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Abstract: This paper considers the risk model perturbed by a diffusion process with a time delay in the
arrival of the first two claims and takes into account dependence between claim amounts and the claim
inter-occurrence times. Assuming that the time arrival of the first claim follows a generalized mixed
equilibrium distribution, we derive the integro-differential Equations of the Gerber-Shiu function and
its defective renewal equations. For the situation where claim amounts follow exponential distribution,
we provide an explicit expression of the Gerber—Shiu function. Numerical examples are provided to
illustrate the ruin probability.

Keywords: ruin theory; delay renewal risk process; renewal equation; convolution formula; diffusion
process; FGM copula; exponential and equilibrium distribution.

1. Introduction

Financial institutions and insurers manage large amounts of capital and failure to properly estimate
the risk of ruin can result in serious financial consequences. To this end, researchers have constructed a
variety of models to study and predict the possible ruin time, the ruin probability, the claim outcomes,
and other useful risk metrics. One can cite the aggregate claims models, the Sparre Andersen model,
and many others. With these models, insurers are able to price and estimate the reserve and the ruin
related quantities. One very valuable analytical tool to understanding the event of ruin is the Gerber—Shiu
discounted penalty function (Gerber and Shiu 1998). This penalty function acts as a unified means of
identifying ruin-related quantities, which may be instrumental in understanding the vulnerability of
an insurance institution (Cheung and Feng 2013; Landriault and Willmot 2008; Lin and Willmot 2000;
Pavlova and Willmot 2004; Schmidli 2010; Willmot 2007; Zhang et al. 2009; Zou and Xie 2012).

In the actuarial literature, the Gerber-Shiu function satisfies a defective renewal equation in the
ordinary Sparre Andersen model. Due to the unrealistic nature of the model’s basic assumption of
independence and identical distribution for the claim inter-arrival time, extensions to that model have
been made. Consequently, extensions to the Gerber—Shiu function in the delayed renewal model have
also been made. For example, ((Willmot 2004; Willmot and Dickson 2003) considered the case where the
first inter claim time is assumed to follow a possibly different density than the common density of the
subsequent inter-claims times. (Cheung et al. 2010) considered the Gerber-Shiu function in a more general
settings. In particular, (Cai 2007; Cai et al. 2009; Zhou and Cai 2009) generalized a Gerber-Shiu function to
a more general cost function.

On the central problem of risk in the insurance industry, that of estimating the probability of ruin,
a lot of work has been done. (Dufresne and Gerber 1991) took the classical model of collective risk
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theory and added a diffusion process to the compound Poisson model. Then, they showed that the
probabilities of ruin (by oscillation or by a claim) satisfy certain defective renewal Equations and that
the convolution formula for the probability of ruin can be derived and interpreted in terms of the record
highs of the aggregate loss process. (Wang 2001) worked on a decomposition of the ruin probability for
the risk process perturbed by diffusion. (Tsai and Willmot 2002) considered the surplus process of the
classical continuous time risk model assuming independent diffusion (Wiener) process. They generalized
the defective renewal equation for the expected discounted function of a penalty at the time of ruin
in (Gerber and Landry 1998). (Gao and Wu 2014) worked on the Gerber-Shiu discounted penalty function
in a risk model with two types of delayed-claims and random income. They developed a new delayed
model with random premium income and two types of by-claims, and then derived an integral system of
equations for the Gerber-Shiu discounted penalty function and explicit solution of the Laplace transform
of the discounted penalty function. They proved that the discounted penalty function satisfies a defective
renewal equation and obtained an explicit result of the ruin probability under the exponential distribution.
(Schmidli 2014) studied the gerber—shiu functions with an application. (Zhang and Yang 2011) worked
on Gerber-Shiu analysis in a perturbed risk model with dependence between claim sizes and inter-claim
times, where they also considered that the compound Poisson risk model is perturbed by a Brownian
motion. (Lee and Willmot 2014) worked on the moments of the time to ruin in dependent Sparre Andersen
models with emphasis on Coxian inter-claim times.

This paper takes the results of (Zhang and Yang 2011) and incorporates the delay in the arrival of the
first two claim arrival times. The objective of this paper is to generalize (Zhang and Yang 2011) results to
the case of the delayed renewal risk model with a generalized mixed equilibrium first claim time, first
introduced by (Willmot 2004), and to derive the associated ruin probabilities. One justification of the
delay renewal risk model is from observations within the car insurance industries. For instance, if there
has been a long waiting time before a claim, the next inter-arrival time can be long, as well, because the
policyholders are potentially “good drivers” or the reverse could be obtained, where some policyholders
only start to use their cars a long time after purchasing them. Then, claims would suddenly arrive more
frequently after a long silence.

The paper is structured as follows. In Section 2, the risk model is presented. In Section 3, we
derive the equation for the Lundberg adjustment coefficient and its solutions. Sections 4—6 deal with the
integro-differential equations, the Laplace transform, and the defective renewal equations, respectively.
Representations of the solutions of the afore-mentioned equations are followed by numerical examples to
illustrate the theory.

2. Risk Model

2.1. Definition of the Risk Model

We consider the following delay renewal risk process perturbed by an independent diffusion process.
The delay renewal risk model used in this section is similar to the one proposed in (Willmot 2004).
The surplus process at time ¢ is:

Nf
U = u-+ct+oB— X;, vVt >0, 1)
i=1

where u is the initial surplus and c is the rate at which premiums are received per unit of time. Nf denotes
the delayed renewal process, N; is the ordinary renewal process, and o B; represents the diffusion process
accounting for the perturbation that may arise from the market or due to model error. We denote by V; the
time between the (i — 1)th and the ith claim fori = 2,3, ...
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The assumptions of the model are summarized in the following;:

e the time arrival of the first claim V; has density function given by:

e~ Mt ftoo sz (y)dy
f()oo eiAlyFVz (]/)dy,

fr,(t) = grre™ + (1 —¢) )

where 0 < g <1,A; > 0, and the inter- occurrence time from the second claim V; has the density function
fv, with survival function Fy,.
Clearly, V; is a mixture of two random variables W;, i = 1,2 with density functions given by fy, () =

- e M7 fy ()dy
)\16 Mt and sz(t) = Wp“z(m/

As in (Willmot 2004), the motivation for this particular choice of the generalized mixed-equilibrium
distribution is two-fold. First, when g = 0, fy, is a generalized equilibrium distribution. The stationary
or equilibrium renewal risk model is a special case of the delayed renewal risk model where the time
until the first claim has an equilibrium distribution different from the other inter-claim times’ distribution.
The motivation of the equilibrium distribution is that it is the limiting distribution of the time until the
next claim occurs. Second, when g = 1, V; is exponentially distributed, which is an intriguing choice for
the time until the first claim occurs. In particular, note that, if the duration between the last claim before
time 0 and the first claim after time 0 is exponential, then the (conditional) distribution at time 0 of the
time until the first claim after 0 has the same exponential density, regardless of when the last claim before
0 occurred, as follows from the memoryless property of the exponential distribution.

t > 0, with weights gand 1 — g.

e  The time between the second and the third claim, V5, is exponentially distributed with parameter A;;

e V,i=1,2,... are independent;

e the subsequent claims inter-occurrence times {V;}° , are exponentially distributed with parameter A,
ie, Vi~V ~exp(A),i=3,---;

o {X;}?2, areindependent and {X;}{ , are distributed as the generic X;

e X;and V; are dependent and jointed by FGM copulas with parameter (7;);—1 , such that 7; = # for
i=3,;

e {(X;,V;),i=1,2,...} are mutually independent; and

e the standard Brownian motion (B¢);>¢ is independent of the aggregate claim process.

