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Wkh Surri ri wkh Jleedug0Vdwwhuwkzdlwh
Wkhruhp Uhylvlwhg

Oduv0Jxqqdu Vyhqvvrq�|

Pdufk ;/ 4<<<

Devwudfw

Wklv sdshu surylghv wkuhh vkruw dqg yhu| vlpsoh surriv ri wkh fodv0
vlfdo Jleedug0Vdwwhuwkzdlwh wkhruhp1 Wkh wkhruhp lv �uvw suryhg lq
wkh fdvh zlwk rqo| wzr lqglylgxdov lq wkh hfrqrp|1 Wkh pdq| lqglylg0
xdo fdvh iroorzv wkhq iurp dq lqgxfwlrq dujxphqw +ryhu wkh qxpehu ri
lqglylgxdov,1 Wkh surri ri wkh wkhruhp lv ixuwkhu vlpsol�hg zkhq wkh
yrwlqj uxoh lv dvvxphg wr eh qhxwudo1

MHO fodvvl�fdwlrq= G:3

Nh| zrugv= yrwlqj/ vwudwhj|0surriqhvv

�Ilqdqfldo vxssruw iurp Wkh Edqn ri Vzhghq Whufhqwhqdu| Irxqgdwlrq dqg iurp Wkh
Vzhglvk Frxqflo iru Uhvhdufk lq wkh Kxpdqlwlhv dqg Vrfldo Vflhqfhv lv judwhixoo| dfnqrzo0
hgjhg1

|dgguhvv= Oduv0Jxqqdu Vyhqvvrq/ Ghsduphqw ri Hfrqrplfv/ Oxqg xqlyhuvlw|/ S1R1 Er{
:3;5/ V05533: OXQG/ Vzhghq> h0pdlo= Oduv0Jxqqdu1VyhqvvrqCqhn1ox1vh> whohskrqh qxp0
ehu= .79 79 555 ;9 :<> id{ qxpehu .79 79 555 79 46
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4 Lqwurgxfwlrq
Wkh remhfwlyh ri wklv sdshu lv wr suhvhqw vkruw dqg yhu| vlpsoh surriv ri
wkh fodvvlfdo Jleedug 0 Vdwwhuwkzdlwh wkhruhp +Jleedug +4<:6,/ Vdwwhuwkzdlwh
+4<:8,,1 Dprqj wkh odujh qxpehu ri h{lvwlqj surriv/ rqh fdq glvwlqjxlvk
wzr gl�huhqw olqhv ri surriv1 Wkh �uvw rqh/ dqg wkh frpprq rqh/ lv edvhg rq
Duurz*v lpsrvvlelolw| wkhruhp dqg xvhv wkh fruuhvsrqghqfh ehwzhhq vwudwhj|0
surriqhvv dqg wkh lqghshqghqfh ri luuhohydqw dowhuqdwlyhv uhtxluhphqw1 Wkh
rwkhu dssurdfk wr suryh wkh wkhruhp lv pruh gluhfw dqg fdq eh irxqg lq h1j1
Eduehuä +4<;6, dqg lq Eduehuä dqg Shohj +4<<3,1 Lq sduwlfxodu/ wkh sdshu ri
Eduehuä dqg Shohj surylghv d vkruw dqg hohjdqw surri ri wkh wkhruhp lq wkh
fdvh zlwk wzr lqglylgxdov lq wkh hfrqrp|1

Khuh zh dovr hpsor| wkh gluhfw dssurdfk dqg �uvw suryh wkh wkhruhp
zkhq wkhuh duh wzr lqglylgxdov1 Wkh surri dqg wkh dujxphqwv lq wklv sdshu
gl�hu iurp wkh surri lq Eduehuä dqg Shohj lq wkh wzr lqglylgxdo fdvh/ dqg
lq dgglwlrq/ zh iroorz xs zlwk d vlpsoh lqgxfwlrq surri lq wkh pdq| +exw
�qlwh, lqglylgxdo fdvh14 Wkh surri lv ixuwkhu vlpsol�hg zkhq wkh yrwlqj uxoh
lv dvvxphg wr eh qhxwudo1

Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh yrwlqj prgho lv suhvhqwhg lq
vhfwlrq 5/ vrph xvhixo ohppdv duh jlyhq lq vhfwlrq 6/ zkloh wkh wzr lqglylgxdo
fdvh dqg wkh pdq| lqglylgxdo fdvh zhuh qhxwudolw| lv dvvxphg/ duh wr eh �qg
lq vhfwlrq 71 Lq dq dsshqgl{ dq lqgxfwlrq surri iru wkh pdq| lqglylgxdo fdvh
lv jlyhq1 Lq dgglwlrq/ wkh surri lq wkh wzr lqglylgxdo fdvh dorqj wkh olqhv lq
Eduehuä dqg Shohj +4<<3, duh jlyhq wkhuh1

