result reveals something about the choice set for the patients when the number of prices
increases from one to two. As it turns out, this depends on the shape of the cost function.
More precisely, if the cost function is increasing with an increasing (decreasing) rate, then the
proportion of patients served by the municipality increases (decreases) with the number of prices.
Consequently, whether or not the choice set expands for the patients depends on the shape of the
cost function.

Proposition 2. Suppose that each sub-interval contains an equal mass of cost types and that θ is
uniformly distributed on the interval [0, 1]. If the number of prices is increased from one to two,
then the proportion of patients served by the municipality increases, decreases and is unchanged
if c′′(θ) > 0, c′′(θ) < 0 and c′′(θ) = 0, respectively.

6 Numerical Results

If the cost function and type distribution are known to the regulator, the optimization problem
can without any difficulties be solved numerically. This is next illustrated by presenting some nu-
merical results under varying assumptions about the cost function, the cost type distribution and
the number of sub-intervals.14 Three potential forms of cost functions and cost type distributions
are considered. The cost function is allowed to vary such that:

c(θ) = θβ where β ∈ {0.5, 1, 2}.

The considered cost type distributions f(θ) are given by the uniform distribution U(0, 1) on
the interval [0, 1], the Student’s-t distribution t(1) with one degree of freedom, and the Gamma
distribution Γ(2, 2) with both the shape and scale parameters equal to two. The latter two dis-
tributions are truncated in the interval [0, 1]. Throughout this section, the sub-intervals for any
given problem are partitioned such that they have equal probability mass.

The results are presented in Tables 1 and 2. Each row in the tables presents the result from
using the cost function and cost type distribution specified in the corresponding row of the first
and second columns. Each column presents the results from using the specified number k of
sub-intervals in the objective function or, equivalently, the number of prices optimized over.

The losses for the municipality are displayed in Table 1 and they are presented as a proportion
of the total budget B set by the central government. For example, the loss for the quadratic cost

14The model was solved using the inbuilt ’fmincon’ function from the MATLAB Optimization Toolbox. For more
information see: https://se.mathworks.com/help/optim/ug/fmincon.html.
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function and the uniform distribution is given by 0.3849. This means that the monetary loss for
the municipality is in the order of magnitude of 38.49 percent of the total budget set by the central
government. There are a few key takeaways from the Table 1. First, even the introduction of one
additional price reduces the loss incurred by roughly half across all specifications. Second, while
the exact magnitude of loss varies considerably depending on the specification, loss is found to
be monotonically decreasing in the number of prices also for k > 2 (Proposition 1 only covers
the case when k = 2). For instance, given a quadratic cost function and uniformly distributed
cost types, loss decreases from being equivalent to approximately 38.5 percent of the budget to
18.8 percent when there are two prices. It decreases further to 7.5 percent when there are five
prices and to an even lower 0.75 percent when there are fifty prices.

Table 2 displays the proportion of patients served by the municipality. The results reveal the
same pattern as predicted in Proposition 2 but for k > 2 prices, i.e., the shape of the cost function
determines whether or not the municipality will serve more patients when the number of prices
increases.

Table 1: Social loss as a proportion of the total budget

Cost function Distribution k = 1 k = 2 k = 5 k = 10 k = 50

c(θ) =
√
θ

U(0, 1) 0.1481 0.0795 0.0338 0.0174 0.0036
t(1) 0.1602 0.0865 0.0367 0.0189 0.0039
Γ(2, 2) 0.0890 0.0500 0.0224 0.0120 0.0027

c(θ) = θ
U(0, 1) 0.2500 0.1250 0.0500 0.0250 0.0050
t(1) 0.2724 0.1401 0.0565 0.0283 0.0057
Γ(2, 2) 0.1607 0.0853 0.0359 0.0184 0.0038

c(θ) = θ2
U(0, 1) 0.3849 0.1888 0.0751 0.0375 0.0075
t(1) 0.4219 0.2231 0.0911 0.0457 0.0092
Γ(2, 2) 0.2699 0.1345 0.0537 0.0268 0.0054

Finally, the findings from the numerical study are corroborated by a back-of-the envelope cal-
culation using Swedish data. In 2020, the costs of the state-funded assistance services was 23.53
billion SEK and the estimated loss for the municipalities was 4.45 billion SEK (ISF 2021:11,
2021). Suppose now that the cost types are uniformly distributed on [0, 1]. The parameters α
and β in the cost function c(θ) = αθβ are calibrated such that the model (when optimized) re-
ports a loss of 4.45 billion SEK.15 Using the calibrated cost parameters and continuing with the
assumption of uniformly distributed cost types, the optimization problem was solved to identify
the prices and the corresponding losses for two, five, ten and fifty prices. If there are only two
prices, the prices are given by p1 = 192 and p2 = 416 (in 2020, the uniform price in Swe-