2.2. The Dependence

We introduce a specific structure of dependence based on the Farlie-Gumbel-Morgenstern (FGM)
copula. While there are many copula families, the advantage of using the FGM copula and its
generalizations lies in its mathematical manageability. As illustrated in (Cossette et al. 2010), it models
the dependence structure between the claim amounts and their occurrence times such as catastrophic
claims. Even if the FGM copula introduces only light dependence, it admits positive as well as negative
dependence between a set of random variables and includes the independence copula when its parameter
is zero. It is also known that the FGM copula is a Taylor approximation of order one of the Frank copula,
Ali-Milkhail-Haq copula and Plackett copula (see Nelsen 2006).

The joint cumulative distribution function (c.d.f.) of (X;, V;), the ith claim and its occurrence time is

F(Xl,,vl,)(x, t) = C,IZGM(FXZ.(X),FVZ.(t))
Ex, (x)Fy, (£) + i, (x) Fy, () (1 — B, (x))(1 — Fy, (1)),
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for (x,t) € R* % Rt and where Fx, and Fy, are the marginal c.d.f. Recall that the density of the FGM
copula is ;oM (u,v) = 1+ 7;(1 — 2u)(1 - 20),i = 1,2,3and 513 = 5 for (u,v) € [0,1] % [0,1] so that the

i

joint probability density function (p.d.f) of (X;, V;) is

fooy (0 t) = 3R ChOM (B, (x), Fu, (1) = fx,(x) fu, (£)chCM (B, (x), Fy; (1))
= fx, () fv,(8) +7ifx, (%) f (8) (1 = 2Fx, (x) ) (1 — 2Fy, (1))
= fx(X)fy,(t) + 7ifv, (£)hi(x) (1 = 2Fy,(t))

Sy (t) = (fx,(x) = nihi(x)) fv,(£) + 2k (x) fv, () Fy, (t),

®)

where h;(x) = fx,(x)(1 — 2Fx,(x)), fx,, fv, are the density functions of X; and Vj, respectively, and Fy,
is the survival function of V;. For simplicity, we have the following notations: f; := fx;h; := hx;;i =
1,2, fi=fx;h:=hx,i=12

Remark 1. In this model, the risk process becomes ordinary renewal risk model after the occurrence of the second
claim. Therefore, we call the whole model a second-order delayed renewal risk model (or risk model of Type 1I). After
the occurrence of the first claim, the whole process becomes a first-order delayed renewal risk model (or of Type 1) and
then an ordinary renewal risk model.

3. Generalized Lundberg-Type Equation

In this section, we introduce a generalized version of the Lundberg equation for the risk process and
analyze the existence of its roots. Let us define the Gerber-Shiu function by

() = E [e=%w(Ue, [Ue (T < 09)|usi0)=u |
where T is the time of ruin (i.e., the first time the surplus level falls bellow zero) and is defined

mathematically as:

<0} yiso

. inf{t > 0: U
)] wifU; >0

To guarantee that ruin is not a certain event, we assume that the following net profit condition holds
E[cVi — Xi] > 0with k = 1,2,... The Gerber-Shiu function m can be decomposed as:

(1) = ¢ () + 9 (), )

where
93(1) = E [~ w(Ur—, [Uc)I(T < 09, Ur < 0)|us0)=u (5)
9i(n) = E [ (Us, U )I(T < 00, Ur = )]0 - (6)

This decomposition can be explained by the fact that if the ruin occurs it can be caused either by
oscillations or by claims. ¢, P (respectively, ¢, 1) represent the Gerber-Shiu functions when ruin is caused
by claims and by oscillations in the delayed renewal risk model of Type I (respectively, the Gerber—Shiu
functions in the ordinary renewal risk model).
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Let us consider the sequence of the surplus at the nth claim such that

d
Nr,

Uy, =u+cT, + 0By, — Y X,
k=1

where T, = }_; Vj is the time occurrence of the nth claim. By the properties of Brownian motion
(independent increment and stationary), we have the following equality in distribution,

n
u, =4 u -+ Z(ch +(TBVk — Xk)
k=1

Let us determine s such that {e °Tr+sUn}*  is a martingale.

By setting Z, = e °Tn s, we have that Z,,,; = Zye Vnr sV toBy, = Xui)

condition is satisfied if

. The martingale
E[67§Vn+1+S(CVn+1+7BVn+1 7X”+1)] =1.

Let us denote L(s) = E[e 0V *5(cV+eBv=X)] The generalized Lundberg equation associated with the
risk model in n > 3 is given by the following ordinary Lundberg equation

Lis) = 1, )

where

o2

L _ ~ OOE —0t+s(ct+0Bs—x) — Y —(6—sc— zsz)t—sx 8
(s) o [e VA%,V (o )t o Jy © fx vy paxar  (8)

Substituting Equation (3) into Equation (8), one gets

2A[f(s) —nh(s)]  4Anh(s)

S v N ¥ S ¥
with
2c 2(A49)
Ai(s) = 52"'?5_702 ,
2c 2(2A+90)
Az(s) = SZ+§S_T’

and f, i the Laplace transforms of f and h, i.e., f(s) = [;° ™" f(x)dx.

By the Rouché theorem and analogously to Propositions 1 and 2 of
(Chadjiconstantinidis and Vrontos 2014), Equation (7) has exactly two roots in the the right complex plane,
say p1, p2, such that Re(p;) > 0 and for § = 0 one root is null.

4. Results

4.1. Integro-Differential Equation

In this section, we derive the integro-differential Equations that satisfy the Gerber—Shiu functions
when ruin is caused by claims and by oscillations. We start with the first-order delayed and perturbed
risk model (Type I), a model such that after the first claim the process becomes ordinary. In this case,
the occurrence time of the first claim is exponentially distributed with parameter A, and the process
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becomes ordinary with claim inter-occurrence time following exponential distribution with parameter A.
Then, we move to the second-order delayed and perturbed risk model (Type II) where the time occurrence
of the first claim follows the distribution given in Equation (2) and the time until the second claim is
exponentially distributed with parameter A,. Recall that, after the first claim, it behaves as the first-order
delayed renewal risk model (Type I) before becoming ordinary. Let

op,(u) = /Ou ¢(u —x)fa(x)dx +wg, (u);we, (u) = /:o w(u,x —u)fr(x)dx;
o, (u) = /Ou ¢(u — x)hp (x)dx + wy, (u); wy, (u) = /;o w(u, x — u)hy(x)dx; (10)
oy = lzig1faf2;(7h = hlginh Opy Wy = flziLHf Wy Wy = hlzig1h Wy;
Pi(s) = 4 g 202t
Pa(s) = s>+ %s - W.
Setting D = 4(.),D* = %( -),Z the identity operator, we define the following
differentiation operators:
PUD) = D2+ %p- AT
PA(D) = D2+ %p - 227 (11)
A1(D) = limy, 3 Py(D), A2(D) = limy, 5 P2(D).