5 Wkh yrwlqj prgho
Wkh yrwlqj prgho lv zhoo0nqrzq vr zh zloo rqo| jlyh d vkruw ghvfulswlrq ri
wkh edvlf hohphqwv1 Ohw � ' i�c 2c � � � � c ?j eh d �qlwh vhw ri lqglylgxdov dqg
ohw � ' i@�c @2c � � � � @6j eh d �qlwh vhw ri dowhuqdwlyhv1 Suhihuhqfhv ryhu �
duh udqnlqjv ri wkh ydulrxv hohphqwv +l1h1 frpsohwh/ wudqvlwlyh/ dv|pphwulf
elqdu| uhodwlrqv5,1 Wkh vhw ri doo srvvleoh udqnlqjv ri � uhsuhvhqwhg e| xwlolw|
ixqfwlrqv lv ghqrwhg Lc vr iru @c K 5 � zlwk @ 9' K dqg � 5 Lc �E@� : �EK�
ru �EK� : �E@�/ exw qrw erwk1 Suhihuhqfh sur�ohv duh hohphqwv lq X ' L?� D
suhihuhqfh sur�oh � ' E��c �2c � � � �?� fdq dovr eh ghqrwhg E��c �3�� iru � 5 ��

4Lq wkh pdq| lqglylgxdo fdvh Eduehuä dqg Shohj kdyh pruh frpsolfdwhg dujxphqwv wkdq
wkrvh zh xvh lq rxu lqgxfwlrq surri/ exw rq wkh rwkhu kdqg wkh| dovr suryh wkh wkhruhp
xqghu pruh jhqhudo dvvxpswlrqv/ h1j1 wkh qxpehu ri dowhuqdwlyhv pd| eh lq�qlwh1

5Dq dowhuqdwlyh khuh lv wr dvvxph wkdw wkh lqglylgxdo suhihuhqfhv duh frpsohwh dqg
wudqvlwlyh elqdu| uhodwlrqv/ dqg khqfh doorz iru lqgl�huhqfhv1 Rxu pruh qduurz fodvv ri
suhihuhqfhv lv/ krzhyhu/ prwlydwhg e| wkh ghvluh wr jhw vkruw dqg vlpsoh surriv1
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D yrwlqj uxoh lv d pdsslqj s iurp lq X wr �1 D yrwlqj uxoh s lv pdqlsx0
odeoh suhflvho| zkhq wkhuh lv dq lqglylgxdo � 5 �c suhihuhqfhv ��

�
5 L / dqg d

suhihuhqfh sur�oh � 5 X c vxfk wkdw ��EsE���c �3��� : ��EsE���� Li d yrwlqj uxoh
lv qrw pdqlsxodeoh/ lw lv vwudwhj|0surri1 D yrwlqj uxoh s lv glfwdwruldo li wkhuh
lv dq lqglylgxdo � 5 � +wkh glfwdwru, vxfk wkdw ��EsE��� � ��E@� iru doo @ 5 �
dqg iru doo � 5 X �

Ohw Z eh d shupxwdwlrq ri � 0 d fkdqjh ri qdphv ri wkh dowhuqdwlyhv61 Li
� 5 X lv d suhihuhqfh sur�oh/ d suhihuhqfh sur�oh Z� lv gh�qhg dv +Z���E@� '
��EZ

3�E@�� iru � 5 � dqg @ 5 �� D yrwlqj uxoh s lv qhxwudo li/ iru doo suhihuhqfh
sur�ohv � 5 X / sEZ�� ' ZsE��� Wklv phdqv wkdw wkh rxwfrph ri d qhxwudo
yrwlqj uxoh lv lqghshqghqw ri wkh qdphv ri wkh dowhuqdwlyhv1

Ilqdoo|/ d yrwlqj uxoh s lv rqwr li iru hdfk @ 5 � wkhuh lv d suhihuhqfh
sur�oh � 5 X vxfk wkdw sE�� ' @� Reylrxvo|/ d qhxwudo yrwlqj uxoh lv dozd|v
rqwr1

Wkh wkhruhp ri wklv sdshu lv=

Wkh Jleedug0Vdwwhuwkzdlwh wkhruhp= D vwudwhj|0surri yrwlqj uxoh wkdw
lv rqwr lv glfwdwruldo li wkh qxpehu ri dowhuqdwlyhv lv dw ohdvw wkuhh1

6 Vrph xvhixo ohppdv
Iru wkh surri ri wkh pdlq wkhruhp wzr xvhixo dqg vlpsoh ohppdv zloo eh
hpsor|hg1 Wkh �uvw rqh lv d prqrwrqlflw| ohppd1 Lw lv d zhoo0nqrzq uhvxow
dqg kdv ehhq xvhg lq ydulrxv irupv iuhtxhqwo| ehiruh/ exw wkh surri lv yhu|
vlpsoh dqg zh uhshdw lw iru frpsohwhqhvv1 Wkh ohppd vd|v wkdw d vwudwhj|0
surri yrwlqj uxoh lv frqvwdqw iru doo fkdqjhv ri uhsruwhg suhihuhqfhv vxfk wkdw
dowhuqdwlyhv zruvh wkdq wkh rxwfrph dowhuqdwlyh +@, ehiruh wkh fkdqjh duh
dovr zruvh wkdq @ diwhu wkh fkdqjh1 Pruh h{dfwo|=