15Because θ is uniformly distributed on [0, 1] and the total budget is 23.53 billion SEK, the budget was normalized
when solving the optimization problem. This didn’t affect the calculations that are presented in this paragraph.
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Table 2: Proportion of users served by the municipality

Cost function Distribution k = 1 k = 2 k = 5 k = 10 k = 50

c(θ) =
√
θ

U(0, 1) 0.5556 0.5408 0.5265 0.5189 0.5085
t(1) 0.5318 0.5272 0.5199 0.5150 0.5072
Γ(2, 2) 0.5798 0.5633 0.5463 0.5367 0.5213

c(θ) = θ
U(0, 1) 0.5000 0.5000 0.5000 0.5000 0.5000
t(1) 0.4709 0.4842 0.4935 0.4967 0.4993
Γ(2, 2) 0.5427 0.5324 0.5216 0.5156 0.5070

c(θ) = θ2
U(0, 1) 0.4226 0.4592 0.4834 0.4917 0.4984
t(1) 0.3867 0.4375 0.4740 0.4870 0.4975
Γ(2, 2) 0.4839 0.4915 0.4964 0.4981 0.5009

den was 304 SEK) and the loss is estimated to 2.31 billion SEK. For five, ten and fifty prices,
the corresponding losses under the multiple pricing policy are 0.95, 0.48 and 0.10 billion SEK,
respectively.

7 Conclusion and Discussion

This paper has modelled a situation where private and municipality health care providers receive
the same hourly compensation for serving patients that varies in their cost to serve. Since only
private providers can reject service requests, it is empirically plausible that they engage in dump-
ing and, consequently, reject service requests they find unprofitable. As a consequence, private
firms make profits at the expense of the municipality budgets (and ultimately the tax payers).
To mitigate such unintended consequences, this paper has proposed a multiple pricing scheme
(see also Brown et al., 2014; Chernew et al., 2020), and demonstrated that this may substantially
reduce the loss for municipalities without affecting the total budget provided by the central gov-
ernment. This conclusion holds even for the smallest possible modification of the pricing scheme
where only one additional price is introduced.

It is important to note that the investigated model is tailored to care types such as home help
services for disabled or elderly individuals, i.e., settings in which the need of a given patient
is recurrent and predictable with small variation. In many other parts of health care, the needs
of the patients are less predictable/verifiable, and providers have more freedom to decide what
and how much treatment to provide. In such settings, public health care providers responsible
for patients dumped by private providers may avoid the deficit problem studied in this paper by
instead skimping on the care they provide. The deficit problem studied in this paper may thus be
less important than the problem of ensuring sufficient care to high-cost patients.

An ideal study would have access to relevant micro data to estimate the cost function and
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the cost type distribution. Because we currently don’t have access to such data, these important
estimations have to be postponed to a future research project. Furthermore, the theoretical model
is based on, at least, two simplifying assumptions.

First, the patients are treated as substitutes in the model. In reality, different patients comple-
ment each other in different ways for both private providers and the municipality. For example,
two identical patients may individually be regarded as “high cost types” simply because they
both live in a remote geographical area. But if they both would live in the same remote area,
they may jointly be regarded as “two low cost types” by a service provider as the travel cost of
serving them is reduced by half if the same provider serves both these patients. Dealing with
complementarities in this way is an inherently difficult problem (see, e.g., Amir, 2005; Milgrom
and Roberts, 1995).

Second, an implicit assumption in the paper is that the patients first approaches the private
firms and if they are rejected, they will be served by the municipality. In reality, municipalities
also serve low cost types. Our approach is thus a simplification and a more realistic approach
would be to integrate the considered model with the search and matching literature to also model
how patients and service providers are matched (e.g., Eeckhout and Kircheri, 2010; Pissarides,
2000; Shimer, 2005). Also this theoretical extension of the model is left for future research.

Appendix: Proofs and Technical Remarks

This Appendix starts by deriving the KKT conditions. It is then demonstrated that the the opti-
mization problem is convex and therefore the KKT conditions are both necessary and sufficient
for global optimality. These two steps jointly prove Theorem 1 and Corollary 1. The proofs of
Propositions 1 and 2 can be found at the end of the Appendix.