Theorem 1. Under the assumptions of the first-order delayed and perturbed risk model (Type I) defined in
Equation (1), the Gerber—Shiu function ¢, defined in Equation (5) when the ruin is caused by claims satisfies
the following integro-differential equation,

PUD)PAD)(@)() = — 2 Pa(D)(e, (1) ~ 1203y (1)) — REP(D) (o (), (12)
with the boundary conditions
" !/ )L
2a(0) = 0,05(0) + 254;(0) = — 22 (w5, (0) + 12103, (0)) (13)

In Equation (12), oy,, 0y, defined in Equation (10) are functions of the ordinary Gerber—Shiu function ¢
which satisfies

AD)A(D)(@)w) = — 25 Aa(D)(07(u) 103 (1)) — gl As(D) (01 (1)) (14

Remark 2. By letting Ay — A, fo — f and 5o — 1, Equation (12) reduces to the integro-differential Equation in
the ordinary renewal risk model in Equation (14), which is the equation from Theorem 1 of (Zhang and Yang 2011).

Proof. Let Z; = —ct — 0By and Z; = supogsgt{ZS}. The condition u — Z; > 0 ensures that the ruin is not
always caused by oscillation, i.e., the surplus process U; is not defined to be almost surely negative. Let
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us recall the Wiener-Hopf factorization theorem (Kyprianou 2006). Given an independent exponentially
distributed random variable ¢, with mean 2, the random variables Z,, and Z,, — Z,, are independent and
exponentially distributed. Let a1, a; be the correspondlng rates.

E[e—sZeu] _ E[es(Z@a —Zga)—sZBa]

$(Zeg— —sZ a a
= Bl el = (aljrs) (uzis)'

and
0 o2:2
E[e=5%a] = / E[e=5%)f,, (H)dt = / T g, (1)dt
0
= 722
a—cs— 5=

The roots of a — ¢s — 2 are—a1 and ap, with a1 = 2+,/%+%,a2=—§+\/§+§—g.
We now derive the expression of the Gerber-Shiu function by conditioning on the occurrence of
claims and taking into account the fact that ruin may occur or not.

¢a(u) = E[e”"Elw(u — Zy,, Xo — u+ Zy,)1(Xa > u — Zy,, Zy, < u)|(Va, X2)]]
+E[e"2°E[p(u — Zy, — X2)1(X2 < u— Zy,, Zy, < u)|(V2, X2)]]
= Jo Jlofusy e wlu =y, x = (u—y))PUZ: € dy, Zt < u)] fivy,xy) (1, %7t (15)
+Jo Jhe Jo e tp(u —y — )IP[(Zt € dy, Zt < w)] fry, x,) (1) dx At
= [l foywle =y, x = (u=y))p(uy,x)dxdy + [* [ (u—y = x)]p(u,y, x)dxdy.
The measure p is defined by:
pu,dy,dx) = p(u,dy,dx|Az,12)

= o hae (o (x) = aha(x))) + 2iphoe™ PRty (x)|P(Zs € dyZ: < u))dxdt

(16)
= 25 (fax) ~ Il (¥)PU(Zey, ) € Y, Ze,y, ) < W)
4+ 222 o= (A2 90y (x) | P Z iges) €W, Zeyy ) < 1))
Because
P[(Ze” < dy’ Ze” < u)] = fnljax((),y) P[_(Zea - ZEa - Zea) S dy, Zga S dx)]
= frZux(O,y) P((Zey — Ze, € x —dy, Z, € dx)]
(17)

= (fnl;ax(o ) a1a267(u1+a2>x+a2ydx> dy

— aax —(ay+ax)max(0,y)+axy _ ,—(a;+az)utay
- u1+a2<8<] ymax(0y)+azy _ p—(a1-+az) y>dy,
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applying Equation (17) to Equation (16), we have: for 0 <y < u,

pu,y,x) = puy x|Az,mn)
/\20(10(2
(A2 +9) (a1 +a2)

2112281 B2 “Bry o~ (B1+Ba)utBo
e LU CIC)

(e~ — ¢~ (ata2utaay) () () — pohy(x)) (18)

and fory < 0

p(wy,x) = puy x[Az,n2)
/\20610(2
(A2 +6) (a1 + a2)

2772)\215132 Y _ ,—\pP1Tp2)Uu+Pp2
+(2/\2+5)(ﬁ11 +ﬁz)(eﬁy e PRI (a(x),

(e“Zy . e*(“lJ“XZ)”JF“Zy)(fy_(X) — 172]12(9()) (19)

where
c 2(Aa+6) 2 c 2(Ay+6) 2
& = p"’ T‘f‘ﬁ,“z:—ﬁﬁ- T-ny
c 2@M+6) 2 \/2(2A2+§) 2
ﬁl = 0’2+\/0’2+U4,'B2_ ;"’ T-ﬁ-fl.

Substituting p(u, y, x) into Equation (15), setting v = u — y, and rearranging, we get

Pa(u) = M% [fou e (70 (0, (v) — 11203, (0))do — [57 e™117027 (0, (0) — 1207, (0) )0
+ [ e (0, (0) = 1207, (0) o] (20)
2172A2B1B2

e Cac —p1(u—0) — [ e=Pru—p2v © pB2(u—0)

2% +0)(B1 1+ B2) [fo e o, (v)dv — [ e 2003, (v)dv + [ P2 th(v)dv] .
Applying the operators P;(D), P,(D) defined in Equation (11) (which can be re-written as

P1(D) = (D4 mZ)(D — arZ), P2(D) = (D + B1Z)(D — Bo2Z)) to Equation (20), we get the result (12).

In Equation (20), we see that ¢;(0) = 0 and by taking the first, the second derivative, and setting u = 0

leads to the boundary conditions. [J

Let us
sz(u) = /Ou P(u — x) fo(x)dx;

u
Gun) = [ =D (x)ds; e
= i =1 .
Cr leinfgfzrgh Jm, Chy
Theorem 2. Under the assumptions of the first-order delayed and perturbed risk model (Type 1) defined in
Equation (1), the Gerber—Shiu function {4 defined in Equation (6) when the ruin is caused by oscillation satisfies the
following integro-differential equation,

2A;

PUDYPAD) o) (1) = —2Po(D)(Gp(u) — ol () — 122

P1(D)(Cn, (1)), (22)



Risks 2020, 8, 30 9 of 25

with the boundary conditions,

" % l - 2(/\2 +5)

e 23)

In Equation (22), { f2,Cy, defined in Equation (21) are functions of the ordinary Gerber—Shiu function 1,
which satisfies

AD)A(D)P)w) = g Aa(D)(p() ~ 1G4() — al As(D) (G (). (1)

Remark 3. By letting Ay — A, fo — f and 4y — 1, Equation (22) reduces to the integro-differential equation in
the ordinary renewal risk model in Equation (24), which is the equation from Theorem 2 of (Zhang and Yang 2011).

Proof. Let 7, =inf{t > 0: Z; = u},
Ele™*™1(1 < V3)] = E[e *™E[1(7, < V3)]|Z] = E[e” **12) 0] = g2t

using Formula (2.01) of (Borodin and Salminen 2002).
By conditioning on the fact that ruin caused by oscillation may occur or not before the first claim,

pa(u) = E[e®1(t < Va)]+E[e?V2E[p(u — Zy, — X2)1(X2 < u — Zy,, Zy, < u)|(Va, X2)]|
= et [0 e (u —y = 0)IP((Ze € dy, Zi < u)] fry, x,) (1) dX4E (25)
= e M¥ 4 ffoo foufy Y(u—y—x)p(u,y,x)dxdy.
In the same way as Theorem 1, we get the result. [

We are now able to determine the differential Equation of the defined risk process of Type IL
Conditioning on the arrival of the first claim leads to the Type I risk process, which leads to the ordinary.

