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Abstract: In an exchange economy with endowment inequality, we investigate how preferences with
external habits affect the equity risk premium. We show that the dynamics of external additive habits
with wealth inequality are complex when a background risk is present. It is ambiguous whether
wealth inequality will increase or decrease the equity premium even when the income uncertainty is
low. This result extends literature by suggesting that wealth inequality has a small role in explaining
asset pricing puzzles.
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1. Introduction
Georgios Koimisis. 2021. Equity

Premium with Habits, Wealth A consumer’s attitude towards risk has been a central topic in financial economics

Tnequality and Background Risk. and particularly asset pricing. A notable long-standing discrepancy between asset pricing
Journal of Risk and Financial models and data is the equity premium puzzle (Mehra and Prescott 1985; Weil 1989),
Management 14: 321. https:// according to which the implied risk aversion is implausibly high. For a reasonable level
doi.org/10.3390/jrfm14070321 of relative risk aversion, the conventional consumption-based capital asset pricing model
(C-CAPM) calibrates an equity risk premium and a risk-free rate that do not match the
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Several revisions and elaborations of theory have been proposed trying to provide
Received: 13 June 2021 a possible explanation on why investors may demand such a high equity premium for
Accepted: 7 July 2021 holding risky assets. It has to be noted that no resolution proposed in the finance literature
Published: 12 July 2021 has fully resolved this anomaly, at least not single-handedly. We focus on the strands of

literature involving habit formation and uninsurable income risk. Specifically, we examine
Publisher’s Note: MDPI stays neutral - the importance of habit formation for individuals’ portfolio allocations when a background
with regard to jurisdictional claims in risk is present.

Habit formation models modify preferences so that the agent can be sensitive to rela-
tively poor consumption outcomes. In this type of models, utility depends on consumption
relative to a reference level of consumption (Sundaresan 1989; Abel 1990; Constantinides
1990; Ferson and Constantinides 1991; Campbell and Cochrane 1999). Habit formation

= works in the following way. When the agents’ consumption is closer to the habit level,
Copyright: © 2021 by the authors.  agents fear further negative shocks since their utility is concave. A given percentage change
Licensee MDPI, Basel, Switzerland. i consumption produces a much larger percentage change in habit-adjusted consumption
This article is an open access article  than jn consumption itself. In this way, small fluctuations in consumption growth can
distributed under the terms and - gonerate large variations in habit-adjusted consumption growth and hence explain sizable
excess returns on risky assets, even for moderate values of the degree of risk aversion!.

In our paper, we relax the assumption that markets are complete and fully insured,
with the introduction of a background risk, defined as a risk that cannot be insured or
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avoided. Under some regularity assumptions on preferences (Pratt and Zeckhauser
1987; Kimball 1993; Eeckhoudst et al. 1996; Gollier and Pratt 1996), background risk makes
investors less willing to take other forms of risks, such as investment in risky financial assets.
Researchers have identified sources of background risk that cannot be fully diversified
away because of market incompleteness or illiquidity. Human capital (Bodie et al. 1992;
Viceira 2001; Cocco et al. 2005), housing wealth (Cocco 2005; Flavin and Yamashita 2002;
Yao and Zhang 2005) and private business wealth (Heaton and Lucas 2000a, 2000b) have
been used to explain the reluctance of households to invest in risky financial markets.
Fagereng et al. (2018) focuses on human capital as source of the background risk and shows
that its importance regarding portfolio heterogeneity varies greatly, as it is large for the
poor and negligible for the wealthy.

However, there has been criticism in finance literature on whether incomplete markets
can help explain asset pricing puzzles. Krusell and Smith (1997) argue that when accounting
for market incompleteness, “the explanation of puzzles can be partial at best, unless the
heterogeneity generated by the models is quantitatively reasonable”. Gollier (2001b) also
concludes that, in isolation, background risk cannot explain the equity premium puzzle.
On the other hand, Constantinides and Duffie (1996) are able to reconcile both the equity
premium and the risk-free rate puzzles in an incomplete market setting, using as key
ingredient of their model labor income following a random walk with drift. Furthermore,
Semenov (2017) finds that an additive idiosyncratic background risk can explain the high
effective risk aversion and consequently accounts for about 60% of the average equity
premium observed in the US economy.