Ohppd 4 +prqrwrqlflw|, Ohw s eh d vwudwhj|0surri yrwlqj uxoh/ � 5 X d
suhihuhqfh sur�oh/ dqg sE�� ' @� Wkhq sE�� ' @ iru doo suhihuhqfh sur�ohv
� 5 X vxfk wkdw iru doo % 5 � dqg � 5 �c

��E@� � ��E%� li ��E@� � ��E%��

Surri1 Vxssrvh �uvw wkdw �� ' �� li � : �� Ohw sE��c �3�� ' K� Iurp vwudwhj|0
surriqhvv iroorzv wkdw ��EK� � ��E@�c dqg khqfh iurp wkh dvvxpswlrq ri wkh
ohppd/ ��EK� � ��E@�� Vwudwhj|0surriqhvv dovr lpsolhv wkdw ��EK� � ��E@� dqg
wkhq/ ehfdxvh suhihuhqfhv duh vwulfw/ @ ' K� Wkh ohppd qrz iroorzv diwhu

6Vwulfwo| vshdnlqj/ � lv d shupxwdwlrq ri wkh vhw i4> 5> = = =pj ri lqglfhv ri wkh hohphqwv
lq D1 Krzhyhu/ iru dm 5 D zh zloo zulwh �+dm, lqvwhdg ri d

�+m,=
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uhshdwlqj wkh dujxphqwv deryh zkloh fkdqjlqj wkh suhihuhqfhv iru rqo| � ' 2c
dqg wkhq iru rqo| � ' �c dqg vr iruwk1

Wkh vhfrqg ohppd vd|v wkdw wkh rxwfrph ri d vwudwhj|0surri dqg rqwr yrwlqj
uxoh pxvw eh +zhdno|, Sduhwr rswlpdo1

Ohppd 5 +Sduhwr rswlpdolw|, Ohw s eh d vwudwhj|0surri yrwlqj uxoh wkdw lv
rqwr1 Li � 5 X lv d suhihuhqfh sur�oh dqg @c K 5 �c @ 9' Kc wzr dowhuqdwlyhv
vxfk wkdw ��E@� : ��EK� iru doo � 5 �c wkhq sE�� 9' K�

Surri1 Vxssrvh wkdw sE�� ' K� Vlqfh s lv rqwr wkhuh lv d suhihuhqfh sur�oh
� 5 X vxfk wkdw sE�� ' @� Ohw dovr �� 5 X eh d suhihuhqfh sur�oh vxfk wkdw
iru doo � 5 �c

��
�
E@� : ��

�
EK� : ��

�
E%� dqg ��

�
E%� ' ��E%� iru % 5 �� i@c Kj �

E| prqrwrqlflw| +Ohppd 4, lw qrz iroorzv wkdw K ' sE�� ' sE��� dqg @ '
sE�� ' sE���c zklfk lv d frqwudglfwlrq1 Khqfh sE�� 9' K�

7 Wkh surri ri wkh wkhruhp xqghu vlpsoli|lqj
dvvxpswlrqv

714 ? ' 2

Iluvw dvvxph wkdw wkh qxpehu ri lqglylgxdov lv wzr1 Wkh iroorzlqj h{dpsoh
looxvwudwhv wkh lghd lq wkh surri ri wkh wkhruhp lq wkdw fdvh1

H{dpsoh1 Frqvlghu d vlwxdwlrq zlwk wzr lqglylgxdov dqg wkuhh dowhuqdwlyhv/
@c Kc S1 Wr suryh wkh wkhruhp zh �uvw zdqw wr lghqwli| d glfwdwru1 Wkhuhiruh
frqvlghu d suhihuhqfh sur�oh zkhuh erwk lqglylgxdov frqvlghu wkh dowhuqdwlyhv
@ dqg K wr eh ehwwhu wkdq Sc exw wkh| kdyh gl�huhqw kljkhvw udqnhg dowhuqdwlyh1
Wkh suhihuhqfhv duh looxvwudwhg lq wkh pdwul{ � ehorz zkhuh lqglylgxdo �*v
udqnlqj lv jlyhq lq froxpq �/ � ' �c 21

D Sduhwr frqvlvwhqw yrwlqj uxoh fdqqrw vhohfw wkh dowhuqdwlyh S +Ohppd 5,1
Dvvxph wkdw wkh rxwfrph +erog, ri wkh yrwlqj uxoh lv @ zkhq wkh suhihuhqfh
sur�oh lv �� Wkhq frqvlghu wkh suhihuhqfh sur�oh � ehorz�

� '