(PZik(u) = E[eitSV]E[w(u_ZVyXl —M+ZV1>1(X1 > u_ZV1/Z_Vl < u)'(VLXl)H
+E[eVIE[pa(u — Zy, — X)Xy < u— Zy,, Zy, <w)|(V, X1)]]
= qE[e®ME[w(u — Zw,, X1 — u+ Zw ) 1(X1 > u — Zw,, Zw, < u)|(Wy, X1)]]
+(1—q)E[e ™ E[w(u — Zw,, X1 — tt + Zy,)1(X1 > u — Zw,, Z, < u)|(Wa, X1)]]
+qE[e ™ Elgg(u — Zw, — X)) 1(X1 < 4 — Zw,, Ziy, < u)|(Wa, Xo)]]
+(1 = q)E[e ™ E[pa(u — Zw, — X1)1(X1 < u— Zwy, Ziy, < u)|(Wo, X1)]],
$a(u) = qpr(u) + (1 —q)p2(u).
Then,
¢1(u) = Ele"™ME[w(u—Zw, X1 —u+ Zw,)1(X1 > u— Zw,, Zw, < u)|(Wy, X1)]]
+E[e™WiE[pg(u — Zw, — X1)1(Xq < u— Zw,, Zw, < u)|(W1,X1)]] o6
26
= [l Jilywlu—y,x — (u—y))p(u,y, x|Ar,m)dxdy

+ L Sy pa(u—y — x)p(u,y, x| Ay, 1) dxdy.
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Since we assume that V, is exponentially distributed with parameter A,, the distribution of

W, becomes:
e ML f (y)dy

fw, (t) = T e NIy, )y — (A + Ag)e~ WAt ¢ > g,
Thus,
¢2(u) = Ele™E[w(u— Zw, X1 —u+ Zw,)1(X1 > u— Zw,, Zw, < u)|(Wa, X1)]]
+E[e ™2E[gy(u — Zw, — X1)U(X1 < u = Zy, Zw, < u)|(Wh, X1)]] .
= [l fiywlu—y,x = (u—y)p(u,y,x|A1 + Az, 1) dxdy )
+ M S0 alu =y — ) p(u,y, x| M+ Ag, 11 )dxdy.
Therefore, the Hopf factorization theorem holds also in this case as in Theorem 1. Let
0p (1) = fo palu—x) ful@)dx + wp, (), w07, () = [ w(u,x — u) fi(x)dx, o
on () = fo Pa(u —x)hy(x)dx 4wy, (u),wy, (1) = [7 w(u, x — u)h (x)dx,
Bi(s) = sz+§s—w Bi(s )—52+£§s—w,
Bu(s) = s+ % C2(M +U;\2+5)’B26( =24 E ~2(2(M -;2)\2) +5)_

Theorem 3. Under the assumptions of the second-order delayed and perturbed risk model (Type I1) defined in
Equation (1), the Gerber-Shiu function ¢} defined in Equation (5) when the ruin is caused by claims satisfies the
following integro-differential equation,

B1(D)B,(D)Bie(D) B (D) (¢7) (1)
+ (424 B2(D) By (D) B (D) + (1 — q) 22220 By (D) By (D) Bae(D) ) (07, (w) = oy, (w)  (29)
+ (9225 B(D)B1o(D) B2 (D) + (1 — ) 21520 B, (D) B, (D)By(D) ) (o3, () = 0,
with the boundary conditions

70 = 0.4 0+ 207 © == (125 + -2 (0 0+, ). GO

In Equation (29), ¢, 0y, defined in Equation (28) are functions of the Gerber—Shiu function ¢, which satisfies
Equation (12).

Proof. Since ¢ (1) = q¢1 (1) + (1 — q)¢2(u), ¢1, ¢2 defined in Equations (26) and (27), by proceeding as
in Theorem 1, satisfy, respectively,

B1(D)Ba(D) () () + 25 Ba(D) 05, () — ey, () + 241 By (D) o1, ) =0, (31)
Bre(D)B2:(D) (9) ) + “M 22 g, (D) (0, (1) — ey, () + Mg (D)0 ) =0, )
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Applying the operator qB1.(D)By. (D) to Equation (31) added to the operator (1 — q)B1(D)B,(D)
applied to Equation (32) leads to the result. The boundary conditions are obtained in the same way. O

Let
Tp(u) = fo walu—x)fi(x)dx,

Tny () = [y palu — x)hy(x)dx.

(33)

Theorem 4. Under the assumptions of the second-order delayed and perturbed risk model (Type II) defined in
Equation (1), the Gerber-Shiu function ¥ defined in Equation (5) when the ruin is caused by oscillation satisfies the
following integro-differential equation,

B1(D)Ba(D) Bre(D) B (D) () (1)
+ (9% Bo(D)B1o(D) B (D) + (1 — 9) 222, (D) Bo(D) B (D) ) (¢, () = 1 (1) (34)
+ (92452 B1 (D) B1o(D)Bye (D) + (1 — ) *A52)1B, (D) B, (D) By(D) ) (&, () = 0,

with the boundary conditions

2(Ay +0)

o2 +(1_Q)

(35)

2(A1 + A2 +9)
o2 '

" 2 !’
40 = 197'0)+ 250/ 0 = (g

In Equation (34), 07, 0y,, defined in Equation (33) are functions of the Gerber-Shiu function 4 which satisfies
Equation (22).

Proof. As in the previous case of ¢}, applying the same argument as in Theorem 2 leads to the result.
Since T, = inf{t > 0: Z; = u},

Ele®™1(t <V1)] = qE[e*™E[1(ty < W1)]|Z] + (1 —q)E[e ™E[1(tu < W2)]|Zi]
qE[e—((5+A1)Tu] + (1 _ q)E[e—(5+A1+A2)TuL
Thus y3(u) = q¢1(u) + (1 —q)2(u),

u u—y
g = Bl [T gy = x)p(ny, x| m)dady,
u u—y
pa(n) = Bl Eheng [ [T gy — )l xlAs + A, )y,
The result follows as in the proof of Theorem 3. [

4.2. Laplace Transform of the Gerber—Shiu Functions

Lemma 1. The Laplace transform of ¢4 is given by

(36)

)

2

%) =2 | (5Pals) . 1
2

_ 20 [ (hals) —vwa(s) E(ll(s) —01(5))[Pa(s) (fa(s) — n2ha(s)) + 2172 P1(s)ha(s)] ’
P1(s)Pa(s)[A1(s)Aa(s) + (270?(5) — yh(s)) Aa(s) + 4;\7217-’41 (s)h(s)]
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where
Dals) = Pals) g, (5) — 12, (5)) + 2Py (5, ~
@) = Im ouls) = o) y6) — ny () + 2041 R
(o) = g (F0)+ o 25 - 2R A0 44 0))
2w (0) + a0y, (0)) + 07, (0) + 707, (0),
he) = 5 (PO B 25 2D, 20) 157 0)
2 (wp(0) 4+ 7w (0)) +(0) + 503,(0).
Proof.