In our paper we explore the effects of external additive (subtractive) habits on the
equity risk premium (and the risk-free rate) when a background risk is present, and con-
sumers are heterogeneous in terms of their wealth. The joint hypothesis of consumer
heterogeneity and incomplete information adds to the possibility of enriching the asset
pricing implications of the representative consumer model. We are motivated by the
following: First, the connection between wealth distribution and asset prices has long
been recognized in literature. Second, there is controversy on whether background risk
could prove to be a useful element in explaining asset pricing puzzles. Third, it has
been observed that external habits can indeed contribute to the resolution of several asset
pricing anomalies.

We start by building our methodology according to Gollier’s (2001a) seminal study,
as we account for wealth inequality that is established with a mean-preserving transfer
of endowment’. The literature on wealth inequality and equity premium has been con-
tinuously expanding. Gollier (2001a) finds, among others, that the combination of wealth
inequality with a small background risk biases marginally asset prices towards a larger
equity premium. An inverse relationship between the equity premium and wealth inequal-
ity is observed in the studies of Garleanu and Panageas (2015) and Toda and Walsh (2020).
Additionally, Favilukis (2013) shows that increasing wage inequality along with lower
borrowing constraints and decreasing participation costs can explain the increasing wealth
inequality and stock market participation, as well as a declining equity risk premium.

Next, we allow for external habits in the additive (subtractive) form>. We find that
stronger external habits can increase substantially the equity premium when there is large
income uncertainty. On the other hand, our theoretical analysis suggests that external
habits have a complex effect on the concavity of the absolute risk tolerance and on the
concavity of the absolute risk imprudence of the investors, which, subsequently, affect the
equity risk premium and the risk-free rate, respectively. It is ambiguous whether wealth
inequality will increase or decrease the equity risk premium (risk-free rate) when external
habits are present. We show that wealth inequality in a habit economy may increase or
decrease the equity premium, when a low background risk is present. The ambiguity of
our results extends the findings of Giannikos and Koimisis (2021) showing in a complete
market setting with external habits, that wealth inequality may decrease (increase) the
equity premium when the absolute risk tolerance of investors is convex (concave). That
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will depend on the magnitude of habit strength and risk aversion of agents in an unequal
economy. In addition, we complement Gollier’s (2001a) work by showing that wealth
inequality continues to have a small role in explain asset pricing puzzles, even after the
introduction of external habits.

The rest of the paper is organized as follows: Section 2 describes the model and methodol-
ogy, Section 3 presents the data calibrations and discussion of results and Section 4 concludes.

2. Model and Methodology
2.1. The Setup

We assume a simple Arrow-Debreu exchange economy with a single perishable good,
composed of a large number of agents, i =1, 2..., n, who live for two periods, indexed
by t = 0and t = 1, respectively. In period t = 0 there is uncertainty about the prevailing
state of the world at t = 1.

To keep the model simple, we assume that all agents have identical preferences and
the same subjective discount factor B. Below ¢(") denotes the n'" derivative of function
¢ with respect to its argument. This notation has been used throughout the paper for
many functions, including the utility u and tolerance 7. The economy is characterized by
the von Neuman-Morgenstern (vINM) utility function # on consumption at each period,
increasing (1! > 0), twice continuously differentiable and strictly concave (u(?) < 0). It is
well known that the standard vINM (or expected) preferences exhibit a strong interdepen-
dence between risk and time preferences. The uncertainty is characterized by S possible
states of nature, indexed by s = 1,... S and by the associated state probabilities py, ... ps.
This implies that the marginal utility of the good in current and future period is decreasing.
A frictionless complete market exists for insurance and credit contracts, taking place at
t = 0. The equilibrium prices 71y and 775 are paid at t = 0 for the delivery of 1 unit of the
good att = 0 and t = 1, respectively.