The KKT Conditions

Begin with interchanging the order of integration in the Lagrangian:

L(p, λ) =
k∑
j=1

∫ c−1(pj)

θj

[pj − c(θ)]f(θ)dθ + λ
(
pk −

k−1∑
j=1

(pj+1 − pj)F (θj)−B
)
.
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Differentiating L with respect to pj generates the following first-order conditions (FOCs):

∂

∂pj
L(p, λ) =

d

dpj

(∫ c−1(pj)

θj

[c(θ)− pj]f(θ)dθ

)
− λ(F (θj−1)− F (θj)),

= [pj − c(c−1(pj))]f(c−1(pj))
1

c′(c−1(pj))
− [pj − c(θj)]f(θj) · 0 +

∫ c−1(pj)

θj

f(θ)dθ

−λ(F (θj−1)− F (θj)),

= F (c−1(pj))− F (θj)− λ(F (θj−1)− F (θj)),

= F (c−1(pj))− λF (θj−1) + (λ− 1)F (θj).

Next, set the FOCs equal to zero:

λ(F (θj)− F (θj−1)) = F (θj)− F (c−1(pj)).

By simplifying the above condition, the following expression for λ can be obtained, given that
c−1(pj) ∈ (θj−1, θj):

λ =
F (θj)− F (c−1(pj))

F (θj)− F (θj−1)
. (8)

Finally, it is demonstrated that that λ ∈ (0, 1) which implies that c−1(pj) > c(θj) for each j.
First, if λ = 0 then, by complementary slackness, the budget constraint is not binding. But this
is impossible since it is assumed that B =

∫ 1

0
c(θ)f(θ)dθ. Therefore, it must be the case that

λ > 0. Suppose instead that λ = 1. This implies that, for each j, F (c−1(pj)) = F (θj−1) and,
consequently, that pj = c(θj). At such prices, no private firms are serving any users and not all
of the budget is used. Clearly, this cannot be optimal because by increasing one price in some
interval, the loss will be reduced. Thus, 0 < λ < 1 and the optimal price vector is such that
some patients will be served by private firms in each sub-interval j, i.e., c−1(pj) > θj−1 for each
j = 1, . . . , k.

Necessity of KKT Conditions for Global Optimality

To guarantee that the KKT conditions in equation (8) are also sufficient, it must be demonstrated
that the objective function is convex and that the feasible set is convex. To see that the feasible set
is convex, take any α ∈ [0, 1] and any two feasible price vectors p and p′. Then q = αp+(1−α)p′

is a feasible price vector, since the price vectors αp and (1 − α)p′ satisfies the inequality in
equation (4) with αB and (1−α)B, respectively. Hence, the convex combination q = αp+ (1−
α)p′ satisfies equation (4) meaning that the feasible set is convex.

Next, it is established that the loss function is convex. Note that the loss function, defined in
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equation (3), is the sum of k one-dimensional functions. It suffices to show that each of the k
functions is convex. Thus, for any 1 ≤ j ≤ k, it needs to be demonstrated that:

ϕ(pj) =

∫ c−1(pj)

θj

[pj − c(θ)]f(θ)dθ,

is convex. Since ϕ has well-defined second-order derivatives, it suffices to investigate the second-
order derivative. Recall, from the previous analysis, that:

ϕ′(pj) = F (c−1(pj))− F (θj).

Note that ϕ′ ≤ 0, but that ϕ is increasing in pj . This makes sense, since by setting pj = θj , the
losses in sub-interval j is zero, but this is too costly in general. Next, differentiate ϕ a second
time:

ϕ
′′
(pj) = f(c−1(pj))

1

c′(c−1(pj))
.

Hence, ϕ is strictly convex if and only if ϕ′′(pj) > 0. But this is clearly true since f(θ) > 0 and
because c′(θ) > 0 by assumption. Therefore, the problem is convex and the KKT conditions are
necessary and sufficient for a global minimum.