S5 e PLUDYPAD) (@a(w)) = §als)Pr(s)Pa(s) — ¢(0) (45 — 2220 4 dgs 4 2)

, " (37)
—¢,(0)(% +5) — ¢, (0).
—22 (e st [Py(D)(op, () — 120m,(u)) + Pa(D) (0, (u))]du
= —& ¢(5)[P2(5)(fa(s) — n2ha(s)) + 212 P1(5)ha ()]
(38)

—Z2[Pa(@y, (s) — 128, (5)) + 2072 P1 (5) @y (5)]

2/\2 ( 2/\2 (

5 (0, (0) + 21, 0) (s + 35) + G (07, (0) + 1203, (0)):

Taking the Laplace transform of Equation (12) and using Equations (37) and (38) with the boundary
conditions, we get

Fuls) = 2 ((lld(s)—vld(s)) _ () POV als) —mahas )+2172731(s)l~12(s)>,

)
2 " Piemas) Pr(s)Pas) 39)

where ¢ is obtained by taking the Laplace transform of (14) that is:

3 (I (s) — v1(s))
s) = g 40
#e) Ai1(s) Aa(s) + 2 (f(s) — nh(s)) Ax(s) + 4A;7«41( )i(s) o

Substituting Equation (40) into Equation (39) leads to Equation (36). O

Lemma 2. The Laplace transform of ¢4 is given by

P1(s)Pa(s) Pr(s)Pa(s)[A1(s) Aa(s) +

Pa(s) =

(s = 2(5) = 22u(5)) 22 (Iy(s) — 02(s)) [Pa <3 .

(f2(5) = m2l2(s)) + 22 P (5) I (s)]
A
02

F(s) — ())Az() + 20 A1 (s)h(s)]
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where
vy(s) = — {53 + %sz + (40%2 - W)}
v(s) = —{+ %24 (4 -2
ba(s) = §(0) (2 + s+ 49 — 2005200 eyl 0) 4y (0) + 22, (0) + 12, 0)),
b(s) = §(0)(s2+ s+ 49 — 200200 4 4y (0) + 9" (0) + B ([ (0) + 12, (0)).

Proof. In the same way as the poof of Equation (36), we get the result. [

Lemma 3. The Laplace transform of ¢ is given by

Pals) = Ma(s) +a(s)3i(s), (42)

where ¢ is given by Equation (36),

20 ((La(s) = Vis) 2(A1 +A2) [ (Lie(s) = Viels))
e = o (gm0 (e )
(s) = — 2A1 Ba(s) (fi(s) — mha(s)) + 21 Bi(s)ha(s)
S B1(5) B2 (s)
- )2()\1+/\2) Bae(s) (fi(s) = inifi(s)) + 21 Bie(s) I (s)
1 o2 Ble( )BZe() ’
Vi(s) = Ba(s)(@y, (s) — mwy, (s)) + 2 Bi(s)h(s),
2 ! " ~111
L) = g (B0 B 25 2R L A0 47 0)
+=5 (@3 (0)) + 1wy, (0)) + 7, (0) + 1103, (0),
Viels) = Baels)(@y,(s) — may, (s)) + 21 Bre(s)li (s),
2 / C C C n I
L) = gt (RO + 2+ 25 - BRI E2)) L 0) 4 410)
+ 55 (w5, (0)) + 1wy, (0)) + 7, (0) + 7107, (0)

Proof. Taking the Laplace transform of Equations (31) and (32) and substituting in the following

$i(s) = adi(s) + (1 —q)pa(s),
leads to the result. [

Lemma 4. The Laplace transform of {7 is given by

Pp(s) = Ma(s) +9a(s)§2(s), (43)
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where 1, are given by Equation (41),

My(s) = q(w>+(1,q) (M)

Bi1(s)Ba(s) ] Bio(s)Bae(s)
AR <Bz(5)(f1(5) I 'E g B)z)(+)2'7151(S)h1(s)>
a _q)z(Al(;zL Az) <Bze(s)( 1(s )_élfféigzs)iﬁfw”(s)hl(s))f
ne = - +4+(ﬁ_w>}
L) = 0 (52 o 25 2OMER) o) 0+ 22 g7, 0) + 11y, O,
i = - +£2+({j4 Al
) 1’3/2(0)( 4 G O +a§2)+25)) + 0+ 90
+W(é}l(0>+m;ﬁ<o».

Proof. In the same way as the proof of Equation (42), we get the result. [

4.3. The Defective Renewal Equation

In this section, we prove that the Gerber-Shiu function when ruin is caused by claims and by

oscillations both satisfy the defective renewal equation. Let us recall the Dickson-Hipp operator T,
defined by

TN = [ e P flayda. (4

Its Laplace transform is

For simplicity, let

R(s) = Ai(s)Aa(s) + B (F(s) — () Aa(s) + 2L Ay (s)h(s);
n(s) = s*+ %s;

(45)
mi(s) = 7(s) = m(p1); ma(s) = 7i(s) — m(p2);ar(s) = 7(s) — 7w(r1); aa(s) = 7(s) — 7e(ra);

bi(s) = 7(s) = 7w(p1);bals) = 7(s) — 7(pa); bre(s) = 7(s) — 70(p1e); bae(s) = 71(s) — 7 (pize);
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where 71,72, 111, 2, 11, Hoe are, respectively, the positive roots of Py (s), P2(s), B1(s), Ba(s), Bie(s), Bae(s)

and given by
2 )\2+5 2 2)\2+5)
n=—-5%+yS+%% =-S5 +V5+75
[ | 2(\+9) 2201 +9)
m=—gztya ;2+ = 012+ (46)
[ M+a+d) 2(A+2) +8)
T 02 2 (1+z+ ve = 02 \/ 1+2+

Since A;(s)Az(s) — mi(s)ma(s) = mi(s)Az(p2) + ma(s)Ar(p1) + A1(p1)Az(p2) is a degree one

polynomial in 77(s), by Lagrange interpolation, we have

Ar(5)Aa(s) — m(s)ma(s) = LTI (40 dy (0) — (o) ma(n)
m(p1) — 7t(p2)
+M(A1 (p2)A2(p2) — 1 (02) T2(P02))-

Thus, R(s) can be expressed as

RE) = mlmals) + 220k (23 40(6) ()~ h(s)) + LA G) + Arlon) Al )
2 (L a1 (716) () + LA ) + s Aale) ).

71 (s) m(8)
m(p2)  m2(p1)

As p;,i = 1,2 are solutions of Equation (7), using — =1, we have

R(s) = mi(s)mls)
+ 2200 L2 [ (5) — A (p0)) (F(s) — 1i(5)) + Aa (p1) ((F(5) = 1i(5)) — (Flp1) — (1))
+ 2 [(Aa(s) = A1 (o) (R(5) + Ar (1) ((s) = (R(pn))] }

+2) {p [(Az(s) = A2(02)) (F(s) = ni(s)) + Az (p2) ((f(5) = nh(s)) = (F(p2) — 1 (p2)))]

+ 20 [(Av(s) — A1(p2)) ((s) + A1 (p2) (R(s) — (E(Pz))]}-

Using A;(s) — Ai(p;j) = 7tj(s), (i,j) € {1,2} » {1,2} and re-writing R, we have

o - oo B (B0 E))

where

ﬂf+ Ty, [Aa(p0)f + (2A1(pr) — Aa(pr))gh] (s);i = 1,2. (48)

fori(s) = f(s) +h(s)

Since ¢4, ¢ defined in Equations (39) and (40) are analytics, 71, r, must be the roots of the expression
in the numerator of Equation (39), and the same for p1, p2. Thus, by Lagrange interpolation,

i) = 218 g o)+ 720, .
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Analogously, we have

ha(s) = 01a(s) = B (Lig(r2) = 01a(5)) + 28k (g (r1) = 014(s)),
ha(r)) = U1d(”i)+2/\ (i (1) =01 () [Pa (ri) (Fi (7 l)z(r:]lhl(ri))+27727)1<"i>(h1(Vi))]’.Z‘:1,2.