3
EC

@ K
K @
S S

4
FD � '

3
EC

@ K
K S
S @

4
FD

Wkh rxwfrph lq wklv fdvh pxvw dovr eh @� Wkh uhdvrq lv wkdw wkh rxwfrph
pxvw eh @ ru K e| Sduhwr frqvlvwhqf| exw lw fdqqrw eh K ehfdxvh ri vwudwhj|0
surriqhvv1 Exw jlyhq d suhihuhqfh sur�oh zkhuh wkh rxwfrph +@, lv wkh ehvw
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dowhuqdwlyh iru rqh lqglylgxdo dqg wkh zruvw dowhuqdwlyh iru wkh rwkhu lqglylg0
xdo/ lw iroorzv iurp prqrwrqlflw| +Ohppd 4, wkdw wkh rxwfrph ri wkh yrwlqj
uxoh lv dozd|v @ zkhq wkh �uvw lqglylgxdo uhsruwv @ wr eh klv ehvw dowhuqdwlyh1
Kh ehfrphv wkh glfwdwru iru wklv dowhuqdwlyh1

Lq wkh irupdo surri ehorz zh vkrz wkdw hdfk dowhuqdwlyh kdv d glfwdwru
dqg wkhq lw pxvw/ ri frxuvh/ eh wkh vdph lqglylgxdo iru doo dowhuqdwlyhv1

Wkhruhp 4 D vwudwhj|0surri yrwlqj uxoh s wkdw lv rqwr lv glfwdwruldo li wkh
qxpehu ri dowhuqdwlyhv lv dw ohdvw wkuhh dqg wkh qxpehu ri lqglylgxdov lv wzr1

Surri1 Ohw � 5 L 2 eh d suhihuhqfh sur�oh dqg @c K 5 � wzr dowhuqdwlyhv zlwk
@ 9' K vxfk wkdw

��E@� : ��EK� : ��E%� dqg �2EK� : �2E@� : �2E%�

iru doo % 5 �� i@c Kj � Wkhq sE�� ' @ ru K e| Sduhwr rswlpdolw| +Ohppd 5,1
Vxssrvh wkdw sE�� ' @�

Qrz ohw suhihuhqfhv �2 5 L vdwlvi|

�2EK� : �2E%� : �2E@�

iru doo % 5 ��i@c Kj � Wkhq sE��c �2� ' @ ru K e| Sduhwr rswlpdolw| +Ohppd
5, dqg sE��c �2� 9' K e| vwudwhj|0surriqhvv1 Khqfh sE��c �2� ' @�

Prqrwrqlflw| +Ohppd 4, qrz lpsolhv wkdw sE��� ' @ iru doo �� 5 L 2 vxfk
wkdw @ lv wkh ehvw dowhuqdwlyh dffruglqj wr suhihuhqfhv ��

�
�

E| uhshdwlqj wkh dqdo|vlv deryh iru doo sdluv ri dowhuqdwlyhv iurp � zh
uhfhlyh wzr vhwv �� � �c � ' �c 2c zkhuh �� frqwdlqv wkrvh dowhuqdwlyhv %
vxfk wkdw wkh rxwfrph ri s lv dozd|v % li lqglylgxdo � uhsruwv % wr eh klv ehvw
dowhuqdwlyh1

Ohw �� ' � � E�� ^ �2�1 Reylrxvo| r�� � �� Vlqfh wkh yrwlqj uxoh lv
d ixqfwlrq dqg 6 � �c rqh ri wkh vhwv �� dqg �2 pxvw eh hpsw|1 Zh kdyh
dvvxphg wkdw @ 5 �� vr �2 ' >� Ilqdoo| �� ' >c ehfdxvh li S 5 ��c ohw � 5 L 2

eh d suhihuhqfh sur�oh vxfk wkdw

��ES� : ��E@� : ��E%� dqg �2E@� : �2ES� : �2E%�

iru doo % 5 ��i@c Sj � E| wkh dujxphqwv deryh/ S 5 �� ru @ 5 �2c zklfk lv d
frqwudglfwlrq1 Khqfh �� ' � dqg � ' � lv d glfwdwru1

Li zh kdg dvvxphg wkdw @ 5 �2 dw wkh ehjlqqlqj ri wkh surri wkhq lqgl0
ylgxdo 5 kdg ehfrph d glfwdwru1
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715 D qhxwudo yrwlqj uxoh dqg 6 � ?�

Lq wkh dsshqgl{ zh surylgh d vkruw lqgxfwlrq surri ri wkh wkhruhp lq wkh
jhqhudo fdvh zlwk dq duelwudu| exw �qlwh qxpehu ri lqglylgxdov1 Wr jhw d
vlpsoh dqg gluhfw surri ri wkh wkhruhp zlwkrxw lqgxfwlrq edvhg rq wkh wzr
lqglylgxdo fdvh/ zh zloo khuh pdnh wzr dgglwlrqdo dqg vlpsoli|lqj dvvxps0
wlrqv1 Wkh �uvw rqh lv wr dvvxph wkdw wkhuh duh dw ohdvw dv pdq| dowhuqdwlyhv
dv wkhuh duh lqglylgxdov/ l1h1 6 � ?� Vhfrqg zh zloo dvvxph qhxwudolw|/ l1h1
wkdw wkh rxwfrph ri wkh yrwlqj uxoh lv lqghshqghqw ri wkh qdphv ri wkh do0
whuqdwlyhv1 Zh pd| qrwh wkdw d qhxwudo yrwlqj uxoh wulyldoo| lv dovr rqwr/ vr
Ohppd 5 lv vwloo ydolg17