Itis also necessary to determine how the agents should allocate their initial endowment
of the good between immediate consumption and saving/investment for the future. At date
0, there is inequality in the endowment for each agent, where w; is agent i’s endowment
of the single consumption good at that period. Agent i is also endowed with a bundle of
contingent claims (w;y, . . . w;s). The income per capita in state s is random and equal to:

a1
Z6=) i 7 Wis

The preferences of consumers are characterized by external habits in the additive
(subtractive) form, where intra-temporal utility is written over the difference between
consumption and habit. External habit Y, is defined as a function of per-capita contempo-
raneous consumption. Each agent is concerned with her current consumption relative to
that of others. The investor’s habit is as follows:

Xis = €Cs, O<exl1

where the per-capita consumption is defined as Cs = (1/n) }_' ; Cjs and is treated as pure
externality because the sum of individual consumption equals the aggregate endowment
process, which is exogenous.

The consumption-savings maximization problem after the introduction of habit for-
mation becomes:

S
II}:QXU(CiO/XiO) +B 25:1 Psu(cisr Xis) @

s.t.
s
70(Cio — wip) + ) o4 7s(Cis — wis) =0 @)

The competitive equilibrium is satisfied by taking the following first order conditions:

uM(Co, xi0) =Aimo,  5=0,...,S 3)
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BpsuV(Cis, xis) = Aims,  5=0,...,S (4)
where A; is the lagrangian multiplier associated to agent i’s budget constraint.
The market clearing conditions are:
no 1 no 1
Yo ECB =Y. —Wis, s=0,...,S 5)

2.2. Preferences

All agents exhibit hyperbolic absolute risk aversion (HARA) utility for wealth at the
end of a single time period. This assumption allows us to compare optimal risk sharing
rules in the presence of background risk with the linear risk sharing rules that exist in an
economy with HARA utility and no background risks. The marginal utility for HARA with
habits is given as:

(1 —rs)z - ©)

uM(z) = (1 —¢e)b+
for some constants b and r, subject to the feasibility constraint:

(1—¢)z
r

>0

2.3. Background Risk

In the real world, investors are exposed to the double hazard of stock market losses
and job loss, especially in a recession period. Investment in equities not only fails to
hedge the risk of job loss but accentuates its implications. Investors require a hefty equity
premium in order to be induced to hold equities. Given that, a question that rises is
whether the existence of this uninsurable risk can be a contributing factor for aggregate
asset pricing anomalies, such as the equity premium and risk-free rate puzzles. As long
as the preferences are risk vulnerable, then a background risk can contribute to that,
although there is skepticism in terms of the magnitude of its effect (Gollier and Pratt 1996).
Gollier (2001a) shows that risk vulnerability of preferences implies that in the presence
of an independent background risk with a non-positive mean, the indirect utility is more
concave than the original utility. Because the CRRA utility exhibits risk vulnerability, this
suggests that the model with background risk has the potential to explain the observed
equity premium with an economically realistic value of the agent’s original utility function
curvature parameter. Risk vulnerability guarantees that any zero-mean background risk
raises the aversion towards any other independent risk.

Our model is modified in the following way. We assume that agents in the economy
faces a non-hedgeable background risk*, which creates an element of market incomplete-
ness in the economy. This background risk could for example be associated with labor
income or holdings of non-marketable assets and is idiosyncratic among the population of

consumers. The agent’s wealth at time 1 is z + i, where y is the background risk.