Using the same arguments for 94, ), we have

b(s)=oa(s) = 23k (0a(p2) = 02(s)) + 22 (0a(p1) — va(s)),

(o
ha(s) = v24(s) = % (laa(ra) = 024(s)) + 28k (I () = 02a(5)),
ba(r)) = vpu(r;) + % (lz(ri)*vz(rz))[PZ(rl)(fl(rrl)z(rl)lhl(rz))+2772P1(ri)(hl(ri))];Z’ —1,2

Since ¢}, 5 are analytics, by the same approach with Lagrange interpolation, the expressions of
M, M, defined in Equations (3) and (4) can be re-expressed as:

My = M ( bs) (L1(p2) =Vi(s)) | ba(s) (L1(m) — V(s )))
o \Blel BB b BiG)BE) )
+(1 _q)Z(Al +A2) ( ble(s) (Ele(yk) —Vie (S)) + b2e( ) (Ele(yle) 7V1e(5)))
o2 bie(pze)  Bie(s)Bae(s) boe(p1e)  Bie(s)Bae(s) '
Ny, = q( bi(s) (La(p2) —Vals)) | ba(s) (ﬁz(ﬂl)—Vz(S))>
bi(p2)  Bi(s)Ba(s) by(p1)  Bi(s)Ba(s) (50)
+(1_q)( be(s) (Loe(pze) = Vae(s)) | baels) (526(;413)—V2e(s)))
bie(pze)  Bie(s)Bae(s) bae(p1e)  Bie(s)Bae(s) ’
where
Li(pi) = Valpi) + Galps) [Ba(ps) (Fr (i) = mbn (i) + 21 By (i) (ha ()]s = 1,2;
Lie(pie) = Vle(Vie)+‘ﬁd(ﬂiE)[BZE(Vie)(fl(Vie) = mhn(pie)) + 2By (ie) (i (uie) )11 = 1,2;
Lo(ui) = Valui) + % Pa(pa) (B (i) (Fa (i) — b (i) + 20181 (i) (o (i) )3 = 1,2;
Lo(pie) = Vae(pie) + 25 P [Be (i) o (pie) — i (i) + 2B (i) () )31 = 1,2.
Theorem 5. Under the condition of the first-order delayed and perturbed risk model (Type 1) in Equation (1):
1. The Gerber-Shiu function ¢ caused by claims satisfies the defective renewal equation:
paln) = Hi(w)+ [ pa(u—x)g(x)dx G1)

2. The Gerber—Shiu function 1z when ruin is caused by oscillations satisfies the defective renewal equation:

valw) = Haln)+ [ palu - g, 2
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The Laplace transforms of g, Hy, Hp are given by:

o 2Afa(S) | fuls)
§(s) = 2 (nz(pl)—i_m(‘oz)),

a2 (hale) - el g(s) a2 h) ~RENP A ~1Fa(s) + 2P ()l 53
18) = 2 Pi(s)Pa(s) N P1(s)Pa(s) 71 (s) 2 (s) ' 9
jai _ (la(s) = va4(s)) (1 = &(s)) %(12(5)*Uz(s))[Pz(S)(fz(S)*’7252(5))+2’72pl(5);~12(5)]
2(s) = P1(s)Pa(s) - Pi1(s)Pa(s)mi(s)ma(s) .

Proof. From the Laplace transform in Equations (36) and (41), we have the following equivalence:

2A [ fou(s) | fou(s) \ | - o = M2 ) (hals) —v1a(s)) 2A ([ for(s) | Jous)

{”az (ﬂz(Pl)Jrﬂl(Pz))}(Pd() - 02{ Pr(5)Pas) [”az (m(pl)*m(pz)ﬂ
(27/;(11(5) —01(3))[P2(s) (fa(s) — m2h2(s)) + 2172 P1 ()2 (s)]

P1(s)Pa(s)mi(s)ma(s)

2A ( for(s) | for(s) 7 _ (la(s) —v24(s)) 21 Jor(s) | foa(s)
{”vz (m(pl)*m(pz)ﬂ””(s) T T P)P) {”0-2 <nz<p1>+m<pz>ﬂ
22 (1a(5) ~ 02()) [Pa(5) (fals) — maha(s)) + 2Py (5)ha(s)]
P8 Pa(5) i (5) 712 (5) '

which can be rewritten as:

The result follows. [

Theorem 6. Under the conditions of the second-order delayed and perturbed risk model (Type II) defined in
Equation (1):

1. The Gerber-Shiu function ¢ caused by claims satisfies the defective renewal equation:
w0 = Hiw)+ [ 4= 0)g@)dx 9
2. The Gerber—Shiu function ¢ when ruin is caused by oscillations satisfies the defective renewal equation:
Y = HG)+ [ 93— xglx)dx. 55)

where the Laplace transform of H,, Hy, are given by:

Hy = Mi(s)(1—g(s)) + Hi(s)gi(s),
H, = My(s)(1



Risks 2020, 8, 30 18 of 25

Proof.
Gils) = M(s) +Pals)gi(s)
= Miy(s) + [Hi(s) + Pa(s)§(s)]51(5)
= Mi(s)(1 = g(s)) + Hi(s)g1(s) + P (s)§(s)

The same is true for ;. O

4.4. Representation of the Solution

The goal of this section is to derive the solution of the integro-differential equations.

_ Jo sy

Jo 8(y)dy

It is discussed in detail in (Willmot et al. 2001) that the properties of the solution of the defective

renewal equations depend on the associated claim size distribution. The solutions of Equations (51) and
(52) can be represented as follow,

Let G(x) be the the associated claim size c.d.f.

galn) = i)+ 1 [ Hi- 0400, pa() = Haw) + 1 [ Ha-x)4Q), 6o

1

G0 = Hiw+ 1 [ Halu—x)dQ(), 9i() = Hy(w) + 1 [ Hy(u—x)4Q(x), &7)

where

Q(x) = Y} (1-bp"G"(x),

n=1

and G*" is the n-fold convolution of independent random variable with c.d.f G. We have 0 < b < 1 from
the condition assuring that the ruin is not almost surely certain. Let

Qi(s) = (ha(s) —v1a(s))R(s) = 5 (ha(s) — 01())[P2(s)(f2(s) — n2ha(s)) + 2172 Py (s) Iz ()], (58)
Qa(s) = (laa(s) —v2(s))R(s) — %(lz(s) —02(5))[P2(s) (f2(s) — m2ha(s)) + 252 P (s)ha (s)]. (59)

Theorem 7. Under the assumption of the first-order delayed and perturbed risk model (Type I) defined in
Equation (1), and given that the claim X, is exponentially distributed with parameter 0y and the subsequent
claims X are exponentially distributed with parameter 0 and penalty function w = 1, the Gerber—Shiu functions
when ruin is caused by claims ¢4 and by oscillations 1, and the total expression of Gerber—Shiu function m are
given by:

2c 2c 4
¢d(”) _ k167(71+‘772)u+k267(r2+f72)u+Zki”e_%ur (60)
i=1
2c ; 2c 4 i
pa(u) = ke TR e 2R LYK e, (61)
i=1

ma(u) = Pa(u) + ¢a(u),
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where —v;,i = 1---4,Re(;) > 0 are the roots of the Lundberg equation (Equation (7)) located in the left
complex plane,

2c 2c 2c
(271+ )(rl trt )(r1+ +P1)(71+ s+ p2) (2 —r) [Ty (vi— —p)
2)\2 2c

k= ?(9_ _27)(29_ _27)Q1(—T —p) — (62)
(2r2+ 25) 112+ 25) (2 + 25 + )12 25 +2) (1 — 72) T (i = 72 — o5)
A
2;<e 7)(20 7)1 (1) |
k., = c ,di=1,---4

(%‘+f1)(%'+72)(’Yi+P1)(’Yi+P2)(r1—7i+%)(72—%‘ 2 STy i (v —7i)

and
‘- (e—n—i)(ze—n—?gz(—r - _
(271+ )(r1+72+ 2+ S e+ = +P2)(72—fl)ﬂ?:1(%—71—(7§)
¢ - (e—rz—22><ze 2>Q2<—rz—f,§> . (©3)
(272+ )+ 72 )(r2+a +p1)(r2+ 5 +p2)(r1 —72)1—[?:1(’71—0—(72)
Y (6 = 71) (20 — 711)Qa(=71) =14

(71’+7'1)('Yi+72)(7i+01)(7i+92)(r1*7i+%)(72*7i ZC)H, 1,2 (7 = i)

Proof. With exponential claim size (X, ~ Exp(6;), X ~ Exp(6)), the expressions of v14, v1 and R defined
in Lemma 1 and Equation (45) reduce to:

) = P FE) = S ) = s
(s +262)(s +62)014(s) = >+ (% +(2- 172)62> s>+ (ZCGZ(;_ ) Z(ZA;;F 5)) 54 212020~ ?22(2)‘2 o)
(s+20)(s+0)vi(s) = s+ (% +(2- 17)9> 2+ <2C9(§2_ ) _ 2(2)0‘; 5)> 54 2190~ %;92(2)\—5-5)’
(+20)(s +ORE) = 2(r(9)? +30s(n(s) ? + 202 ()2 + ZAU B Z0) iy 8FALD) o)
3 2(3)\;2r 26) 27(s) + 4\ + 5()752)\ + (5)52 N 40(2A +9) (2?4+ 36) — nAS N 925574+ 5)_

With 7t(s) = s? + 25 defined in Equation (45), we get that:

2
(s+20)(s+O)R(s) — s+ <3e+ iﬁ) S 4 (‘i + 120 g2 (3325)) g
12¢20  8c6?  20(A(y —8) —656) 4c(BA+26)\ 5
+ ( Gttt 2 - I >s
N 8c26? N 4c0(A( —8) — 65)  80%(A+9) N 4(A+6)(2A + 39) 2
ot ot o2 ot

40((2A +6)(2A +38) —yA8)  16¢6%(A +9) 8025 (2A + 6)
( ol B ) .
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Equation (7) is equivalent to R(s) = 0 and has exactly six roots in the set of complex number. Since
01, p2 are the only roots in the right complex plane, the remaining roots belong to left complex plane, say
—v;,i=1,---,4,such that Re(y) > 0.

Note that Q1(r1) = Qi(r2) = Qi(p1) = Qi(p2) = 0,and Qa(r1) = Qa(r2) = Qa2(p1) = Q2(p2) = 0.

$4, P4 can be expressed as:

buls) = %QMS) _ ky N ks +i kiio
; Pi(s)P2(s)R(s)  s+rn+% s+n+X SHstr
. Qa(s) K K, 4 ki
S = = + + ,
WE) = P EPERE ~sin+E siniE L+

where k;,i = 1...6 are defined in Equation (62) and k/l.,i =1...6 are defined in Equation (63). O

Theorem 8. Given that the fist two claims X1, X and the subsequent claims X are exponentially distributed with
parameters 61,65, 0, respectively, under the assumptions of the second-order delayed and perturbed risk model (Type
11) defined in Equation (1) and penalty function w = 1, the Gerber—Shiu functions when ruin is caused by claims ¢
and by oscillations ¢ and the total expression of Gerber-Shiu function m} are given by:

pp(u) = Hi(u)+ [y ¢a(u—a)G(a)da

qA101 (1 (1 = 171) +261)
(1102 4¢)(p1 +261) (p1 + 61)
(1 =) (M +A2)01 (p1e(1 = 1) +261)

(Vlegz + C)(.ule + 291)(”16 + 91)

2qA 1116142
T/ll (4711)(”) + (“I/l2(72 ¥ C) (VZ ¥ 291)(1/12 ¥ 91) T#z (‘Pd)(u) (64)

2(1 — q) (A + A2) 161 pize
p2e02 + ¢) (p2e + 261) (p2e + 61

Ty, (a) (u) + ( )TyZE(QDd)(u),

and

Yi(u) = Ho(u)+ [y $a(u—a)G(a)da
g01A1 (1 (1 —171) +261) .
(u102 4 ¢) (1 +261) (1 + 61) T () (1) + (

(1 —g) (M + A2)01 (pae (1 — 1) +261)
(11002 + ¢) (10 + 261) (10 + 61)

2qA 117101142
]l2f72+C)(V2+291)(V2+91)TV2(¢'1)(M) (65)
2(1—q) (A1 + A2) 1101 pi2e
#2002 + ) (pi2e + 261) (2o + 61)

Ty, () () + 0 Ty, () ().

with m’(u) = ¢ (u) + 7 (u), where the expressions of ¢y, Py are given by Theorem 7, G is given in Equation (67),
and H1, Hy are defined in Equations (66) and (68).

Proof. With first claim exponentially distributed with parameter 6;, the expressions of V;, V. defined in
Lemma 3 are reduced to:

(s+2601)(s+0)Vi(s) = s+ (% +(2— ;71)91> s2 + (2091 5722*'71) _ 2(27;22+5)) st 21719164;921(2)\#5)’
(s+2601)(s+61)Vie(s) = s>+ (% +(2- 171)91) $2+ (2c915722—;71) - Z(Z(AljzAZ)H)) s

2171 91(5*491 (Z(Al +/\2)+¢5)
2
[

+

The expressions of M1 and §; defined in Equation (49) and Lemma 3 can be reduced to:

- 4 ds ds dy ds de dy dg

Mi(s) = + + + + + + + ,
1(s) s— M s+y1+% S—H2 s+yz+% S~ Hie s+yle+§—§ S — H2e s—&—yzg—s—%

k k k k k k k k

als) = L 2 LRy 4 L5 6 =+ 7 8

+ .
S—He s+ ppe+ %

o2

S—H s+;41+2—§ S— U2 s+y2+2—§ S—He S+ Ul +
[ [
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Since ¢} is analytic, substituting M3, §; into Equation (42), we have:

lim (s — p1)Py(s) = di+Pa(p)ks = Orslig}z(s — u2)p(s) = dz + ¢a(p2)ks = 0,

S—)]ll
Jm (s — me)Pi(s) = ds+ Pa(pie)ks = 0, lim (s Hoe) Py (s) = d7 + Pa(p2e)k7 = 0.