Wr looxvwudwh wkh vlpsoh lghd lq wkh surri 0 zklfk lv d jhqhudol}dwlrq ri
wkh lghd lq wkh surri ri Wkhruhp 4 0 frqvlghu wkh iroorzlqj h{dpsoh1

H{dpsoh1 Frqvlghu irxu lqglylgxdov dqg �yh dowhuqdwlyhv/ @c Kc Sc _c e1 Wkh
pdlq vwhs lq wkh surri lv wr lghqwli| rqh lqglylgxdo dqg rqh dowhuqdwlyh vxfk
wkdw li wkh lqglylgxdo uhsruwv wkdw sduwlfxodu dowhuqdwlyh wr eh klv ehvw dowhu0
qdwlyh wkh dowhuqdwlyh zloo dovr eh wkh rxwfrph ri wkh yrwlqj uxoh1 Wkhq/ e|
qhxwudolw|/ wkdw lqglylgxdo zloo eh d glfwdwru1

Wkhuhiruh frqvlghu d suhihuhqfh sur�oh zkhuh wkh ydulrxv lqglylgxdov kdyh
shupxwhg udqnlqjv ri irxu dowhuqdwlyhv @c Kc Sc _c exw doo frqvlghu e wr eh wkh
zruvw dowhuqdwlyh1 Wkh suhihuhqfhv duh looxvwudwhg lq wkh pdwul{ � ehorz1 Khuh
wkh udqnlqj ri lqglylgxdo � lv jlyhq lq froxpq �c � ' �c 2c �c e�

� '

3
EEEEEEC

@ K S _
K S _ @
S _ @ K
_ @ K S
e e e e

4
FFFFFFD

D Sduhwr frqvlvwhqw yrwlqj uxoh fdqqrw vhohfw wkh dowhuqdwlyh e +Ohppd 5,1
Dvvxph wkdw wkh rxwfrph +erog, ri wkh yrwlqj uxoh lv @ zkhq wkh suhihuhqfh
sur�oh lv �� Wkhq frqvlghu wkh suhihuhqfh sur�oh �� ehorz�

�� '

3
EEEEEEC

@ _ _ _
_ @ @ @
K K K K
S S S S
e e e e

4
FFFFFFD

7Zh pd| dovr qrwh wkdw wkh suhfhglqj surri ri wkh wkhruhp suhvxssrvhv wkdw wkhuh
duh dw ohdvw wkuhh dowhuqdwlyhv +p � 6,1 Krzhyhu/ e| dvvxplqj qhxwudolw| wkdw sduwlfxodu
uhtxluhphqw lv vxshu xrxv1

9



Doo dowhuqdwlyhv lq wkh sur�oh �� udqnhg kljkhu wkdq @ duh dovr udqnhg kljkhu
wkdq @ lq wkh sur�oh �1 Wkhq e| prqrwrqlflw| +Ohppd 4,/ wkh rxwfrph ri
wkh yrwlqj uxoh lq wklv fdvh pxvw dovr eh @1 Qh{w frqvlghu wkh suhihuhqfh
sur�ohv �2c �� dqg �e ehorz1

�2 '

3
EEEEEEC

@ _ _ _
_ K @ @
K S K K
S e S S
e @ e e

4
FFFFFFD
c �� '

3
EEEEEEC

@ _ _ _
_ K K @
K S S K
S e e S
e @ @ e

4
FFFFFFD
c �e '

3
EEEEEEC

@ _ _ _
_ K K K
K S S S
S e e e
e @ @ @

4
FFFFFFD
�

E| Sduhwr frqvlvwhqf| wkh rxwfrph ri wkh yrwlqj uxoh jlyhq wkh suhihuhqfh
sur�oh �2 fdqqrw eh Kc S ru e ehfdxvh wkh| duh grplqdwhg e| wkh dowhuqdwlyh
_1 Pruhryhu/ vwudwhj|0surriqhvv h{foxghv _ wr eh wkh rxwfrph dqg khqfh @
lv vwloo wkh rxwfrph1 Wkh vdph dujxphqwv vkrz wkdw @ pxvw eh wkh rxwfrph
jlyhq wkh sur�ohv �� dqg �e1 Exw qrz iroorzv lpphgldwho| iurp prqrwrqlflw|
+Ohppd 4, wkdw wkh rxwfrph ri wkh yrwlqj uxoh lv @ dv vrrq dv lqglylgxdo 4
uhsruwv @ wr eh klv ehvw dowhuqdwlyh1 Ilqdoo|/ qhxwudolw| vkrzv wkdw lqglylgxdo
4 lv d glfwdwru1