The habit utility now becomes v(z) = Eu [(1 —e)z+ 37} . In this case, the amount an
investor can consume depends not only on the risky payoff, but also on the background
risk. The background risk ¥ is independent of the market portfolio payoff z. Moreover,
E (?) = 0 so that the non-hedgeable income is a pure risk, with a non-positive mean. This
background risk is also a time 1 measurable random variable, denoted by 371- = kX;, where
X; is a random variable with non-positive mean and unit variance and k is a constant

measuring the size of the background risk. We also assume that 3;1- is bounded from below.
The economy with agents having a utility function u and facing the idiosyncratic risk

? is equivalent to an economy with agents having a utility function v and no background
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risk. We denote the absolute risk tolerance of v without habits (non-habit ART) as Ty (z)
and the absolute risk tolerance of v with habits as 7,(z). The habit ART equals:

Eu(®) [(1 —&)z+ ?]
() == Eu(®) [(1 —€&)z+ ﬂ 7

when evaluated at z. Differentiating with respect to z yields:

2 = (1— Eu® [(1 —€)z+ ?] Eu® {(1 —&)z+ ]7} ., .
’ [Eu(z) {(1 —e)z+§“2

and
@, (z) = £e) ©)

[z a-oz+3]]

where

F(z) = (1—¢)? {Eu (z —ez+ ;) (2)} 2Eu(3) (z —ez+ ?)

+Eu® (z — ez + ;) Eu@ (z — ez 4 ?) Eu® (z —ez+ ]7) —2Eu® (z —ez+ ?) (10)

{Eu@) (z —ez+ ?)} 2.

Gollier (2001a) proved that for low background risk the absolute risk tolerance
of investors will be concave and therefore wealth inequality will raise the equity risk
premium. In an economy with low background risk but with absence of habit forma-
tion, Eu(2) [(1 —&)z+ ﬂ would be negative and F(z) non-negative, reducing our case to
Gollier’s (2001a)°.

However, when external habits are present, the dynamics are more complex. This can
be shown with a simple numerical example. Assume a CRRA utility function with coef-
ficient of relative risk aversion r = 4. In Figures 1 and 2 we have drawn the T(1), and
7(1), respectively, when the background risk is distributed as (—k, 1/2; +k,1/2). For a low
background risk (k = 1) and no habits (¢ = 0), T, is uniformly decreasing (Figure 1),
implying that the indirect utility function has a concave absolute risk tolerance.

0.275
0.265

0.255

0.25

Figure 1. T, when ? ~(=1,1/2;41,1/2)and e = 0.
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Figure 2. 71, when y ~ (=1, 1/2;+1, 1/2) and € = 0.7.

But with the presence of habits, such as in the case of e = 0.7, ), can be decreasing or
increasing (Figure 2), implying that the absolute risk tolerance might be concave or convex.

Proposition. Suppose we have an economy with HARA preferences and habit formation, a level of

risk aversion r > 1, and a background risk ? that is small relative to wealth z. Then the absolute risk

tolerance T, (z) of habit-forming agents might be concave or convex, implying that wealth inequality

may increase or decrease the equity risk premium®.

Proof: Assuming that E (?) = 0 and y is distributed as k¥, with EX = 0 and Var(%) = 2,
then a second order Taylor approximation around z would yield:

Eu™(z — ez 4+ k%) = (1 - s)z{u(”)(z —e2) + K2ul"+?) (z — sz)} +o (k3) (11)
F(z) transforms as:

F(z)= (1-— 8)2{ [u<2) (z—ez)+ Ku@ (z— sz)] ? [u(3) (z—ez)+ k24,(5) (z— sz)]
+ (u(l) (z —e2) + KPu® (z — e2)u@ (z — e2) + KPu® (z — sz)> [u(4) (z —¢z) (12)
+K2u®) (z — sz)] -2 {u(l)(z —ez) + K2u®(z — sz)] [u(3> (z) + KPu®(z — sz)] } + o (k%)

which can be rewritten as follows:
F(z) = (1= {do+ 8k} +0(K) (13)
Due to the linearity of 7, the term Jy is equal to 0. The term ¢; is expanded as:
81 = (u®)?u® 1 3u@ 33 @ 4 O (Y 4026 _2,0)) _4,103),6) (14
where u(") = u(") (z — ¢z). Given that preferences are HARA, we have:
ud = (1 —e)x"
u®@ = —r(1-— s)zx_r_1
NOI +1