¢ can then be re-written as:

do dy de ds
2c+ 2c+ 2c+ 2c
S+V1+ﬁ S+H2+p S+ﬂ13+p S+ﬂ23+p
ko kg ke ks -
+ 2c + 2c + 2c + 2c (Pd(s)
Stmt+z stutz Stuetz Stpet 3

+k; (ﬁd(sz - ij(#l) ¥ ks J’d(sz - ii(ﬂz) tks ‘f’d(sz - ftil(ﬂle) n k7¢~’d(sz - ;IZ(#Ze).

$a =

Finding the coefficients d;, k;,i = 1,- - - ,8 and taking the inverse of the Laplace transform leads to the
following deduced expression of #; and G.

2 2
W = MWtz = 58) = L1(#2)) (ot B N aMWi(—im = 58) = £1(#1)) (2 )

(20 + €)b1 (p2) (102 + ©)ba (1)
N (1= q) (A +2A2) Vie(—pae — %) — L1e(H2e)) (ot %) (66)
(H2e0? + €)b1e(p2e)
i (1 =q) (A1 +A2) Vie(—p1e — %) = L1(1e)) e*(y]z+%)l{
(H1e0? + ) be (1)
and
2 2
o) = qA101((—p1 — (72)(1 =) +261) e_(m+§)a 2qA11m161 (p2 + ;;) _(,,2+%),;
- 2 2 B 2 2
(mo? +¢)(201 — 1 — (7;)(91 - 172) (1207 +¢)(201 — po — (72)(91 — M2 - (7;)
2
(LoD A (e = 2= +2) 2 .
2 2
(11002 +) (201 = pire = =) (61 — e = )
2
 20-aWdmbilet ) e
2 2 ’
(42602 +0) (261 — pi2e = —5) (61 = ize = =3)
By using the same arguments, one gets the following expression of Hj,
s g (Va(—p2 = %) — L2(12)) (ot Z)u N g (Vo= — %) — L2(11)) ~(u+ %
2(p20? + )b (p2) 2(p10% +c)ba (1)
(1- Q)UZ(VZe(_VZE - 2%) - EZE(VZG))ef(yngr%)u (68)
2(2e0? + €)b1e(pize)
(1- Q)UZ(VZE(fP‘le - %) - ‘CZe(Vle))e—(ylf-&-j—g)u.
2(p1e0% + €)b2e (p1e)
O

5. Numerical Illustration

In this section, we provide numerical examples of the Gerber-Shiu function where claims are
exponentially distributed in the delayed and perturbed risk model of Type I, i.e., only the first claim
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is delayed from Theorem 7. Then, we provide numerical illustrations of the results from Theorem 8 of the
risk model of Type II where the first two claims are delayed, with the first claim inter-occurrence’s time

following a generalized mixed equilibrium distribution.

Table 1 provides the examples of the Gerber-Shiu functions of the first-order delayed and perturbed
risk model (Type I). Figures 1 and 2 illustrate the ruin probabilities of the second-order delayed and
perturbed risk model (Type II) with Ay = 2,6, =12.5,4 =0.25,6 = 0,c =2.5,11, = 0.5,6, = 3.5,0 = 2.75,
n =0.5,A, =1.85,A = 12,0 =5 and different values of #1. This implies for the first-order delayed and

perturbed risk model (Type I) the following ruin probabilities:

¢a(u)
Pa(u)

—0.5441¢” 04971 — 0.261e 0653 4 1.166e~ 0163  0.631e 06" — 0.0004¢~ 2768 — 0.000013¢ >,

and by the Theorem 8 we derive ¢} and 3.

Table 1. Numerical illustration when claims are exponentially distributed under the risk model of Type I.

6=0,c=251=050,=350=2,7=05A=185A=12,0=5

¢4 (u) = —0.00133¢~ 04975 — 0,01027¢ 063321 1 0.00805¢ 1713 40,0113 03444 4 0.0063¢ 31421 — 0,00157¢ 700714
Pa(u) = —0.6178e 04975 — 0.2604¢ 06532 4 118850~ 0-17134 40,6817~ 05544 1 0006335142 + 0.0016¢ 700714

5=0,c=42571, =0750, = 1.75,0 = 2.75, = 0.5,y = 1.75,A = 1.25,0 = 35

¢a(u) = 0.8794¢ 098421 _ 3 6173~ 117861 1 0047810602 4 0,471~ 1094 — 0.00576¢ 2794 — 0.00003¢ 22161
47d(u) — 715.6926_0‘984211 _ 26.8846_1'1786“ + 2.7726—0460211 + 34.2766_1'096” + 0.005656_2'794” + 0.0000316_5'521611

6=0.15,c=7251, =—-0.75,0, =1.25,0 =275, = 0.65,A\p = 4.75,A =2.25,0 = 1.5

¢a(u) = —0.30002¢ 706134 1 1.79386¢7-57661 — (.8468¢ 24623 — 0,0012¢ 06431 1 0,01598¢ 604211 _ 1.9103¢~7-5663
lpd(u) — 9.248377.061314 + 42'547677.576611 _ 1.046672'4623“ _ 0_02024875.06431{ _ 1_0286676.642114 _ 49.8108@77‘5663“

In Figures 1 and 2 illustrating the ruin probabilities caused by claims and by oscillations of the
second-order delayed and perturbed risk model (Type II), we notice that the ruin probabilities (caused by

claims and by oscillations) both decrease as the initial capital increases.

Probability d,*

22 of 25
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Figure 1. Ruin probabilities caused by claims: ¢;.



Risks 2020, 8, 30 23 of 25

24 q
@
@
\ _— ni=1
@ ] q
o
@
8
& oo ni=0.5

o | @
s @ 8
- \
= 8
= &
= S ni=075
8 ™ s
i) o S,
re) 9
& Sy

S
u"\i\ ni=t
o | S,
o B
G,
B,
Y

/

capital u

Figure 2. Ruin probabilities caused by oscillation: 7.
6. Conclusions

We model insurance surplus by considering a second-order delayed and perturbed risk model and
derived the Gerber-Shiu function. In this model, the occurrence time of the first claim follows a generalized
mixed equilibrium distribution and the risk process becomes ordinary after the second claim. We derive
the integro-differential equations of the Gerber—Shiu function when ruin is caused by claims and by
oscillations. By considering exponential claim distribution, analytical expressions of the Gerber-Shiu
functions are determined. The numerical illustration confirms the expectancy and the ruin probabilities (as
special case of Gerber-Shiu function) caused by claims and oscillations both decrease as the initial capital
is much more important.

Our main results are obtained from Equations (18) and (19) and can be further developed and
extended in a few ways, which are the subject of future research. For example, one can try and obtain
similar results to these two equations in some more general settings by first considering that the time
occurrence of the first two claims and the inter-occurrence time of the subsequent claims follow Erlang(n)
distributions with different parameters and second replacing the constant volatility by volatility that
depends on the market mode or regime that switches among a finite number of states. Finally, one can also
try to investigate in what ways the model can be extended so that it can be used to generalize the work
of (Tan et al. 2020), who studied the optimal dynamic policy for an insurance company whose surplus is
modelled by the diffusion approximation of the classical Cramer-Lundberg model.
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