Lq wkh wkhruhp ehorz wkhvh lghdv duh irupdol}hg1

Wkhruhp 5 D vwudwhj|0surri yrwlqj uxoh s wkdw lv qhxwudo lv glfwdwruldo li
wkh qxpehu ri dowhuqdwlyhv lv dw ohdvw wkuhh dqg dw ohdvw dv pdq| dv wkhuh duh
lqglylgxdov/ 6 � ?�

Surri1 Ohw � 5 X eh gh�qhg dv

��E@�� ' ?n �� � li � � � � ?c

��E@�� ' �� � li � 	 �c

��E@�� ' ?� � li � : ?�

Wklv phdqv wkdw wkh ydulrxv lqglylgxdo udqnlqjv ri wkh ? �uvw dowhuqdwlyhv duh
shupxwhg1 Wkrvh dowhuqdwlyhv duh dovr udqnhg ehiruh dowhuqdwlyhv zlwk odeho
� : ?� E| Sduhwr frqvlvwhqf| +Ohppd 5,/ sE�� ' @� iru vrph � � ?� Dvvxph
wkdw � ' �� Ohw �� 5 X eh gh�qhg dv

��
�
E@�� ' ?n 2 dqg ��

�
E@?� ' ? n �c

��
�
E@?� ' ?n 2 dqg ��

�
E@�� ' ?n � iru � : �c

��
�
E@�� ' ��E@�� iru � 9' � dqg � 9' ?�

Khqfh doo lqglylgxdov frqvlghu wkh dowhuqdwlyhv @� dqg @? wr eh ehwwhu wkdq
wkh rwkhu dowhuqdwlyhv1 Dovr qrwh wkdw wkh udqnlqj ri @� dqg @? lv wkh vdph

:



lq wkh sur�ohv � dqg ��c dqg lq ��/wkh dowhuqdwlyhv @� dqg @? duh erwk udqnhg
ehiruh wkh rwkhu dowhuqdwlyhv1 Khqfh e| prqrwrqlflw| +Ohppd 4,/ sE��� '
sE�� ' @�� Ilqdoo| gh�qh sur�ohv �& 5 X / & ' �c 2c �c � � � ? � � uhfxuvlyho|
dffruglqj wr

�� ' ��c

�&n�
�

' �&
�
iru � 9' & n �c

�&n�
&n�

E%� ' �&
&n�

E%� iru % 5 �� i@�j c
�&n�
&n�

E@�� ' �6�

E| Sduhwr frqvlvwhqf| sE�&� ' @� ru sE�&� ' @?� Exw vwudwhj|0surriqhvv
lpsolhv wkdw sE�&n�� ' sE�&� dqg khqfh sE�?� ' @�� Lq wkh xwlolw| sur�oh �?c
@� lv wkh ehvw dowhuqdwlyh iru lqglylgxdo 4/ zkloh lw lv wkh zruvw dowhuqdwlyh iru
doo rwkhu lqglylgxdov1 Prqrwrqlflw| +Ohppd 4, wkhq lpsolhv wkdw sE�� ' @� dv
vrrq dv lqglylgxdo 4 uhsruwv @� wr eh klv ehvw dowhuqdwlyh1 Wkhq e| qhxwudolw|/
lqglylgxdo 4 ehfrphv d glfwdwru1

8 Dsshqgl{
Wkh iroorzlqj lv dq dowhuqdwlyh surri ri Wkhruhp 41 Wkh surri lv doprvw wkh
vdph dv wkh rqh lq Eduehuä dqg Shohj +4<<3,1 Lw lv d vlpsoh surri exw d
udwkhu gl�huhqw w|sh ri dujxphqwv duh xvhg khuh frpsduhg wr wkh �uvw surri
ri Wkhruhp 41

Iru jlyhq suhihuhqfhv �� 5 Lc ohw

kE��� ' i@ 5 �( @ ' sE��c �2� iru vrph suhihuhqfhv �2 5 Lj c

l1h1 kE��� lv wkh udqjh ri s iru �{hg suhihuhqfhv ��� Reylrxvo| wkh vhw kE���
lv wkh fkrlfh vhw ri lqglylgxdo 5 zkhq wkh suhihuhqfhv ri lqglylgxdo 4 duh ���
Zkhq lqglylgxdo 5 kdv uhsruwhg klv suhihuhqfhv �2c d vwudwhj|0surri yrwlqj
uxoh s uhtxluhv wkdw wkh rxwfrph lv wkh ehvw dowhuqdwlyh lq kE��� dffruglqj
wr �2�

Wkh vhw kE��� zloo sod| d fhqwudo uroh lq wkh surri ri wkh wkhruhp1 Wkh
edvlf lghd lv wr suryh wkdw kE��� frqwdlqv h{dfwo| rqh dowhuqdwlyh iru doo
suhihuhqfhv �� lpso|lqj wkdw lqglylgxdo 4 lv d glfwdwru/ ru wkdw kE��� ' � iru
doo suhihuhqfhv �2 lpso|lqj wkdw lqglylgxdo 5 lv d glfwdwru1 Wkh surshuwlhv ri
kE��� duh uhyhdohg e| d qxpehu ri vpdoo ohppdv1