— 1_ 3,.—r=2
-
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u(4) _ (1’ + 1)2(7’ + 2) (1 B €)4xfrf3
r
O A I T P
r
46 (r+1)(r+ 23£r +3)(r+4) (1- s)6x*r*5
where x = b + @ The term 6, becomes:
_ N\9.,-3r—6
5 = 4r(r+1)(1—¢)'x (15)

4

The interaction of habits with risk aversion can reduce or increase é;. When habit
formation is absent, term ¢; reduces into form (16) below, denoted as «1.

4(r+1)x~%6
= DT (16)
r
withx = b+ 2.
Comparing ¢; and a7 we find that if (1 — 6)3(1_7) > 1 then 7 > a1. This is always
true for r > 1, regardless of the habit strength 0 < ¢ < 1. Then F(z) > K(z), where
K(z) is the reduced form of F(z) without habits (see Note 3). This in turn implies that

ngz) (z) > TZSZ) (z), where T,(z) is the absolute risk tolerance of an agent with habits and
Ty(z) denotes the absolute risk tolerance of an agent without habits. Given that T, (z) is
concave, this should be sufficient to explain that 7, can be concave (t(?),, < 0) or convex
(@, >0).0

2.4. Asset Pricing

In an economy with background risk, the equilibrium price of an asset is
Y Gy = EqsGsv(l)(zs), where G; is the asset’s payoff. Risky assets and bonds have
S S

payoff vectors G°* = (0,z1,..., zg) and Gl = (0,1,..., 1), respectively.
The relative price of a risky asset with respect to bonds is evaluated as:

1= 255:1 Pszsv(l)(ZS)
Zsszl Psv(l)(ZS)

The risk-free asset provides one unit of consumption good at t = 1 with probability 1.
The price of the bond will be:

(17)

L_ ro_q psot(z) (18)
R pov!) (zo)
where R is the gross risk-free rate, zg is the current level of income per capita and z is the
income per capita at the maturity of the gross risk-free rate.

Subsequently, the risk-free rate is equal to:

oW (zg)

Rf = BT peo (2 -1 (19)

3. Calibration and Results

We also examine numerically the effect on the equity risk premium in an economy
with external habits, endowment inequality and background risk. In order to be able to
compare our calibration findings with Gollier’s (2001a) we explore an economy with similar
characteristics. In period t = 0 the consumption per capita is certain and equal to zg = 0.99.
In period t = 1, two states of the world exist, a recession indexed by 1 and a growth state
which is indexed by 2. In state 1 the per capita consumption becomes z; = 0.99 with
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a probability of 61.8%. In state 2 the per capita consumption becomes z; = 1.06 with
a probability of 38.2%. We also note that our qualitative results do not depend on the
probability of a recession, and they do not depend on the particular values of the growth
rate of the per capita consumption in each state either. The mean and the variance of the
growth rate of this economy are the same as those of the U.S. economy for the period
1889-1978 (See Table 1 data).

Table 1. Summary Statistics, United States Annual Data, 1889-1978.

Estimates

Ct/Ci1 1.82 (3.61)
Rf 0.77 (5.92)
E(R,) 6.98 (16.54)
Rp 6.21 (16.76)

Note: Sample mean and sample standard deviation (in parentheses) figures for real consumption growth C;/C;_1,
the real risk-free interest rate Ry, real return on equity E(R.) and the equity risk premium Rp. All values are in
percentages. Source: Mehra and Prescott (1985).