Proof of Proposition 1

Let pkj denote the price in sub-interval j when there are k prices, and let θ̂kj denote the cost type
that determines price pkj when there are k prices (i.e., θ̂kj = c−1(pkj )). Note first that p21 < p11 < p22
and θ̂21 < θ̂11 < θ̂22 by budget balance. Note next that the loss for the municipality when there are
one and two prices are given by:

π1 =

∫ θ
1
1

θ̂11

(c(θ)− c(θ̂11))f(θ)dθ,

π2 =

∫ θ
2
1

θ̂21

(c(θ)− c(θ̂21))f(θ)dθ +

∫ θ
2
2

θ̂22

(c(θ)− c(θ̂22))f(θ)dθ,

respectively. Because πj represents a loss (expressed as a non-negative number), it needs to be
proved that π2 < π1, i.e., that:∫ θ

2
1

θ̂21

(c(θ)− c(θ̂21))f(θ)dθ +

∫ θ
2
2

θ̂22

(c(θ)− c(θ̂22))f(θ)dθ <

∫ θ
1
1

θ̂11

(c(θ)− c(θ̂11))f(θ)dθ.
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By using the facts that θ
1

1 = θ
2

2 = 1 and θ̂21 < θ̂11 < θ̂22, this inequality can be rewritten as:

∫ θ
2
1

θ̂21

(c(θ)− c(θ̂21))f(θ)dθ <

∫ θ̂22

θ̂11

(c(θ)− c(θ̂11))f(θ)dθ +

∫ 1

θ̂22

(c(θ̂22))− c(θ̂11))f(θ)dθ.

Because all three integrals in the above expression are positive, the above inequality holds if:∫ θ
2
1

θ̂21

(c(θ)− c(θ̂21))f(θ)dθ <

∫ 1

θ̂22

(c(θ̂22))− c(θ̂11))f(θ)dθ.

The remaining part of the proof is also devoted to proving that this inequality holds. By partly
evaluating the integrals, using equations (2) and (5) as well as the assumption that F (θ

2

1) = 1
2
,

the above inequality can be rewritten as:∫ θ
2
1

θ̂21

c(θ)f(θ)dθ < B

(
1

2
− F (θ̂21)

)
. (9)

Note next that the following result always hold since c(θ) is an increasing function:

∫ θ
2
1

θ̂21

c(θ)f(θ)dθ < c(θ
2

1)

∫ θ
2
1

θ̂21

f(θ)dθ = c(θ
2

1)

(
1

2
− F (θ̂21)

)
. (10)

But now the proof is completed since the right hand side of equation (9) always is larger than the
right hand side of equation (10). This conclusion follows as θ

2

1 < 1 and the budget is balanced.

Proof of Proposition 2

Only the first part of the proposition is proved (the other two parts are proved using almost
identical arguments) and the same notation as in the proof of Proposition 1 will be used. Note
first that because the budget is balanced independently of if there are one or two prices, it must
be the case that:

B = c(θ̂11) =
1

2
c(θ̂21) +

1

2
c(θ̂22) > c(θ̂21/2 + θ̂22/2),

where the last inequality follows from Jensen’s inequality since c′′(θ) > 0. But this also means
that θ̂11 >

1
2
(θ̂21 + θ̂22) since c(θ) is an increasing function. Because θ is uniformly distributed, it

follows from equation (5) that θ̂22 = θ̂21 + 1
2

and, therefore, that:

θ̂11 >
1

2
(θ̂21 + θ̂22) = θ̂21 +

1

4
. (11)
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Recall next that the critical cost type where the private firms stop serving patients when there
is only one price is given by θ̂11. Because the municipality serves the same proportion of pa-
tients in both sub-intervals when there are two prices and the types are uniformly distributed, the
proportion of patients served by the municipality increases if:

θ̂11 ≥ 2
(

1− θ̂22
)

= 2

(
1

2
− θ̂21

)
= 1− 2θ̂21. (12)

Using equation (11), it follows that equation (12) holds if:

θ̂21 +
1

4
≥ 1− 2θ̂21. ⇐⇒ θ̂21 ≥

1

4
.

But this condition must hold by budget balance. To see this, suppose that θ̂21 ∈ [0, 1/4). Note
next that for any strictly convex function g(x) defined on the closed interval [x, x] ⊂ R+, and
any constant x′ ∈ [0, x/2], it holds that:∫ x

x

g(x)dx > (x− x)g(x′).

Let now g represent c, [x, x] = [θ2j , θ
2

j ] and x′ = θ̂2j for j = 1, 2. Given the assumption that θ
is uniformly distributed in the interval [0, 1], i.e., that f(θ) = 1, the left hand side of the above
expression can be interpreted as the cost in the interval [θ2j , θ

2

j ] and the right hand side as the

reimbursement payed out by the regulator in the interval [θ2j , θ
2

j ]. Because the inequality holds
for j = 1, 2, this means that the budget cannot be balanced if θ̂21 ∈ [0, 1/4), which contradicts
our assumptions. Thus, it must be the case that θ̂21 ≥ 1

4
and the conclusion follows.
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