Ohppd 6 Li @ lv wkh ehvw dowhuqdwlyh lq � dffruglqj wr �� 5 Lc wkhq @ 5
kE����

;



Surri1 Iroorzv gluhfwo| iurp Sduhwr rswlpdolw| +Ohppd 5,1

Ohppd 7 Li @ lv wkh ehvw dowhuqdwlyh lq � dffruglqj wr �� 5 L dv zhoo dv wr
��
�
5 Lc wkhq kE��� ' kE��

�
��

Surri1 Vxssrvh wkdw K 5 kE��� exw K *5 kE��
�
�� Ohw �2 5 L eh vxfk wkdw

�2EK� : �2E@� : �2E%� iru doo % 5 � � i@c Kj � E| Ohppd 6/ @ 5 kE��
�
� vr

sE��
�
c �2� ' @� Exw sE��c �2� ' Kc vr s lv pdqlsxodeoh 0 d frqwudglfwlrq1 Khqfh

kE��� � kE��
�
� dqg khqfh e| d v|pphwu| dujxphqw/ kE��� ' kE��

�
��

Ohppd 8 Li @ lv wkh ehvw dqg � wkh zruvw dowhuqdwlyh lq kE��� dffruglqj wr
suhihuhqfhv �� 5 Lc wkhq K 5 kE��� li ��E@� : ��EK� : ��E���

Surri1 Vxssrvh wkdw K *5 kE���� Ohw ��� 5 L eh vxfk wkdw K 5 kE��
�
�� Vxfk

suhihuhqfhv h{lvwv vlqfh s lv rqwr1 Qrz ohw �2 5 L eh suhihuhqfhv vxfk wkdw
�2EK� : �2E�� : �2E%� iru doo % 5 ��i�c Kj � Exw wkhq e| vwudwhj|0surriqhvv/
sE��c �2� ' � dqg sE��

�
c �2� ' Kc vr s lv pdqlsxodeoh 0 d frqwudglfwlrq1

Ohppd 9 Li rkE��� : � iru vrph suhihuhqfhv �� 5 Lc wkhq kE��� ' ��

Surri1 Ohw @ eh wkh ehvw dqg � wkh zruvw dowhuqdwlyh lq kE��� dffruglqj
wr ��� Vxssrvh wkdw wkhuh lv dq dowhuqdwlyh K 5 � � kE���� Ohw ��

�
5 L eh

suhihuhqfhv vxfk wkdw ��
�
E@� : ��

�
EK� : ��

�
E�� dqg vxfk wkdw @ lv wkh ehvw

dowhuqdwlyh lq � dffruglqj wr ��
�
� Wkhq e| Ohppd 7/ kE��� ' kE��

�
�� Exw

e| Ohppd 8/ K 5 kE��
�
� dqg khqfh K 5 kE���� Wklv lv d frqwudglfwlrq/ vr

kE��� ' ��

Ohppd : Li rkE��
�
� : � iru vrph suhihuhqfhv ��

�
5 Lc wkhq kE��� ' � iru

doo suhihuhqfhv �� 5 L 1

Surri1 Zh qrwh �uvw wkdw kE��
�
� ' � e| Ohppd 91 Vxssrvh wkdw wkhuh duh

suhihuhqfhv ���
�
5 L vxfk wkdw kE���

�
� ' i@j/ l1h1 frqwdlqv mxvw rqh dowhuqdwlyh1

Ohw � eh wkh zruvw dowhuqdwlyh lq kE��
�
�c l1h1 lq �c dffruglqj wr suhihuhqfhv

��
�
� E| Ohppd 7 zh fdq dvvxph wkdw @ 9' � zlwkrxw orvv ri jhqhudolw|1

Dovr ohw �2 5 L eh suhihuhqfhv vxfk wkdw �2E�� : �2E@� : �2E%� iru doo
% 5 � � i@c�j � Wkhq sE��

�
c �2� ' � dqg sE���

�
c �2� ' @c dqg khqfh s lv

pdqlsxodeoh 0 d frqwudglfwlrq1

Wkh dowhuqdwlyh surri ri Wkhruhp 4= Li rkE��� ' � iru doo suhihuhqfhv
�� 5 L wkhq e| Ohppd 6 lqglylgxdo 4 lv d glfwdwru/ dqg li rkE��� : � iru
vrph suhihuhqfhv �� 5 L wkhq e| Ohppd :/ kE��� ' � iru doo suhihuhqfhv/
dqg khqfh lqglylgxdo 5 lv d glfwdwru1

Qrz ohw wkh qxpehu ri lqglylgxdov eh dq| �qlwh qxpehu1 Wkh pdlq wkhruhp
wkhq iroorzv iurp dq lqgxfwlrq dujxphqw1