In terms of the wealth distribution of the economy, we run a simulation of two equally
weighted classes, poor and rich. The poor are endowed with a share of 1 — 1 of the GDP
per capita in each state, and the rich are endowed with the rest 1 + h. Parameter h is
the coefficient of variation of the wealth distribution. Parameter r measures the degree
of relative risk aversion evaluated at consumption level z = 1 and is set at 2, which is
reasonable and consistent with the finance literature. Lastly, we introduce an uninsurable
labor income risk ?, distributed as (—k,1/2;+k,1/2), i.e., a background risk ? will yield
a 50-50 chance to win or lose k. Parameter k is the standard deviation of the growth of
labor income.

The introduction of external habits has a complex effect on the concavity of the
absolute risk tolerance. We find that with low background risk (k = 0.25) wealth inequality
may increase or decrease the equity premium in an economy with external habits. Table 2
provides evidence for the ambiguity of results.

Table 2. Equity Risk Premium Rp (in %).

hle 0.0 0.1 0.3 0.5

0.0 0.3038 0.3153 0.3491 0.4687
0.3 0.3059 0.3174 0.3500 0.4632
0.5 0.3089 0.3198 0.3495 0.4414

Note: Calibration results for the equity risk premium Rp, in an economy with external habits and low background
risk (k = 0.25).

The first column of Table 2 refers to a non-habit economy (¢ = 0) and confirms
Gollier’s (2001a) results. The next three columns refer to a habit economy with weak
(¢ = 0.1), moderate (¢ = 0.3) and strong habits (¢ = 0.5), respectively. In all cases, the
level of income uncertainty is low and kept fixed at k = 0.25. We observe that, for weak
habit strength, wealth inequality (/) will increase the equity risk premium in an incomplete
market setting. However, for stronger habits (¢ equal to 0.3 or 0.5), wealth inequality
will decrease the equity risk premium. This result extends Gollier’s (2001a) findings on
the relationship between inequality, income uncertainty and the risk premium. Wealth
inequality can decrease the equity risk premium even with a low level of background risk
when investors exhibit exogenously habit-forming preferences. However, as we observe,
the values for the premium continue to be low, given a low level of background risk.

Next, we examine the effect of habits on the equity risk premium as the level of income
uncertainty rises. Figures 3-6 show the equity risk premium as a function of the size of the
uninsurable income risk. In the finance literature it has been shown that external habits
will raise the equity risk premium in a conventional C-CAPM complete market model
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with CRRA preferences. In these models, wealth inequality has no effect on asset pricing.
Our simulations suggest that in an incomplete market model, where wealth inequality
matters, external habits will also increase the equity risk premium.

0.7 T
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0.55 -
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0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 3. The equity premium (in %) as a function of the background risk. The solid (dashed) line
represents the non-habit (habit) egalitarian economy.
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o
i
(4]
T

0.35 -

0.3

025 | 1 1 1 1 1 L 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 4. The equity premium (in %) as a function of the background risk. The solid (dashed) line
represents the non-habit (habit) unequal economy.

Figure 3 compares non-habits with habits in an egalitarian economy with background
risk, while Figure 4 compares a non-habit with a habit case in an unequal economy (h = 0.5).
We observe that external habits increase the equity risk premium in both egalitarian and
unequal economies. The increase of the premium is substantially higher as the back-
ground risk increases. With absence of background risk, the increase in premium can be
characterized as marginal. It seems that background risk amplifies the effect of habits.



J. Risk Financial Manag. 2021, 14, 321

10 of 15

0.5 T T T T T T T T T

0.45 -

Premium
o
S
T

o

w

a
T

0.25 I L 1 I I L L 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 5. The equity premium (in %) as a function of the background risk. The solid (dashed) line
represents the non-habit egalitarian (unequal) economy.
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Figure 6. The equity premium (in %) as a function of the background risk. The solid (dashed) line
represents the habit egalitarian (unequal) economy.

Another observation that we make is that, when the level of income uncertainty is
high, wealth inequality will decrease the equity risk premium even after the introduction
of external habits. In the non-habit economy with k = 0.5, wealth inequality produces a
premium below 0.45% (Figure 4), while in the egalitarian case, the premium is above 0.45%
(Figure 3). With habits the results for the equity premium diverge substantially. Specifically,
for habit strength € = 0.3, the risk premium is slightly above 0.6% in the unequal economy
(Figure 4), while in the egalitarian economy is as high as 0.7% (Figure 3).

Figures 5 and 6 extend further our analysis. Figure 5 replicates Gollier’s (2001a)
findings and compares an egalitarian with an unequal economy (% = 0.5) where agents
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exhibit non-habit preferences (¢ = 0), while Figure 6 compares an egalitarian with an
unequal economy (k = 0.5) and refers to the habit scenario (¢ = 0.3).

We observe that for a larger income uncertainty (k > 0.35) and absence of habits
(Figure 5), wealth inequality will decrease the equity risk premium. However, in the
scenario of the habit economy (Figure 6), wealth inequality will decrease the equity risk
premium even when a low background risk is present (k < 0.3).

It seems that the effects that habits have in our model economy are magnified when
wealth inequality and a high level of income uncertainty are present. The highest equity
premium is generated in an egalitarian economy with habits and large background risk.
It becomes evident that even after the introduction of external habits, wealth inequality
continues to have a small effect in adjusting the equity premium to its empirically observed
levels. We leave potential empirical tests of the above results for future research.

4. Conclusions

The objective of this study is to examine the relationship between asset prices, wealth
inequality, external habit formation and market incompleteness in the form of background
risk. Wealth inequality is established with a mean preserving transfer of endowment.
When consumers have HARA preferences without habits and face no uninsurable risk,
the distribution of wealth has no effect on the equity premium and on the risk-free rate.
We inquire about whether taking into account the unequal distribution of wealth in an
economy with background risk may contribute to the equity premium puzzle, when the
preferences of the agents are habit forming,.

Stronger external habits can substantially increase the equity risk premium. The highest
equity premium is generated in an egalitarian economy with external habits and large
background risk. Furthermore, we show that in a habit economy it is ambiguous whether
wealth inequality will increase or decrease the equity risk premium when a low background
risk is present. Specifically, we extend Gollier’s (2001a) findings and show that wealth
inequality may decrease the equity risk premium even when an economy has a low
level of income uncertainty, as long as external habits are present. However, wealth
inequality continues to have a small effect on asset pricing, even after the introduction of
external habits.

An explanation for the marginal effect of wealth inequality on asset prices can be
attributed to the curvature of the conventional HARA utility function and its variations.
Specifications of the C-CAPM where the stochastic discount factor is based on higher
order Taylor expansions of arbitrary smooth utility functions, such as the one described
by Harvey and Siddique (2000), might be able to exhibit essentially arbitrary amounts of
curvature. Although follow-up work such as Post et al. (2008) and Poti and Wang (2010)
suggested that, under appropriate restrictions, higher moment C-CAPM type of models
might be more limited than what was initially expected, these models do not account
for the presence of background risk and wealth inequality. This is clearly a rational and
possible application of our work. The evaluation of the effect of background risk and
wealth inequality in this case is left to future research.
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Appendix A. Risk Free Rate

To analyze the impact of wealth inequality and external habits on the risk-free rate,
a discussion on the concept of prudence is required. The global effect of wealth inequality
is decomposed into a consumption smoothing effect and a precautionary savings effect,
with the latter being the relevant for our analysis. The absolute risk prudence measures the
1B (z)
u2) (2) '

Gollier (2001a) proved that, when the risk-free rate is smaller (larger) than the rate of
pure preference for the present 1/ in the egalitarian economy, wealth inequality decreases
the risk-free rate if (i) the inverse of absolute prudence is concave, and (ii) the absolute risk
tolerance is concave (convex). The analysis for the absolute risk tolerance is in Section 2 of
this paper.