<



Wkhruhp 6 D vwudwhj|0surri yrwlqj uxoh s wkdw lv rqwr lv glfwdwruldo li wkh
qxpehu ri dowhuqdwlyhv lv dw ohdvw wkuhh1

Surri1 Dvvxph wkdw wkh wkhruhp lv wuxh iru R lqglylgxdov/ R 	 ?1 Zh vkdoo
suryh wkdw lw lv dovr wuxh iru Rn � lqglylgxdov1 Vlqfh wkh wkhruhp lv wuxh iru
R ' 2 e| Wkhruhp 4/ lw wkhq iroorzv e| lqgxfwlrq wkdw wkh wkhruhp lv wuxh
iru ?�

Ohw } eh d yrwlqj uxoh zlwk wzr lqglylgxdov gh�qhg dv

}E��c �� ' sE��c � � � � ���

Wkh yrwlqj uxoh } lv rqwr e| Sduhwr rswlpdolw| +Ohppd 5, vlqfh s lv rqwr1
Wkh yrwlqj uxoh } lv dovr vwudwhj|0surri1 Ehfdxvh li lw lv qrw/ wkhuh duh sur�ohv
E��c �� dqg E��c �

�� lq L 2c dqg dowhuqdwlyhv @c K 5 � vxfk wkdw }E��c �� ' @ dqg
}E��c �

�� ' K dqg �EK� : �E@�� Ohw �& ' E��c �
�c � � � ��c �c � � � �� 5 L Rn� frqwdlq

& ��=v dqg R � & �=v/ f � & � R� Dovr ohw @& ' sE�&�� Wkh yrwlqj uxoh s lv
pdqlsxodeoh li �E@&n�� : �E@&� iru vrph & 	 R� Exw wkdw pxvw eh wkh fdvh
ehfdxvh �E@R� ' �EK� : �E@� ' �E@f�� Khqfh zh kdyh d frqwudglfwlrq dqg wkh
yrwlqj uxoh } pxvw eh vwudwhj|0surri1 E| Wkhruhp 4/ lw lv wkhq glfwdwruldo1

Iluvw/ li � ' � lv wkh glfwdwru iru } wkhq e| Ohppd 4 kh lv dovr glfwdwru
iru s�

Vhfrqg/ li � ' 2 lv wkh glfwdwru iru }/ ohw �W
�
5 L eh �{hg suhihuhqfhv dqg

frqvlghu wkh yrwlqj uxoh

�E�2 � � � �Rn�� ' sE�W
�
c �2 � � � �Rn��

zlwk R lqglylgxdov1 Wkh yrwlqj uxoh � lv vwudwhj|0surri/ dqg lw lv rqwr ehfdxvh
� ' 2 lv d glfwdwru iru }1 Wkhq/ e| wkh lqgxfwlrq dvvxpswlrq/ � lv glfwdwruldo1
Vxssrvh wkdw � ' 2 lv wkh glfwdwru iru � dqg frqvlghu wkh yrwlqj uxoh

^E��c �2� ' sE��c �2c �
W

�
� � � �W

Rn�
�

iru duelwudulo| �{hg suhihuhqfhv �W
�
5 Lc � � �� Wkh yrwlqj uxoh ^ lv vwudwhj|0

surri dqg rqwr/ dqg khqfh glfwdwruldo1 Exw � ' � fdqqrw eh wkh glfwdwru vr lw
pxvw eh � ' 2� Vlqfh �W

�
5 L zdv duelwudulo| fkrvhq � ' 2 lv wkh glfwdwru iru

s iru doo suhihuhqfh sur�ohv lq LRn��
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Uhihuhqfhv
^4` Eduehuä/ V1/ 4<;6/ Vwudwhj|0surriqhvv dqg slyrwdo yrwhuv= d gluhfw surri ri

wkh Jleedug0Vdwwhuwkzdlwh wkhruhp/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz 57/
746 0 74:1

^5` Eduehuä/ V1 dqg E1 Shohj/ 4<<3/ Vwudwhj|0Surri Yrwlqj Vfkhphv zlwk Frq0
wlqxrxv Suhihuhqfhv/ Vrfldo Fkrlfh dqg Zhoiduh :/ 64 0 6;1

^6` Jleedug/ D1/ 4<:6/ Pdqlsxodwlrq ri Yrwlqj Vfkhphv= D Jhqhudo Uhvxow/
Hfrqrphwulfd 74/ 8;: 0 9341

^7` Vdwwhuwkzdlwh/ P1/ 4<:8/ Vwudwhj|0surriqhvv dqg Duurz*v Frqglwlrqv= H{0
lvwhqfh dqg Fruuhvsrqghqfh Wkhruhpv iru Yrwlqj Surfhgxuhv dqg Vrfldo
Zhoiduh Ixqfwlrqv/ Mrxuqdo ri Hfrqrplf Wkhru| 43/ 4;: 0 5491
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