Our economy is characterized by an element of market incompleteness in the form of

intensity of precautionary savings (Kimball 1990) and equals P(z) = —

a background risk y and from preferences formed by the utility function v(z). We denote
the absolute imprudence of v without habits as Hy,(z) and the absolute imprudence of v
with habits as I, (z). The I of v equals:

Eu(® {(1 —&)z+ ﬂ
blz) = = Eu() [(1 —&)z+ ﬂ "y

when evaluated at z. Differentiating with respect to z yields:

1W,(z) = (1—¢) Eu? [(1 o ;] e [(1 o ?] -1 (A2)
’ {Eu(3) [(1 —e)z+§”2

and
D(z)

1?,(z) =
0|1 -92+7]]

(A3)

3

where

@(z)= (1-¢)? [Eu (Z —ez+ J) ) 2Eu (z —ez+ ;) &
HEu (Z Cet ?> “Eu (Z —ez+ ?) Y gz —ez+ ?) ? (A4)

—2Eu (z —ez+ J) (2) [Eu (z —ez+ ?) (4)}

Gollier (2001a) showed that for low background risk the absolute imprudence of
investors will be concave and therefore wealth inequality will decrease the risk-free rate, as
long as the risk-free rate is less than 1/ . In an economy with low background risk but with

absence of habit formation, Eu(®) [(1 —&)z+ ﬂ would be negative and & (z) non-negative,

reducing our case to Gollier’s (2001a).

However, as in the case of absolute risk tolerance, when external habits are present
the dynamics are more complex. This can be shown with the following numerical example.
Assume a CRRA utility function (as the one in Section 2.3) with coefficient of relative risk
aversionr = 4.

In Figures A1 and A2 we have drawn the H),(z), and IV, (z) respectively, when
the background risk is distributed as (—k, 1/2; +k, 1/2). For a low background risk (k = 1)
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and no habits (¢ = 0), H(!), is uniformly decreasing (Figure A1), implying that the indirect
utility function has a concave absolute imprudence.

0.214

0212

0.208
0.206
0.204

0.202

Figure Al. HY), when i ~ (—1,1/2; +1,1/2) and ¢ = 0.

However, when habits are present (Figure A2), such as in the case of ¢ = 0.7, the abso-
lute imprudence might be concave or convex.

0.065

0.06

10 15 20 25 30

Figure A2. I(1), when i ~ (—1,1/2; +1,1/2) and £ = 0.7.

As in the case of the absolute risk tolerance, we work similarly the relationships
(11)—(16) for the absolute risk imprudence I, except for replacing r with r — 1. The results

imply that 1§2> (z) > Hz(,z) (z), where I,(z) is the absolute risk imprudence of an agent with
habits and Hy(z) denotes the absolute risk imprudence of an agent without habits. Given
that Hy,(z) is concave, this should be sufficient to explain that I, can be concave (I 2, < 0)
or convex (I?);, > 0). Then if R < 1/ in the egalitarian economy, wealth inequality might
decrease or increase the risk-free rate.

Notes

! Gollier (2021), examining a two-period model with additive internal habits, finds an ambiguous effect on the investor’s risk

attitude, concluding that internal habits might actually reduce the insurance demand and, subsequently, the equity risk premium.
This mechanism allows the departure from an egalitarian wealth distribution.

Giannikos and Koimisis (2021) explore a similar model specification, but in a market with full consumption insurance and a type
of utility function that allows for flexible risk tolerance.
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A background risk exists regardless of the state s of an economy, but in the event of a recession, it is amplified. In our model, as
in Gollier’s (2001a) paper, we assume that background risk remains constant among states s.

2 2
> Gollier (2001a) finds the term K(z) = [Eu(z)} Eu® + EuMWEu@ Ey® — 2Eu(M) [Eu<3)] .

This proposition can be extended for the risk-free rate (See Appendix A for analysis).
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